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1 Introduction

In the realm of numerical computations, a vast number of problems are expressed
using nonlinear equations of the following form:

Q(s) =0, (1)

where 2 : D € R — Risareal function defined on D, an open interval. Finding the
numerical solutions of these problems expressed by (1) has always been a challenging
task but at the same time of great importance due to its numerous applications in
various branches of science and engineering. Iterative methods are extensively used
for solving these problems in order to get approximate solutions of (1) but with high
accuracy. The following is one such iterative method, called the Newton’s method
[1], which is widely used for finding the simple roots of (1):

Q)
(s

n=0,1,2,... 2

Sn41 = Sn

It is a classical optimal one-point without memory method with quadratic order
of convergence. However, due to the requirement of derivative evaluation and its
low convergence order, the Newton’s method (2) is not suitable for many practical
uses. As a result, various multi-point without memory methods have been developed
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and studied in literature which have higher convergence order with higher efficiency
[2—4]. An iterative method is called optimal if it satisfies the unproved Kung—Traub’s
conjecture [5] according to which an iterative without memory method requiring k&
function evaluations per iteration is optimal if it has the convergence order of 2¢~1.

In the past decade, various multi-point with memory methods for finding simple
roots of nonlinear equations using accelerating parameters have gained much atten-
tion among researchers [6—10]. To theoretically determine the efficiency of an iter-
ative method, Ostrowski [11] introduced the efficiency index (EI) = p%, where k
is the number of function evaluations at each iteration and p is the order of conver-
gence. In fact, it was Traub who first introduces the with memory method, known as
the Traub—Steffensen method [1], using a parameter as accelerating parameter. The
method is given below:

W, = S, + 0, Q2(s,), 00, 0

Q(sn)

Sp4+1 = Sn — m, 3
where Q[s,, w,] = % and o, is the accelerating parameter calculated as
follows:

! Ny = Q(sn) + ( ) ] >0
oy = —— = Q(s, s — 8,)R2s,, wy], n=0.
NiGa)

The method (3) has convergence order of 2.41 which is higher than the quadratic
convergence order of Newton’s method. This is achieved without any additional
function evaluation. Also, unlike Newton’s method, Traub—Steffensen method does
not require any evaluation of the derivatives and is derivative-free. This has motivated
us to develop new multi-point with and without memory iterative methods containing
more number of accelerating parameters with increased order of convergence having
high efficiency index of almost 2.

In this paper, we introduce new derivative-free four-parametric families of four-
point with and without memory iterative methods for computing simple roots of
nonlinear equations. Formulation of the family of with memory methods is based
on the extension of the new family of without memory methods by using acceler-
ating parameters without any extra function evaluations. As a result, the convergence
order increases from 8 to 15.5156. The accelerating parameters are approximated
by Newton’s interpolatory polynomials through the best-saved points so as to obtain
highly efficient family of with memory methods.

The remaining content of the paper has been structured as follows. In Sect. 2 devel-
opment of the new derivative-free family of without memory methods is discussed,
and the theoretical convergence properties are fully investigated. Section 3 deals with
the development and convergence analysis of the new derivative-free family of with
memory methods. Section 4 covers the numerical results and the comparison of the
proposed families of with and without memory methods with other existing methods
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on some test functions. Some real-world problems have been included in this section
to confirm the applicability of the proposed families of with and without memory
methods. Finally, Sect. 5 presents some concluding remarks.

2 Optimal Four-Parametric Family of Four-Point Without
Memory Methods

Let us first consider the following non-optimal three-point Newton steps of eighth-
order containing the first-order derivative.

1D
T s
SN 16
T ()
Qz,

Sn+1l = Zn — Q’((ZZ )) (4)

To minimize the number of function evaluations from the above Eq. (4), we first
approximate 2'(y,) using the following expression:

Q' (sn)

/ ~ n

§2 () ~ 1+ Q) Q)+A—DQM) ° reR ®)
Q(sn) Q) —R(n)

Then, we approximate Q'(s,) from the first two steps of the above Eq. (4) as
follows:

Yn = 8Sn — Q(sn) w, =38 +(XQ(S )
Qlsy, wal + pQwy) " " !
o=y, — <1 + Q(yn) S2(sn) + (A — 1)Q(yn)> Q(yn)
Qsn)  Q0sn) — 2(yn) Qlyn, wal + BR2(wy)
Q)
Sn+1 = Zn — Q,(Zn) ) (6)

where X is any real parameter and «, B € R — {0}.
‘We want to make this Eq. (6) optimal as well as derivative-free. So, we approximate
Q' (z,) in the last step of (6) by the following polynomial:

QW) =lp+1L(v—2) +h—2,)*+ 15—z, (7)

where [y, [1, [; and I3 are some unknowns to be determined by means of the following
conditions:
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Q(Sn) = Q(Sn)’ Q(yn) = Q(yn)v O(wy,) = Q(wn)9 Q(Zn) = Q(Zn)~

Now, solving Eq. (7) under the above conditions and simplifying, we obtain the
values of [y, [1, [, and 5 as follows:

lo = Q) (8)
I3 = Qsu, Yu» 20> Wal 9

Iy = Qlyn, Zn, Wal — LR + ws — 22,) (10)

I = Qlzn, wal — L(wy — 2,) — l3(wy — 24)°, (11)

where Q[x, y, z] = 79[)"{3:?[“] and Q[x, y,z,v] = —Q["’y’zj:?[y’z’”] are second and
third divided differences, respectively.
Using (9), (10) and (11), the approximation of €'(z,,) from Eq. (7) is obtained as

follows:
Q@) ~ Q'(z0) = li = Qlza, wal = bo(wy — 2,) = hw, —z)> (12)
Now, substituting (12) in (6) and adding two new parameters y, § € R — {0} in the
last two steps, we obtain a new optimal derivative-free family of four-point without

memory methods which are presented below. We shall denote it by FMS.

Wy = 8y + O(Q(Sn)
Q(sn)

I T Qs wal + BQwn)
s (1 | Q0 Q) + l)szm))X
e Qsn) Q20 — 20m)
Q)
Q[ym wn] + ,BQ(U),,) + y(yn - sn)(yn - wn)
Q)
Sn+1 = Zn (13)

Q') 4 8z — 50)@n — Yu) (20 — W)

It is evident that the new family of without memory methods (13) consumes only
four function evaluations per full iteration and is completely derivative-free. Also, it
preserves the optimal convergence order eighth with the efficiency index 8 i~ 1.682.
Now, we present the following theorem through which the convergence criteria of
(13) are theoretically discussed.

Theorem 1 Let & € D be a simple root of a sufficiently differentiable real function
Q: D C R — R,where D isanopen interval. If an initial guess s is close enough to
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&, then the family of proposed methods defined by (13) has eighth-order convergence
forany A e Rand a, B, y,§ € R —{0}. And, it has the error equation given by:

Entl = ﬁg)z(l + Q’(S)a)4(ﬂ +dy)?
(—y + QL E 1+ Q@) (—1+ 1)
+QE2B(—2+ QL E)a(—1 + 1)+ 1)d>
H(=3 4 QEa(=1+ 1) + 1)d} +d3))
(8 +do(—y + Q@ (1 + Q2 E)a) BA(—1 + 1)
+ Q') (28(—2Q' E)a(=1+ 1) + A)da)
+H(=3+QEa(-1+2) +2)d +ds))
—Q(§)ds)e, + O(e,) (14)

,j=2,3,..,and ¢, = s, — § is the error at n'" iteration.

Proof We construct and apply the following self-explained Mathematica code for
the proof of the optimal eighth order of convergence of (13).

Q[e,] = Q/(é)(s + dre? + dz& + dye* + dse® + dee® + die’ + dgé‘g);
gy =&+ aQ[e] (xey = w — E%)

Out[1]: (1 + Q' &)a)e + O[e)?

Q[x] — Q[y]
Q-] ==
Q - Q
Q[x,,y,,z,] — [x, )’j_z [YvZ];
Q[e]

&y = Series |:8 ,{e,0, 8}]//Simp1ify

" Qle, £u] + BQLEL]

out2] : (1 + Q' &)a)(B + do)e* + Ole]’

oo (14 S+ DRle])
o Qlel  Qlel— Qey]
Qfey]
Q[ey, eu ]| + BRLew] + ¥ (ey — &) (6y — £w)

//Simplify
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, 2
5 (14 Q®a) (B +d>)
(—QEB — QL E ap —y + QL E)B A
+ Q€ apr+2Q E)B(-2+ QL E)a(—1+ 1) +A)d,
+QE) (=3 + QL E)a(=1+ 1) + 1)d; + Q(E)d3)e* + O[e]

Out[3] :

= Q[s, £y, &z, 8w];
I, = Series[Q[ey, €2, & ] — l3(ey + €w — 2¢.), {€, 0, 8}]//Simplify;

0'(e;) = Series[Q[ez, sw] —b(ey — &) — 3(y — €)%, {&, 0, 8}]//Simp1ify;

Qle:]
Ql(‘sz) + 8(5z - 8)(8z - gy)(gz - gw)

enar1 = Series I:sz — ,{e,0, 8}j|//FullSimplify

1
Out[4] : W(l +QE)a) (B + )

(7 + QO+ Q@) (~1+ 1) + ')

(2B(=2+ QL E)a(—1 + 1) + 1)d>

+(=3+ QE)a(—1+ 1) +1)d; + ds)

(6 +dr(—y + QL E)(1 + Q@)A1+ 1)) — Q' (§)ds)
+Q' ) (2B(—2Q E)a(—1 + 1) +A)d>))

H(=3+ QEa(=1+1) +1)d; + d3))e; + O(e,)

which shows that Eq. (13) is of optimal order eighth.

3 Four-Parametric Family of Four-Point with Memory
Methods

From the error Eq. (14), the convergence order can be increased from 8 to 16 for the
method (13) if & = _Q’;(E)’ B =—d),y = Q(&)d; and § = Q'(§)d,. However,
the exact value of £ is not available to us. As such, we shall use ¢ = «,,, 8 = B,,
y = ¥, and § = §,, where «,, B,, v, and §, are accelerating parameters which
will be computed using the available information from the current and the previous
iterations.

Now, to approximate the accelerating parameters «,, B,, ¥, and §,, we use
interpolation as follows.



New Derivative-Free Families of Four-Parametric with and Without ... 319

1 N/s/(wn) - N/()”(yn)

e ﬂnz s 5n=N7 (Zn)
N4(Sn)

Sy, = L n=0,1,2,...
2Ny (w,) 6 u "

oy =

(15)

where N; (1), j =4, 5, 6,7 are Newton’s interpolatory polynomials of j degrees set
through the points, i.e., Sy, Yns Zns Was Sn—1s Yn—1» Wn—1, Zn—1-

Now, by using (15) in the method (13), we obtain the following new derivative-free
family of with memory methods. We shall denote it by FWMS.

For a given so, oo, Bo, Yo, 80, we have wg = 5o + o2(sp). Then,

e g o Nso) - NEOW o N @)
N, (s,) 2N, (w,) 6 24
Wy = Sy + Oan(S”)
Q(sy)
Yn = Sn

 QLsy, wal + BuR(wy)
=Yn — 1 + X

n
Q(sp) Q) — 2(n)
Q(yn)
QLyn, wal + By (wy) + Vu (Yo — $2) (Yo — wy)
Q(z,

Sn+1 = Zn — ; ( ) (16)

0" (zn) + 8, (zn — 50)(@n — Yu)(2n — Wy)
_ 1 _ N5 (wy) _ Ng'Ow) _ NPGa) _
Lemma 1 If‘an == _my ,Bn - _21\?/5(10;1)’ yn - GT and 8;1 == 72—4”1 =

0,1,2,..., then the following estimates

1 + O{,,Q/(Ol) ~ Enflgnfl,yenfl,wgnfl,z (17)
,Bn + d2 ~ En—1En—1,yEn—1,wEn—1,z (18)
Kn ~ Snflsnfl,ygnfl,wgnfl,z (19)
Ln ~ En—1€n—1,yEn—1,wEn—12 (20)

hold, where

Ky=—v+QE(14+QE)a)Br(—1+ 1)
+ Q' E) (2B, (-2 + L E)an (=1 + 1) + 1)dy
H(=3+ Q) (=1 +2) +2)d5 +d3),

Ly =8 +do(—yn + QE (1 + Q(E)s) Ba(—1 + 1)
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+ Q' E) (2B, (-2 + L E)an (=1 + 1) + 1)dy
H(3+ QLG an(—1+ 1) + 15 + d3)) — Q' (€)ds,

Ep = Sp — %_s Enyy = Yn — é:v Epw = Wy — ‘i:v Enz = Zn — g

Proof As for the proof, see Lemma 1 of [12].

Now, we present the following theorem for analyzing the R-order of convergence
[13] of the derivative-free four-parametric family of four-point with memory methods
(16).

Theorem 2 [f an initial guess sy is sufficiently close to a root & of Q(s) = 0, the
parameters o, B,, v, and §, are calculated by the expressions in (15), then the
R-order of convergence of the methods (16) is at least 15.5156.

Proof Let the sequence of approximations {s,} produced by (16) converges to the
root & with the order r. Then, we can write

Ent1 ~ €, wheree, =s, —&. 2D

Then,
& ™~ En_y (22)

Thus,
Entl ~ €, = (8271)’ = 5;271 23)

Let the iterative sequences {w,}, {y,} and {z,} have orders ri,r, and rj,
respectively. Then, using (21) and (22) gives

nw ~ e = (e,)" = &, 24)
r

eny ~ ey = (e2) " =87 25)
¥

Enz ™~ €, = (5;71) T=el (26)

From Theorem 1, we have

Enw ~ (1 + Oan/(E))Sn (27)

Eny ~ (1 4+ anQ(©)(By + do)e (28)
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en~ (1 4+ Q) (B + do) K, (29)

enpt ~ (14 a,2©) (B + d2)* K, L& (30)

Using the above Lemma 1 and (27)—(30), we get

enw ~ (1 +anQ (©))e, = e, et 31)

ey ~ (14 0,2 ®))(By + do)el = g, {11220+ (32)
tnz~ (1 4+ 0, Q &) By + do) K6t = gl fintintintd (33)
eni1 ~ (1 + Q) By + do)? Ky Lyed = Srifntbottnds 3

Now, comparing the corresponding powers of ¢,_; on the right sides of (24) and
(31), (25) and (32), (26) and (33), (23) and (34), we get

rrp—r—ri—r—r3—1=0

rrp —2r —2r1 —2r, —2r; —2 =0

rrys—4r —4ry —4ry —4r; —4 =0

r’—8r—8r — 8 —8r3—8=0 (35)

This system has the non-trivial solution r; = 1.9394, r, = 3.8789, r3 = 7.7578
and r = 15.5156. Hence, the R-order of convergence of the proposed family of
methods (16) is at least 15.5156. The proof is complete.

4 Numerical Results

In this section, we examine the performance and the computational efficiency of the
newly developed with and without memory methods discussed in Sects. 2 and 3 and
compare with some methods of similar nature available in literature. In particular,
we have considered for the comparison, the following four-parametric methods:
LAMS(3.31) [8], ZM8 (ZR1 from [9]) and ACMS8 (M1 from [10]). All numerical
tests are executed using the programming software Mathematica 12.2. Throughout
the whole computation, we have chosen the same values of the parameters og = Sy =
0 = 8o = —1 and A = 2 in all the test functions in order to start the initial iteration.
These same values are used for the corresponding parameters of all the compared
methods in order to have fair comparison. Numerical test functions which comprise
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some standard academic examples and real-life chemical engineering problems along
with their simple roots (§) and initial guesses (so) are presented below.

Example 1 A standard academic test function given by:
Qi(s) = e (1 + 5% +5°) (s — 2). (36)
It has a simple root £ = 2. We start with the initial guess sy = 2.3.
Example 2 A standard academic test function given by:
Q(s) =log(s* +s+2) —s + 1. (37)

It has a simple root & &~ 4.1525907367571583. We start with the initial guess
So = 4.5.

Example 3 A standard academic test function given by
Q3(s) =sin’s + s (38)

It has a simple root £ = 0. We start with the initial guess sy = 0.6.

Example 4 The azeotropic point of a binary solution problem given by the following
nonlinear equation (for details see [14]).

FG(G(1 —s)* — Fs?)
(s(F —G)+G)?

Qu(s) = + 0.14845, 39)

where F' = 0.38969 and G = 0.55954.
It has a simple root § ~ 0.69147373574714142. We start with the initial guess
S0 = 1.1.

In Tables 1 and 2, we have displayed the absolute residual errors |€2(s,)| at the
first three iterations obtained by the compared methods. We also include the compu-
tational convergence order (COC) of each compared method which is computed by
the following formula [15]:

_ _10g|$2(sn)/ S2(su-1)|
10g|9(5n—1)/9(sn—2)| '

(40)

From the two Tables 1 and 2, the numerical results affirm the robust performance
and high efficiency of the proposed with and without memory methods thus reaf-
firming their theoretical results. The proposed methods give better accuracy with
high efficiency in terms of minimal residual errors after three iterations as compared
to the other methods. Further, the COC supports the theoretical convergence order
of the new proposed with and without memory methods in the test functions.
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Table 1 Comparison of the without memory methods on the test functions

Methods | Q(s) Q0| 1Q(s2)] 1Q(s3)] coc
ZM8 Qi(s) | 0.00083523 8.4618 x 10726 9.4210 x 10202 8.0000
ACMS Qi(s) |0.0061646 1.3517 x 10=20 7.6376 x 10162 7.9986
LAMS Qi(s) |0.000015809 7.9235 x 10=41 3.1542 x 10733 8.0000
FM8 Qi(s)  9.6344 x 1077 |2.6067 x 10~%° 7.4864 x 10739 8.0000
ZM8 Q(s) |0.19523 0.076326 3.9752 x 10~° 10.502
ACMS Qa(s) |0.90214 0.13906 0.000042430 4.3292
LAMS Q(s) | 0.014457 8.6044 x 10~ 13 1.5302 x 10~%4 7.9948
FM8 Qa(s)  10.011023 7.2266 x 10715 3.4512 x 10~ 112 7.9880
ZM8 Q3(s) |6.7546 x 1077 | 2.7816 x 107190 | 1.9034 x 10~15%* | 16.000
ACMS Q3(s) |5.8728 x 1077 {2.9666 x 107101 |5.3325 x 1071610 | 16.000
LAMS Q3(s) [1.4810 x 107° | 7.9355 x 10~%° 3.6632 x 1071597 116.000
FM8 Q3(s) | 1.9346 x 1077 |5.7032 x 10719 | 1.8559 x 1071733 | 16.000
ZM8 Qa(s) |0.074840 1.3522 x 10710 1.4582 x 10~80 8.002
ACMS Q4(s) Divergent Divergent Divergent -
LAMS Qu(s) ]0.012310 1.9635 x 10~16 8.0818 x 10~1%7 8.000
FMS8 Qu(s) |0.0069383 2.2151 x 10718 2.3818 x 10142 8.001
Table 2 Comparison of the with memory methods on the test functions

Methods | Q(s) 1201 1Q2(s2)] 1Q(s3)] coc
ZM8 Qi(s) |0.00083523 49114 x 1070 [4.7977 x 1077% 15.120
ACMS Qi(s) |0.0061646 2.1885 x 1073 1.3451 x 1078 15.342
LAMS Qi(s) |0.000015809 4.4940 x 10780 5.0217 x 107137 | 15.520
FWMS8 Qi(s) [9.6344 x 1077 | 1.3319 x 1079 5.0044 x 1071498 | 15596
ZM8 Q(s) |0.19523 4.8315 x 1075 3.1255 x 10737 14.834
ACMS Q(s) 10.90214 3.6884 x 10~ 9.1383 x 10~174 15.653
LAMS Q(s)  |0.014457 5.3706 x 10~43 8.9914 x 107069 15.478
FWMS Q(s) 0.011023 1.1528 x 10~*4 3.5410 x 1076 15.496
ZM8 Q3(s) [6.7546 x 1077 | 1.3098 x 10~ 5.0428 x 10~1467 | 15.459
ACMS Q3(s) |5.872 x 1077 8.5805 x 107%° 3.2362 x 1071951 | 15.816
LAMS Q3(s) [1.4810 x 107° |2.2038 x 1079 1.5131 x 1071494 | 15.751
FWMS Q3(s)  [1.9346 x 1077 | 7.6149 x 10719 |3.6249 x 1071632 | 15.853
ZM8 Qu(s) |0.074840 4.6224 x 10722 3.3998 x 107330 15.247
ACMS Q4(s) Divergent Divergent Divergent -
LAMS Qu4(s) ]0.012310 4.0863 x 10737 3.1559 x 10759 15.433
FWM8 Qu(s) |0.0069383 1.3673 x 10~ 2.4610 x 107609 15.522
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5 Concluding Remarks

We have presented in this paper new derivative-free families of with and without
memory methods for finding the solutions of nonlinear equations. The use of four
accelerating parameters in the with memory methods has enabled us to increase the
convergence order of the without memory methods from 8 to 15.5156 and obtain very
high-efficiency index of 15.5 1567 = 1.9847 without extra function evaluations. The
numerical results further confirm the good performance, validity and applicability of
the proposed with and without memory methods. They are found to be more efficient
with better accuracy as compared to the existing methods in comparison in terms
of minimal residual errors after three iterations for convergence toward the required
simple roots.
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