Chapter 6
Self-duality, Pieri Formula and Cauchy Guca i
Formulas

Abstract Self-duality (evaluation symmetry), which we are going to discuss below,
is one of the most characteristic properties of Macdonald polynomials. In this chapter,
we explain how the Pieri formulas (multiplication formula by e,) are obtained from
the action of Macdonald—Ruijsenaars operators D" through the self-duality. We
also investigate the Cauchy formula and the dual Cauchy formula for Macdonald
polynomials and the relevant kernel identities.

6.1 Self-duality and Pieri Formula

We have seen in the previous chapter that, for generic ¢, t € C* the Macdonald
polynomials P, (x) = P;(x; g, t) (A € P,) arejoint eigenfunctions of the commuting
family of Macdonald—Ruijsenaars g-difference operators D) (r =1, ..., n), and
that they form a C basis of the ring of symmetric polynomials C[x]®":

Clx1® = @ CP.(x). D) Pi(x) = dy(u) P (x). 6.1)

LEP,

Note that, under our assumption |g| < 1, the genericity condition for ¢ is fulfilled
if t* ¢ g%Z<0 for k =1,...,n — 1, and in particular, if |t| < 1. Also, if we regard
q,t as variables (indeterminates), the (monic) Macdonald polynomials P, (x) are
determined uniquely as symmetric polynomials with coefficients in the field Q(qg, t)
of rational functions in (g, t); their coefficients are regular in the domain |g| < 1,
[t] < 1.

6.1.1 Principal Specialization

Asto the values of Schur functions s, (x) at the base point x = ¢?, we gave two explicit
formulas in Propositions 3.1 and 3.2. Those evaluation formulas are generalized to
the case of Macdonald polynomials as follows.
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Theorem 6.1 (Principal specialization) For any A € P, the value of P, (x) at x = t°
is given explicitly by

1— tn—l;(s)qag(s) _ tn(k) n;lZI(tn—i—H; q))\i

) = — — , (6.2)
1 — t//h(S)Jrlqﬂx(S) l_[lsifjgn (t/ l+1q)nl )nj; q))\j_)\pr]

P)L (tﬁ) — til()u) 1_[

SEA

wheren(X) =Y (i — 1)A; and, foreachs = (i, j) € L, li(s) =i — landd;(s) =
Jj — 1 denote the co-leg length and the co-arm length, respectively.

The proof of this evaluation formula at x = ¢® will be given in Sect.6.3, under the
assumption that Theorem 6.2 (below) of self-duality holds.

6.1.2 Self-duality

At this moment, we know at least that P, (%) # 0 as a rational function of (g, 1),
since the Schur functions are the special case of Macdonald polynomials where
t =gq,i.e. P.(x;q,q) = s,(x). Keeping this in mind, we normalize the Macdonald
polynomials as

P (x)

P =30

A ePy) (6.3)

so that P; (t%) = 1. Then we have the following self-duality (evaluation symmetry).

Theorem 6.2 (Self-duality) The normalized Macdonald polynomials ﬁx x) =
P, (x)/ P,(t%) satisfy N N
P.(1°q") = P, (1°q") (6.4)

for all pairs (A, n) € P X Ph.

We regard x = t°q* as the position variables and & = t3q" as the spectral variables.
Then (6.4) means that the normalized Macdonald polynomial P, (t%g™), regarded
as a function of (A, u) € P, x P,, is invariant under the exchange of position and
spectral variables on the discrete set.

We include a proof of Theorem 6.2 due to Koornwinder [14, 20] in Sect. 6.4.

6.1.3 Pieri Formula

For each A € #,, the Macdonald polynomial P, (x) multiplied by an elementary
symmetric function e, (x) (r = 1, ..., n) can be expanded into a linear combination
of Macdonald polynomials:
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eGP = Y Y, Pix), (6.5)

LEP,
ASpA(1")

with some coefficients v} /u € Q(g, t). This type of expansion formula is called the
Pieri formula. In order to describe the expansion coefficients in the Pieri formula,
we introduce certain rational functions in (g, t).

For each pair A, u € P of partitions with u C A (i.e. u; < A; foralli > 1), we
define a rational function v, ,,(q, t) € Q(q, t) by

Vi@ =[] A St TG ST VTR
A ) —_ T . - . 3 .
" I<i<j<(n) (t/="q" AR q))ti*lii (/ l—HqM' )\"“;q)k;*l/-i
and set

Wi/ﬂ(qa 1) = Yy, q). (6.7)

Recall that a skew diagram A/u is called a horizontal strip (“h-strip” for short) if
the complement A\ u contains at most one square in each column. Similarly, we say
that a skew diagram A/ is a vertical strip (“v-strip” for short) if the complement
A\u contains at most one square in each row. Note that ¥, /,(g,¢) = O unless A/u
is a horizontal strip, and that ¥/} /g, 1) = Ounless A/p is a vertical strip.

Theorem 6.3 (Pieri formula) For each i € Py andr =1, ..., n, P,(x) multiplied
by e, (x) is expanded in terms of Macdonald polynomials as

eGP = Y Y, P (6.8)

A/ v-strip
[A/ml=r

with coefficients r; = 4 (g 1) in(6.6)-(6.7), where the sumis over all partitions
A e P,withp C A |A| = || + r, such that the skew diagram A/ i is a vertical strip.

Theorem 6.3 will be proved in Sects.6.2 and 6.3 before Sect. 6.4, assuming that
Theorem 6.2 holds.

6.2 Self-duality Implies the Pieri Formula

Note that the fact that P, (#°) # 0 (as a rational function of (g, ¢)) follows from
the principal specialization of the special case t = g, where Py (x|q, g) = s;(x).
Assuming that the self-duality (6.4) has been established, we explain here how one
can obtain the Pieri formula (6.8) and the evaluation formula (6.2) from the g-
difference equations for P, (x), by way of the self-duality.
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Foreachr =1, ..., n, the eigenfunction equation
DY Py (x) = e,(t°q™) P..(x) (6.9)
implies
Y A0 Pi(gx) = e (t°gM) Pr(x), (6.10)
|1|=r

where ¢; = Zie] &;. Bvaluating this formula at x = t%¢* (u € P,), we obtain

> AIPGY P = e (10" P’ g"). (6.11)
|I|=r
Suppose that v = u + ¢ is not a partition, i.e. u;—; = u; for some i € {2,...,n}

withi € I andi — 1 ¢ I. In such a case, we have

" tn—i+lqu,» _ tn—jquj
A g") = 1(2) I

iel, j¢T

- - =0 (6.12)
tn=ighi — tn=ighi

since tx; —x; =" Hgti —n=itlghici =0 (i€, j=i—1¢1I). This means
that the sum in the left-hand side of (6.10) is over all I C {1, ...,n} with |I| =r
such that v =  + ¢; is a partition. A skew partition v/u is a vertical strip if and
onlyifv = u + ¢;forsome !/ C {1, ..., n}.Inthe following, for each pair u, v € P,
with u C v, weset A/, = A;(tg™) if v/ is a vertical strip with v = u + &; and
A,/ = 0 otherwise. Then we have

Yo AP(g) = e, (P g P (g, (6.13)

v/ v-strip, [v/pl=r

We now apply the self-duality (6.4) to obtain

Y AP = e, (P g Pu(tgh). (6.14)

v/ v-strip, [v/pl=r

This means that equality

e, (x) P, (x) = > Ay Py (x) (6.15)

v/ v-strip, |v/u|=r

holds for x = t3¢* (A € P,). It also implies that (6.15) is an identity in the ring
C[x]®" of symmetric polynomials, since a polynomial f(x) € C[x] such that
f(#%q*) = 0 for all A € P, must be zero as a polynomial in x. Namely, if the self-
duality (6.4) has been established, the g-difference equations (6.9) for A € P, implies
the Pieri formulas (6.15) for the normalized Macdonald polynomials ﬁﬂ (x) with
coefficients A, /.
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Exercise 6.1 Prove: if a polynomial f(x) € C[x] vanishes at all points x = t’g*
(A € P,), then f(x) = 0 as a polynomial in x.

Supposing that A/u is a vertical strip, we express A as A = u + ¢; with a subset
I C{l,...,n}with |I| = |A/u| = r. In this setting, we derive an explicit formula
for the Pieri coefficient

Aspu = Ar(t°q") (6.16)

for Fﬂ(x). Since A(x) = []p_, x*7! [Ticacpen(l = Xa/Xp), we have
A([‘Hslé]u)

A(tqh)
1— tb*a“’lqﬂa*ﬂh

Ay = A(t°q") =

— D 1_[ l—[

l1<a<b<n l<a<b<n
ael,b¢l ag¢l,bel

1 — th—a=1gta—it
LA L (6.17)

1 — tb—aquu—ub 1 — tb_aqﬂa_ﬂb ’

We use the conjugate partitions A’, &’ € P, noting that they satisfy the interlacing
property

n=A ===, > A > (6.18)
Then, the subset I C{l,...,n} and its complement J = {1,...,n}\[l are
parametrized as
k—1k k+1
])‘k+2

l"k+1
, )‘k+1

I=| | Io=(uj. 20,
k>1

T=| |7 5= iy
k>1

(6.19)

(A = o =n)

in the notation of an interval (a,b] = {k € Z | a < k < b} of integers. Note that,
wi=k—1,7 =kifi e lyand u; =A; =k —1if j € Ji). Then we have

_ tn(81) l_[ 1 — tb —a+1 1 Jj 1_[ 1 — tb—a—lqj—i
l—tb a i—j 11 l_tbfaqui
Jj<i i<j
ael; ael;
belJ; bel;

—M+1 Wil gi=ie gy , .,
_ n(gl)n(tﬂjl q’ J- l)x ! l_[(t i-1q’ l,t)MH—K,- 6.20)

pym T
(G R L PR I g O

j=<i K i<j
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and finally

Wl -1,
A;L/M::t"(gl)l_[(t" i+ q’ ’t))»'j—u'j
Jj=1
T i—i]. gl iidd.
Hi<j(tul gl ’t)*}—u} Hisj(tul High=+ ’t)#}_)‘}ﬂ (6.21)
NnN+1 . N i+l AN
Hifj(t’ itlgi SO Higj(f’ Higi 'Hat)u}—’v‘

Jj J+1

In combinatorial terms of Young diagrams, this can be written alternatively as

O " ),

O T @),

]‘[SEMHRW (1 — @+ gau(s)y Hseu\RW (1 — ¢l ® g+l
. ]_[SemR-A/,L(l — th O+ ga () Hse,\\R-A/,L(l — th®) gar)+1) )

AK/M =

(6.22)

where R;;,, = I x Z denotes the union of rows intersecting with the vertical strip
AL

6.3 Principal Specialization: Evaluation at x = ¢°
The normalized Macdonald polynomials P, (x) can be written as

~ 1 1
P(x) = ZPA(X) = amx(x) + (lower-order terms), a; = P, (t°).  (6.23)

We compare the coefficients of m; (x) of the both sides of (6.15) for A = u + @,
w, =€ +---+¢& = (1"). Then we obtain

1 1 .
— = A)»//L_9 1.6. a, = aMA,\/M (624)
a, a;,

for A = u + @,.

We make use of this recurrence formula for the case where £(u) < r and A =
U + @,. Since

r 1 — tn—i+lqu,- 1 — tn—l,’\(s)qak(s)

— (@)
1— tr*iJrlq/L,‘ =1 Y!:! 1— tlA(S)+1qak(S) ’ (625)
sEA\L

A)M/M = t(;)

i=1
by a) = a, Aj /., we obtain
1— tn—l;.(x)qak(s)

— (@)
a =dy -1 [ | — fhoriga®’ (6.26)
ser\u
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if £(u) < r and A = u + @,. Noting that any A € $, is expressed as A = @y +
ety [ = A1, we can apply the recurrence formula (6.26) to obtain

1— z‘n—l)’\(.v)qa-ﬂ(s) tl;(s) _ tnqa)’\(x)

) _
@ =t 1_[ 1— [lx(S)Jrlqu(S) - 1 — [l)‘(5)+1qax(s) (6.27)
SEA SEA

for any A € P,. In terms of the components of A, a; is expressed alternatively as

tn(k) 1_[;1:1 (tn—i+1 : q))w

= S : (6.28)
ngigjgn(”_’ﬂl]'\’ M @)

a,

Note that the pair (i, j) of indices with 1 <i < j < n in the denominator covers
the sequence of squares s = (i, k) with k € (A1, A;], for which [, (s) = j — i and
a, (S) = )\i — k.

[ ]

..... B Ai

J y
Aj+1

(6.29)

Formulas (6.26)—(6.27) are the explicit formulas for P (t%) = @, in Theorem 6.1.
Also, the Pieri coefficients w?/»/u in (6.8) for A\=pu+¢e;, I C{1,...,n} are
obtained from (6.15) by

a
Vi = A Aru = Ar(°g™). (6.30)
A

Writing down this formula in terms of A, u € #,,, we obtain the explicit formula for
W,{/M = Wi/u (g, 1) asin (6.6). By (6.22) and (6.27) we obtain

/ al’«
= —A,;
w)»/u a, /n
Hsex(l — tl;~(‘v)+lqm(‘v))
 eu (1 — 0+ 1get)
L(s)41
nxeuﬂRk/u(l — 1 qal (Y)) nseu\RL/u

HseAmRW(l _ tll(“)Hq‘“(‘Y)) Hse)\\RW(l _ tlx(s)qa»\(x)-‘rl)

(1 _ tlu(“)q”u(‘?)""l)

1— tl,\(x)—&-lqa-h(s) 1— tlu(x)qau(s)+1

= 1_[ 1 — l®gam e+l 1_[ 1= hHga
SEMNR) SEU\Rs

(6.31)
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In terms of the components of A, u, this formula can be rewritten as

l/fi/u = H

M=+l j—i. W= o j—i41.
@h T gl t)ﬂ}*)h;H i Hig/ ; I)H’/_,)L’Hl

N—p i—itl.
(g D)

Wit =i gy o
(t q 7t)[4/-7)»/-+

i<j )‘//+1 1
Wl il i,
_ (IM it g’ [)A,f—u; (tu' quj l+1’ t))\;—u; (6.32)
A L R ey, R i '
i<j q > N =1 q > A=l

This gives a proof of Theorem 6.3 (under the assumption that Theorem 6.2 holds).
Note that the two expressions in (6.32) are transformed into each other through the
formula
@ape @ (Graiq)
(@@ (@qilaqr (a9

(k,l e N) (6.33)

for g-shifted factorials.

6.4 Koornwinder’s Proof of Self-duality

In this section, we present Koornwinder’s inductive argument which proves the self-
duality and the Pieri formula for P, (x) simultaneously (see Macdonald [20] and
Koornwinder [14]).

Forpu e P,andr =0, 1, ..., n, we consider the expansion of e, (x)ﬁu (x) in terms

of P(x) (A € P,):

eMPx) = > BiuPi(x). (6.34)

MEPy, ASp+m,

The coefficients B, /, are defined forall A € , suchthatA < u + w,; weset By, =
0 otherwise. For each pair A, u € P, with u C A, we set A/, = Ap(8g™)if A/ is
a vertical stripwith A = +¢;, I € {1,...,n}, and A;,, = 0 otherwise.

We prove the following two statements for A € $,, simultaneously by the induction
on |A| combined with the dominance order of partitions:

(@), Py(t°q") = P,(t°%q") forall € P,.
(b),, Suppose that r € {1,...,n} and A — @, € P,, and set k = A — @,.
Then, B, = A,/ forany v € P, withv < A =« + @,.

For the induction, we use the partial order v <4.4om t for v, u € P, defined by
V Zqdom b [v| <|u| or (Jv|=|ulandv < ). (6.35)

Statement (a),, holds for . = 0 since ﬁ)\ (%) = 1 forall » € P, while (b) u 1s empty
for u = 0.
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Assuming that A € P, and |A| > 0, we first prove (b),. Suppose that x € P,
re{l,...,n}and A = k + w@,. By the argument of Sect. 6.2, (6.13), we know

e (P q) = Y AucPu(t’q’) (1w EPy). (6.36)

v/K: v-strip
lv/kl=r

Note that we have v < k 4+ @, = A if v/ is a vertical strip with |v/k| = r. On the
other hand, we have

e (P q" P(t°q") =Y By Py(°q") (1w €Py) (6.37)

V<A

by (6.34). Since || < |A| we have P t’q") = (t “) by the induction hypoth-
esis. Also, we have P (t‘S "y = P (t“ "y for all pair i, v < A by the induction
hypothesis; in fact we have © < A or v < A if u # v. Hence we have

e (g P q) = By Pu(t’q") (1€ Py < ). (6.38)

v<\A

From (6.36) and (6.38), we obtain

> AuPut’q) = By Pu(tq")  (nePu i) (6.39)
v/K:v-strip V<X
lv/k|=r

Then, statement (b);, follows if we confirm that det (PM @° q”))u L, # 0, which will
be proved below in Lemma 6.1. a
Knowing that (b), holds, we can rewrite (6.37) as

e (g P(t’g") = Y AuP(’q")  (nePy). (6.40)

v/ v-strip
[v/pl=r

We now compare (6 36) and (6.40) for arbitrary u € P,. Since P, (t’sq") = P @° q")
and P, (15q”) = P (t‘s ") for any v < A = k + @,, we obtain

A Pt q) = Ay P(t°q™). (6.41)
Since A; /, # 0, we obtain PM (t3g*) = P, (t%q") for all u € P,, as desired.
Lemma 6.1 Forany A € P, det (Pu(t‘sq”))%vﬂ # 0.

Proof This statement is equivalent to det (P,(t%¢"))
P,(x)/a,, and further to det (inﬂ(z“sq"))%vS
(lower order terms with respect to <). Note that

<y 7 0 since Py (x) =
L #0 since Py(x) =m,(x)+
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my (°g") =t g 4 (lower degree terms in7), (6.42)
and hence

det (m,t(t‘sq"))u’vs)\
— det (IW’%W'V})M,@

— tZuﬁ(l’va) det (qW

+ (lower degree terms in ¢)

>)M,V§A + (lower degree terms int). (6.43)

Setting N = #{u € P, | u < A}, parametrize all 4 € P, with u < xas u, ...,
w™ _ Then we have

@ DWW N N @) (o)
et (¢),_, = det (¢4, = 3 sgn(o)gh
(TEGN
T D0y ;
= g&~i=1" + (lower degree terms ingq). (6.44)

In fact, for o # 1, 1nequa11ty SN (@ — p@O @ @@y 5 0 implies
SN (O, u®y > SN (O ey, Hence we have det (¢ )u,vsx £0. O

We remark that the self-duality of Theorem 6.2 can also be proved by means of
the Cherednik involution of the double affine Hecke algebra (see Sect. 8.5).

6.5 Cauchy Formula and Dual Cauchy Formula

The Cauchy formula of Theorem 3.2 and the dual Cauchy formula of Theorem 3.4
for Schur functions can be generalized to the case of Macdonald polynomials.

Theorem 6.4 (Cauchy formula) For two sets of variables x = (x1, ..., xy,) and
y=(1,---»Yn), we have

1—[ 1—[ (tx,y,, Q)oo _ Z by P, (x)P,(y), (6.45)

i=1j=1 ()C Yis q)oo £(A)<min{m,n}

where A runs over all partitions with £(A) < min {m, n}, and the coefficients b, are
given by

) l_[ 1— tlA(s)+lqa;\(S) 1_[ (tj 1+1q)\,-7)t<; q))L A (6 46)
A= PGP RO riigh L : :
i LY 1<i< <00 (t /TR,
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We remark that, when g = ¢, formula (6.45) reduces to the Cauchy formula

m n

=

i=1 j=I1

Ty, D s@n0), (6:47)
(A)<min{m,n}

with coefficients b, = 1. In Sect. 6.6, we give a proof of the fact that the left-hand

side of (6.45) has an expansion formula of the form (6.45) for some constants b,

(A € P,); aderivation of the explicit formula (6.46) for b, will be given in Sect.7.3.

In Macdonald’s monograph [20], the notation Q; (v) = b; P, (y) for the “dual” Mac-

donald polynomials is consistently used in view of their roles in duality arguments.

Theorem 6.5 (Dual Cauchy formula) For two sets of variables x = (x1, ..., Xp)
andy = (y1, ..., ya), we have

[TTTa +xyp = D> Pixiq,0P(yit, 9), (6.48)
i=1 j=I1 AS(n™)

[T+ =D Pixiq.0Pe(yit.q), (6.49)
i=1 j=1 A (nm)

where the sum is over all partitions )\ contained in the m X n rectangle (n™); X' =
(Ao Ay and A = (m — A, ...,m — A}) denote the conjugate partition of A
and the complementary partion of A in (n™) respectively.

In what follows, we set

M (X ¥) = ]_[]_[ (12 @)oe (6.50)

i= l] 1 ('xly]a q)OO

and regard IT,, ,(x; y) as a formal power series in C[[x, €7 *Gn 1 We also set

m

My, 09 =[]0 +xiy)) € Clx, 1. (6.51)

i=1 j=1
It is sometimes more convenient to use the generating function

m

W (s y) =[] i + 3)) € Clx, y1977©. (6.52)

i=1 j=1

U In fact, IT,, , (x; y) is a meromorphic function on C™ x C" under our assumption |g| < 1. It is
also holomorphic in the domain |x;y;| < 1 fori € {1,...,m},j e {l,...,n}.
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Since

m n

W y) =01y [T +x07D = Gy T, (5 y7)), (6.53)

i=1 j=1
formula (6.48) is equivalent to

m

[T+ =D Pig. G- y)"Pu(y i1, ). (6.54)

i=1 j=1 re(nm)
By Proposition 5.1, for each partition & C (n™) we have

D1 y)" Py~ 1, q) = Pe(ys t, q), (6.55)

where
A= ((m") = A) = @m — Ayevesm—X)) (6.56)

denotes the complementary partition of A in the m x n rectangle. Hence formula
(6.48) is equivalent to (6.49). We give a proof of the dual Cauchy formula (6.49) in
the second half of Sect. 6.6.

6.6 Kernel Identities

6.6.1 Kernel Identity for the Cauchy Formula

We consider the case where m = n. We first remark that there exists an expansion
formula as (6.45) with some constants by, ifand only if I1(x; y) = I1, ,(x; y) satisfies
the kernel identity

Dy (u)TT(x; y) = Dy ()T (x; y). (6.57)

Expand IT(x; y) in terms of Macdonald polynomials P, (x) (A € P,) as

sy =Y POy, 0. eClyI® (hePy). (6.58)

rEP,

Since

n

D.(x;y) = Y PG [ [ —u" g™,

1P, i=1

Dy)I(x; y) = Z Py (x) Dy (u) Q1 (y), (6.59)

rEP,
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identity (6.57) implies D,(u)Q;(y) = @; () [[';(1 —ut"~/g*i) and hence,
0, (x) = b; P, (x) for some b, € C.

Proposition 6.1 For two sets of variables x = (x1,...,%,), Yy = (Y1, ..., Yn), the
formal power series

Moy = [T &80 ¢ oy, ygomees (6.60)

imt jo1 (i) @)oo

satisfies the kernel identity
D, (u)I1(x; y) = Dy(u)II(x; y). (6.61)

Proof Recall that

D, (u) = Z (—u)'”t(g‘) 1—[ tx; —le—[ qx‘

l

I1<{l,....n} iel, j¢l iel
K| De—xn
Dy = > (-l ]_[ — [ - (6.62)
K<(l,...n) kek 1¢k Yk TV pek

Since

HTq,x,H(x;y) HH ::y)f I(x; y),

iel iel I=1
Xj Yk
I / M(x: y), 6.63
[1% 06y = HHl_txyk @ ) (6.63)
kekK keK j=1

Equation (6.61) is equivalent to the source identity

Z ( )11 (2) l_[ — Hl_[ 1 —t);i)zz

iet; jgr YT M el 1= 664
= Z o) ] e A
KS{l,.on) ke 1k Yk TV ek i 1 —txjy

An important observation is that this identity does not involve g. This means that, in
order to prove (6.64), it is sufficient to prove (6.61) for ¢ = ¢. However, we already
know that (6.61) holds when g = ¢ by the Cauchy formula for Schur functions. [

The existence of an expansion formula of the form (6.45) for difference num-
ber of variables m, n follows from the stability of Macdonald polynomials as in
Exercise 4.2. Also, for a given partition A € P, the coefficient b, of P, (x) P, (y) in
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(6.45) is determined independently of the choice of m,n such that
m > L(A),n > £L(L).

It should be noted that we need some other arguments to obtain the explicit formula
(6.46) for b, ; a proof of (6.46) will be given in Sect. 7.3, on the basis of compatibility
of the Cauchy and the dual Cauchy formula for Macdonald polynomials.

In the setting of Theorem 6.4, suppose that m > n. Then for each A € P, we
have

D ()P, (x) = P.(x) [ (4 —u™ g™y TT (1 —ur™™)
i=l

i=n+1

Dy()Pi(y) = Py [ [ = ve"g™). (6.65)

i=1

We also remark that (6.45) for the case where m > n corresponds to the kernel
identity
Dy () (x5 y) = (W5 1) y—n Dy (ut™ ") 0 (x5 y). (6.66)

Remark 6.1 We have used here the kernel identity for IT,, ,(x; y) to prove the
Cauchy formula for Macdonald polynomials. Another important application of the
kernel identity is the integral transform of the form

dy; ---dy,
[T (5 )Y (0w (y) 2
iy

n

1
- 6.67
¢ (x) ond Ty /T (6.67)

It transforms joint eigenfunctions ¥ (y) of the Macdonald—Ruijsenaars operators
Dy (v) in y variables to joint eigenfunctions ¢(x) of D,(u) in x variables. This
property is a consequence of the kernel identity for I1,, , (x; y) combined with the
self-adjointness of D, (v) with respect to the weight function w(y).

6.6.2 Kernel Identity for the Dual Cauchy Formula

Here we give a proof of formula (6.49) which is equivalent to (6.48), on the basis of
a relevant kernel identity.
For two sets of variables x = (xy,...,x,)and y = (y1, ..., Y»), We set

Pu(x) = Pu(x:q,1) (n € Pu), PJ(y) =Pu(yit,q) (v €Py). (6.68)

We also denote by
oY aye — v
Dy = E | | —T (6.69)

k=1 1<i<n; 12k Yk T~

the ¢-difference operator obtained from D, by exchanging ¢ and ¢.
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Note that the polynomial

m

W (s y) =[] i + v) € Clx, y1&® (6.70)

i=1 j=1

is of degree mn in (x, y), and symmetric both in x and in y. Since W, ,(x; y) is of
degree < n in each x; and of degree < m in each y;, it can be expressed as

Uiy = > cun P PI(y) (6.71)

nE(n™); ve(m")

with some constants ¢, ,,. For each partition © € (n™), we defined the complementary
partition pinthe m x nrectangle by u® = (m — ), n —u,_,,...,m — u}) (see
the figure in (3.82)). In this setting, we show that ¢, , = 0 unless v = u°, namely

sy =[] +y) =D aP@PLY) (6.72)

i=1 j=1 ACS(m™)

for some constants ¢; € C.
In the eigenfunction equation

D Py(x) = d, Py(x), dy=) 1""q", (6.73)
i=1

the eigenvalue d, has the following combinatorial meaning:

m

o) = e e

qg—1
m ,‘

_ZZI’”’] = Z Mg (6.74)

i=1 j=I s=(i,j)eD(X)

Similarly, as for the eigenvalue d;. in the equation
n
DyPL(y) = diPR(y), d =) q" /1Y, (6.75)

we have

n A

i

t—l 1(d;° - 6;"_—11) =Y > il = Y g (6.76)

j=1 i=I s=(i, j)eD(A)*
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where D()1)¢ stands for the complement of D(}) in the rectangle {1, ..., m} X

{1,...,n}. Since
m—i  j— tm_lqn_l
I T ©7
s=(,j)en™) q

the existence of a formula in the form (6.72) is equivalent to

1 (D t’"—l)+ 1 <D° q”—l)\y )
g— I\ T o) T\ T o)) e

" —1q" -1
= Winn (X5 ), 6.78
T ) (6.78)
namely,
(Dot D) Wiy = iy, (679)
q—l P 1 m,nx’y—(t_l)(q_l) mn X5 Y). .
Proposition 6.2 For two sets of variables x = (x1,...,xu) andy = (Y1, ..., Yn),
the polynomial
W esy) =[] ] + yj) € Clx, y] &S (6.80)
i=1 j=1
satisfies the kernel identity
(oDt D)) = T L, i) 68D
q—l 1 y m,n x’y _(t—l)(q—l) m,n 'x7y' N

Proof This kernel identity is equivalent to the following identity of rational func-
tions:

Ixj —Xx; qxi +y
;E Xi — Xj ll_! Xi+w

ZH S~ ]_[ LA LA . (682
o Ve Yo Xty =Dlg=1D

which can be verified directly by the residue calculus combined with induction on
the number of variables. In fact, equality (6.82) for n = 0 is the same as (4.2). When
n > 0, we regard the left-hand side as a rational function of y,. Then, we see that
the residues at y, =y (k=1,...,n—1)andaty, = —x; (i =1,...,m) are all
zero. We can also verify that the limit as y, — 0 gives the value of the right-hand
side, by using the induction hypothesis of the case (m,n — 1). (]
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Finally, we show that ¢, = 1 for all A € (n™). We denote by A,,, the set of
all m x n integer matrices A = (a;;j)1<i<m; 1<j<n Such that a;; € {0, 1} for all i, j.
Also, for a pair of multi-indices (i, v) € N” x N”, we denote by A, , the set of all
A = (a;j) € Ay, such that

n m

Za,,-:m Gi=1,....,m), Za,-j:vj (j=1,...,n). (6.83)

j=1 i=1

Then W, ,(x; y) can be expanded as follows:

m n
o l—aj;
\Ijm,n(x;y)= Z Hl_[(x;l]yj fl/)
A=(ai;)) €Ay, i=1 j=1
= Z #HALY) x“)’(m”)iv = Z #A L (mmy—v) xty?
neN" veN" neN" veN"
= D HAp ) mu(x) mye (). (6.84)
wvS(n™)
Since (m") — v¢ = (v, ..., vy) is the reversal of v/ = (v{, ..., v)), we obtain
Won(xiy) = Y #A) mu(x) mue(y). (6.85)
wv(n™)

We now look at the coefficients of m , (x)m . (y) for partitions u C (n™).

Lemma 6.2 For each partition p < (n™), #A,, v = 1.

PI‘OOf Define A = (a,-.,-)lggm,ls,-gn by
a,jzl (15]5/1,,), (l,‘j:O (M,<]§l’l) (686)

foralli € {1,..., m}, sothat

{s=Gpe{l,....m}x{l,....n}|a; =1} = D). (6.87)
Then, one can verify that this matrix A it is the only element of A, ;.. O
wimh o M
K1
w2
Hm

(6.88)
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This lemma implies that, for each partition u C (n™), the coefficient of x* y"c in the
expansion of W,, , (x; y) is precisely 1. In the right-hand side of (6.72), the monomial
x*y" arises only if there exists a partition A € (n) such that u < A and u® < A°.
One can directly verify that the condition u¢ < A€ implies &’ < A/, and hence & > A.
Together with ;© < A, we obtain A = p. This implies that the monomial x* y"c arises
only from the term P, (x)Pljc(y). This also means that the coefficient of x* y"c on
the right-hand side is given by c,,. Hence we have ¢, = 1 for all partitions u € (n™).
This completes the proof of the dual Cauchy formula (6.49) of Theorem 6.5, and
also the proof of (6.48).
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