Chapter 5 ®)
Orthogonality and Higher-Order oo
q-Difference Operators

Abstract We show that the Macdonald polynomials satisfy the orthogonality rela-
tion with respect to a certain scalar product on the ring of symmetric polynomials.
We also explain how this orthogonality is related with the existence of commuting
family of higher-order g-difference operators for which Macdonald polynomials are
joint eigenfunctions.

5.1 Scalar Product and Orthogonality

As always, we fix the parameters ¢, t € C* with |¢| < 1. Also, keeping the conven-
tion of the previous chapter, we suppose that the parameters g, ¢ satisfy the genericity
condition (4.10).

5.1.1 Weight Function and Scalar Product

We define a meromorphic function w(x) = w(x; g, t) on (C*)" by

_ (Xi/Xj5 Qoo (Xj/Xi5 @)oo
W) = l_[ (1% /%5 Qoo (1X) /%15 Qoo ©-1)

I<i<j<n

Note that w(x) is &,-invariant and also w(x~!) = w(x). We assume |f| < 1 so that
w(x) is holomorphic in a neighborhood of the n-dimensional torus

T ={x=@1,....5) €(CY || =1G=1,....,m)} C(C). (52

For a pair of holomorphic functions f(x), g(x) in aneighborhood of T", we define
the scalar product (symmetric bilinear form) (£, g) as
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(£.8) = %ﬁ /T n f(x—l)g<x>w<x>% (5.3)
by the integral over T" with orientation such that
1 o-dx,
PN /T dii“_j: =1. (5.4)
The scalar product is alternatively expressed as
(7.8)= - CT[f Dgow)], (5.5)

in terms of the constant term CT (coefficient of 1) of the Laurent expansion of a
holomorphic function around T".

Theorem 5.1 Suppose that |t| < 1. Then, the Macdonald polynomials are orthog-
onal with respect to the scalar product defined by (5.3):

(P, Pu) =830 Ny (A, € Py) (5.6)

for some constants N; € C (A € P,,).

We remark that, if g, t € Rand |g| < 1, |¢] < 1, the Macdonald polynomials have
real coefficients, and (, ) defines a positive definite scalar product on R[x]®".

Remark 5.1 In Macdonald’s monograph [20, Sect. V1.9], the scalar product ( f, g)
of (5.3) is called another scalar product and denoted by (f, g)/. It should be noted
that our scalar product is different from Macdonald’s ( f, g), defined by [20, Chap.
VI, (2.20)].

5.1.2 Constant Term and Scalar Products

It is known [20, Sect. VI.9] that the constant term and the scalar products are deter-
mined explicitly as follows.

Theorem 5.2 For each ). € P,, the scalar product N) = (P,, Py) is explicitly eval-

uated as N N
No= ] (@7 oo (@ T T @)oo
o (gh =2t g) oo (g =l )

1<i<j<n

(5.7)

In particular, the constant term of the weight function CT[w(x)] =nlNy =n!(1, 1)

is given by
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G D\ T T )
CT[W(X)]_H!<(q;q)oo) T o8

In this book, we will not go into the proof of these explicit formulas. For proofs of
this theorem, we refer the reader to Macdonald [20, Sect. VI.9], and Mimachi [21]
(see also Macdonald [22]).

5.2 Proof of Orthogonality

The orthogonality of Macdonald polynomials is a consequence of the facts that:

(1) The g-difference operator D, is (formally) self-adjoint with respect to the
weight function w(x).
(2) The partitions A € P, are separated by the eigenvalues of D,, namely

d, # d,, for any distinct pair A, u € P,.

Along this idea, we explain step by step how the orthogonality of Theorem 5.1 can
be established.

5.2.1 Cauchy’s Theorem as a Basis of q-Difference de Rham
Theory

Let ¢(z) be a holomorphic function in an neighborhood of a closed curve C in C*.
We suppose that the contour C can be deformed continuously to ¢C in a domain
where ¢(z) is holomorphic. Note that this condition is satisfied either if the domain
of holomorphy of ¢(z) is sufficiently large, or if g is sufficiently close to 1. Then, by
Cauchy’s theorem, we have

d d d
/ olq ™ = f o) = / o0 Z, (5.9)
C Z qC Z C Z

namely

d
fcquﬂ(Z) / (z)—, Le. /( —1)(¢(Z))7Z=0- (5.10)

In particular, we have

d d
[Tte@pes = [ o1l (5.11)
c Z C Z

This formula plays the role of integration by parts.
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5.2.2 Formal Adjoint of a q-Difference Operator

Let L, € D, , = C(x)[Tq%;] be a g-difference operator in x = (x1, ..., x,) with
rational coefficients:
L, = Z a, ()T}, (finite sum), a,(x) € C(x) (u€Z"), (5.12)
WEL

where T,y = T/, - - - Ty, . We define the formal adjoint L* of L, by

Lt = Z T, la,(x), (5.13)

WEZ

so that (L, M,)* = M}L%. Then, we have

d
(L ) (x Hgwx) =
" X

_1 dx
= | L fxT)gwlx)—
Tn X

RN dx
= | feH(LLgmw)—
™ X
d
= (x—‘)(w<x>—1L;]w(x)g(x))w(x);x, (5.14)
and hence
(Lf.g)=(f.LTg), L"=w@) 'L*wk), (5.15)

provided that ¢ is sufficiently close to 1 and that Cauchy’s theorem can be applied to
L,. We say that L, is formally self-adjoint with respect to w(x) if LT = L,, namely
wx)Lywx)™ ! = Ly,

5.2.3 Dy Is Self-Adjoint with Respect to w(x)

Note that
Tq,x,.w(x):nl—zx,-/xj V=xj/qn A
w(x) i 1 —xi/x; i 1—tx;/qx; T, A (x7h)
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This implies that

w(x)

w(x) Dew(x) ™! ZA ) 7oy T —Z< Ty AN Ty,

T‘] W

(5.17)
= Z T, Aix™) =D},

i=1

It can be verified directly that (Dx f, g> = <f, ng) if |f] < |g| < 1. Note that the
poles of A;(x) along A(x) = 0 are canceled by the zeros of w(x).

5.2.4 Orthogonality

Since D, is self-adjoint with respect to the scalar product, for any A, u € $, we have
the equality
(DXP)\.('X)’P/l(x)>=<PA(x)7DXPM(X)>’ (5.18)

and hence
d,(Ps, Pu) = du(Ps. Py). (5.19)

Under our assumption that d;, # d,, (= # ), we obtain (Py, P,) =0 (A # p).

5.3 Commuting Family of g-Difference Operators

5.3.1 Macdonald-Ruijsenaars Operator of rth Order

Foreachr =0, 1, ..., n, we define the Macdonald-Ruijsenaars q-difference oper-
ator D" of rth order by

1 tx;i —Xx;

DV= 3 AT, A =G ] —, (5.20)
I1C{l,...n}; |I|=r iel, j¢l Xi = Xj

where T, = [];c; Ty, sothat DI =1, DV = D, and D{" = (OT, . T,
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Example: D" (n =3, r=1,2,3)
@ _ (tx1 —x)(txy — x3) (tx2 — x1)(1x2 — x3)

T —x) g —xg) (x2 — x1)(x2 — x3)
(tx3 — x1)(tx3 — x2)

q,%X2

(3 —x)(x3 —x) TF
(tx; — x3)(tx2 — x3) (tx1 — x2)(tx3 — x2)
D)(cZ) =1 ( q.,x1 Tq-Xz +1 g.x11q,x;
X1 — x3)(x2 — x3) (x1 — x2)(x3 — x2)
(txy — x1)(tx3 — x1)
(2 —x)(xz —x) 700
DY =T, Ty Ty (5.21)

Exercise 5.1 Show that the coefficients A;(x) can be expressed as

A = B0 g 5.22
I(X)_W (I c{1,...,n} (5.22)

in terms of the difference product A(x) = [, _;, (xi — x;).

As we will see below, the g-difference operators fo) (r =1, ...,n) commute
with each other, and are simultaneously diagonalized on C[x]®" by the Macdonald
polynomials.

5.3.2 Fundamental Properties of D"

By the same method as we applied to D,, one can directly verify:

(1) The g-difference operators D)(C’) (r =1,...,n) are invariant under the
action of G,,.

(2) The linear operators D : C(x) — C(x) stabilize C[x]®",i.e. DI (C[x]®")
C Clx]®".

As to the triangularity of D, we have:

Lemma 5.1 The linear operators D)((") :C[x]® — C[x]® (r =0,1,...,n) are
triangular with respect to the dominance order of m; (x): For each A € Py,

DOm;(x) =D d) mu(x) =d my(x) + Y dy) my(x), (5.23)

H<A n<i

where d.” = dir; = e,(t%q") are the elementary symmetric functions of degree r in
téqk ==(tnilqkl,tniquz,...,qk”)
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Proof We follow the same approach as in the case of D, = D" (Lemma 4.1). For
each I C {1,...,n} with |I| = r, we have

A[(_x):[(;) 1_[ tl_xj/txi l—[ l_t-xj/-xi

i<j l—xj/x,- l—xj/xi
iel, j¢l i¢l, jel
= t2ier =) 4 (Jower-order terms), (5.24)

where, for I = {i; < --- < i,}, the exponent of ¢ is computed as

\S]

<r>+#{(i,j)|i<j,iel,j¢l}

= <r> Y =i+ —k) =) (n—i). (5.25)

k=1 iel

\S]

Hence, we have

DOx" =" A(x)gict Hix!

||=r
= ( Z tZiél(””')quel “")x" + lower-order terms (5.26)
[|=r

= e,(1°¢")x" + (lower-order terms). (5.27)

This implies
D)(Cr)m,\(x) = e, (1°¢")m;.(x) + (lower-order terms) (A € P,), (5.28)
as desired. O
It is convenient to introduce the generating function for D)(r’) r=0,1,...,n)

with an extra parameter u:

D)= (—uyD" = > (A7), (5.29)
r=0 I<{l,...,n}

Then, by Lemma 5.1, we have

D (u)ym; (x) = dy (wym;, (x) + Y ds () my, (x),

H<A

dw) =) (~u) e, (1" = [ —ur"'q™). (5.30)
r=0 i=1
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5.3.3 Macdonald Polynomials as Joint Eigenfunctions

We prove the following two theorems in the subsequent sections.

Theorem 5.3 The g-difference operators D) (r = 1, ..., n) commute with each
other:
DYDY =D¥DY  (rs=1,...,n), (5.31)

Theorem 5.4 For each A € P, the Macdonald polynomial P, (x) satisfies the joint
eigenfunction equations

DYP(x) =d"P(x), d =e(’q") (r=1,....m). (532

We have assumed the genericity condition (4.10) of parameters for the existence
of Macdonald polynomials, as well as |¢g| < 1. In this setting, Theorems 5.3 and 5.4
are equivalent. In fact:

Theorem 5.3 implies Theorem 5.4: By the commutativity of D" with D, = DM,

we have
D, D" P, (x) = D D, P,(x) = d, D" Py (x), (5.33)

namely D" P, (x) is an eigenfunction of D, with eigenvalue d; . Since the eigenspace
of D, in C[x]®" with d, is one-dimensional, we have ch") P, (x) = e P, (x) for some
constant ¢ € C. Since P; (x) = m; (x) + (lower-order terms) and also D;")mx(x) =
dx(r)m 2 (x) 4+ (lower-order terms), we conclude ¢ = dir) as desired. Conversely:
Theorem 5.4 implies Theorem 5.3. Since D" (r = 1,...,n) are simultane-

ously diagonalized by P, (x) (A € ,), for any pairr, s € {1, ..., n} the commutator
[DY), DW= DD — DD is 0 as a linear operator on C[x]®~. From this,
it follows that [D{"”, D] = 0 as a g-difference operator thanks to the following
lemma.

Lemma$5.2 Let L, € D, = C(x)[Tqﬂ] be a g-difference operator with rational
function coefficients, and suppose that L, f(x) = 0 for all f(x) € C[x]®". Then
L, = 0 as a g-difference operator.

Proof Without losing generality, we may assume that L, has the form

Le= Y a0T),, deN, (5.34)
neN:|u|<d

namely, L, € C(x)[T, ] and ord L, < d. Supposing that L|c[,js. = 0, we prove
L, = 0 by the induction on d. Since this statement is obvious for d = 0, we assume
d > 0. Introducing variables y = (yy, ..., ¥4), we consider the polynomial

n d
Fesy) =[] = xiy) € Clx1®(y] (5.35)

i=1k=1
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in (x, y). Then we have L, F(x; y) = 0, namely

n d
Yo a@F@ sy =Y au ][]0 -g"xy) =0, (5.36)

lnl=d lul=d i=1 k=1
For each « € N with || = d, we define the reference point 1, (x) € (C*)? by

Ne(X) = (1/x1, 1/gx1, ..., /g Vxrs o3 1%, 1/qxn, ..., 1/¢% 'x,). (5.37)
Then we have

n n 01_;‘*1

Fg"x.na) =TT - a"x/a"xp

i=1 j=1 v=0

=[] 1@" " xi/x): @, (5.38)

i=1 j=1

Note that F(g"x; ny(x)) contains []/_, (g*~**!; q)q, as diagonal factors. If |u| <
d and pu # «, there exists an index i € {1, ..., n} such that u; < «;, and hence
(q“f’“"“; q)e;, = 0. This means that, if |u| < d, F(q"x; ne(x)) = O unless u = a.
Also, we have F(g%x; ny(x)) = ]_[ijl(q“f’“f+1xi/xj; q)«; # 0. Hence, evaluating
(5.36) at y = n4(x), we obtain

LyF(x, Y)]y = ao (X)F(q%x; 1 (x)) = 0. (5.39)

=7a (X)
This implies that a, (x) = 0 for all « € N" with |«| = 0, namely ord L, < d. Hence,
by the induction on d we conclude that L, = 0. (]

5.4 Commutativity of the Operators D,(Cr)

In this section, we give two proofs of Theorem 5.3 of commutativity of the g-
difference operators D)(C’) (r =1, ..., n).One proof, due to Macdonald [20], is based
on the orthogonality of Macdonald polynomials, and the other is a direct proof due
to Ruijsenaars [30]. Theorem 5.4 follows from Theorem 5.3 as we already explained
in the previous section.
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5.4.1 Orthogonality Implies Commutativity

One can show that, foreachr =1, ..., n, fo) is formally self-adjoint with respect
to the scalar product defined by w(x), by a method similar to the one we used in the
case of D, = DV, Since D" : C[x]®" — C[x]®" is lower triangular with respect
to the dominance order, we have

DO P.(x) = a)), Py(x), (5.40)

M=A

for some a;), € C, with leading coefficient a", = d". Since

(DOP,, P)=al (Pu. P, (P..DOP)=0 (u <), (5.41)
and (P,, P,) # 0, we have a;:L =0 for u < A. This means that D" Py (x) =
d"” P, (x). In this way, the linear operators D) : C[x]®" — C[x]®" (r =1,...,n)

are simultaneously diagonalized by the Macdonald basis. This gives a proof of Theo-
rem 5.4, as well as Theorem 5.3 by the argument we already explained in the previous
section.

5.4.2 A Direct Proof of Commutativity

Here we explain a direct proof of Theorem 5.3 of commutativity, following the idea
of Ruijsenaars [30].
The composition D" D is computed as

DIDY = > Ajx)A; (G 0OTI (5.42)
|I|=r|J|=s
where e, =), &, & = (8 j)i<j<n € Z". Setting K =1NJ, L =1 UJ)\K,
P =1\K, Q = J\K, we rewrite (5.42) as
D" DY
= Y (X Acr@®Akue@ o) TR (5.43)

KNL=¢ PLQ=L
|K|<min{r,s} |K|+|P|=r|K|+|Q|=s

Then the commutativity D" D = D® D) is equivalent to the following state-
ment: For each K, L C {1,...,n} with K N L = ¢, and for any p, g € Z>( such
that p + ¢ = |L|,
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Z Agup(X)Aguo(g®**rx)
PUQ=L
[Pl=p.1Ql=q
= ) Akuo®Agup(gTOx). (5.44)

PLUQ=L
|[P|=p,|0l=q

Analyzing this equality carefully, we show that the statement (5.44) is reduced to an
identity of rational functions, which we call the Ruijsenaars identity.
For each pair (1, J) of subsets of {1, ..., n} such that I N J = ¢, we set

1 —tx;/x;
A — i 5.45
L= ]] T (5.45)
iel; jeJ
so that 0
Arx) =1 A ), IS={1,...,n)\L (5.46)

We use below the properties that A; ;(x) is distributive in I and J in the sense

Apun, () =An g(0)AL (X)), Apqun(x) =Ar 5 (0)A; LX), (5.47)

and that A; ;(x) depends on the ratios x; /x; (i € I, j € J) only.
WesetM ={1,...,n}\(KUL),sothat KLUPL QUM ={1,...,n},toobtain

t_(IK;P\)_(\K;Q\)AKuP(x)AKuQ(an+apx)

= Agup,muo(X)Akuo mup (@< x)

=Ag u(x)Ag o(xX)Ap y(x)Ap o(x)
A (@) Ak p(@T T X)Ag (X)) Ag.p ("7 x)

= Ag M)Ak p(X)Ag 0(X)Ap p(x)Ag m(x) Ak (g™ x)
“Ap,o(x)Ag p(g* x)

= Ax M)Ak L)AL M)A m(@T*x) - Ap o(X)Ag p(q°"x). (5.48)

Exchanging the roles of P and Q, we have

=D Ao () Arur (g F0x)
= Ax M)Ak, L (DAL M)Ak m(@x) - Ag p(Xx)Ap o(g*x). (5.49)

Hence, equality (5.44) is equivalent to:

> AroWAgr@Tx)= Y Agr(0)Apro(@x)  (550)
PUQ=L PLUQ=L
[P|=p.,|0l=q |P|=p.,|0l=q
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forany L C {1,...,n}and p, g with p +¢g = |L|.
Changing the notation, we see that the commutativity of the Macdonald—
Ruijsenaars operators is reduced to proving the identity

Y ALMALGT) = Y AL ()AL (5.51)
IuJ={1,...,n} IuJ={1,...,n}
|I|=r,|J|=s |I|=r,|J|=s

for any r,s such that » + s = n. To be explicit,

Lemma 5.3 (Ruijsenaars identity) Foranyr,s € Zso withr +s = n,

Z l_[ (I —tx;/x;))(A —tx;/qx;)
A —=xi/x;))(1 —x;/qx;)

TIuJ={1,..., n}iel
= r u| s JEJ

—t 1 —tx;
= Z [ 8t~ /) (5.52)
TuJ={1,..., n}iel (1 _x//x’ (1 _xl/qx])
II\—r \JI s JeJ

Proof We denote by F, ;(x) the left-hand side of (5.52):

l—[ (tx; — x;)(gx; —tx;)

Fu@= ) [lFs0 Fae= @ —x)qx —x)

IuJ=[n] iel iel
[I=r,|J|=s j€J jelJ

(5.53)

where [n] = {1, ..., n}. Then the right-hand side is given by Fm(x“) = F,,(x).
We remark that F; ;(x) is a symmetric function and A (x) F;. ;(x) is regular along the
divisors x; — x; = 0 (1 <i < j < n). From this fact it follows that F, ;(x) itself is
regular along these divisors.

We prove by induction on 7 that G, (x) = F, (x) — F,;(x~!) = 0 for any pair
(r, s) such that r + s = n. We first remark that G, ;(x) =0if r =0 or s = 0, and
that G, ;(x) =0forn =r 45 =0, 1. Assuming that r, s > 1, we regard F, ;(x) as
rational functions of x,,:

(tx, —x;)(gx, —tx;)
Fo= Y 5L Fnmsow)
U =[n] el (x, xj)(qxn -xj)
|I|=r,|J|=s, nel

(xp — tx;)(tx, — qx;)

Fpm,s(xa),  (5.54

’ IuJZ:[”] 113 (Xn _xi)(xn - qxi) AN }’J(x ) ( )
|I|=r,|J|=s, neJ
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where x; = (xy,...,x,-1). Note that F, (x) has at most simple poles at x, =
qXi, q’lxk fork =1,...,n — 1; it is regular at x, = x; as mentioned above.! We
look at the residues at x, = gx;:

Res(Fy s (x)dxy|x, = qxi)
_d=-nt-q) Z 1—[ (gxi — tx;) (tx, — X;)

(gxr — x;)(xx — x;)

Fr p\ny(7)

—1
q IuJ=[n] iel\{k}
|I|=r,|J|=s; kel,neJ

_d=-0t-q 3 I (gxx — 1xi) (tx, — xi)

q-1 1uJ=[n] iel\{k} (gxi — xi) (X — x;)

|I|=r,|J|=s; kel,neJ
1—[ (txr — x;)(gxi — tx;)

| (xx — x;)(gxx — xj)

Fryy, iy ()
JjeJ\{n

=00 —q) 7 % —x)(gx —1x)
- g-1 ,};I (o — x0)(gxe — x1) 2

Fp y(xgz), (5.55)

I'uJ’=[n]\{k,n}
['|=r—1,]J'|=s—1

where x; = (x1, ..., x,—1) andxg5; = (x1, ..., k, ..., x,_1). Similarly, we compute

ReS(Fr,s(xil)dxnlxn = qx;)
_(d=-0t-q 1—[ (txx — x1)(qxx — 1X1) Z

(e — x)(qxi — x1)

Fp p(xz7). (5.56)

qg—1
I#k.n 1'ul’=[n\{k,n}

= —1,]/ |=s—1
Hence, for G, s(x) = F, (x) — F,;(x~!) we have

Res(Gr,s (x)dx,|x, = qu)
_(d=-nt—-q l—[ (txx — x;)(qx; — 1x1)

q—1 Ik (ke — x)(gxx — x1)
> (FroGea) = Froea) =0 (5.57)
I'uJ’'=[n]\{k,n}
|I'|=r—1,10'|=s—1
fork =1,...,n — 1, by the induction hypothesis of the case of n — 2 variables. By
the same argument we obtain Res(G, ;(x)dx,|x, = g 'x)) =0fork=1,...,n—
1. This implies that G, ;(x) is constant with respect to x,,. Since G, ;(x) is symmetric
with respect to x = (xy, ..., X,), we conclude that G, ;(x) is a constant, i.e. does
not depend on x; (i =1, ..., n). However, G,(x) = F,5(x) — F,,S(x_l) satisfies
G, (x7 ') = —G,4(x), and hence we obtain G, (x) = 0. O
1 One can also show directly that Res(F} s @Edxplx, =x) =0k =1,..., n — 1), by a com-

putation similar to the one presented below.
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We remark that Ruijsenaars [30] proved the commutativity of the elliptic version
of D (r =1, ..., n) along the same line as above, on the basis of the corresponding
identity for the Weierstrass sigma functions.

Remark 5.2 In Chap. 8, we will explain a construction of the g-difference operators
D) as well as their commutativity, following the idea of Cherednik based on a
representation of the affine Hecke algebra.

5.5 Refinement of the Existence Theorem

Once commutativity of the Macdonald-Ruijsenaars operators D) (r = 1,...,n)
has been established, the existence theorem of Macdonald polynomials can be refined
as we formulate below. Here we fix the parameters ¢, t € C* with |¢| < 1, and sup-
pose that the parameter ¢ € C* satisfies the condition ¥ ¢ gZ< fork = 1,...,n — 1.
In this setting we give a proof of existence of the Macdonald polynomials, indepen-
dently of the previous existence theorem (Theorem 4.1).

Theorem 5.5 Suppose that the parameter t satisfies the condition that t* ¢ g%<0
(k=1,...,n— 1). Then, for each partition A € P, there exists a unique symmetric
polynomial P, (x) € C[x]1S" such that

(1) DOPx)=d"P(x) r=1,...,n), (5.58)
2) P(x) =my(x) + Zuﬁ m, (x) (uﬁ e O). (5.59)
H<X

We remark that, in terms of the generating function Dy (u) = Y '_,(—u)" D",
the joint eigenfunction equations for P (x) are unified in the form

D () P,.(x) = dy () Po(x), dy(u) = [ [(1 —ut""g™). (5.60)
i=1

Note that, for a pair A, u € P,, dy(u) = d,(u) as polynomials in u if and only if
there exists a permutation o € &, such that

"Tigh = o Dglo (1=1,...,n). (5.61)

Under our assumption |g| < 1, we have:

Lemma 5.4  Suppose that t* ¢ g% (k = 1,...,n — 1). Then, d; (u) # d,(u) for
any distinct pair A, i € P, as polynomials in u, and also for generic u € C.

Proof We first show that, if |¢| < 1, then d, (1) # d, () as polynomials in u for
any distinct pair A, i € P,. Under the assumption |¢| < 1, the sequence |t"~g*i|
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(i=1,...,n) is weakly increasing for any A € #,. From this it follows that, if
dy(u) = d,(u) for A, u € P,, then we have |""Ig*| = |t""g"| (i =1,...,n).
Hence, fori =1, ..., n, we have |g|% = |g|* and A; = u; since |g| < 1. Namely,

if [#| < 1, then d, (u) = d,, (u) implies A = p.

We now consider the case |¢| > 1. Suppose that d; (¢) = d,, (1) as polynomials
in u for some distinct pair A, u € P,. Then, there exists a permutation o € G, such
that

t"ight =" Dgho (i =1,...,n). (5.62)
Since A # u, wehave o # 1, and hence there exists anindex o (i) > i. Then we have
70— = groo =i ¢ g% which means t* € g% for k =0 (i) —ie{l,...,n—1}.
Since |t| > 1, t* € g%< forsome k € {1,...,n — 1}.

Suppose that d (1) # d, (u) for any distinct pair A, i € $,. Since the set
S ={a e C*|dy.(a) =d,(a) for some distinct pair A, u € P,} (5.63)

is countable, the complement C*\ S is non-empty. Then, for any ¢ € C*\ S, we have
dy(c) # d,,(c) for any distinct pair A, i € P,. [l

Proof (of Theorem 5.5) Under the assumption that t* ¢ gZ<0 fork =1,...,n — 1,
by Lemma 5.4 we can find a constant ¢ € C such that d;(c) # d,(c) for any
distinct pair A, u € P,. From the facts that D,(c) : C[x]®" — C[x]®" is trian-
gular with respect to the dominance order and that the eigenvalues d, (c) sepa-
rate P,, it follows that for each A € P, there exists a unique symmetric poly-
nomial P, (x) € C[x]®" such that P, (x) = m, (x) + (lower-order terms) € C[x]S"
and D, (¢) P, (x) = d,(c) P, (x). Note that P, (x) (A € P,) form a C-basis of C[x]®",
and have mutually distinct eigenvalues d, (c¢) with respect to the linear operators
D, (c). We remark that these P, (x) do not depend on the choice of ¢, as we will see
below.

Since D" commutes with D, (c) forr = 1,...,n, we have D,(c)D" P, (x) =
DD, (c)P;(c) = dy(c)D") P, (x). This means that D" P (x) is an eigenfunc-
tion of D,(c) with eigenvalue d,(c), and hence DJ(C’) P, (x) is a contant multi-
ple of P;(x) by the fact that the eigenspace of D,(c) with eigenvalue d; (c)
is one-dimensional. Since D)(C’) P(x) = di")m 2 (x) + (lower-order terms), we have
DY) Py (x) = d\” P, (x). Namely, we obtain

Clx]® = @D CP(x), Di(u)Py(x) = dy.(u) P(x). (5.64)

rEP,

This also implies that the polynomials P, (x) do not depend on the choice of ¢ € C*
with which we started. (]
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5.6 Some Remarks Related to D, (1)

5.6.1 Macdonald Polynomials in x !

Consider the g-difference operators D)(Cr,), (r=0,1,...,n) in the variables x~! =

(', ..., x;!) such that

DY (x_l)szC’)f(x)‘ (5.65)

These operators are then explicitly given by

. IX; —x;
D" =310 T] 117 (5.66)
||=r iel, j¢l XX e
Lemma 5.5 Foreachr =0,1,...,n,
DY = (=Vr=GpriIT, T, (5.67)

In terms of the generating function, we have
Do) = ()"t O Dr (™ Ty Ty, (5.68)
We leave the proof of this lemma as an exercise.
Let A € P, be a partition and suppose that X is contained in the n x / rectangle
(A1 < 1). Then we have

(x ---xn)lPA(x’l) = mn—v(x) + (lower-order terms) € (C[x]G”, (5.69)

where LY = (A, ..., A1) denotes the reversal of A = (A1, ..., Ay).

Proposition 5.1 For each partition . € P, with ., <1, € N, we have
() Pux ™) = Py (1), A = (R M), (5.70)

One can verify the eigenfunction equation

D)(xy -+ x) Py = [ (4 —ur" g ) - (o) P! (571

i=1

by using Lemma 5.5.
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5.6.2 Determinant Representation of D, (u)

The generating function D, (1) of the Macdonald—Ruijsenaars g-difference operators
can also be expressed in terms of the determinant of a matrix of g-difference operators.

For an n xn matrix L = (L;;);;_; with entires in a ring, possibly non-
commutative, we use the notation det(L) for the column determinant

det(L) = Y sgn(0) Loyt -+ Logun- (5.72)

oe’,

Theorem 5.6 The generating function D, (u) = Y _,(—u)" D" of the Macdonald—
Ruijsenaars operators is represented by the column determinant

n

1 o .
A( )det(xl- (1 —ut /Tq,x,))

i,j=1

D,(u) =

(5.73)

_— T ).
-3¢ 05 Sgn(g)nx"“) )

We remark that the g-difference operators L;; = xl-" = u"i T, x,) satisfy the
commutativity L;; Ly = Ly L;; (i # k). This implies that the product ]_['}=1 above
does not depend on the ordering.

For a g-difference operator L, = ) ez Ap )T, € C(x)[Tqﬂl], we define its
symbol by

symb(Ly) = Y a,(0E* € COEF'], & = (& &) (5.74)

WEL

Note that two g-difference operators L,, M, coincide if symb(L,) = symb(M,).
We compute the symbol of D, (u) as follows:

symb(Dy (u))

LAX) 1 -
B Z( o Tam ¢ A(x)(lg{;n}(_“)IS Tr,x)A(x)

e )]_[(1 wE T )A(x) = det (x/ /(1 —u "I gN

( )

- A( ) b Sgn@f)l_[ X —ut" I ), (5.75)

eSS,

which coincides with the symbol of the right-hand side of (5.73).
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5.6.3 Limit to the Differential (Jack) Case

If we set ¢ = e® with a small parameter &, we have

0o
iax- k ¢ C
= Z Mx“ — gsxia—tixﬂ = qx,'dx,.xﬂ. (576)

In view of this fact, we rewrite the g-shift operators as 7T, ,, = ¢*% by the
Euler operators x;dy, = x;0/dx; (i =1, ...,n). Then we take the scaling limit of
D.(u)/(1 —q)" asqg — 1 witht =¢q#,u = q":

1
S, (v) = lim ————(D.(q")],_,)

g=1 (1 —¢q)"
1 ] — gvt=DBtxdy | g
= lim det( g ) )
A(x) g—1 1—¢q i,j=1
_ ! det( "Iy 4 x;8, + (n —]),3)) (5.77)
) 10, o .
The resulting operator S, (v) satisfies
;PP ) = PP [[o+r+n-Dp (e, (5.78)

i=1

where P (x) = lim1 P, (x; q, q") are the Jack polynomials. Denoting by S the
q—
coefficients of v"~" of S, (v), we obtain a commuting family of differential operators
S)E’), called the Sekiguchi—Debiard operators, such that
SOPP(x)y =e, A+ BHPP(x)  (r=0,1,....n), (5.79)

where§ = (n — 1,n — 2, ..., 0). The eigenvalues e, (A + B5) are the rth elementary
symmetric functions of A; + (n — i) (i = 1,...,n).
From the determinant representation (5.77), by a computation similar to that of

(5.75) we obtain the following expression for the Sekiguchi—Debiard operators:

s =3 Zﬂ“‘\"(xa) TAW) (o =01, .n). (580)
IK|=r JCK Al)
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where the sum is over all pairs (J, K) of subsets of {1, ..., n} such that | K| = r and
JCKZIn particular, we have

S = " xidy, + Ber(9),
i=1

t
£8
]

I

! > x,ax,x,ax,wz a®) = — le xi0, + B2e2(8),(5.81)

I<i<j<n ]7&1 J

where ¢;(8) = gn(n — 1) and e(8) = 5;n(n — 1)(n —2)(3n — 1). Recall that
power sums are represented as

pi=el, pr=el—2e, p3=e; —3eier+3es, ..., (5.82)

by elementary symmetric functions. In view of these formulas, we introduce the
differential operators L®) (k = 1,2,...) by

LD — e 7@ _ (S(l))2 —28@ 106G — (S(l))3 —35sMWg@ 4 360
(5.83)
Then we have

LYPP (x) = p(h+BHPP (x) (k=1,2,..), (5.84)

with eigenvalues py(A + B8) =Y ' (A + (n — i)B)* expressed by power sums.
Explicitly, L and L» are given by

LY =" xid, + Bpi(8),

i=1

L)(f):Zx, ) +2/BZ Z i - | xidy, + B7pa(8),  (5.85)
i=1 i=1 \ g YN

where pi(8) = in(n — 1) and py(8) = ¢n(n — 1)(2n — 1).> We now conjugate
these operators by the power A(x)? of the difference product:

2 For a differential operator Ly =Y peln Au (x)(x0x)* (finite sum), consider the symbol
symb(Ly) = ZMENH a, ()M withd = (Aq, ..., A) regarded as variables. Note also that L @M =
symb(L,)x*.

0y (A(x
3 Set Up(x) = S (800

o = Z#i X,*_—‘X, for each i, and U;j(x) = x;9y; (U;(x)) =

. . X0, 60y (AG) "
distinct pair i, j, so that — e = Ui(x)Uj(x) + U;j(x). Then we have i Uikx) =

pi(8)and Y ", Ui2 -2 Zlﬁl—an Uij(x) = p2(8). Use these formulas to derive (5.81) and (5.85).

XiXj

P for
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P=Ax)LOARX)F = inaxi, (5.86)
i=1

H=AGLOA ™ =Y (xd,) =288 1) Z x’x’. S (5.87)

i=1 1<l<_]<l’l
Then the functions ¥, (x) = P”’ (x) A(x)? (A € P,) satisfy

Py(x) = pi(h + BV (x),  HYi(x) = p2(h + O Y. (x). (5.88)

The operators P and H are the momentum operator and the Hamiltonian for the
Calogero—Sutherland model with coupling constant 8. Note that, in terms of the
angular coordinates 6; (i = 1, ..., n) such that x; = eV 10 , the operators P and H
are expressed as

Zag H=— Za(, ﬁ(ﬁ D > 2;0_9/ (5.89)
=

I<i<j<n sin
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