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Abstract Let p (z) = 7" + a, 2" ' + ap_27" 2 + - - - + apz + o be amonic poly-
nomial of degree n > 7 with complex coefficients o, a,—1, . . . .1, where o # O.
This paper investigates and estimates the upper bounds for the moduli of the zeros of
p depending on the spectral norms, spectral radii, and the fifth power of the Frobe-
nius companion. These upper bounds allow us to locate all the zeros of p in smaller
annuli in the complex plane.
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1 Introduction

Locating the zeros of polynomials is essential in many fields of study, including signal
processing, control theory, communication theory, coding theory, and cryptography.
Beginning with Cauchy, this classic problem drew a large number of mathematicians
across time. Recently, several famous classical upper bounds for the moduli of the
zeros of the monic complex polynomials have been established using the Frobenius
companion matrix, which is a key connection between matrix theory and polyno-
mial geometry. These bounds include Cauchy’s bound [2], Carmichael and Mason’s
bound, Montel’s bound [2] and Fujii and Kubo’s bound [3]. In this paper, we will
give a new estimate for the zeros of polynomials using the spectral norm and the
spectral radius for the fifth power of the Frobenius companion matrix.
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Let M,, (C) stands for the algebra of all n x n complex matrices. For A € M,, (C),
the eigenvalues of A are denoted by A; (A), fori = 1,2, ..., n, arranged in such a
way that

At (D= A (A = - = A (A)].

The singular values of A, (the eigenvalues of |A| = (A*A)%) are denoted by s; (A),
(1 <i < n), where they are arranged in such a way that

51(A) = 52(A) = -+ =5, (A).

Recall that si2 (A) =X (A*A) = \j (AAY), for j =1,2,...,nand 51 (A) = ||All,
where || A|| represent the spectral norm of A. For A € M,, (C), if A is the eigenvalue
of A and r (A) represents the spectral radius of A, then for any matrix norm |||-||],
we have

Al < r (A) < 1Al

Let p(z) = 2" + au2" ' + 22" > 4+ -+ - + a2z + a; be a monic polynomial
of degree n > 7 with complex coefficients «,,, o1, ....c;, where o # 0. The
following matrix

—OQy —Qp_1 - —OQp —(
1 0 0 0
C = 0 1 0 0
0 0 1 0

nxn

is called the Frobenius companion matrix for p. Itis well known that the characteristic
polynomial of C is p itself, and so the eigenvalues of C are the zeros of p, see [4].
Using the fact that the eigenvalues of C are the roots of p (z) =0, then for any
matrix norm |||-|||, |z| < |||C|||, where z is the zero of the monic polynomial p. Many
mathematicians in the area have used Frobenius companion matrix C to derive bounds
for the moduli of the zeros of the polynomial p; we list some of them below. Let z be
any zero of p, then we note that some bounds are obtained by the classical approach.
Cauchy [2], proved that

lz| <1+ max{laal, laal, ..., |a.l},
Montal [2], proved that
Izl < 1+ [ag| + lag| + ... + |anl,

Cramichael and Mason [2], proved that

lzl < (L+ il + ool + ...+ aal?)?
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Others have provided bounds for zeros of polynomials based on matrix inequalities
using the Frobenius companion matrix, such as
Fujii and Kubi [3], proved that

[SE

™ 1 " 2
IZIECOS<n+l)+§ | + ;M! :

Linden [7], proved that

|, | n—1 = 2 |an|2
lz| < > + " n—1+ Zl|aj|— 5 ,
J=

Kittaneh [5], proved that

n—1
jaal + 14 | (anl = D244 | Y[ |-

j=1

lz] <

N =

Based on certain estimates for spectral norms and spectral radii of the square of
the Frobenius companion matrices Kittaneh and Shebrawi, [6] obtained new bounds
for the zeros of p as follows:

=

lzl < {1+ Z|aj|2+|bj|2 , where b; = aj,a; — 1.
Jj=1
Also
%
1
2l < (5 <|bn|+ﬁ+\/<|bn|—ﬁ)2+4v 1+|an|2>) ,
where 1
n—1 2
2
v={> Il
j=1
and

n—1 n—1

1+Z|Otj|2+ 1+Z’Oéj|2—4(|0t1|2+|042|2)
j=1

j=1

N =
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They also obtained new bounds based on the spectral norms and the spectral radii

of the cube of the Frobenius companion matrix.

Recently, Al Sawaftah and Burqan [1] have given another bound for the zeros of
polynomials depending on the spectral norm of fourth of the Frobenius companion
matrix. In this paper we will present more accurate bounds depending on the spectral
norm and the spectral radii of C3. In this paper let N = C?. Thus,

[ ec €5 €]
dy  dn—y ds ds d
Cn Cn—1 Co Cs C1
by by b bs by
N=| @ —Qp-1 " —Q —Q5 - =] ,
1 0 0 O 0
0 1 0 O 0
00 10 0
where
bj =00; —Qj_1,Cj = —Oénbj +Oé,,_1aj —Qj_2,
d.,' = —QuCj — Oén_1bj +apo0; — a3,
ej = —aud; — ay_oCj — 0y2bj + 30 — g,

forj=1,2,...,n.

2 Main Results

In this section, we obtain bounds for the spectral norm and the spectral radius of the
matrix N, which we use it to estimate the zeros of polynomials.

Theorem 1 Letz beazeroof p (z) = 2" + oz ' + anZ" 2 + - - + a0z + ay,

with degree n > 7, then

2l < [ 14X ey + 16 + e * + |d; P + |es

j=1

L
10
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Proof Consider the following matrices

€n €p—1 * " €2 € 0 0O ---00
0O 0 ---00 dndn—l"'dZdl
G,=|0 000 Gy=|0 0 00
|0 O 00],., | 0 0 00],.,
[0 0 ---0 0]
[0 0 ---0 07 0 0 ---00
0 0 ---00 0 0 -0 0
G3= Cp Cp—1 *++ C2 (1 ’G4: bn bn—l" b2 bl ,
: 0 0 --00
[0 0 00], . D
Lo 0 ---00/4
[ 0 0 0 0 ]
0 0 0 0
0 0 0 0
Gs=| 0 0 -0 0
—Qp —OQy_q - —Qp —(
| 0 o -0 0 ],.,

and the block matrix Gg = [ 0 01| , where I,_s is the identity of order

-5 0 nx

6

n —5. Then Y G; = N with GG, =0,1<I,m <6, [#m. Thus by the tri-
=1

angle inequality, and using the fact that || A > = |A*A||, for any matrix A € M,, (C),

we get

6

> GG

=1

INIP = [N*N| =

HG G| —chzn2

M: ||Mm

1(|ej| 1+ s+ 15+ oy ) + 1

~.
Il
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Since n
1G> = max {A: A e 0 (G1G1)} = Jey |7
j=1
Also
1G2IP = D1 [F NG P = ey P0Gl = by 1Gs I = 3 fay [
j=1 j=1 j=1 j=l
|G3Gol = 1.
Therefore,

1

n 2

[e?] = 1w < (1 3 Jes Pl P e P [y P+ w) .
j=1

1
Using the fact that |z] < | C? |, we get

€1

n 10
2 2 2 2 2
|z|§(1+2|€j| +[dj |7+ [es] " + b5 +|°“j\) :

j=1
|

Let us recall some important Lemmas which are essential to establish our next
results in this paper. These Lemmas can be found in [4].

Lemma2 [fA = |:CCZ Z:| then the spectral radius of A,

r(A):%<a+d+\/(a—d)2+4bc>.

Ay A
Az Ax
Al 1AL
| A21]l [ A2zl

Lemma 3 Let A € M, (C) be partitioned as A = |: i| where A;;j is ann; x

n; matrix for i, j = 1,2 with ny +ny = n. If/i=|: :| thenr (A) <

r () and 4] < | 4

Lemmad4 Let A =

1

i Zi| then the spectral norm of A is

1

1 2
Al = (5 (lal* + 16 + lc|* + 1d/? +7)) ,
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where 7 = \/(Ial2 + el = |b)* — |d|2)2 + 4 |a5+ CE|2.

Lemma 5 Let

—

=

SO —= OO OO

withn > 7, then

1Bl =

n—4 5
where p =3 |o;|".
Jj=1

The following partition matrix is needed to obtain the next result. For the matrix

€n €n—1
dn dnfl
Cn Cpn—1
bn bn—l
N = —Qy —Qp—1
1 0
0 1
L 0 0
e . N11 N12
artition the matrix as N =
P |:N21 Ny

Ll —Qpp  —g — Q5 - —
0 0 0
0 0 0
0 0 0
0 0 0
0 0 0
1 0 O
0 I 0

L

[=NeoNeBoNeoNe

nxn

€6 (]

ds ds

C6 Cs

be bs
_aﬁ _as DEEY

0 O

0 o0

1 0

i|, where

€l
d
Cl
by
—ay
0
0

5
Ttpt [A+m? =4 o]’ ],
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_en €n—1 €2 €3
N dn dnfl dn72 dn73
= Cn Cp—1 Cp—2 Cp—3 ’
_bn bn—l bn—Z bn—3 4x4
[ena - eges e
Ny — dp—yg -+ dgds - d
12 - Cn_4 PRI C6 CS ... Cl ’
_b”74 o be bs -+ by 4x(n—4)
__an —Qp—1 —Qp2 —04,1,3_
1 0 0 0
0 1 0 0
0 0 1 0
Na=1] o 0 0 1 ’
0 0 0 0
L 0 0 0 0  (n—4)x4

[ ——s —ays - —ap —as —ay —az —an —ay |
0 0 0 0 0 0 0 O
0 0O ---0 0 0 0 0 O
0 0O ---0 0 0 0 0 O
Np=| O 0 -0 0 0 0 0 O
1 0 0 0 0 0 0 O
0 1 0 0 0 0 0 O
L0 0 -1 0 0 0 0 0 J ,

Now, as a result, we get the following:

Theorem 6 Let z be a zero of p (z) = 2" 4+ "' 4+ ap2z" 2 + - + 2z + oy,
with degree n > 7, then

1

5
lz] < |:||N11|| + [Nl +\/(||N11|| — IN2al)* + 4 N2 ||N21||i| .

N1t Nip
Ny Ny

[Nl I N2l
r (V) 5"([”1\721” ||N22||D'

Proof Since N is partitioned as N = [ :|, applying Lemma 3, we have
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To find || Ny, we partition Ni; as Ny = [

_ | én €n—1 _ | én—2 €én-3 _ | €n Cn—1
S“ o [dn dn—l] ’ S12 a |:dn—2 dn—3:| ’ S21 - |:bn bn—1:|
and
_ | €n—2 Cn-3
S22 - |:bn—2 bn—3i| '

Now, find the spectral norm for each S§;;, i, j = 1, 2, by using Lemma 4 as follows:

1 n
a=|Sull = 3 Z |ej|2+|dj|2

j=n—1
1

2
’

v len? + 1 — lenr P — 1dur ) + 4|eazr + dnﬁf))

1 n
g=usul={35{ X lef +af’
j=n-3

—_ 2
v (lenaP + ldu ol — len s — 1du3P) + 4 |en 2575 + dn_zdn_3!2)) :

n

1
3 3o el +[pa,

Jj=n—1

v =18l =

2
’

(el + 5P = leurs P = 1byi P) + 4 |esir + bnmyz))

and

1 n—2
b=1s2l= 5| X lesf + 1o,

j=n-3

=

-V (enoaP + 1uoaP — lenos = 1buosP) + 4 |esneis + bn_sz)) ,
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Also, by Lemma 3, we have

Nl < H[

Again using Lemma 3 to get

1 2
Nyl < (5 <a2 + 3+ + 2+ \/(a2 + 32— 2 —52)’ +4|aﬁ+’y§|2)>

1Sl 1Szl
152111 118221l

II-

Se)l
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1

Now, [|Nyall = (r (N12N5,))?, where

To find || N12 |,

NipNy, =

4 n—4 n—4 o n—4
Yleil” Xejdi Yeci Xejb;
j=1 j=I j=1 j=I
n—4 - n—4 2 n—4 - n—4
Y die; Y |di|” X dje; Y- db;
j=1 j=1 j=1 j=1
n—4 o n—4 _ n—4 2 n—4
chej chdj Z|Cj| chbj
j=1 j=1 j=I j=1
n—4 - n—4 _ n—4 - n—4 2
bje; Y bid; Y bjc; X |b;
_]:1 j=1 j=l1 j=1 i
[ Wi Wiy
we partition N, N7, as W W ], where
[ n—4 ] n—4 n—4 T
Z }e/| Z e] 2 eic; Y ejb;
W — j:1 .i=1
n— 4 ’ 12= ] n—4 o n—4 ’
Zd ¢; _Z \d; | Zldjcj zld,b,
j= j= i
[ n—4 n—4 5 n—4 T
Z cjej Z CJ > ‘Cj’ > cib;
i j=1 j=I
» W = n—4 n—4 2
Z bjej Z bd; bic; 3 |bj
| j=1 j=1 j=1 i=1

Using Lemma 4 to get the spectral norm for each W;;, i, j = 1, 2 as follows:

Wil =

n—4

n—4

12

j=1

lej |

Ze,

2

4
Z %
Jj=1

2

1
2

++a+b
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ol—

2 2 2 2
1 n—4 n—4 o n—4 n—4 o
Wizl = | 5 [ [Does@| +(D2oeibs| +D_dics| +[D_dibs| +ve+d
Jj=1 j=1 j=1 j=1
1
1 n—4 2 n—4 o 2 n—4 2 n—4 o 2 2
[Warill = 3 cheij + chdj + ijfj + ijd] +Ve+ f ,
j=1 j=1 j=1 j=1
1
1 n—4 2 n—4 5 2 n—4 2 n—4 2 2
IWall = | 5 |2 lesl) + {20 1il7| + 2obs@] + [ Doesbi| +Ve+h
j=1 j=1 j=1 j=1
where
2 2 2y 2
n—4 n—4 n—4 n—4
2 — 2
a= Z’ej| + Zdjej - ejdj| — Z\M )
j=1 j=1 j=1 j=1
2
n—4 n—4 n—4 n—4
=4 ? d; die; d;
b= le;] ejdj | + j€i 4" || -
j=1 j=1 j=1 =1
2 2 2 2y 2
n—4 n—4 n—4 n—4
c=\1DeT| + 1 DodiE| — 2o ebi| —|D_dibi| |
j=1 j=1 j=1 j=1
2
n—4 n—4 n—4 n—4
d=4[|) e ejbj | + djcj djbj ||
j=1 j=1 j=1 j=1
2 2 2 2\ 2
n—4 n—4 n—4 n—4
e= > cigi| + D big;| —|> cidi| —|D_bsd; ;
j=1 j=1 j=1 =1
2
n—4 n—4 n—4 n—4
f=42 e cjdj | + bjd; dibj ||
j=1 j=1 j=1 j=1
2 2 2 2\ 2
n—4 n—4 n—4 n—4
2 — -— 2
8= lei|°| +{Q_bici| — (D eibi| — |2 bil
j=1 j=1 j=1 j=1
2
n—4 n—4 n—4 n—4
2 - — —
h=4 |Cj| Cjbj + bjCj bjCj .
j=1 j=1 j=1 j=1
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By Lemmas 2 and 3, we have

ot =i’ = ([ )

1
1 2
= <§ <|Iw11I| + llwill +\/(||w11|| — lwnl)? + 4wl ||w21||)) -

Now,

1Nl = ol + lan 1 P+ lan ol + lan s + 1,

and Lemma 5 yields

1

1 2
Nl = (5 (1 + A+ 2 =4 (ja1 P + laal? + lasl? + laal? + |a5|2))> ,

n—4
where =y |ozj|2 .Thus,
j=1

IN1 ] N2l
rNy=r <|:||N21|| ||N22||D

<||N11|| + Nl IV = N2l + 4 [Nl ||N21||) .

1
2

Since |z] < r (C) = (r (CS))é =(r (N))%, we have

1 5
lz] < (E (||N11|| + I N2 |l +\/(||N11|| — IN2al)* + 4 N2 I|N21II>> .

This completes the proof. ]
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