Chapter 6 ®)
The Symmetric Group ‘“An Example oo
of Finite Nonabelian Group”

This chapter discusses the group &, (Corollary 5.1.11), the symmetric group on
n elements, which is one of the most important examples of finite groups and is
widely used in applications to geometry and physics (Carter, 2009). The importance
of symmetry groups in abstract algebra is due to the fact that for any finite group G,
there is a symmetric group &,, that contains a copy of G. For each n € N, the group
G, consists of all the bijective maps of {1, 2, ..., n} to itself, called permutations of
{1, 2, ..., n}. These permutations are usually denoted by symbols such as ¢ and .
The identity permutation that corresponds to the identity map of {1,2,...,n} is
denoted by e. In this chapter, Sect. 6.1 provides a representation of the elements of
G, as matrices and specifies the order of G,, in terms of the integer n. Additionally,
the notion of pairwise disjoint permutations is discussed, and their commutativity is
verified. In Sect. 6.2, cycles, a special case of permutations, are defined and studied.
The main result of this section is Proposition 6.2.9, which states that any permutation
can be written as a finite product of disjoint cycles. The proof of this proposition
requires a study of orbits of a permutation which discussed in Sect. 6.3 and followed
by the proof of Proposition 6.2.9. The last two sections of this chapter discuss methods
for determining the order of permutations and classifying permutations as odd and
even.

6.1 Matrix Representation of Permutations

Let n € N. Each permutation ¢ of {1, 2, ..., n} can be represented using a 2 x n
matrix. The first row of the matrix lists elements of the domain of the permutation.
The images are represented in the second row with the image ¢ (i) placed directly
under i, for each 1 <i < n. i.e., the matrix representation of a permutation ¢ is

¢_< 1 2 3 n )
o) ¢(2) dQ3) -+ p(n) )’
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1234

For example, if n = 4, the permutation ¢ = <3 142

) is the map determined by

¢(1) =3.¢(2) =1,9(3) =4, and ¢p(4) =2.

The matrix representation of the identity permutation e is

123---n

123---n)°
Remark 6.1.1 The elements in the first row in the matrix representation of ¢ can be
written in any order; however, the images of the elements must be carefully arranged

in the second row, ensuring that the image of any element i must be exactly below i.
For example, all of the following matrices represent the same permutation:

2143 1324 1423 2134
1324)°\3412)°\3214)°\1342
3241 3142 4213
4123)°\4321)°\2134)°

When a matrix representation is used, the composition of two permutations (two

bijective maps) ¢ and ¢ is determined by the equation ¢ o ¢ (k) = ¥ (¢(k)). For
example,

. 1234 1234 1234
ite (3142>andw (4312>’tenw°¢ <1423>

The computations can be sketched as follows:
¢ 14 . Yoo
1->3—>1lgvesl — 1,
25 1% 4gives2 2% 4,
[ v . Yoo
3 >4 — 2gives3 —> 2, and

42 2% 3gives 4 X% 3 (Fig. 6.1).

The matrix representation of ¢~ can be obtained by exchanging the two rows in
the matrix ¢. One can check that the composition of ¢ and ¢~ yields the identity
map on {1, 2, ..., n}. For example,

. (1234 L (4312) (1234
lf"5_<4312)’th‘m"5 _<1234>_<3421>

and the composition of ¢ and ¢! yields the identity permutation e.
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Fig. 6.1 A composition of
two permutations

Example 6.1.2 Letgp = ( ; i Z T i > and ¢ = (; i g j i)betwo permutations

on {1, 2,...,5}. One can easily check that

I. ¢3)=2,¢(5)=4,¥(2)=5,andyy(4) =4.

2 emeen=(11147).

oon= (1124 )mveo=(1242)
R P ETR ()|
s wtenee=(11343)

The nonequality ¢ o ¥ # ¥ o ¢ shows that Gs is not abelian.
Proposition 6.1.3 The group S, is not abelian for each n > 3.

Proof Assume that n > 3. Consider the permutations

6= 12345...... n—1n v = 12345...... n—1n
“\21345... ... n—1n)" \32145...... n—1n)
Both permutations are elements in S,,. Since p o (1) = 3 # 2 = o (1), thus
S,, is not abelian. |

Example 6.1.4 The following statements describe the elements of &, S,, 63, and
Gy.

1. There exists only one bijection of the set {1}. Thus, &, contains only the identity
map
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2. For ¢ € G,, a bijective map of {1, 2}, there are two choices for the image of
number 1 under ¢, namely 1 or 2. After choosing the image of 1, only one choice
is left for the image of 2. Therefore, either ¢(1) = 1 and ¢(2) = 2, yielding
the identity map on {1, 2}, or ¢(1) = 2 and ¢(2) = 1. These values are all the
possibilities for ¢. Hence,

12 12
{12} (1)}
Note that |G| =2 x 1 = 2.

3. Inthecase of G3, the choices are branched. For abijective map ¢ on {1, 2, 3}, there
are three choices for ¢(1). On choosing the image for number 1, two choices are
left for ¢(2), and having chosen one of these, only one choice remains for ¢ (3).
By the multiplication rule (De Temple & Webb, 2014), there are 3 x 2 x 1 = 3!
ways to form ¢. Figure 6.2. illustrates the choices for determining an element
of 63.

63={<123> (123) <123> <123> (123) (123)}
123)°\132)°\213/)’\231/)°\312/)°\321
4. For the group G4, one can use a tree similar to that shown in (3) to find all possible
permutations. Table 6.1 lists all possible choices for ¢ (i), 1 <i < 4.
Each column, from the second on, represents an element of &,4. For
example, the second column represents the identity permutation, and the third

12 34

1 ts th tati
column represents the permutation ( 12 43

). Clearly, there exist 24 = 4!
permutations in Gg.

The same method used to solve this example can be used to prove the following
theorem.

Theorem 6.1.5 Let n € N. There exist n! permutations in G,,.

Proof The number of elements in G, is equal to the number of all possibilities
of ¢. To construct ¢, the process is initiated by choosing an element for ¢(1) from
{1,2, ..., n}. There are n choices for ¢(1). Once ¢(1) is chosen, n — 1 choices remain
for ¢(2),namely {1, 2, ..., n}\{¢(1)}. After ¢(1) and ¢(2) have been selected, n —2
choices remain for ¢ (3), and so on. Continuing such selections, eventually, only one
choice remains for ¢(n). By the multiplication rule, the number of ways to form ¢ is

nxm—1D)xm—-2)x---x2x1=nl

Therefore, there are n! possibilities for ¢. |
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Fig. 6.2 Elements of &3
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Table 6.1 Elements of &4

o) |1 |1 |1 1|1 |1 |2|22(22(2|3 (3|33 (3|3 /4|4 4|4 4|4
¢2) |2 123344 1|1 |33 4/4|1 |1 |22|4]4|1|1 2|2 3|3
¢@3) |34 (24|23 |3 (4|1 413|241 (4|1 22|31 |31 2
¢@) |4 3|42 (324341 3 (1|4 |2[4]|1 (2|1 3|23 ]|1]|2]1
Definition 6.1.6 Letn € N, ¢ be a permutationon {1, 2, ..., n}, and k be an element

of {1,2,...,n}. We say ¢ fixes k if ¢(k) = k; otherwise, we say ¢ moves k. The
subset of all elements in {1, 2, ..., n} that are moved by ¢ is denoted by Move(¢).
The subset of all permutations in &, that fix k is denoted by (S,);. i.e.,

Move(¢) = {k : ¢(k) # k} and (S,); = {¢p € &, : p(k) = k}.

For example, in G3,

123 123
Move((1 32>> = {2, 3}, Move((1 23)) =,
123\ (123 123\ (123
(&3)2 = {(123)’(321)}’ (&)1 = {(123)’(132)}'
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Remark 6.1.7 The element k € Move(¢) if and only if ¢ (k) € Move(¢). This result
follows directly by the injectivity of ¢.

Definition 6.1.8 Letn € N and ¢, ¥ be two distinct permutations on {1, 2, ..., n}.
The permutations ¢ and y are said to be disjoint if Move(¢) N Move(y) = . Let
@1, - . ., ¢ be distinct permutations on {1, 2, ..., n}. The permutations ¢y, ..., ¢,
are called pairwise disjoint if ¢;, ¢; are disjoint for all i # j, where 1 <1i, j < m.

Having two disjoint permutations on {1, 2, . . ., n} means that if one of them moves
an element k then the other one fixes k. For any integer n, the identity permutation on
{1,2, ..., n} does not move any element. Therefore, Move(e) = ¢4, and it is disjoint
from other permutations.

Example 6.1.9 The permutations

b1 = 123 45 by = 123 45
"“\15324) 77\ 32145

are disjoint permutations in Gs. Similarly,

123 456 123 456
¢1_<321 456>’¢2_(153 426>and

or 123 456
37\ 123 654

are pairwise disjoint permutations in G¢. The permutations

123 123
¢1=(312>’¢2=<213>

are in G5 and are not disjoint as Move(¢;) N Move(¢,) = {1, 2} # 0.

Proposition 6.1.10 Let n € N, and let ¢, be permutations on {1,2, ..., n}. If
¢, ¥ are disjoint, then ¢ oy = ¥ o ¢ (any two disjoint permutations commute).

Proof Assume that ¢, ¢ are disjoint. Let k£ be an element in {1, 2, ..., n}. Since
Move(¢) N Move(y) = 4, only one of the following three cases holds:

1. k € Mov(¢) A k ¢ Mov().
2. ke Mov(y) Ak ¢ Mov(¢).
3. k ¢ Mov(¢) UMov(y).

If the first case holds, then Remark 6.1.7 implies that ¢ (k) € Mov(¢). Thus,
¢(k) ¢ Mov(y) and

poy (k) =W (k) = k) =Y (pk)) =y op(k).



6.2 Cycleson{l,2,..., n} 191

Similarly, the second case follows by exchanging the role of ¢ and 1. For the last
case, ¢ (k) = k = ¥ (k), which implies that

¢ oy(k) =Y (k) = plk) =k = (k) =¥ (pk)).

According to Lemma 5.4.5 (2),

Corollary 6.1.11 Let n € N. If ¢ and  are two disjoint permutations on
{1,2,...,n}, then

oY)k = ¢*y* forall k € N.

Using Exercises 5.25 and 6.2.7, one can easily show the following corollary.

Corollary 6.1.12 Let m € N and ¢1, ¢2, ..., ¢ be a set of pairwise disjoint
permutations. If (p1¢s ...¢n)< = e for some k € N, then q)f = e for each
1<i<m.

The following example shows that the converse of Proposition 6.1.10 is not true.

Example 6.1.13 On {1, 2, 3, 4}, consider the permutations

1234 1234
<b_(2134)2‘“1‘/’_(2143)'

1234
AS¢°¢"<1243
disjoint since Move(¢) N Move(y¥) = {1, 2} # @. In general, for any permutation
¢ not equal to the identity, ¢ commutes with itself, but Move(¢) N Move(¢) =
Move(¢) # @, and thus, ¢ and ¢ are not disjoint.

) = ¥ o ¢, the two permutations commute, but they are not

6.2 Cycleson{l,2,...,n}

Although the matrix representation gives a complete description of a permutation,
there are other representations that are often useful. One such representation based
on the notion of cycles.

Definition 6.2.1 Letn, k € Nandiy, is, ..., i; bedistinctelementsin {1, 2, ..., n}.
A cycle (oracyclic permutation) ¢ = (iyi5...ig)on{l, 2, ..., n} means the function
defined on {1, 2, ..., n} by
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i1 j=is A1 <s <k
Y =3i1 Jj=ik
JoojElin .. i)

forany j € {1,2, ..., n}. The number £ is called the length of the cycle. A cycle of
length k is called a k-cycle, and a 2-cycle is called a transposition. The trivial cycle
is a cycle of length 1. Let a be an element in {1, 2, ..., n}. We say that a appears in
the cycle (i1i; ... i), denoted by a € (ijis...i;),if a =i; forsome 1 <s < k.

Intuitively, a cycle (iji, . .. i) is the function on {1, 2, ..., n} that takes i, to the

following element in the line, takes the last element to the first element, and fixes all
. . .. N isi1 1 <s <k

elements that do not appear in the cycle, i.e., (i1iz...i) () = { i os—k
For example, the cycle (3 2 6 4) on {1, 2, 3,4, 5, 6} is the function that takes 3 —
2,2 - 6,6 > 4,4 — 3 and fixes all other elements in {1, 2, 3,4, 5, 6}. The
length of (3 2 6 4) is 4. The cycle (1 4) is the function on {1, 2, 3, 4, 5, 6} that takes
1 - 4, 4 — 1 and fixes all other elements in {1, 2, 3, 4, 5, 6}. The length of (1 4)
is 2. The cycle (1 4) represents a transposition. The map R, in Example 1.5.17 is
the transposition (s t) on {1, 2, ..., n}. Using Definition 6.2.1, one can easily verify
that for any k such that 1 < k <n,

(2 ... ixi1) = (iyiy ... ig) = (kiriz ... ig—1)
as all of these cycles represent the following function
i1 > ip,ip = 03, ..., 0j_1 > i, ix >0 ANJ—J Yjé&li,..., il
For example, on {1, 2, ..., 8}, the cycles
3152),2315),5231), and (152 3)

represent the same cycle of length 4. The transposition (3 5) exchanges 5 and 3. The
cycles (3 15 2) and (3 5) are visualized as in Fig. 6.3.

Definition 6.2.2 (Product of cycles) Let n,k,r € N, and let (ijiy...i;) and
(jij2..-Jjr) be two cycles on {1,2,...,n}. The product of (ijiy...i;) and

Fig. 6.3 Cycles(3152) P
and (3 5) g

54 ¥3
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(jija2 ... jr) is defined as their composition (i1i;...ix) o (jij2 ... j-), obtained by
applying (jij2 ... jr) then (ijia ... i). i.e.,

(viz . i) o (rjz -+ Jjr) () = (i i) (g2 - - - Jr) ()

The product of (i1i;...ix) and (ji j2 ... j,) isdenoted by (i1is...ix) (ij2 ... jr)-
Remark 6.2.3 Letn € N.

1. Foreachi € {1,2,...,n}, the trivial cycle (i) on {1,2, ..., n} maps i to itself
and fixes all other elements. Hence,

=@ = =@)= =)

all of which represent the identity function on {1, 2, ..., n}.
2. Fori,je{l,2,...,n}suchthati # j, (ij)* = (ij)(ij) =e.
3. No representation exists for the identity function as a transposition.

Example 6.2.4

1. On{l,2,3, 4,5}, consider the two cycles (2 4 1) and (3 5 4). The product of the
two cycles can computed as (24 1)(354)=35124)or354)(241) =
(2354 1). Cleary that the product of cycles need not be commutative.

2. Consider the set {1,2,3,4,...,8}.If p = (1 43 8)(2 6 3)(4 2) (a product of
three cycles), then

p() =4,p(2) =3,p(3) =2,p(4) =06,
pB)=35,p0)=8,p(7)=7,p@8) = 1.

The product p can be written as a product of the two cycles (1 4 6 8)(2 3).
However, p has no representation as one cycle.
3. On{1,2,3,4,...,10}, consider o = (2 5)(2 7)(2 4)(2 1). This permutation
can be written as one cycleoc = (2 14 7 5).
4, On {1,2,3,4,...,9}, 236793B) = 2367908 = 236797 =
23679).
5. On{l1,2,3,4,...,8},, 2561745326 1)=@6721)(53)

2743)463)52)=(125746)
2743)463)5 1) =(15(2746).

6. The product of two «cycles 1is not necessarily a cycle. For
example, on {1,2,3,4,...,11}, consider (25617)453261) and
(2743)463)(51). Both products are product of cycles but cannot be
written as one cycle.

The following lemma is needed later and can be easily proved using Definition
6.2.1 and induction on r.
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Lemma 6.2.5 Let n € N, and let (i1iy...ix) be a cycle on {1,2, ..., n}. For any
positive integer r and any 1 < s <k,

((riz - i) (s) = if(s.n)

r+smodkifr+s # gk forallg e N

h = '
where f(s,r) {k if r +5 = gk for some g € N

As the product (composition) of the two cycles (i1i; ... i) and (igig—1...i1) is
the identity, both cycles are bijective maps on {1, 2, ..., n}. This result is stated in
the following proposition.

Proposition 6.2.6 Let n,k € N, and let iy,iy,...,1i; be distinct elements in
{1,2,...,n}. The cycle (i\iy ... i) is a permutation on {1, 2, . .., n}, whose inverse
is the cycle (ixix_1...11).

As an example for applying Proposition 6.2.6, consider the group S; and the
permutation ¢ = (2 3 1 4 7 5). The inverse permutation is ¢~! = (57 4 1 3 2).
The reader should notice that although the inverse of a cycle is a cycle, the set of all
cycles in G, is not closed under the product of cycles (composition in G,,), as shown
in items (2) and (6) in Example 6.2.4. Hence, the subset of all cycles in G,, does not
form a group under the composition (the product of cycles).

If (iyiz...0) is a cycle on {1,2,...,n}, then by renaming the elements in
{1,2,...,n\{i1, i2, ..., ik} to be igy1, ixy2, - - ., in, the following corollary can be
easily proved:

Corollary 6.2.7 Letn, k € Nsuchthatk < n.Anycycle (iyiy...ix)on{l,2,...,n}
has a matrix representation as

<i1 02 oo bkt Uk bpyt Tjg2 v - in)
iy i3 ... dx i1 dket Qkad .. in
Example 6.2.8

1. Thecycle (23 1 5) on {1, 2, 3,4, 5} can be represented as (5 3149

2. Let

12345)

6= 123456 789
“\421 753689 )

The permutation ¢ is the matrix representation for the cycle (1 4 7 6 3).

3. Let
6= 123 456
“\321456 )
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The permutation ¢ is a matrix representation for the transposition (1 3).
4. Let

yo (123456789
“\451793682)

The permutation 1 cannot be written as a cycle on {1, 2, 3, ..., 9}. However,
it can be written as a product of cycles as: (147 6 3)(259).

5. Let
123 456
v = .
635124

The permutation i cannot be written as a cycle on {1, 2, 3, ..., 6}. However,
it can be written as a product of cycles as: (1 6 4)(2 3 5).
6. Consider the group &7. If ¢ = (23 1)(4 7 5), then

d'=(@3D@ 75 '=@757'23 D) ' =5B74132).

As seen in the above example that certain permutations cannot be written as
cycles but can be written as a product of two or more cycles. In general, we have the
following proposition.

Proposition 6.2.9 Let n € N. Any permutation on {1, 2, ..., n} can be written as a
finite product of disjoint cycles.

The importance of the decomposition in Proposition 6.2.9 is due to the fact that
disjoint cycles commute (Proposition 6.1.10). Therefore, one can write any permu-
tation as a product of commuting cycles. We postpone the proof of the proposition
to the subsequent sections. We end this section by recalling the notion of disjoint
cycles and presenting several observations. As any cycle is a permutation (Proposi-
tion 6.2.6), thus all definitions and universal results for permutations apply to cycles.
For example, Definition 6.1.8 still holds for cycles. Proposition 6.1.10 implies that
any disjoint cycles on {1, 2, ..., n} commute, and if ¢ and i are two disjoint cycles
on {l,2,...,n}, then by Corollary 6.1.11,

(pyY)* = ¢*y* forall k € N.

Lemma 6.2.10 Letn € N. If (ijir...i;) isacycleon{1,2,...,n}, then

Move((i1ia, ..., i) = {i1, iz, - . ., ik}
.. . .9 . . 9 . . o . . ¢ .
Proof Assume that ¢ = (ijin...0;). ASiy — ia,0lp = 13, ..., 01 —> ik, Ix —> 1]
and all i s are distinct, then ¢(i;) # iy foreach 1 < s < k. Hence, {iy, i2, ..., iz} C

Move(¢). For the other inclusion, if j ¢ Move(¢), then by definition of a cycle,
¢(j) = j, which implies that j ¢ {i, i, ..., ix}. |
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The above lemma and Definition 6.1.8 imply the following results:

Corollary 6.2.11 Let n,k,r € N. The cycles (ijiy...i;) and (jij2...J-) on
{1,2, ..., n} are disjoint if and only if iy # j, for all s,t such that 1 < s < k,
1<t<r.

This corollary can be used to decide if two cycles are disjoint. For example, one
can directly say that the cycles (1 5) and (2 7 4 6) on {1, 2,3, 4,5, 6, 7} are disjoint
while (2 7 4 3) and (4 6 3) are not.

6.3 Orbits of a Permutation

In this section, we use the elements of &,, to define equivalence relations on the
set {1,2,...,n} where n € N. Each ¢ € &, defines an equivalence relation on
{1,2,...,n}, dividing the set {1, 2, ..., n} into disjoint sets (equivalence classes)
called orbits of ¢. More information regarding equivalence relations can be found in
Sect. 1.4.

Definition 6.3.1 Letn €e Nand ¢ € G,.On {1,2, ..., n} define the relation =, by
iZyj<AmeZsj=¢"@), wherei,je(l,2,...,n}

Lemma 6.3.2 Let n € Nand ¢ € G,. The relation =, in Definition 6.3.1 is an
equivalence relation.

Proof Foreachi € {1,2,...,n},i = ¢°@), thus i =4 i and =, isreflexive. Assume
thati =, j.i.e., thereexistsm € Z > j = ¢" (i). Applying the function ¢~ on both
sides yields i = ¢~ (jj). Therefore, 3/ = —m € Z such thati = ¢'(j), i.e., j =4,
and =, is symmetric. Finally, let i =, j and j =4 k. According to the definition of
=,, there exist m, € Z such that j = ¢™ (i) and k = ¢'(j). Sets = [ +m € Z,
then

¢° (i) = ') = ¢' (¢™ () = ¢'(j) = k.

i.e.,i =4 k and = is transitive. By Definition 1.4.1, the relation =, is an equivalence
relation. n

The equivalence classes generated by the relation =4 form a partition of the set
{1,2,...,n} (Theorem 1.4.10). These equivalence classes are called the orbits of ¢.

Definition 6.3.3 Letn € Nand ¢ € G,,. For each 0 < i < n, the equivalence class
of =, that contains i, denoted by O4(i), is called the orbit of i under ¢. The sets
Ory(i),i € {1,2,...,n} are called the orbits of ¢.
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Any two orbits of ¢ € &, (by their construction) are either identical or disjoint,
and the union of the orbits of ¢ is the set {1, 2, ..., n}. One also has that for each
ie{l,2,...,n},

Org(i)={je{l.2,....n}:iZy jl={je{lL2,....n}:Im e Z> j=¢" ()}
={¢" (i) :m e Z}.

Proposition 6.3.4 Letn e N, ¢p € G,,and i € {1,2,...,n}. The orbit of i under
¢ is a nonempty finite set given by

Ory(i) = {i, p(0), * (i), ..., ¢* (D)}
where k is the smallest nonnegative integer satisfying ¢* (i) = i.

Proof Leti € {1,2,...,n}. Asi = ¢°3i) € {¢"():meZ} = Org(i) C
{1,2,..., n}, then Or4(i) is a nonempty finite set. Hence, there exist m, m, € Z
such that

my < my and ¢™' (i) = ¢™2(i).
Applying the function ¢ ™' on both sides yields ¢">7"! (i) = i; i.e., there exists
a nonnegative integer s = m, — m; such that ¢°(i) = i. Let k be the smallest

nonnegative integer satisfying ¢*(i) =i and B = {i, o), (@), ..., o~ ! (i)}, we
show that B = O4(i). Since

B ={i,0(0), $*(), ..., 8" ()} S {¢" () : m € Z) = Ory(i),
then B € O4(i). For the other inclusion, let ¢™ (i) be any element of O (i) where
m € Z. Applying the Euclidean Algorithm 2.4.1 on m, k, gives that there exist two
integers ¢q, r € Z such that

m:qk+r, 0§r<k

That is,

9" (i) = ¢ () = ¢ (7)) = ¢ ((¢) )

P pogto- 0t )| =4"G) ¢q=0

g times

¢r ¢7ko¢*ko...o¢7k(l.) =¢r(1)q <0

—g times
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ie., " (i) = ¢" (i) € B, which implies that O»4(i) € B. |

The last proposition provides a practical method for determining the orbits of a

permutation ¢ in &, as follows:

Begin by choosing an integeri € {1, 2, ..., n}, and compute ¢ (i), ¢2(i), ... until
i is reached.

o The set {@(i), $>(i). ..., i} forms O, (i), the first orbit.
e Choose an integer from the set {1, 2, ..., n}\O#4(i) and compute its orbit in the

same way as the first orbit.
Repeat the same process until the obtained orbits contains all the elements in
{1,2,...,n}.

Example 6.3.5 Let

= 1234567891011
“\9681025713 4 11

be a permutation on {1, 2, ..., 11}. The orbits of ¢ can be obtained as follows:

By choosing a number in {1, 2, ..., 11}, say i = 2, one can compute

$(2) =6,4>2) =(6) =5,¢°(2) = $(5) =2

to obtain 04 (2) = {2, 5, 6}.
Select a number in the set {1, 2, ..., 11}\{2, 5, 6}, say i = 1. Compute

¢(1) =9,¢6(9) =3,903) =8,¢(8) =1

to obtain Oy (1) = {1, 3,8, 9}.

Choose a number in {1,2,...,11}\{2,5,6,1,3,8,9}, say i = 4. Compute
¢(4) = 10, ¢(10) = 4 to obtain Or4(4) = {4, 10}.

Choose anumberin {1, 2, ..., 11}\{2,5,6,1,3,8,9, 4, 10}, sayi = 7. Compute
@ (7) =7 to obtain Or4(7) = (7).

Only one element remains in the set {1, 2, ..., 11}\{2,5,6, 1, 3,8,9,4, 10, 7},
which is 11. Compute ¢(11) = 11, which yieldsO#4(11) = {11}.

Terminate the process as there are no elements remain in {1, 2, ..., 11}.

Thus, all the distinct orbits of ¢ are {2, 6, 5}, {1, 9, 3, 8}, {4, 10}, {7}, {11}. Note

that since the orbits of a permutation are equivalence classes (either identical or
disjoint), then Or4(5) = Ory(6) = {2,5, 6}, Org(9) = Ory(3) = Ory(8) =
{1,3,8,9},and Or4(10) = {4, 10}.

The following definition restates Definition 1.5.3 using the notation of this chapter.

We remind the reader that any permutation ¢ € &, is a bijective function from
{1,2,...,n}toitself.
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Definition 6.3.6 Letn € N,¢p € G,,and A C {1, 2, ..., n}. The restriction of ¢ on
the subset A, denoted by ¢, is the function on A that satisfies ¢4 (x) = ¢p(x) Vx €
A.

The next proposition shows that the restriction of a permutation on one of its
orbits is a cycle that is formed by the elements of such an orbit.

Proposition 6.3.7 Letn € N, ¢ € G,,and i € {1, 2, ..., n}. The restriction of ¢
on Ory(i) is the cycle (i o) $230) . .. ¢k’1(i)) on{l,2,...,n}. ie.,

Plor,i) = (i dG) ¢*0) ... q’)k*l(l‘))

where kis the smallest nonnegative integer satisfying ¢*(i) = i.

Proof Assume thati € {1,2,...,n}. We show that
Plorey () = (i 9() $*() ... 6" 1 D) () VY j € Ory(D).

Let j € Ory(i). Since Ory(i) = {i, ¢(i), $*(i). ..., ¢* ' (i)}, there exists an
integer s such that 0 < s <k — 1 and j = ¢°(i). Using Definition 6.2.1, we obtain

(i () *@) ... ¢ D)) = (i p)$*() ... ¢ (D)) (¢° (D))
_ {¢S+1(i)O§s <k—1
i s=k—1
_{¢“%005s<k—1
L) s=k-1
= ¢ (D) = ¢(¢° () = $()) = Djor,m ()-

Intuitively, the pervious proposition indicates that if ¢ is a permutation on
{1,2,...,n}, then for each i € {1,2,...,n}, the restriction ¢|o%(l-) is the cycle
obtained by inserting i as the first element in the cycle and continuously applying ¢
on the element to obtain the next one. This process is repeated until all the elements
in the orbit have been considered.

Example 6.3.8

1234567891011
& Let¢_(9681025713 4 11)'
The orbits of ¢ are
{1,3,8,9},1{2,5, 6}, {4, 10}, {7}, {11} (Example 6.3.5).

Therefore, according to the results of the last proposition,
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P339 =1 938), 97 =D, Pse =2 65), a0 = 4 10), ¢y = AD).

1234

2. The orbits of ¢ = (3124

) as a permutation in &, are

Org(1) ={1,2,3} = Ory(2) = Or4(3), Org(4) = {4}

The permutation ¢ has only one orbit that contains more than one element.
Therefore, ¢ is a cycle.

Corollary 6.3.9 Letn € N,and ¢ € G,,.. Foreachi € {1, ..., n}not fixed by ¢,

Move(¢>|or¢(i)> = Or4(i).

Proof Leti € {1,2,...,n}. The results of Lemma 6.2.10, Propositions 6.3.4, and
6.3.7 can be used to obtain
Move(¢|m¢(,.)) = Move((i ¢(1)$2(0) ... (1))
= {i, ¢(0), *(0). ..., 8" ()} = Oy (i).
[ |

As the orbits of ¢ (by construction) are disjoint, the following direct result can be
obtained.

Corollary 6.3.10 Letn e N, ¢ € S,,and i € {1,2,...,n}. The cycles obtained by
the restriction of ¢ on its orbits are disjoint cycles.

Next, we prove Proposition 6.2.9 by showing that any permutation ¢ is a product
of the cycles obtained by the restrictions of ¢ on its orbits.

Proof of Proposition 6.2.9
Letn e N,¢p € G,,,and Ay, ..., A,, be the distinct orbits of ¢. Foreach 1 < j <m,
let v/; be the cycle obtained by the restriction of ¢ on A ;. We show that

¢@) =vYmoYu_10---0Yoy(i) foreach i € {1,2,...,n}.

Assume i € {1,2,...,n}. As the orbits of ¢ form a partition for {1, 2, ..., n},
there exists [, 1 </ < m such thati € A;andi ¢ A; for all j # [. Therefore,
i € Move(y;) and i ¢ Move(wj) for all j # I (Corollary 6.3.9). Therefore,

o ;(i)=iforeachl <j <!
® (i) = ¢ (i) (Proposition 6.3.7)
® Yi(¢@i)) =¢(@)foreach] < j <m
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where the last line follows by Remark 6.1.7. That is,

Viero---oyn(i) =i, yu(i) = @), Ymo---oY1(9(i)) = o)

which implies

Ymo-oyi(D)=vYmo-oYy(Y(Yi—10---0Y(Q)) = ¢@).

According to Corollary 6.3.10, the cycles ; are disjoint. ]
Example 6.3.11
1. Let¢p = <é éz ;t) ; 2; ? 2 140 ﬁ) be a permutation in &;;. The distinct

orbits of ¢ are {1,9,3, 8}, {2, 6, 5}, {4, 10}, {7}, {11}, and the corresponding

cycles are

(1938),(265),410), (7), (11).
Hence, ¢ can be written as the following product of disjoint cycles
¢=(1938)(265)4 10)(7H(11) =(1938)(2 6 5)(4 10).

2. Let ¢ = (;ﬁ ?461 ;31) be a permutation in &7. Similar to (1), the

permutation ¢ can be written as a product of disjoint cycles as follows:
¢=(13)25467).

The reader may notice that

For a permutation ¢ € &, the number of disjoint cycles (with a length greater
than one) form ¢ is less than n/2. This occurs because of the simple fact that if
the set {1, 2, ..., n} was divided into disjoint subsets where each subset contains
at least two elements, then the number of such subsets must be less than or equal
to half of the original set.

The set of distinct orbits (equivalence classes) of the permutation ¢ is unique
(Corollary 1.4.14). Therefore, if all the cycles (length one included) are considered
in writing the permutation as a product of disjoint cycles, this product will be
unique up to cycle rearrangements.

Proposition 6.3.12 Let n € N. If all cycles of length one are considered, then any
permutation on {1,2,...,n} can be uniquely (up to rearrangement) written as a
finite product of disjoint cycles.
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Example 6.3.13 Using the results of Example 6.1.4, one can easily verify that the
group &, consists of only 1-cycle (identity permutation). For n = 2, the symmetric
group &, = {(1), (12)} consists of two cycles: 1-cycle and 2-cycle (a transposition).
The group G5 consists of six cycles: one 1-cycle, two 2-cycles, and three 3-cycles.
The group &4 contains cycles and permutations that cannot be written as one cycle.
The elements of G4 consist of one 1-cycle, six 2-cycles, eight 3-cycles, six 4-cycles,
and three permutations written as a product of two cycles. Similarly, one can continue
to analyze the structure of G,, using the multiplication rule, as in Example 6.1.4.

6.4 Order of a Permutation

For any n € N, the orders of the permutations in &, can be investigated. We start
with an example of which computing ¢ for different permutation ¢ in &,, for some
chosen k and n.

Example 6.4.1
1. In(Gs,0),if¢p = (1 2 3 4), then

$*=(1234)72=(1234)(1234) =(13)(24)
¢ =(1234)>=(1234)(13)(24) =(1432)
9" = ¢’¢” = (13)24)(13)(24) = (13)(13)24)(24) = (DQ) =e.

2. In(G3,0),if ¢ = (1 2), then

PP=(127=()=e
P =012°>=1212°>=12e=(2).

In general, ¢>**! = (1 2), and ¢* = e for any integer k.
3. In(G7,0),if¢p=(123)2716),then¢ =(163)(27)and

$*=((163)27)"=(163)27(163)(27)
=163)(163)27N27) =((163)>=(36)

P =9¢p=(136(163)27=Q27)

P =¢p=027N163)27N=27N2TA63)=(163)

P =¢*0=016316327H=(136Q27)

=00 =(0136)27163)27=136)(163)Q2TNQ2T) =e.

4. In(Gg,0),if¢p = (254)(6 3 1)(4 3), then
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p=(163254)
¢* = (135)246)

¢’ =¢’¢p=(12)(34)56)

¢t = 2> =(153)(264)

P’ =¢*¢=(145236)

P =0 =(145236)(163254) =e.

The reader may note that computing ¢* becomes increasingly complicated as k
and n become bigger, and some of the above computations were cumbersome. The
computations of the exponent can be simplified using Propositions 6.2.9, and 6.2.6
and the results presented in this section. The following lemma computes the order
of a cycle. Recall the order of an element in a group defined in Sect. 5.5.

Lemma 6.4.2 Let n € N. The order of a cycle in G,, is equal to its length, i.e.,
ord((i1i2 . lk)) =k

where iy,1i3,...,ix are elements in {1,2,...,n}. In particular, the order of a
transposition is 2.

Proof We show that k is the smallest positive integer such that (i, . . . ik)k =e.Let
1 <s <k.ByLemma6.2.5,

.. k. .
(2. 0)" () = L f(s,0)
where

k+s modk if k+ s # gkforallg e N

?k = .
S {k if k45 =gqgkforsomeq € N

| s modkif k+s #gkforallg e N
|k if k45 =qgkforsomeq e N

Since 1 <s <k, thenk+1 < s+k < 2k, which implies that the only possibility
for s 4+ k to be a multiple of k is 2k, i.e.,

smodk k + s # 2k

fe =1, k+s =2k
| smodks #k
Tk s =k
=S.

ie., (i1iz...i)* @) = is foreach 1 < s < k, and (ijir...ix)* = e. Let r be a
positive integer such that » < k. We compute (i1, ... i;)" (i1) as follows:
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(iiz.. i) (1) =irar
where

) = r+ 1 modkifr +1 # gkforallg € N
7 k if r + 1 = gk for some g € N.

Sincer < k, wehaver + 1 < k+ 1 < 2k, which implies that the only possibility
for r 4 1 to be a multiple of k is k. i.e.,

_Jr+1modkifr+1#k

f(l’r)_{k ifr+ 1=k
In both cases f(1,r) = r + 1 # 1. ie., (i1i2...ix)"(i;) # i;. Therefore
((i1ip...0x)) #e. [ |

Since every permutation in &, is a finite product of disjoint commuting cycles,
one can calculate the order of a permutation using the orders (lengths) of its factor
cycles using the following lemma.

Proposition 6.4.3 Let n € N. The order of a permutation is the least common
multiple of the orders of its factor disjoint cycles. i.e., if ¥y, V2, ..., ¥, are a set of
pairwise disjoint cycles such that length \; equals k;, where 1 <i < s, then

Ol'd(l/fllﬁg cee I/IA) = lcm(kl, k2, ey ks)

Proof Let! = lem(ky, ko, ..., k). Foreach 1 < i < s, there exists an integer m;
such that [ = k;m;. As ¥, Y, ..., ¥, are pairwise disjoint cycles, they commute,
which implies that

W) = WD W) - () = ()R ()R - ()

—e-e---€6=¢€.
By Lemma 5.5.6, ord (Y1, - - - ;) divides /. On another hand, since
Wy ... WS)Ord(wll/fz...l//x) —

and the cycles ¥, ¥, ..., ¥, are disjoint, by Corollary 6.1.12, y V¥V —
e for each 1 < i < s, which implies that k; divides ord(yr;v, ... V¥;) for each
1 < i < s. Therefore, the least common multiple / = lem(ky, k», .. ., ky) divides
ord(Y1 ¥ . .. ¥y). Proposition 2.2.5 (3) implies the result. [ |

Considering the above results, we compute some of the permutations in Example
6.4.1, leaving the others as an exercise:

e In(Gs,0),ifp = (1 2 3 4), then ord(¢p) = 4, and
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P> =(12342=(01234)(1234=(13)24)
P=(01234>=1234H13)24)=(1432)
ot =((1234) =e.

e In (S7,0),let¢ = (123)(2 71 6). The permutation ¢ is not a cycle but can

be written as a product of disjoint cycles ¢ = (1 6 3)(2 7). Thus, ord(¢) =
lem(3, 2) = 6, and

¢ =((163)27)"=((163)>=(136)
P =p0=(136)163)27N=eRN =27
¢t =((136)>=(163)
P’ =¢'0=163163)H27=(136Q27)
¢>6 =e.
e In (Gg,0),letp = (2 54)(6 3 1)(4 3). This permutation is a product of cycles

that are not disjoint. By rewriting ¢ as a product of disjoint cycles, we obtain
¢ =(163254),a l-cycle of length 6. Therefore, ord(¢) = 6.

Example 6.4.4 Consider the permutation ¢ = (2 4)(1 3 6) in &;. To find ¢'%,
one first computes the order of ¢. As ¢ is a product of disjoint cycles, ord(¢) =
lem(2, 3) = 6. i.e., ¢° = e. Applying the division algorithm on 6 and 100 yields
100 = 16 x 6 + 4. Thus,

P10 = pAH16x6 ¢4(¢6)16
=¢'(0)* = ¢".

The cycles (2 4) and (1 3 6) are disjoint, and thus, they commute. Consequently,

ot = (2 HA 36)* =2 4H*1 3 6)*

Since 2 4)* = ((2 4)2)2 = ¢ =cand (136)* = (136°136)' =
e(1 3 6) = (13 6),then ¢* = (1 3 6).

The next example shows that both conditions a *x b = b % a and
gcd(ord(a), ord(b)) = 1 in Proposition 5.5.11 cannot be eliminated.

Example 6.4.5 Thecycles (1 2), (1 3),and (3 4) are elements in the group &4. Each
of these cycles is a cycle of order 2, and

ord((1 2)(1 3)) = Ord((1 3 2)) =3 # 4 = ord((1 2)) - ord((1 3))
ord((1 2)(1 3 4)) = Ord((1 34 2)) =4 # 6 = ord((1 2)) - ord((1 3 4))
ord((1 2)(3 4)) = 2 # 4 = ord((1 2)) - ord((3 4)).
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The next example shows that the assumption for a group G to be abelian in
Proposition 5.5.13 is essential. Recall that for any m € Z, mG = {a" : a € G} and
Gml={aeG:a" =e}

Example 6.4.6 Consider the symmetric group &4. As shown in Example 6.3.13, the
group &4 consists of one 1-cycle, six 2-cycles, eight 3-cycles, six 4-cycles, and three
products of 2-cycles. Each of these permutations, except the 3-cycles, has an order
that divides 4. Therefore,

1. The set 4G, contains only the identity and the 3-cycles. Since (1 2 3)(1 2 4) =
(1 3)(2 4) is not an element in 4G4, the set 4S, is not closed under the product
of cycles, so it is not a group.

2. The set G4[4] contains all the permutations, except the 3-cycles. Since
(12)24) = (124)is not an element of G4[4], the set G4[4] is not closed
under the product of cycles, so it is not a group.

6.5 Odd and Even Permutations

In this section, each permutation in G,, for n € N is classified as an even or odd
permutation. For n > 1, this determination is based on expressing a permutation ¢
as a finite product of transpositions. Expressing ¢ as a product of transpositions can
be performed by expressing the permutation as a product of cycles, then writing each
cycle as a product of transpositions. In the case where n = 1, the group &, has only
one cycle of length 1. Hence, no transposition in G;. Recall that a cycle (i1, .. . iy)
in G,, where 2 < k <n,is

sl <s<k

(i.iz...ikxi.f):{l.l -

forl <s <k.

Proposition 6.5.1 Let n € N such that n > 1. Any cycle in G,, can be written as a
product of transpositions. Namely, e = (i1i2)(i1i2) for any i; # i, and

(ivin ... 0x) = (Qig) (i1ik—y) . .. (i1i3)(i1i2) for any2 <k <n.

Proof The statement for the identity element is clear. Let n > 2 and assume
that (ijiy...i;) is a cycle in &,. It suffices to show that (ijip...i)(i;) =
(i) rik—1) ... (@113)(@1i2) (@) forany 1 <s < k.

e Ifs = 1, then applying the product (i1i;)(i1ix—1) ... (i1i3)(i1i2) on i is given by
the steps

G1i2) . (hi3) . L G- L (i) .
I ——> 1y ——> 131l —> 1) —> 12

and yields i, which is (ijiy ... 1) (i1).
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e If1 < s < k, then applying the product (i1ix)(i1ix—1) ... (i1i3)(i1i2) on iy is given
by the steps

(1i2) . (ai3) . (is—1) . Giig) . (isp) . (1is42) . . (k) .
Ls s [T g 1] lst1 Lsg1 s lg41 > ls+1

Thus, iz = (i1i ... i) ().
e If s = k, then applying the product (i1ix)(i1ix—1) ... (i1i3)(i1i2) to iy is given by
the steps

(i) . (hi3) . R (773D B (179 B
if — i — gy —> i —> 0y

and yields ip = (i]iz e lk)(lk)
Hence, the equality is satisfied forall 1 <s < k. |

Remark 6.5.2

1. According to the previous proposition, any cycle of length k, where k > 1, can
be written as a product of k — 1 transpositions.

2. Foranyn € N, and forany i, j € {1,2,...,n}suchthati # j, the transposition
(ij) can be written as (ij) = (aj)(ai)(aj), wherea € {1,2,...,n}\{i, j}.

Corollary 6.5.3 Let n € N such that n > 1.

1. Any permutation in &, can be written as a product of a finite number of

transpositions.

2. Any permutation in S, can be written as a product of a finite number
of transpositions of the form (ak;) for fixed a € {1,2,...,n} with k; €
{1,2,...,n}\{a}.

Example 6.5.4 Consider the group (S, o)

e=(58)58),e=(123321)=13)123DHA32),
= (1 3)(1 2)(1 3)(1 3)(1 2)(1 3).

d=03642)587) =3B23DH3B6)S TG 8)
=323 HB BTGB HB N3 8353 8).

v=4351)=@1)45®43).

Using Corollary 6.5.3, one can classify the permutations into odd and even
permutations, as follows

Definition 6.5.5 Letn € N such thatn > 1, and ¢ € G,. We say that ¢ is an odd
permutation if it can be written as a product of an odd number of transpositions. We
say that ¢ is an even permutation if ¢ can be written as a product of an even number
of transpositions.

Example 6.5.6
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1. The identity permutation is an even permutation.
2. Let

= 1234567891011
“\9681025713 4 11)°

Asp = (19382654 10) = (18 3)(1925(Q26)4 10), then ¢
is even.
3. Let

= 1234 56 78
“\3456 2178 )

The permutation ¢ = (1 352 4 6) is a cycle of length 6, and thus, it is an
odd permutation.

Writing a permutation as a product of transpositions is not unique. For example,
if¢ =1, ...101, Where 71, 15, ..., T, are transpositions, then

T r(13)(12)3 DB 2) and 7y ... 1271 (5 8)(5 8)

are equal to ¢. However, if ¢ is represented as a product of an odd (resp. even) number
of transpositions, then the number of transpositions in any other such representation
of ¢ must be odd (resp. even). In the remainder of this section, we prove that any
permutation ¢ cannot be simultaneously even and odd. We show the result for the
identity permutation, and then for the general case. The following technical lemmas
are needed.

Lemma 6.5.7 Let n € N such that n > 1. If o and (ij) are different transpositions
in &, then there exists a transposition T in S, and l € {1,2,...,n} suchthati ¢ ©
and o (ij) = (iDt.

Proof 1If o and (ij) are disjoint cycles, they commute, and the result follows by

putting T = o and !/ = j. If ¢ and (ij) are not disjoint, then 0 = (is) or o = (sj)
for some s € {1, 2,...,n}\{i, j}.

o Ifo = (is), then
o(ij) = (@s)(ij) = (ijs) = (jsi) = (ji)(js) = ((j)(js).

and the result follows by putting t = (js) and [ = j.
e Ifo = (sj), then

o (i) = (s))@j) = (jis) = (sji) = (si)(s]) = (is)(js)

and the result follows by putting T = (js) and [ = s. |
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Lemma 658 Letn e N,n > l,and ¢ € G,. Let ¢ = 7ytj—1--- 71,k > 2 be
a representation of ¢ as a product of transpositions. Let s € 1| for some s €
{1,2,...,n}. If ¢ cannot be expressed as a product of k — 2 transpositions, then
for each i such that 1 < i < k, there is a representation of ¢ as a product of
transpositions

OOl O+ -0

such that «; is the first transposition that moves s.

Proof The proof is done by induction on i. Assume that ¢ cannot be written as a
product of k — 2 transpositions.

e Ifi=1,letay, =17, forall 1l <t <k, then apa—; - - - @ is a representation of ¢
as a product of transpositions such that «; is the first transposition that moves s;
i.e., the statement is true at i = 1.

e Assume that the statement is true for i. That is, there exists oy0;_1 - - - 01, a repre-
sentation of ¢ as a product of transpositions such that o; is the first transposition
that moves s.

e To prove the statement for i + 1, we need to find a representation of ¢ as a product
of transpositions oo - - - ¢, such that the first transposition that moves s is
Ot

By the induction hypothesis ¢ = ;0% - - - 07 such that o; is the first transposi-
tion that moves s. If 0,11 = 0}, then 0,410; = e, and ¢ can be written as a product
of k — 2 transpositions, which contradicts the assumption. Thus, o;; # o;. By
Lemma 6.5.7, there exists a transposition t and/ € {1,2,...,n}, suchthats ¢ t
and o;10; = (sl)t. By defining the following set of transpositions

(sl) j=i+1
aj=1371 j=Ii
o i+
the product
QO+ + Q420 100G ] -+ - O] = O} Ok -+ Op42(sD)To; 1 -+ 01

= 001" 0;420i110i0;_1 -+ 0] =@

is an expression for ¢ as a product of transpositions such that o, is the first
transposition that moves s. Thus, by induction, the statement is true for all i
where 1 <i <k. ]

Lemma 6.5.9 Let n € N, n > 1, and e € S,. If e is written as a product of k
transpositions, then it can be written as a product of k — 2 transpositions.

Proof Assume that ¢ = t;14_---7; for some k > 2 and s € t; where
s € {1,2,...,n}. If e cannot be written as a product of k — 2 transpositions, then
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by Lemma 6.5.8, there exists an expression for e as a product of transpositions
o - - - o1, where oy is the first transposition that moves s. Hence, o (s) # s.
However, s = e(s) = agoy_1 - - - a1 (s) = a4 (s), which is a contradiction. [ |

The identity permutation is an even permutation as e = (ij)(ij) for any i # j.
The following result shows that e cannot be odd.

Corollary 6.5.10 Let n € N. The identity permutation e € &, is not an odd
permutation.

Proof Assume that e can be written as a product of k transpositions where k is odd,
ie., k = 2g 4 1 for some integer q. Repeatedly applying Lemma 6.5.9, e can be
written as a product of k — 2 transpositions then as k — 4 transpositions, and finally
after g repetitions, e can be written as a product of k — 2¢g transpositions. Since
k—2q = 1, then e is a transposition, which contradicts that e is the identity map. W

Corollary 6.5.11 Letn € N, n > 1,and ¢ € S,,. The permutation ¢ is either even
or odd and cannot be both.

Proof Let¢p = 1 ---7; and ¢ = oy - - - 1 be two expressions for ¢ as product of
transpositions. Using the second expression, we obtain ="' = a;'a; ' - - - o ! which
implies that

1 -1

-1 -1 -
e:d) ¢)=a1 0[2 ...as 'Tk"'leal"'aS'Tk"'Tl

Thus, e is a product of k + s transpositions. As e cannot be an odd permutation,
then k + s must be an even integer. Therefore, k and s must be either both even, or
both odd. |

Using the last corollary and Remark 6.5.2 (1), one obtains the following result.

Corollary 6.5.12 Let n,k € N, n > 1,k < n, and ¢ is a cycle of length k. The
cycle ¢ is an odd permutation if and only if k is even, and vice versa.

For each n € N, the set of even permutations in &,, is denoted by A,,, while 5,
denotes the set of all odd permutation of &,,. Since e is an even permutation, A4, is
never empty. The last corollary shows that the two sets do not intersect.

A, ={p B, :piseven}, B, ={¢p € G, : ¢ is odd}.

Ifn =1, then | = A; = {e} and B; = 0.
If n =2, then &, = {e, (1 2)}, A> = {e}, and B, = {(1 2)}.

Example 6.5.13 To list all the elements in A3 and Bs, list all the elements of &3

G3=1{e,(123),(132),( 3),(12),(23)}.
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As all the permutations G5 are cycles, by using Corollary 6.5.12, we obtain
Ay ={(12)(12),(13)(12),12)713)},Bs={(13),(12),(23)}

Another way to determine if a permutation is odd or even is by defining a function
on G,, called the sign function.

Definition 6.5.14 Let n € N, and ¢ in S,,. The sign of ¢, denoted by sgn(¢), is
defined as (—1)*, where k is the number of transpositions in any expression for ¢ as
a product of transpositions.

Corollary 6.5.15 Let n € N. The map sgn : 6, — {—1, 1} satisfies

1 ifg¢iseven

S@@”:{—1ﬁ¢BMd

forany ¢ € G,,.

The following proposition provides a computationally convenient way to deter-
mine the sign of a permutation without the need of writing it as a product of
transpositions.

Proposition 6.5.16 Let n € N, and ¢ in S,,. The sign of ¢ is computed using the
following equation

U — o)

sen@) =[] =

1<i<j<n

Example 6.5.17: Let ¢ = (1 2) € G3. As the permutation ¢ is odd, then sgn(¢) is
—1. Using the formula in Proposition 6.5.16,

93 —¢(2) p(3) — (1) p(2) — ¢(1)
sen(@) = —=— 3_1 2-1

3—1 3—-2 1-2 1
= — = — =<2>(5>(—1>=—1,

as expected.

Our next goal is to show that A, is always a group, and B, is not a group for any
n. We begin with the following proposition.

Proposition 6.5.18 Letn € N,and ¢, ¥ € S,,.

1. If ¢, ¥ have the same parity, then ¢ o ¥ is even.
2. If ¢, ¥ have opposite parity, then ¢ o ¥ is odd.
3. The product of two even (odd) permutations is an even permutation.
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4. The product of a finite number of even permutations is an even permutation.
5. ¢~!iseven (odd) if and only if ¢ is even (odd).
6. The cycle (i) .. .i) is even (odd) if and only if & is odd (even).

Proof Letp = 1 ---t; and y = B, --- B be expressions of ¢, ¥ as products of
transpositions. The composition ¢ o ¥ = 74 --- 7 - Bs--- By is a product of k + s
transpositions.

1. If k and s have the same parity (either both even or both odd), then k + s is even,
and ¢ o V¥ is even.

2. If k and s have the opposite parity (one is even and the other is odd), then k + s

is odd, so ¢ o ¥ is odd.

The statement (3) follows form (1).

The statement of (4) follows from (3) by induction on the number of permutations.

5. Theresult of (5) follows as ¢! = tl_l e rk_l = 1] - - - Ty can be expressed using
the same number of transpositions forming ¢.

6. The result in (6) follows by Remark 6.5.2 which states that any cycle of length
k where k > 1, can be written as a product of kK — 1 transpositions. |

> w

Note that since the product of two odd permutations is even, 3, is never closed
and thus is never a group under the composition of maps.

Corollary 6.5.19 Let n € N, n > 1. The set A, of all even permutations on
{1,2,...,n} forms a group under composition.

Proof As e € A,, the set A, is a nonempty subset of G,,. As the composition of
two even permutations is even, .4, is closed under composition, which implies that
o forms a binary operation on A, (Proposition 4.1.6). The associativity property
is inherited from &,,, and e serves as an identity element in 4,. As the inverse of
an even permutation is even (Proposition 6.5.18 (5)), A, is closed undertaking the
inverse, and thus, it is a group. |

Definition 6.5.20 Letn € N, n > 1. The group A, is called the alternating group
of degree n.

Figure 6.4 summarized the main results about permutation that are shown in this
chapter.

Summary 6.5.20
Letn € N.

The permutations, cycles, and transpositions are all elements in the group S,,.

Any transposition is a cycle, any cycle is a permutation, but the converse is not true.
Disjoint permutations commute.

Any permutation can be expressed as a finite product of pairwise disjoint cycles.
Any permutation can be expressed as a finite product of transpositions.

G s =

Fig. 6.4 Summary
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Exercises
Solved Exercises

6.1 Consider the following permutations.

a=0256)34) €6,

B=253)8911)(714) €6,

_ (1234567 _ o
Y=\5231647 7

s_ 12345678910\
~“\5231064798 1 10

(a) Write the matrix representation of the permutations « and .

(b) Write the permutations y and § as a product of disjoint cycles.
(c) Find the order of all the above permutations.

(d) For each of the permutations determine whether it is odd or even.
(e) Find Move(w), Move(y).

(f) Find y* and §'2!.

(g) Are the permutations « and y disjoint? Explain.

Solution:

(a) Using the result in Corollary 6.2.7, we have
o= (1 23456 7)
1543627
ﬂ=<12345678 9 1011)'
452736191110 8
(b) Applying the method in the proof of Proposition 6.2.9 yields
y=((1564)ands=(156410)(89).
(c) By Proposition 6.4.3,
ord(a) = lcm(3, 2) = 6, and ord(B) = lem(3, 3, 3) = 3.
As y = (1 56 4) is a cycle of length 4, then ord(y) = 4. Finally,

ord(§) = Iem(5, 2) = 10.
(d) Using the results in Proposition 6.5.18, one can obtain
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6.2.
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o = (25 6)(3 4) is a product of an even cycle and an odd cycle, and
thus an odd permutation.

B =(253)@89 11)(714) is a product of three even cycles, and
thus, it is an even permutation.

y = (15 6 4) is a4-cycle, and thus, it is an odd permutation.

6 =(156410)(8 9)isaproduct of even and odd permutations, and
thus, it is an odd permutation.

(e) Using Definition 6.1.6, we obtain
Move(x) = {2, 3,4, 5, 6} and Move(y) = {1, 4,5, 6}.

(f) Several methods can be used to compute y*°, we present two methods
both of which use the fact that ord(y) = 4. The first method applies the
quotient-remainder theorem on 39 and 4 to obtain

9
y39 — y9><4+3 — (V4) V3 — V3 =4651).

An alternative method that uses fewer computations starts by noting
thaty y* = 9y = 9" = e, thus y¥ =y = (15647 =
4651).

The two methods are applied to compute
ord(8) = 10, as follows:

812! using the fact that

8121 — 812X10+1 — (810)123 — 68 — 5
and
s718121 = 120 = (5'9)!2 = ¢, which implies that §'*° = 5.

(g) No. The permutations o and y are not disjoint since Move(«) N
Move(y) # 0.

1234 1234 . 4
= = ?
Leta <1 243),21nd;6 <2 1 34).Doaandﬂcommute.Flnd(aﬂ) .

Solution:

Expressing « and B as a product of cycles yields
a=3B4)and g =(12).

Since « and B are disjoint, by Proposition 6.1.10, 8 = Ba. Using the
result of Corollary 6.1.11, we obtain

@) = a*B* = (347)*((12)?)° =e.
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6.3.

6.4.

6.5.

Leta = (256)(324 1) € G7. Finda~'(2) and a(5).

Solution:

Since « takes 5 to 6 then «(5) = 6. To compute o' (2), we must compute

a~! using one of the following methods:

* a = (256)(3241) = (135624), which implies that o ~! = (426531).
o o ! =(3241)"1(256)"" = (1423)(652).

In both cases, a~!(2) = 6.

Let A be any nonempty set. Consider the symmetric group of A (Corollary

5.1.11). For each element f in G4, define the relation = ; on A as follows:
iZrje3ImeZs j= f"3).

~

The relation = is an equivalence relation on the set A (Check!). The
equivalence classes of such relation are called the orbits of f and given for
eachi € A as

Or (i) = {f*0) - k € Z}.
Consider the additive group (Z, +). Let f : Z — 7Z be the map defined

by f(n) = n+ 2. As f is a bijective map on Z, then f belongs to &z, the
symmetric group on Z. Find all the distinct orbits of f.

Solution:

Leti € Z be an arbitrary element.
Or (i) = {f*0) 1 k € Z}.

One can show by induction on k that f*(i) = i + 2k. Therefore, for any

ieZ
Ore(i)={i+2k:keZ}=i+27.

By applying the quotient-remainder theorem (Theorem 2.1.2) on i and 2,
one obtain that there exist ¢, 7 € Z such thati = 2g +r, where 0 <r < 2,
1.€.,

Orp(i)=i+2Z=r+2q+2Z=r+2Z, wherer =0, 1.

Hence, only two orbits of f exist, namely 2Z (at » = 0) and 1 + 2Z at
r=1.

Consider the symmetric group Gy. Find two elements ¢, 8 in Gg such that

ord(a) = ord(B8) = 5 and ord(e8) = 9.
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6.6.

6.7.

6.8.
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Solution:

Leta = (12345),8=(16789) € Gy. As the order of any cycle is
equal to its length, then ord(«) = 5 = ord(B). The product

af=(1234516789=(167892345).

Therefore, ord(ef) = 9.
Prove thatoe = (4 57 2 1 8) € Gy is not a product of 3-cycles.

Solution:

Assume that « is a product of only 3-cycles. As any 3-cycle is an even
permutation, thus by Proposition 6.5.18 (4), « is an even permutation, which
contradicts the fact that

a= (484 (@ 2)@EAES)

is a product of five transpositions. Therefore, & cannot be a product of only
3-cycles.

Letn € Nsuchthatn > 1. Prove thatin G, the number of even permutations
equals the number of odd permutations. Namely,

n!
nl = Bn = 5
| A, = 1B, >

Solution:

Since n > 1, then (1 2) € &,,. Define

f A — B,
¢ (12)¢.

The permutation (1 2) is an odd permutation. Therefore, by Proposition
6.5.18 (2), the permutation (1 2)¢ is odd for each ¢ € A,. Hence, f defines
a function from 4, to B,,. The map f is injective since

f@) = f(d) = A 2)¢1 =1 2)$
= (12)(12)¢1 = (1 2)(1 2)¢,
= ¢1 = ¢.

Since for any ¢ € B,, the permutation (1 2)¥ € A, and satisfies
f((12)¢¥) = 1, then f is also surjective. Thus, f is a bijective map,
and |A,| = |B,|. Since {A4,, B,} form a partition of the set &,, then
n! =|6,| = |A,| + |8, = 2|.4,|, which implies the result.

Letn € N. Show that A, = &, ifand only if n = 1.
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6.9.

6.10.

Solution:

If n = 1, then &; = {e}. Since A, is a group, it cannot be empty, and
A is a nonempty subset of {e}. Thus, &; = A;. For the other direction,
assume that n > 1, then « = (1 2) belongs to &,,. As the permutation « is
odd permutation then « does not belong to A,,. Therefore, S, # A,,.

Letn € Nand « be a cycle in G,,. Show that

ord(«) is odd if and only if « is an even permutation.

Solution:

Assume that o = (i1i...1;) isacyclein G,. According to Lemma 6.4.2,
we obtain ord(«) = k. Proposition 6.5.18 (6) now implies the result.
Letn € N, where n > 3. Show that no nontrivial cycle belongs to the center
of G,.1.e., C(S,) = {e} foralln > 3.

Solution:
Let o = (iyiy ... i) be any cycle in G,, such that k > 2.

e [fk =2, theno = (i1iz). By choosing iz € {1,2, ..., n}\{i1, 2} (n > k),
and direct computations yield,

a(iyiz) = (iyiziz) # (i1izi3) = ({1i3)a,

and « is not in the center.
o Ifk > 2, then (i1i2 e ik)(ilik)(ik) = i2 7& ik = (ilik)(iliz NN ik)(ik). i.e.,

airip) (i) # (e

and « is not in the center.

Unsolved Exercises

6.11.

6.12.
6.13.

6.14.

34152 23145
Express both ¢ and ¥ as a product of disjoint cycles. Find ¢ oy and 1 o ¢.
In &y, find «®3', where @ = (1 2 3 4).
Consider the group G¢ and the permutations

6= 123456 v = 123456 (123456
“\352164)Y "\ 245316) Y "\ 245654
Find the order of these permutations. Find the permutation ¥ o ¢ o ¢ and

its inverse.
Find the order of the given permutations:

Let¢=(12345>and1/f=(12345>bepermutationsin66.
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6.15.

6.16.

6.17.

6.18.

6.19.

6.20.

6.21.

6.22.

6.23.
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a=(2417)356) as an element in S5
B=(142)(86)(3567) asanelementin Sg

Consider the group G;. Write the following permutations as a product of
transpositions.

(123)4365).
(12345).
(573 2 4)(1 6).
(123)(456).
(3426)(3426).

12345678

Consider the group Sg. Let ¢ = ( 54623817

), andy = (1534)

—

Find the permutations

P, VoY, OCY $ve, ve, oy, YTl

ii. Find the parity of ¢, 1, and all permutations in (i).

iii. Find ord(¢), ord(), ord(¢?), and ord(y*).

iv. Find the orbits of ¢ and ¢ and the orbits of all permutations in (i).
v. Compute ¢’, ¥°, ¢?2.

. . 1234567
Consider th tat =135{2)and ¢y =
onsider the permutations ¢ = ( )(1 2) and ¢ <5217364)
elements in &7. Determine if these permutations are even or odd.

1234 1234 .
Leta_(2431)and,3_<2314)beelementsm64.

Express «, 8 as products of transpositions.
Determine if o, 8 are even or odd permutations.
Find o o B and B o o and determine their parity.
Find the orders of 0 8, B o @, B, «x.

Does «(2) € Move(a)? Find Move(a) N Move(8).
Find all the distinct orbits of @ and 8.

™Se e o

Repeat all the questions in Exercise 6.18 given that § = (24 3 5) and o =
(1 2 3 6) as elements in Sg.

. . 1234 1234
Consider the permutations ¢ = ( 132 4) and Y = <4 39 1) as elements
in G4. Find (/¢)° and its order as an element of G.
Give an example of n € N, and elements « and 8 in G, such that ord(«) =
ord(B)and ord(«B) = 4.
Give an example of n € N, and elements « and 8 in G,, such that ord(«) = 3,
ord(B) = 4. and ord(«fB) # lcm(3, 4)
List all possible orders of an element of Ag.
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Table 6.2 Table of the group (A, *)

219

* X y z g h k

X X y z g h k

y y X k h g z

z z h x k y g

g g k h X z y

h h g y k X

k k g y z X h

6.24. Show that C(S,) = {e}, foreach n > 3.

6.25. How many cycles of order 3 are in G5? How many cycles of order 3 are in
Ge?

6.26. How many permutations in Gs are of the form of a product of two
transpositions?

6.27. Let n € N, and consider the group S,. Let ¢ and ¥ be two disjoint
permutations in &,,. Show that if pyy = e, then ¢ = ¥ = e.

6.28. Let G = (G3,0), A = {x,y,2,8,h,k}, and f : A — G be the bijective
map givenby f(x) =e, f(y) =(12), f(zx) =1 3), f(g) =@23), f(h) =
(123), f(k) = (1 32). Let (A, *) be the group defined in Exercise 5.21.
Show that the group structure on A is given by Table 6.2.
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