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Abstract. The axially moving functionally graded pipe is widely used in many
fields of industry, and its vibration and stability analysis is the key to its design.
In this paper, the vibration characteristics and stability of functionally graded
pipes with axial motion are analyzed. Based on the extended Hamilton variational
principle, the dynamic equation of the pipe with internal flow velocity, material
volume fraction index and axial velocity is established. The modified Galerkin
method is used to solve the dynamic equation. The influence of the internal flow
velocity, material volume fraction index, axial velocity and acceleration on the
dynamic characteristics and stability of the system is analyzed. The characteristic
curves of volume fraction index, axial velocity, acceleration and natural frequency
are given. The results show that the natural frequency and critical velocity of the
system increase with the increase of volume fraction index, and the designed
volume fraction index can adjust the natural frequency of FGM pipeline system.
When the system has axial acceleration, the greater the acceleration, the system
will reach the critical value of axial instability in a short time.

Keywords: Functionally Graded Materials · Volume Fraction Index n · Axial
Acceleration · Critical Velocity · Natural Frequency

1 Introduction

Functionally gradient materials (FGM) [1] are composed of two or more different mate-
rials. In functionally gradient materials, power series, S-shaped function and exponential
function aremainly used to describe the changes ofmechanical properties of functionally
gradient materials in functionally gradient structures [2]. The mechanical properties and
research of functionally gradient materials are reviewed in References [2]. Its volume
fraction index changes smoothly and continuously along the preferred direction [3, 4].
In the study reported in References [5], the linear vibration of FGM pipe conveying fluid
is studied.

The results show that the stability of the pipe is significantly improved when the
conventional isotropic material is replaced by a functional gradient material (FGM).
In fact, the improved stability of FGM pipes is mainly due to their increased stiff-
ness. Deng et al. [6] analyzed the instability of multispan viscoelastic pipes made of
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functional gradient materials using the wave propagation method and the reverbera-
tion ray matrix algorithm. Tang and Yang [7] investigated the dynamics and stability
of a bi-directional FGM infused nanotube. The governing equations and corresponding
boundary conditions were obtained using Hamilton’s principle and solved by differen-
tial product method. The results showed that the bi-directional material distribution can
significantly change the critical flow rate, fundamental frequency and stability. Wang
and Liu [8] evaluated the effect of power-law exponents on the deflection and stability
of a clamped FGM pipeline by using the Sin method. An and Su [9] analyzed the linear
vibration and amplitude of a functionally graded pipeline for transporting fluids by using
the generalized integral transform method.

The dynamic response of the axial motion system under the action of moving mass
has important practical research value. Li Weiming et al. studied the dynamic response
of the simply supported beam under the continuous velocity change of the moving mass.
[10], Wang Yingze et al. studied the vibration of the barrel under the action of multiple
moving masses. [11], Liu Ning et al. studied the vibration characteristics of the axially
moving cantilever beam under the action of moving mass. [12], Wu et al. studied the
dynamic response of the axially moving beam under the moving mass based on the
finite element method. [13], CHEN et al. studied the vibration analysis of the axially
moving beam and the chord [14]. DING et al. derived several different forms of the
control equations of the axially moving beam, and analyzed the differences between
the control systems by numerical analysis. [15], Qi Yafeng, Liu Ning et al. studied the
vibration response analysis of the axially moving simply supported beam [16]. In the
above research, the influence of the axial velocity on the vibration characteristics of the
fluid-conveying pipe is rarely considered.

The article takes the axial motion functional gradient flow tube as the research object,
and the description of the mechanical properties of its material is described by a power
series, and the FGM linear Euler-Bernoulli model containing the inward flow velocity
with axial motion is established. The governing equations of the system were derived
using Hamilton’s principle. Then the Galerkin method is utilized to solve its dynamical
system. Finally, the effects of several parameters on the vibration characteristics and
stability of the axial motion functional gradient flow tube are discussed.

2 Establishment of Mathematical Models

Considering the mathematical model of the axial velocity of the FMG pipe, an analysis
model is established as shown in Fig. 1. A functionally graded axially moving pipe
with an average radius of r and a length of l, ri and ro represent the inner and outer
diameters of the pipe, U represents the velocity of the fluid, and v represents the axial
velocity of the pipe. The pipeline adopts the Euler-Bernoulli beam model. In this paper,
the power series is used to describe the effective performance change of functionally
graded materials along the thickness direction. When the mechanical properties change
in the form of power function, the effective mechanical properties of the pipeline can be
expressed as [17].

Pf = PmVm + PcVc (1)
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in which Pm, Pc is the material properties of metals and ceramics(such as Young’s
modulus and mass density), Vm and Vc are the volume fractions of metals and ceramics,
respectively, and the composition is expressed as

Vc =
(

R0 − r

R0 − Ri

)n

, Vc + Vm = 1 (2)

Among them, n is the volume fraction power-law index; the labels i and o represent
the inner and outer layers, respectively. Since the mechanical properties of the functional
gradient flow transfer pipe are in the radial direction along the pipe, the effective bending
stiffness and mass per unit length of the functional gradient material can be written as
[17, 18]

(EI)∗ =
∫

Ez2dA =
∫ 2π

0

∫ Ro

Ri
E(r)r2 sin2 θrdrdθ (3)

m∗ =
∫

ρdA =
∫ 2π

0

∫ Ro

Ri
ρ(r)rdrdθ (4)

where: (EI)∗ is the effective bending stiffness of the functionally graded tube; m∗ is the
mass per unit length of the functionally graded tube.

Fig. 1. Model of axial motion system

The dynamic modeling of the model is carried out by Hamilton principle.

δ

∫ t2

t1
(T − V )dt +

∫ t2

t1
δWdt = 0 (5)

In this study, the tube has an axial velocity, so the tube has an axial displacement.
The change rate of the deflection w(x, t) with time, that is, the calculation of the lateral
velocity and acceleration should be based on the field velocity. The change rate of the
field coordinate x with time is to calculate the derivative of the deflection to time, and
the change rate of the x coordinate must be considered. Therefore:

dw

dt
= ∂w

∂t
+ v

∂w

∂x
(6)

d2w

dt2
= ∂2w

∂t2
+ 2

∂2w

∂x∂t
v + ∂w

∂x
v̇ + ∂2w

∂x2
v2 (7)
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The fluid kinetic energy can be expressed as:

Tf = 1

2
Mf

∫ [(
∂w

∂t
+ U

∂w

∂x

)2

+ U 2

]
dx (8)

The potential energy of the functionally graded tube without considering the effect
of gravity can be expressed as:

Vp = 1

2

∫
(EI)∗

(
∂2w

∂x2

)2

dx (9)

The kinetic energy of the functionally graded pipe can be expressed as:

Tp = 1

2
m∗

∫ (
dw

dt

)2

dx (10)

By substituting Eq. (6), (8), (9), (10) into Eq. (5), the dynamic governing equations
of the system can be obtained:

(EI)∗ ∂4w

∂x4
+

(
Mf U

2 + m∗v2
) ∂2w

∂x2
+ m∗v̇ ∂w

∂x
+ 2

(
Mf U + m∗v

) ∂2w

∂x∂t
+ (

Mf + m∗) ∂2w

∂t2
= 0 (11)

3 Numerical Calculation

The vibration model of the axial power tube is a complex time-varying system, and the
natural frequency and vibration shape of the structure are constantly changing with time,
so the Galerkin method is used to approximate the solution, so the bending displacement
of the beam can be expressed as Fig. 2:

w(ξ, τ ) =
n∑

i=1

ϕi(ξ)qi(τ ) (12)

Where qi(τ )(τ=1, 2, 3...n) is the reduced generalized displacement, and ϕi(ξ) rep-
resents the the modal function of the i th order of the system and satisfies the boundary
condition. In this paper, we assume that:

ϕi(ξ) = sin(nπx/l) (13)

Substituting Eqs. (12) and (13) into Eq. (11), multiplying both sides by ϕj(ξ) at the
same time, and then integrating on the interval [0, l], we get:

Mq̈ + Cq̇ + Kq = 0 (14)

where, q = (q1, q2, q3....qn), M, C, K are mass matrix, damping matrix and stiffness
matrix, respectively.
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Fig. 2. Volume fraction Vi of inner material with different volume fraction index n change along
the radial direction

Where:

M =
[
I 0
0 I

]
C =

[
2
(
Mf U + m∗v

)
B 0

0 2
(
Mf U + m∗v

)
B

]
(15)

K =
[

(EI)∗
 + (
Mf U 2 + m∗v2

)
C∗ + m∗v̇B

0
0

(EI)∗
 + (
Mf U 2 + m∗v2

)
C∗ + m∗v̇B

]

(16)

C∗
ij =

{−(iπ/l)2 i = j
0 i �= j


ij =
{

(iπ/l)4 i = j
0 i �= j

Bij =
{

4ij
i2−j2

i + j is odd

0 i + j is even
(17)

where,C∗
ij ,
ij,Bij are thematrix elements of row i and column j. The solution of Eq. (14)

can be assumed as

q = S ∗ exp(i� t) (18)

where, S∗ = (S1, S2, S3...Sn), Substituting Eq. (17) into Eq. (14), we can get:
(
−� 2M + i�C + K

)
S∗ = 0 (19)

Equation (19) has an asymmetric solution, so the determinant of thematrix coefficient
must be 0. ∣∣∣−� 2M + i�C + K

∣∣∣ = 0 (20)

4 Numerical Results Calculation and Discussion

4.1 Example Verification

The equation is dimensionless

∂4η

∂ξ4
+

(
u2 + V 2

)∂2η

∂ξ2
+ ∂2η

∂τ 2
+ γ

∂η

∂ξ
+ 2

(
u
√

β + V
√

δ
) ∂2η

∂τ∂ξ
= 0 (21)
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where:

u =
√

M

(EI)∗
UL V =

√
m∗

(EI)∗
vL β = M

M + m∗ δ = m∗

M + m∗ γ = v̇
m∗

(EI)∗
L3

(22)

When σ = 0, V= 0, δ=0, γ=0, the model is a pipe conveying model without
considering gravity and internal and external damping. In this state, the natural frequency
and crit0ical flow velocity of different flow velocity U are calculated (Tables 1 and 2).

Table 1. Comparison of dimensionless natural frequencies [19]

U ω numerical results Literature Results

U = 0 ω1 9.8696 π2

ω2 39.4784 4π2

Table 2. Comparison of dimensionless critical velocity [19]

Ucr Present results Literature Results

The first modal frequency 3.14 π

The second-order modal frequency 6.28 2π

Table 3. Study material parameters

Material ρP

(
Kg/m3

)
E(GPa) G(GPa)

SiC 3210 440 188

Ti-6Al-4V 4515 115 44.57

It can be seen from the results of the above table that whenU = 0, the dimensionless
natural frequencies of the first two orders are 9.8698 and 39.4784, which are consistent
with the results of Reference [19].Therefore, the program has certain accuracy in solving
the complex frequency of the system. When β=0.1, the dimensionless critical flow
velocities corresponding to the first-order modal frequency and the second-order modal
frequency are 3.14 and 6.28, which are consistent with the results of Reference [19], and
the correctness of the algorithm is verified.

4.2 Example Analysis

Here, Deng [11] wave propagation method and reverberation ray matrix algorithm are
selected to solve the computational parameters of themulti-span viscousmultifunctional
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gradient flow tube, and the materials of the functional gradient are selected to be com-
posed of SiC and Ti-6Al-4V. Since the material of the functional gradient changes into a
gradient in the direction of the thickness, so in the functional gradient tube, the volume
fraction of the SiC decreases from the outer surface gradually until it is reduced to zero.
The volume fraction of the Ti-6Al-4V gradually decreases from the inner surface until
it is reduced to zero.

Figure 3 depicts the variation of the natural frequency with the volume fraction
index n. The system frequency increases with the increase of the volume fraction index,
and the frequency is strongly affected by the volume fraction index when the volume
fraction index n is between 0 and 10, and it is gradually reduced by the volume fraction
index after n is greater than 10, and the frequency is almost unaffected by the volume
fraction index when n = 50. From Table 3, it can be known that the Young’s modulus
of SiC is much larger than that of Ti-6Al-4V, and it can also be seen from Fig. 1 that
when the volume fraction index is less than 10, the content of SiC changes faster with
the increase of the index n, which has a larger effect on the dynamic properties of the
system. When the volume fraction index n is greater than 10, Vi is gradually reduced by
the influence of the index n. When the index n tends to infinity, Vi is almost unaffected
by the index n. Therefore, we can conclude that the natural frequency of the functional
gradient conveying pipeline is more sensitive to the volume fraction index n in the stage
of lower flow velocity. As the volume fraction index n increases, its effect on the intrinsic
frequency and stability of the pipe decreases. After the index n > 50, it has almost no
effect on the dynamics of the functional gradient pipeline.

Fig. 3. Variation of natural frequency with functional gradient fractional index n

Figure 4 shows the change of the first three natural frequencies of the functionally
gradedmaterial tubewith the flow rate under the action of different volume fraction index
n. In the form obtained in this paper, the imaginary part Im(ω) of the frequency is the
vibration frequency of the pipeline, and the real part Re(ω) of the frequency represents
the growth or attenuation of the vibration response. The stability of the system can be
determined by the real and imaginary parts of the natural frequency. When Im(ω) > 0,
Re(ω) = 0, the system is in a stable state; When Im(ω)=0, Re(ω) < 0, the system is in
static instability. When Im(ω)<0, Re(ω) < 0, , the system is in dynamic instability. It
can be seen from the fig.(a) that when n = 0, the first-order modal instability occurs at
U = 29.3m/sWhen the flow rate continues to increase toU = 58.6m/s, the first-order
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(a) n=0                        (b) n=0 

(c) n=1                           (d) n=1 

(e) n=50                         (f) n=50 

Fig. 4. Relationship between natural frequency and flow velocity under different volume fraction
index

modal frequency and the second-order modal frequency overlap. The imaginary part of
the frequency is positive and the real part of the frequency is negative, indicating that the
system has a coupled dynamic instability. It can be seen from Fig. 4 (c) that when n = 1,
the first-order modal instability occurs at. It can be seen from Fig. 4 (e) that when n =
10, the first-order modal instability velocity U = 55.5m/s. It can be seen from Fig. 4
(g) that when n = 50, the first-order modal instability velocity occurs at U = 56.9m/s.
In different volume fraction index n, when U < 59.8m/s, the system does not occur
dynamic instability. The above analysis shows that the volume fraction index n of the
functionally graded material has a great influence on the natural frequency and critical
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flow velocity of the system. The natural frequency and critical flow velocity of the system
increase with the increase of the volume fraction index n. In practical engineering, the
natural frequency of the system can be changed by adjusting the volume fraction index
n, which has important guiding significance for the application of FGM in practical
engineering.

(a) The 1st-order modal frequency        (b) The 2nd-order modal frequency 

(c) The 3rd-order modal frequency     (d) The 4th-order modal frequency  

Fig. 5. Variation of the first four modal frequencies of the system with velocity and n

Figure 5 is the first four natural frequencies of the system with the change of the
fluid flow rate and the volume fraction index n. It can be seen from the Fig. 5(a) that
when.WhenU = 15 m/s, n = 0, the frequency of the first-order modeω=2.6643, when
U = 0 m/s, n = 3.4, the frequency of the first-order mode ω=4.115, that is, the point
with the largest frequency appears in the place where the flow velocity is low and the
volume fraction index is small, while the point with the smallest frequency appears in
the place where the flow velocity is high and the volume fraction is small.

Figure 6 depicts the change of the critical velocity of the system with the volume
fraction index n. It can be seen from Fig. 6 that when the volume fraction n < 10, the
volume fraction index n has a great influence on the critical velocity. When n > 10, the
volume fraction index n is smaller for the critical flow velocity and gradually tends to a
fixed value.

It can also be concluded from Fig. 6 that the critical flow rate of the system increases
from U = 29.3 m/s when n = 0 to U = 56.9 m/s when n = 50, and the critical flow
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rate increases by 51.5%. In practical engineering applications, the critical flow rate of
the system can be improved by adjusting the volume fraction index n.

Fig. 6. Variation of critical velocity with functional gradient fraction exponent n

Fig. 7. First frequency comparison between functionally Graded materials and conventional
materials

Figure 7 is a comparison of the mechanical properties of functionally graded materi-
als and materials commonly used in engineering. From Fig. 7, we can see that function-
ally graded materials can improve their mechanical properties compared to conventional
engineering materials. Compared with aluminum, the mass per unit length of the func-
tionally graded material increases, and its critical flow rate also increases. Compared
with steel, the mass per unit length of functionally graded materials is reduced, but the
critical flow rate is increased. Therefore, functionally graded materials can improve the
stability of the system, which has important guiding significance for the selection of
materials in engineering.

Figure 8 shows themodal frequencieswith timewhen the systemhas an axial velocity
of v= at. InFig. 8, it canbe seen thatwhen the acceleration is large, the critical value of the
axial motion of the system is reached faster for the same time with a large acceleration.
The stability of the system can be determined by the real and imaginary parts of the
intrinsic frequency. When Im(ω) > 0 and Re(ω) = 0, the system is in a stable state;
while when the acceleration is larger, the time for the intrinsic frequency of the system
to converge to 0 is shorter, i.e., the larger the acceleration is, the system is more prone to
destabilization with the change of time. By calculating different volume fraction indices
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n, it is observed that the larger the volume fraction index, the slower the time for the
intrinsic frequency of the system to converge to 0 under the same conditions, i.e., the
time for the occurrence of instability is suppressed.

(a) n=0 

(b) n=1 

(c) n=50 

Fig. 8. Variation of modal frequency with time under different accelerations

5 Conclusion

In this paper, the vibration characteristics of a functional gradient axial kinematic tube are
investigated. The critical flow rate and intrinsic frequency of the system are discussed
with respect to the volume fraction index n. Both the critical flow rate and intrinsic
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frequency of the system increase with the increase of the volume fraction index n, and
the critical flow rate and intrinsic frequency of the system are more affected when n <

10. That is, in practical engineering applications, under the condition of knowing the
external excitation frequency, the excitation frequency can be avoided by adjusting the
volume fraction index n, so as to reduce the vibration and improve the stability of the
system. And through the comparison of mechanical properties of conventional materials
and functional gradient materials, it can be found that the functional gradient materials
can improve the stability of the system than conventional engineering materials, which
is an important guidance for the selection of materials in engineering. When the system
exists an acceleration of axial motion, the larger the acceleration, the system will reach
the critical value of axial motion tends to be destabilized in the shorter time, and the
increase of the volume fraction index n will inhibit the time for the system to reach the
critical velocity, i.e., the stability of the system can be changed by changing the volume
fraction index n.
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