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Abstract. This paper investigates efficient simultaneous vibration absorbing and
energy harvesting utilizing a bistable electromagnetic vibration absorber (BEVA).
The vibration absorber employs a tri-magnet levitation structure, where the mag-
netic mechanism between the cylindrical and ring magnets achieves the symmet-
ric bistable characteristic. Furthermore, it is attached to the free end of a can-
tilever beam subject to transient external excitation. The equivalent model of the
cantilever beam with the BEVA system is obtained by exploiting the extended
Hamilton’ s principle, while the magnetic forces are derived based on the equiv-
alent magnetic charge method. The dry friction of the BEVA and the mechanical
damping of the cantilever beam are obtained by parametric identification of the
experimental data for accurate numerical simulations. From the vibration atten-
uation and energy dissipation viewpoints, the performance of the absorber under
transient excitation is assessed. It is observed that inter-well oscillations occur at
certain excitation levels, while the energy dissipation efficiency of the BEVA is
improved substantially compared to the intra-well oscillations.
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1 Introduction

Extensive harmful vibration in mechanical, aerospace and civil engineering fields
requires effective solutions for elimination. The linear dynamic vibration absorber
(DVA), also called the tuned mass damper (TMD), was proposed and used to miti-
gate vibration at the fundamental frequency of the main structure [1]. To improve the
robustness of the DVA and broaden the frequency band of the vibration attenuation,
researchers have developed the nonlinear dynamic vibration absorber (NDVA) [2–5].
Vakakis [6] first named a kind of NDVA with strong nonlinear stiffness and the targeted
energy transfer mechanism as the nonlinear energy sink (NES). Specifically, the non-
linear stiffness indicates that the NES has non-constant natural frequencies. Therefore,
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transient resonance capture can be generated in the 1:1 resonant manifold of the sys-
tem, resulting in an irreversible energy transfer phenomenon [7, 8]. Ding and Chen [9]
reviewed NES research comprehensively and summarized several important designs for
optimal damping effects and NES shortcoming offset. The significant advantage of NES
is reflected in the increased energy absorption efficiency of the attached elements to the
primary system [10]. Similarly, in the field of energy harvesting, there is a concern about
how to improve the efficiency of energy conversion.

Energy harvesting technology is now extensively employed in mechanical vibration
devices for converting vibration energy to electrical energy. Conversion can be achieved
by piezoelectric, electromagnetic and triboelectric components. Similar to the develop-
ment of DVA, research into vibration energy harvesters have also evolved from linear
to nonlinear structures. In order to introduce nonlinear characteristics, structural design
combined with permanent magnets has been of widespread interest of scholars [11–13].
Yang et al. [14] proposed a harvester with bistable and tri-stable nonlinear enhancement
mechanisms by adding four external magnets to a conventional tri-magnet electromag-
netic energy harvester. Gao et al. [15] presented a multi-stable electromagnetic energy
harvester by symmetrically arranging the eight external magnets on two planes. The
results indicated that multi-stable configurations could increase the output current. A
comprehensive investigation of the nonlinear dynamics of the bistable harvester by Jung
et al. [16] revealed that promoting inter-well oscillations and exploiting high amplitude
characteristics are critical points in favor of energy harvesting.

In recent years there have been exploratory investigations on simultaneous vibra-
tion absorption and energy harvesting [17–22]. Pennisi et al. [23] utilized magnetic
forces to counteract the linear term of the elastic force and consequently achieved a
pure cubic NES. In parallel, an electromagnetic transducer was employed to convert the
energy absorbed by the NES into electrical energy. Huang andYang [24] investigated the
energy trapping and harvesting performance of a multi-stable dynamic absorber from
the perspective of energy shunting. Rezaei et al. [25] investigated simultaneous energy
harvesting and vibration suppression utilizing a tunable bi-stable magneto-piezoelastic
absorber (BPMA). The results indicated that the performance of theBMPA in energy har-
vesting and vibration mitigation was significantly improved due to the chaotic, strongly
modulated response. Following this research, the complex dynamic behavior of the tri-
stable magneto-piezoelastic absorber (TPMA) was further explored [26]. Although the
feasibility of simultaneous vibration absorption and energy harvesting has been theo-
retically demonstrated, there is still a research gap in such dual-function absorber for
cantilever beam vertical vibration attenuation.

This paper proposes a novel tri-magnet bistable electromagnetic vibration absorber
(BEVA) for simultaneous vibration absorbing and energy harvesting. The symmetrical
bistable potential well in the direction of gravity is achieved by the magnetic interaction
of the ring magnet and the cylindrical magnet. This paper is structured as follows.
Section 2 describes the equivalent model of the cantilever beam with BEVA attached
at the free end and the design of a symmetrical bistable potential well. In Sect. 3, the
energy dissipation mechanism of the system is analyzed based on simulation results.
Section 4 draws conclusions.
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2 Mathematical Modelling

2.1 Equivalent Modeling of the Cantilever Beam with BEVA

The equivalent model of the cantilever beam with BEVA structure is obtained in this
section by exploiting the extended Hamilton’s principle. As shown in Fig. 1(a), the
considered system is composed of a cantilever beam with the BEVA rigidly attached
at the end. Figure 1(b) shows a cross-sectional diagram of the BEVA. This structure
consists of a cylindrical levitating magnet, two ring magnets, a Teflon tube, and two
coils. The levitating magnet can move axially inside the tube. When the cantilever beam
is excited, part of the energy is transferred to the levitating magnet and dissipated by
electromagnetic damping and dry friction. The extended Hamilton’s principle can be
stated as:

δ

∫ t2

t1
(T − U )dt +

∫ t2

t1
δWncdt = 0 (1)

here, δ is the variational operator, T is the system total kinetic energy, U is the total
potential energy, Wnc represents the work done by non-conservative forces, and t1-t2 is
an arbitrary time span.

Fig. 1. (a) Schematic diagram of the cantilever beam with BEVA, (b) Cross-sectional diagram of
the BEVA, (c) Illustration of the parameter configuration of the BEVA.

The total kinetic energy of the understudied system can be expressed as:

T =T1 + T2 + T3

=1
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In Eq. (2), T1,T2 and T3 represent the kinetic energy of the cantilever beam, the kinetic
energy of the BEVA external structure, and the kinetic energy of the levitating magnet,
respectively. ρ,A and lc are the density, cross-sectional area and length of the cantilever
beam. s is the arclength of the beam. w, yb and ym represent the lateral deflection of
the beam relative to the base, the displacement of the base and the displacement of the
levitating magnet in the local coordinate system (x, y), respectively. The local system is
related to the rotation of the free end of the beam, as shown in Fig. 1(a). Moreover,Mt, It
denotes the mass and rotational inertia of the external structure of the absorber, respec-
tively.m is the mass of the levitating magnet. The over-dot denotes partial differentiation
with respect to time, and the over-prime shows differentiation to the undeformed length.

The total potential energy of the coupled system can also be represented as:

U =U1 + U2 + U3

=1

2
EI

lc∫
0
w

′′2ds + lc∫
0
ρAg(w + yb)ds + Mtg(w|lc + yb)

+ mg(w|lc + yb + ym) + ∫Fmag(ym)dym (3)

In Eq. (3), U1,U2 and U3 represent the elastic potential energy of the cantilever beam,
total gravitational potential energy of the system, and magnetic potential energy of the
levitating magnet. Here, g is the gravitational acceleration, and Fmag(ym) indicates the
magnetic force of the levitating magnet subjected to the ring magnets at both ends.

Next, the virtual work done by non-conservative forces consists of three parts,
namely, the virtual work done by the mechanical viscous damping c1 of cantilever beam,
the electromagnetic damping ce of the BEVA, and the dry friction Ffric of the BEVA.
Thus, the virtual work can be expressed as:

δWnc = −
∫ lc

0
c1ẇδwds − ce(ym)ẏmδym − Ffric

ẏm
|ẏm|δym (4)

Substituting Eqs. (2), (3), and (5) into Eq. (1), the coupled nonlinear governing equations
of the system are obtained as follows:

ρAẅ + δ(s − lc)mẅ |lc + δ(s − lc)mÿm + δ′(s − lc)mẏ
2
mw

′ |lc + c1ẇ + EIw””

+ρAg + δ(s − lc)(Mt + m)g = −[ρA + δ(s − lc)(Mt + m)]ÿb
(5)

m
[
1 + (

w′ |lc
)2]

ÿm + mẅ |lc + 2m
[
w′ |lc ẇ’ |lc

]
ẏm + ce(ym)ẏm

+Ffric
ẏm
|ẏm| + Fmag(ym) + mg = −mÿb

(6)

The reduced-order model of partial differential equations (PDEs) are obtained by uti-
lizing the Galerkin discretization. The following ordinary differential equations (ODEs)
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governing the system are obtained as:

q̈n + 2ζnωnq̇n + ω2
nqn +

∑∞
i=1

Aniq̈i +
∑∞

i=1
Bniqiẋ

2 + Cnẍ + Dng =

−Dnÿb|mÿm + m
∞∑
i,j

Eijqiqjÿm + 2m
∞∑
i,j

Eijqiq̇j ẏm + m
∞∑
i=1

ϕi(lc)q̈i + ce(ym)ẏm

+Ffric
ẏm
|ẏm| + Fmag(ym) + mg = −mÿb

(7)

where the coefficients are defined as:

Ani = mϕn(lc)ϕi(lc)

Bni = −mϕn′(lc)ϕi′(lc)

Cn = mϕn(lc)

Dn = lc∫
0
ρAϕn(s)ds + (Mt + m)ϕn(lc)

Eij = ϕi′(lc)ϕj′(lc)

2.2 Design of the Symmetric Bistable Potential Wells

The interaction force between magnets can be calculated by the magnetic dipole model
[27]. In this paper, themagnetization direction of eachmagnet is axial, and the equivalent
magnetic charge is uniformly distributed on the end faces of each magnet. As shown in
Fig. 1(c), the local coordinate system is established. The magnetic force on the levitating
magnet can be expressed as the superposition of the interactions between all equivalent
magnetic charge surfaces [28]:

Fmag(ym) = F13
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+ hlev

2
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2
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)
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(
d

2
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2
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)

+F63

(
d

2
+ hlev

2
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)
− F64

(
d

2
− hlev

2
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)

(8)

where Fij,Fkj (i= 1, 2, j= 3, 4, k= 5, 6) denotes the interaction force between different
equivalent magnetic charge surfaces. i, j and k denote the end surfaces of the bottom
magnet, the levitating magnet and the top magnet, respectively. Here, the magnetic force
between surface-i and the surface-j can be expressed as:
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Fij
(
dij

) =
2π∫

0

Rbot∫

rbot

2π∫

0

Rlev∫

0

μ0MbotMlev

4π

dijpq[
(pcosα − qcosβ)2 + (psinα − qsinβ)2 + dij

2] 3
2

dq dβ dp dα

(9)

where dij is the distance between the two surfaces, μ0 is the permeability of vacuum.
As shown in Fig. 1(c), for the BEVA in the local coordinate system, the relative

potential energy of the levitating magnet is defined as follows:

Ur =
∫

mgdym −
∫

Fmag(ym)dym (10)

here, the first integral describes part of the gravitational potential energy of the levitating
magnet.

The bistable nonlinear mechanism has been investigated using the single-sided bipo-
larity of the ringmagnet in the previous study [28, 29]. To avoid undesirable effects of the
levitating magnet on the primary structure, a smaller-sized levitating magnet has been
chosen in this paper. The magnets and other relevant parameters of the BEVA are listed
in Table 1. As depicted in Fig. 2, the relative potential energy for different ring magnet
spacings (d ) are plotted. When the spacing decreases, the potential wells on both sides
gradually move closer to each other, and the potential barrier between them gets lower,
which means that the levitating magnet is more susceptible to inter-well oscillations. As
the spacing decreases, the bistable system will degrade to a monostable system. A fixed
spacing (d = 39mm) was selected for the BEVA because the depths of the potential
wells on both sides are equal at this point.

Fig. 2. The relative potential energy for different ring magnet spacings.

2.3 Calculation of Electromagnetic Damping

As shown in Fig. 1(c), two coils are attached axially symmetrically to the top (y =
dcoil) and bottom (y = −dcoil) of the tube. This electromagnetic structure is utilized to
convert vibration energy into electricity while providing a damping force to impede the
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Table 1. Properties of the BEVA.

Parameter Value

Bottom ring magnet (N52)

Internal radius rbot 8.5 mm

External radius Rbot 12 mm

Height hbot 1.5 mm

Magnetization Mbot 7.2 × 105 A/m

Levitating magnet (N52)

Radius Rlev 4 mm

Height hlev 10 mm

Magnetization Mlev 9.8 × 105 A/m

Density 7500 kg/m3

Top ring magnet (N52)

Internal radius rtop 8.55 mm

External radius Rtop 11.5 mm

Height htop 2.5 mm

Magnetization Mtop 6.6 × 105 A/m

Top (bottom) ring-shaped Coil (38AWG)

Internal radius rcoil 7.5 mm

External radius Rcoil 12.3 mm

Height hcoil 10 mm

Turns N 3000

Position dcoil 7 mm

Load resistor Rl 790 


Total coils resistance Rc 786 


movement of the levitating magnet. From the Faraday law of electromagnetic induction,
the voltage induced in the top coil can be written as:

Uv−top = −dϕtop

dt
= −dϕtop

dym

dym
d t

(11)

where ϕtop is the total magnetic flux through the top coil.
According to the charge model, the magnetic field due to the levitating magnet is

given as B [27], which is varied with ym. In reference to Fig. 1 (c), the magnetic flux
emanating from the levitating magnet through all turns of the top coil is expressed as:

ϕtop(ym) =
∑N

1

¨
B(ym)dxdy (12)
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where B is projection of the B onto the y axis. Similarly, for the bottom coil, we obtain
ϕbot(ym) and Uv−bot . When the device is excited, the magnetic fluxes of the upper and
lower coils normally change. Assuming the top and bottom coils are connected and
winded in the same directions. The total voltage generated in coils is given as:

Uv = Uv−top + Uv−bot (13)

According to the principle of energy conversion, the generated electric power is
equal to the mechanical power dissipated by the electromagnetic damping force, i.e.

ce(ym)ẏ2m = U 2
v

Rl + Rc
(14)

The above equations give the electromagnetic damping coefficient as:

ce(ym) =
(
dϕtop
dym

+ dϕbot
dym

)2
Rl + Rc

(15)

And it must be mentioned that the coil inductance has a negligible effect at low
frequency vibrations.

3 Results and Discussions

3.1 Parameter identification and verification

In this section, the electromechanical equations of motion derived in the previous section
are validated. For this purpose, the structural parameters of the systemare obtained exper-
imentally and compared with the simulation results. First, the dry friction of the BEVA is
obtained through parameter identification methods based on the experimental frequency
response. Then the mechanical damping ratio of the cantilever beam is identified from
the transient response. Finally, the transient electromechanical response of the system,
which is simulated using the identified parameters, is compared with the experimental
results.

Fig. 3. (a) Experimental system for BEVA parameter identification, (b) Output voltage at 0.8 g.

First, the BEVA system is analyzed for frequency response, as shown in Fig. 3(a).
In doing so, the waveform generator (Agilent 33500B) outputs a harmonic signal which
is passed through a power amplifier (YMC LA-200) to the shaker (YMC VT-200).
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The excitation signal, monitored by the accelerometer (LC0103TA), is simultaneously
acquired with the load voltage using the acquisition device at a sampling rate of 10 kHz.
TheRunge–Kuttamethod is used to solveODEs. The step size is 0.0001 s, corresponding
to the experimental sampling rate. Figure 3(b) shows theBEVAoutput voltage simulation
results at 0.8 g, which agrees very well with the experiment. The BEVA can produce a
relatively high-level voltage in the frequency range of 10.5–15Hz because of the periodic
inter-well oscillations. In the frequency range of 15.5–18.5 Hz, the BEVA performs
chaotic oscillations [28], at which point fluctuations in output voltage are acceptable.
The dry friction of the BEVA is identified through the genetic algorithm as 0.0042N.

Fig. 4. Experimental system for simultaneous vibration absorption and energy harvesting.

Fig. 5. The experimental measured excitation acceleration.

Second, the primary structure damping is experimentally obtained. The experimental
system is shown in Fig. 4. Here, the waveform generator generates a triangular pulse
signal. The laser (KEYENCE LK-H050) acquires the displacement response of the
cantilever beam. Figure 5 shows the experimentally measured acceleration signal with a
maximum amplitude of 2.7 g and aminimum amplitude of−3.6 g. This acceleration data
was substituted into Eq. (14) for simulation. It should be mentioned that only the first-
order mode (n = 1) is considered in Galerkin’s series. Accordingly, only the damping
ratio of the first-order mode needs to be identified. For simplicity, the cantilever beam
attached to the BEVA external body (without a levitating magnet) at the free-end is
called the ‘linear oscillator (LO) without BEVA’. When the levitating magnet is placed
in BEVA external body, the coupling system is named the ‘linear oscillator (LO) with
BEVA’. Figure 6(a) shows the displacement response of the LO without BEVA. The
damping ratio of the first dominant mode can be easily find by log-decrement and the
value is 0.004. The other relevant parameters of the system are listed in Table 2. As
shown in Fig. 6, the simulation and experimental time-domain and frequency-domain
responses are consistent.
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Fig. 6. The transient response of the LO without BEVA. (a) Displacement, (b) Amplitude
Spectrum.

Finally, the developed electromechanical equations of motion for the coupled sys-
tem are experimentally validated. Figure 7 shows the transient response of the LO with
BEVA. In Fig. 7(a), the simulation and experimental displacements coincide almost
precisely in the 0–2 s. After 2 s, the displacements appear to be inconsistent, which is
acceptable. In addition, the voltage response shows a high agreement between simu-
lation and experimental results within 0–0.5 s. After a while, the agreement between
experimental and simulation results decreases, possibly due to manufacturing errors in
the device. This discrepancy is acceptable, and there is no doubt that the equivalent
model of the cantilever beam attached absorber proposed in this paper is correct.

Fig. 7. The transient response of the LO with BEVA. (a) Displacement, (b) Load voltage.

Transient vibration absorption and energy harvesting mechanism.
In this section, the mechanism of the BEVA in vibration absorption and energy

harvesting under an initial excitation is investigated. The initial excitation can be in the
form of initial displacement (q1(0) �= 0) or initial velocity ( q̇1(0) �= 0). In this paper,
the initial velocity (such as 0.05 m/s, 0.1 m/s) is chosen as the initial excitation. The
energy dissipation of the system is considered as follows:

System I: LO without BEVA:

EI−in = 1

2
(q̇1(0))

2,EI−out =
∫ t

0
2ζω(q̇1(t))

2dt (16)

where the subscript ‘in’ indicates energy input and the subscript ‘out’ indicates energy
dissipation.
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Table 2. Properties of the cantilever beam with BEVA.

Parameter Value

Cantilever beam (65Mn)

Young’s modulus E 198 GPa

Mass density ρ 7850 kg/m3

Length lc 229.5 mm

Width wc 20 mm

Height hc 1.6 mm

BEVA external body (ABS)

MassMt 68 g

Moment of inertiai It 310.25 g · cm2

Other

Mass of the levitating magnet m 3.77 g

Dry friction of BEVAii Ffric 0.0042 N

Damping ratioii ζ 0.004

i The BEVA external body is approximately considered as a homoge-
neous cylinder.
ii These values were identified from the experimental data.

System II: LO with BEVA:

EII−in = 1

2
(1 + A11)(q̇1(0))

2,EII−out1 = t∫
0
2ζω(q̇1(t))

2dt

EII−out2 = t∫
0

(Uv(t))2

Rl + Rc
dt,EII−out3 = t∫

0
Ffric|ẏm(t)|dt

(17)

here, EII−out1 is the mechanical damping dissipation energy, EII−out2 is the BEVA
electromagnetic damping dissipation energy and EII−out3 is the BEVA dry friction
dissipation energy. The total energy of the system in real-time can be obtained as
Etotal(t) = Ein − Eout .

(1) q̇1(0) = 0.05m/s

Firstly, the initial velocity of the cantilever beam is set as q̇1(0) = 0.05 m/s. The
responses of the system are shown in Fig. 8. It can be seen from Fig. 8(a) that the
vibration of the cantilever beam with BEVA is suppressed. In this case, the levitating
magnet oscillates in a single potential well (Fig. 8(b)), corresponding to a small output
voltage (Fig. 8(d)). The attachment of BEVA accelerates the energy dissipation of the
system (Fig. 8(c)). For system I, the time required to dissipate 97.5% of the initial
energy is 10.4 s. With the BEVA attached, this time is reduced to 4.9 s. Figure 9 shows
the different forms of energy dissipation in System II. The result indicates that the BEVA
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Fig. 8. Transient responses of the system I and II when q̇1(0) = 0.05 m/s. (a) Displacement
(cantilever beam), (b) Displacement (the levitating magnet), (c) Total energy, (d) Load voltage.

relies mainly on dry friction for energy dissipation under low excitation.

(2) q̇1(0) = 0.1m/s

Fig. 9. Energy dissipation in the system II (LO with BEVA) when q̇1(0) = 0.05 m/s.

When the initial condition of q̇1(0) = 0.1 m/s, the time responses of the system I
and II are shown in Fig. 10. Figure 10(a) shows that the displacement of the cantilever
beam in system II decays rapidly within 0–2 s, which is caused by the levitating magnet
performing inter-well oscillation (Fig. 10(b)). For system I, the cantilever beam performs
free-vibration, so the time required to dissipate 97.5% of the initial energy is still 10.4s
(Fig. 10(c)). However, for System II, the inter-well oscillation significantly increases
the energy dissipation speed, taking only 2.2 s to achieve 97.5% energy dissipation. The
large-amplitude vibration of the levitating magnet also corresponds to an increase in
output voltage, as shown in Fig. 10(d), with a peak load voltage of 2.5 V. An attractive
phenomenon emerges inFig. 11,where the energydissipated by the friction is the primary
part of the energy dissipated in System II. At the same time, the electromagnetic damping
energy dissipation also shows an increase.
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Fig. 10. Transient responses of the system I and II when q̇1(0) = 0.1 m/s. (a) Displacement
(cantilever beam), (b) Displacement (the levitating magnet), (c) Total energy, (d) Load voltage.

Fig. 11. Energy dissipation in the system II (LO with BEVA) when q̇1(0) = 0.1 m/s.

4 Conclusions

In this research, a bi-stable electromagnetic vibration absorber (BEVA) is utilized for
simultaneous vibration absorbing and energy harvesting. The vibration absorber employs
a tri-magnet levitation structure, where the bistable characteristic is achieved by the
magnetic mechanism between the cylindrical and ring magnets. The proposed absorber
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is connected to a cantilever beam subjected to transient excitation to suppress vibrations
in the vertical direction and harvest electrical energy. Firstly, the continuous magneto-
mechanical control equations are derived using Hamilton’s principle, while themagnetic
forces are derived based on the equivalent magnetic charge method. The parameters of
the coupled system are identified using experimental data. Next, numerical simulations
are carried out to reveal the vibration absorption and energy harvestingmechanism of the
BEVA based on the validated systemmodel. The results show that large-amplitude inter-
well oscillation contributes to faster energy dissipationwhile generating high output load
voltage. The analysis of the energy dissipation ratio of each component shows that at low
excitation, the BEVA dissipates energy mainly through dry friction. As the energy input
increases, the proportion of energy dissipated by electromagnetic damping increases.
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