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1 Introduction

Bent functions are Boolean functions with the highest possible nonlinearity in an
even number of variables. They were introduced by Rothaus [19] and already studied
first by Dillon [9] and next by many researchers for more than three decades ago.
Since 1974, bent functions have been extensively developed for their own sake as
interesting combinatorial objects but also due to their significantly important role in
cryptography (design of stream ciphers, see, e.g., [3]), coding theory (Reed—Muller
codes, Kerdock codes (see, e.g., [7]), two-weight codes [1], codes with a few weights
[12], association schemes [17]), sequences (see, e.g., [13]), and graph theory (see,
e.g., [16]). The classification of bent functions is still elusive, and therefore not only
their characterization, but also their generation is a challenging problem.

A number of recent research works in the theory of bent functions have been
devoted to the construction of bent functions. One distinguishes two kinds of con-
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structions of bent functions: primary constructions, which do not need to use pre-
viously constructed functions for designing new ones and secondary constructions
(of new functions from two or several already known ones). A book devoted to bent
functions is [11] and a jubilee survey on bent functions is [4].

The Walsh—-Hadamard transform has been exploited extensively for the analysis of
Boolean functions and used in coding theory and cryptology [3]. A Boolean function
on an even number of variables is bent if and only if the magnitude of all the values
in its Walsh—Hadamard spectrum is the same (flat Walsh—Hadamard spectrum). The
Walsh—Hadamard transform is an example of a unitary transformation on the space of
all Boolean functions. Riera and Parker [18] extended the concept of a bent function
to some generalized bent criteria for a Boolean function, where they required that a
Boolean function has flat spectrum with respect to one or more transforms from a
specified set of unitary transforms. The set of transforms they chose is not arbitrary
but is motivated by a choice of local unitary transforms that are central to the structural
analysis of pure n-qubit stabilizer quantum states. The transforms they applied are

n-fold tensor products of the identity I = ! (1)) the Walsh—Hadamard matrix H =

0
1 i
1 —i
Walsh—-Hadamard transform can be described as the tensor product of several H's, and
the nega-Hadamard transform is constructed from the tensor product of several N's.
The nega-Hadamard transform of Boolean functions was first proposed by Parker
[14]. As in the case of the Walsh—Hadamard transform, a Boolean function is called
negabent if the spectrum under the nega-Hadamard transform is flat. There are some
papers about negabent functions in the last few years [10, 20-24, 26-28]. Many
bent functions are known, and also some negabent functions are known. For an even
number of variables, a function is bent-negabent if it is both bent and negabent. An
interesting topic is to investigate the intersection of these two sets, i.e., to construct
Boolean functions which are both bent and negabent. The bent—negabent functions
were first introduced by Riera and Parker [18]. Some quite interesting results have
been found in this topic by the authors mentioned above but there is still a gap
between our interest and the results on the literature. The goal of this paper is to push
further the study of negabent and bent—negabent by deriving results which help to
design more such functions.

The paper is organized as follows. Section 2 aims to bring a background on the
notions related to Boolean function needed in the paper. In Sect. 3, we discuss sec-
ondary constructions of bent-negabent functions and exhibit one construction based
on the well-known indirect construction of bent functions. In Sect.4, a secondary
construction of bent function is revisited and a new method to design secondary con-
struction is exhibited. Section 5 shows how one can design bent—negabent functions
from quadratic Boolean functions. In Sect. 6, we provide a characterization of bent—
negabent functions in terms of their second-order derivatives. In Sect.7, we study
the sum-of-squares indicator and derive tight lower and upper bounds. Negabent are
those whose lower bound on the sum-of-squares indicator is reached.

1 (1

I i — 1 22
7 (1 1 >, and the nega-Hadamard matrix N = WG ( ),wherez = —1.The
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2 Preliminaries

Let IF; denote the finite field with two elements. We denote by B,, the set of all Boolean
functions of n-variable, i.e., of all the functions from I} into IF,. The set of integers,
real numbers, and complex numbers are denoted by Z, R, and C, respectively. The
addition over Z, R, and C is denoted by +. The addition over I} for all n > 1 is
denoted by @ (or + if there is no ambiguity). If z = a + bi € C,then |z| = v/a? + b2
denotes the absolute value of z, and 7 = a — bi denotes the complex conjugate of z,
where i2 = —1,a,b € R.

The Hamming weight wt (x) of an element x = (xi, x2, ..., x,) € I} is the num-
ber of onesin x, i.e., wt(x) = Zl": | Xi. We say that a Boolean function is balanced if
its truth table contains an equal number of 0’s and 1’s, that is, if its Hamming weight
equals wt(f) = 2"~!'. The Hamming distance between two functions f (x) and g(x),
denoted by d(f, g), is the Hamming weight of f & g,1i.e.,d(f, g) = wt(f & g).

Any Boolean function, f € B,, is generally represented by its algebraic normal

form (ANF)
f('xlv"' a-xn) = @A‘u (H'xzul) )
uelF} i=1
where A, € Fy and u = (uy, uz, ..., u,) € F5. The algebraic degree of f, denoted

by deg(f), is the maximal value of w?(u) such that A, # 0. A Boolean function
is affine if there exists no term of degree strictly greater than 1 in the ANF and
the set of all affine functions is denoted by A,. An affine function with constant
term equal to zero is called a linear function. Any linear function on [} is denoted
by x - w = xj01 ® X0, ® - - - ® x,0,, where x, w € IF;. The nonlinearity of an n-
variable function f(x) is nl(f) = mingeq,(d(f, g)), i.e., the distance from the set
of all n-variable affine functions.

The derivative of f € B, at B € I}, denoted as Dg f, is defined as Dg f(x) =
f(x)+ f(x + B) for all x € ;. The second-order derivatives D, Dg f at (c, B) €
I3 x 5 of a Boolean function f are defined by Dy Dgf(x) = f(x +a + ) —
f&x+a)— fx+B)+ fx).

The Walsh-Hadamard transform of f € B, at u € I} is defined by

W) = ) (=)o,

n
xel;

The nega-Hadamard transform of f € B, atu € I is the complex-valued function:

Ny(u) = Z(_l)f(x)ﬂ)wxiwt(x).

n
xelf)
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Let n be an even positive integer, a function f € B, is a bent function if |W;(u)| =
2"2 forallu € IF;. Similarly, f is called negabent function if |N ¢ (u)| = 2/2 for all
u € ;. If f is both bent and negabent, we say that f is bent—negabent.

The concept of a dual bent function is well known. If f_€ B, is bent, then the
dual function f of £, defined on F by Wy (x) = 2"/2(=1)/®™ is also bent and its
own dual is f itself. If f is bent—negabent then the dual has the same property. We
refer to Carlet [3], and Cusick and Stanica [6] for more on cryptographic Boolean
functions and to [11] for more about bent functions.

The nega-cross-correlation of f and g at u € I} is denoted by

Cro(u) = Z(_l)f()c)@g(xe;u)(_l)u,x.

xel;

In case f = g, then the nega-cross-correlation is called the nega-autocorrelation of
f at u and denoted by Cs(u). A Boolean function f € B, is negabent if and only
if Cy(u) =0 for all u # 0. If f(x) is an affine function, then for all u # 0 the
nega-autocorrelation Cy(u) = 0. This implies that any affine function is negabent.

Definition 1 ([28]) Let f, g € B,,, the sum-of-squares indicator of the nega-cross-
correlation between f and g is defined by

Ofg = Z C}, ().

uel’

If f = g then oy, ; is called the sum-of-squares indicator of the nega-autocorrelation
of f and denoted by oy, i.e.,
2
oy = Cw.

"
uel}

Note that C;(0) =2". Thus, oy > C? (0) = 22*. A Boolean function f € B, is
negabent if and only if C;(u) =0 for all u € IF; \ {0}. Hence, oy > 22" where
the equality holds if and only if f is negabent function.

3 Secondary Constructions of Bent—Negabent Functions

A secondary construction of bent functions is due to Carlet [2] and is commonly
referred to as the indirect sum construction.

Theorem 1 (/2]) Let f(x) and f>(x) be two r-variable bent functions (r even) and
let g1(y) and g2(y) be two s-variable bent functions (s even). Let (x, y) € F, x 5.
Then the function h(x, y) = fi(x) ® &1(y) ® (/1 ® L)(¥) (g1 © 82)(y) is benl and
its dual h(x y) is obtained from f1 x), f2 x), &1 (y) and g2(y) by the same formula
as h(x, y) is obtained from fi(x), f2(x), g1(y) and g»(y).
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In this section, we use A (x, y) to construct bent—negabent function. Here we first
analyze the nega-Hadamard transform of the function A (x, y).

Lemmal Let fi(x), fa(x) € B, g1(y), g2(y) € Bs. Define h(x,y) = fi(x) @
81(y) ® (f1 & f2)(x)(g1 ® 82)(y)- Then the nega-Hadamard transform of h(x, y)
at (u, v) € Fy™ is given by

1 1
Na(, v) = 2N @)[Ng, () + Ny ()] + N7, (@) [N, (0) = N )] (D)

Proof By definition, we have

Nh (u’ U) — Z (_ 1)h(x,y)69u~x69v-yl-wr(x)ert(y)
(x,y)eF5*

= Z (_l)fl ()®1 (NSu-x®v-y jwt (x)Fwi ()

(6, )€Y (g1882)(»)=0
+ Z (_l)fz(x)GBg']()’)GwaEBuyiwt(x)-‘rwt(y)

(x.3)€F; (g1 Dg2) (y)=1

— Z (=S vy jwr(y) Z(_l)fl(X)®u~xiwt(X)

yel;:(g1©82)(y)=0 xely
+ Z (_l)gl(,v)63v~yiwt(y) Z(_l)fz(X)Ewaiwt(x)
YeF:(g1®9g2)(y)=1 xel,

= Nf (u) E ( l)gl(y)eav-yiwz(y)
1
veF3:(g1©g2)(»)=0

+ Ny, (u) Z (= 1)1 @y jwr(y)
yEF3:(81982) ()=1

1 —1)(&1®82)(y)
= Ny (u) Z(_l)gl()’)@w < +&D ) jwro)

yelr 2
— (—1)(€1982) ()
+ Ny, (u) Z(—l)g‘(y)eav-y (1 ( li—gl B ) jwro
yeF;

— l|: 7 () Z(_l)gl(y)®v-yiwf(}’)+Z(_l)gz()’)eév'yiwt(y)

2
yel; yelF;

+ Ny, (u) Z(_l)gl(y)ém-,viwf(y) _ Z(_l)gz(y)eav'yiwt(y) j|

yel; yelF;
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1 1
= ENfl (u)[Ngl (U) + Ngz(v)] + ENfZ(u)[Ngl (U) - Ngz(v)]'

This completes the proof. (]

In (1), if fi1(x) = f2(x) or g1(y) = g2(y), then Nj, (u, v) = Ny, (u) Ng, (v).

Corollary 1 Let r and s be two even positive integers. Let fi(x) € B, and g(y) €
Bs be two bent-negabent functions. Then h(x,y) = fi(x) @ g1(y) is also a bent—
negabent function.

In the following, we propose a necessary and sufficient condition so that the
indirect sum construction generates bent—negabent functions in r 4+ s variables, using
r and s variable bent—negabent functions as the input functions.

Theorem 2 Let fi(x), f>(x) be two r-variable bent-negabent functions (r even)
and let g1(y), g2(y) be two s-variable bent—negabent functions (s even). Let (x, y) €
I, x IF}. Define

hx,y) = fix) @ &1(y) & (f1 ® f2)(x)(g1 D g2)(¥).

Then h(x,y) is bent-negabent if and only if x/f‘ EZ; ==+1 or x’“—EZ; = =1, for all
2 82
(u,v) e Iy x 3.

Proof From Theorem 1, we know that 2(x, y) is bent. Thus, we need to prove that

Npyw) N, (v)
N = +1or Ner )

204972 for all (u, v) € Fy x FS.
For simplicity, set z = Nj(u, v),z1 = Ny, (1), 22 = Ny, (u), 23 = Ny, (v), and
24 = Ng,(v). By Lemma 1, for all (u, v) € F; x [}, we have

= =+1 if and only if i (x, y) is negabent, that is, [N, (u, v)| =

2z = z1(z3 + 24) + 22(23 — 24), 2
and

2=+ 74) + 22(z3 — 2a). 3)
Combining (2) and (3), we have

41z = 422 = [21(z3 + 24) + 22(23 — 2)1[Z1(@ + 70) + 2223 — 20)]
= 2121(2323 + 2324 + 7324 + 2424) + 2122(2373 — 2324 + 2324 — 2424)
+ 21222323 + 2324 — 2324 — 2424) + 2222(2373 — 2374 — 2324 + 2424)
= 2117 (Iz31* + 2372 + 324 + 1241 + 217212317 — 2372 + T34 — |z4lD)
+ zZiza(z3)* 4 2375 — T32a — |24l + 122* (|23 1* — 2328 — 2324 + 124l
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Suppose i (x, y) is negabent | Nj, (u, v)| = 209/2 forall (u, v) € F5 x F§and|z;| =
lza| = 2772, |z3] = |z4| = 2/, we obtain

(2172 — 7122)(2324 — 2324) = 0,
that is, 71272 = Z122 Or 2324 = z324. Therefore, we have

Nj)Np(u) = Ny (u)Np, (u)

or
Ng1 (U)Ngz(v) = Ng1 (U)Ngz(v)v
that is,
Ny (u) _ Ny (u) _ (Nfl(u)>
Nypu) Ny (u) Ny, (u)
or
N _ Ne®) _ <Ngl (v))
Ngz(v) Ngz(v) Ngz(v) 7
then 2™ op Na®) ¢ 4 real number. Since [Ny )| = |Np@)| =272 |N, (v) =
Ny, (u) Ny, (v) . h - f - ’ 81 -
. N¢(u N, (v
IN,, (v)] = 2°/2, we obtain Ngﬁu; —+lor NZEU; = +1.
Conversely, since |z1] = |z2] = 2"/7, |z3] = |z4] = 2/%,and &t = £lor 2 = +1,
which implies that 4|z|> =20 ™*+2 that is, |z| =2 /2. Therefore, we have
[Ny (u, v)| = 20+9/2 This implies that h(x, y) is a negabent function. O

The sufficient condition for the function A (x, y) to be bent—negabent has been
given in [26].

Theorem 3 ([26]) Let fi(x), f>(x) be two n-variable bent-negabent functions (n
even) and let g1(y), g2(y) be two m-variable bent—negabent functions (m even). Let

(x,y) € B3 x F". Define h(x,y) = fi(x) ® g1(y) ® (/i ® f)(x)(g1 ® g2) ). If
Di(fi1 ® 02)(x) = Di(f>» ® 02)(x), then h(x, y) is bent—negabent.

In the following, we show that the condition Dj( fré/oz) (x) = Dy( f;_é_(/fz) (x)

. . .- N .
is equivalent to the condition N; ! EZ; = +1. We also need the following lemmas.
2

Lemma 2 ([15])Let n be even and f(x) € B,. Then, f(x) is negabent if and only
if f(x) @ s2(x) is bent, where sr(x) = ®1§i<j§n XiXj.

Lemma 2 provides a connection between bent and negabent.

Lemma 3 ([24]) Let f(x) € B, then

Wf@&z (u) + Wf@sz (ﬁ) + i Wf@sz (u) - WfEBSQ (ﬂ)

Nytw) = 2 2




54 S. Mesnager et al.

Lemma 3 explores a direct link between the Walsh—Hadamard transform and the
nega-Hadamard transform. These properties are an important tool to analyze the
properties of negabent functions.

Theorem 4 Let f\(x) and f>(x) be two r-variable negabent functions (r even). Then
¥ = 1 ifand only if Dy(fi @ $2)(u) = D (f> ® 52)(w), u € F

Proof Since x’f‘ EZ; = =1, then Ny, (u) = =Ny, (u). By Lemma 3, we have
2

Wf] ®sy (u) + Wf1€9sz (ﬁ) +l . Wf[GBSz (l/l) - Wf| ®sy (ﬁ)

2 2
- 4+ széBsz (u) + szEBsz () 4. sz@sz (u) — szGBSZ ()
2 2 ’
Hence _ _
When) + Wien @) _ | When @) + Wres, @)
2 2 ’
WflGBsz (M) - Wfl@sz (ﬁ) -+ ngGDsz (u) - Wf2®sz (ﬁ)
2 2 ’
then

WflﬂBsz (u) = :l:sz@Sz (u), WflGBSz(ﬁ) = inzGBsz ().
Recall that W (u) = 22(—1)f @ we get
(—D)iEnwefign®m _ (_1)h8nwahdn®m

Thus, Dy (fi & s)@) = Dy(fr & s)w).
Conversely, since D1(f1 @ s2)(u) = D1(f2 @ 52)(u), then

A Onw) e fron@=fi @ fhosw).

Hence
Wf1 Dsy (u) sz@sz (ﬁ) - Wf] Dsy (ﬁ) sz@sz (u)

Since fi @ 52, f» @ s, are bent functions, we have | W 1, g5, ()| = |W a5, ()| = 2772,
then Wy g, (1) = £W ey, (u), Whes, @) = =W, (). Thus, according to the

Npw 4, 0

similar discussion above, we obtain )
J2

The functions f (x) and g(x) are said to have complementary nega-autocorrelation
if for all nonzero u € I, C¢(u) + Cq(u) = 0. The relationship between the nega-
autocorrelations of f(x), g(x) and their nega-Hadamard transforms has been given
in [22] as follows.
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Lemma 4 ([22]) The functions f(x),g(x) € B, have complementary nega-
autocorrelations if and only if

IN ()] + [Ngu)|* = 2",

The following corollary is a direct consequence from Definition 1, Theorem 2,
and Lemma 4.

Ny ()

Corollary 2 Let fi(x), f2(x) € B,. Ifo @
2

statements are equivalent.

= 1 for all u € T, then the following

1. fi(x), f>(x) are negabent functions.
2. [N (P + N )2 =271,
3. fi(x) and f>(x) have complementary nega-autocorrelations.

4 A Secondary Construction Revisited

Recently, a secondary construction of bent functions whose duals satisfy a certain
property [25] [Theorem 5.1] has been proposed:

Theorem 5 Let f from Iy to Fy be bent. Let By, ..., B, be points of ;. Let F
be a Boolean function from I, to F,. Suppose that its dual f satisfies: there exists
Boolean functions g, ..., g, from I} to IF, such that

fa+) wip) = fa)+Y wigiw )

i=1 i=1

for every u € ) and (wy, ..., w,) € . Then, the Boolean function h from F} to
IF, defined at any point x € I} as

h(x) = fx)+ FBr-x,.... 0 -x)

is bent and its dual is at any point x € I} equal to

h(x) = f(x) + F(g1(x), ..., g (x)).

Let us now show that Condition (4) of the above theorem can be rewritten in terms of
derivatives of the dual function of f. Recall that the derivative at point 8 € F; of a
Boolean function f from [F; to [F,, denoted as Dg f, is defined at any point x € I; as
Dg f(x) = f(x) + f(x + B). We introduce now a notation to denote derivatives of
higher order. Let k be a positive integer and B, - - -, By be k elements of I,. Then, the

Now, note that, for w € F,,
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fx+wh) = fx) + Dyg f(x) = f(x) +wDg f(x).

If we iterate the above identity, we get that, for (wy, ..., w,) € I,

FG+D wiB)=fE+ Y wDs f)+Y ., > w'Dj fx),
i=1 i=l

k=2 aclF;,wt(a)=k

where w* = [];_; wi" and B, = (By, > -+ Bay) € Fi where | <ij <--- <ix <r
are the indexes such that a; = 1. Therefore, Condition (4) is equivalent to say that,
for k > 2, any kth-derivative with respect to any subset of {8, ..., B,} of the dual
function f of f vanishes on IF7. Therefore, Theorem 5 can be rewritten as follows.

Theorem 6 Let f fromIF; to ) be a Boolean bent function. Let By, . . ., B, be points
of 5. Suppose that, for any positive integer 2 < k < r, all the kth-order derivatives
of the dual of f relatively to subsets of {Bi, ..., B} of size k vanish on F}. Let F
be a Boolean function from F} to F,. Then, the Boolean function h from I to I,
defined at any point x € F; as

h(x)=f&x)+FBr-x,...,8 -x)

is bent and its dual is

h(x) = f(x) + F(Dp, f(x), ..., Dg f(x)).

5 Bent-Negabent Functions From Quadratic Functions

5.1 Generalities

Let f be a quadratic Boolean function whose algebraic normal form

f)= D> ayxix;+ Y bixi+c=x-(Mx)+b-x+c, (5)

I<i<j<n i=1

where M = (a;;)1<i, j<n 1s a square matrix of size n whose entries are in I, and whose
entries are equal to 0 if i > j, b € F/, and ¢ € IF,. We denote B* the transpose matrix
of B and B~! the inverse of B (if B is of full rank). Finally, we denote I the identity
matrix of size n. Define a symmetric square matrix of size n as A = M + M*. Then,
one has

Theorem 7 ([15]) f is bent if and only if A is of maximal rank.

One can compute explicitly the dual of f.
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Proposition 1 A quadratic Boolean function f of the form (5) is bent if and only if
A =M + M*isoffull rank and the dual of f is f (x) = f(A™'x) + f(0) + &7 atany
point x € % where ey = 0ifwt (f) =2""' =25 Vand Lifwt (f) = 2" + 2571,

Proof The necessary and sufficient condition for bentness of f is a well-known
result ([15]). We now show that the dual of f can be explicitly computed. Indeed,

Wiu) = ) (=1 e

xel;
— Z (_l)f(x+A’lu)+u-(x+A’lu)
xelF)

= Z (= 1)/ O FAT0+AA w)x £ O+ A

xel

- Z(_1)f(X)+f(A—lu)+u-A—1u+f(O) (since (AAill/l) X=u-x)
xelf}

= (_l)f(A"u)Jru-A"u+f(0) Z(_l)f()c)

xel;
= (_1)f(A"u)+u»A*‘u+f(o)i?(O)
= (_1)(A’]u)~(MA"u)+b.(Aflu)+(AA71u).A,]u N 2%(—1)”
=23 (_1)(A“u)~((M+A)A-1u)+bA(A—1u)+8f
= 2%(_1)(A"u)-(M’A*‘u)+b.(A*1u)+£f
= 2%(_1)(MA"u)-(A"u)-&-h(A*‘u)-&-g,

— 2%(_1)f(A"u)+f(O)+£/. O

Note that one can associate likewise the symmetric square matrix I 4 J of size
n to the quadratic function s, where I is the identity matrix of size n and J the
square matrix of size n whose all entries are equal to 1. The polar form of s, is then
x - ((I+J)y). Then one has

Theorem 8 ([15]) f is bent—negabent if and only if A and A + 1+ J are both of

maximal rank.

5.2 Secondary Constructions of Bent and Negabent
Functions

5.2.1 Symplectic Forms

Let V be a symplectic vector space over a field F. A mapping ¢ from V x V to F
is said to be a symplectic form if it is
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1 symmetric: o(x, y) = —o(y, x) for any (x,y) € V x V (in characteristic two,
skew symmetry and symmetry coincides);

2 totally isotropic: o (x, x) = 0 forany x € V;

3 non-degenerate: if o (4, v) = 0 forany v € V then u = 0.

Then, (V, o) denotes the vector space V equipped with a symplectic form. Let §;;
be the Kronecker index: §;; = 0if i # j and §;; = 1. Suppose that dim(V) = 2n.

Definition 2 A symplectic basis for (V, o) is a basis vy, - - -, v,, Wy, ..., W, such
that

o (v, w;) = 6;j,0(;,v;) =0(w;,w;) =0

forany 1 < i, j <r (where §;; = 1if i = j and O otherwise).

5.2.2 Secondary Constructions

A Boolean function f is said to be quadratic if and only if

¢x,y)=fx+y)+ f)+ f()+ O

is bilinear, symmetric, and symplectic. The bilinear map ¢ is called the polar form
of f. Write f as (5). Observe that

d(x,y) =x-My) + Mx) -y (6)
=x-(My) +x-(M"y)
=x-(Ay).

The dual of a quadratic bent function is again a quadratic bent function (see Propo-
sition 1). On the other hand, notice that the polar form at point (a, b) coincides with
the second-order derivative D, Dy, f. Then, Theorem 6 is rewritten as

Corollary 3 Let f from I}, to F, be a quadratic bent function. Denote é the polar
form of the quadratic part of the dual of f. Let By, ..., B, be points of F; such that
(B, Bj) =0for1 <i < j <r.Let F be a Boolean function from I, to IF>. Then,
the Boolean function h from F; to F, defined at any point x € F} as

h(x)=f&x)+FBr-x,...,B -x)
is bent.

Now, according to Proposition 1, the polar form associated to the dual of f is

P, ) =dpA X, AT y) =A%)y =x-(A7'y). 7
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Therefore,

Corollary 4 Let f from ¥ to F, be a quadratic bent function of the form (5). Let
Bi, - .., By be points of I, such that p; - (A’l)ﬂj =0forl <i<j<r.Let Fbea
Boolean function from ¥, to F,. Then, the Boolean function h from I to I, defined
at any point x € I} as

h(x)=fx)+FBr-x,...,B -x)
is bent.

Remark 1 Let n = 2k. Observe that ¢ is a symplectic form over F;. Thus, if
{ei,.... ek fi,..., fr} is a symplectic basis of (I;, ¢) then one can take {f, ...,
By ={Ae;,i e ITU{Af;,jeJlwithiNJ =YandI UJ C{1,...,k}. Theso-
constructed bent function is then of algebraic degree r.

Next, observe that the polar form associated to f + s, is
v(x,y)=x-((A+1+J)y) ()
and thus, by the same calculation as for f, we get that the polar form of its dual is
Yoy =x- (A+T+D71y). ©)

Therefore,

Corollary 5 Let f from I} to ¥, be a quadratic negabent function of the form (5).
Letyy, ..., vy bepoints of B suchthat y; - (A +1+ J)’lyj) =0forl <i<j<r.
Let F be a Boolean function from I}, to IF,. Then, the Boolean function h from I}, to
IF, defined at any point x € I} as

h(x) = fx)+ F(yr-x, ..., 9 - X)

is negabent.

Remark 2 Like in Remark 1, one can deduce from a symplectic basis of (I}, ¥) a
set {yi, ..., v} which satisfies the condition of the above corollary.

6 A Characterization of Bent—-Negabent Functions
Through Their Second-Order Derivatives

A useful tool to study a Boolean function f(x) is derivative. The derivatives play an
important role in cryptography, related to the differential attack. They are also natu-
rally involved in the definition of the strict avalanche criterion and the propagation
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criterion. These criteria evaluate some kind of diffusion of the function. Carlet and
Prouff [5] gave a characterization of bent functions via their second-order derivatives
as follows.

Lemma 5 ([5])A Boolean function f(x) defined on ¥ is bent if and only if

Vx eFy, Y (=PRI =2n,
a,bel}

Inspired by the work of [10], we present a characterization of bent—negabent
functions, which is related to the second-order derivatives in the following.

Theorem 9 Let f(x) be n-variable bent function (n even). Then f(x) is bent—
negabent if and only if for all b € T},

Z (_1)Danf(X) =", Z (_I)Dath(X) -0

aely:a-b=0 aeF5:a-b=1

when wt (b) is even, and
Z (_1)Dath(X) =", Z (_I)Danf(x) -0

a€ly:a-b=0 aelfy:a-b=1

when wt (b) is odd.

Proof By Lemma 2, f(x) is bent-negabent if and only if f(x) and f(x) @ s2(x)
are both bent, i.e., for Vx € [,

Z (_1)Danf(x) = 2" and Z (_1)Dan(f(x)€BS2(x)) =" (10)
a,bek" a,bek?
Since
D Dpor(x) = 52(x) @ s2(x B a) ® s2(x ®b) ® s2(x ®a®b)
- @ B »)
I<i<n 1<j<n,j#i
o)

a - b, if wt(b) is even,

Dy Dpsy(x) = {a - b, if wt (b) is odd.

From the second part of (10), we get

Z (_I)Danf(x)(_1)DaDhSz(x) — "
a.bel?
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If wt (b) is even, then

Z (_l)Dath(x) _ Z (_l)Dath(X) — 2’1. (11)

aelFy:a-b=0 aelFy:a-b=1

If wr (b) is odd, then

Z (_1)D1,th(x) _ Z (_l)Duth(X) — 2’1. (12)

aelFy:a-b=0 aelfy:a-b=1

From the first part of (10), we obtain

Z (_l)Danf(x) + Z (_1)Danf(x) =", (13)

aeFy:a-b=0 acly:a-b=1

for all b € 5. By (11)—(13), we have

Z (_I)Danf(x) =", Z (_l)DnDbf(X) =0

aelF3:a-b=0 aelF:a-b=1

when wt (b) is even, and

Z (_I)Danf(x) =" Z (_I)Dquf(x) =0

aEIF;:wE:O ae]F'z‘:aJ;zl

when wt () is odd. This completes the proof. (I

7 An Upper Bound on the Sum-of-Squares Indicator o, ,

In order to find the upper bound on the sum-of-squares indicator o 1, , for a given two n-
variable Boolean functions f and g, we study some properties of the cross-correlation
function. We firstly give the sum-of-squares indicators oy of s, (x) = €, <i<jen XiXj
in the following.

Proposition 2 Let s:(x) = D, _;, xix; be the elementary symmetric Boolean
function in n variables of degree 2. Then

| 2", if wt(u) is even,
Calw) = {0, if we (w)is odd

and oy =231,

Proof Since
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) D s(x u) = @ xix; @ @ (x; @ui)(x; Duj)

I<i<j<n I<i<j<n

= @ (xiuj @ xju; ®uju;)
I<i<j<n

= @ (xju; ®xju;)) ® @ ujuj
I<i<j<n I<i<j<n

=@(x,» D uj)@szw
I<izn I<j<n,j#i

thus,

u-x @ sy(u), if wt(u)is even,

52000 © $2(x B u) = {E Cx @ 5p(u), if we () is odd,

According to the definitions of the nega-autocorrelation and sum-of-squares indi-
cator, we have

C _ er]F;(_l)Sz(u) = 42", if wt(u) is even,
5 (1) = er]Fg (_1)1.x+52(u) = 0, if wt(u) is odd

and
of = Z CHu) + Z CHu) =2,
uely:wt (u) even uels:wt(u) odd

This proves the result. ]

Lemma 6 (/28]) Let f(x), g(x) € B,. Then

o= Crw) =" CrC). (14)

n "
uel velf;

Remark 3 If we use Cauchy’s inequality (3_; a;b;)* < Y, a? ¥, b? to the sum on
the right-hand side of (8), we get

org =Y Ci, )= Cr)C,(v)

uclk’ vel;
1 1
2 2
< § C2%(v) § C%(v)
= f g
vel; veFy

1 1
2.2
=070y = J 0f0g,
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ie, o0y, < ./ 070, Furthermore, for n-variable negabent functions f(x) and g(x),
2n
Ofeg = 2,

In order to give the upper bound on o ,,, we need the following important results.

Lemma 7 ([22]) Let f(x), g(x) € B,. Then

Crg(v) =271 Y TN () Ne () (=1)""

uel;

Lemma 8 Let f(x), g(x) € B,. Then

D INF PN =2" Y CF ().

n n
uely velF;

Proof By Lemma 7, we have

Ny(u)Ngy(u) = Z Cf,g(v)(—l)”'viw’(”)

n
vel;

and

|Nf(u)|2|Ng(u)|2 _ (Z Cf’g(v)(_l)wvi—wt(v)) . (Z Cf,g(w)(_bu»wiwt(w))

n n
velF; wels

Z Cf ¢ (U)Cf < (w)(_ 1)u~(v®w)iwt(w)fwt(v)

v,wel;
— Z C?cg(l))'f' Z Cﬁg(v)cﬁg(w)(_1)u-(v®w)l~wt(w)7wt(v).
UE]F; U,we]Fg:v#w
Thus
2
D INF@PINP =YY CF )
uely uel vel;

+ Z Z Cfg(v)cfg (w)(_1)u-(vEBw)l-wt(u;)—wt(u)

uel; v,wel) w#w

=2'2 Cj,)
vel;
+ Z Cf,g(v)cf,g(w) Z(_1)u~(vﬂ)w)iwt(w)7w1(u)’
v, wel5v#w uclk}

since v # w, ZueF;(—l)“'(”@w) = 0, thus
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DU INF@PIN ) =2" ) €T, ().

uel’ vel)
This proves the result. O

If we take f(x) = g(x) in the previous lemma, then we have

DTN/t =2"Y " Cw). (15)

n n
uel} vel;

Theorem 10 Let f(x), g(x) € B,. Thenoy, < 23" with equality if and only if there
exists ug € I3 such that [Ny (uo)| = |Ng(uo)| = 2".

Proof By Lemma 8 and Nega-Parseval’s Identity ), <P INy(u) |2 = 22" we have

1
05 =55 D IN;@PINg @)

n
uely

1
3 | 22 INy@P || D2 NGl | =27

uel) uel}

We know o7, = 2% if and only if

D INF@PIN@P =D IN@lP Y IN ),

n n n
ucl’ ucl’ uel’

that is,

> INF@PIN, )P =0

u,vels, u#v

if and only if |Nf(u)|2|Ng(v)|2 = 0 for any u # v. There are three cases:

(i) If there does not exist ug € F} such that |[Ns(ug)|* # 0, then |N;(u)|* = O for
all u € [}, which leads to a contradiction with Nega-Parseval’s Identity.

(ii) If there exists only one uo € Fj such that |N ¢ (ug)|* # 0, then | N, (v)|* = 0 for
allv # ug. According to Nega-Parseval’s Identity, we have [N f (ug)|* = 2%, i.e.,
INf(ug)| = 2". On the other hand, we have |Ng(uo)|2 =22 je., [Ng(ug)| = 2".

(iii) If there exist only two uy,us € IF5(u; # us) such that |Nf(u1)|2 # 0 and
|Nf(u2)|?* # 0, then we have | N, (v)|> = 0 for all v # u; and [N, (v)|*> = 0 for
all v # u,. It implies that |Ng(v)|2 = 0 for all v € I}, which is in contradic-
tion with Nega-Parseval’s Identity. By the same way, we know that there does
not exist only k(3 < k < 2") different elements u; € F5(1 <i < k) such that
|Nf(uo)|* # 0. U
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Based on Theorem 10, we give tight lower and upper bounds on o.

Corollary 6 Let f(x) € B,. Then

(]) 22/1 < oy < 2311’.
(2) of = 2% if and only if f is a negabent function;
(3) of = 23" if and only if there exists ug € I such that |N ¢ (uo)| = 2".

Remark 4 Let R(Nf(up)) be the real part and J(N(uo)) be the imaginary part
of Ny(ug). Then (N (uo)) or IJ(Ny(up)) must be integer and |Nf(u0)|2 = 22
must be a sum of two squares. From Jacobi’s Two-Squares Theorem we know that
(2")? + 0% = 2%". Thus, (|R(N ¢ (uo)), |I(N ¢ (up))|) = (2", 0) or (0, 2"), i.e., either
R(Ny(up)) or I(Nf(up)) must be zero.

8

Conclusion

In this paper, we have pushed further the theory of the so-called negabent and
bent—negabent functions and derived results, which included methods of secondary
constructions and characterizations.
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