Chapter 6 )
Vision-Based Line Tracking Control oo
and Stability Analysis of Unicycle Mobile
Robots

Plamen Petrov and Veska Georgieva

Abstract This paper addresses the problem of vision-based line tracking control of
unicycle mobile robots. First, a robot-camera model suitable for path following appli-
cations is derived. Using a look-ahead approach, a feedback controller is proposed
for tracking curved paths on the ground using information from an onboard down-
looking camera using distance-only measurements. Stability properties of the closed-
loop system are analyzed, and asymptotic stability of the resulting closed-loop
control system is proved using Lyapunov stability theory. Simulation and experi-
mental results are presented to illustrate the effectiveness of the proposed control
scheme.

6.1 Introduction

In the last decades, the wheeled mobile robots (WMRs) have been increasingly
used in wide range of applications, such as in factories [1], as service robots [2],
autonomous vehicles [3], exploration robots [4], for military operations [5], and
research [6]. At control level, important results have been established concerning
three fundamental motion control tasks, namely point stabilization (the parking
problem), trajectory tracking, and path following [7]. In what concerns the path
following problem, in contrast of trajectory tracking, the mobile robot has to follow
and to converge to a reference path, which is given without temporal specification.
The path following control of mobile robot has been intensively studied during the
years, and different solutions have been proposed in the literature, such as nonlinear
[8] and linear controllers [9]. When designing controllers for path tracking applica-
tions, often the curvature of the reference path is considered a priori known, which
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permits to introduce it directly in the control law, simplifying the design of the
controller [10]. In this case, it is also considered that both measurements for the
lateral and orientation errors are available for feedback control design [11]. However,
depending of the assigned mobile robot guiding point, using look-ahead approach
[12], it is possible to use only distance measurements for the lateral offset from
the reference line without using data for the orientation error, which considerably
simplify the controller design. The advantage of using such approach is considerable
in the case, when the mobile robot has to follow a path with unknown curvature and
avoids its direct calculation, which involves higher-order derivative computation.
In addition, calculation of the orientation error between the mobile robot and the
reference path avoided, which considerably simplifies the structure of the controller.

The use of visual information in the feedback loop has been an attractive solu-
tion for the motion control of mobile robots and different visual servo algorithms
have been developed over the last decades. The control based of visual measure-
ments is termed visual servoing or vision-based control and two main approaches
are distinguished, namely position-based visual servoing (PBVS) and image-based
visual servoing (IBVS) [13]. In the PBVS approach, three-dimensional scene infor-
mation is used and the feedback is based on the pose estimation of the observed object
with respect to the camera in order to regulate the motion of the onboard camera to
a desired pose [14—-16]. For path following applications, a specific feature is that the
error coordinates with respect to the desired path to follow are computed in the task
space. In the IBVS approach, the pose estimation is omitted, image features are used
as the state in the control, such that the error coordinates are measured in the image,
and the control law is directly expressed in the image plane and mapped to actuator
commands [17-19].

In this paper, we deal with the problem of path tracking control for nonholo-
nomic unicycle WMRs, which use monocular vision guided system for line tracking.
The reference path is assumed to be a sequence of circular and/or straight-line
segments, where the curvatures of the circular segments are not known. The look-
ahead approach [12, 15] used in this paper consists of tracking a reference path with
a guiding reference point in front of robot at a given distance ahead from the wheel
axle. For this end, first, a robot-camera model of the robot using the look-ahead
reference point is derived. A linear controller is designed using lateral error-only
measurements without involving values of the path curvature (which is unknown) or
the orientation error with respect to the reference path. Based on Lyapunov stability
theory, the stability property of the synthesized system is analyzed. Some simula-
tion and experimental results are given, in order to demonstrate the validity of the
designed controller.
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6.2 Model Development

6.2.1 Robot Kinematic Model

A plane view of a unicycle mobile robot, considered in this paper, which is moving on
a horizontal plane, is shown in Fig. 6.1. A monocular camera is placed on the robot
pointing downward perpendicular to the ground. For simplicity of exposition, for
path following applications, we will use two-dimensional (2D) Cartesian coordinate
systems instead 3D systems, where it is possible. With reference to Fig. 6.1, in order to
describe the path tracking kinematics, the following coordinate systems are defined:
an inertial coordinate system Fxy; a robot coordinate system Pxpyp located at the
mid-point of the wheel axle with xp axis directed along the longitudinal base of the
robot; a robot coordinate system Rxgyg attached firmly to the robot at a distance h
from the ground and at a distance d ahead from point P, in such way that the xg-axis
is aligned with xp-axis of Pxpyp; a camera frame Cxcyc which center is placed in the
optical center of the camera and coincides with the center of the robot frame Rxgyg;
and a moving virtual reference frame Lx;y; associated with the reference line to
follow, with a center L assigned in the intersection between the yg-axis of Rxgyg and
the reference path, such that the x; -axis is tangent to the path and oriented in the
direction of motion. The look-ahead point R is defined as a robot guided (reference)
point for the line tracking scenario.
Let us denote the coordinates of point P in the fixed frame Fxy as

Fpp= [XP YP]T (6.1)

where ¥ pp € R?, and the orientation of the robot in Fxy as ¢ € S'. The kinematic
equations of motion of the unicycle mobile robot under the nonholonomic constraints

Fig. 6.1 Geometry of the line tracking scenario
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of pure rolling and nonslipping can be written as follows [12]

pp = Bpn, (6.2)

where p , represents the time derivative of pp € R? x S', defined as

pr=[xryrv], 6.3)

which is a vector of the posture coordinates of the robot using the reference point P,
the transformation matrix Bp € R3*? is given by

cosy O
Bp = | siny O |,
0 1
and the vector 1 € R?
T
n:[va a)] (64)

is composed of the robot linear and angular velocities denoted by vp, € N and
w € N, respectively.

Denoting with ©' pr € \? a vector representing the coordinates of point R with
respect to Fxy

Fpr =[xz yx] 6.5)

and with d = ["d, O]T € M2 a vector from point P to point R expressed in the
coordinate frame Pxpyp, using (6.1) the coordinates of points R and P are related by

Fpr="pr+ R4, (6.6)

where R(¥) € SO(2) is an orthogonal rotation matrix of angle v, (i is the
orientation angle of the robot with respect to fixed frame Fxy), given by

RO = |:c051// —sinw:|

sinyr cosy

Differentiating (6.6) with respect to time, one obtains
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"pr=RW)("pp + 0S(m/2)"d)
=G, (6.7)

where G = R(¥)D € R**? with D € %**? given by
10
D =
o7, )

S(/2) € $S(2) is a skew symmetric matrix and *pp = [vpy., Upy]T € R¥isa

vector of the projections of the velocity of point P relative to the fixed coordinate
system Fxy on the axes of the moving robot coordinate system Pxpyp.

In order to express the robot kinematic model using the coordinates (6.5) of point R

in an inertial frame Fxy, we define a vector of the posture coordinates © p, € R?x S!,

as follows
Fe T
Pr=[xryrv] . (6.8)

Then, using (6.8), one can write
F/.\
pR = BR77, (69)

where Bp is a block matrix of the form

G
BR — _ I= SR3X2’

J

and the row vector j is given by j = [0 1] € ®">*2.

The path following geometry considered in this paper is illustrated in Fig. 6.1. It
is assumed that the path is a smooth planar curve. The coordinate systems Rxgyg and
Lxy, are defined to describe the error kinematics during the path tracking process.
The moving reference system Lx;y; is defined such that the x -axis is tangent to the
path and oriented in the direction of robot motion. The yg-axis of the robot coordinate
system Rxgyg passes through the reference point L associated with the path to follow.

The coordinates and orientation of the frame Lx; y; in the coordinate frame Rxgyr
can be expressed in the form

€pos = T(pL — pr), (6.10)
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T . . o
where epos = [x, Yo Y. | € % is the error posture, x, is the longitudinal error, y,
is the lateral error, and v, is the orientation error; the posture vector p; € %2 x S!
associated with the reference path is defined as

pr=[xeyL v ] 6.11)

where v is the orientation of the coordinate frame Lx;y; with respect to the fixed
frame Fxy, the posture vector pg is given by (6.8) and the orthogonal matrix T €
SO (3) is given by

cosy siny O

T=| —siny cosy 0

0 0 1
Differentiating (6.10) with respect to time and taking into account the nonholo-
nomic constraints vp,= v7,=0, (vp, and vy, are the projections of the velocities
of points R and L on the yg and y, axes, respectively), and using the fact that

Xx.(t) = X.(t) = 0 after some work, the error kinematics for path following
applications is obtained in the form

e =gi(e) + s(e)w, (6.12)
where é € % represents the time derivative of e € R? defined as

e=1[y. vl (6.13)

z1(e) and ¢ (e) are C! vector functions given by

Gi(e) = [vtan Y. ve,/ cos we]T,
e(e) = [~ (etan ¥y, + 7dy) —(1 + yeer /cos ) |

vpy is the velocity of mid-point P of the wheel axle, w is the angular velocity of the
robot considered as control variable (input) of the system, and ¢, is the curvature of
the reference path.

6.2.2 Robot-Camera Model

A monocular camera is placed in front of the mobile robot, where the origin of the
camera frame Cxcycz¢ coincides with the center of the coordinate system Rxgygrzg,
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Fig. 6.2 Robot-camera
geometry

at distance 4 from the ground. The optical axis of the camera is perpendicular to the
surface of motion, as shown in Fig. 6.2. The focal length of the camera is denoted
by f.

The geometric relationships between the onboard camera and a feature point from
the reference line are shown in Fig. 6.2. Let us denote the position of a feature point
L on the reference line with respect to the camera frame Cxcycze by €pr € %3, as
follows

ch
“pr=1|C%y | (6.14)
C
ZL

The corresponding pixel coordinates ! p; in the pixel coordinate system Juv fixed
to the image plane (Fig. 6.2) are obtained as follows

PL= Vv, | = q intCPL, (6.15)
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where €z; = h € R, Ty € R33 is the intrinsic camera calibration matrix given by

fsu 0 230]
Tim = 0 fsu Vo |
0 0 1

(su, §,) are the camera scaling factors and f is the focal length of the camera.

From (6.15), given the pixel coordinates (u;, vi), one can determine the
coordinates of point L in the camera frame Cxcyczc, as follows

-1
“pL="C Ty "pr. (6.16)

On the other hand, given the coordinates ¢ pr of point L in the camera frame
Cxcyczce, the coordinates of point L in the robot coordinate frame Rxgyrzg are
obtained as follows

Rp, =€z, ORZY RN T-1p,, (6.17)

zc1,7/2  xe,r T int

where the two consecutive rotation matrices Rx(,
are given by

€ SOB)and R, € SO(3)

T

10 0
R, ,=|0-10 |,
00 -1
T0—10
R .p=|100
001

The lateral error y, is calculated from the image based on the pixel coordinates
in the image plane of the image feature point L; (Fig. 6.3), corresponding to the
feature point L from the reference line on the ground. Knowing the camera intrinsic
parameters and the height / of the camera from the ground, the coordinates of a
feature point L belonging to the reference line in the robot reference system Rxgygrzg
can be recovered from its pixel coordinates in the image plane. This error distance is
obtained as a difference between the image plane coordinates of the principal point
C and the image point L;, respectively, and is a function of the intrinsic camera
parameters and the known distance % from the camera to the ground.
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Fig. 6.3 Extraction of a feature point from the line

6.3 Feedback Control Design and Stability Analysis

6.3.1 Circular Line Tracking

Assuming that the reference path is a sequence of circular segments or/and straight
lines, and robot velocity vp, is constant and positive (forward robot motion), the path
tracking problem consists of finding a feedback control law for the system (6.12)
with control input w, such that the state vector e = [y,, ¥.]” tends to e; = [yeg, Wes]”
as t — oo, where y,; and ¥, have constant values.

The following feedback control law is proposed

w = vakyea (618)

where k is a positive constant and vp,, (vp,= cte >0), is the robot speed.
Applying (6.18) to (6.12), the resulting nonlinear closed-loop system has the form

e = vpxe(e), (6.19)

where the vector function 7. given by

B [ — Pdky,(1 — ky?) tan ¥, ]
e =1 —kye + (1 = ky?)/ cos ro)e,

is continuously differentiable.
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The equilibrium point e, of system (6.19) is at

Yes
ey =
I:wﬁs]
B [(—sqrt(l — Pd2c?) + sqre(1 — Pd?c? + 4cr/k))/2cr:|

2
asin(Pd,c,) 6.20)

The stability of the equilibrium point (6.20) for the nonlinear system (6.19) is
analyzed by investigating the stability of the linearized system using Lyapunov
stability theory [20].

The linearization of the nonlinear system (6.19) at the equilibrium point (6.20)
has the form

Aé = vp M, Ae, 6.21)

where the vector Ae € R? is given by
Ae:[Aye]:[ye_Yes i|’
Awe We - I/fes
M, € R>*? is the Jacobian matrix of 7., (vp = cte >0) in the form

_ Ome
T Be o=,

_ _k(de + Yes tan Wgs) —k(1 + (¢, Yes/ cOS Yos))
L =k ot s (1= ky2)/ cos Ygg)e,

Pdimy  mp
= vp, X 6.22
o |: my mpd.c? (622)

c

with

mi = (1 —ky2)/( = Pd2c?)
myp = —k[l + (2yesCr)/Sqft(1 - Pdfcf)] (6.23)

To analyze the stability of linear system (6.21), we test the eigenvalues A;, (i =1,
2) of matrix M. The characteristic equation of matrix M takes the form

22— ATr(M.) + det(M,)
=27 — Pd.(miac] + ma )k — mipma (1 — Pdic}). (6.24)
=0
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In order that the squired Eq. (6.24) does not have any roots with positive real
part, it is necessary and sufficient that all its coefficients be of the same sign, which
implies that

Tr(M,) <0 (6.25)

and
det(M.) > 0 (6.26)

To be more concrete, consider the case when the curvature of the reference path
¢, = cte > 0 (analogous results can be obtained when ¢, = cte < 0), and also the
following inequality holds

Yes¢r + sqrt(1 — Pdic}) > 0, (6.27)

irrespective of the sign of y,.

In order to prove that inequality (6.25) holds, the expression for y,, from the first
equation of (6.20) is substituted into (6.25). Using (6.23), and taking into account
that

0<s <1, (6.28)

where

si=1-Pd?? >0, (6.29)

after some work, the following inequality is obtained

(k/2){s + sqrt(s)sqrt[s + (4c;/k)]} > 0, (6.30)

which means that the inequality (6.25) holds.

In order to prove that inequality (6.26) holds, using the expression for det(M )
from the last coefficient of (6.24), and taking into account that s >0, one has to prove
that

miomy < 0. (631)

Using the first equation from (6.20) for y.,, and the expressions for m, and my
given in (6.23), after some work, the following inequality is obtained

(1/9)[1 + (4c}/k)] —1 >0, (6.32)
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which means that the inequality (6.24) holds.

Based on (6.30) and (6.32), it follows that ReA; < 0, (i =1, 2). Application of the
Lyapunov’s indirect method [13] indicates that the equilibrium point [yes, Ves]? is
locally asymptotically stable point for the nonlinear system (6.19).

6.3.2 Straight-Line Tracking

In particular, in the case of straight line following (c,=0 in (6.12)), and applying the
feedback control law given by (6.18), the resulting time-invariant closed-loop system
(6.19), (vp, = cte > 0), has the form

i [ H Y 6.33)

where the vector e is given by (6.13) and the vector function 7, is in the form

|:_ dekye(l - kygz) tan We]
Nc = .
_kye

The origin (0, 0) becomes an equilibrium point for the nonlinear system (6.33).
After linearizing the system (6.33) around the origin, is obtained

é = Me, (6.34)

where the matrix M, € %>*? has the form

—k deUPx Upx
Mg = . 6.35
s |: Ckvp, O ] (6.35)

A Lyapunov function for the linear system (6.34) is found by taking a positive
definite matrix Q € R**? of the form (vp,= cte > 0)

0= [“P" 0 ] (6.36)

0 Upx

and solving for P € ?>*?

the Lyapunov equation
PM,+M!'P =—-0Q. (6.37)

The unique solution of the matrix Eq. (6.37) for P is obtained as follows
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14k 1
_ | 2”4, 2
P = 1

The symmetric matrix P is positive definite since its leading principal minors are
positive (k = cte >0; Pd, = cte >0)

1+k
det L > 0,
2k Pd,
14k 1
det| 2k7ds 2
© |: _% ZkZIPdX(l +k+& de)

G (S D (6.39)
— -]1-->0. .
kK \kPaz " akFdz " 4) 4

Hence, M. is stability matrix (i.e., ReX; < O for the eigenvalues of M) for the
system (6.34), [20]. Since the robot velocity is assumed to be constant and strictly
positive, it follows that using control (6.18) local asymptotic stability of the nonlinear
system (6.33) is achieved when the control (6.18) is applied.

6.4 Simulation and Experimental Results

Numerical simulation tests using MATLAB and experiments are carried out in order
to validate the proposed path tracking control. The look-ahead distance for the robot
reference point R (Fig. 6.1) was chosen to be ©d, = 0.3 m. The forward robot velocity
was chosen to be vp,=0.3 m/s and the controller gain in feedback control given by
(6.18) was k,=10.

For the first simulation, a circular reference path of radius 1 m was assigned.
In the first test in circular path following, the initial conditions were chosen to be
e = [y.(0) ¥.(0)]7 = [—0.3 —0.3]7. The path drown by the robot guide point
R and evolution in time of the path error coordinates are depicted, respectively, in
Fig. 6.4a, b.

For the second simulation test in circular path following, the initial conditions were
e = [v.(0) ¥.(0)]" =1[0.30.3]7. The path drown by the robot guide point R and
evolution in time of the path error coordinates is depicted in Fig. 6.4c, d, respectively.
As seen from Fig. 6.4b, d, the error coordinates y,(¢) and ¥ .(f) asymptotically tend
to the steady-state values given by (6.20), which is in conformity with the stability
analysis presented in Sect. 6.3. The steady-state lateral error y,, in the both cases is
equal to 0.095 m.

For the straight-line path tracking simulation test, the initial conditions were
chosentobe e = [ y,(0) ¥.(0)]7 =[0.25 0.1]7. The path drown by the robot guide
point R and evolution in time of the path error coordinates are depicted, respectively,
in Fig. 6.5a, b, respectively. The results from the simulation confirmed the analyt-
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Fig. 6.7 Experiments in straight-line tracking

ical result obtained in the previous section for straight-line tracking, that the error
coordinates y, and ¥ .(f) asymptotically tend to zero.

Experiments were carried out for tracking a circular and straight-line path using
a differential-drive mobile robot Pioneer-3DX equipped with an onboard low cost
camera (640 x 480 pixels). For the experiments, the velocity of the robot was set to
vpy=0.3 m/s. As seen from Fig. 6.6, the robot was able to follow a circular path with
small steady-state lateral error according to (6.20) and without error for straight-line
tracking (Fig. 6.7).

6.5 Conclusion

In this paper, a vision-based line following controller for unicycle mobile robots was
presented. Using a look-ahead approach, a simple and effective feedback control,
which achieves local asymptotic stability of the nonlinear closed-loop system for a
circular path with unknown curvature, as well and a straight-line path, was designed
and analyzed using Lyapunov stability theory. Simulation and experimental results
confirm the validity of the designed vision-based control scheme to perform curved
path following in clutter environments with a quite good accuracy.
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