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Abstract. A general method of parametric stability region calculation for a
non-linear transvers-torsional coupled gear train’s vibration model with
multiple-clearances is studied. There are six steps in the method, and the first
step is strength and fatigue life threshold determination, and the second step was
deciding numerical integration time according to the motion state of the system
when the parameters discussed changed in their test range, the third step is
calculating the maximum displacement of the system when the parameters
discussed changed in their range by using nested loop algorithm, the forth step is
calculating the value which equals the maximum displacement subtracted by
minimum displacement by the same method with third step, the fifth step is the
stability judgment by comparing the value which is calculated in step four and
five with threshold which is set in second step, and the last step is make the
parametric stability region map of the system. As an example, the stability
region calculation of a coupling transverse-torsional gear train vibration model
with multiple-clearances is studied under the parameter of the backlash, mesh
damp ratio, input rotation speed and the bearing clearance of the driving wheel
and driven wheel, and the stable region of input rotation speed, backlash,
meshing damp ratio and the bearing clearances are calculated respectively.

Keywords: Transverse-torsional coupling � Non-linear vibration �
Multiple-clearances � Parametric stable region

Gear transmission system has the characteristics of high power and speed, harsh work
conditions, small shape and low weight as well as high design objective. Gear system
has been more and more extensive use in the field of aviation, watercraft, automobile
and heavy machine, and many scholars has been attracted into the research area of gear
dynamics and stability demotic and overseas [1, 2]. Not only resonance would happen
when excitation frequency close to natural frequency, but also close to multi-fold
frequency in nonlinear system, which could cause instability. So finding out the stable
and unstable region could guide the design and generate practical significance.

System parametric stable region includes the motion stability, vibration strength
stability and fatigue life stability, motion stability means the motion condition does not
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change under small disturbance; strength stability means system vibration amplitude
does not mutation under small disturbance and not cause gear crack under instanta-
neous peak stress; Fatigue life stability means gear would be disabled because of
periodic or random stress Dr, the life of the system could be predicted by S-N curve.

When under the periodic one motion, the amplitude of the system will change
periodically under the periodic change of the meshing stiffness. Normally, the ampli-
tude of the system will not surpass the stress limit except the severe overload condition.
When system under the multi-periodic or chaos motion, Unilateral or bilateral impact
would happen corresponding. The amplitude of vibration would not surpass stress
limit, but the stress change range could cause failure with the time. In other words,
those parametric region which bring failures called fatigue life instability.

Lin [7] studied the parametric instability region caused by time-varying meshing
stiffness, but ignored the influence generated by backlash. Li [8] studied the stability
region of planetary gear transmission system, and the parameters including input speed,
backlash and damping ratio are considered.

From the available literature on gear system stability, the main research work
focuses on the stability of the periodic motion state of a single pair of gears [4, 6], but it
is rare to calculate the stability domain of multiple clearance and bending-torsion
coupled nonlinear vibration system based on the concept of the stability of static
vibration strength and fatigue strength. In this paper, the stability domain based on
vibration strength and fatigue life of multiple clearances of nonlinear vibration system
has been researched, and the parameters including input speed, backlash and mesh
damping has been considered. The stable domain has been analyzed under the above
parameters in different combinations.

1 Modeling

The multiple clearances and bending-torsional nonlinear gear transmission system is
consist of a pair of gear, shaft and bearing, the gear is assumed to be spur gear and
without considering friction. This mathematical model is shown in Fig. 1.

In Fig. 1, the angle displacement of active and passive gear are denoted by hd and hp,
base radius are symbolized by rd and rp, ed and ep are the eccentric errors, ud and up are
phase errors. The active gear’s supporting stiffness, backlash and damping are described
by kd, bd and cd, the passive gear’s stiffness, backlash and damping are denoted by kp, bp
and cp. The comprehensive meshing error, time-varying meshing stiffness, backlash and
meshing damping are denoted by eðtÞ, kðtÞ, b and cm, ed and ep are active and passive
gear’s eccentric error, ud and up are the active and passive gear’s initial phase.

According to the characteristics of meshing stiffness of the spur gear, it could be
assumed to be square wave. Periodical curve could be expressed by Fourier series, the
first item is adopt and the time-varying meshing stiffness could be expressed as follows

kðtÞ ¼ km þ ka sinðxtþuÞ ð1Þ

Where, km is the average value of meshing stiffness, ka is alternating stiffness, u is
initial phase, and x is meshing frequency.
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The system has four degrees, and it’s coordinate could be expressed by
ðhd;Xd; hp;XpÞT , where hd and Xd are the active gear’s rotating and longitudinal
freedom, hp and Xp are the passive gear’s rotating and longitudinal freedom.

1.1 Dynamic Meshing Force

For single pair external meshed gear, the relative displacement Xr on the meshing line
and comprehensive error could be expressed as

Xr ¼ xd � xp � eðtÞ
eðtÞ ¼ e cosxtþ ed cosðxdtþudÞ

þ ep cosðxptþupÞ

8<
: ð2Þ

Where, eðtÞ is the project on the meshing line of the comprehensive error, xd and xp
are the displacement on the meshing line of active and passive.

The nonlinear function of backlash and supporting clearances could be expressed as

f ðXr; bÞ ¼
Xr � b Xr [ b

0 Xrj j � b

Xr þ b Xr\� b

8><
>:

fdðXd; bdÞ ¼
Xd � bd Xd [ bd
0 Xdj j � bd
Xd þ bd Xd\� bd

8><
>:

fpðXp; bpÞ ¼
Xp � bp Xp [ bp

0 Xp

�� ��� bp

Xp þ bp Xp\� bp

8>><
>>:

ð3Þ

Fig. 1. Multiple-clearance transverse-torsional coupled model
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The dynamic force is consist of elastic restoring force and damping force, and could
be expressed as

F ¼ kðtÞf ðXr; bÞþ c _Xr ð4Þ

Damping coefficient is expressed as

cm ¼ 2f
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
km=ð1=md þ 1=mpÞ

q
ð5Þ

Where, f is the damping ratio, md is the mass of active gear, mp is the mass of
passive gear.

1.2 Controlling Equation

Under the effect of torque Td and load Tp, the differential equation for the system
shown in Fig. 1 could be expressed as

md €Xd þ cd _Xd þ kdfdðXd; bdÞ
¼ � cm _X � kmf ðX; bÞ

mp€Xp þ cp _Xd þ kpfpðXp; bpÞ
¼ cm _Xþ kmf ðXr; bÞ

Id€hd þ rdcmðrd _hd � rp _hp þ _Xd � _Xp � eðtÞÞ
þ km � kc cosðxtÞð Þf ðXr; bÞ ¼ Td

Ip€hp þ rpcmðrp _hp � rd _hd � _Xd þ _Xp þ eðtÞÞ
� km � kc cosðxtÞð Þf ðXr; bÞ ¼ �Tp

8>>>>>>>>>><
>>>>>>>>>>:

ð6Þ

In order to eliminate the rigid displacement and simplify the equation, under the
condition of without affecting the solution of equation, the relative coordinates is
introduced as follows

X ¼ xd � xp þXd � Xp � eðtÞ ð7Þ

Where X is the superposition of the relative displacement on the meshing line,
which has the same dynamic characteristics with xd and xp.

The dimensionless time is introduced, which could be expressed as s ¼ xnt, where
xn ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
km=me

p
, km is the average value of meshing stiffness, me ¼ mdmp=ðmd þmpÞ,

the nominal displacement scale bc is introduced as well. Based on the above param-
eters, the dimensionless displacement, velocity and acceleration could be expressed as

X ¼ �Xbc, _X ¼ _�Xbcxn, €X ¼ €�Xbcx2
n, b ¼ �bbc, X ¼ x=xn, Xd ¼ xd=xn, Xp ¼ xp=xn

respectively.
Put all the above parameters into Eq. (6), and simplify it into matric form, the

dimensionless equation could be expressed as
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Where n11 ¼ cm=mexn þ cm=mdxn þ cm
�
mpxn, n12 ¼ cd=mdxn, n13 ¼ �cp

�
mpxn,

n21 ¼ cm=mdxn, n22 ¼ cd=mdxn, n31 ¼ �cm
�
mpxn, n33 ¼ cp

�
mpxn, k12 ¼ kd

�
mdx2

n,
k13 ¼ �kp

�
mpx2

n, k11 ¼ km � ka cosðXtÞð Þ�ð1�mex2
n þ 1

�
mdx2

n þ 1
�
mpx2

nÞ, k21 ¼
km � ka cosðXtÞð Þ�mdx2

n, k22 ¼ kd
�
mdx2

n, k31 ¼ � km � ka cosðXtÞð Þ�mpx2
n, k33 ¼ kp

�
mpx2

n, �F1 ¼ F
�
bcmex2

n þ ex2 cosðXtÞ�bcx2
n þ edx2

d cosðXdtÞ
�
bcx2

n þ epx2
p cosðXptÞ.

bcx2
n.

2 Calculation Method of Parametric Region

Refer to connotation of the static strength and fatigue life stability region, the calcu-
lation method of stable region of multiple clearances and bending-torsional coupled
gear system could obey the following steps:

1. In order to analyze the stable and unstable region quantitatively, two index have
been defined. According to the bending strength and fatigue life, a vibration static
unstable displacement threshold value X� and fatigue life unstable threshold value
DX� have established.

2. Choose appropriate Poincare section R ¼ f s;Xð Þ 2 R� Rnjs ¼ mod 2p=xð Þ; xi ¼
maxðabs xi0 ! xiTð Þg; where xi means the maximum displacement under a certain
periodic excitation force of the ith state variable, x is the meshing frequency.

3. Choose appropriate Poincare section R ¼ fðs;XÞ 2 R� Rnjs ¼ mod 2p=xð Þ; Dxi ¼
absðmax xi0 ! xiTð Þ �min xi0 ! xiTð ÞÞg; Dxi ¼ absðmax xi0 ! xiTð Þ �
min xi0 ! xiTð ÞÞ means the absolute value of the difference for the maximum and
minimum value under a certain periodic excitation force of the ith state variable.

4. By the method of numerical integration and in a certain time region, system’s
maximum and minimum stable displacements are obtained, and absolute value of
the subtraction is gained as well [8].

5. Use the method of loop nesting, calculate system’s maximum and minimum dis-
placement under different parameter combination, and compare the subtraction with
the unstable threshold value. Evaluate whether the system motion is in unstable
condition, and put “1” into the matrix if the motion is unstable.

6. System’s stable and unstable region could be obtained by outputting the data in the
matrix graphically.
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3 Stable Region Calculation

Taking the multiple clearances and bending-torsional coupled gear transmission system
as study object, and select a group of parameters, including m = 3 mm, a = 20°,
zd = 40, zp = 80, ed = 10 lm, ep = 10 lm, bc = 10 lm, bd = 10 lm, bp = 10 lm,
kd ¼ 0:2 GN=m, kp ¼ 0:35 GN=m, input power P = 200 kw.

Choose input speed n, backlash b, damping ratio n, active and passive gear’s
supporting clearances bd and bp as research parameters. Set the five times of backlash
as the strength threshold, and ten times of backlash as the fatigue life threshold.

3.1 Single Parameter Stable Region

There are five main parameters in multiple clearances and bending-torsional coupled
gear transmission system, including input speed, backlash, meshing damping, active
and passive gear’s supporting clearances. In order to reduce the computing scale, only
taking input speed as single parameter to study the stable region.

When backlash b ¼ 4� 10�5 m, damping ratio n = 0.05, input speed is in between
1000–10000 r/min, the curve of strength threshold X� versus input speed is obtained,
as shown in Fig. 2. As shown in Fig. 2, the speed n is mostly located in between 5300–
5400 r/min and 6200–7600 r/min when maximum displacement surpass the 5b. In this
region, the maximum displacement exceed the 5b, and could be regarded as the
unstable region, the other speed range could be considered as stable region.

Under the same backlash and damping ration, when input speed is in between
1000–10000 r/min, the curve of fatigue life threshold DX� versus input speed is
obtained as well, as shown in Fig. 3, where the speed n is mostly located in between
4800–5200 r/min and 5600–9000 r/min when maximum displacement surpass the 10b,
which means the speed in this range could cause system unstable. In this region, the
maximum displacement exceed the 5b, and could be regarded as the unstable region,
the other speed range could be considered as stable region.

Fig. 2. System motion static strength threshold-rotation speed
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Think Figs. 2 and 3 together, the single parameter stable region based on the static
strength and fatigue life could be obtained. When fatigue life threshold becomes bigger,
the stable region will be compressed. Both considering static strength and fatigue life
threshold, the unstable region is located in between 4800–5400 r/min and 5600–
9000 r/min.

Additionally, the first critical speed of the system could be obtained from Figs. 2
and 3, which almost located in between the range of 6000–8000 r/min, by theoretical
calculation, the critical speed of this system is 6837 r/min.

3.2 Double Parameters Stable Region

Because the system has many kinds of double parameter combinations, now take input
speed and backlash for example to study the stable region. Assume the damping ratio
equals 0.05, active gears supporting clearance is 2 � 10−5 m, and study the stable
region when speed located in between 1000-10000r/min and backlash in between
1 � 10−5–10 � 10−5 m. In Figs. 4, 5 and 6, “�” means stable region. Figure 4 is the
stable region calculated by strength threshold value, Fig. 5 is the stable region calcu-
lated by fatigue value threshold value, and Fig. 6 is the double parameter stable region
calculated by static strength threshold and fatigue life threshold value. By comparing
the Figs. 4, 5 and 6, it could be conclude that the double parameter stable region is the
common region of the Figs. 4 and 5, which is mostly located in the range of 5000–
9000 r/min.

Fig. 3. System motion fatigue strength threshold-rotation speed
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Fig. 4. Parametric stable region of rotation speed-backlash (Static strength threshold equals 5b)

Fig. 5. Parametric stable region of rotation speed-backlash (Fatigue strength threshold equals
10b)

Fig. 6. Parametric stable region of rotation speed-backlash (Static and fatigue strength threshold
equal 5b and 10b)
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3.3 Triple Parameters Stable Region

Figure 7 is the triple stable region of speed versus backlash versus damping ration
diagram by the method above, where the range of damping ratio is in between 0–0.4,
backlash is in between 1 � 10−5 and 8 � 10−5m, the speed range is from 1000 to
8000 r/min, and “�” means the stable region. As shown in Fig., it could be seen that the
unstable region mostly located in the range of big backlash, low speed and low
damping. Figure 8 is the triple parameter stable region of backlash versus active gear’s
supporting clearances versus passive gear’s supporting clearance by the same method.
From Figs. 7 and 8, the stable region and appropriate parameters group could be
obtained and guide the detail design. By the same method, the four or five parameter
stable region could be calculated as well.

Fig. 7. Stable region of rotation speed-backlash-damp ratio

Fig. 8. Stable region of backlash-drive bearing clearance-driven bearing clearance
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4 Conclusion

1. A kind of stable region calculation method have been proposed for the multiple
clearances and bending-torsional coupled gear transmission system. By choosing
appropriate static strength and fatigue life threshold, calculate the related parameter
range, and the stable region could be achieved correspondingly.

2. A four degree nonlinear gear transmission system has been established, and the
parameters including backlash, supporting clearance, input speed and damping ratio
has been considered to calculate the stable region. By the calculate method, the
single parameter, double parameter and triple parameter stable region was obtained
which could guide the design of gear transmission system.
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