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Abstract The structural design of constrained joints is an effective way to realize 
the type synthesis of constrained metamorphic mechanism. In previous studies, 
constrained joints are often represented in the form of kinematic diagrams of mech-
anism, which doesn’t provide enough reference to the practical application of meta-
morphic mechanisms. On the basis of summarizing the constraint forms and resis-
tance characteristics of the commonly used variable-constraint constrained joints, and 
according to the force analysis of the augmented Assur group with constrained joints, 
a new constrained revolute joint with combined variable-constraint of spring force 
and geometric constraint is designed, which has advantages such as simple struc-
ture, reliable working ability and passive adaptive capability to operational condi-
tions. Based on this constrained joint, a two-configuration constrained metamorphic 
mechanism with under-actuated is designed, the force analysis of the mechanism is 
completed, and the effectiveness and feasibility of design approach proposed in this 
paper is verified for the constraint parameters of the invented metamorphic joint. The 
novel combinatorial variable-stiffness constrained joint can obtain stable and reli-
able configuration switching ability, which provides a feasible way for promoting 
the engineering application of metamorphic mechanism. 
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1 Introduction 

At the 25th Biennial Mechanisms and Robotics Conference (ASME) in 1998, Dai 
et al. [1] first proposed the concept of metamorphic mechanisms. Li et al. [2] proposed 
a structure synthesis method of metamorphic mechanisms based on the matrix oper-
ation of configuration transformation. Dai et al. [3] systematically introduced meta-
morphic ways and a general categorization of metamorphic mechanisms. Wang et al. 
[4] established the metamorphic equation of metamorphic mechanisms on the basis 
of exploring the composition and expression of metamorphic mechanisms. Li et al. 
[5] presented the concept of augmented Assur groups and the structure composi-
tion of single-driven metamorphic mechanisms based on augmented Assur groups. 
Zhang et al. [6] proposed a method for configuration synthesis of metamorphic mech-
anisms based on constraint variation. Yang et al. [7] proposed a general structural 
design method of a planar metamorphic mechanisms based on the structural synthesis 
matrix. Gan et al. [8] designed a new reconfigurable rT Hooke’s joint and proposed 
two types of metamorphic parallel mechanisms based on it. Zhang et al. [9] designed 
a new variable-axis (vA) joint, which realized the switching of revolute joint, Hooke’s 
joint and spherical joint. Zhao et al. [10] presented a new lockable spherical (lS) joint, 
which can realize the switch between Hooke and spherical joint. Wang et al. [11] 
presented a novel reconfigurable spherical (rS) joint, which can realize the switch 
between revolute and spherical joint. Liu et al. [12] summarized the design catalogues 
of variable constraint joints to design the variable topology mechanism. YAN and 
KUO studied the topological representations and characteristic analysis of variable 
kinematic joints [13]. Li et al. [14] first proposed a new method for the constraint 
force analysis of metamorphic joints. Yang et al. [13] studied the type synthesis of 
constrained metamorphic mechanisms with structural forms of metamorphic joints. 
The metamorphic of kinematic joints is one of the key methods to synthesize the 
new configuration of metamorphic mechanisms [4]. Changing the type of the kine-
matic joint [9–11] and constraining the kinematic status of the kinematic joint are 
two common methods to realize the configuration transformation of the kinematic 
joint. Among them, the multi-configurations metamorphic mechanism operated in an 
under-actuated state was proposed using the latter metamorphic method. The ability 
of obtaining convenient variable-working configuration/variable-topological struc-
ture is the key performance of metamorphic mechanism for practical application. The 
constrained metamorphic mechanism realizes the transforming/keeping of working 
configurations by the transforming/keeping of the moving and static of the metamor-
phic joints (variable kinematic joints). Therefore, some specific “switch” structures 
of metamorphic joints need to be designed for realizing the transforming between 
moving and static, and then obtain the ideal variable constraint form and constraint 
characteristics of the metamorphic joint to obtain the stability and reliability of the 
configuration transformation of constrained metamorphic mechanisms.
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2 The Constraint Forms and Resistance Characteristics 
of the Common Variable-Constraint Constrained Joints 

The main realization forms of the variable constraint metamorphic joints include: 
constraints provided by the structure of metamorphic joints that include geometric 
constraints (geometric limitations), force constraints (spring force, gravity, reaction 
force, etc.) and the constraints provided by the structural parameters of the mech-
anism on metamorphic joints, etc. Some typical constraint forms and constraint 
characteristics include: Geometric constraint: geometric limitation, or lock/unlock 
the limit controlled by profiles of links and/or joints (e.g., cam). The geometric 
constraint could theoretically provide infinite constraint force. Force constraint: 
spring force constraint or geometric constraint controlled by spring, which provides 
variable constraint force. The magnitude of the force is determined by the spring force 
and practical structure, which are easily adjusted. Combined constraint: combined 
arrangements of geometric and force constraints. 

Several typical variable constraint metamorphic joints are shown in Figs. 1, 2, 
3, 4 and 5. Figure 1 shows metamorphic joints with a geometric constraint, which 
provides infinite force at the limit position. Figures 2 and 3 respectively show meta-
morphic joints with spring force constraint and geometric constraint controlled by 
spring force, which provide the constraint force controlled by the geometric profile 
and spring force at the limit position. Figure 4 shows metamorphic joints with 
spring force and geometric constraints. Finally, metamorphic joints with geometric 
constraint and geometric constraint controlled by spring force are shown in Fig. 5. 
The corresponding constraint force characteristic sketches are also given in the above 
figures.

3 The Force Analysis and Structure Design 
of the Metamorphic Revolute Joint with Combined 
Variable-Constraint of Spring Force and Geometric 
Constraints 

Because of its simple structure, reliable operation and strong adaptability, the meta-
morphic revolute joint shown in Fig. 4a with spring force and geometric constraints 
is considered to be successfully employed in many industrial fields. However, in 
previous study, the variable constraint metamorphic joints is often drawn in kinematic 
diagram without structure design. For practical application, designing the structure of 
the metamorphic revolute joint is an essential link, and completing the force analysis 
of the metamorphic revolute joint is the premise of its structural design. A typical 
application case is shown in Fig. 6. In Fig.  6a, the revolute joint 2 is a metamorphic 
revolute joint with spring force and geometric constraints, and the prismatic joint 4 is 
a metamorphic prismatic joint with geometric constraint. In the process of configura-
tion transformation, the RRRP augmented Assur group (AAG) [5] degenerates into
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Fig. 3 Metamorphic joints 
with geometric constraint 
controlled by spring
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RRP and RRR equivalent Assur groups (AGs) in turn. In the working configuration 
I, link 1 and link 2 are annexed into a united one because metamorphic revolute joint 
2 is constrained to keep static, and the metamorphic prismatic joint 4 moves simulta-
neously, so the AAG RRRP degenerates into the RRP group (Fig. 6b). In the working 
configuration II, the metamorphic prismatic joint 4 is constrained to transform from 
moving to static, the metamorphic revolute joint 2 changes from static to moving, so 
the AAG RRRP degenerates into the RRR group (Fig. 6c).
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Fig. 4 Metamorphic joints 
constrained by geometric 
and spring force constraints
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When the metamorphic joint is in the constraint status (static), the AAG will 
degenerate into the corresponding equivalent AG, so the kinematic analysis method 
of the AAG [15] is nearly the same as that of the corresponding AG. Due to the 
existence of geometric and spring force constraints, the calculation of constraint 
force (torque) in the metamorphic revolute joint is very important, and it is also 
the basis of its structural design. Therefore, based on the conventional force analysis 
method of AG and combined with the configuration transformation process of RRRP 
group, a force analysis model of the metamorphic revolute joint with spring force 
and geometric constraints is established. 

3.1 Force Analysis of the Metamorphic Revolute Joint 

In the working configuration I, the AAG RRRP degenerates into the AG RRP. The 
force analysis of the corresponding equivalent AG RRP is shown in Fig. 7, where 
points N4, N5 and N6 are the centroids of the links N1N2, N2N3 and the slider 
respectively (the centers of mass are determined under assumption), l12, l23 and l13 
represent the lengths of N1N2, N2N3 and N1N3 respectively, and Fβ is the component 
of the external force acted on the slide along the moving direction. Suppose that the 
external forces F4, F5, F6 and moments T 1, T 2, T 3 acted on the links N1N2, N2N3
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Fig. 5 Metamorphic joints 
with geometric constraint 
and geometric constraint 
controlled by spring force
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and the slider respectively are known, solve the reaction force of each revolute joint 
and the driving torque and constraint torque of the metamorphic revolute joint.

Modularized force analysis procedures are as follows: 

cos α = 
l2 12 + l2 23 − l2 13 

2l12l23 
= 

d2 
1 + d2 

2 − d2 
k 

2d1d2 
(1)
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Fig. 6 Configuration 
transformation process of 
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Fig. 7 Force diagram of 
RRP group degraded by 
RRRP group
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cos θ = 
d2 
k + d2 

1 − d2 
2 

2dkd1 
(4) 

θ = arccos 

⎡ 

⎣ 2d2 
1 − d1d2(l

2 
12+l2 23−d2 ) 
l12l23 

2 
/
d2 
1 + d2 

2 − d1d2(l
2 
12+l2 23−d2 ) 
l12l23 

d1 

⎤ 

⎦ (5) 

Tk = Fkd1 sin θ (6) 

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨ 

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩ 

R1x = 
(−A1 sin β + B1 P13x ) 
P13x cos β + P13y sin β 

R1y =
(
A1 cos β + B1 P13y

)
P13x cos β + P13y sin β 

A1 = −(T43 + T53 + T1 + T2) 
B1 = −(F4x + F5x + F6x ) cos β−(
F4y + F5y + F6y

)
sin β 

(7)

{
R3x = −(R1x + F4x + F5x ) 
R3y = −(

R1y + F4y + F5y
) (8) 

Fβ = F6x cos β + F6y sin β (9) 

In the above equations, k denotes the spring stiffness, a denotes the original length 
of the spring, Pijx and Pijy denote the distance between point i and point j in x and y 
directions respectively, Rix and Riy denote the reaction forces of joint i in the x and 
y directions respectively, Fix and Fiy denote the forces acted on point i in x and y 
directions respectively, Tij denotes the moment of the force acted on point i to point 
j, Ti denotes the moment acted on point i, and Tk denotes the moment of spring force 
to point N2, that is, the constraint torque to be provided by the metamorphic joint. 

T 42 and T 52 denote the moment of the gravities of the two links N1N2 and N2N3 

to point N2 respectively, ΔT denotes the driving torque of the metamorphic revolute 
joint, and suppose that the counterclockwise direction is positive: 

⎧⎪⎪⎨ 

⎪⎪⎩ 

T12 = P12x R1y − P12y R1x 

T32 = P32x R3y − P32y R3x 

T42 = P42xm12g 
T52 = P52xm23g 

(10)

ΔT = T12 − T32 + T42 − T52 (11)
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Fig. 8 Force diagram of 
RRR group degraded by 
RRRP group 
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In the working configuration II, the AAG RRRP degenerates into the RRR group. 
The force analysis of the corresponding equivalent AG RRR is shown in Fig. 8, 
where points N4 and N5 are the centroids of the links N1N2 and N2N3 respectively. 
Given the forces F4, F5 and moments T 1, T 2 acted on the links N1N2 and N2N3 

respectively. Solve the reaction force of each revolute joint and the driving torque 
and constraint torque of the metamorphic revolute joint. 

Modularized force analysis procedures are as follows: 

⎧⎪⎪⎪⎨ 

⎪⎪⎪⎩ 

R3x = (A2 P32x−B2 P31x ) 
P32x P31y−P32y P31x 

R3y = (A2 P32y−B2 P31x ) 
P32x P31y−P32y P31x 

A2 = −(T41 + T51 + T1 + T2) 
B2 = −(T52 + T2 + Tk) 

(12)

{
R1x = −(R3x + F4x + F5x ) 
R1y = −(

R3y + F4y + F5y
) (13) 

⎧⎪⎪⎨ 

⎪⎪⎩ 

R2x = −(R3x + F5x + Fkx  ) 
R2y = −(

R3y + F5y + Fky
)

Fkx  = Fk cos(θ23 + θ − π ) 
Fky  = Fk sin(θ23 + θ − π ) 

(14) 

In the above equations, Fkx and Fky denote the components of the spring force 
in x and y directions respectively, the calculation method of the variables dk , θ, Fk , 
Tk , ΔT and the meaning of the other variables can refer to the force analysis in the 
working configuration I above. 

3.2 Structural Design of the Metamorphic Revolute Joint 

When the metamorphic revolute joint keeps static in a working configuration, the 
angle of its two links must be constrained neither increasing nor decreasing. The
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common ways to keep static are by using spring force constraint and/or geometric 
constraint in the structure design of metamorphic joints. Geometric constraints can 
limit the increase/decrease of the angle of the metamorphic revolute joint. The spring 
is compressed/stretched and then installed on the metamorphic revolute joint, due to 
the existence of the preload, the decrease/increase of the angle of the metamorphic 
revolute joint is limited. The geometric constraint of the metamorphic revolute joint 
as shown in Fig. 8 theoretically provides infinite constraint force to ensure that 
the angle can’t increase. At the same time, if the metamorphic revolute joint plans 
to keep static (the angle can’t decrease) in a working configuration, the constraint 
torque provided by the spring force from preload should be greater than the maximum 
value of driving torque during the entire process of configuration keeping to limit 
the reduction of the angle between link (1) and (2), that is: 

Fk ≥ ΔT 

d1 sin θ 
(15) 

where Fk is the spring force from preload, d1 and θ are the corresponding structural 
dimensions as shown in Fig. 7. Furthermore, we can design the structural parameters 
of spring by using the range of spring preload calculated by Eq. (15). Therefore, a 
simple and practical structure of the metamorphic revolute joint was designed in this 
paper as shown in Fig. 9a, b, and the physical prototype is shown in Fig. 9c. 

Fig. 9 Structure of 
metamorphic revolute joint
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(3) 

(4) 

(5) 

(2) 
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(b)                    (c) 
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As shown in Fig. 9a, b: The link (1), the end cover (3) and the component (6) 
are connected as a united one, the link (2) and the component (4) are connected as a 
united one by bolts. The balls at both ends of the component (6) can move along the 
grooves which are located on the internal surface of the component (4), so that the two 
links (4) and (6) can rotate relative to each other. As shown in Fig. 8a, the pin (5) acts 
as an actual geometric constraint, and the angle of this metamorphic revolute joint 
can’t increase after the component (6) contacts the pin (5). The spring is compressed 
with a preload and installs on the links. When the driving torque of the metamorphic 
revolute joint is large enough to overcome the force of compressed spring, link (2) 
rotates clockwise relative to link (1) due to the release of both geometrical constraint 
and spring force constraint. 

4 Design and Performance Analysis 
of a Multi-configurations Underactuated Constrained 
Metamorphic Mechanism with Variable-Constraint 
Constrained Revolute Joints 

4.1 Design of a Constrained Metamorphic Mechanism 
with Variable-Constraint Metamorphic Revolute Joints 

Figure 10 shows a 2-DOF planar constrained metamorphic mechanism, which is 
composed of a 0-DOF AG (RRR group) and a 1-DOF AAG (RRRP group) succes-
sively connected to the revolute driving link and the frame. The ahead RRR group 
reduces the maximum compression of the spring in metamorphic revolute joint E. 
The other spring connected to the slider makes the speed and acceleration change 
relatively stable during the moving process, and weakens the shock and vibration. 
The revolute joint E is controlled by the spring force and geometric constraints, and 
the prismatic joint F is controlled by the geometric constraint. The mechanism can 
obtain two working configurations/topological structures of the crank-slider mech-
anism and the crank-rocker mechanism by transforming the kinematic status of the 
metamorphic joints, and then complete the corresponding operation tasks in the 
respective configurations. The physical test bench of the mechanism is shown in 
Fig. 11.

The structural parameters of the mechanism are shown in Table 1, where lij is the 
length of the link ij, mij is the mass of the link ij, mslider is the mass of the slider, Jij is 
the moment of inertia of link ij, ω1 is the angular velocity of the driving link, α is the 
geometric constraint angle of the metamorphic revolute joint E (the maximum angle 
of ∠CEF). According to the design method in Sect. 3.2, the structure and installation 
parameters of the spring are determined as shown in Table 2, where k1, k2, a, b are 
the stiffness and original length of spring 1 and spring 2 respectively, d1 and d2 are 
the distances between the installation positions of spring 1 on link EF and link CE
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Fig. 10 Working-stage of 
the metamorphic mechanism 
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Fig. 11 Physical drawing of 
the mechanism

to point E. According to the structure dimensions of the mechanism, the variation 
range of the kinematic parameters of the main links of the mechanism is determined 
as shown in Table 3.
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Table 1 Structural 
parameters of the mechanism 

Parameter Value Parameter Value 

lAB/mm 180 lBC /mm 360 

lCE /mm 360 lEF /mm 210 

lAF-max/mm 870 lAD/mm 315 

lCD/mm 240 mAB/kg 1 

mCD/kg 1 mCE /kg 1.5 

mslider/kg 1 mBC /kg 1.5 

mEF /kg 2 JAB/(kg m2) 0.0027 

JCD/(kg·m2) 0.0048 JCE /(kg m2) 0.0162 

JBC /(kg·m2) 0.0162 JEF /(kg m2) 0.00735 

ω1/(rad/s) 2π α/° 120 

Table 2 Spring structure and 
installation parameters 

Parameter Value Parameter Value 

k1/(N/mm) 10 k2/(N/mm) 0.5 

a1/mm 250 a2/mm 76 

d1/mm 100 d2/mm 120 

Table 3 The variation ranges 
of some kinematic parameters 

Configuration I Configuration II 

Type Crank slider Crank rocker 

Driving link angle − 290.2° to − 15.2° − 15.2° to 69.8° 
Angle of joint E Static (120.3°) 120.3° to 72.5° 

Position of slider 598.5 to 870 mm Static (870 mm) 

Angle of rocker Static (115.9°) 115.9° to 88.8° 

4.2 Performance Analysis of a Constrained Metamorphic 
Mechanism with Variable-Constraint Metamorphic 
Revolute Joints 

Based on the theoretical calculation model, the force analysis of the paper folding 
mechanism were calculated by MATLAB, some calculation results are shown in 
Figs. 12, 13, 14, and 15. Among them, Figs. 12 and 13 shows the reaction force of 
kinematic joints at the fixed hinge, Fig. 14 shows the driving torque and constraint 
torque of the metamorphic revolute joint E in the working configuration I, and 
Fig. 15 shows the driving force of the metamorphic prismatic joint in the working 
configuration II.

It can be seen from Fig. 14 that in the entire working configuration I, the driving 
torque of the metamorphic joint E is less than the constraint torque provided by the 
spring. Therefore, the metamorphic joint E is always in a constraint status, links



Design and Performance Analysis of a Metamorphic Mechanism … 1161

Fig. 12 The reaction force 
of the fixed hinges A and D 
in the working configuration 
I 

R1x 
R1y 
R4x 
R4y 

Fig. 13 The reaction force 
of the fixed hinges A and D 
in the working configuration 
II

R1x 
R1y 

R4x 
R4y 

CE and EF always remain relatively static, and the mechanism is equivalent to a 
crank-slider mechanism. According to Fig. 15 in the entire working configuration 
II, the horizontal component of the reaction force on the slider is always to the right 
and is greater than the spring force in the left direction, so the driving force on the 
slider is always to the right. Due to the existence of geometric constraint, the slider 
is always in a constraint status, and the mechanism is equivalent to a crank-rocker 
mechanism.
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Fig. 14 The driving torque
ΔT and constraint torque Tk 
of the metamorphic revolute 
joint E in the working 
configuration I 

∆T 
Tk 

Fig. 15 The reaction force 
R6x and spring force Fk2 of 
the slider in the working 
configuration II

R6x

 |Fk2| 

5 Conclusions 

According to the structure composition principle of the constrained metamorphic 
mechanism, the modularized force analysis models of the augmented Assur group 
containing metamorphic joints were established by taking the driving link, the Assur 
group and the augmented Assur group as basic units. According to the force anal-
ysis model, the design method of constraint parameters of the metamorphic revolute 
joint was proposed, and then the constraint structure of a new type of metamorphic
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revolute joint with the spring force and geometric constraints was designed. As a 
general metamorphic functional unit for metamorphic mechanisms, this metamor-
phic revolute joint can provide a convenient and reliable modular metamorphic way, 
which contributes to rapidly construct new structures of the constrained metamorphic 
mechanisms. Taking a two working-configurations constrained metamorphic mech-
anism which contains the invented metamorphic revolute joint above as an example, 
the spring structure and installation parameters of the metamorphic revolute joint 
was designed, and the physical prototype of the mechanism was manufactured. The 
force analysis of the mechanism shows that this new metamorphic revolute joint can 
adaptively control the transformation of relative kinematic status of the two adja-
cent links through the change of the constraint forces generated from spring and 
geometric constraint, and then the configuration transformation of the metamorphic 
mechanism was obtained successfully. Finally, the change of the topological struc-
ture was obtained and the multi-functional operational task was realized with under-
actuated. The research of this paper provides theoretical and practical references for 
the engineering application of constrained metamorphic mechanisms. 
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