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Abstract This article discusses the stability analysis problem of Takagi—Sugeno
(T=S) fuzzy system with additive time-varying delay components. To find a stability
region and to stabilize the system, a state feedback control scheme is considered.
A Lyapunov-Krasovskii functional is constructed to obtain less conservative results
by utilizing the integral inequality based on non-orthogonal polynomials and the
conditions are derived as linear matrix inequality form. The stability conditions are
obtained for the system involving two delay components and the proposed result is
validated through numerical examples.

Keywords Additive time-varying delays - T-S fuzzy system - Stability + Linear
matrix inequality

1 Introduction

In real world, there exist delays in physical systems inherently. Avoiding these delays
when modeling physical system into mathematical model gives only the approxi-
mated results. In order to get more accurate results, the time delays must be included
in mathematical models. Time-delay systems are fundamental mathematical repre-
sentations of real-world events such as chemical engineering system, power system,
biological system, and so on. The presence of delay causes the system to be unstable
and gives poor performance. As a result, substantial research has been focused on
analysis and synthesis challenges of time-delayed systems. Researchers have been
more focused on determining the stability of systems of various kinds, such as neu-
tral system [4], stochastic system [10], fuzzy system [11], singular system [14], and
hybrid system [15].

The majority of work focused on determining the maximum upper bound for
delayed system and analyzing its stability. It has been accomplished through the appli-

B. Ganesan - M. Annamalai (B<1)

Division of Mathematics, Vellore Institute of Technology, Vandalur-Kelambakkam Road,,
Chennai 600127, Tamil Nadu, India

e-mail: manivannanmku @ gmail.com

© The Author(s), under exclusive license to Springer Nature Singapore Pte Ltd. 2022 335
B. Rushi Kumar et al. (eds.), Mathematics and Computing, Springer Proceedings in
Mathematics & Statistics 415, https://doi.org/10.1007/978-981-19-9307-7_28


http://crossmark.crossref.org/dialog/?doi=10.1007/978-981-19-9307-7_28&domain=pdf
mailto:manivannanmku@gmail.com
https://doi.org/10.1007/978-981-19-9307-7_28

336 B. Ganesan and M. Annamalai

cation of Lyapunov stability theory by developing appropriate Lyapunov—Krasovskii
functional (LKF). The construction of proper LKF ensures to get less conservative
results in analyzing stability of the system. There are various types of LKF which
have been used in the literature such as discretized LKF [5], polynomial-type LKF
[6], augmented LKF [7], relaxed LKF [18], etc.

Takagi and Sugeno first introduced the concept of fuzzy IF-THEN rules for non-
linear systems to make it into linear subsystems by employing input—output data.
Another primary role of T-S fuzzy system is that the control and stability conditions
can be expressed as linear matrix inequality (LMI). This methodology is used in non-
linear systems, which has wide applications in many practical problems. Discrete-
time [16] and continuous-time [13] systems are two types of time-varying T-S fuzzy
systems. These systems addressed the problem with time delays such as constant
delay, discrete delay, distributed delay, and additive time-varying delays. In order to
handle system with such delays, various control methodologies have been employed
to stabilize the system, such as state feedback control, sliding mode control, fuzzy
logic control, and adaptive control.

Many researchers have investigated the stability of nonlinear system with addi-
tive time-varying delays. A new stability results have been studied for the nonlinear
system with additive time-varying delays via new augmented LKFs in [2]. In [8],
stability problem of a system involves two additive time-varying delays which have
been investigated by using a quadratic function negative-determination lemma. Sta-
bilization problem of switched T-S fuzzy system has been investigated with additive
time-varying delays and robust stabilization is also investigated in [1]. In [20], a
stability and stabilization problem via new LKFs has been studied for additive time-
varying delayed T-S fuzzy system. In [21], a local stability and stabilization problem
has been investigated for nonlinear systems with parameter uncertainty and two addi-
tive time-varying delays via T-S fuzzy model.

In this paper, a stability and stabilization problem for T-S fuzzy system with addi-
tive time-varying delays has been considered. A state feedback controller involves
state with additive time-varying delays which is employed to stabilize the system.
LKFs are considered in an augmented form and an integral inequality based on
non-orthogonal polynomials has been applied to get less conservative results. Fur-
thermore, the stability conditions have been obtained in the form of LMI. Finally,
the advantages of proposed method have been validated through numerical example.

2 Problem Formulations

Consider the delayed T-S fuzzy model with additive time-varying delays as follows:
Fuzzy PlantRule i(i = 1,2, ..., p) : IF sy is w;y, and, ..., and s, is w;; THEN

X(t) = Aix(t) + Bix(t — hi (1) — ha (1)) + Ciu(2),

_ (D
x(t)=¢(), t € [-h,0], 1 =0,
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where x(¢) € R” represents the state vector and u(¢) € R” is control input; s,,, W;;,
(m =1, ..., q) represents the premise variables and associated fuzzy sets, respec-
tively; p denotes the number of IF-THEN rules; A;, B; and C; are appropriate dimen-
sional known matrices. h; (¢), h,(t) are two additive positive time-varying bounded
delays satisfying the following conditions:

0<hi(t)<hy, h@®)<pu <1, 0<Mht)<h, he)<p<l, @2

and i = hy + hy. ¢ (1) denotes initial condition and it is continuously differentiable
function on [—fL, 0]. iy and h, are constant and positive scalars which represent the
upper bound of two additive time-varying delays.

By adopting standard fuzzy inference, the overall fuzziness of the design can be
denoted as follows:

p
x(t) = ; Gi (S(t))l:Aix(t) + Bix(t — hi(t) — ha(2)) + Ci”(t)]v
x(t)=¢t), t € [—h,0], t >0,

3)

where s(t) = [s1(¢), ..., s,(t)] and

) q
G(s(0) = % >0, and Yi(s(t)) = [ ] wimCsm ()

m=1

with w;, (s, (¢)) representing the grade membership of s,, (¢) in w;,,. Itis clear to see
that

p
Yi(s(t)) >0, Vi=1,..., P, Zwi (s(®)) >0, forany s(t).

i=1

4
Hence &; (s(?)) satisty, ¢i(s(¢)) >0, Vi=1,..., P, Z{i (s(t)) = 1, for any s().
i=1

Now, to stabilize the delayed T-S fuzzy system, consider the state feedback control
design with additive time delay as follows:

Controller rule: IF s; is w;; and , ...,and s, is w;;, THEN
u(t) = Kgix(t) + Kpix(t — hy(t) — ha(1)),

where K ,; and Kj; are unknown control gain matrices. Therefore, the complete fuzzy
control rule is inferred as

P
u(t) =Y G(sO)NKaix (0) + Kpix(t — by (1) — ha(0))]. )

i=I
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By adopting (4) in (3), the closed-loop system can be obtained as follows:

p P
x(1) = ;; Ci(S(l))Cz(S(t))[AiX(I) + Bix(t — hi(t) — (1))

+C (Karv(0) + Ky = T (1) = ia(0) | ®)
x(t)=¢@), t € [-h,0], t >0.

The major goal of this paper is to establish stability of additive time-varying delayed
T-S fuzzy system (5). Besides that, the problem deals with finding the control gain
matrices K, and Kj; and to stabilize the system (5). Some important lemmas are
introduced before deriving the main results as follows.

Most existing results for delayed systems have been used in memoryless controller
design of the form u(t) = Kx(¢). The controller considered in this paper contains
state vector, also a state with two additive time-varying delays of the form u(¢) =
Kox(1) + Kpx(t — hy (1) — ha(2)).

2.1 Preliminaries

This section provides some lemmas that can be used in the main result to obtain
stability criteria of the delay-dependent T-S fuzzy system.

Lemma 1 ([19]) Fortwo scalars a and b with b > a, a vector z : [a, b] — R", and
n x n real matrices R > 0, Hi(i = 1,2) and Y;(j = 1, 2, 3) satisfying

Y\ Y, H

O :=| x Y3 Hy | =0, the following inequality holds:
* *x R

b T . 1 T T r_ b—a
R = o=l R+ xd (Hi+ HY = 2550 )0
+ 1T (15t + H) =200 — )¥s |43 +20x] HY Lo

Where x :=z(b) — z(a), x2 := z(b) + z(a) — (2/(b—a))/ z(s)ds,

4 b
X3 1=m ; z(s)ds — )2/ / z(s)dsdf.

Lemma 2 ([17]) For any constant positive symmetric matrix L € R™*™  scalar
k > 0, vector function z : [0, k] — R"™ such that the integration concerned is well
defined, then

K K T K
/c/ 2T (s)Lz(s)ds > (/ z(s)ds) L(/ z(s)ds).
0 0 0
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3 Main Results

In this section, the stability criteria conditions are derived by choosing suitable LKFs
and using the above-mentioned lemmas. Now, the following notations are given to
understand the main results:

ei =[Onxii—tn In Ouxis—im] G =1,..., 15),
0 =[x"0 =0 Ta—n) e =h) K= @) xR0

t—h t
T =h@) xT@—h@ =) 7@ ! f ] xT(s)ds / xT(s)ds
hy —hy J; 1—Hhy

—Fp

t t— ﬁl t— hl
/ X (s)ds (ﬁz—ﬁl)Z/ / X (s)dsd9 — / X (s)dsd@

r— hz
h2/ / X (s)dsd9

Theorem 1 For given scalars and control gain matrices hy > 0, hy > 0, iy, (o,
K1, Ky, the system (5) with additive time-varying delays hy(t), hy(t) satisfying
condition (2) is asymptotically stable if there exist positive definite symmetric matri-
cesP,Q;,R;, Si(i =1,2,3), T;(i =1,2)andanymatricesL;, Z;(i = 1, 2, 3) such
that the following LMI is satisfied:

[ @11 0 @i 91 0.0 0 ¢fy g7y 00 0 0 g
*x 200000 0 0 0 0 O O 0 0
x k93070 00 0 0 % 0 0 @b pi* i
¥ x x@f 000 0 0 ¢l%0 0 ¢ogi*el
x % % 9200 0 0 0 0 0 0 0 O
x % % x x920 0 0 0 0 0 0 0 O
¥x x x x x 9, 0 0 0 0 0 0 0 O

Qui=| % * % % % % * ¢S o0, 0 0 0 0 0 0 [<0, (6)
¥ % % % % x x x 9o 0 0 0 0 el
¥ ok % % % x x x *x 00 0 0 @30 0
* ok ok ok ok ok ok ok ok sk (pllll 0O 0 0 O
¥ ok ko x % % % % * *x *x 92 0 0 0
X ok k k % x x k kx x x % @3 0 0
¥ ok ok ox k% K kK ok *x k x *x QlF o
| %k ok ok ok % ok x k% kK x k@2

where
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K2 K2
@l =02+ 03+ Ty + TaTr — S| +2BNA; +2BNCKy, ¢} = 721[’12 + 51, of = 7‘1’13,

ol = BNBi + BNCKp, ¢y = Pii+ AT NT + KL, CTNT — BN, }* = — P13,

o7 = —Pihi. ¢i = —Ra = Ry, ¢} = (o = h)Ri + Ry = S1 = =5
Ry — Ry 4 1 r_M—-h
— L+ LT - =7, o= S —(Li+LT — Z1),
(Ly 1 3 s ¥3 [ 2 — (L 1 3 )
10 7 ha— M T 13 T 14 h%h% T 15 hg
o3 =2(Li+L; — Z1) —80L;, ¢3° =160L;, 3" = - Py, ¢3° = 7P15,
1 By — hy
¢4 =—(ha —hD)R + Rs — ——$ — (L1 + L{ — Zy),
hy — hy 3
10 r_ ha—M T 13 T 14 hdf T 15 h%h% T
¢ =2L1+ L] = —5—Z)+80L;, ¢y = ~160L;, ¢;" = - Pis. ¢° = —— Pig,

3= —p)Q1 — (1 —p)Q2+ (1 — )83, 8 =—(1—12)03, ¢ = —(1— g — p2) 01,
wg =—(1—p; — n2)Ss3, ngz = B[-TNT + KZ;CTNT, gag = ﬁ%sl + (ha — h1)$2 — 2N,

hy — Ry
(pé4 = ﬁ%Plz, (p915 = ﬁ%PB, Wll(()) =—4(L + L{ - le) - 16[15(L2 + Lg) —20(hy — hl)Z3]s

-1 -1

o1y = 32[15(Ly + L) = 20(hp — ) Z3]. o]} = w0 i3 = W

@l3 = —64[15(Ly + LY) — 202 — B1) 23], ¢lf = —2RIK3 P14, 9l = —R3Pis — K} Pis,
(p}é = —271%71%1’1(,.

Proof Construct the LKF in the following form:

5
V) =Y Vulx),

v=I
where

Vi) =0T (1) Pn(1),

t t

T (s)0ax(s)ds +/ T (s)03x(s)ds,

t—hy (1)

t—hy(t)
Va(xr) =/ xT<s>Q1x(s>ds+f
t—h(t)

t—hy (1)
t—hy t—hy t—hy
V3(x1) =(h27h1)/ xT(s)Rlx(s)der/ ) xT(s)Rgx(s)ds+/ T xT(s)R3x(s)ds,
t—hyp t—h t—h
0 t 0 t
Vi (xr) :/ / xT(s)Tlx(s)dst-i-/ f xT () Trx (s)dsd,
—hy Jt+6 —hy Jt+6
0 t —hy gt
Vs (x) =hy / f T (5)S15(s)dsdo + / / T (5)S2i(s)dsde
—hy Jt+6 —hy Jt+0

t=hy ()
+ f xT (5)S3x(s)ds,
t—Ry ()—ha (1)

t—hy t—hy t—hyp t—hy
with n:col{x(z), / 5 /9 x(s)dsdo, / i /9 x(s)dsd&}.
t— t—
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The derivative of V (x;) is derived as follows:

Vi) =207 (1) Pi0),

el ’ P11 P2 P13 12 “
=2sT<t>{ ﬁiem * P Pis || Fes - h3els }s(r) =elomen, (1)
hses *  * Pl %84 —h%els
Va(x1) SST(t){elT[Qz + 03ler +el [(1— Q1 — (1 — 1) Qales — (1 — 11y — p2)el Qreg
— (1 - paeg Qses}sm =T (e, (8)
V3(x1) =§T(l){ezT[ — Ry — R3)ex + X [(Fiy — h)Ry + Roles + el [ — (hy — h) Ry
+ R3]e4}§(t) =T (OT38(0), )
. 1 1
Vat) <67 el 1Ty + maToler - arenTien - h—zeTZTzeu}sm =T orso,  (10)

Vs (x1) séT(t){h%egsl eg —le1 — 31" Siler — e31+ (hy — hy)eg Saeg + (1 — pp)ed Sses

t—hy
f(lfmfuz)egTSaes}é(t)f/ . i1 (5)Sp(s)ds
t—hy
T t—hy T .
=&T (T8 — f ()82 (s)ds. (1)

t—hy
applying Lemma 1 in the integral — fz[:rz " xT(5)S,%(s)ds yields

les — esl” Sales — es] — [e3 + es — 2e101”
By — Iy

t—hy
- f 1T (5)Sx(s)ds ssTm{
t

_hz

hy—h
x (Li+ L] - 22—

Z1)[e3 + e4 — 2e10]

— [de1o — 8e131" (15(Ly + L) — 20(hy — h1)Z3)

x [4e1g — Sels]}sm = T TeE®). (12)

The following equation is obtained from the system (5) for any matrix N and any
scalar g8

P
0 =[eg + /‘361]21\/: Z Z Gis()& (S(l))[Aiel + Bies + Ci(Kqre1 + szes} - 69}

i=11=1

=T (OTE®). (13)

From (7) to (13), the upper bound of V(x,) is obtained as
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PP 7 rpr
V) <Y DG (s(r))g(s(r))éT(r){ > }sm =3 G)as)E 0)2iE0,
i=11=1 a=l1 i=11=1
(14)

where &(¢) is given in the main results and £2; ; is given in (6). If the LMI (6) hold
then the condition defined in (14) is satisfied. Thus the system (5) is asymptotically
stable, this completes the proof.

Remark 1 In the derivative of V5(x(¢)) there exists single integral term

- h' 17 (5)S,%(s)ds in which integral inequality based on non-orthogonal polyno-
mlals has been applied. This integral inequality helps to derive a less conservative
result.

Theorem 2 For given scalars hy > 0, by > 0, w1, wo and unknown control gain
matrices K 1, Ky, the system (5) with additive time delays hy (t), hy (t) satisfying con-
dition (2) is asymptotically stable if there exist positive definite symmetric matrices
P Q,,R,,S(l =1,2,3), T(l = 1,2) and any matrices L,,Z (i=1,2,3) such
that the following LMI is satisfied:

B0 GE 00 0 G 0 0 0 0 gl
* (Z)% 0000O0OO O O O OO0 O0 O0
F A 000 0 0G0 0 0 g ltel
« % x@l000 0 00 0 ¢Bgheh
* ok ok k (/Vlg 00 0 0 0 0 0 0 0 O
x % % % x @20 0 0 0 0 0 0 0 O
¥ x x x x ¢, 0 0 0 0 0 0 0 O
Q=] * % % % x x % ¢} ey 00 0 0 0 0 | <0, (15
x % x % % x k % ¢go 0 0 0 0 ¢gi*
¥ ok % % % x x x *x 900 0 g0 0
¥ % % % % x x x *x x ¢l 0 0 0 0
¥ ok ko x % % % % * *x *x @20 0 0
¥ ok k k Kk x x k k x x % ¢35 0 0
¥ ok ok ox k% K % kK *x * x *x Qlf O3
|k ox ok ok ok o & ok k% ok ok x % Q|
where

. v . . PR . 2 hE . R
Pl =02+ O3+ Ty + hoTo — S1 +2BA;N +2BCFy, ¢ = 72P12+S1, W?: 71P13,

@1 = BBiN + BCFy, ¢y = P+ NTAT + FLCT — BN, ¢i* = —Pah3. ¢1° = —Pi3hi,

5 o . 1 o v ur ha—his
@ =—Ry—Rs3, ¢3=(ha—h)R + Ry — 51 — _hlsz—(Ll'i-L]T—iz)
. S A U R . .
%= hSz—(L1+LT—#Zl),¢310:2(L1+L1T— 2 M 7) —80LY
2 — hy
S h2h Ry L 1.
=160LT, ¢ -2 1P14 72P15, wi‘ =—(ha —h1)R; + R; — — $
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. . hy — hy v v hy — hy » v .
L B = P, Gl = o+ 1 - P ) 4+ 80EE, g = 16011,

B4 h2 2
o= IPIS ol5 = 2

= = PE, @2 = —p)01 — (1 —pu)02+ (1 —u)Ss, §8=—1—12)0s,
7

G =—(1—p1 — w2) 01, 9§ = —(1 — 1 — u2)Ss, ogy = NTBI + FL T,

. . L . hy—hy x

G9 =N38) + (hy — h1)Sy — 2N, ¢¢* = hPy, ¢8° = B3Py, 919 = —4(Ly + LT - = L7
L .. . . —1.

— 16[15(Ly + LT) = 20(ha — k1) Z3]. @ig = 32[15(L2 + LY) — 20072 — Ri) Z3), 1] = h—lT],

N U . . y

@l = 5T 9l = ~6A015( + LD = 208 — k) Z3). i = —2min3 P,

¢13 = —h3Pis — K Pis, ¢13 = —2h1 k3 Pre.

Then the control gain matrices can be constructed as K, = Fa,N -1 Ky = F,,IN -1

Proof Letus nowcon51derK lN Fu, K;,;N F;,l andI" = col{N N N N N
N,N, N, N, N N N N, N, N} where N N7". Let us now con51der the other
matrlces as p= NPN Q,_NQN R _NRN S _NSN T _NTN

= NL;N, Z; = NZ;N. Pre- and post-multiplication of I'" and I' in LMI (6)
1eads to LMI (15). The proof is complete.

4 Numerical Examples
Example 1 Consider the delayed system (5) with parameters
—-2.1 0.1 —1.1 0.1 0.14 0
Ar= [—0.2 —0.9}’ Bi= |:—0.8 —0.9}’ cr= [0.1 1.15]
—-19 0 -09 0 0.13 -0.1
A= [—0.2 —1.1]’ By = [—1.1 —1.2}’ C2= [ 0 0.12]'
T e a0 =1-
¢1(t). Moreover, let u; = 0.1, u, = 0.1, Ay = 0.1, 8 = 0.1 and solving the LMIs in

Theorem 2, the obtained maximum upper bound 7, is 3.2562. Also, the control gain
matrices corresponding to Theorem 2 are obtained as

Membership function is chosen in the form that ¢, () =

K= —197.6648 —197.9296 K= —197.6648 —197.9296
a7 192615 18.8824 |* "2 T | 19.2615 18.8824 |’

K _ | 99122 26148 ~ [9.9122 2.6148
b= 20.1506 0.4711 b2=1-0.1506 0.4711

The state response of the closed-loop system is obtained by assuming F;(¢) =
0.4+ 0.1sin¢, hy(¢) = 0.8 sin ¢ under initial condition x(0) = [2 — 2]7. The state
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x, 1) :

%, (1)

State response

4 5 6 7 8
Time t

Fig. 1 State trajectories with i; (#) = 0.4 4+ 0.1sin¢, hy(¢) = 0.8 sin¢ (Example (1))

trajectory of the closed-loop system (5) under the obtained control gain matrices is
expressed in Fig. 1. This implies that the additive time-varying delayed T-S fuzzy
system converge to origin under the proposed controller.

Example 2 Consider the delayed system (5) with C = 0 gives

p
£ = Y GO Ax () + Bt — i (0) = )], (16)

i=1

and the parameters are as follows:

2 0 ~1 0
Al:[o —0.9]’ Bl:[—l—l]'

Consider the LMIs in Theorem 2 with C = 0, for different values of /; and 1 = 0.1,
uo2 = 0.1 the maximum allowable upper bound A, is calculated and tabulated in
Table 1, and for different values of A, and w; = 0.1, u, = 0.1 the allowable upper
bound £, is calculated and tabulated in Table2. When compared with the existing
results, the acquired results, as shown in the table, are less conservative. Moreover,
for the proposed TS fuzzy system, the delay-dependent conditions obtained increase
the delay bound.
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Table 1 The obtained MAUBs A, under 4 = 0.1, upy = 0.1

345

Methods h1=1.0 h=1.1 h =12 hi=1.5
[12] 1.198 1.027 0.980 0.610
[3] 0.9999 1.0770 0.9725 0.6807
[9] 1.2136 1.1136 1.0137 0.7137
Theorem 2 1.7231 1.6953 1.5135 1.2356
Table 2 The obtained MAUBs A under iy = 0.1, u; = 0.1

Methods hy =0.3 hy =04 i =0.5
[12] 1.708 1.645 1.574

[3] 1.8804 1.7798 1.6759

[9] 1.9137 1.8137 1.7136
Theorem 2 2.4135 2.3651 2.2355

5 Conclusion

The stability problem of T=S fuzzy system has been studied with two additive time-
varying delays. A state feedback control design has been considered to stabilize the
system. The control design takes the form of a state with additive time delays. In
order to get less conservative results, augmented-type LKFs are constructed and an
integral inequality based on non-orthogonal polynomials has been employed. The
conservative results in the form of linear matrix inequalities have been obtained. Two
numerical examples have been given to illustrate the improvement and efficacy of
the proposed method.
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