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Abstract. This paper developments approach for stable analysis in flight of large
flexible aircraft. Considering geometrical nonlinearity, aircraft is divided into non-
linear wing components and linear fuselage component. Structural ROM method
is used for wing structure modeling and nonlinear substructure method is used
for comprehensive assembling wing ROM and fuselage linear modes together to
obtain integrated aircraft dynamic equations. Non-planar double lattice method
(DLM) is used as aerodynamic model. Stability analysis is based on the lineariza-
tion around the trim configuration. The numerical results for a flexible flying wing
aircraft model indicate coupling effects between rigid-body motions and elastic
modes are important for this type of aircraft.
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nonlinearity

1 Introduction

As the representative of the very flexible airplane, high-altitude long-endurance (HALE)
aircrafts usually attract extensive attention. Because of its weight and large flexibility,
geometric nonlinearities become very important and affects aeroelastic stability char-
acteristics and dynamic responses. With the analysis requirements of HALE, Hodges,
Cesnik and Patil proposed the concept of geometric nonlinear aeroelastic problem in
1999 [1, 2]. Lots of research considering geometric nonlinearities in aeroelastic analysis
has been carried out [3–6]. For large flexible aircraft, especially flying wing aircraft,
the frequency differences between elastic modes and rigid-body motions tend to be
sufficiently small such that the coupled effect cannot be ignored [7]. Furthermore, the
structure becomes nonlinear due to the large deformation. Nonlinear aeroelasticity and
flight dynamics should be considered simultaneously [8]. Besides, aircrafts with flying-
wing configuration which have relatively low fuselage pitch inertias and relative low
elastic mode frequencies show difference in dynamic instability compared to traditional
aircrafts, which is known as body-freedom flutter (BFF) [9].

Structural reduced order model (ROM) is an efficient method to analysis nonlin-
ear response problem of large flexible structure. It shows us computational efficiency
advantages of structure analysis especially in nonlinear aeroelastic issue and offers the
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potential for real-time domain analysis. Muravyov et al. developed an algebraic polyno-
mial expression to characterize the structural nonlinear dynamic behavior [10]. Besides,
Mignolet et al. showed that the nonlinear stiffness of large flexible structure can be
described using an equation with the quadratic and cubic terms of the basis modes [11].
Based on that formulation, McEwan et al. presented theModal/FE (MFE) approach with
serial static test cases and regression approaches [12]. Cooper et al. developed the MFE
approach in aeroelastic analysis [13]. An et al. modified MFE method to evaluate the
accuracy of analysis and applied the method into static trim and nonlinear gust response
problem [14, 15].

For more complex aircraft structures, such as the entire aircraft system, decompos-
ing it into several simple substructure and using the boundary conditions between the
substructures to assemble dynamic equations could be an efficient method for struc-
ture modeling. In practical applications, the component mode synthesis (CMS) method
including the fixed interface CMS and the free interface CMS is widely used.

Applications of CMS in local nonlinear dynamic problem have attracted attention
of many scholars. Clough et al. investigated substructure method to local nonlinear
problemfirst [16]. Tan et al. divided the structure into linear substructure components and
nonlinear substructure components [17]. The interactions between substructures were
replaced by boundary forces to solve the transient response problem of local nonlinear
structures. Fey et al. reduced the cantilever structure with nonlinear support and studied
the nonlinear frequency domain response problem [18].

Most nonlinear substructures method focuses on the connection nonlinearities. As
long as the nonlinear interface connection relationship is given, substructure itself is still
a linear structure. The major source of geometric nonlinearities for large flexible aircraft
is the wing component. The fuselage and other components of aircraft maintain linearity
in analysis of geometric nonlinear problems. Characterizing the whole aircraft structures
with nonlinearity will decrease the computational efficiency severally. The CMSmethod
considering geometric nonlinearities in structure domain should be developed. Karpel
et al. added virtual mass elements to the subcomponents to characterize the dynamic
behaviors of other subcomponents [19]. The approach divides the wing component
into segments processing rather than as a whole structure in order to interface with
the fuselage, so it is more like a combination of nonlinear CMS and finite segment
method. Kantor et al. developed this method and extended it into a simple model [20].
At present, substructure method considering geometric nonlinearities is still immature,
and applications in aeroelastic analysis are still in the exploratory stage.

This paper is committed for aeroelastic problem associated with stability including
geometric nonlinearities based on structural ROM and nonlinear substructure method.
Aircraft is divided into nonlinear wing components and linear fuselage components.
Structural ROM is used for wing structure modeling. Non-planar double lattice method
(DLM) is used as aerodynamic model. To validate the method introduced, a very flex-
ible flying wing model is taken as numerical model. Stability analysis results with
linearization of dynamic equations are provided.
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2 Theory

2.1 Structural Reduced Order Model

The structural reduced order model can be obtained with Galerkin method [10]. The
structural dynamics equation can be expressed as:

∂(FijSjk)

∂Xk
+ ρ0b

0
i = ρ0üi (1)

where tensor S is the second P-K stress tensor, tensor F representatives the deformation
gradient tensor, b0 representatives the force vector and ρ0 representatives the density. X
representatives the position vector and x representatives the deformed vector. A truncated
basis of the linear modes is used and a third polynomial form describes the nonlinear
stiffness and the structural dynamics equation can be given in modal form:

Mijqj + E(1)
ij qj + E(2)

ijl qjql + E(3)
ijlpqjqlqp = Fi (2)

where Mij are the reduced mass matrix, Fi is the modal force, and E(1)
ij ,E(2)

ijl and E(3)
ijlp

are the reduced stiffness tensor. Einstein summation expression is introduced.
Mij and E(1)

ij can be expressed in the formulation as:{
Mij=Mi, i = j

Mij = 0, i �= j
(3)

⎧⎨
⎩
E(1)
ij =Ei, i = j

E(1)
ij = 0, i �= j

(4)

The formulation of the nonlinear dynamic equations corresponding to the i− th basis
function can be written as:

Miqi + Eiqi + E(2)
ijl qjql + E(3)

ijlpqjqlqp=Fi (5)

The structure dynamic equations in modal space have been obtained and generalized
coordinates qi namely.

Two orthogonal spanwise modes are taken into the structural reduced order model to
characterize the foreshortening effects of the large flexible structure. A combination of
truncated linear modes and orthogonal spanwise modes is generated as a basis function
in the nonlinear structural ROM.

Regression analysis is introduced to obtain the nonlinear stiffness coefficients E(2)
ijl

and E(3)
ijlp, the static formulation of Eq. (5) is:

E(2)
ijl qjql + E(3)

ijlpqjqlqp = Fi − Eiqi (6)

Evidently, if there are serials of test loads and structural deformations, nonlinear
stiffness can be obtained by regression approach. The serials of test loads and structural
deformations can be calculated by a commercial FEM software package.
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The accuracy of the nonlinear stiffness coefficients directly depends on the selected
test loads. The selection of test loads must emphasize that the aerodynamic force on
the wing should be a follower force, which describes the actual characteristics of the
aerodynamic force. In this paper, the aerodynamic force under the deformation combined
bending and torsion modes is chosen as the test load case. The formulation of the wing
deformation, which generates aerodynamic forces, should be:

fAIR{w} = fAIR
(∑

ai{φi}bend+
∑

aj{φj}torsion
)

(7)

Here, {φi}bend denote the bending modes and {φj}torsion denote the torsion modes. ai,j
denotes the weight factors.

2.2 Nonlinear Substructure Method

For large flexible aircraft, take wing components as nonlinear components and fuselage
component as linear component. Considering substructure (α = 1, · · · l1, l2, · · · n) sys-
tem, each subcomponents dynamic equation in deformation coordinates can be given
as:

(
mii mib

mbi mbb

)(α)
{
Rui
Rub

}(α)

+
(
kii kib
kbi kbb

)(α)
{
ui
ub

}(α)

+
{
gi(u)

gb(u)

}(α)

=
{
O

Gb

}(α)

+
{
fi
fb

}(α)

(8)

Subscript i, b representative interior and boundary coordinates, g(u) is nonlinear
section,Gb is the boundary load vector, and f is external force vector. Displacement and
Force coordination conditions on interface can be expressed as:

u(l1)
b = u(l2)

b (9)

G(l1)
b + f (l1)b + G(l2)

b + f (l1)b = 0 (10)

Applied fixed interface CMS method to nonlinear wing components analysis, when
give u(nl)

b = 0, structure dynamic equation is:

m(nl)
ii u(nl)

i + k(nl)
ii u(nl)

i + gi(ui,ub = 0)(nl) = 0 (11)

Use linear modes to reduce order with u(nl)
i = �

(nl)
i q(nl)

i , low-order equation is:

Rq(nl)
i + �

(nl)
i q(nl)

i + g̃(nl)
i (qi)(nl) = 0 (12)

Equation (12) has the similar formulation with reduced order model in Sect. 2.1.
Introduce restrained modes �b to translate displacement:

{
ui
ub

}(nl)

= [
�i �b

](nl){qi
ub

}(nl)

=
(

�ii ψib

Obi Ibb

)(nl)
{
qi
ub

}(nl)

(13)
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The structure dynamic equation can be reformulated as:

(
I Mib

Mbb Mbb

)(nl)
{
Rqi
Rub

}(nl)

+
(

�i O
O Kbb

)(nl)
{
qi
ub

}(nl)

+
{
g̃i(qi,ub)

g̃b(qi,ub)

}(nl)

=
{
O

Gb

}(nl)

+
{
f̃i

f̃b

}(nl)
(14)

whereMib = �T
ii (miiψib +mjj) Mbi = MT

ib,Mbb = ψT
ib(miiψib +mij)+mjiψib +mjj,

f̃i = �iifi, f̃b = ψibfi + fb.
Apply linearmode reductionmethod to fuselage component analysiswithmain linear

modes�k and residualmodes�d . The structural dynamics equation can be reformulated
as: (

I O
O Mdd

)(l)
{
Rq
RGb

}(l)

+
(

� O
O Kdd

)(l)
{

q

Gb

}(l)

=
[
f̃k

f̃d

](l)

(15)

where Mdd = �T
dm�d , Kdd = �T

d k�d , f̃k = �T
k

{
fi

Gb + fb

}
, f̃d = �T

d

{
fi

Gb + fb

}
.

Considering the specified aircraft formulation, structure can be divided into left wing
component, rightwing component and fuselage component. Structure dynamic equations
can be expressed as:(

Ilw Miblw

Mbilw Mbblw

){
Rqilw
Rublw

}
+

(
�ilw O
O Kbblw

){
qilw
ublw

}
+

{
g̃ilw(qilw)

−Gblw

}
=

{
f̃ilw

f̃blw

}
(16)

(
Irw Mibrw

Mbirw Mbbrw

){
Rqirw
Rubrw

}
+

(
�irw O
O Kbbrw

){
qirw
ubrw

}
+

{
g̃irw(qirw)

−Gbrw

}
=

{
f̃irw

f̃brw

}

(17)(
Ifu O
O Mddfu

){
Rqfu
RGbfu

}
+

(
�fu O
O Kddfu

){
qfu
Gbfu

}
=

[
f̃kfu

f̃dfu

]
(18)

Subscript lw, rw, fu represent left wing, right wing and fuselage. Displacement and
force coordination conditions are:

ublw = ubfulw
ubrw = ubfurw

(19)

where the ubfulw,ubfurw is connection freedom between fuselage with left wing and right
wing.

2.3 Aerodynamics Model

Non-planar DLM can be used to complete stable analysis. Unsteady aerodynamic force
is given as:

�S fA = q∞[ASS0qS + cref
2V∞

ASS1q̇S + c2ref
4V 2∞

ASS2RqS) + Dxa] (20)
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Structure model and aerodynamic model can be linearized around trim configuration
[9] and comprehensive assembled to a state-space model:

ẋae = Aaexae (21)

where xae denotes the state vector and Aae denotes the state matrix. The eigenvalues of
state matrix represent the stability of system.

3 Numerical Results

3.1 Flying Wing Model

A numerical example of flying wing model is presented here to describe stable char-
acteristics of rigid-elastic coupled problem. Figure 1 shows the aerodynamics model
of aircraft with flying wing configuration. Main design parameters have been given in
Table 1. This aircraft model has two large-aspect-ratio wings. Two control surfaces are
set at the trailing edge of the wing. The FEM model of the flying wing is constructed
withCBEAMelements andCONMelements inMSC.NASTRAN. The non-planarDLM
are introduced to characterize aerodynamics behavior. For symmetric flight condition,
degrees of freedom of x-axis, z-axis and pitch motions and elastic modes are consid-
ered. Linearized is complemented based on the nonlinear trim statement with large
deformations.

Fig. 1. Flying wing
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Table 1. Design parameters of flying wing

Item Parameters Item Parameters

Wing span/m 4.80 Mass/kg 20.0

Wing area/m2 1.345 Ixx/kgm2 3.572

Aspect ratio 17.1 Iyy/kgm2 0.834

Airfoil of wing EMX-07 Izz/kgm2 4.005

3.2 Numerical Results

Analysis results are obtained under the symmetric flight conditions. In elastic analysis,
only elastic modes are involved in dynamic equations and rigid-body motions are not
consideration. In the integrated analysis, both elastic modes and rigid-body motions are
considered. In linear analysis, there are no nonlinear stiffness terms in structural ROM
of wing components. Figure 2 shows the linear flutter analysis results with only elastic
modes. The critical flutter speed is 49.0 m/s, and mode 5 participates in flutter. Figure 3
shows the nonlinear flutter analysis results with only elastic modes. The critical flutter
speed is 36.5 m/s, which is different form linear analysis results. Nonlinearities affect
stability obviously.

Considering rigid body motions, Fig. 4 shows the linear analysis results with rigid-
body motion and elastic modes. Two branches of root locus cross the imaginary axis
within the calculation range. When the airspeed velocity is 30.0 m/s, the short period
mode locus crosses the imaginary axis, and the rigid-elastic coupling becomes unstable.
Figure 5 shows the linear analysis results with rigid-body motion and elastic modes.
Two branches of root locus cross the imaginary axis within the calculation range. When
the airspeed velocity is 25.5 m/s, the short period mode locus crosses the imaginary.
Nonlinearities affect stability obviously as well. Compared with elastic flutter analysis
results, the critical stability flight speed of the coupled aeroelasticity and flight dynamics
system is lower.

4 Conclusions

A practical approach for the stability analysis of the very flexible aircraft is established
in this paper. The structural ROM is used for wing components modeling and nonlinear
substructure method is used for aircraft system modeling. Non-planar DLM is used for
aerodynamics modeling. The state-space equations are obtained, which can deal with
rigid-elastic coupling problem.

A very flexible aircraft with flying wing configuration is selected to describe the
stability problem. Because of large flexible characteristics and small pitching inertial
of such aircraft, the critical stability flight speed is affected obviously by nonlinearities
and rigid-motions. The flight dynamics and aeroelastic analysis should be performed
simultaneously.
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Fig. 2. Elastic analysis results
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Fig. 3. Nonlinear elastic analysis results
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Fig. 4. Linear integrated analysis results
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Fig. 5. Nonlinear integrated analysis results
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