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Abstract In this manuscript, an upper bound estimate for the maximum modulus
of a general class of polynomials with restricted zeros on a circle |z| = L, L > 1, 1is
obtained in terms of the maximum modulus of the same polynomials on |z| = 1. It
is observed that a result of Hussain [J. Pure Appl. Math., (2021) (https://doi.org/10.
1007/s13226-021-00169-7)] is sharpened by our result. Also, this result generalizes
and sharpens some other previously proved result.
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1 Introduction

Let b(z) be a polynomial of degree m and let

b1l = max |b(2)|. M (b, L) = max |b(z)].

For a polynomial b(z), there is a simple deduction from the Maximum Modulus
Principle [11, p. 158] that for L > 1,

M(b, L) < L"||b]. (1)
Equality is obtained in (1) for b(z) = A\z” with A # 0, A € C.

For a polynomial b(z) having all its zeros outside |z| < 1, it was shown by Ankeny
and Rivlin [1] that for L > 1,

K. B. Devi (<)) - N. Reingachan - T. B. Singh - B. Chanam
Department of Mathematics, National Institute of Technology Manipur,
Imphal, Manipur 795004, India

e-mail: khangembambabina@gmail.com

B. Chanam
e-mail: barchand-2004 @yahoo.co.in

© The Author(s), under exclusive license to Springer Nature Singapore Pte Ltd. 2023 463
R. K. Sharma et al. (eds.), Frontiers in Industrial and Applied Mathematics,

Springer Proceedings in Mathematics & Statistics 410,
https://doi.org/10.1007/978-981-19-7272-0_32


http://crossmark.crossref.org/dialog/?doi=10.1007/978-981-19-7272-0_32&domain=pdf
https://doi.org/10.1007/s13226-021-00169-7
https://doi.org/10.1007/s13226-021-00169-7
mailto:khangembambabina@gmail.com
mailto:barchand-2004@yahoo.co.in
https://doi.org/10.1007/978-981-19-7272-0_32

464 K. B. Devi et al.

L" 1
M(b,L)§< 2+>||b||. @

Equality holds in (2) for b(z) = a + (3z™, where |a| = |3].
Govil [6] understood that equality in (2) holds only for polynomials b(z) = o +
Bz", |a| = 3], which satisfy

1
lcoefficient of 7"| = §||b||, 3)

and it would be possible to refine the bound in (2) for polynomials which do not hold
the condition given in (3). In an attempt to solve this problem, he [6] could obtain that

for polynomial b(z) = Zm_o w,z" having all its zeros outside |z| < 1 and L > 1,

we have
(L™ +1) b]1> — 4|wm|2>
M, L b _—
b, L) £ ——F— > — bl - < ol
x[“‘“””” —ln{l—l- (L = Dbl ” @
161 + 2|w| 151 + 2| wul

Recently, Hussain [8, Corollary 2] proved a generalization and extension of
inequality (4) that

Lm b 2 _ 1 2 - 2
M. L) S( +Sl> b - m ((” D™ — (4 s)"|wpl )
1+ 1+ s &
L—1)|b L—-1]b
X{ ( )b —ln(1+ ( )IID )}’(5)
60+ + s wal 60+ +s)|wal
where ol
RN A L )
§1 = (6)
Lllw;f:k,u+1 +1
m |wo

where b(z) = wy + Zm wyz', 1 € {1, 2, ...., m} is a polynomial such that b(z) #
v=p
Oin |z] <k, k > 1.

Remark 1 When pu = m, the polynomial b(z) = wy + Zm w,z" becomes b(z) =
v=p

wo + w,,z". Therefore, by simple calculation, we have

Mo, L) = nllaXIwo+wmz | = |wo| + L™ [wy]. (7

However, for ;x = m, inequality (5) reduces to
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L bIN? =1 21w, 2
M(b, L) 5< +S3> I " ((II D? = (1 + 53)*|wp| )
1+53 1+s3 I 5

(L—1)|b]| L—1)]b]|
—1 1 , (8
% {nbn (1 + 53) | W] ”( Y] +(1+s3>|wm|>} ©

where . "
m m m
|w_0|k +k

. 9
|ﬁ_z(r)x|km+l+1 ( )

53 =

The estimate of M (b, L) given by inequality (8) for ;4 = m is not required as we
could easily get the exact value of it by a simple calculation given by (7).

2 Main Results

In this manuscript, we obtain a result which is a refinement and a generalization of
inequality (5) of Hussain [8].

having all its zeros outside |z| < k, k > 1, thenfor L > 1and N € Z*, N < m,

L™ +s (L™ — 1)sym*
M(M)s( — 1)nbu——

81 (I + sp)k™
L NS (10)
1+s;  (1+s)Dkm " o
where
ku+l(ﬂ|ﬂ|ku—l +1D
s = I (IT)
R
and

km
(L — D(||b|| — 222
(16l = 222 + (1 + s1) [wp|

(1+ )l wnl
Nosp=(L—1)-f14 20l
SN0 ( ) { ||b||—“"}

x1n[1+ } for N =1, (12)
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SN, s1)

I
N
"X
=
~—

+N71 <LNv >(_ v (1+SI)lIZT| (1+Sl)llf:l’*"| v—1
N o] — 2 bl — &

v=1 e K
A+ solwal | [ +s0twal ]
S W S Wi
+ =DV T+ o
{ bl — H bl — }
L—1)(b S""
xIn{l+ ( Ym*)(” = ) for N >2 (13)
ol — = )+(1+S1)|wm|
and here and in the entire paper
m* = min |b(z)|. (14)

|zl=k

Remark 2 From Lemma 3, f(N, s;) given by (12) and (13) of Theorem 1 is a
monotonically increasing function of N, N < m, hence, taking N = m, we obtain
the best bound in Theorem 1.

Further, consider b(z) to be a polynomial whose degree m = 1. Then, by a straight-
forward calculation, we obtain

M, L) = max 1b(2)| = max lwo + Lwi | = |wol + Liwy]. (15)
7|= 7=

Hence, we present the exact value of M (b, L) for m = 1 which is given by (15).
From the preceding dicussion, Theorem 1 assumes

Corollary 1 If b(z) = wo + Zm wyz’, pe{l,2,..,m—1}, is a polynomial
v=p
with all its zeros outside |z| < k, k > 1, then for L > 1,

M, L) = |lwo| + Llwy| form=1 (16)
and
e

where
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L™ —1
f(m,51)=( )
m

m—1 v—1
Lm—v_1> (1+Sl)|wm| (1+s1)|wm|
+ ——— J(=D" {1+ o o
;( m—v { EE H e }

K Nz
m—1
A+ s)lwnl | ] A+ s51)|wn]
+(=D" {1+ —
{ bl — 25 }{ bl — =5 }
L — D)(||b|| — &2=
xIn{1l ( sm*“” I = ") form =2 (18)
(16l = 25 + (1 + 5D |wp |

and sy is as defined in (11).

Remark 3 Ifk = 1, s; = 1, then Theorem 1 reduces to the succeeding result which
refines and generalizes the result of Dewan and Bhat [3].

with all its zeros outside |z| < k, k > 1, thenfor L > 1,and N € Z*, N < m,

Lm 1 Lm—1 bl — m*
M(b,L)s( - )ubu—( - )m*—m(””—m—|wm|>f<N, D,

2
(19)
where
LN —1
f(N,1)=( = )
Nl pN-v 2w 20w, 1"
— (=D {1
+Zl( N v >( ) { +||b||—m*}{ubn—m*}
2w 2w }N‘l
DV 11
D { +||b||—m*}{||b||—m*
(L — 1)(Ib] — m*)
. 2
xIn {] B = m +2|wm|} 20)

Remark 4 Since for 1 < N, f(1,1) < f(N, 1) and hence, substituting the value
of f(1, 1), inequality (19) becomes the result of Dewan and Bhat [3].

Remark 5 For N = 1, Theorem 1, in particular, becomes the following interesting
result.

Corollary 3 If b(z) = wo + Zm wyz', p€ {12, ......,m — 1}, is a polynomial
v=p
with all its zeros outside |z| < k, k > 1, then for L > 1,
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Lm o Lm—l s *
Mb, Ly = () gy - s
1+ s 1451 km
om {(||b||—“k’,’,f*)z—|wm|2(1+s1)2}
I+s) o] — S
(L — D([Ib]| — 22 (L — (b)) — 42
x v|m* —Injl+ Y]m* ,
1B — S 4 (1 + 5p) | w o] — i <1+s1>|wm|

where s1 is as defined in (11).

Remark 6 By Lemma 8, we have

(Ilbll -

and In(1 + x) < x for positive values of x and hence the bound given by Corollary 3
improves and generalizes inequality (2) proved by Ankeny and Rivlin [1].

*

2
s1m
) — (L4 s)*|wy|* >

o 1)

Remark 7 By Lemma 10,k < s; fork > 1, where s, is as defined in (11), therefore,
we have for m™ > 0

msym* m
— bl = — =< 1. (22)
145 kK(14+s1) — 145
Applying Lemma 4 to (22), we have forr > 1,
i T ) [ - e
; _ _
m msym* 1+ km (1 +
m{wpy| Jr”(m”b” - m) . (s
(1+v1 ol — mlwm|>(r -1
<rmti- T ol (23)
mlwn| + 775 101 I+s

On integrating (23) from both sides with respect to r from 1 to L and following similar simpli-
fication of the RHS of (73) to inequality (74) in the proof of Theorem 1, we get

R
L™ — s1m (r = Drm-1
ol — - o) - * - ) ——dr
1+s 1+ k’" r+e
m_1 ( _ l)rm 1
bl — bl(1 — , 24
=T o1 s H 1I¢ 9)/ dr (24)
_ lwn|(+s1) [win [(A4s1)
where e = - and g = =y
The expression || IL %dr > (0 and is amonotonically increasing function of N for N < m,

therefore, we have
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L _ N—1 L _ m—1
=D o [ =D, (25)

r+g r+g
1

1
Since m* > 0, by Lemma 8, we have

1
[wn |+ 51) <1 (26)
ol
and hence )
1_921_M20, 7
o1
We see that 1 — g > 0 and using Lemma 2 for the values of the integrals of inequality (24), we
have
Lm—1 sym* Ylm (1 + 51) |wp |
ol — ol — L— 2 4 fm, 1)
L+ kn 1+s b)) — 52
Lm b 1
< (T e - o= S e, 28)
1451 1451 o1
where f(m, s1) is as defined in (18) and
1
h*(N) —(L—-1)— {1 + ( +Sl)|wm|}
ol
(L = Db }
xInyl+ ——--—"——"7"— or N =1, 29
{ 61+ (1 + s1) wml / 29

LN -1
h*(N):( p )
LN=v—1 (1+s1)|wm| {(1+S1)\wm|
+ 1Y
Z( >( ) i ol ol

(14 s)lwnl | [ A+ sDlwpl |V
s I |
FEDTU T 6]

v—1

(L=DIbl
In {14 N>2.
) n( - \|b|\+(1+s1)|wm|> for N = (30)

Adding ||b]| on both sides of (28), we have

L™ + — 1) s * b K *
( ijl>|| ”_(17)% —m{ 1Pl ___sim —\wm\}ﬂm,sl)

L4 +s1 km T+si (I+sp)km
L™+ 51
= bll = ——{lIbll = (1 + 5 h*(N), 31
_( T )n I 1+sl b1 = (1 + s1)|wa |} *(N) (31)

which clearly shows that Corollary 1 refines the next result which further deduces to inequality (5)
due to Hussain [8].

Corollary 4 If b(z) = wo + Zm wyz', e {l,2,...,m—1}, is a polynomial
v=p
with all its zeros outside |z| < k, k > 1, thenfor L > 1and N € Z*, N < m,
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1B = —— {JIb]l = (1 + s1)[wal} A*(N), (32)

Lm
M(b,R)S( “1)
1+ s

1+ s

where »
R (e 1)
S| = /_‘|ﬁ|k/lr+1 + 1 (33)

m ' wy

and

(o) [ )

(L = Dbl
11 + (1 + s1)[wl

Xln{1+ } for N =1, (34)

Nl pN—u g (L s)lwnl ) [ A 45wl ]
i VR U 1 m
+Z< N—v >( ) { MY H o] }

(1+s1>|wm|} {<1+s1>|wm|}N‘1

o1l Il
(L = Dliz|l
D1l + (1 + 51) [wp |

+ (DY {1 +

xln{1+ } for N > 2. (35)

Remark 8 By Lemma 3, it is noted that #*(N) > 0 as defined in (34) and (35) of
Corollary 4 and is a monotonically increasing function of N for N > 1 and therefore
h*(1) < h*(N).Noting thisand Lemma 8 that {||p|| — (1 + s1)|w,,|} > 0, Corollary 4
reduces to inequality (5) due to Hussain [8]

Remark 9 By Lemma 10,k < s; fork > 1, where s; is as defined in (11), therefore,
by Lemma 11, we have

m m
—|bll < ——11b]I- 36
1+s1” ”_1+k” [ (36)

Since m > 0 and 1 < k < sy, inequality (36) implies

m msym* m
— bl — < ol (37
1+ kn(1+s1) — 1+k

Applying Lemma 4 to (37), we have forr > 1,
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e (1113'1 ”b”_%_mlwml>(’"_l) { m msym*
eyl = ol —
- 1451 k(14 s1)
m|wp| +r<%”b” - k;?é]]fﬂ))
({'ﬁ”bu_mlwml)(r_l) m
</ - ( ||b||>. (38)
. 1 +k
mlwnl +r( 12 151

Inequality (38) is integrated on both sides with respect to r from 1 to L and following similar
simplification of the RHS of inequality (73) to inequality (74) in the proof of Theorem 1, we get

Lm — vlm m (r — Drm-]
s (II = )— T+ <|Ib|| >(1— ) ——dr

r+e
L — m|b|l / (r — 1)rm !
< b — ——(1 — , 39
=77 || I T k( ) dr (39)
where ¢ = Lal050) g ¢ — Lual10
b~ - '
The expression f ) %dr > 0 and is a monotonically increasing functionof N for N < m,
we have
L
/ (r— Dr¥-1 / (r — rm= 1 (40)
r+c r+c
1
Since m* > 0, by Lemma 9, we have
1+k
[wp |(1 + k) <1 (41)
o1l
and hence 14k
Pc:PWZO. (42)

Since 1 — ¢ > 0 and using Lemma 2 for the values of the integrals in (39), we get

L™ —1 slm m sym* 1+ s1)|wp|
—) (e - - —‘(ubu - IV LT A
1+ s 145 k™ 61l —

' m||b|| A+BDlwnl |
< (B - L - S e, 3)
where f(m, s1) is as defined in (18) and
1+ k)|wy
g*(N):(L—l)—{l-i-i( il I}
a1l
L—1)|b]

><1n{l+ } for N =1,

161 + (1 + k) [wp]
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» LN —1
g (N) = ( )
m
LN —1 (1+k>|wm|} (1 + k) [wp| }”‘1
1
- Z( )( a { bl o]

N-1
4 (=Y {1 L 4a + 5 lwp } {(1 + 6w }

&1l 151l
(L =DIbll
X 1n<l+m> for N > 2. (44)

Adding ||b]|| on both sides of (43), we have

(L’" —|—s1>”b” )] sym* - { el sym*

- ‘wm‘} f(m,s1)

1+ 1+sp k™ I+s1  (1+spk™
L™ +k
< ( 7k )Ilbll 7{|Ibll = (A +B)wnl} g*(N). (45)

Hence, it is verified that Corollary 1 improves the succeeding result.

Corollary 5 If b(z) = wy + Zm wyz’, pell,2,....m—1}, is a polynomial
v=p
with all its zeros outside |z| < k, k > 1, thenfor L > 1and N € Z*, N < m,

L™ +k m N
M@, L) < < I )Ilbll - —(llbll - +k)|wm|>9 (N),  (406)

+k 1+k
where
g*(N):(L—l)—{l (1+k>|wm|}
o]
(L - Dbl
In{1 =1 4
8 n{ +||b||+<1+k)|wm|} for N =1 @7

N — LY —1
g()—( N>

N= N A+ B wal ] [0 +B)wal ]
+ D1+
Zl< >( ) { b ” I }

(1 + &) wal | [ (1 +©)w, |V
+(—1 N{1+ H }
=D ol Il
xln{1+ (L — DIl } for N >2 (48)
121l + (1 4 k) |wy -

Remark 10 For N = m, it can be easily verified that the result of Mir et al. [10,
Corollary 1] is obtained from Corollary 5.
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Remark 11 By Lemma 3, it is observed that g*(N) > 0 as defined in (47) and (48)
of Corollary 5 and is a monotonically increasing function of N for N > 1 and hence
g*(1) < ¢g*(N). With this fact and Lemma 9, Corollary 5 gives a result which is a
generalization of inequality (4) of Govil [6].

Corollary 6 If b(z) = wy + Z’" wyz', pel{l,2,....m—1}, is a polynomial
v=p
with all its zeros outside |z| < k, k > 1, then for L > 1,

m 2 2 2
Mb. L) < <L1 +k>” | — 1m {||b|| (1 4+ k) |w,| }
s o]
(L - D] (L - D[]
—Ini1 . 49
X[||b||+<1+k>|wm| “{ +||b||+<1+k)|wm|” “9)

Remark 12 Also for k = 1, inequality (49) of Corollary 6 reduces to inequality (4)
of Govil [6].
3 Lemmas

We require the following lemmas.

Lemmal Letb(z) = Zm_o wp 2" be a polynomial. Then for |z| = L > 1,

Dl = lwm DL — 1)
lb(z)| < L™ {1 - } ol (50)
[wy,| + L|b|]
Lemma 1 is due to Govil [6].
Lemma 2 Let
L
(r — N1
JIN) = | —————dr, x>0 . (51)
r+x
1
Then for N > 2,
N— LN v_ ] .
J(N) = Z (=1)"(x + Dx
=1
L
+ DY@+ Dx¥'In ( +x>, (52)
1+ x
andfor N =1,

J(l):(L—l)—(1+x)ln<1+L_]>. (53)

14+x
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Lemma 2 is due to Dalal and Govil [2, Lemma 3.6].

Lemma 3 J(N) defined in Lemma 2 is a non-negative increasing function of N for
N>1.

Proof (Proof of Lemma 3) Dalal and Govil [2, Lemma 3.7] has done this proof, but,
we present another proof of it using the method of differentiation under the integral

sign.
By the method of differentiation under the integral sign, we obtain
d R
r — r-
—J(N ——F— = Inrdr. 54
dN (V) = / r+x nrar (>4)

1

. _ N—1
Since, forr € [1, L], % Inr > 0, therefore, we have

(r — l)rN 1
/ Inrdr > 0. (55)
From equality (54),
d
d—NJ(N) >0, for N=>1. (56)

Hence, J(N) is an increasing function of N for N > 1.
Further, we see that %
Ofor N > 1,

and hence Lemma 3 is proved. (]

isnon-negative for N > 1 whichimplies that J (N) >

Lemma 4 For polynomial b(z) = wy + Zm wyz’, pe{l,2,....,m}andr > 1,
v=p

the function

(57)

o) {1 G —mpw e — 1)}

m|wpy| +ry
is an increasing function of 'y for y > 0.

Proof of Lemma 4. The proof simply follows by using the derivative test and we
omit it.
The next lemma is due to Qazi [12, Remark 1].
Lemma5 [fb@) =wo+ Y . w2’ o € {12, ...., m), is a polynomial with all
v=p

its zeros outside |z| < k, k > 1, then

Lo R/

‘ k< 1. (58)
m | wo
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Lemma 6 Ifb(z) = Zm_o wyz" is a polynomial with all its zeros outside |z| < k,
k > 1, then B
m
v < ——|b]. 59
l ||_1+k|| l (59)

Lemma 6 is due to Malik [9].

Lemma 7 Ifb(z) = wo + " wyz', € {1, 2, ....,m — 1}, is a polynomial with
v=p H

no zeroin |z| <k, k > 1, then

1
b < b 1 - *, 60
151 < 1+ |I - ( 1+s1>m (60)

where s1 is as defined in (11).
Lemma 7 is due to Dewan et al. [4].

Lemma 8 Ifb(z) = wo + E " w2z, p € {1, 2, ....,m — 1}, is a polynomial with
v=p
no zeroin |z| <k, k > 1, then
>, (61)

lw | < 1 121
wl’l’l —_— 1—"_

where s1 is as defined in (11).

Proof (Proof of Lemma 8)
For a polynomial b(z) = wo + Z wyz', p € {1,2,...,m — 1}, then we get
v=p

b (z) = Z:n:u vw,z° L.

Using Cauchy’s inequality to '(z) on |z| = 1, we have

b'(2)

‘ m—1

dzm—l

< (m — 1)!'max |V’ (2)|. (62)
o =1

That is,

Imw,,| < [1b']|. (63)

Combining inequality (60) of Lemma 7 and (63), we have inequality (61) of Lemma 8
and this completes the proof of Lemma 8. ]

Lemma9 If b(z) = E " o wyz" is a polynomial with no zero in |z| <k, k > 1,
V=
then

m —b 64
|w|_1-|-k”” (64)
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Proof (Proof of Lemma 9) This lemma is proved in similar ways as that of Lemma 8,
but we apply inequality (59) of Lemma 6 in place of (60) of Lemma 7 and we omit the
details 0.

Lemma 10 Ifb(z) = wo + Zm wyz', € {1,2, ..., m}, is a polynomial with no
v=p

zeroin |z| <k, k > 1, then
51>k, (65)

where s1 is as defined in (11).

Proof (Proof of Lemma 10) Let b(z) = wy + Zm wyz', p€{l,2,....,m},is a
v=p

polynomial with no zero in |z| < k, k > 1.

From inequality (58) of Lemma 5, we have

05&‘& K< 1. (66)
m | wo
Sincek > landu=1,2,---, we have

k—k"' <kt —1. (67)

Multiplying (66) and (67) sidewise, we have

k#{“‘w" k"1+1} ‘ Kt g, (68)
wo m | wy
which is equivalent to
51>k,
and hence, Lemma 10 is obtained. |

Lemma 11 Ifb(z) = wy + Zm wyz', 1 € {1,2, ...., m}, is a polynomial having
v=p

no zeroin |z| <k, k > 1, then

| — vl (69)

b
1+s bl = 1 +k
where s1 is as defined in (11).

Lemma 11 is due to Qazi [12].



Growth of Polynomials Having No Zero Inside a Circle 477

4 Proof of the Theorem

Proof (Proof of Theorem 1) Foreach 0,0 < 6 <2mand 1 <r < L, we have

L
b(Le'y — b(e'?) = / &b (re'ydr, (70)
1
which implies
L
w@a%—b@%|sjwvva%wn (71)
1

Now, applying Lemma 1 to the polynomial »’(z) which is of degree m — 1, we
get
_IB ) = mlwn ) — 1)
mlwy| + 1|’

L
Ib(Le') — b(e!”)] < f ! {1

1

} & \|dr-. (72)

Since by Lemma 4, in the integrand of (72), the quantity {1 - M} |6']| is a

mlwpy |41
monotonically increasing function of ||5’||, hence using Lemma 7, we have for 0 < 6 < 2,

Ib(Le'?) — b(e'?))

L {%nbn—k’%(l—ﬁ)m*—mmm}(r—l)
S/W”l— (73)
] m|wm|+r{<%)ubn - kﬂm(l - ﬁ)m*}

m m 1
— b - —|1- *rd
X{l-i—sl” I km( l+51>m} g
L
m mm*s| el m mm*sy
el — r"dr — el —
1451 k™ (1 4+ s1) 1+ 51 k™ (1 4+ s1)
1

L *
/rm,] bl — ”;{nx' =+ sD)lwnl

X " (r —dr
1 (U s0) |+ {161 = %
L —1 m*s; m mm*s)
= — 1ol = - —|1bll — -
1451 km 14 s k™ (1 +s7)
L 1 m—1
w(—e [TV 4 (74)

r+e
1

where s is as defined in (11) and e = “‘;}”"(%i‘l).
Ibl—"o
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L (r— l)rN !

It is observed that ] dr > 0 and is a monotonically increasing function of N for

N < m, therefore, we have

L L
(r—l)rN_ld _ [ =
r=

r+e r+e
1

dr. (75)

1

We see from Lemma 8§ that (1 — e¢) > 0 and using inequality (75) to (74), we get for every N,

N <m,
sl m 1ol mm*sy
1+ 51 k™ (1 +s1)

_ N— 1
Xu_e)/(” Dr (76)

. . L —1
lb(Le') — b(e')| < s { 5]

r+e
Using Lemma 2 (on replacing x by e) for the value of the integral in (76), we have,

1+ {n ||—"”1}

m mm*sy
- mres acoras, o an

Ib(Le'?) —b(e?)] <

where f(N, s1) is as defined in (12) and (13).
Now, putting the value of e and using the relation

Ib(Le'?)| < |b(Le'”) — b(e')| + |b(e'?)]

< Ib(Le') — b(e™®)| + |1b]] (78)
in (77), we get
i0 L™ +5 B — 1) sym*
[b(Le')| < ( o) )H I 1+ o
ol sym* _
- { T+ (d+skm 'wm'} FN.s), (79)

which is equivalent to inequality (10) and hence, Theorem 1 is obtained. |

5 Conclusions

We have improved and generalized inequality (5) proved by Hussain [8] by involving
min;— |b(z)|. Moreover, through Remarks and Corollaries, we have discussed the
implications of Theorem 1 on other well-known results .
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