Group Action on Fuzzy Ideals of Near )
Rings i

Asma Ali, Ram Prakash Sharma, and Arshad Zishan

Abstract In this paper, we introduce the group action on a near ring N and with it
we study group action on fuzzy ideals of A/, G-invariant fuzzy ideals, finite products
of fuzzy ideals, and G-primeness of fuzzy ideals of N.
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1 Introduction

A set N with two binary operations ‘+’ and ‘-’ is known as left near ring if (i) (N, +)
is a group (not necessarily abelian), (ii) (N, ) is a semigroup, (iii) a(8 + ) =
a-f+a-vVYa,Bandvin N. Analogously, N\ is said to be a right near ring if
N satisfies (iii) (B3+Y)a=p3-a+~v-aVa,Band~in . A near ring N with
Ox = 0, Vx € NV, is known as zero symmetric if Ox = 0, (left distributively yields
that x0 = 0).Throughout the paper, A represents a zero symmetric left near ring;
for simplicity, we call it a near ring. An ideal of near ring (N, +, -) is a subset M of
N such that (i) (M, +) <« (N, +), (DN M C M, (iii) (n; + m)ny —niny € MV
m € M and ny, n, € N. Note that if M fulfils (i) and (ii), it’s referred to as a left
ideal of NV It is termed a right ideal of A if M satisfies (i) and (iii). A mapping
¢ : N — N from near ring A" to near ring N is said to be a homomorphism if (i)
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Pla+ 3) = ¢(a) + ¢(B) (i) p(af) = p(a)p(B) ¥ aand 3 € V. Ahomomorphism
¢ : N'— N which is bijective is said to be an automorphism on A. The set of
all automorphism of N denoted by Aur(N) forms a group under the operation of
composition of mappings.

The study of group actions on rings led to the establishment of the Galois theory
for rings. Lorenz and Passman [12], Montgomery [14], and others researched the
skew grouping approach in the context of the Galois theory, as well as the groupring
and fixed ring. The link between the G-prime ideals of R and the prime ideals of
skew groupring RG was identified by Lorenz and Passman [12]. Montgomery [14]
investigated the relationship between the prime ideals of R and RY, leading him to
broaden the scope of the action of a group to specR.

Fuzzy sets were introduced independently by L.A. Zadeh and Dieter Klaua in
1965 as an extension of the classical notion of set. Liu [11] studied fuzzy ideals
of a ring and many researchers [4, 6, 7, 20] extended the concepts.The concept of
fuzzy ideals and related features have been applied to a variety of fields, including
semigroups, [8—10, 18, 19], distributive lattice [2], BCK-algebras [16], and near
rings [22]. Kim and Kim [5] defined the exact analogue of fuzzy ideals for near
rings.

Sharma and Sharma [19] recently investigated the action of group on the fuzzy
ideals of the ring R and found a relationship between the G-prime fuzzy ideals of R
and the prime fuzzy ideals of R. We define the action of group on a near ring A" and
investigate the action of group on fuzzy ideals and G-invariant fuzzy ideals of A/,
finite products of fuzzy ideals, and G-primeness of fuzzy ideals of N. As a result,
we extend Sharma and Sharma’s conclusions to near ring V.

2 Preliminaries

Definition 1 ([22]) If N is a near ring, then a fuzzy set F in A is a set of ordered
pair F = {(n, nz(n))In € N}, ng(n) is called membership function.

Definition 2 ([22]) Let 1 and p be two fuzzy subsets of a near ring A/. Then n N
and 7 o p are defined as follows:

n N p(m) = min{n(m), p(m)}.
And product 1 o p is defined by

sup  {min(n(my), w(m))} it m = myms
0o pm) = §m=mm: (1)
0 if m £ mym,;.
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Definition 3 ([22]) Let (G, 4+) be a group and 7 be a fuzzy subset of G. Then 7 is
fuzzy subgroup if

@ n(g1 + g2) = min(n(g1), n(92)), ¥ g1, g2 in G,

(i) n(g) =n(=9), Vging.

Definition 4 ([22]) A fuzzy subset 1 of a near ring A is said to be a fuzzy subnear
ring of NV if 7 is a fuzzy subgroup of N with respect to the addition ‘+” and is a
fuzzy groupoid with respect to the multiplication -, i.e.,

(i) n(x —y) = min(n(x), n()) and (i) n(xy) = min(nx), n(y) ¥ x,y € N.

Definition 5 ([22]) A fuzzy subset 1) of a near ring  is said to be a fuzzy ideal of
N if 7 satisfies following conditions:

(1) mis fuzzy subnear ring,

(ii) n is normal fuzzy subgroup with respect to ‘+’,
(iii) n(rs) > n(s); for allr,s in N,
Gv) n((r+t)s —rs) >n();Vr,sandtin N.

If 7 satisfies (i),(ii), and (iii), then it is called a fuzzy left ideal of N. If 7 satisfies
(1),(i1), and (iv), then it is called a fuzzy right ideal of \V.

Definition 6 ([1]) Let G be a group and Z be a set. Then G is said to act on Z if
there is a mapping ¢ : G x Z — Z, with ¢(a, z) written a * z, such that
(Yax(bxz)=(ab)xz, VYa,be G, zeZ.

(fi)exz=17z. e€q,ze Z The mapping ¢ is called the action of G on Z, and
Z is said to be a G-set.

Definition 7 ([1]) Let G be a group acting on a set Z, and let z € Z. Then the set
Gz = {azla € G}

is called the orbit of Z in G.

Proposition 1 Let N be a near ring and G = Aut(N), group of all automorphism
of N.Then G acts on N via following map

¢ : G x N — Nwhich is defined by ¢(h, a) = h(a) or say hxa = h(a).
Proof Take (h,a;) and (h;, ay) such that
(h1, a1) = (ha, a2).
This implies that h; = hy and a; = a,. Thus, we have
hi(a1) = ha(ay)

or
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o(h1, ar) = ¢(ha, az).

Hence, ¢ is well defined. Furthermore, we show that ¢ is the action of G on \/. Take
any g1, 9> € G and b € N. Then

g1 % (g2 % b) = g1 x (g2(D)) = g1(g2(b)) (2)

(g1 092) *b = (g1 0 g2)(b) = g1(92(b)). 3)

From (2) and (3), we get

(g10g2) b = g1 % (g2 % b).

Also, we have
exx =X.

Hence, ¢ is the action of G on V.

Motivated by the definition of the group action of a finite group on fuzzy ideals of a
ring [19], we define a G—fuzzy ideal of A as follows:

Definition 8 Let G be a group. Then fuzzy set n of N is a G—set or G act on 7 if

() =n0?), geg

where r9 denotes g actson r, r € N.

Example 1 Let V' = {0, 1, 2} be a set. Then under following two binary operations
N forms a zero symmetric near ring:

+012  -j012
ojor2 0[0o00
1120 1j012
2201 2012

Aut(N) ={fIf : N — N is isomorphism}.

There are only two automorphisms (i) identity map and (ii) the map g defined as
follows:

2(0)=0, g(1)=2, and g(2)=1.
We know that Aut (N) forms a group. Define a map A : ' — [0, 1] by

0.9 a=0
Mm:{QSazLZ
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Ais afuzzy ideal. By Definition 8, \9 : N” — [0, 1]is defined as N9 (r) = A\(r9), i.e.,

M(0) = A\(07) = \(0) = 0.9
M(1) = A(19) = A\(2) = 0.8
M(2) = A(29) = A(1) = 0.8.

This implies that

A ={(0,0.9), (1,0.8), (2,0.8)} and 4)

2=\ ={(0,0.9), (1,0.8), (2,0.8)}. (5)

This shows that A\ is a fuzzy ideal of N, since A = M.

3 Prime Fuzzy Ideals

Definition 9 ([19]) Let Q be a fuzzy ideal of . Then Q is said to be a prime ideal
in A/ if Q is not a constant function and for any fuzzy ideals n and pin N, no u C Q
implies that either n C Q or u C Q.

Example 2 Take Z, = {0, 1, 2, 3} the zero symmetric left near ring under binary
operations addition modulo 4 and for any a, b € Z, multiplication is defined as

_[ba#0
”b_{Oazo
0.9 71 = 0
0.8 21 75 0,

for all zy, zo € Z4. It shows that ny oy, € ny and 1) S 1y but n, & 1. As 1y is
non-constant function so 7; is a prime fuzzy ideal.

Define two maps 1y, m; : Z4 — [0, 1] by n1(z1) = { and n,(z2) = 0.9

Proposition 2 If 1) is a fuzzy ideal of N, then 79 is a fuzzy ideal of N. Moreover,
primeness of 1 as a fuzzy ideal implies the primeness of fuzzy ideal n° of N'.

Proof Assume that 7 is a fuzzy ideal of A/. Then we show that )¢ is also a prime
fuzzy ideal of NV, i.e., we will show that )¢ satisfies following conditions:
Letr, s € N. Since 7 is a fuzzy ideal of A/, then we have

nI(r —s) =nr — ) =n@? —s9) = min(n?), n(s?)),

ie.,
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n?(r —s) = min(n?(r), n°(s)) (6)

and
n?(rs) =n(rs)? = n(ris?) = min(n(r’), n(s’)), )

ie.,
n?(rs) = min(n(r’), n(s’)). ®)

Equations (6) and (7) imply that 1) is a fuzzy subnear ring of \V.
Againr, s € N and 7 is fuzzy ideal of A/, we have

n'(r+s) =00 +5) =n@? +s9) = min(n), ns?)),
ie.,
' (r +s) = min(n(r), n(s?)). 9

Applying ([5], Lemma 2.3), we obtain

7r) = n(r0) = n(=r?) = ().
Also,
n?(r) =n(r?) =n(s? +r? —s9) =nls +r —s)’,
ie.,
n(r) =ni(s +r—s). (10)

Since 1Y satisfies all conditions of normal subgroup, ¢ is a normal fuzzy subgroup
of (W, +).Forr, s € N, we have

n(rs) =n(rs)? =n(ris?) = n(s?),
ie.,
0’ (rs) = n?(s). (11
This implies that 7 is a fuzzy left ideal of N'. Now, for r, s and t € N, we have

0’ ((r +0)s —rs) =n((r? +19)s? —ris?) = n(t?),
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ie.,
W ((r +1t)s —rs) = ni({). (12)

This implies that 7 is a right fuzzy ideal. Thus, 7 is a fuzzy ideal(left fuzzy ideal as
well as right fuzzy ideal) of \V.

Now we prove that 77 is a prime fuzzy ideal of A/. Let A and B be two fuzzy
ideals of A such that Ao B C 7)%. Then A9 ' and BY ' are also fuzzy ideals of N/,
since g~ € G and as proved in 7%, we claim that A9 ' 0 B9 ' C 1. Letn € N and

(A7 0B Y(n) = sup {min(AY (n1), BY  (n2))}

n=nin;

sup |min(A(nf{’l),B(ng"))]

1

I B
"
nd =nj] n,

=(AoB)(n?)
<) = n((n?)?)
=n(n).

So, A9 o B9 C 7. Since 1 is a prime fuzzy ideal, then we have A9 cnor
B9 C 1. Suppose that A9 C 7. Then for all n € N, we have

Am) = A7) = A7 (n%) < 9(n9) = 1°(n).
Thus A C n9. This implies that 79 is a prime fuzzy ideal of N.

Now we define a G-invariant fuzzy ideal of a near ring.

Definition 10 A fuzzy ideal ) of AV is called a G-invariant fuzzy ideal of AV if and
only if

() =nr?) >nr),Ygeg,reN.
Or
n(r) = (99" = n@r9).

Example 3 Let X be a near ring. Then

=16 )

is near ring with regard to matrix addition and matrix multiplication. Let

(9o

X, V, OEX}
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Then Z is a fuzzy ideal of A/. Define a map n : N' — [0, 1] by

_J09 z=0
1) =108 7 £0

Consider
G(C Aut(N)) ={f|f : N — N isanisomorphism}.

There are only two automorphisms that are identity map and the map g : N’ —> N

defined by

(5 1)-(67)
Since n9(r) = n(r9) =n(r) for all g€ G and r € N, we get n is G—invariant
fuzzy ideal in V.
Theorem 1 Let 1) be a fuzzy ideal of N and n® = (0 n%. Then n9(r) = min{n(r?),
g € G}. Moreover, fuzzy ideal n contains largest g(ijlfvariant fuzzy ideal n9 of N.
Proof Assume that

) ="

keG
= min{n*(s), k € G} = min{n(s*), ke gG).

We prove that 9 is a fuzzy ideal of V.
Letr, s € N. Then

19 (r —s) = min{n(r —5)?, g € G}
=min{n@r? —s9),g € G}
= min{min(n(r?), n(s9)), g € G}.

Since 7 is a fuzzy ideal, we have

n9(r —s) = min{min(n(r?), g € G), min(n(s%), g € G)}
= min{n?(r), n%(s)}.

This implies that

no@r —s) = n9@r), n%(s)). (13)
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Also forany r, s € N

ng(rs) = min{n(rs)?, g € G}
= min{n(ris?), g € G}
= min{min(n(r?), n(s9)), g € G}.

Since 7 is a fuzzy ideal of A/, we have

n9(rs) > min{min(n(r?), g € G), min(n(s?), g € G)}
= min{u® (), p°(s)}.

Thus,
19 (rs) = {n9(r), n%()}. (14)
ng(s +r—s)=min{nis +r —s)?, g € G}
=min{n(s? +r? —s%),9 € G}
=min{n(r?), g € G}
=17 (r).
Therefore,
(s +r—s)=n@). (15)
Now,

ng(rs) = min{n(rs)?, g € G}
= min{n(r’s%), g € G}.

Again since 7 is fuzzy ideal, we can write for r, s € N/

n9(rs) > min{n(s?), g € G}.
=n9(s),

ie.,

n9@rs) = n9(s) (16)
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n((r +1t)s —rs) = min{n((r +1)s —rs)?, g € G}
=min{n((r +1)9s9 —rIs9), g € G}
= min{n((r? + 1t7)s? —r9s9), g € G}
> min{nt?), g € G}.
=17 (@)

n9(r +10)s —rs) > n9(). (17)

Since 1Y is the left and right fuzzy ideals of A/, then n9 is the fuzzy ideal of NV. It
is still necessary to show that it is a G-invariant fuzzy ideal of N.

9 (r?) = min{n((r')"), k € G}
= min{n(r%), k € G}

= min{n(rg/), g/ € g}
=n9(r).

Now we prove that 1 is the largest. Assume that s is any G-invariant fuzzy ideal of
N such that i € 0. Then for any g € G

p(r?) = p(r) < nir).
Also,
p(rf) = p(r) = p((r)?") < n(rd).
This implies that
p(r) < min{n(r?), g € G} =19 (r).

Thus,

<l

Hence, 9 contained in ) as the largest G-invariant fuzzy ideal of .

Remark 1 If a fuzzy ideal 1) of N satisfies n = 9. Then 7 is called as G-invariant
fuzzy ideal of A and vice versa.
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4 Union of Fuzzy Ideals of Near Ring

The following example demonstrates that the union of fuzzy ideals of a near ring N
need not be a fuzzy ideal in \V.

Example 4 Let O be a near ring. Then

v={( 1)

is a near ring with regard to matrix addition and matrix multiplication. Let

a=|(¢ )] o<
({8 D ooee]

We can check that Z; and 7, are ideals of /. Define maps

P q OGQ}

and

m:N —1[0,11 and m:N —[0,1]
by

()_ O.SXGZI
MY =10 x¢1,

and

()_ 0.6,x€Iz
R =N0, x ¢

Then 7; and 1), are fuzzy ideals of N'. However

| max{0.5,0.6}, x e I, UL,
(771 U 772)(x) - {O, X ¢ Il U:Z-Q

. . . (0 p _ (00 o _ (0 p
1sn0tafuzzy1dea10f./\/,smceform_(O O)n_<0 q)’m n_<0 g ¢

I UZ,. We see that ny Unp(m —n) =0, n Unp(m) = 0.6, and n; U ma(n) = 0.5.
Thus,

m Um(m —n) =0 % max{n Umn(m), n Unn)}
# max{0.6, 0.5}
£ 0.6.
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Hence, 17; U 1, is not a fuzzy ideal of V.

Proposition 3 Let C = {n} be a chain of fuzzy ideals of N'. Then foranym,n € N

min(SgP{ﬁk(m)}, Sl;P{ﬁk(n)}) = Sgp{min(nk(m), Mk (n))}.

Proof We can easily see that

Sl;p{min(nk(m), M)} < min(Sl;p{nk(m)}, sgp{m(n)})-
Now, assume that
Sl;p{min(nk(m), M)} = 1.
And

I < min(sip{nk(m)}, sgp{nk(n)})-

Then

sgp{nk(m)} >1, or sgp{nk(n)} > 1.

7, and 7, exist in such a way that
ne(m) > 1, & ns(n) > 1
or
n-(m) > I = min(n, (m), 1, (n)) (18)
and
ny(n) > 1 = min(1;(m), ny(n)). 19)

Since, 7, s, € C, so without loss of generality, we may assume that n, C 7, and
ns(n) > n,(m) Therefore, from (18) and (19), we get

I < n,(m) < ng(m) = min(n;(m), n5(n)).
This contradicts the fact that

I = sip{min(nk(m), m(n))}.
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Hence,

min(sgp{nk(m)}, SI;P{W(”)}) = Sl;p{min(m(m), i (n))}.

Corollary 1 Assume that C = {n} is a chain of fuzzy ideals of N'. Then for each
X1y X2y vy Xy € N»

min(Sl;P{ﬂk(m)}, Slll(p{nk (x2)}s v Sl;p{nk(Xm)}) = Slzp{min(nk (1), (X2 wenenes M (Xm))}-

Theorem 1 LetC = {1y} be a chain of fuzzy ideals of N'. Then | J, n is a fuzzy ideal
of N.

Proof Letr,s € N, and n; be a fuzzy ideal of N/, where k is a natural number. Then

Unoe -5 = SUp(r)(r = 5))
k

> sup{min(n (r), 7k (s))}.
k
Using Corollary 1, we get

(e =-9= min{sup(c(r)). sup(1c(s))}:
k

ie.,

(Uno @ = s) = min{Jn) ), (Jno )} (20)
k k k

Also,
Unors) = sm}:p(U(rs))
k k
> sgp{min(m(r), nr($))}.
Again from Corollary 1, we have

Unoes) = min{Sup(7c(r)). sup(1k (5))}:
k

ie.,

(U ) (rs) = min{(LkJ (), (LkJ M) ($)}- 2y
k



360 A. Ali et al.
Now
(JmGs +r =) = sup(n(s +r — )
k
k

= sup{m (r)}.
k
Since 7 is a fuzzy ideal in AV, we obtain

Unoes+r—9=Jmo),
k k

i.e.,

UnoGs+r—9=Jmo. (22)
k k

Unoes) = Sup(i(rs))
k

> sip{nk(s)}.

Again using the fact that 7 is fuzzy ideal, we get

Unoes) = (Jnoe (23)
k k

(U@ + s —rs) = SUp(((7 + s = 75))
k

> sgp{m(t)}-
Also,

Uno@ +0s—rs) = (Jm®. (24)
k k

Hence, (| ) is a fuzzy ideal of \V.
X
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5 G-Prime Fuzzy Ideals of a Near Ring

Motivated by the definition of G-prime fuzzy ideals of the rings [19], we define
G—prime fuzzy ideals in a near ring as follows.

Definition 11 Let the fuzzy ideal 5 of A/ be G-invariant and non-constant. If 1 o A C
7 implies that either 1 C 1 or A C 7 for any two G-invariant fuzzy ideals p and A of
N, then 7 is a G-prime fuzzy ideal.

Example 5 Take Z; = {0, 1, 2} whichis a zero symmetric left near ring under binary
operations addition modulo 3 and for any r, s € Z3 multiplication is defined as fol-
lows:

s r#0
r-s—{o r=0.

Aut(Z3) ={f|f : Z3 > Z3 is isomorphism}.

We can check that there are only two automorphisms on Z3; one is the identity map
and the other is the map g defined by

2(0)=0, g(1)=2 and g(2)=1.
Aut (Z3) forms a group under the composition of mappings. Now we define two maps

09 r=0
771,772:23—>[0,1]by771(r)={0‘8 20

Definition 8, 7] : Z3 — [0, 1] is defined as 7 (r) = 1, (r9), i.e.,

and m(s) = 0.9 forallr, s € Z;. By

7] (0) = 1(09) = n(0) = 0.9
(1) =19 =n(2) =0.8
7! (2) = ni1(29) = (1) = 0.8.

This implies that
n{ = {(0,0.9), (1,0.8), (2, 0.8)} (25)
and
ni =m = {(0,0.9), (1,0.8), (2, 0.8)}. (26)
Also, we can see that 7, is a G-invariant fuzzy ideal of Z3. Since 1, o 17, € 7; and

m C mybutny ¢ n, soit follows that 7 is G-prime fuzzy ideal as 7 is non-constant
function.

The following proposition is an extension of Lemma 2.6 of [22] in case of near
rings:
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Proposition 4 If N is near ring and \{, \,, ..., \, are fuzzy ideals of N, then

AMoXdo--oX CANMN: N A

Proof Let A\j o Ay 0---0 )\, (x) = 0. Then, there is nothing to demonstrate. Other-

wise

AoXo--roX,(x) = sup {min(A;(xy), Aa(x2), .oery A (X))}

X=X]X2 Xy
Since J; is a fuzzy ideal of N, we get
Ai((x +2)y —xy) = Ni(2).
Since N is zero symmetric, we have

M) = xx2x,) = A0+ x)x2- X, =0 x1x2 -+ - Xp).
> Ai(x1),

ie.,
A(x) = A(xp).

Also, )\ is a fuzzy ideal; hence,

A(x) = Xo(xX1x2 -+ X)) = Xo(X2x3 -+ X)) = A ((0 4+ x2)x3 -+ x, — 0 - x2x3 -

> Aa(x2),
i.e.,
A (x) = Aa(x2).

In a similar manner, we can prove that

A3(x) = A3(x3),

Ag(x) = Aalxg),

“Xp).



Group Action on Fuzzy Ideals of Near Rings 363

)\n—l(x) = >\n—l (xn—l)~
Since )\, is a fuzzy ideal in N, we get

A (x) = Ap(xp).

Therefore,
Aro Az o0 A (x) = min(A(x1), A2 (x2), ..oes An (X))
or
BRICEN ﬂ A ()
or
1<?<n>\,» C Ai
- 1<i=zn

Now we will prove the main result.

Theorem 2 If 1 is a prime fuzzy ideal of N'. Then n© is a G-prime fuzzy ideal of N'.
Conversely, if X is a G-prime fuzzy ideal of N, then there exists a prime fuzzy ideal
n of N such that n9 = X, 1 is unique up to its G-orbit.

Proof Assume that 7 is a prime fuzzy ideal of V" and P, Q are two G-invariant fuzzy
ideals of A such that P o Q C n9. Since 7Y is the largest G-invariant fuzzy ideal
contained in 7, then P o Q C 7. Also primeness of 7 implies that either P C 7 or
Q C 1. Therefore, by Theorem 1 either P € 19 or Q € 19. Thus, 9 is a G-prime
fuzzy ideal.

Conversely, suppose that \ is a G-prime fuzzy ideal of A" and consider

S = {n, a fuzzy ideal of N| n9 C A}.

Before using Zorn’s lemma on S to get the maximal element(i.e., maximal ideal),
we have to show that if C = {n} C Sisachainin S, then [J7 € S.
k

Now, from Theorem 1, |, 7 is a fuzzy ideal of . Since 1 € S, we get nkg CA
and we can take any r € A and ;€ C such that

() =’ and 7! C A

Then
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M (r?) =i (r) < A(r),
or
min( (%), g € G) < A(r).
This implies that
sup{min(m (r?), g € G)} < A(r).

Since G is finite, by Corollary 1, we obtain

min{sup(n;(r9), g € G)} = Sl;p{min(nk(r"), g €9}

From (27) and (28), we have
min{sup(nx(r¥), g € G)} < A(r)
k

or

min{({_Jn) (). g € G} = M.
k

Now by Theorem 1, we get

(U@ = ).
k

Thus, we obtain

(Jm? < a.
k

A. Ali et al.

27)

(28)

This shows that () € S, i.e., S has upper bound. Now we use Zorn’s lemma on
k

S to choose a maximal fuzzy ideal say 7. Let P, Q be fuzzy ideals of A/ such that

P o Q C n. Then

PoQ¥cndCA

(29)

Since P9 and QY are the largest fuzzy ideals contained in PP and Q, respectively.

Now we prove that PY 0 QY C Po QisaG-invariant,
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(PY 0 Q9)(r%) = sup {min(PY(a), QY (b))}

ri=ab

= sup {min(P9@a? ), Q97 )}
r=a9" " b

= P90 Q).

Hence, by Theorem 1, (Pg o Qg) C(Po Q)g C . Since A is G-prime, then we
have either P9 € X or Q9 C \. By maximality of # either P € n or Q C 7. This
implies that 7) is prime fuzzy ideal of A”. As A9 = )\, we have A € S. But maximality
of 7 gives that A C 7). Since A and n9 are G-invariant ideal and ¢ is largest in 77, we
get

Al (30)
Thus, from (29) and (30), we obtain
n9 =\

Let there exist another prime fuzzy ideal o of A such that 9 = ). Then

M = =af co
=Y

Since G is finite, so from Proposition 4, we get

on! C ﬂn”.

9eg 9€g

Or for any h(# g) € G, we have

W o ()< (' <o

9€G 9€g
gFh

By fuzzy primeness either " C o or (\gegn? S 0. If n* C o, then n C o and

g#h
maximality of n with (c" 9 c A implies that

n=o"". 31)

On the other hand, if " ¢ o, weget(\geg n? € o. Thus, there exists some (h #)g €
g#h

G such that Y C ¢ and hence n C o9 . Again maximality of n with (09 )9 C A
yields that



366 A. Ali et al.
n=o9 . (32)

Equations (31) and (32) show that 7 is unique up to its G-orbit.

Conclusion: In the future, we plan to study partial group action (the existence of
g * (h % x) implies the existence of (gh) * x, but not necessarily conversely) on
fuzzy ideals of near rings. The theorems that we prove are the following which are
generalizations of Theorems 1 and 2.

Open Problem 1. Can we establish relation between G—invariant fuzzy ideal and
largest G—invariant fuzzy ideal of A/ under partial group action?

Open Problem 2. Can we investigate relationship between primeness and G-
primeness of fuzzy ideal if a group G partially acts on a fuzzy ideal?
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