
Magnetohydrodynamic Mixed
Convection Flow in a Vertical Channel
Filled with Porous Media

Nidhi Singh and Manish K. Khandelwal

Abstract We report a linear instability mechanism of MHD mixed convection flow
in a porousmediumchannel under a transversemagnetic field. The stability results are
reported for an electrically conducting water-based electrolytes fluid. The governing
equations are solved by a Chebyshev spectral collocation method. The linear distur-
bance equations formed a generalized eigenvalue problem. The results show that
the basic flow contains the inflection point. The linear stability analysis shows that
the growth of the disturbance reduces by increasing the strength of the magnetic
field and decreasing the media permeability of the porous medium flow. The linear
stability boundaries show that the relatively higher strength of the applied magnetic
field stabilizes the flow, whereas an increase in the media permeability destabilizes
the basic flow.
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1 Introduction

The phenomenon of mixed convection occurs due to thermal buoyancy force as well
as external pressure gradient. The mixed convection flows through porous medium
have been examined extensively due to wide applications in the electronic industry.
The porousmedium is an excellent candidate to enhance the heat inmanyheat transfer
applications. The stability of mixed convection flow in vertical geometries has been
the object of great interest in several applications namely heat exchangers, nuclear
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reactors, solar collectors, electronic equipment. The researchers have already studied
the hydrodynamic instability properties of mixed convection flow in the vertical
configurations [1–6] under different types of heating conditions. The flow of an elec-
trically conducting fluid through a porous medium under an applied magnetic field
has received considerable attention in many technological and laboratory flows. The
study of magnetohydrodynamic (MHD) flow of electrically conducting fluid through
a porous medium is essential in many MHD-related applications such as blankets
(e.g., dual-coolant lead–lithium (DCLL) blanket) for thermonuclear reactors, MHD
generators, crystal growth, and stirring of melts in the metallurgical industry, and
electronic devices [7, 8]. The interaction of electrically conducting fluid with the
magnetic field through inter-connected porous medium flow gives a significant heat
enhancement in the above-mentioned applications.

The understanding of hydrodynamic stability analysis of MHD porous media
flow is a fundamental interest in many applications. The present paper focuses on
the stability analysis of parallel mixed convection flow in a linearly heated vertical
porous medium channel with a transverse magnetic field. The flow instabilities may
appear by many factors, particularly by a magnetic field, heat transfer, and medium
permeability of the porous medium. The present study will provide the basic concept
of the flow instability mechanism of an electrically conducting fluid through a porous
medium in the presence of a magnetic field. There are some studies relevant to
the present investigation in a vertical configuration. We summarize some important
conclusions, which may support the present investigation.

The instability mechanism of non-magnetic fully developed mixed convection
flow in a vertical channel filled with a porous medium is well established in the
open literature using linear and weakly nonlinear stability analysis [9–15]. In these
studies, two different types of state the local thermal equilibrium (LTE) state and local
thermal non-equilibrium (LTNE) state are used for energy equations to examine the
instability characteristics of porous medium flow. The effect of media permeability
[9], the influence of Prandtl number [10], impact of different models [11], the impact
of inter-phase heat transfer coefficient [12] for porous medium flow are discussed in
terms of stability analysis. These porous medium parallel mixed convection channel
flow studies show that flow is most unstable under two-dimensional. The kinetic
energy balance mainly gives three different instability types: buoyant, shear, and
thermal-shear (mixed) instability for assisted flow and Rayleigh–Taylor instability
for buoyancy-opposed flow.

The MHD flow through porous media is investigated very little in the open litera-
ture. However, few important theoretical and experimental studies on porousmedium
flow in the presence of a magnetic field in different geometries are available in the
literature [7, 16–22]. Wallace et al. [16] have investigated an experimental study for
the flow of mercury in porous media (sandstone) under a magnetic field. They have
shown that the flow rate ofmercury through the porousmedia under themagnetic field
does not change. Later, Rudraiah et al. [22] have performed a theoretical and numer-
ical study of Hartmann flow to validate experimentally obtained results of Wallace
et al. [16]. Using multiple scale expansions, Geindreau and Auriault [7] have exam-
ined the macroscopic description of seepage in porous media under magnetic field.
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In contrast to instability properties of porous medium flow under magnetic field,
the instability mechanism for viscous-medium flow in a vertical channel under
applied magnetic field is discussed rigorously. For example, a survey of existing
published literature: related to natural convection [23–25], in connection with forced
convection [26–28], and in connection with mixed convection [29–32] focuses on
the instability mechanism of parallel channel flow under magnetic field. In these
studies, the magnetic field, in general, stabilizes the basic flow. However, in the
mixed convection flow, thermal buoyancy force destabilizes the MHD flow.

The above literature review shows that the hydrodynamic stability characteristics
of mixed convection MHD flow in a vertical channel filled with a porous medium is
not considered yet in our best knowledge. Therefore, we aim to discuss the stability
properties ofmixed convectionMHDporousmediumflow using linear stability anal-
ysis in a vertical channel. The present study will provide a new research development
in many MHD applications.

2 Governing Equations

We consider an incompressible MHD flow in a long vertical channel filled with a
porous medium. The width of the channel is 2L. A uniform transverse magnetic
field of strength B0 is applied perpendicularly to the direction of the flow, as shown
in Fig. 1. Buoyancy force and an external pressure gradient drive the flow under a
uniform magnetic field. A linearly varying temperature is considered on the walls
as Tw = T0 + Cz where T0 denotes the reference temperature and C is a positive
constant. The schematic of flow configuration is displayed in Fig. 1. Thermo-physical
properties of the fluid are assumed constant except density in the buoyancy force term.
The Boussinesq approximation is used for the density variation. In the present study,
we have adopted volume-averagedNavier–Stokes (VANS) equations for transporting
porous medium [33] to analyze the flow instability. The non-dimensional governing
equation of the present problem is given by

∇.V = 0 (1)

(2)

σ
∂θ

∂t
+ V .∇θ = 1

RePr

(∇2θ − w
)

(3)

(4)

∇. j = 0 (5)
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Fig. 1 Physical problem and
coordinate system
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where , and ε are the unit vector in the x-direction and z-direction, the ratio
of the volumetric heat capacities of the fluid andmedium and porosity of themedium,
respectively. Following non-dimensional quantities are used to non-dimensionalized
the above governing equations

(x, y, z) = (x∗, y∗, z∗)
L

, V = V ∗

W0
, P = p∗

ρ0W0
2 , t = t∗W0

L
, θ = T − TW

CLRePr
,

φ = ∅

LB0W0
, j = j∗

σ1B0W0
(6)

where V , P, t, θ, j , φ are the dimensionless velocity vector, pressure, time, temper-
ature, current density, and electrical potential, respectively. The following non-
dimensional parameters are appeared in the present problem: Rayleigh number (Ra
= gCL4βT /να), Reynolds number (Re = W0L/ν), Prandtl number (Pr = ν/α),
Darcynumber (Da= K/L2),Forchheimer number (F =CF L/|K |1/2),viscosity ratio
(λ = μ/μ f ), interaction parameter (N = σ1LB0

2/ρ0W0), and Hartmann number (Ha
= √

N Re). Furthermore,W0 is average base velocity, ρ0 is reference fluid density, α
is the thermal diffusivity, βT is the thermal expansion coefficient, ν is the kinematic
viscosity, g acceleration due to gravity, K the permeability of the porous medium,
CF is form drag coefficient, μ is coefficient of effective viscosity, μ f is the fluid
viscosity, and σ1 is the electrical conductivity. Note that the value of σ and λ is taken
1 for the present investigation.
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2.1 Basic Flow

To investigate the instability mechanism of the mixed convective flow, first we derive
the basic flow that is steady state, unidirectional, and fully developed. Using these
conditions, the governingEqs. (1)–(5) reduces into the following ordinary differential
equations

λ
d2W0

dx2
− 1

Da
W0 − ReF |W0|W0 − Ha2W0 + Ra�0 = Re

dP0
dz

(7)

d2�0

dx2
= W0 (8)

The boundary conditions for the basic flow at the channel walls are

W0 = �0 = 0 at x = ±1 (9)

where W0,�0, and P0 are the basic state velocity, temperature, and pressure,
respectively.

2.2 Linear Stability Analysis

The classical normal mode analysis [34] is considered to examine the linear stability
analysis of the above MHD mixed convection basic flow. The infinitesimal distur-
bance is imposed on the basic flow. Thus the velocity, temperature, and pressure field
can be written as

(u, v,w, θ, P) =
(
u

′
, v

′
,W0(x) + w

′
,�0(x) + θ

′
, P0(z) + p

′)
(10)

In the above equation, primed quantities denote infinitesimal disturbance to the
corresponding field variable. The infinitesimal disturbance can be written in the form
of traveling waves [34]

X
′
(x, y, z, t) = X

∧

(x)ei(αz+βy−αct) (11)

where X
′
denotes field variables, α and β are wavenumbers in the z and y directions,

respectively. c = cr + ici represents the complex wave speed. The behavior of distur-
bance (growth/decay) depends upon the sign of ci . The flow is unstable, neutrally
stable, or stable accordingly as ci > 0, ci = 0, or ci < 0, respectively. The linear
disturbance equations for above basic flow are given as
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iαw
∧ + iβv

∧ + du
∧

dx
= 0 (12)

− 1

ε2
iαW0u

∧ − d p
∧

dx
+ λ

Re

(
d2u

∧

dx2
− (

α2 + β2)u
∧

)
− u

∧

DaRe
− F |W0|u

∧ = −1

ε
iαcu

∧

(13)

− 1

ε2
iαW0v

∧ − iβ p
∧ + λ

Re

(
d2v

∧

dx2
− (

α2 + β2)v
∧

)
− v

∧

DaRe
− F |W0|v

∧

− N (iαφ
∧

+ v
∧

) = −1

ε
iαcv

∧

(14)

− 1

ε2
iαW0w

∧ − iα p
∧ + λ

Re

(
d2w

∧

dx2
− (

α2 + β2
)
w
∧

)
− 1

ε2

dW0

dx
u
∧ − w

∧

DaRe

− 2F |W0|w∧ + N
(
iβφ

∧

− w
∧

)
+ Ra

Re
θ
∧

= −1

ε
iαcw

∧

(15)

−iαW 0θ
∧

+ 1

RePr

(
d2θ

∧

dx2
− (

α2 + β2
)
θ
∧

− w
∧

)

− d�0

dx
u
∧ = −σ iαcθ

∧

(16)

[
d2φ

∧

dx2
− (

α2 + β2
)
φ
∧

]

− iβw
∧ + iαv

∧ = 0 (17)

Finally, Eqs. (12)–(17) constitute a generalized eigenvalue problem.

2.3 Numerical Method

In order to determine the numerical solution of Eqs. (7) and (8) (basic flow equations)
and (12)–(17) (linear disturbance equations) along with boundary conditions, a high
accurate spectral collocation method has been used. The Chebyshev polynomial
is used as a basis set for spectral collocation method. The equations have been
discretized along the x-direction at Gauss–Lobatto points. These are the extreme
points of an M-degree Chebyshev polynomial and given by

x j = cos

(
π j

M

)
, j = 0, 1, 2, . . . , M

The main emphasis in spectral collocation method is to construct differential
operator which is given by
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Table 1 Comparison between published and present results under special caseHa= 0, Da= 1012,
ε = 1

Re Pr Published result [1] Present

Rac αc Rac αc

100 0.7 41.65 0.875 41.646 0.873

1000 0.7 30.26 1.355 30.263 1.355

100 7.0 15.73 0.24 15.738 0.237

1000 7.0 15.60 0.024 15.605 0.024

100 100 8.61 0.108 8.614 0.108

1000 100 8.6 0.011 8.597 0.011

D(1)
jk =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

c j (−1)k+ j

ck(x j−xk)
, j �= k

x j

2
(
1−x2j

) , 1 ≤ j = k ≤ N − 1

2N 2+1
6 , j = k = 0

− 2N 2+1
6 , j = k = N

The other higher order derivative can be obtained from lower order derivative by
differentiating them. In this process, the differentiation operator takes the role of the
derivative. Using spectral method discretization scheme, equations are transformed
into a generalized eigenvalue problem of the form

AX = cBX (18)

where X represents the eigenvector of the field variable, c is an eigenvalue. The square
matricesA andB represent the coefficients of linear disturbance equations. The details
of the considered numericalmethodwith implementation procedure canbe seen in the
reference [32]. The eigenvalues and eigenvectors of the eigenvalue problem (18) are
calculated byMATLAB software. The obtained results are compared with published
results [1] under some special cases. The results calculated by our numerical code
are in good match with the published one (Table 1).

3 Results and Discussion

In the present section, we discuss the results of mixed convection flow of electri-
cally conducting fluid in a vertical channel filled with porous medium. The present
problem is governed by six non-dimensional parameters, namely Darcy number
(Da), Reynolds number (Re), Prandtl number (Pr), Rayleigh number (Ra), Hart-
mann number (Ha), and Forchheimer number (F). The main emphasis is considered
on basic flow, disturbance growth rate profiles, and stability boundaries under a weak
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to a moderate value of the magnetic field. The stability results are determined for
electrically conducting water-based electrolytes fluid, whose Prandtl number (Pr)
is 7.01 [24]. The analysis is considered for high permeable porous medium flow.
Therefore, the porosity of the medium is taken at 0.9. The Reynolds number is fixed
at Re = 1000 for the present investigation. The value of F is calculated in terms of
CF and Da, i.e., F = CF/

√
Da, where CF is fixed at 0.006.

First,we examine the basic flow results to examine the impact ofmagnetic field and
media permeability of the MHD porous medium flow. Figure 2 shows a variation of
the basic velocity under different magnetic field strengths for Da = 10−2. The basic
velocity profiles contain the point of inflection near the channel walls. It is observed
that point of inflection in the velocity profile smooth out slowly on increasing the
value of magnetic field parameter Ha, and the velocity profile becomes flattened.
The maximum velocity occurs near the channel walls. The impact of the media
permeability in terms of the Darcy number under magnetic field on basic velocity is
investigated in Fig. 3. The high permeable flow provokes a clear point of inflection
in the velocity profile. The velocity profile is relatively more flattened under a low
permeability case (see for Da = 10−2).We have also examined the impact of thermal
buoyancy force under magnetic field on basic velocity and temperature in Fig. 4a–
b. It is observed that increasing the thermal buoyancy force in terms of Rayleigh
number invites the point of inflection in the basic velocity profile. The magnitude
of the basic velocity near channel walls increases on increasing the strength of the
thermal buoyancy force. The increase in the value of Ra also results in increase in
the magnitude of basic temperature (see Fig. 4b).

The above basic flow analysis indicates that the basic velocity profiles contain the
inflection point, which could increase the flow’s instability. Based on this analysis,
we can predict that the instability of the flow decreases on increasing the value of
Hartmann number, i.e., applied magnetic field has a tendency to stabilize the flow.
However, increased media permeability acts in the reverse way of the magnetic field.
We have examined the linear stability properties to confirm the observations of basic
flow.

Fig. 2 Basic velocity profile
for Da = 10–2, Ra = 150,
and different values of Ha
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Fig. 3 Basic velocity profile for Ha = 10, Ra = 150, and different values of Da
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Fig. 4 a Basic velocity profile. b Basic temperature profile for Ha = 10, Da = 10–2, and different
values of Ra

We have tested several numerical tests for different parameter sets to know the
least stable mode of linear stability. It is found that MHD porous medium flow is
least stable under two-dimensionalmode.Therefore,wehave examinedpresent linear
stability results for spanwise wavenumber β = 0. The disturbance growth of the most
unstable mode is one of the important features in the instability of the flow. To know
the instability behavior of mixed convection MHD flow of electrically conducting
water-based electrolytes fluid, we plot the disturbance growth rate contours in (Ha,
α)-plane for Da = 10−2 and Da = 10−3.The positive (negative) value of the growth
rate indicates the unstable (stable) nature. The disturbance growth rate contours show
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Fig. 5 Contour of the growth rate of the most unstable mode in (Ha, α)-plane at Ra = 1000 a Da
= 10−2 and b Da = 10−3

that growth of the disturbance reduces on enhancing the strength of the magnetic
field, i.e., flow instability reduces on enhancing the value of Hartmann number.
Figure 5a shows an unstable zone for weak magnetic field strength, but for relatively
high magnetic field strength, there is no unstable zone. We have also observed the
decrease in the media permeability gives a more stable flow. Figure 5b shows a
complete stable flow for the same parameters as Fig. 5a. The analysis shows that
the instability of the flow grows by increasing the media permeability of the porous
medium. The qualitative behavior of the growth rate analysis helps to examine the
linear instability boundaries. The linear stability results are calculated in terms critical
value of the Rayleigh number.

The instability boundaries for three different values of Darcy number (Da =
10−1, 10−2, and 10−3) in (Ha, Rac)-plane is plotted in Fig. 6 to understand the influ-
ence of magnetic field on instability boundaries. The critical value of the Rayleigh
number increases on increasing the strength of themagnetic field. For the higher value
of Ha, the generated Lorentz force in the flow stabilizes the basic flow. On the other
hand, increasing the Darcy number’s value reduces the critical value of Rayleigh
number, i.e., the flow stability reduces by increasing the media permeability of the
porous medium flow.

To gain further insight about the characteristics of the instability mechanism, we
have plotted eigenfunctions of a disturbance at a critical level for different values of
magnetic field parameter, i.e., Hartmann number in Fig. 7 for Da = 10−2. The distur-
bance fluctuation reduces by increasing the value of Ha. The magnitude of temper-
ature disturbance is larger in comparison to the velocity disturbance eigenfunction
for all considered values of the Ha.
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on linear stability critical point at Da = 10−2 for a Ha = 10, b Ha = 20, and c Ha = 50

4 Conclusion

In this paper, we have studied the instability mechanism of MHD mixed convection
flow in a vertical channel filled with the porous medium through a linear stability
analysis. The present study results are examined for electrically conducting water-
based electrolytes fluid at a fixed value of Re = 1000. A high permeable porous
medium flow situation is considered. In the present study, we have examined basic
flow characteristics, growth rate, and linear stability boundaries under awide range of
magnetic fields. The basic flow and linear disturbance equations are solved byCheby-
shev spectral collocation method. The considered flow is least stable under two-
dimensional disturbance. The enhancement in the media permeability and thermal
buoyancy force could give rise to the inflection point in the velocity profile. The
relatively strong magnetic field makes the velocity profile flatten. The growth rate
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profile shows that the stability domain enlarges by increasing the strength of the
magnetic field and decreasing the media permeability. The linear stability conforms
to the applied magnetic field stabilizes porous medium flow, whereas increase in the
media permeability destabilizes the basic flow. These results of the present studymay
serve as a piece of fruitful information in many porous medium MHD applications.
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