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Vladimir Georgiev and Sandra Lucente

Abstract An active area of recent research is the study of global existence and
blow up for nonlinear wave equations where time depending mass or damping are
involved. The interaction between linear and nonlinear terms is a crucial point in
determination of global evolution dynamics. When the nonlinear term depends on
the derivatives of the solution, the situation is even more delicate. Indeed, even in
the constant coefficients case, the null conditions strongly relate the symbol of the
linear operator with the form of admissible nonlinear terms which leads to global
existence. Some peculiar operators with time-dependent coefficients lead to a wave
operator in which the time derivative becomes a covariant time derivative. In this
paper we give a blow up result for a class of quasilinear wave equations in which the
nonlinear term is a combination of powers of first and second order time derivatives
and a time-dependent factor. Then we apply this result to scale invariant damped
wave equations with nonlinearity involving the covariant time derivatives.

1 Introduction

We study the following Cauchy Problem:

2t — AZ = (1 +t)yA(ta-xa 2, 2t Ztt) 5
2(0,x) = f(x), (D
Zl‘(os )C) = g(-x) ’
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with x € R*,r > 0 and y € R. In particular we want to deal with A uniformly
bounded with respectto f and y < 0.

The importance of this quasilinear wave equation with time-dependent potential
comes from the special scale invariant wave equation. Let i € R. The equation

_Hp_
2= Az = (140720 Vg
is equivalent to

2 ulp —2)
U — Au + ut+4(1+t)2u=|u|p

141 @

after the transformation u (¢, x) = (1 +1) 2 z(t, x). Similarly, let @ € R, the equation
zir— Az = (1 4+ 0% 20Dz P

is equivalent to

-2 p
Uy — A+ w ut+u(u )

=(1+0n*
LT g e = @D

3)

12

The existence theory for initial value problems associated with (2) has been
intensively studied. The case @ = 2 has been firstly analyzed in [3], for u© # 2
the interested reader can see [7] and the reference therein. Equation (3), with ¢ = 0,
has been considered only in Girardi-Lucente [4]. The study of the quasilinear scale
invariant wave equation is still incomplete, for example,

u ulpn —2) 2 2
A (s
M = AT g 2 ‘<’+2(1+z)> !

q

“

is equivalent to
B
ze =Dz =1+ 29Dz,

but, up to our knowledge, no result on this equation is known. This is the inspired
motivation of the present paper.

While studying the more general setting (1), we want to show how a decreasing
potential (1 4 7)¥, with y < 0 interacts with the growth of nonlinear term A in the
variables z, z;, Zsz.

On the other hand, applying such result to (3), we can describe the same
phenomenon as an interaction between the potential and linear part of the equation.
More precisely we will have a blow up result under a condition which relate «, p, u.
We obtain a modified Strauss exponent. In a similar way we deal with (4).
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In this paper, we start proving a blow up result for smooth solutions of (1) in
Sect. 2. Following [5] we use an averaging method. Then, in Sect. 3, we apply such
result to the special scale invariant wave operator. We leave the global existence
counterpart of the paper for a further coming paper, except a very simple case given
in Sect. 4.

Starting from these examples we can come back to the question of the influence
of the lower order terms of the linear operator on the global existence/blow up of
the solution. When these terms depend on time, they may become dominant with
respect to higher order terms and might cause change of the critical exponents.
For this reason, the paper tries to determine null condition for wave equation with
time-dependent coefficients hoping that this analysis shall be useful to obtain global
existence result in the future.

2 Quasilinear Wave Equations

2.1 Statement of the Main Results

Let us consider the following 3D Cauchy Problem:

ZII_AZZ(1+t)yA(tava7Ztath)a XER3at207
2(0,x) = f(x), )
21(0,x) = g(x),

with f,g € CZ(R*) having compact support. In the special case, when A =
A(t, x, z1, Zs¢) 1s independent of z we can set

y(ts )C) = Zt(t, )C) )

so that the problem takes the form

yir — Ay = 9((1 +1)" B(t, x, y, y1)) ,
y(0,x) = g(x), (6)
yi(0, x) = h(x),

with suitable 4 and B. Some results on (6) can be found in the seminal paper by
Fritz John [5]; in particular, reading that paper we can deduce the following:

Proposition 1 Ify > 0, suppose B € C* satisfies

B(t,x,y,y) > (ay + by,)2 with a®> + b > 0.
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Assume in addition that B(t, x,0,0) = 0, g, h are compactly supported, (g, h) # 0
and

/3 h(x) — B0, x, g(x),h(x))dx > 0. @)
R
Then the smooth maximal solution of (6) blows up: let the T > O the largest value

such that y(t, x) € C*([0, T) x R3) exists, then T < +o0.

Now we can explain how to relate (5)-(6) in the general case, when A depends
also on z. Indeed, if z is a solution of (5), then we can set y = z;, and find z as an
integral operator z(f, x) = f(x) + fé y(s, x)ds acting on y. In this way

t

B(t,x,y,y)=A (t,x, Jf ) +/O y(s,x)ds,y, yt) ®)

can be interpreted as a non-local nonlinearity depending on ¢, x, y, y;. The initial
data y(0, x) = g(x) is automatically satisfied. The other data y, (0, x) = A (x) means
that we need

211(0, x) = h(x)
so using the equation for z we get

h(x) = Af + A0, x, f(x), g(x), h(x)) . €)

Therefore, we can make the reduction from (5) to (6) is we require that for given
f. g Eq.(9) has a unique solution /(x) for any x € R3.
In particular if A satisfies

A(t,x,0,0,6)=0 VxeR},£eR,t1>0, (10)

then the information on the support of initial data is preserved, indeed for any x € R?
such that f(x) = g(x) = 0, we have h(x) = 0.
One can try to see how (6) is related to (5). Indeed, setting

no=t, (M, n2,n3)=x, N4, n5) =, Yur),

we obtain

o1, 0B 0B
A=y(1+0)""" B+ + 21t s
oo  Ing

provided

JB
ans
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Our next step is to rewrite Fritz John’s result for (5).

Proposition2 Let T > 0. Ify > 0, suppose A € C> satisfies
A(t, x, 2,20, 200) = (azg + bzy)? with a®> + b > 0.
Assume in addition (10) and
At x, f(x),0,00=0 VxeR?> r>0. (11)

Let f, g are compactly supported and (f,g) # (0,0) such that (9) has unique
solution h(x) for any x € R3. Let z(t, x) € C*([0, T) x R3) be the maximal smooth
solution of (5), then it blows up: T < +00.

We note that it is not necessary to assume (7), indeed it reduces to fR3 Af(x)dx =0
which is trivially satisfied.
In the present paper we want to deal with

B(t,x,y,y:) > a2|y|” +b2|y,|q, p>1¢q> L,a*>+b>>0. (12)

Our aim is to establish that the smooth solution of (6) blows up for any y > yp
with a suitable y9p = yp(p, ¢) € R. In particular we are looking for negative yp not
included in [S] evenif p = g = 2.

Theorem 1 Let y(t,x) : [0,T) > R x R3 be a non-trivial C* solution of (6) with
g. h € C*(R3) compactly supported with (g, h) # (0, 0) and

/3 h(x) — B0, x, g(x), h(x))dx > 0. (13)
R

Suppose that B(t, x,0,0) = 0 and that (12) is satisfied. Then we have T < oo,
provided one of the following:

1. y>0and p <2orq <2;
2. 1—- 12) < y < 0 (except the case a = 0);
31— ; < y < 0 (except the case b = 0).

Having in mind the relation between (5) and (6), we can deduce the following
result for (5) .

Theorem 2 Let z(t, x) : [0, T) — R x R3 be a non-trivial C? solution of (5) with
f. g € C*(R3) compactly supported with g # 0. Assume (10), (11) and that Eq. (9)
has a unique solution h(x) for any x € R3. Suppose

A(t,x, 2,20, 20) = @PlzlP + PP zel?, p>1l,g>1L,a>+b>>0. (14
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Then T < oo provided one of the following:

1.y>0andp <2o0rq <2;

2.1-2

31—

SIS ke

< y < 0 (except the case a = 0);

<y < 0 (except the case b = 0).

Remark 1 Our results do not hold for both p > 2 and ¢ > 2.

2.2 Proof of Theorem 1

We set

'
v(t,x):/ y(s, x)ds .
0

Let R > 0O such that

hence

that is

g, h are compactly supported in Bg(0) R > 0,

y(t, x) is compactly supported in Br4(0) ,

v(,x)=0for |x| >t+R.

We can deduce that

We gain

0 (Ve — Av) = yyr — Ay = 9,((1 + )V B(t, x, ¥, %)),
v(0,x) =0,

Ut(OsX)Zy(va)zg(x),

(ver — Av)(0, x) = y:(0, x) = h(x) .

(v — Av— (1 +0)YB(t,x,y,y:)) =0.

So that, for any > 0 we have

vy — Av— (1 +86)YB(t,x,y, y1) =
= (vyr — Av)(0,x) — B(0, x, g(x), h(x)) = h(x) — B(0, x, g(x), h(x)) .

5)
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Summarizing we have the Cauchy Problem

vy — Av=(1+1)YB(, x,v,vy) +h(x)—BO,x,g,h),
v(0,x) =0, (16)
v(0,x) = g(x).

Then we arrive at
vie — Av > (1 + )7 (@ v | + b*|v|?) + h(x) — B0, x, g, h). a7
Let
w(t, x) = v (t, x) — Av(t, x),
so that

w(t, x) > (1+1)7 @ (t, x)|? 4 b* vy (t, )|9) 4+ h(x) — B(0, x, g(x), h(x)) .

(18)
We consider the spherical means
_ 1
w(t,r) = / w(t, ré)dog r>0.
A Jig=1
We have
w > (1+1)”B+h(x) — B, x, g, h)
and hence
_ | o _
u(t,r) = 5 f pg(p)dp + f/ w(p, T)dpdT, (19)
r Jr—t Tr.t 2}"

where (see triangle ABC in Fig. 1)
Tri={(p,D)|lt+p<t+r;t—p=<t—r;7=0}
Consider

X={(r,)|r+R <t <2r}.
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Fig. 1 Domains of integration for (r,1) € ¥

Since we are assuming (15), the first term in (19) is zero in X, since pg(p) is odd.
For a similar reason we can restrict the integration domain of the second term to the
trapezoid ABE D on Fig. 1:

Tri={(p.O)|t—r<t4+p=<t+rit—p=<t—r;t=>0}

For any (r, 1) € ¥ we get

B, r) = ff P i, )dpdr
T* 2r
r,t
p _ R p?
= // (1~|—t)depdr+2/ h— B0,x,g,h)(p)dp .
* 2r o 2r
Due to (13), we conclude
v(t,r) > // 2'0 (14 1)YBdpdt (r,1) € T. (20)
« 21
r,t

Here we used (18). For any (r,1) € X, we restrict the integration domain to the
parallelogram A FG H on Fig. 1:

Sre={(p,D)|t—r<p<rip—R<t<p+t—r}CTpy.
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Applying Jensen inequality to (17), we arrive at

1 r p+t—r 5 5
u(t,r) = / pdp/ (I + )7 (@ |ve | + b7|ve | Dd .
2r Jir p—R

Having in mind the location of the support of v(z, r), we can write

p+t—r
v(p+t—r,p0) =/ v (7, p)dt
—R

and also

pFt—r

ﬁ(p+t—r,p)=/ (0 +t—1r—1)0: (7, p)dr .

p—R

The idea is now to slice X into half-lines:

o.={r,)|t=c+r;r>c}, X= UO’C.

c>R
Let us denote by « the restriction of v on these half-lines:
a(r)=|v(r+c,r)] r>c>R.
Our aim is to prove that
a(r)=0forr >c > R,
so that
v(t,r) =0on X.

Let

ﬁ(r)=/ pa”(p)derf pal(p)dp = B1(r) + Ba(r) .

If B(r) = 0O, then we get (24).

Assume by contradiction that there exists ro > 0 such that §(rp) # 0.

By using (22), we have

Bi(r) < aZ/rp

—-R

ptc 5 o
/ a rarv.(p, )1 +1)"P(1 + 1)V Pdr
P

195

2y

(22)

(23)

(24)

(25)

r p+c , P'/p p+c _
5/ ,0(/ 1+7)77° /”dt) </ (azlvflp(l—i—r)ydt) dp .
c pP—R p—R
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Let us recall that p/p’ = p — 1. Setting

p+c v p—1

[i(r) = sup (/ 1+ t)_Pldr) ,
pElc,r] p—R

Having in mind (21), we can conclude that

a?Bi(r) < 2rTy(r)a(r) .

Similarly, we can estimate

q
dp

r p+C 5
b*Ba(r) S/ p / (0 +c—1)biver(p, 1)1+ 1)1 + 1) /d7
c P

—R

r p+c , , q'/q
5/ p(/ (p+c—1) (1+r)—”/f’dr)
c p—R

ptc
(/ b v 19(1 + r)ydr) dp .
)

—R
We can conclude that
b*Ba(r) < 2rTa(r)e(r)

with

p-‘rC / Y qil
[Ca(r) = sup (/ (p+c—1) (1+r)_‘1'dt) .
0

p€lc,r] —R
On the other hand

a*’BP(r) b1 (r)

) =ral() +ral(r) 2 20rP=I07(r) - 247971 (r)

We can deduce that 8 is increasing and for r > rg we get

(p— Da®r ([T 1

I-p
GO YA

§

and

(g —Db* [T 1

I—q
Beon'™ = T | e ¢

£.
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In order to have contradiction, it remains to find (p, ¢, y) such that

+oo 1 +00 1
A R

In the case b = 0 and a # 0 we only require that the first integral is divergent. In
the case a = 0 and b # 0 we only require that the second integral is divergent.
We observe that there exist s; € [—R, ¢] and 5o € [—R, c] such that

ptc y p—1
(/ a +,)—p1d,> =+s1+0)77
o

—R

and

p+c ’ Y q_l ’
(f (p+c—17( —i—t)qldt) =(—70+s+p) 7.
p—R

For y > 0 we find I'1(r) < 1. It follows that (26) is satisfied for any p < 2.
Similarly, for y > O we find I';(r) < 1 and (26) is satisfied forany g <2.If y <0,
then (26) is equivalent to

+o00 1 +o00 1
/m I dé = +ooor /m —— dé = +00.

Again for b = 0 and a # 0 we only require that the first integral is divergent. In the
case a = 0 and b # 0 we only require that the second integral is divergent. We can
conclude that (26) is satisfied in one of the following cases

l.y>0andp <2o0rg <2;
2. 1— [2) < y < 0 (except the case a = 0);

3.1— ; < y < 0 (except the case b = 0).

Coming back to the proof of the blow up of the solution of (5), through the
solution of (16) and (6), from v = 0 on X we can deduce that

y(x,t) =0 forx 6R3,t > R.
First we notice that combining (25) with (20) we have B=0o0n T;:‘t with (r, 1) € X.
But this trapezoids cover the region {(p,?) | p +t > R}, hence, being B > 0 we

have B = 0 in the region |x| 4 ¢ > 0. This implies

a’|vi|? + b*|vu|? = 0for |x|+1>0,t>0.
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We can deduce
vi(x,t) =0,v4(x,1) =0, for|x|+1>0,t>0.
Recalling that y(x, t) = v;(x, t) we get
yi(x,t) =0, for|x|+¢t>0,t>0. 27
In turn this implies that
y(x,t) =y(x,t+R) =0, forx e R*, 1 > 0.

This gives the conclusion. Indeed, this and (27) are impossible for (g, h) # (0, 0) .

2.3 Proof of Theorem 2

We assume that z(z, x) : [0, T) — R x R3 is a non-trivial C? solution of (5) with
f. g € C*(R}) compactly supported with g # 0. Make the substitution v(x, ) =
z(t, x) — f(x). The function # is determined as the unique solution of (9). Then we
can write h(x) = vy (0, x) and moreover we have

vy — Av = (1+8)YB(t, x, v, v) + Af,
v(0,x) =0, (28)
vt(os )C) :g(-x)s

with B(¢, x, v;, v;) = A(t,x,v + f, v, v). It is not necessary to assume (13)

since Af has vanishing mean. Assumption (14) guarantees that v satisfies (21) and
we arrive at the same absurd as before. We can conclude that blow up holds.

3 Applications

A trivial application of Theorem 1 is the blow up of compactly supported classical
solution of

yi — Ay =0 (L+0)7|yl?) ,

provided initial data (g, i) € C? x C? satisfies

/h(X)dx Z/Ig(X)Ip dx
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and p <2withy > 1—2/por p=2andy > 0. This example is deeply different
from the results in [5]. Indeed the right side can be written as

O (1407 1y17) =y L+ 0" yIP + p(L+ 07 [y1P 2y

and we do not know any sign assumption on y and y;, so that John’s result is not
directly available.

Now we turn to other applications of Theorem 2. Our starting point is a scale
invariant damping wave equations that can be reduced to (5) by means of a suitable
transformation. Let us consider the covariant time derivative

7

Ao, =0
Wt =0t 501

n=0

We can write

U ulp —2)
S INPL P

u = 8(,0,;8(#),1‘1/! — Au (29)
and hence a meaningful nonlinear term for this equation is |3(M), U |p . On the other
hand, the relation between this covariant %erivative and the standard der}vative is
given by the transformation u = (1 +¢)~ 2z, indeed 9y ;u = (1 + )~ 2 9;z. For
this reason the equation

-2
Uy — Au w ut+u(u )

2 2
141 4(1 + t)zu =({1+0* (a |8(M)Ju|p +b |8(M)Ja(#),tu|q)

(30)
becomes
2 — Az =a>(1L+ 0% 5PV P 4 21 + 1) 2@ D), 4 31

and this is a special case of (5) with
nw
y =o— 2(rnax{p,q} —1).

In (30) the linear zero-order term can be seen as a positive time-dependent mass only
for © > 2. As seen in the Introduction, many papers deal with the scale invariant
damping wave equation

-2
des + 7 u,+“(“ )

1+t 4(1+t)2u=F(tauautault) (32)

for F = |u|?. The case F(u;) = |u;| has been analyzed in [8]. With the choice of
a different nonlinear term in (30), we add another step to understand the interplay
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between the lower order terms of the wave equation and some admissible nonlinear
terms.
Let us start considering (30) with b = 0.

Corollary 1 Let us consider the Cauchy problem

(=2, _ b 3
up — Au+ li,ut+ﬁf({‘+t)2u—(1+t)°“(8t+2({‘+t))u . XeRL1>0,
u(0,x) = f(x),

u(0,x) = gx).

Letu(t, x) : [0, T) — R be the corresponding maximal solution with f, g € C*(R3)
compactly supported. Let 1 < p < 2 and

2 pn
a>1— 4+ _(p—1)), (33)
p 2

orp=2anda > ’;.ThenT < 4o0.

Proof After the transformation z = (1 + t)’g u the previous Cauchy problem
becomes

w—Az=(1+0*2P Vg P xeR:1>0,
z2(0,x) = f(x),
20(0,%) = =4 f(x) + g(x).

Since A(t, x, z, zs, 211) = |z¢|? satisfies (10) and (11), setting h(x) = Af +|g(x)|?,
the result is a direct application of Theorem 2. O

Remark 2 In [4] the case « = 0, & > 0 f = 0 is considered. A blow up result for
radial solution is established, provided

2 2
<minjl+ ,1+ , 34
b { 2 2k-|—/L} G

where k > 0 is such that g(|x|) > (1 + |x|)%. A similar result for the semilinear
case is contained in [2]. Let us compare our result with the one in [4]. Though we are
considering smooth solution with compact support, our result improves [4], since we
do not assume radial solution and we can also treat some p < 0, for example, for
p = 2. Moreover our admissible exponents satisfy

l;p2+(1—/;)p—2<0

and 1 < p < 2. Atleast for 0 < p < 3/2 this range is larger than (34).
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Remark 3 The expression (33) shows also the interaction between the potential, the
linear operator (29) and nonlinear term. More precisely, following [1], if we describe
as Strauss-type exponent a positive solution of an equation like

B’ +@—Ppp—2=0, B>05>8
then for g = ’2‘ and 6 = 1 — o our result provides a subcritical blow up behavior.
The word subcritical refers to a critical Strauss-type exponent.
The analogous result for (30) with a = 0 is the following

Corollary 2 Let us consider the Cauchy problem

q
, xeR3 >0,

2
n=2)  _
U — Au + 1itut + Z({L-‘rt)zu = (1 + t)a (at + 2(1'u+t)) u
u(0,x) = f(x),

ur (0, x) = g(x).

Letu(t, x) : [0, T) — R be the corresponding maximal solution with f, g € C*(R?)
compactly supported. Let 1 < q < 2 and

2
as>1-"+"q-, (35)
q 2

org=2and o > ’;.ThenT < +o0.

In a similar way we can treat combined nonlinearity involving time-covariant
derivatives. We get a blow up result for classical solution of (30) with smooth and
compactly supported initial data foru <0, p <2org <2or u > 0 and

a>M(max{p,q}—1)+1— .
2 max{p, q}

Since (30) is equivalent to (31) we expected such interaction between p and q.
Theorem 2 is very general. Firstly, it gives the possibility to consider second order

time derivatives in the nonlinear term. Moreover we are requiring the positivity of

the entire nonlinear term, not of any terms which appears in A. For example, take

Uz = N(z)
with N = A, written as

Ap=ar(1+ 0"z "' + oo (1 + )7z,
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witheo; > 0, p; € (1,2)and 1 — [i < ¥i. Then any classical solution z blows up.
But also we have blow upif N = Aj+ Agor N = A1+ Aror N = A1+ Ap+ Az
being

Ag=ao(1 +0)"[z|” a9 =>0,po>1,p€eR
and

1 1
Ay = |Zt|e + |Ztt|m — Zr gt + =1
L m

which is positive due to Young inequality.
Finally this idea can be applied for other scale invariant operators. For example,
we can consider
Ui — Au+2b(Ou; + (B + bPu = (B, + b(t)) (3 + b(1)u
hence one can put 9., = (9; + b(¢)) and study

()1 0y, — Au = [0 1| + 13y, 0p), 117 .

Let
t
B(1) =/ b(s)ds ,
0

since d(p),r)(exp(—B(t))u) = exp(—B(t))o:u, setting u = exp(—B(t))z previous
equation becomes

zi — Az = exp((1 — p) B(®))|z|” + exp((1 — @) B(1)) |z |? .

Suitable assumptions on b gives the possibility to apply Theorem 2. For example,
negative b(¢) leads to the case without potential, while

b(t) < ¢
141t

leads to Corollary 1.

4 An Existence Result

First of all, we assert that one can generalize our result, when the nonlinear term in
(1) depends also on space-derivatives of the solutions. We leave detailed discussion
for a future work, but we shall give a simple example of a suitable variant of (32)
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so that small data global existence result holds. The example can be considered as a
complementary case to our blow up results in Corollary 1 with p = 2and a = 5.
More precisely, we consider the Cauchy problem:

u u(u—2) I u 2 2
wee — Au+ g + =08 (0 + 5 f ) u = Vi)

4(141)2
u0,x) = f(x),
ur(0,x) = g(x),

being x € R3, t > 0. As usual it becomes

2 —Ar=(lz)* = Vz) . xeR1>0
2(0,x) = f(x),
20, x) = =5 f(0) + g(x).

Then we can use the Nirenberg transform, see Klainerman in [6]:

w=1-—e%.

We get w;; — Aw = 0 that gives global existence. We underline that also in this case
u < 01is admissible.
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