A Note on Small Data Soliton Selection )
for Nonlinear Schrodinger Equations Shethie
with Potential

Scipio Cuccagna and Masaya Maeda

Abstract In this note, we give an alternative proof of the theorem on soliton
selection for small-energy solutions of nonlinear Schrodinger equations (NLS)
studied in (Cuccagna and Maeda, Anal PDE 8(6):1289-1349, 2015; Cuccagna and
Maeda, Ann PDE 7:16, 2021). As in (Cuccagna and Maeda, Ann PDE 7:16, 2021),
we use the notion of refined profile, but unlike in (Cuccagna and Maeda, Ann PDE
7:16, 2021), we do not modify the modulation coordinates and do not search for
Darboux coordinates.

1 Introduction

In this note, we give an alternative and simplified proof of the selection of small-
energy standing waves for the nonlinear Schrédinger equation (NLS)

i0u = Hu + g(lu|>u, (1, x) e R'3, (D)

where H := —A + V is a Schrédinger operator with V e S(R?, R) (Schwarz
function) and g € C*°(R, R) satisfies g(0) = 0 and the growth condition:

Vn e NU{0}, 3C, > 0, [g™ (s)| < Cpn(s)> ™" where (s) := (1 + |s|D)'%.  (2)

We consider the Cauchy problem of NLS (1) with the initial condition #(0) =
ug € H'(R3,C). It is well known that the NLS (1) is locally well posed (LWP)
in H! = HI(R3, C), see, e.g., [2, 7]. It is also easy to conclude, by mass and
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energy conservation, that for small initial data ug € H' the corresponding solution
is globally defined.

The aim of this chapter is to revisit the study of asymptotic behavior of small (in
H") solutions when the Schrédinger operator H has several simple eigenvalues. In
such situation, it has been proved that the solutions decouple into a soliton and a
dispersive wave [3, 11, 13]. More recently, in [4], we have introduced the notion of
refined profile, which simplifies significantly the proof of the result in [3]. In this
note, we exploit the notion of refined profile of [4], but we give an alternative proof
of the result in [4] that does not exploit directly the Hamiltonian structure of the
NLS. In this sense, in this chapter, we are closer in spirit to Soffer and Weinstein
[11] and Tsai and Yau [13], but our proof is at the same time simpler and with
stronger results.

To state our main result precisely, we introduce some notation and several
assumptions. The following two assumptions for the Schrodinger operator H hold
for generic V.

Assumption 1 0 is neither an eigenvalue nor a resonance of H. O

Assumption 2 There exists N > 2 s.t.
oa(H)={wj|j=1,---,N}, withw; <--- <wy <0,

where o4(H) is the set of discrete spectra of H. Moreover, we assume all w; are
simple and

vm e ZV \ {0}, m-w # 0, 3)
where w := (wi, - - - , wy). We set ¢ to be the eigenfunction of H associated to the

eigenvalue w; satisfying ||¢p;|l 2 = 1. We also set ¢ = (¢1,--- , dn). |

Remark 1 The cases N = 0, 1 are easier and are not treated it in this chapter.
Unfortunately, Assumption (2) excludes radial potentials V (r), for r = |x|, where
in general we should expect eigenvalues with multiplicity higher than one.

As itis well known, the ¢;’s are smooth and decay exponentially. Fors > 0, y >
0, we set

H)f ={ue H| Nl g ==l cosh(yx)ullgs < oo}.

The following is well known.
Proposition 1 There exists yg > 0 s.t. forall 1 < j < N; we have ¢; € ﬂson)fO.
Using yp > 0, we set
pIRES H;O ifs >0, X := (HV_OS)* ifs <O,

¥ .= (¥%* and Z® := Ng=0X".
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We will not consider any topology in X°°, and we will only consider it as a set.

In order to introduce the notion of refined profile, we need the following
combinatorial setup, exactly that of [4].

We start with the following standard basis of RY, which we view as “non-
resonant” indices,

NRy:={ej|j=1,---,N}, & := (81j,---,n;) € ZV,

4)
d;j the Kronecker delta.
More generally, the sets of resonant and non-resonant indices R, NR, are
R:={meZ" | Zm: 1, @ -m > 0},
(%)
NR:=meZ"|) m=1 o -m<0),
where > " m := Zjv:lmj form = (my,--- ,my) € ZN.
From Assumption 2, it is clear that {m e ZV | >m = 1} = RUNR and
NRg c NR. Form = (my, --- ,my) € Z", we define
N
m| == (jmy|, -, |my)) € ZV, Im] == jm| =) |m;] 6)
j=l1
and introduce partial orders < and < by
mﬁnﬁderjE{l,"',N}, mjfnjs (7)
m<n<gfm=<n and m # n,
where n = (n1, - - - , ny). We define the minimal resonant indices by
Ripin :={m e R| An € Rs.t. |n| < |m|}. )

We also consider NRy, formed by the non-resonant indices not larger than resonant
indices:

NR; := {m € NR | V0 € Ruin, [n| £ [m]}. €)

Both Rpy,in and NR; are finite sets, see [4] for the elementary proof.
We now introduce the functions {Gm}mery, C ¥ *° that are crucial in our

analysis. For m € NRj, we inductively define ¢ (0) and gm (0) by

e, (0) := ;. ge;(0) =0, j=1,--- N, (10)
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and, for m € NR; \ NRy, by

Pm(0) := —(H —m - ®) "' gm(0), (11)
o0 1 _ ~
gm© =3 2" (0) > Gm; (0) - by, (0),  (12)
m=1 (my, - ,mp;1)€EA(m,m)
where

A(m,m) := !{mj}?":li‘l € (NR;)2m+! |

2t (13)

m m
Y mgji =Y myj=m, Y |mj|= Iml}-
j=0 j=1 Jj=0

Remark 2 For eachm > 1 and m € NR;, A(m, m) is a finite set. Furthermore, for
sufficiently large m, we have A(m, m) = (. Thus, even though we are expressing
gm(0) in (12) by a series, the sum is finite.

For m € Ry, we define Gy, by

oo 1 ~ ~
Gmi=)_ &™) > $m; (0) -+ Py, ., (0). (14)

m=1 (my,--,myy41)€A(m,m)

Remark 3 gm(0) and Gy, are defined similarly. We are using a different notation to
emphasize that g, (0) has m € NRj, while G, has m € Rpy;p.

The following is the nonlinear Fermi Golden Rule (FGR) assumption essential
in our analysis.

Assumption 3 For all m € Ry, we assume
/ Gm(k)*dS # 0, (15)
[k|?=m-o

where G, is the distorted Fourier transform associated to H. O

Remark 4 Inthe case N = 2 and w1 + 2(wy — w1) > 0, we have Gy = g’(0)¢1¢§,
which corresponds to the condition in Tsai and Yau [14], based on the explicit
formulas in Buslaev and Perelman [1] and Soffer and Weinstein [10]. These works
are related to Sigal [9]. More general situations are considered in [3], where however
the Gy, are obtained after a certain number of coordinate changes, so that the relation
of the Gy and the ¢;’s is not discussed in [3] and is not easy to track.
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In [4], it is proved that for a generic nonlinear function g, the condition (15) is a
consequence of the following simpler one, which is similar to (11.6) in Sigal [9],

/ |$‘71(k)|2dS # 0 for all m € Ryip, (16)
|k|?=m-w
using again the distorted Fourier transform and where ¢™ = [] j=1,... Nd)?” .

Specifically, in [4], the following is proved.
[[mi| —

Proposition 2 Let L = supf ) :m € Rpyin}, and suppose that the operator

H satisfies condition (16). Then there exists an open dense subset 2 of RL s.t. if
go,...., g(L)(O)) € §2 such that Assumption 3 is true for (1).

Forz=(z1,- - ,zy) € CN,m = (my,--- ,mn) € ZV, we define
" = zgml)nqg”m € C, where 7™ := . "= and (17)
7" m<O,
N
2" == (a1l L lan ) € RY, izl =) l2l = ) Izl € R, (18)
j=1

We will use the following notation for a ball in a Banach space B:
Bp(u,r)y:={veB||v—ulp<r} (19)

The refined profile is of the form ¢(z) = z - ¢ + o(]|z||) and is defined by the
following proposition, proved in [4].

Proposition 3 (Refined Profile) For any s > 0, there exist 5 > 0 and Cs > 0 s.t.
85 is nonincreasing w.r.t. s > 0, and there exist

{¥m)meNgr, € C®(Bgn (0,87), (2™ w () € C®(Bgn(0,87),RY)
and R € C®(Ben (0, 85), 2°),

st w(0,---,0) =w, Yym(0) = 0forall m € NR| and

IR@Iss < Collzl® Y 12™], (20)

meRpyin

where Bx(a,r) :={u € X | |lu — allx < r}, and if we set

p@=z-¢+ Y 2™m(zl?) andz;() = e 71 g 1)
meNR;
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then, setting 2(t) = (z1(t), - - - , z2n(2)), the function u(t) := ¢ (z(t)) satisfies
i — Hu—g(luPu=— Y  2"Gm—TR(), (22)
meRpin

where {Gm}R,,;, C (3°0) Rmin ;g given in (14). Finally, writing Ym = ,(,f), w =

w® and R =R, for s| < 52, we have 1/f1(,f1)(| 1) = l(riz)(| B, wV(- 17 =
w2 (|- ), and REY = RS in Bpn (0, 85,).

Remark 5 Notice that solitons, or standing waves, are exact solutions to the NLS
generated from the refined profile setting

@(zj) = ¢(z;e;) forz; € Bc(0, &s). (23)

So the refined profile fails to be an exact solution precisely when there are at least
two nonzero coordinates in z, which, under our hypotheses, make the defect on the
right-hand side of (22) nonzero. Notice in particular that (20) states that the error
term R(z) is not just small, but that it has a specific combinatorial structure. A
monomial of the form z;|z; |*N cannot be a term in R(z), since it does not have the
required combinatorial structure. These zj|z;|*" terms are in the left-hand side of
(22) and cancel out because the refined profile encodes the standing waves, as

9i() = 9(zje) = |2+ ¢ +2ye;(12P)]

z=zj¢€;

We give now several formulae related to the refined profile. Let X be a Banach
space and F € CI(B((:N (0, 68), X) for some § > 0. Forz € Ben(0,6) and w € CV,
we set

d
D, F(z)w :=

de F(z 4 ew).

e=0

For z(r) given by the 2nd equation of (21), thatis z;(¢) = e_iwf(‘z‘z)’zj, we have
i,z = w (1z|*)z, where @ (|z]*)z := (@1(z)z1, -+, wn (21)zw).

Thus, i9;¢(z(t)) = iD;¢(z(1))(—iw (|z(1)|*)z(r)), and we have the following
formula, identically satisfied by ¢ (z),

iD,¢ @) (—iw (|21)2) = Hp(2) + 2($@)|p(@) — Y 2"Gm —R(@). (24

Ruin
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Furthermore, differentiating (24) w.r.t. z in any given direction Z € CV, we obtain

H21D,¢ 7 =iD}¢ () (—iw (121)2, +iD,¢ (@) (Du(—iw (2P)2)F)  (25)

+ ) Du@™iGm + D;R(2)Z

meRpiy

where the operator H[z] is defined by
Hizlf = HT + (¢ @D +2¢ (¢ @PRe (¢(2) f) (@) (26)

and is self-adjoint for the inner product (u, v) = Re ng uvdx.
As mentioned above, the refined profile ¢ (z) contains as a special case the small
standing waves bifurcating from the eigenvalues, when they are simple.

Corollary 1 Let s > O and j € {1,---, N}. Then, ¢ (z(1)e;) solves (1) if z €
Be(0, 8,) and z(1) = e~ 1@ilzei i,

Proof Since (ze;)™ = 0 for m € Ry, we see that from (20) and (22), the
remainder terms ZmeRmm z()™Gm + R(z(t)) are O in (22). Therefore, we have
the conclusion. |

Remark 6 If the eigenvalues of H are not simple, the above does not hold anymore
in general. See Gustafson—Phan [6].

The main result, which we have first proved in [3], is the following.

Theorem 4 Under Assumptions 1, 2 and 3, there exist 69 > 0 and C > 0 s.t. for all
uo € H' with €y := lluoll g1 < o, and there exists j € {1,--- , N}, z € Cl(R, ),
ny € H', and p; > 0 s.t.

Jim (lu(t) = ¢ (1) = e Aill g =0, @7
with C™'e§ < p7 + [n4 1%, < Cef and

im 2] = py (28)

When written in the modulation parameters, the NLS appears like a complicated
system where some discrete modes are coupled to radiation. The discrete modes
tend to produce complicated patterns, similar to the ones of a linear system
with eigenvalues. However, asymptotically in time, the nonlinear interaction is
responsible of spilling of energy into radiation that disperses at space infinity and
to the selection of a unique nonlinear standing wave. Theorem 4 is the same of the
main theorem in [4] and is very similar to the main theorem in [3]. The proofs here
and in [4] are much simpler than in [3] or in earlier papers containing early partial



10 S. Cuccagna and M. Maeda

results, such as [11, 13]. In [3], in order to detect the nonlinear redistribution of
the energy, it was necessary to make full use of the Hamiltonian structure of our
NLS, by first introducing Darboux coordinates and by then considering a normal
forms argument. The discovery of the notion of refined profile made in [8] and
its further development in [4] allows to forgo the normal forms argument because
an almost optimal system of coordinates is provided automatically by the refined
profile. In [4], we introduced Darboux coordinates in a way much simpler than in
[3]. Undoubtedly, Darboux coordinates are quite natural for a Hamiltonian system,
and in [4], they contribute to simplify the system. In the present note however, we
provide a different proof that, except for the information that mass and energy are
constant, thus guaranteeing the global existence of our small H' solutions, does not
make explicit use of the Hamiltonian structure of the equations.

2 The Proof
We start from constructing the modulation coordinate. First, we have the following.
Lemma 1 There exist § > 0 andz € C®(Bx-1(0,8), CV) s.t.

VZieCV, (i(u—¢@w)), Dy @u))z) = 0.

Proof Standard. O
We set

n(u) = u — ¢z(u)). (29)

In the following, we write n = n(u) and z = z(u). Substituting ¥ = ¢(z) + n to (1)
and using (24), we have

0 +iD.6 @) (2 + 1w (2)z) = Hlzln + ) 2"Gm + R(2) + F(z. ),
Rinin
(30)

where

F(z,n) = g(op@ + ) (p@ +n) — g6 @ @) — (1@ P
~2¢' (9@ Re (¢ @n) ¢ (2).
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Given an interval I C R, we set

Stz/ (I) := L¥H/ (I) N L2W/-°(I),
. 4 . (3D
Stz* (1) := LIHI (1) + L2W7%/5(1), j=0,1,

where H? = L2 and W%? = L?, and use Yajima’s [15] Strichartz inequalities, for
toel,

—itH
”e ! PCU”Sth(R) 5 ”v”Hjs

Lo on (32)
[ R0 sy S 1 sy 5= 0.1
0

Under the assumptions of Theorem 4, we have ||| g1 () S €0 from energy and
mass conservation. Since ||u|| g1 ~ ||z]| + |||l g1, we conclude

Izl o) + Ml Lo g1 w) S €0

Theorem 5 (Main Estimates) There exist 6o > 0 and Cop > 0 s.t. if ¢ =
lluoll g1 < o, we have

Illsgicy + D 1%l 20 + 102+ iw (22l 2 ) < Ceo, (33)

meRp;,

for I = [0, 00) and C = Cy.
Notice that (33), Eq. (30) satisfied by 7, estimate (20) for R(z), and Lemma 2 below
for F(z, n) allow to prove in a standard and elementary fashion that () scatters as

. . : t—+
t — +00, i.e., there exists 74 € H' such that [|n(t) — "4y, || ;1 ——> 0. From
(33), we have 14l 1 < Ceo.

Using mass conservation, we have

lp @I, =

luoll72 — 20 (@(1)), €' 01} — 2(d@1)), n(t) — €"“ny) — N7,

t—+00 2 2
5 Nuol2> — lInt 112,

L2 =
0 < py <2Ce.

The fact that z™ € L?(R,) and, as it is easy to see, 9;(z™) € L®[R,;) N
CO([O, oo) implies z™ Iz4os 0 for any m € Ry,. This implies zj Iooe 0
for all k except at most for one, yielding the selection of one coordinate j in the
statement of Theorem 4. The proof that Theorem 5 implies Theorem 4 is like in [3].

So, by ¢ @172 = I12)I* + o(llz()]?), we get lim [|z()||* = p3 for some
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By complete routine arguments discussed in [3], (33) for I = [0,00) is a
consequence of the following proposition.

Proposition 4 There exists a constant co > 0 s.t. for any Cy > co, there is a value
80 = 60(Co) s.t. if (33) holds for I = [0, T] for some T > 0, for C = Cy, and for
uo € By1(0, do), thenin fact for I = [0, T] the inequalities (33) hold for C = Cyp/2.

In the remainder of the paper, we prove Proposition 4.

2.1 Estimate of the Continuous Variable 3

In the following, we set €9 = |lug|| ;1. Further, when we use <, the implicit constant
will not depend on Cyp. We start from the estimate of the remainder term F.

Lemma 2 Under the assumption of Proposition 4, we have

IF & iy S Coep- (34)
Proof By (2), we have the pointwise bound

|F(z,m|+ |VxF(z, n| S (1 + |n|2> (Io@| + Vxd@| 4 [n]) Il (Inl + [Vinl) .

(35)

Using this, we obtain the conclusion by Holder and Sobolev estimates. O
We set

Helz) :={v e L*|VZ e CV, (iv, D,¢(2)Z) = 0. (36)

Notice that foru € H', n(u) € H.[z(u)] N H'. Following Gustafson, Nakanishi,
and Tsai [5], we can construct an inverse of P, on H.[z].

Lemma 3 There exists § > O s.t. there exists

{ajatj=t,.N.a=r1 € C®Ben g T st

laja@l st Sllzl®, j=1,---,N, A=R,]I 37)
and

N
Rlz] :=1d = " ({- ajr@)e; + (- ajr(@))ig;) , (38)
j=1

satisfies R[z]Pcl3(,1z) = 1dl3q, 27, PeRI2Z]lp,r2 = 1d|p 12
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Proof A proofis in [3]. O
We set 7 = Pc.n. By Lemma 3, we have n = R[z]7] and [|nllg,1 ~ 7llg,!-
Applying P, to (30), we have

10,77 =H7 — iP. Dy (2) (a,z + iw(|z|2)z> + Y 2"P.Gm (39)

meRpyin
+ P.R(z) + P.F(z,n) + P. (H[z] — H) n.

Lemma 4 Under the assumption of Proposition 4, we have

1) S €0+ CCOG+ Y 1Z™ 20 (40)

meRp;,

Proof Obviously, from [n]lg,,1 ~ [I7llg,1. it is enough to bound the latter. By
Strichartz estimates (32) and Lemma 2, we easily obtain

Iillsist 1y S €0 + C(COIEG + I1PeDag @) (342 + 1w (292) l 20

+ ) 12™2-

meRpyin
Using the fact that || P. Dz¢ (z)|| 51 = O (||z||2), we obtain (40). |
We set Z(z) := — ZmeRmm ™Ry (m-@) PGy and & := 1+ Z, where R4 (M) :=
(H — » —i0)~!. Using the identity
(Dzzm) (iwz) = im - @ 2™ 41)
with, in the left-hand side, oz := (w1z1, - - - , oNZN), WE see that Z satisfies
—1,Z@) +HZ@ = Y  2"P.Gm+Rz(2), (42)

meRpyin

where

Rz@=i Y D,(z")] (8tz + iw(|z|2)z)

meRpiy

n (iwz - iw(|z|2)z> R (M ©) PG
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Substituting 7 = & — Z(z) into (39), we obtain

10,6 = HE — iP.Dyop (z) (a,z + iw(|z|2)z) + P.R(z) + P.F(z, 1)

+ Pc (H[z] — H)n+ Rz (2).
(43)

Lemma 5 Under the assumption of Proposition 4, we have

3
”5”L220*(1) S €0 + Coep.-

Proof By || - l;250- S|l - llg,0 and Strichartz estimates (32), we have
1€ ] z250- < 17O 2 + lle ™™ Z@O))l 250
t .
+ | f e IIRZ (2(u(s)) dsll 2 go-
0

+ 1iP-Dag () (2 + i@ (121)2) — R@) — F(z.n) — (Hlz = H) nllgge0,
(44)

where z(f) = z(u(¢)). One can bound the contribution of the 2nd line of (44) by
< C(Co)eg using, as in Lemma 4, || P, D¢ (z)|| 51 = O (||Z||2) and

D, (z)i (a) - w(|z|2)) Z=im- (a) - w(|z|2)) ™ =0 (||z||2) ™ (45)
by (41) and @ (12]2)]z=0 = ®. Similarly, the first term in the r.h.s. of (44) can be
bounded by < €. For the 2nd and 3rd terms in the r.h.s. of (44), we will now use
the estimate

le ™ Ry (m - @) P fll go- S (007 f ]l xo. (46)

By (46), we have

le ™ Z@O) I 2zo-y S Y O 1) 121 Gmllzo S o,

meRpyin

and
t . )
I /0 e IHR (a(u(s))) ds 2 50- 1)

4 .
< 3 | [ e R e 0P Gl

meRpiy
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(|22 (&™) ) (025) + i@ (125) Pracs) )|

+|D, (2") ()i (0 — @ (120 ) 265)] ) ds

L2(I)
t
S Y e /O (|a,z(s>+iw<|z|2(s>>z(s>|+|z‘“<s>|) (t =)l 2y
meRpyin
< C(Co)ey.

where we have used (45) in the 2nd inequality and Young’s convolution inequality
in the 3rd inequality. Therefore, we have the conclusion. O

2.2 Estimate of Discrete Variables
We next estimate the quantities |0,z + iw(|z|2)z||Lz and ) cr - [1Z™] ;2. To do

s0, we first compute the inner product ((30), D,¢ (z)Z) for any givenZ € CV . First,
notice that by n € H[z], we obtain the orthogonality relation

min

(101, D2 (@)Z) = —(in, D;¢(2)(3,2,%)).

Second, applying the inner product (n, -) to Eq. (25), we have

(HzIn, Dy (2)2) = (in, D;¢ (2)(w (12])2, %)

+ > (0. (Dy (2™)Z) Gm) + (0. D/R(2)Z),

meRpyin

where we exploited the self-adjointness of H[z] and the orthogonality in Lemma 1.
Thus, applying (-, D;¢ (2)Z) to Eq. (30) for n and using the last two equalities, we
obtain

(iDy¢ (2) (2 + iw (12|*)2), Dy (2)7) =
(in, D3¢ (@) (2 + iw (122, 7))

+ (. DR@Z + Y (0. (Dz (2™)Z) Gm) (47)

mERmm

+ Y (@"Gm, D@7 + (R(@), D, (@)7) + (F(z, 1), Dy (2)7).

meRp;,

Using Z = e;, ie;, we have the following.
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Lemma 6 Under the assumption of Proposition 4, we have

dzj+iwi(|zM)z;=—i Y 2™Gm. ¢;) + i n), (48)

meRpyin

where r j(z, n) satisfies
Ilrj @ )l 2y S C(Co)ep.
In particular, we have

1z +iw (22l 2y S Y 12" 2 + C(Co)e. (49)

mERmm

Proof First since D¢ (0)Z =Z - ¢, we have

(D29 (2) (92 + iw (|21*)2), Dyp (2)E) =

N (50)
> “Re(i(d,z; +imj(|21)z))Z)) + r(z. D),
j=1
where
r(2,7) =(i (Dy9(2) — D;0p(0)) (92 + iw (121*)2), D1 (2)2) (51)

+ (D2 (0) (02 + iw (12*)2), (Dyp(2) — Dyp(0))%).

Since ||Dz¢(z) — Dzp(0)||;2 < |z|*> < eg, by the assumptions of Proposition 4, we
have

r(z,Z “)||Lz(1) < C(Co)e0 forallz = ey, ief, --- , ey, iey. (52)

Setting
F@. % n) :=(in. D}¢ (@) (atz +iw (12)2.2)) + (0. DR@?)

+ > ™)Z) Gm)
meRyin (53)
+ ) (2"Gm, (D:6(2) — D,¢(0)7)

meR iy

+ (R(@), D¢ (@)Z) + (F (2, 1), D26 (2)Z),



Small Data Soliton Selection for NLS Equations with Potential 17

by the assumptions of Proposition 4, we have
I7(2,Z. Ml 2y S C(Co)eg forall Z = ey, ey, - - , ey, iey. (54)

Therefore, since D¢ (0)ike = ¢ ;i (k =0, 1), we have

—tm (9,2, + i (12)z;) = Y (2"Gum, ¢)) — 1z ) +F (@ ej. ),

meRpy;,

Re (aIZj+iwj(|z|2)z,-): 3 "G i¢)) — r(@.ie)) + Tz, iej, ).

meRpyin

Since G (as can be seen from the proof in [4]) and ¢; are R-valued, we have
dizj+iw(2M)z = i) (Gm. ¢))2™ — r(z.ie)) +ir(z, €))
m

+7(z, iej, n) —ir(z, e;, n).
Therefore, from (52) and (54), we have the conclusion with r;(z, n) = —r(z, ie;) +
ir(z,e;) +7(z,ie;, n) —ir(z, e;, n). O

Having estimated 7 and 8,z +iw (|z|?)z in terms of ZmeRmm 2™ L2(1), we need
to estimate the latter quantity. Here we use the Fermi Golden Rule.

Lemma 7 Under the assumption of Proposition 4, we have

D 122 £ €0 + (Coco)eo. (55)

meRpyin

Proof We substitute Z = iw (|z|?)z in (47), and we make various simplifications.
First, by (f,if) = 0, the right-hand side of (47) can be rewritten as

(D29 (2) (92 + iw (|21)2), Dy (@)iw ([21%)z) =

(56)
(iD2¢ (2)(82), D29 (@)iw (|2|*)z).
Next, we consider the 3rd line of (47), which we rewrite as
( Y 2"Gm + R(@). Do @iw (21)z) =
meRpin
(Y 2"Gm +R@). D0 (@) (a,z + iw(|z|2)z)) 57)
meRpin

—( ) 2"Gm+R@), D;0(@)32).

mERmm
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The term in the 1st line of the r.h.s. of (57) can be written as

(Y 2"Gm, D (O) (32 +iw (12)2)) + Ri (@), (58)
meRyin
where
Ri@=( ) 2"Gm. (D@ — Dip () (32 + iw ((z)z))
meRyin
+ (R(@), D¢ @) (42 + i@ (2)z)).
satisfies

T
f IR (z(1))| dt < Cleg. (59)
0

Using the stationary refined profile equation (24), the last line of (57) can be written
as

—(Ho (@) + ¢(16@) )¢ (2), Dy (2)0,2)

(60)
+ (D29 (@) (iw (12]*))z, iDyp (2)9;2).

Notice that the 2nd term of (60) coincides with the right-hand side of (56), which
lies in the left-hand side of (47), so that the two cancel each other. On the other
hand, we have

d
(Ho(2) + g(1¢(2)|")¢ (2), D2¢p(2)3,2) = dt E(¢(2)). (61)
Therefore, from (47) withZ = iw (|z|2)z, (56), (57), (58), (60) and (61), we have

d
L EO@) = 3 meo, 2" Gm)

meRpyin

= Y @G, DO (dz+iw(2)z)) + Ro(z. ),

meRpiy

(62)
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where

Ra(z ) = Ri@ + (in, D} (@) (32 + iw (12P)z iw (|2)z))

+ (1, D,R(2)iw (|z|*)z) (63)
+ > (@ (2*) — 0) (0, 2"Gm) + (F(z, 1), Dyop @)iw (12]))z),
meRyin
satisfies
T
f |Ra(2(1), n(0)) dt < (cgeg + cgeg) 2. (64)
0

By Lemma 6 and D;¢(0)Z = Z - ¢, the Ist term of right-hand side of (62) can be
written as

Y (@"Gm ¢ (2 +iw(izP)z))

meRpiy

N
= > D (Z"Gm. ¢j (—iz"gnj +1(z. M))

m,neRy;, j=1

N N
= Y Y Re(i#™M)gmigni+ p. Y (Z"Gm,rizne)),

m,neRp;, j=1 m,neRpy, j=1
m#n

where we have set gm,; := (Gm, ¢;) and used the fact that (z™ Gy, —iz"¢;) = 0
due to Gy, and ¢; being R-valued. Now, for m # n, we have

0;(z"z™) =i(m — n) - @z"zZ™ +i(m — n) - (w(|z|2) — w) Z"zm
+ Dy (2" (32 + iw (|2]°2))2™ + 2" D, (z™) (32 + iw (|z2))).

Thus, since (m — n) - @ # 0 from Assumption 2, we have

n_m __ 1 n_m
z'z™ = i(n—n) - ®) 0 (z"2™) + rpm(2), (65)
where
—_ . 2 _— 1
rom(2) = — (m—n) - (w(|z%) w)znzm+ i
' (m—n) @ (m—n) o

(Due @12+ i@ (222" + 2" Dy(@™) (012 + 1w (12P2))
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Then, by the hypotheses of Proposition 4, we have
T
/ Irmn(@)|dr S Ceg.
0

Thus, we have

N
Z ZRe (iz™2") gm, jgn.j = 01 A1(2) + R3(2),

m,n€Rpyiy j=1

mz#n
where
N 1
_ m o
A1(@) = Z Z (n —m) .wRe(z z")gm.j&n,j. and
m,neRy;, j=1
m##n
N
R3(z) = Z Z Re (irn,m(z)) 8m,j&n,j-
m,neRy;, j=1
m##n
Thus,
> @G ¢ (2 +iw(l2z)) = 941@) + Ra(a, ),
meRpip
where

N
Rz ) =Rs@+ Y > (2"Gm,rj(z n)g;).

m,neRpiy j=1

By (66) and Lemma 6, we have

T
fo Re(a(), (1) dt S Clel

(66)
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Substituting n = R[z]é — (R[z] — 1) Z(z) —
(62), we have

Y me o, iz"Gm) =

meRpin
= m-0lz" Ry ©)PcGm, iGm)

meRpyin

- > m-oE"Rim ©)P.Gn.iz"Gm)

m,neRy;iy
mz#n

+ Z m - o(R[z]§ — (R[z] — 1)Z(2),iz™ Gm).

meRpi,

By (65), the 2nd term of the r.h.s. of (67) can be written as

Y. m-oE"Ri@: ©)PGn, i2"Gm) = 3 A2(2) + Rs(2),

m,neRyi,
m#n
where
m- @
Ay(z) = —Re Z , 2"z (R, (n - @) P.Gy, iGm),
ilm—n) o
m,neRpi,
m#n
Rs()=— ) m oimm@Ri0-©)PGCn,iGm),
m,neRyin
mz#n
with

T
/0 |Rs5(z(1))|dt < Coéo

The last term of r.h.s. of (67) can be written as

2: m - ®(R[z]§,i2" Gm) + Re(2),

meRpyin

with Re(z) satisfying

T
/O |Re(z(1))| dt < CRef.

21

Z(z) into the 2nd term of the L.h.s. of

(67)
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Therefore, we have

d
g E@@) — A1) — Ax(2)) =

= Y m-o|z"*(Ry(m ©)PGm,iP:Gm)

meRpiy

+ > m-o(R[z, iZ"Gm) + R7(z. 1),

mERmm

(68)

where R7(z, n) = R2(z) + R4(z) + Rs5 + Re.
Now, by Ry(w-m) = P.V. wa.m + inrd(H — w - m) and formula (2.5) p. 156
[12] and Assumption 3, we have

(iGm, (H —®-m—i0)"'Gm) = Gm(k) dS(k) 2 1,

1
167 /w - m /kzzw.m
with é\m(k) like in Assumption 3. Thus, we have
1271327y S €6 + 87 15172 50 ) + 812™ 17y + Cies

where we have used Schwarz inequality. Taking § so that the ||zm||i2 o < eg +

s l||g ||22207(1) + Céeg and using ||§ | ;2 xo- () < €y by Lemma 5, we obtain (55).
O
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