®

Check for
updates

Controller Design and Analysis
of Multi-agent Linear Systems Based
on H Index

Tongxing Li®) | Xiaoyu Tan, and Yongfeng Zhang

School of Mathematics and Statistics, Taishan University, Taian 271000, China
tsultx@126.com

Abstract. This study deals with the multi-agent linear system, which
is a more realistic and accurate discrete model with disturbance terms.
Based on linear matrix inequality technology, Lyapunov stability theory
and H. index, we give the convergence result. Results of simulation
show that the proposed method is effective.
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1 Introduction

Linear matrix inequality (LMI) is an effective mathematical tool, and is widely
used in the design of control systems with constrained control inputs [1-3]. G.
Grimm et al. designed a dynamic compensator based on LMI for the general sta-
bility model system, which guaranteed the stability of the system. The system
output is guaranteed to have Ly gain to external interference [4]. H. S. Hu et al.
studied the gain characteristics and stable region of Ly based on LMI for general
systems [5]. H. N. Wu et al. used LMI to realize the fuzzy control under control
input constraints for the coupled model of ordinary differential and partial differ-
ential. S. D. Majumder entailed a finite-element design of a 3d-autopilot missile
synthesis of multiple objective controls by solving the inequalities encountered
while using a linear matrix [6]. In paper [7], the regression problem is considered.
The key point of the paper is finding a matrix approximation of the Koopman
operator from data. They formulated the regression problem as a convex opti-
mization problem subject to LMI constraints.

An LMI approach to H_ index and mixed H_/H, fault detection observer
design is proposed in [8]. The finite-horizon H,, containment control issue for
a general discrete time-varying linear multiagent systems with multileaders is
investigated in [9]. A sufficient condition is established to ensure the desired
H_, containment performance. Then the desired controller and observer param-
eters are obtained by solving two coupled backward recursive Riccati difference
equations [9]. Containment control problems for high-order linear time-invariant
multi-agent systems with fixed communication time-delays are investigated in
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[10]. Based on the linear matrix inequality method and Lyapunov-Krasovskii
functional method, the feedback gains, sufficient conditions on the communica-
tion digraph and the allowed upper bound of the delays are given [10]. The lecture
[11] investigates finite-time containment control problem for second-order multi-
agent systems with norm-bounded non-linear perturbation. The discontinuous
control protocol is designed and the appropriate value range of control param-
eter is obtained by applying finite-time stability analysis [11]. The Ho, control
problem for Lur’e singular systems with time delays is considered in [12]. By
using Lyapunov stability theory, sufficient conditions for the system to be expo-
nentially stable and satisfy the performance index of H., are obtained based on
the LMI method.

The main contributions and primary distinctions of this paper with other
works can be given as follows.

1. A more accurate and realistic discrete time model is proposed which is rele-
vant for many practical sampled data systems;

2. Sufficient conditions of the convergence result is established based on LMI
and the H., index.

3. Results of simulation show that the proposed method is effective.

The organization of this paper is as follows: In Sect. 2, we give the systems
definition about the multi-agent linear systems. In Sect. 3, we present the con-
vergence result and give the LMI. In Sect. 4, a simulation example is presented.

2 Systems Definition

We consider the multi-agent linear systems

L 22T u; are the state and control input of the i th agent, d; is a

where x; = [z} ©;
disturbance term.

u,-zKix,-,izl,...,N, (2)
where K; = [k} kZ]. Our aim is to design LMI to solve the K; and to achieve
that z; — 0.

3 The Convergence Result and LMI
Design the Lyapunov function as following:
Vi=al'Pux;, i=1,...,N, (3)

where P; > 0, P, = PF.
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The convergence effect of x can be effectively adjusted by the design of P;.
It is also beneficial to the solution of LMI. Then
V; = i} Pix; + x; Py
= (Ajz; + Byu; + Byd))" Pixy + o7 Py(Asx; + Byu; + Bid)
= (Ajz; + Byu; + Byd)) " Pixy + 7 Py(Asx; + Bikix; + Bydy)
= a7 (A; + BiK)T Pixy + oI Py(A; + BiK;)x; + (Bid;) " Pix; + xF Py(B;d;)

=z Q)" i + 2] Qjxi + (B Piw; + ] P,B;)d;,

where Q} = Pi(A; + BiK;), Q; = Q! + (QH)7T.
Let n; = [#7 d;]T, then

w15
m=|5] =] A =let ot al @)
i dl
Hence, we have
7o— 2Ty T 0 PZBl _ T Qz Psz
‘/;_xi lel+ni |:BZTPZ 0 7 1; Bszi 0 13l (5)
where
i 0] | x; i 0
otQun =T a] [ G 0] [ 5] = [ 0] me 0

(BT Pz + 27 P,B;)d; = [d;BT P, 2T P,B;] [2]

1T . 0 PB; Zq
=l dl][BiTPi 0 | |d

_.T 0 PB;|
“"oBrp oo |
then assume that the output is Z; = C;x; and H,, index takes

/ 2Tzt < / ")t + v (0), 1)
0 0

where & > 0 and C; = éﬂ

Since ZI'Z; — £2d? = 2T CT Ciz; — £2d2, and
P = | ] 7]

=[] C C; — & dy] [22}

T ~T . 2 52
=ux; C; Cix; — & d3,
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then
cro; o
T, _ 272
202i- & =t | 90 e ©
Moreover, we find that
Supposed that
T
0= [CC+Q’PB2]<0, (10)
0 =<
then
Vi+ 25z, — d2 <. (11)
Integral (11) from 0 to ¢, we get
t t
Vi -vio)+ [ 2 zar< [ g (12)
0 0

Assume that dZ is a decreasing disturbance signal, and we choose that
JoT d2dt < (&)pZ.ae®, and the definitions of af"** and P/ are similar to

max l

those of Vpqr and Py, in [13]. Due to 0 < fo ZT Zdt. Tt is clear that

ww—wm<@mwfﬁﬁ<wm, (13)
Vilt) < a7 £ Vi(0), (14)

Thus, we have
PI||g|2 < o Py < al™®® + Vi (0), (15)

and the convergence result is given by

o 4 V;(0)

12 < . 16
ol < (16)
It is not hard to get following theorem.
Theorem 1. Assume that Hoo index satisfying
/ Zr zdt < / E2d2(t)dt + vV (0), (17)
10
and the output Z; = Cix;, where & > 0 and C; = [O 1} , then
a;nax + V;(O)
il < ——mm— (18)

— min
Pi
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From (10), we know that

PA;+ P,B,K;+ A; P+ K'"B/P; PZB; <0, (19)
0 =&
. P70 o
then multiply 6 7] to the left and right side of (19), we have
AP+ BiK P 4 P AT + POIKTBY B
{ g g BTl g g2 < 0. (20)
Let F; = Kl-Pi_l, N = P! it is easy obtain the first LMI,
A;N; + B;F; + N;AT + FT'BI' B,
{ BT g2 < 0. (21)
According to the definition of P;, we give the second LMI,
N; = NI' N; > 0. (22)
Through the two LMI (21) and (22), we could get K;.
4 Simulation
We consider the system
01 = —156; + 113(uy (t) + d(t)), (23)
Oy = —2005 + 123 (ua(t) + d(t)), (24)
05 = —2503 + 133(us(t) + d(t)), (25)

according to (1), choose d(t) = 0.1e7%, & = 3,&, = 5,£3 = 7 the initial values
are x;(0) = [0,01 0], for i =1,2,3. And

x%:ﬁl, 1‘%291,56%:92, $§:ég,$%:03, $§:é3, (26)
15 1 20 1 25 1
b = — = — b = — = — b = — = —. 2
Ty Tt T T B s (27)
00 0
P R P K e -
Ji k3

By using Matlab to solve LMI (21) and (22), we find that
K; = [~0.0116 0.1244], K» = [~0.0107 0.1550], K5 = [~0.0099 0.1809].(29)

Furthermore, we give the figures (Figs. 1, 2, 3, 4, 5 and 6) of state responds
and control input for the system in the following.
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5 Conclusion

The establishment of H., control theory has changed the tendency that modern
control theory is too mathematical, so it is more convenient for engineers to learn
and design. The main mathematical tools has used include modern algebra and
operator theory. Whether the design index can be realized or not depends on
the accuracy of the mathematical model. However, due to the objective reality,
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there are various uncertain factors which do not meet the ideal assumptions.
Therefore, it is impossible to obtain an accurate mathematical model. This model
uncertainty directly affects the application of control theory in practice. Hoo
control is based on system design of uncertain imprecise model. In this paper,
by using linear matrix inequality technology, Lyapunov stability theory and H,
index, we obtain the convergence result for the multi-agent linear system with
disturbance.
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