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Abstract Scattering lengths for positive additive functionals of symmetric Markov
processes are studied. The additive functionals considered here are not necessarily
continuous. After giving a systematic presentation of the fundamentals of the scat-
tering length, we study the problems of semi-classical asymptotics for scattering
length under relativistic stable processes, which extend previous results for the case
of positive continuous additive functionals.
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1 Introduction

There is a notion of scattering length of a positive integrable function V onR3, one of
the important quantities in scattering theory. It is the limit of the scattering amplitude
−fk(ey) given by

fk(ey) = − 1

2π

∫

R3

eik
√
2x·eyhk(x)V (x)dx, ey = y/|y|, y ∈ R

3
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as the wave number k tends to 0, where hk is the solution of the scattering problem
for V , that is, the solution of the equation −(1/2)�u + Vu = k2u having a certain
asymptotic behaviour at infinity [8].

In [7, 8], Kac and Luttinger gave some applications of the probabilistic method
to scattering problems. As one of such applications, the authors studied the problem
of semi-classical asymptotics for scattering length of finite range potentials. To do
this, they used a probabilistic expression for the scattering length of V in terms of
Brownian motion X = (Bt,Px) on R3,

�(V ) = 1

2π
lim
t→∞

1

t

∫

R3

Ex

[
1 − e− ∫ t

0 V (Bs)ds
]
dx, (1)

and proved the following semi-classical limit: if V = 1K for a compact subset K ⊂
R

3 satisfying the so-called Kac’s regularity (see Sect. 4 for the definition), then ↑
limp→∞ �(pV ) = Cap(K), where Cap denotes the electrostatic capacity. Further,
they conjectured that

lim
p→∞ �(pV ) = Cap(supp[V ]) (2)

for any positive integrable function V with compact support in R
3 satisfying the

regularity as above. The Kac-Luttinger’s conjecture (2) was confirmed by Taylor
[18, 19] (also by Tamura [16] in an analytic way) who developed the notion of
scattering length further into a tool for studying the effectiveness of potential as
a perturbation of −� on R

d . For more general framework of symmetric Markov
processes, Takahashi [14] gave a new probabilistic representation of the scattering
length of a continuous potential which makes the limit (2) quite transparent. For
symmetric Markov processes again, Takeda [15] considered the behaviour of the
scattering length of a positive smooth measure potential by using the random time
change argument for Dirichlet forms and gave a simple elegant proof of the analog
of (2) without Kac’s regularity. The result in [15] was extended to a non-symmetric
case by He [6]. For general right Markov processes, Fitzsimmons, He and Ying [4]
extended Takahashi’s result by using the tool of Kutznetsov measure and proved the
analog of (2) for a positive continuous additive functional.

Scattering lengths cited so far were considered only for positive continuous addi-
tive functionals. But, there are many discontinuous additive functionals admitted to
Markov processes. Hence, it is a natural question of how to understand the notion
of scattering length of additive functionals that are not necessarily continuous. The
objective of the present paper is to provide a partial answer to this question. Let E
be a locally compact separable metric space andm is a positive Radon measure on E
with full topological support. Let X = (Xt,Px) be an m-symmetric Markov process
on E. It is natural to consider the following additive functional of the form
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Aμ
t +

∑
0<s≤t

F(Xs−,Xs) (3)

which is not necessarily continuous. Here Aμ
t is the positive continuous additive

functional of X with a positive smooth measure μ on E as its Revuz measure and
F is a positive bounded Borel function on E × E vanishing on the diagonal. Let
(N (x, dy),Ht) be a Lévy system for X. For p ≥ 1, let F(p) be a non-local linear
operator defined by

F(p)f (x) =
∫

E

(
1 − e−pF(x,y)

)
f (y)N (x, dy), x ∈ E

for any bounded measurable function f on E. Put Ff := F(1)f . We assume that
F(p)1 ∈ L1(E;μH ) for any p ≥ 1. Let Uμ+F be the capacitary potential relative to
the additive functional (3) defined by

Uμ+F(x) := Ex

[
1 − e−Aμ∞−∑t>0 F(Xt−,Xt)

]
.

In this paper, we define the scattering length �(μ + F) relative to (3) by

�(μ + F) :=
∫

E

(1 −Uμ+F)(x)μ(dx) +
∫

E

F(1 −Uμ+F)(x)μH (dx),

where μH is the Revuz measure of Ht . In Sect. 2, we explain why the expression
above is natural for the definition of the scattering length relative to (3). We will also
give another expression for the scattering length above, which plays a crucial role
throughout this paper (see Lemma 3).

Section3 is devoted to studying the semi-classical limit of the scattering length.
We investigate the behaviour of the scattering length �(pμ + pF) when p → ∞.
More precisely, let τt be the right continuous inverse of the positive continuous
additive functional Aμ

t + ∫ t
0 F1(Xs)dHs. Denote bySμ+μHF1 the fine support of A

μ
t +∫ t

0 F1(Xs)dHs,

Sμ+F1μH =
{
x ∈ E

∣∣∣ Px(τ0 = 0) = 1
}

.

Our first result of this paper is as follows:

Theorem 1 Suppose that F is symmetric. Further, assume that there exists a pos-
itive function ψ(p) satisfying ψ(p) ≤ p, ψ(p) → ∞ as p → ∞ and the non-local
operator F(p) induced by F satisfies the following condition: for large p ≥ 1 and a
constant C > 0

F(p)1(x) ≥ Cψ(p)F1(x) for x ∈ E. (4)
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Then we have
lim
p→∞ �(pμ + pF) = Cap(Sμ+F1μH ).

Note that Theorem 1 is already stated in [10, Theorem 1.1] in the framework of
symmetric stable processes. However, we will show that its proof remains valid
under general symmetric Markov processes, with the help of Lemmas 3 and 5. In
this sense, Theorem 1 can be regarded as a generalization of the result in [15]. We
also give some concrete examples of Fs under relativistic stable processes on R

d

(Example 6).
In Sect. 4, we study the problem of semi-classical asymptotics for the scattering

length of positive potentials with infinite range. It was proved analytically by Tamura
[17] that the scattering length �(V ) of a positive integrable function V induced by
3-dimensional Brownian motion obeys

�(λ−2V ) ∼ λ−2/(ρ−2) (5)

in the semi-classical limit λ → 0, if V (x) behaves like the Hardy type’s potential
|x|−ρ, ρ > 3 at infinity. As an application of the result obtained in Sect. 3, we will
extend the result (5) probabilistically for the scattering length of positive potentials
including a jumping function in the framework of relativistic stable processes. Our
second result of the present paper is as follows: letXm = (Xt,Pm

x ) be a Lévy process
on Rd with

Em
0

[
e
√−1〈ξ,Xt〉

]
= e−t((|ξ |2+m2/α)α/2−m), 0 < α ≤ 2, m ≥ 0. (6)

The limiting caseX0, corresponding tom = 0, is nothing but the usual (rotationally)
symmetric α-stable process. Let F(p)

m be the non-local operator induced by F and�(1)
m

the scattering length with respect to the 1-subprocess Xm,(1) of Xm, respectively.

Theorem 2 Let ρ > d > α and 0 < λ  1. For a compact set K ⊂ R
d , let M > 0

be such that K ⊂ B(0,M ). For some constants c1, c2 > 0, let V be a positive function
on R

d and F a positive bounded symmetric function on R
d × R

d vanishing on the
diagonal satisfying V (x) ≤ c1|x|−ρ for x ∈ B(0, λ−α/(ρ−α))c and

F(x, y) ≤ c2|x − y|α−ρ1B(x,λ−α/(ρ−α))c∩λ−α/(ρ−α)K (y)

for x ∈ B(0, λ−α/(ρ−α)M )c, respectively. Here λ−α/(ρ−α)K := {λ−α/(ρ−α)x | x ∈ K}.
If there exists a positive function ψ satisfying ψ(σ) ≤ σ , ψ(σ) → ∞ as σ → ∞
and

F(λ−α)
m 1(x) ≥ Cψ(λ−α)Fm1(x) for x ∈ B(0, λ−α/(ρ−α)M ), C > 0,
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then we have for any m ≥ 0

C1λ
− α(d−α)

ρ−α ≤ �(1)
m

(
λ−αV + λ−αF

) ≤ C2λ
− α(d−α)

ρ−α

for some constants C2 > C1 > 0.

We note that Theorem 2 is not only the extension of the result (5) (or [11, Theorem
1.1]) but also it provides us with a new semi-classical asymptotic order of the scat-
tering length for a jumping potential with infinite range under a purely discontinuous
Markov process.

Throughout this paper, we use c,C, c′,C ′, ci,Ci (i = 1, 2, . . .) as positive con-
stants which may be different at different occurrences. For notational convenience,
we let a ∨ b := max{a, b} for any a, b ∈ R.

2 Scattering Length for Additive Functionals

Let E be a locally compact separable metric space andm is a positive Radon measure
on E with full topological support. Let ∂ be a point added to E so that E∂ := E ∪ {∂}
is the one-point compactification of E. The point ∂ also serves as the cemetery point
for E. Let X = (,F∞,Ft,Xt,Px, ζ ) be an m-symmetric transient Hunt process
on E, where ζ is the lifetime of X , ζ = inf{t > 0 | Xt = ∂}. We assume that X is
conservative, that is, Px(ζ = ∞) = 1 for any x ∈ E. Here and in the sequel, unless
mentioned otherwise, we use the convention that a function defined on E takes the
value 0 at ∂ . Let (E,D(E)) be the Dirichlet form ofX on L2(E;m)which is assumed
to be regular.

Let Cap be the (0-)capacity associated with the Dirichlet form (E,D(E)) of X,
that is, for an open set O ⊂ E and the extended Dirichlet space De(E) of D(E),

Cap(O) = inf{E(u, u) | u ∈ De(E), u ≥ 1 m-a.e. on O} (7)

and for a Borel set B ⊂ E,

Cap(B) = inf{Cap(O) | O is open, B ⊂ O} (8)

(see [5, Chap. 2]).
We say that a positive continuous additive functional (PCAF in abbreviation) Aν

t
of X and a smooth measure ν are in the Revuz correspondence if they satisfy for any
t > 0,

∫

E

f (x)ν(dx) =↑ lim
t↓0

1

t
Em

⎡
⎣

t∫

0

f (Xs) dA
ν
s

⎤
⎦ , f ∈ Bb(E). (9)
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Here Em[ · ] = ∫E Ex[ · ]m(dx) and Bb(E) is the space of bounded Borel functions
on E. It is known that the family of equivalence classes of the set of PCAFs and
the family of smooth measures are in one to one correspondence under the Revuz
correspondence [5, Theorem 5.1.4]. Let (N (x, dy),Ht) be a Lévy system for X, that
is, N (x, dy) is a kernel on (E,B(E)) and Ht is a PCAF with bounded 1-potential
such that for any non-negative Borel function φ on E × E vanishing on the diagonal
and any x ∈ E,

Ex

[∑
0<s≤t

φ(Xs−,Xs)

]
= Ex

⎡
⎣

t∫

0

∫

E

φ(Xs, y)N (Xs, dy) dHs

⎤
⎦ .

Let μH be the Revuz measure of the PCAF Ht . Then the jumping measure J and
the killing measure κ of X are given by J (dxdy) = 1

2N (x, dy)μH (dx) and κ(dx) =
N (x, {∂})μH (dx). These measures feature in the Beurling-Deny decomposition of E
[5, Theorem 3.2.1].

A non-negative Borel measure ν on E (resp. a non-negative symmetric Borel
function φ on E × E vanishing on the diagonal) is said to be Green-bounded relative
to X if

sup
x∈E

Ex
[
Aν

∞
]

< ∞,

(
resp. sup

x∈E
Ex

[∑
t>0

φ(Xt−,Xt)

]
< ∞

)
.

Let μ be a positive smooth measure on E and Aμ
t the PCAF of X with μ as its

Revuzmeasure. LetF(x, y) be a bounded positive Borel function onE × E vanishing
along the diagonal. Then

∑
0<s≤t F(Xs−,Xs) is a positive (discontinuous) additive

functional ofX. Throughout this section, we assume thatF is Green-bounded relative
to X. It is natural to consider a combination of the additive functionals of the form

Aμ
t +

∑
0<s≤t

F(Xs−,Xs) (10)

because the process X admits many discontinuous additive functionals. For p ≥ 1,
let F(p) be a non-local linear operator defined by

F(p)f (x) =
∫

E

(
1 − e−pF(x,y)

)
f (y)N (x, dy), x ∈ E (11)

for any f ∈ Bb(E). Put Ff := F(1)f . We assume that F(p)1 ∈ L1(E;μH ) for any
p ≥ 1. Let Uμ+F be the capacitary potential relative to the additive functional (10)
defined by

Uμ+F(x) := Ex

[
1 − e−Aμ∞−∑t>0 F(Xt−,Xt)

]
.
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We shall define the scattering length �(μ + F) relative to the additive functional
(10) by

�(μ + F) :=
∫

E

(1 −Uμ+F)(x)μ(dx) +
∫

E

F(1 −Uμ+F)(x)μH (dx). (12)

Let us explain intuitively why the expression (12) is natural for the definition of the
scattering length relative to (10). Let L be the the infinitesimal generator associated
with (E,D(E)): E(f , g) = (

√−Lf ,√−Lg)m and D(E) = D(
√−L). In analogy

with classical one, we define �(μ + F) by the total mass of −LUμ+F ,

�(μ + F) = −
∫

E

LUμ+F dm. (13)

Note that the capacitary potential Uμ+F satisfies the following formal equation

−LUμ+F = (1 −Uμ+F)μ + F1μH − FUμ+FμH . (14)

Indeed, let X̃ = (Xt, P̃x) be the transformed process of X by the pure jump Girsanov
transform

YF
t := exp

⎛
⎝−

∑
0<s≤t

F(Xs−,Xs) +
t∫

0

F1(Xs)dHs

⎞
⎠ , t ∈ (0,∞). (15)

The multiplicative functional (15) is a uniformly integrable martingale under the
Green-boundedness of F relative to X, because e−F − 1 ≥ δ − 1 for some δ > 0 by
the boundedness of F and

sup
x∈E

Ex

⎡
⎣

∞∫

0

∫

E

(
1 − e−F(Xs,y)

)2
N (x, dy)dHs

⎤
⎦

≤ sup
x∈E

Ex

⎡
⎣

∞∫

0

∫

E

F(Xs, y)N (x, dy)dHs

⎤
⎦

= sup
x∈E

Ex

[∑
s>0

F(Xs−,Xs)

]
< ∞

(cf. [1, Theorem 3.2]). From this fact, we see that the transformed process X̃ is also a
transient and conservative Markov process on E. Let L̃ be the infinitesimal generator
of X̃. Then L̃ is formally given by
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−L̃ = −L + μHF − F1μH , (16)

where μHF denotes the measure valued operator defined by μHFf (x) = Ff (x)μH

(dx). It is known that a PCAF of X can be regarded as a PCAF of X̃. Thus we see
from [9, Lemma 4.9] that

Uμ+F(x) = Ex

[
1 − e−Aμ∞−∑t>0 F(Xt−,Xt)

]

= Ẽx

[
1 − e−Aμ∞−∫∞

0 F1(Xt)dHt

]

= Ẽx

⎡
⎣

∞∫

0

e
−Aμ

t −
t∫
0
F1(Xs)dHs (

dAμ
t + F1(Xt)dHt

)
⎤
⎦ . (17)

Equation (17) implies that Uμ+F satisfies the following formal equation

(
μ + F1μH − L̃)Uμ+F = μ + F1μH . (18)

Hencewe have (14) by applying (16)–(18), in otherwords, the totalmass of−LUμ+F

is given as the right-hand side of (12). We note that the relation (14) is rigorously
established whenever Uμ+F ∈ L2(E;m).

The following expressions of the scattering length play a crucial role throughout
this paper.

Lemma 3 Suppose that F is symmetric. Then, the scattering length (12) can be
rewritten as

�(μ + F) =
∫

E

Ex

[
e−Aμ∞−∑t>0 F(Xt−,Xt)

]
(μ(dx) + F1(x)μH (dx)) . (19)

= lim
t→∞

1

t

∫

E

Ex

[
1 − e−Aμ

t −∑0<s≤t F(Xs−,Xs)
]
m(dx). (20)

Proof The expression (19) is a consequence of the symmetry of F . Indeed,

∫

E

F(1 −Uμ+F)(x)μH (dx)

=
∫

E

∫

E

(
1 − e−F(x,y)

)
Ey

[
e−Aμ∞−∑t>0 F(Xt−,Xt)

]
N (x, dy)μH (dx)

=
∫

E

Ex

[
e−Aμ∞−∑t>0 F(Xt−,Xt)

]
F1(x)μH (dx).
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On the other hand, it follows from [9, Lemma 4.9] and (19) that

�(μ + F) =
∫

E

Ẽx

[
e
−Aμ∞−

∞∫
0
F1(Xs)dHs

]
(μ(dx) + F1(x)μH (dx))

= lim
t→∞

1

t

∫

E

Ẽx

⎡
⎣1 − e

−Aμ
t −

t∫
0
F1(Xs)dHs

⎤
⎦m(dx)

= lim
t→∞

1

t

∫

E

Ex

[
1 − e−Aμ

t −∑0<s≤t F(Xs−,Xs)
]
m(dx)

which implies the expression (20). In the second equality above, we used the result
due to [15, (2.2)] (also [4, Theorem 2.2]). �

In the rest of the paper,we always assume thatF is symmetric. It is immediate from
the expression (20) that the scattering length �(μ + F) has the monotone property:
for i = 1, 2, let μi be a non-negative finite smooth measure on E and Fi be a non-
negative symmetric bounded Borel function on E × E vanishing on the diagonal
such that F(i)1 ∈ L1(E;μH ), where F(i) is the non-local operator defined as in (11)
for Fi. If μ1 ≤ μ2 and F1 ≤ F2, then

�(μ1 + F1) ≤ �(μ2 + F2). (21)

Moreover, it follows from the elementary inequality 1 − e−a−b ≤ (1 − e−a) + (1 −
e−b) for a, b ≥ 0 that the scattering length has the subadditive property:

�(μ1 + μ2) ≤ �(μ1) + �(μ2), �(F1 + F2) ≤ �(F1) + �(F2).

Finally, we close this section with the following remark:

Remark 4 The scattering length is trivial when the underlying process X is not
transient. In fact, by virtue of [4, Lemma 2.1], the present scattering length�(μ + F)

can be represented as

�(μ + F) =
∫

{Uμ+F=0}∪{Uμ+F=1}
(1 −Uμ+F)(x)(μ + F1μH )(dx)

=
∫

E

1{Uμ+F=0}(x)(μ + F1μH )(dx)
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under the non-transience of X. Then, by the Revuz formula (9) and the Markov
property

∫

E

1{Uμ+F=0}(x)(μ + F1μH )(dx)

=↑ lim
t↓0

1

t
Em

⎡
⎣

t∫

0

1{Uμ+F=0}(Xs) dA
μ+F1μH
s

⎤
⎦

=↑ lim
t↓0

1

t
Em

⎡
⎣

t∫

0

EXs

[
1{Aμ∞+∑t>0 F(Xt−,Xt)=0}

]
dAμ+F1μH

s

⎤
⎦

=↑ lim
t↓0

1

t
Em

⎡
⎣

t∫

0

1{Aμ∞+∑t>0 F(Xt−,Xt)=Aμ
s +∑0<u≤s F(Xu−,Xu)}dAμ+F1μH

s

⎤
⎦

=↑ lim
t↓0

1

t
Em

⎡
⎣

t∫

0

1{
A

μ+F1μH∞ =A
μ+F1μH
s

}dAμ+F1μH
s

⎤
⎦

= 0.

This is the reason why we only consider the scattering length for transient processes.

3 Kac’s Scattering Length Formula

In this section, we are going to study the behaviour of the scattering length �(pμ +
pF) when p → ∞. As we mentioned in Sect. 1, this problem was decisively solved
in the case F ≡ 0 by Takeda [15], through the random time change argument for
Dirichlet forms: let ν be a positive finite smooth measure on E and Sν the fine
support of Aν

t . Then

lim
p→∞ �(pν) = Cap(Sν). (22)

However, we cannot apply time change method to our problem directly because our
scattering length contains a discontinuous additive functional.

Let τt be the right continuous inverse of the PCAF Aμ
t + ∫ t

0 F1(Xs)dHs, that is,
τt := inf{s > 0 | Aμ

s + ∫ s
0 F1(Xu)dHu > t}. Let denote by Sμ+μHF1 the fine support

of Aμ
t + ∫ t

0 F1(Xs)dHs,

Sμ+F1μH =
{
x ∈ E

∣∣∣ Px(τ0 = 0) = 1
}

.

To prove Theorem 1, we need to the following lemma.
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Lemma 5 For any ε > 0

lim
p→∞ �

(
pF + p1+εμ + p1+εF1μH

) = Cap(Sμ+F1μH ).

In particular, lim supp→∞ �(pμ + pF) ≤ Cap(Sμ+F1μH ).

Proof The last assertion easily follows from the first one with the monotonicity of
the scattering length. Put k = 1/(1 + ε) and write AF1μH

t := ∫ t
0 F1(Xs)dHs. From the

expression (19), one can easily see that

�
(
pkF + pμ + pF1μH

)

=
∫

E

Ex

[
e−pk

∑
t>0 F(Xt−,Xt)−pAμ∞−pA

F1μH∞
]

·
(
pμ(dx) + F(pk )1(x)μH (dx) + pF1(x)μH (dx)

)
.

Since F(q)1 ≤ qF1 for any q ≥ 1,

�
(
pkF + pμ + pF1μH

)

≤
∫

E

Ex

[
e−pAμ∞−pA

F1μH∞
] ((

1 + pk−1
)
pμ(dx) + (pkF1 + pF1

)
(x)μH (dx)

)

= (1 + pk−1
)
� (pμ + pF1μH ) .

Therefore we have from the monotonicity of the scattering length that

� (pμ + pF1μH ) ≤ �
(
pkF + pμ + pF1μH

) ≤ (1 + pk−1
)
� (pμ + pF1μH ) .

In view of (22), the scattering lengths of both sides of the above converge to
Cap(Sμ+F1μH ) as p → ∞, which implies the first assertion. �

Proof of Theorem 1 Let ψ(p) be the function which appeared in the condition (4).
By the monotonicity of the scattering length, we have for some C > 0

�

(
ψ(p)

n
μ + Cψ(p)

n
F1μH

)

≤ �

(
pF + ψ(p)

n
μ + Cψ(p)

n
F1μH

)
≤ �

(
pF + p1+εμ + p1+εF1μH

)

for any n ≥ 1 and ε > 0. Then, by Lemma 5 and applying (22) again, one can get
that

lim
p→∞ �

(
pF + ψ(p)

n
μ + Cψ(p)

n
F1μH

)
= Cap(Sμ+F1μH ).
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From this and the condition (4), we see that

lim inf
p→∞ � (pμ + pF) ≥ lim inf

p→∞ �

(
ψ(p)

n
μ + pF

)

= lim inf
p→∞

∫

E

Ex

[
e−p

∑
t>0 F(Xt−,Xt)− ψ(p)

n Aμ∞
](ψ(p)

n
μ(dx) + F(p)1(x)μH (dx)

)

= n

n + 1
lim inf
p→∞

∫

E

Ex

[
e−p

∑
t>0 F(Xt−,Xt)− ψ(p)

n Aμ∞
]

·
(
n + 1

n

ψ(p)

n
μ(dx) + F(p)1(x)μH (dx) + 1

n
F(p)1(x)μH (dx)

)

≥ n

n + 1
lim inf
p→∞

∫

E

Ex

[
e−p

∑
t>0 F(Xt−,Xt)− ψ(p)

n Aμ∞− Cψ(p)
n A

F1μH∞
]

·
(
F(p)1(x)μH (dx) + ψ(p)

n
μ(dx) + Cψ(p)

n
F1(x)μH (dx)

)

= n

n + 1
lim
p→∞ �

(
pF + ψ(p)

n
μ + Cψ(p)

n
F1μH

)

= n

n + 1
Cap(Sμ+F1μH ).

Letting n → ∞, we have

Cap(Sμ+F1μH ) ≤ lim inf
p→∞ �(pμ + pF). (23)

The proof will be finished by the last assertion of Lemma 5 and (23). �

Let Xm = (Xt,Pm
x ) be a Lévy process on R

d with

Em
0

[
e
√−1〈ξ,Xt〉

]
= e−t((|ξ |2+m2/α)α/2−m), 0 < α ≤ 2, m ≥ 0. (24)

If m > 0 and 0 < α < 2, it is called the relativistic α-stable process with mass m. In
particular, if m > 0 and α = 1, it is called the relativistic free Hamiltonian process.
The limiting caseX0, corresponding tom = 0, is nothing but the usual (rotationally)
symmetric α-stable process. It is known that Xm is transient if and only if d > 2
under m > 0 or d > α under m = 0, and it is a doubly Feller conservative process.
From (24), one can easily see that Xm has the following scaling property: for any
r > 0

(rXt,Pm
x )

d=
(
Xrα t,Pr−αm

rx

)
, (25)
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where
d= means the equality in distribution. Let (Em,D(Em)) be the Dirichlet

form on L2(Rd ) associated with Xm. It follows from Fourier transform f̂ (x) :=
1

(2π)d/2

∫
Rd ei〈x,y〉f (y)dy that

D(Em) :=
⎧⎨
⎩f ∈ L2(Rd )

∣∣∣
∫

Rd

|f̂ (ξ)|2 ((|ξ |2 + m2/α)α/2 − m
)
dξ < ∞

⎫⎬
⎭,

Em(f , g) :=
∫

Rd

f̂ (ξ) ¯̂g(ξ)
(
(|ξ |2 + m2/α)α/2 − m

)
dξ for f , g ∈ D(Em)

[5, Example 1.4.1]. The Dirichlet form (E0,D(E0)) forX0 can also be characterized
similarly, only with |ξ |α in place of (|ξ |2 + m2/α)α/2 − m above. Thus, there exist
positive constants c1 := c1(m) and c2 := c2(m) such that

c1E0
1 (u, u) ≤ Em

1 (u, u) ≤ c2E0
1 (u, u)

and soD(Em) = D(E0). Here E∗
1 (u, u) := E∗(u, u) + (u, u)m. From this, we see that

for any m ≥ 0 and a Borel set B ⊂ R
d

c1Cap
(1)(B) ≤ Cap(1)

m (B) ≤ c2Cap
(1)(B), (26)

where Cap(1)
m (resp. Cap(1)) denotes the 1-capacity associated with (Em,D(Em))

(resp. (E0,D(E0))), that is, it is the capacity defined by replacing De(Em) and Em

(resp. De(E0) and E0) in (7) and (8) with D(Em) and Em
1 (resp. D(E0) and E0

1 ). Let
denote by B(a, b) the open ball in R

d with center a and radius b. It is known that

Cap(1)(B(0, r)) = rd−αCap(1)(B(0, 1)) (27)

(cf. [12, (42.22)]). It is shown in [3] that the corresponding jumping measure J of
(Em,Fm) satisfies

J (dxdy) = Jm(x, y)dxdy with Jm(x, y) = Cd ,α

ϕ(m1/α|x − y|)
|x − y|d+α

,

where Cd ,α = α2d+α�( d+α
2 )

2d+1πd/2�(1− α
2 )

and

ϕ(r) := 2−(d+α)�

(
d + α

2

)−1
∞∫

0

s
d+α
2 −1e− s

4 − r2

s ds,
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which is a decreasing function satisfying ϕ(0) = 1 and

c−1e−rr
d+α−1

2 ≤ ϕ(r) ≤ ce−rr
d+α−1

2 , r ≥ 1 (28)

for some constant c > 1 (cf. [3]). In particular,

D(Em) =

⎧⎪⎨
⎪⎩f ∈ L2(Rd )

∣∣∣
∫

Rd×Rd

|f (x) − f (y)|2Jm(x, y)dxdy < ∞

⎫⎪⎬
⎪⎭,

Em(f , g) := 1

2

∫

Rd×Rd

(f (x) − f (y))(g(x) − g(y))Jm(x, y)dxdy

for f , g ∈ D(Em). It is known that Xm has a Lévy system (N (x, dy),Ht) given by
N (x, dy) = Jm(x, y)dy andHt = t. In this case, the non-local linear operator (11) for
a symmetric positive bounded Borel function F(x, y) on R

d × R
d vanishing on the

diagonal is given by

F(p)
m f (x) =

∫

Rd

(1 − e−pF(x,y))f (y)ϕ(m1/α|x − y|)
|x − y|d+α

dy, p ≥ 1, x ∈ R
d .

Now, we give some concrete examples of Fs satisfying the condition (4).

Example 6 Let F be the function on Rd × R
d such that for β > α

F(x, y) = 1

2
|x − y|βχR,R′(x, y),

where χR,R′(x, y) is the indicator function given by

χR,R′(x, y)

= (1B(x,R′)(y)1B(0,R)(x) + 1B(y,R′)(x)1B(0,R)(y)

+1B(y,R′)(x)1B(x,R′)(y)1B(0,R+R′)\B(0,R)(x)1B(0,R+R′)\B(0,R)(y)
)

for R,R′ > 0. Then the condition (4) holds for this F . First, take x ∈ B(0,R). In this
case, F is given by

F(x, y) =
⎧⎨
⎩

|x − y|β y ∈ B(x,R′) ∩ B(0,R)
1
2 |x − y|β y ∈ B(x,R′) ∩ B(0,R)c

0 otherwise
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and thus we have

Fm1(x) = Cd ,α

∫

Rd

(1 − e−F(x,y))ϕ(m1/α|x − y|)
|x − y|d+α

dy

= Cd ,α

∫

B(x,R′)

(1 − e−F(x,y))ϕ(m1/α|x − y|)
|x − y|d+α

dy

= Cd ,α

⎧⎪⎨
⎪⎩

∫

B(x,R′)∩B(0,R)

(1 − e−|x−y|β )ϕ(m1/α|x − y|)
|x − y|d+α

dy

+
∫

B(x,R′)∩B(0,R)c

(1 − e− 1
2 |x−y|β )ϕ(m1/α|x − y|)
|x − y|d+α

dy

⎫⎪⎬
⎪⎭

≤ Cd ,α

∫

B(x,R′)

(1 − e−|x−y|β )ϕ(m1/α|x − y|)
|x − y|d+α

dy.

By using integration by parts, the right-hand side of the above inequality is equal to

C ′
d ,α

R′∫

0

(1 − e−rβ

)ϕ(m1/αr)

r1+α
dr

= C ′
d ,α

{
(e−(R′)β − 1)ϕ(m1/αR′)

α(R′)α

+ 1

α

R′∫

0

r−α
(
βrβ−1e−rβ

ϕ(m1/αr) + (1 − e−rβ

)m1/αϕ′(m1/αr)
)
dr

⎫⎬
⎭

= C ′
d ,α

{
(e−(R′)β − 1)ϕ(m1/αR′)

α(R′)α

+ 1

α

(R′)β∫

0

t−α/β

(
e−tϕ(m1/αt1/β) + m1/α(1 − e−t)

ϕ′(m1/αt1/β)

βt(β−1)/β

)
dt

⎫⎪⎬
⎪⎭ , (29)

where C ′
d ,α is a positive constant depending on d and α. On the other hand, by a

similar calculation as above with the inequality 1 − e−a−b ≤ (1 − e−a) + (1 − e−b)

for any a, b ≥ 0, we see
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F(p)
m 1(x)

= Cd ,α

⎧⎪⎨
⎪⎩

∫

B(x,R′)∩B(0,R)

(1 − e−p|x−y|β )ϕ(m1/α|x − y|)
|x − y|d+α

dy

+
∫

B(x,R′)∩B(0,R)c

(1 − e− p
2 |x−y|β )ϕ(m1/α|x − y|)
|x − y|d+α

dy

⎫⎪⎬
⎪⎭

≥ Cd ,α

∫

B(x,R′)

(1 − e− p
2 |x−y|β )ϕ(m1/α|x − y|)
|x − y|d+α

dy

≥ Cd ,α

2

∫

B(x,R′)

(1 − e−p|x−y|β )ϕ(m1/α|x − y|)
|x − y|d+α

dy

= C ′
d ,α

2

{
(e−p(R′)β − 1)ϕ(m1/αR′)

α(R′)α

+ 1

α

p(R′)β∫

0

pα/β t−α/β
(
e−tϕ(m1/α(p−1t)1/β)

+m1/α(1 − e−t)
ϕ′(m1/α(p−1t)1/β)

β(p−1t)(β−1)/β

)
dt

}

≥ pα/β

2
C ′
d ,α

{
(e−(R′)β − 1)ϕ(m1/αR′)

α(R′)α

+ 1

α

(R′)β∫

0

t−α/β
(
e−tϕ(m1/α(p−1t)1/β)

+m1/α(1 − e−t)
ϕ′(m1/α(p−1t)1/β)

βt(β−1)/β

)
dt

}
(30)

for large p ≥ 1. Since ϕ(r) is decreasing, ϕ(m1/α(p−1t)1/β) ≥ ϕ(m1/αt1/β) and ϕ′(r)
is a non-positive function on [0,∞) taking a value close to 0 near r = 0, that is,
ϕ′(m1/α(p−1t)1/β) ≥ ϕ′(m1/αt1/β) for large p ≥ 1. From these facts with (29) and
(30), we can confirm that

F(p)
m 1(x) ≥ pα/β

2
Fm1(x), x ∈ B(0,R), large p ≥ 1. (31)



Scattering Lengths for Additive Functionals … 269

Next, take x ∈ B(0,R + R′) \ B(0,R). In this case, F is given by

F(x, y) =
⎧⎨
⎩

1
2 |x − y|β y ∈ B(x,R′) ∩ B(0,R)
1
2 |x − y|β y ∈ B(x,R′) ∩ B(0,R)c

0 otherwise.

Then, by the same calculations as above

Fm1(x)

≤ Cd ,α

∫

B(x,R′)

(1 − e−|x−y|β )ϕ(m1/α|x − y|)
|x − y|d+α

dy

= C ′
d ,α

{
(e−(R′)β − 1)ϕ(m1/αR′)

α(R′)α

+ 1

α

(R′)β∫

0

t−α/β

(
e−tϕ(m1/αt1/β) + m1/α(1 − e−t)

ϕ′(m1/αt1/β)

βt(β−1)/β

)
dt

⎫⎪⎬
⎪⎭

and

F(p)
m 1(x)

≥ Cd ,α

2

∫

B(x,R′)

(1 − e−p|x−y|β )ϕ(m1/α|x − y|)
|x − y|d+α

dy

≥ pα/β

2
C ′
d ,α

{
(e−(R′)β − 1)ϕ(m1/αR′)

α(R′)α

+ 1

α

(R′)β∫

0

t−α/β
(
e−tϕ(m1/α(p−1t)1/β)

+m1/α(1 − e−t)
ϕ′(m1/α(p−1t)1/β)

βt(β−1)/β

)
dt

}

≥ pα/β

2
C ′
d ,α

{
(e−(R′)β − 1)ϕ(m1/αR′)

α(R′)α

+ 1

α

(R′)β∫

0

t−α/β

(
e−tϕ(m1/αt1/β) + m1/α(1 − e−t)

ϕ′(m1/αt1/β)

βt(β−1)/β

)
dt

⎫⎪⎬
⎪⎭

= pα/β

2
Fm1(x)
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for large p ≥ 1. Therefore, we can confirm (31) for x ∈ B(0,R + R′) \ B(0,R). For
x ∈ B(0,R + R′)c, (31) is trivial becauseF(p)

m 1(x) = 0 for anyp ≥ 1.Henceweobtain
(31) for any x ∈ R

d . Moreover, for x ∈ B(0,R + R′)

F(p)
m 1(x) = Cd ,α

⎛
⎜⎝

∫

B(0,R+R′)∩B(x,1)

(1 − e−pF(x,y))ϕ(m1/α|x − y|)
|x − y|d+α

dy

+
∫

B(0,R+R′)∩B(x,1)c

(1 − e−pF(x,y))ϕ(m1/α|x − y|)
|x − y|d+α

dy

⎞
⎟⎠

≤ Cd ,α

∫

B(x,1)

1 − e− 3p
2 |x−y|β

|x − y|d+α
dy

+ Cd ,α

∫

B(0,R+R′)∩B(x,1)c

(
1 − e− 3p

2 (R+R′)β
)
dy

≤ C ′
d ,α

1∫

0

1 − e− 3p
2 r

β

rα+1
dr + Cd ,α

∣∣∣B(0,R + R′)
∣∣∣

and from which it follows that F(p)
m 1 is bounded on B(0,R + R′) and is zero on

B(0,R + R′)c for any p ≥ 1. This shows that F(p)
m 1 ∈ L1(Rd ) for any p ≥ 1. In fact,

by a similar way as in the proof of [2, Proposition 7.10(3)], one can also prove that
F(p)
m 1 ∈ L�(Rd )(� ≥ 1) for any p ≥ 1 and thus F is to be Green-bounded with respect

to Xm,(1). Here Xm,(1) is the 1-subprocess of Xm, the killed process by e−t . We omit
the details.

Remark 7 There are many functions satisfying the condition (4). In fact, they can
be given by the following form:

F(x, y) = 1

2
φ(|x − y|)χR,R′(x, y)

with φ(t) = tβ , φ(t) = tβ/(1 + t)β , φ(t) := φ(1)(t) = log(1 + tβ) and its iterated
function φ(n)(t) = φ(φ(n−1)(t)) (n ≥ 2) for β > α. Further, we see that Fs induced
by these functions are Green-bounded relative to Xm,(1) (cf. [2, Proposition 7.10])
and we can take the function ψ(p) which appeared in (4) as

ψ(p) = pα/β .

Hence, the scattering length �(1)
m (pμ + pF) induced by the functions φ above con-

verges to Cap(1)
m (Sμ+Fm1) as p → ∞, in view of Theorem 1. Here �(1)

m denotes the
scattering length with respect to Xm,(1).
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4 Semi-classical Asymptotics for Scattering Length

In this section, we study the semi-classical asymptotics for scattering length by non-
negative potentials with infinite ranges. We consider the case that μ(dx) = V (x)dx
withV being a non-negativeL1(Rd )-function.Note that the scattering length�(pV +
pF)may diverge as p → ∞ if V or F has a non-compact support. So the question we
are interested in is to find the asymptotic order of �(pV + pF) to infinity as p → ∞.

In the sequel, let Xm, Xm,(1), �(1)
m and Cap(1)

m be as in Example 6 and Remark
7. Clearly, Xm,(1) is transient. For a > 0 and b ≥ 0, let Vb

a and Fb
a be the scaling

potentials of V and F , respectively, which are defined by

Vb
a (x) := abV (ax), Fb

a (x, y) := abF(ax, ay), x, y ∈ R
d .

The following simple scaling property of the scattering length plays a role.

Lemma 8 For any β ≥ 0 and r > 0, it holds that

�(1)
m (V β

r + Fβ−α
r ) = rα−d�

(r−α)

r−αm(rβ−αV + rβ−αF).

Proof For notational convenience, set

AV β
r

t :=
t∫

0

V β
r (Xs)ds, AFβ−α

r
t :=

∑
0<s≤t

Fβ−α
r (Xs−,Xs).

It follows from the scaling property (25) that AV β
r

t and AFβ−α
r

t under Pm
x are equal

to rβ−αAV
rα t and rβ−αAF

rα t under P
r−αm
rx , respectively. Then, by the expression of the

scattering length (20) and Ito’s formula

�(1)
m (V β

r + Fβ−α
r )

= lim
t→∞

1

t

∫

Rd

Em,(1)
x

[
1 − e−A

V
β
r

t −A
F

β−α
r

t

]
dx

= lim
t→∞

1

t

∫

Rd

Em
x

⎡
⎣

t∫

0

e−s−A
V

β
r

s −A
F

β−α
r

s

(
V β
r (Xs) + rαF(rβ−α)

m 1(rXs)
)
ds

⎤
⎦ dx

= lim
t→∞

1

t

∫

Rd

Er−αm
rx

⎡
⎣

t∫

0

e−s−rβ−αAV
rα s−rβ−αAF

rα s

·
(
rβV (Xrαs) + rαF(rβ−α)

r−αm 1(Xrαs)
)
ds
]
dx
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= rα−d lim
t→∞

1

rαt

∫

Rd

Er−αm
y

⎡
⎣

rα t∫

0

e−r−αs′−rβ−αAV
s′ −rβ−αAF

s′

·
(
rβ−αV (Xs′) + F(rβ−α)

r−αm 1(Xs′)
)
ds′
]
dy

= rα−d lim
t→∞

1

rαt

∫

Rd

Er−αm,(r−α)
y

[
1 − e−rβ−αAV

rα t−rβ−αAF
rα t

]
dy

= rα−d�
(r−α)

r−αm(rβ−αV + rβ−αF),

where we used in the second equality above that the non-local operator defined in
(11) for Fb

a is given by aαF(ab)
m 1(a ·). �

For an open set B ⊂ R
d , let τ 1Bc

0 be the first penetrating time of Xm into Bc,

τ
1Bc
0 := inf

⎧⎨
⎩t > 0

∣∣∣
t∫

0

1Bc(Xs) ds > 0

⎫⎬
⎭ .

We say that B is a Kac’s regular set with respect to Xm, if τ
1Bc
0 is the same as

τB := inf{t > 0 | Xt ∈ Bc}, the first exit time of Xm from B (with probability one).
Note that any open subset of Rd having a smooth boundary, thus any open ball
in R

d , is Kac regular. Let supp [U ] be the topological support of a non-negative
potential U . Then the set SU \ supp [U ] is of zero capacity, while supp [U ] \ SU is
not necessarily of zero capacity. It is known that if supp [U ] is a Kac’s regular set,
then Cap(SU ) = Cap(supp [U ]) (cf. [15, §3]).
Lemma 9 Let B be an open ball inRd . Under the hypotheses in Theorem 1, it holds
that

lim
p→∞ �(1)

m (pV1B + pF1B) = Cap(1)
m (B),

where F1B := F(x, y)1B(x).

Proof Note that we can not obtain the assertion as an immediate consequence of
Theorem 1 because F1B is not necessarily a symmetric function. Let

F1B2(x, y) := F(x, y)1B(x)1B(y).

Clearly F1B2 is symmetric. Denote by Fm1B2 the non-local operator induced by F1B2

which is given as

Fm1B2(x) = Cd ,α

⎛
⎝
∫

B

(
1 − e−F(x,y)

)
ϕ(m1/α|x − y|)

|x − y|d+α
dy

⎞
⎠ 1B(x).
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Then, by a similar way as in the proof of Theorem 1, we can see that

lim inf
p→∞ �(1)

m (pV1B + pF1B) ≥ lim inf
p→∞ �(1)

m (pV1B + pF1B2)

≥ Cap(1)
m

(
SV1B+Fm1B2

) = Cap(1)
m (B), (32)

where we used the equality in (32) that B is a Kac’s regular set with respect toXm,(1).
For an open ball D ⊂ R

d such that B ⊂ D, let U (1)
D be its capacitary potential,

which is given byU (1)
D (x) := Em,(1)

x [1 − e− ∫∞
0 vD(Xt)dt] for vD = ∞ onD and 0 offD.

Then U (1)
D = Um

1 νD, where Um
1 is the 1-potential operator of Xm and νD is the (1-

)equilibrium measure on D (cf. [5, 13]). From the definition of the scattering length
(13) and the fact that U (1)

D = 1 on B, for any p ≥ 1

�(1)
m (pV1B + pF1B) = −

∫

Rd

Lm,(1)U (1)
pV1B+pF1B(x) dx

= −
∫

Rd

U (1)
D (x)Lm,(1)U (1)

pV1B+pF1B(x) dx

= Em
1

(
Um

1 νD,U (1)
pV1B+pF1B

)

=
∫

Rd

U (1)
pV1B+pF1B(x)νD(dx),

where Lm,(1) is the infinitesimal generator of Xm,(1) andU (1)
pV1B+pF1B is the capacitary

potential relative to pV1B + pF1B underXm,(1). On the other hand, sinceCap(1)
m (B) =∫

Rd U
(1)
B (x)νD(dx), we can see that

lim sup
p→∞

�(1)
m (pV1B + pF1B) ≤ Cap(1)

m (B) (33)

becauseU (1)
pV1B+pF1B ≤ U (1)

B for any p ≥ 1. HereU (1)
B denotes the capacitary potential

of B defined as above. The proof will be finished by (32) and (33). �

Proposition 10 Let ρ > d > α and 0 < λ  1. If a non-negative function V sat-
isfies V (x) ≤ c1 |x|−ρ for x ∈ B(0, λ−α/(ρ−α))c for some constant c1 > 0, then we
have for any m ≥ 0

C1λ
− α(d−α)

ρ−α ≤ �(1)
m

(
λ−αV

) ≤ C2λ
− α(d−α)

ρ−α (34)

for some constants C2 ≥ C1 > 0.

Proof Let W be the function defined by W (x) = |x|−ρ1B(0,1)c(x). By applying W
with F ≡ 0, β = α and r = λα/(ρ−α) to Lemma 8, we have
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�(1)
m

(
W α

λα/(ρ−α)

) = λ
− α(d−α)

ρ−α �
(λ−α2/(ρ−α))

λ−α2/(ρ−α)m
(W ). (35)

Since

W α
λα/(ρ−α) (x) = λα2/(ρ−α)|λα/(ρ−α)x|−ρ1B(0,1)c(λ

α/(ρ−α)x)

= λ−α|x|−ρ1B(0, λ−α/(ρ−α))c(x),

(35) can be rewritten as

�(1)
m

(
λ−α|x|−ρ1B(0, λ−α/(ρ−α))c

) = λ
− α(d−α)

ρ−α �
(λ−α2/(ρ−α))

λ−α2/(ρ−α)m
(W ). (36)

It is clear from the definition of scattering length that for some constant C > 0

�
(λ−α2/(ρ−α))

λ−α2/(ρ−α)m
(W ) ≤

∫

B(0,1)c

|x|−ρdx = ωd

∞∫

1

rd−ρ−1dr ≤ C.

So by which and (36), it follows that

�(1)
m

(
λ−α|x|−ρ1B(0, λ−α/(ρ−α))c

) ≤ C λ
− α(d−α)

ρ−α . (37)

On the other hand, we see by Lemma 9 with F = 0 that for any ε > 0 there exists
0 < λ0 := λ0(ε)  1 such that for every 0 < λ ≤ λ0,

C ′ Cap(1)
m

(
B(0, λ−α/(ρ−α))

)
≤ �(1)

m

(
λ−αV1B(0, λ−α/(ρ−α))

) ≤ Cap(1)
m (B(0, λ−α/(ρ−α)))

for some constant C ′ := C ′(ε) > 0. From which, with (26) and (27), it follows that

C1λ
− α(d−α)

ρ−α ≤ �(1)
m

(
λ−αV1B(0, λ−α/(ρ−α))

) ≤ C ′
1λ

− α(d−α)

ρ−α (38)

for some constants C1,C ′
1 > 0. Now, on account of (37) and (38), the monotonicity

and subadditivity of scattering length we can confirm (34). Indeed,

C1 λ
− α(d−α)

ρ−α ≤ �(1)
m

(
λ−αV1B(0, λ−α/(ρ−α))

)
≤ �(1)

m (λ−αV )

≤ �(1)
m

(
λ−αV1B(0, λ−α/(ρ−α))

)+ �(1)
m

(
λ−αV1B(0, λ−α/(ρ−α))c

)
≤ �(1)

m

(
λ−αV1B(0, λ−α/(ρ−α))

)+ c′�(1)
m

(
λ−α|x|−ρ1B(0, λ−α/(ρ−α))c

)
≤ C2 λ

− α(d−α)

ρ−α
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where we used in the fourth inequality above that for any non-negative L1(Rd )-
functionU and a constant c > 0, there exists a constant c′ > 0 such that �(1)

m (cU ) ≤
c′�(1)

m (U ). �

Remark 11 Ifm = 0, d = 3 and α = 2, then (26) holds for (0-)capacity. As a result,
Tamura’s result (5) can be easily reproduced from (34).

In the sequel, we let α ∈ (0, 2).

Proposition 12 Let d > α, ρ > d+α−1
2 ∨ α and 0 < λ  1. For a compact set K ⊂

R
d , let M > 0 be such that K ⊂ B(0,M ). Assume that for x ∈ B(0, λ−α/(ρ−α)M )c,

F(x, y) ≤ c2|x − y|−(ρ−α)1B(x, λ−α/(ρ−α))c∩λ−α/(ρ−α)K (y) (39)

for some constant c2 > 0, where λ−α/(ρ−α)K := {λ−α/(ρ−α)x | x ∈ K}. Assume in
addition that

F(λ−α)
m 1(x) ≥ Cψ(λ−α)Fm1(x) for x ∈ B(0, λ−α/(ρ−α)M ) (40)

for a constant C > 0 and for some positive function ψ such that ψ(σ) ≤ σ and
ψ(σ) → ∞ as σ → ∞. Then, for any m ≥ 0

C3λ
− α(d−α)

ρ−α ≤ �(1)
m (λ−αF) ≤ C4λ

− α(d−α)

ρ−α (41)

for some constants C4 ≥ C3 > 0.

Proof Let
G(x, y) := |x − y|−(ρ−α)1B(0,M )c(x)1B(x,1)c∩K (y)

and Gm1(x) the associated non-local function defined as in (11). Note that the state-
ment in Lemma 8 with V ≡ 0 is valid for any non-negative symmetric bounded
function on R

d × R
d vanishing on the diagonal such that its non-local operator

defined as in (11) being integrable. By applying G with β = α and r = λα/(ρ−α) to
Lemma 8, one has

�(1)
m

(
G0

λα/(ρ−α)

) = λ
− α(d−α)

ρ−α �(λ−α2/(ρ−α))
mλ

(G), (42)

where mλ := λ−α2/(ρ−α)m and

G0
λα/(ρ−α) (x, y)

= λ−α|x − y|−(ρ−α)1B(0,λ−α/(ρ−α)M )c(x)1B(x, λ−α/(ρ−α))c∩ λ−α/(ρ−α)K (y).

From the definition of scattering length and (28),
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�(λ−α2/(ρ−α))
mλ

(G) ≤
∫

Rd

Gmλ
1(x)dx

≤ Cd ,α

∫

B(0,M )c

∫

K

(1 − e−|x−y|−(ρ−α)

)ϕ(m1/α
λ |x − y|)

|x − y|d+α
dydx

≤ C ′
d ,αm

d+α−1
2α

λ

∫

K

∫

B(0,M )c

|x − y|−(ρ−α)e−m1/α
λ |x−y||x − y| d+α−1

2

|x − y|d+α
dxdy

= C ′
d ,αωdm

d+α−1
2α

λ

∫

K

∞∫

d(y,B(0,M )c)

e−m1/α
λ r

r(2ρ−d−α+3)/2
drdy

≤ Cmλ
− α(d+α−1)

2(ρ−α) exp

(
−λ

− α
ρ−α m

1
α inf
y∈K d(y,B(0,M )c)

)

·
∫

K

1

d(y,B(0,M )c)(2ρ−d−α+1)/2
dy

= C ′
4λ

− α(d+α−1)
2(ρ−α) exp

(
−c3λ

− α
ρ−α

)
, (43)

where

C ′
4 = Cm

∫

K

1

d(y,B(0,M )c)(2ρ−d−α+1)/2
dy with Cm := 2C ′

d ,αm
d+α−1

2α ωd

2ρ − d − α + 1

and c3 = m1/α infy∈K d(y,B(0,M )c). Thus, it follows from (42) and (43) that

�(1)
m

(
G0

λα/(ρ−α)

) ≤ C ′
4λ

− α(3d−α−1)
2(ρ−α) exp

(
−c3λ

− α
ρ−α

)
. (44)

On the other hand, we see by Lemma 9 with V = 0 that for any ε > 0 there exists
0 < λ0 := λ0(ε)  1 such that for every 0 < λ ≤ λ0,

C ′
5 Cap

(1)
m

(
B(0, λ−α/(ρ−α))

)
≤ �(1)

m

(
λ−αF1B(0, λ−α/(ρ−α))

) ≤ Cap(1)
m (B(0, λ−α/(ρ−α)))

for some constant C ′
5 := C ′

5(ε) > 0. From this fact with (26) and (27), it follows that

C3λ
− α(d−α)

ρ−α ≤ �(1)
m

(
λ−αF1B(0, λ−α/(ρ−α))

) ≤ C ′
3λ

− α(d−α)

ρ−α (45)

for some constants C ′
3 ≥ C3 > 0. Now, by combining (44) and (45), we have
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C3λ
− α(d−α)

ρ−α ≤ �(1)
m

(
λ−αF1B(0,λ−α/(ρ−α)M )

)
≤ �(1)

m

(
λ−αF

)
≤ �(1)

m

(
λ−αF1B(0,λ−α/(ρ−α)M )

)+ �(1)
m

(
λ−αF1B(0,λ−α/(ρ−α)M )c

)
≤ �(1)

m

(
λ−αF1B(0,λ−α/(ρ−α)M )

)+ c′�(1)
m

(
G0

λα/(ρ−α)

)
≤ C ′

3λ
− α(d−α)

ρ−α + c′C ′
4λ

− α(3d−α−1)
2(ρ−α) exp

(
−c3λ

− α
ρ−α

)

≤
(
C ′
3 + c′C ′

4λ
− α(d+α−1)

2(ρ−α) exp
(
−c3λ

− α
ρ−α

))
λ

− α(d−α)

ρ−α

≤ C4λ
− α(d−α)

ρ−α

for some constant C4 > 0. �

Now, we are ready to prove Theorem 2.

Proof of Theorem 2 The proof is an immediate consequence of Propositions 10 and
12 with the subadditivity of the scattering length. �
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