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Abstract Scattering lengths for positive additive functionals of symmetric Markov
processes are studied. The additive functionals considered here are not necessarily
continuous. After giving a systematic presentation of the fundamentals of the scat-
tering length, we study the problems of semi-classical asymptotics for scattering
length under relativistic stable processes, which extend previous results for the case
of positive continuous additive functionals.

Keywords Additive functionals - Scattering length - Semi-classical asymptotics -
Relativistic stable processes

Mathematics Subject Classification Primary: 60J45 - Secondary: 31C15 - 34125

1 Introduction

There is a notion of scattering length of a positive integrable function V on R?, one of
the important quantities in scattering theory. It is the limit of the scattering amplitude

—fi(ey) given by

1 .
filey =5 / VG VO, e, = y/lyl, y € B
R3
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as the wave number k tends to 0, where /; is the solution of the scattering problem
for V, that is, the solution of the equation —(1/2)Au + Vu = k*u having a certain
asymptotic behaviour at infinity [8].

In [7, 8], Kac and Luttinger gave some applications of the probabilistic method
to scattering problems. As one of such applications, the authors studied the problem
of semi-classical asymptotics for scattering length of finite range potentials. To do
this, they used a probabilistic expression for the scattering length of V in terms of
Brownian motion X = (B, P,) on R3,

1 1 t .
r(v) = - lim - [ E, [1 e V(B.,-)dg:l dx, (1)

JT t—>o0
R3

and proved the following semi-classical limit: if V = 1 for a compact subset K C
R3 satisfying the so-called Kac’s regularity (see Sect.4 for the definition), then 4
lim,,_, o, I'(pV) = Cap(K), where Cap denotes the electrostatic capacity. Further,
they conjectured that

lim T'(pV) = Cap(supp[V]) @)
p—>00

for any positive integrable function V with compact support in R3 satisfying the
regularity as above. The Kac-Luttinger’s conjecture (2) was confirmed by Taylor
[18, 19] (also by Tamura [16] in an analytic way) who developed the notion of
scattering length further into a tool for studying the effectiveness of potential as
a perturbation of —A on R?. For more general framework of symmetric Markov
processes, Takahashi [14] gave a new probabilistic representation of the scattering
length of a continuous potential which makes the limit (2) quite transparent. For
symmetric Markov processes again, Takeda [15] considered the behaviour of the
scattering length of a positive smooth measure potential by using the random time
change argument for Dirichlet forms and gave a simple elegant proof of the analog
of (2) without Kac’s regularity. The result in [15] was extended to a non-symmetric
case by He [6]. For general right Markov processes, Fitzsimmons, He and Ying [4]
extended Takahashi’s result by using the tool of Kutznetsov measure and proved the
analog of (2) for a positive continuous additive functional.

Scattering lengths cited so far were considered only for positive continuous addi-
tive functionals. But, there are many discontinuous additive functionals admitted to
Markov processes. Hence, it is a natural question of how to understand the notion
of scattering length of additive functionals that are not necessarily continuous. The
objective of the present paper is to provide a partial answer to this question. Let E
be a locally compact separable metric space and m is a positive Radon measure on E
with full topological support. Let X = (X;, P,) be an m-symmetric Markov process
on E. It is natural to consider the following additive functional of the form
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Al + Y F(X-. X)) 3)

O<s<t

which is not necessarily continuous. Here A/ is the positive continuous additive
functional of X with a positive smooth measure 1 on E as its Revuz measure and
F is a positive bounded Borel function on E x E vanishing on the diagonal. Let
(N (x,dy), H,) be a Lévy system for X. For p > 1, let F® be a non-local linear
operator defined by

FPf (x) = / (1—e PN fN(x,dy), x€E
E

for any bounded measurable function f on E. Put Ff := F(Vf. We assume that
F?1 € LY(E; uy) for any p > 1. Let U, be the capacitary potential relative to
the additive functional (3) defined by

Uytr(x) :=Ey [1 — 67A§72’>0F(X’*'X’)] .

In this paper, we define the scattering length " (i + F) relative to (3) by

F(u+F) = /(1 — Upsr) () 11(dx) +/F(1 — Uprr) (g (dx),
E E

where py is the Revuz measure of H,. In Sect.2, we explain why the expression
above is natural for the definition of the scattering length relative to (3). We will also
give another expression for the scattering length above, which plays a crucial role
throughout this paper (see Lemma 3).

Section 3 is devoted to studying the semi-classical limit of the scattering length.
We investigate the behaviour of the scattering length I'(pu 4+ pF) when p — oc.
More precisely, let 7, be the right continuous inverse of the positive continuous
additive functional A} + [ F1(X,)dH,. Denote by S, the fine support of A/ +

Jo F1(X,)dH,,

SH"FF]//«H = {X €E ‘ P.(1p=0) = 1} .

Our first result of this paper is as follows:

Theorem 1 Suppose that F is symmetric. Further, assume that there exists a pos-
itive function ¥ (p) satisfying ¥ (p) < p, ¥(p) = 00 as p — oo and the non-local
operator FP) induced by F satisfies the following condition: for large p > 1 and a
constant C > 0

F?1(x) > Cy(p)F1(x) for x € E. 4)
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Then we have
plilgo T'(pu + pF) = Cap(S, 1¥iuy)-

Note that Theorem 1 is already stated in [10, Theorem 1.1] in the framework of
symmetric stable processes. However, we will show that its proof remains valid
under general symmetric Markov processes, with the help of Lemmas 3 and 5. In
this sense, Theorem 1 can be regarded as a generalization of the result in [15]. We
also give some concrete examples of F's under relativistic stable processes on R?
(Example 6).

In Sect.4, we study the problem of semi-classical asymptotics for the scattering
length of positive potentials with infinite range. It was proved analytically by Tamura
[17] that the scattering length I"(V') of a positive integrable function V induced by
3-dimensional Brownian motion obeys

T 72V) ~ a2 (5)

in the semi-classical limit A — 0, if V(x) behaves like the Hardy type’s potential
|x|~#?, p > 3 at infinity. As an application of the result obtained in Sect.3, we will
extend the result (5) probabilistically for the scattering length of positive potentials
including a jumping function in the framework of relativistic stable processes. Our
second result of the present paper is as follows: let X" = (X;, P}") be a Lévy process
on R? with

Er [eﬁ@,x/)] — (P om) 20 s 0, ©)

The limiting case X°, corresponding to m = 0, is nothing but the usual (rotationally)
symmetric o-stable process. Let F,,(‘f) be the non-local operator induced by F and I"{}
the scattering length with respect to the 1-subprocess X" of X", respectively.

Theorem 2 Letp > d > aand 0 < A K 1. For a compact set K C RY, let M > 0
be suchthat K C B(0, M). For some constants ci, ¢, > 0, let V be a positive function
on R? and F a positive bounded symmetric function on R? x R? vanishing on the
diagonal satisfying V (x) < c1|x|™" for x € B(0, A7/~ gnd

F(x,y) < calx = y|* A p-wrvo-a)yenp—ero-wg (¥)
for x € B(0, A=/ 0=, respectively. Here A™%/P~¥K = (A~*/(?=)x | x € K}.
If there exists a positive function  satisfying ¥ (o) <o, ¥y (o) - 00 as 0 — 00

and

F& 1) > Cy (T )F,1(x) forx e BO,A,"*""M), C >0,
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then we have for any m > 0

a(d—a) a(d—a)

Cih~ re <TP (A *V+AF) <A™ re

for some constants C, > Cy; > 0.

We note that Theorem 2 is not only the extension of the result (5) (or [11, Theorem
1.1]) but also it provides us with a new semi-classical asymptotic order of the scat-
tering length for a jumping potential with infinite range under a purely discontinuous
Markov process.

Throughout this paper, we use ¢, C,¢’, C’, ¢;, C; (i = 1,2, ...) as positive con-
stants which may be different at different occurrences. For notational convenience,
we let a vV b := max{a, b} for any a, b € R.

2 Scattering Length for Additive Functionals

Let E be alocally compact separable metric space and m is a positive Radon measure
on E with full topological support. Let d be a point added to E so that Ey := E U {3}
is the one-point compactification of E. The point 9 also serves as the cemetery point
for E. Let X = (2, Foo, F1, X;, Py, £) be an m-symmetric transient Hunt process
on E, where ¢ is the lifetime of X, ¢ = inf{r > 0 | X, = 0}. We assume that X is
conservative, that is, P,({ = 0o) = 1 for any x € E. Here and in the sequel, unless
mentioned otherwise, we use the convention that a function defined on E takes the
value 0 at 3. Let (£, 2(€)) be the Dirichlet form of X on L?(E; m) which is assumed
to be regular.

Let Cap be the (0-)capacity associated with the Dirichlet form (£, Z(£)) of X,
that is, for an open set O C E and the extended Dirichlet space Z,(E) of Z(&),

Cap(0) = inf{E(u,u) |u € Z.(£),u > 1 m-ae. on O} 7
and for a Borel set B C E,
Cap(B) = inf{Cap(0) | O is open, B C O} ®)
(see [5, Chap. 2]).
We say that a positive continuous additive functional (PCAF in abbreviation) A}

of X and a smooth measure v are in the Revuz correspondence if they satisfy for any
t>0,

1 t
/f(X)V(dX) =1 ltlf(f)l 7Em /f(Xx) dA7 | f € Zy(B). (€))
E 0
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Here E,,[-] = f £ Ex[ - Im(dx) and %, (E) is the space of bounded Borel functions
on E. It is known that the family of equivalence classes of the set of PCAFs and
the family of smooth measures are in one to one correspondence under the Revuz
correspondence [5, Theorem 5.1.4]. Let (N (x, dy), H,) be a Lévy system for X, that
is, N (x, dy) is a kernel on (E, #(E)) and H, is a PCAF with bounded 1-potential
such that for any non-negative Borel function ¢ on E x E vanishing on the diagonal
and any x € E,

&{Ejm&,&ﬁ=& //w&wN%ﬂw&a
E

O<s<t 0

Let uy be the Revuz measure of the PCAF H,. Then the jumping measure J and
the killing measure « of X are given by J (dxdy) = %N (x, dy)ug (dx) and k(dx) =
N (x, {0}) g (dx). These measures feature in the Beurling-Deny decomposition of £
[5, Theorem 3.2.1].

A non-negative Borel measure v on E (resp. a non-negative symmetric Borel
function ¢ on E x E vanishing on the diagonal) is said to be Green-bounded relative
to X if

supE, [A% ] < oo, <resp. supE, |:Z¢(X,,X,):| < oo) )

xeE xeE >0

Let p be a positive smooth measure on E and A} the PCAF of X with u as its
Revuz measure. Let F'(x, y) be a bounded positive Borel function on £ x E vanishing
along the diagonal. Then ) ,_ _, F(X,_, X,) is a positive (discontinuous) additive
functional of X. Throughout this section, we assume that F is Green-bounded relative
to X. It is natural to consider a combination of the additive functionals of the form

Al + Y FXo, X)) (10)

O<s<t

because the process X admits many discontinuous additive functionals. For p > 1,
let F® be a non-local linear operator defined by

FPf (x) = / (1—e PN fyN(x,dy), x€E (11)

E

for any f € %,(E). Put Ff :=Ff. We assume that F®1 € L1(E; uy) for any
p > 1. Let U,,4r be the capacitary potential relative to the additive functional (10)
defined by

Uytr(x) :=Ey [1 — eiAg“fzboF(X’*’X’)] .
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We shall define the scattering length T (u + F) relative to the additive functional
(10) by

F(u+F):= /(1 — Uy ) ()11 (dx) +/F(1 = Uprr) () (dx). (12)
E E

Let us explain intuitively why the expression (12) is natural for the definition of the
scattering length relative to (10). Let £ be the the infinitesimal generator associated
with (£, 2(€)): E(f, 9) = (W—Lf, V=L m and 2(E) = Z(~/—L). In analogy
with classical one, we define I'(u 4 F)) by the total mass of —L U, p,

M(w+F)= —/EUMde. (13)
E

Note that the capacitary potential U, 1 ¢ satisfies the following formal equation
~LUpir=0-Upsr)t +Flug —FU, ruy. (14)

Indeed, let X = (X;, ﬁx) be the transformed process of X by the pure jump Girsanov
transform

t

Y/ =exp | — ZF(XS,,XS)—i—/Fl(XS)dHS , te(0,00). (15

O<s<t 0

The multiplicative functional (15) is a uniformly integrable martingale under the
Green-boundedness of F relative to X, because e ¥ — 1 > § — 1 for some § > 0 by
the boundedness of F' and

supE, // (1 _ e_F(XS’y))2N(x, dy)dH,
0 E

xeE

xeE

o0
< supE, f/‘F(Xs,y)N(x, dy)dH;
0 E

= sup E, [Z F(XS,XS)] < 0

xeE >0

(cf. [1, Theorem 3.2]). From this fact, we see that the tlansformed process X is also a
transient and conservative Markov process on E. Let £ be the infinitesimal generator
of X. Then L is formally given by
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—L=—L+puF—Flpy, (16)

where upF denotes the measure valued operator defined by un Ff (x) = Ff (x)un
(dx). It is known that a PCAF of X can be regarded as a PCAF of X. Thus we see
from [9, Lemma 4.9] that

Unr @) = By [1 = e R0 P60 |

Il
ol
=

| — oA li® Fl(X,)dHt]

N —A}'— [ F1(X,)dH,
/e 0 (dA} + F1(X))dH,) | . (17)
0

I
[esld
=

Equation (17) implies that U, r satisfies the following formal equation
(1 +Flpy — L) Upir = o+ Flpy, (18)

Hence we have (14) by applying (16)—(18), in other words, the total massof —L U,
is given as the right-hand side of (12). We note that the relation (14) is rigorously
established whenever U,y € L*(E; m).

The following expressions of the scattering length play a crucial role throughout
this paper.

Lemma 3 Suppose that F is symmetric. Then, the scattering length (12) can be
rewritten as

Pt F) = [[B [ S o] (udo + Fiwp (@), 19
E

i .
= lim [ E[1 - e Xooa P05 (), 20)
E

Proof The expression (19) is a consequence of the symmetry of F. Indeed,

fF(l = Uprr) () (dx)

E

_ / / T E, [ ALY F (X Xf)]N(x dy) e (dx)

- / B, [e %20 P60 TR (o) gy ().
E
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On the other hand, it follows from [9, Lemma 4.9] and (19) that

~ —A&—fFl(Xs)dH:
i+ F) = / £, [e o } ((dx) + F1(0)pez ()

E
. 1 ~ 7A§‘7j F1(X,)dH,
=Ilm- [E. [1—e 0 m(dx)
t—oo t
E
1 i
— lim = E, [1 _ eiA’ *ZoquF(Xs—»Xx)] m(dx)
=0t
E

which implies the expression (20). In the second equality above, we used the result
due to [15, (2.2)] (also [4, Theorem 2.2]). [l

In the rest of the paper, we always assume that F is symmetric. It is immediate from
the expression (20) that the scattering length I'(« 4 F) has the monotone property:
for i =1, 2, let u; be a non-negative finite smooth measure on E and F; be a non-
negative symmetric bounded Borel function on E x E vanishing on the diagonal
such that F;)1 € LY(E; ), where F; is the non-local operator defined as in (11)
for F;. If u1 < pup and F; < F,, then

Py + F1) < T'(uz + Fo). 2y

Moreover, it follows from the elementary inequality 1 — e > < (1 —e™%) + (1 —
e~?) for a, b > 0 that the scattering length has the subadditive property:

Ly +p2) =T () +T(u2), T'(F1 +F) <)+ ).

Finally, we close this section with the following remark:

Remark 4 The scattering length is trivial when the underlying process X is not
transient. In fact, by virtue of [4, Lemma 2.1], the present scattering length I' (1 + F)
can be represented as

P+ F) = / (1= Uy ) (0 + Flyz)(d)

(U r=0}U{U, 1 r=1}

= f L, .r=0y () (1t + Flpig)(dx)
E
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under the non-transience of X. Then, by the Revuz formula (9) and the Markov
property

/ Ly, r=0y(0) (0 + Flug)(dx)
E

t

1
—4 lim = . g u+Flpg
tim 7 En / Ly,,=0)(X,) dAL
0
t

o1
=1 1,%1 ;Em /EX,Y [I{A';C+z,>0F(X,,.X,):0}] Ay
0

t

T +F1
=T e / LAt D PO X)=A4 T P )4
L0

t
1
=4 1lim -E 1 YRS P +Flp dAMJrFlMH
T 10 1 m {Ai)o HH _ /H} s
LO

=0.

This is the reason why we only consider the scattering length for transient processes.

3 Kac’s Scattering Length Formula

In this section, we are going to study the behaviour of the scattering length I'(pu +
pF) when p — 00. As we mentioned in Sect. 1, this problem was decisively solved
in the case F' = 0 by Takeda [15], through the random time change argument for
Dirichlet forms: let v be a positive finite smooth measure on E and S, the fine
support of A}. Then

lim ['(pv) = Cap(S,). (22)
p—00

However, we cannot apply time change method to our problem directly because our
scattering length contains a discontinuous additive functional.

Let 7, be the right continuous inverse of the PCAF A} + fot F1(X,)dH,, that is,
7, :=inf{s > 0 | A{ + [; F1(X,)dH, > t}. Let denote by S, the fine support
of A" + [y F1(X,)dH,,

SuiFiuy = {x cE ‘ P.(1p = 0) = 1} .

To prove Theorem 1, we need to the following lemma.
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Lemma$5 Foranye >0

Jim T (pF +p" " u+p" " Fluy) = Cap(S,iri,)-

In particular; limsup,,_, o, T'(pp + pF) < Cap(S,4F1uy)-

Proof The last assertion easily follows from the first one with the monotonicity of
the scattering length. Putk = 1/(1 + &) and write A} " := fol F1(X,)dH,. From the
expression (19), one can easily see that

T (p"F + pu + pFlpn)

E

. (Pﬂ(dx) +F 1) g (dx) + pF1(x)py (dx)) .
Since F@1 < ¢F1 forany g > 1,

I (p“F + pp + pFluy)

< [ B[ (1) pai@n) + (41 -+ pF1) (O (@0)
E

= (1+p")T (pu+ pFlun).
Therefore we have from the monotonicity of the scattering length that
T (pu +pFlun) < T (p°F +pu+ pFlug) < (149" T (ou + pFlun) .

In view of (22), the scattering lengths of both sides of the above converge to
Cap(S, +r1,,) as p — oo, which implies the first assertion. O

Proof of Theorem 1 Let v (p) be the function which appeared in the condition (4).
By the monotonicity of the scattering length, we have for some C > 0

-+

(420 S0,

ot (pr e L2, U2

Fl/LH> <T (pF +p""u+p"*Fluy)

for any n > 1 and ¢ > 0. Then, by Lemma 5 and applying (22) again, one can get
that

lim T (pF + M Cw(p)Fl H) = Cap(Sy+riu,)-

p—> 00
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From this and the condition (4), we see that
liminf I" (pu + pF) > liminf I’ (Mu + F)
p—>00 p—00

= lim inf f E, [e*PZ»o”Xr—’Xf)*@A&] <w(”) (dx) +F(p)1(x)uH(dx))

p—>00

. liminf/Ex [eprDOF(X’*’X’)*@A&]

n+1 pooo
E
: (” 1 '”(”) (dx) + FP 1(x) g (dx) + 1F@)l(x);m (dx))
> lim inf / E, [e—ﬂ2,>oF(xrf.xo—@Aéo—%Ai“”]
“n+1 pooo
E
(F(”)l(x)uﬂ(dx) + M pu(dx) + Cl/f(p)Fl(x)uH(dx))
= lim I <pF + M Cw(p)Fl H)
n —I— 1 p—oo
= "+ lcap(su+F1MH)

Letting n — 0o, we have

Cap(Sy+r1u) < lim inf I (ppe + pF). (23)

The proof will be finished by the last assertion of Lemma 5 and (23). ]

Let X = (X, P™) be a Lévy process on R? with
Egl I:eﬁ(é-XI):I — e—l((|§|2+m2/a)a/z—m)’ 0<a < 2’ m> 0. (24)

Ifm > 0and 0 < @ < 2, itis called the relativistic a-stable process with mass m. In
particular, if m > 0 and o = 1, it is called the relativistic free Hamiltonian process.
The limiting case X°, corresponding to m = 0, is nothing but the usual (rotationally)
symmetric «-stable process. It is known that X™ is transient if and only if d > 2
under m > 0 or d > o under m = 0, and it is a doubly Feller conservative process.
From (24), one can easily see that X" has the following scaling property: for any
r>0

(X, P2 £ (X P (25)
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where < means the equality in distribution. Let (™, Z(E™)) be the Dirichlet
form on L?(R?) associated with X™. It follows from Fourier transform fx) =

G Jra €5V (0)dy that

PEm = \f e PR | / FE)P (812 + P — m) dé < oo},
R¢
E"f.g) = f FEIE) (6P +m¥ ) —m)ds forf.g e DE™)

Rd

[5, Example 1.4.1]. The Dirichlet form (£°, 2(£°)) for X° can also be characterized
similarly, only with |£|% in place of (|&|> + m?/*)%/> — m above. Thus, there exist
positive constants ¢; := ¢ (m) and ¢, := ¢, (m) such that

& (u, u) < EMu, u) < &) (u, u)

andso 2(E™) = 2(£°). Here Ef(u, u) := E*(u, u) + (u, u)y. From this, we see that
for any m > 0 and a Borel set B C R4

c1Cap"(B) < Cap{P(B) < c,CapV(B), (26)

where Cap'! (resp. Cap") denotes the 1-capacity associated with (", Z(E™))
(resp. (£, 2(£°))), that is, it is the capacity defined by replacing Z,(£™) and £"
(resp. 2,(£%) and £°) in (7) and (8) with Z(E™) and £ (resp. Z(E°) and £Y). Let
denote by B(a, b) the open ball in R¢ with center a and radius b. It is known that

Cap(l)(B(O, r) = rd—acap(l)(B(()’ 1) 27

(cf. [12, (42.22)]). It is shown in [3] that the corresponding jumping measure J of
(E™, F™) satisfies

@(m'*|x —y|)

J(dxdy) = J,,(x, y)dxdy with J,(x,y) = C4q
Tk — yldte

)

a2dtep (e
where Cy o, = 5 ) and

d+lﬂrl/21"(1_%)

oo

-1
o(r) :=27@+or (—d —; oz) /sd%’le’%éds,
0
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which is a decreasing function satisfying ¢(0) = 1 and

1 —r d+a—1 d+a—1

ce'r <) <ce'r z, r>1 (28)

for some constant ¢ > 1 (cf. [3]). In particular,

7E" = {f e P®RY) | / [ @) =f (), y)dxdy < oo f,
R4 xR4
1
eG.g=5 [ G0 =700 - g0t )y
R4 xR4
for f, g € Z(E™). It is known that X" has a Lévy system (N (x, dy), H,) given by
N(x,dy) = J,,(x, y)dy and H, = t. In this case, the non-local linear operator (11) for

a symmetric positive bounded Borel function F(x, y) on R? x R? vanishing on the
diagonal is given by

y|)dy, p>1, xeR%

(1= e PFO)f () m! =
FOf (1) = / i
J lx —yl

Now, we give some concrete examples of F's satisfying the condition (4).

Example 6 Let F be the function on R x R? such that for 8 > o

1
Fx,y) = Sl =y xrr (5,3,
where xg g (x, y) is the indicator function given by

XR.R (X, Y)
= (Lgeer) 0 1g0.8) () + 1Ry () 10,8 ()
+1p.1) () L) ) B0, R+R)NBO.R) ) LB0,R+R)NBO.R) ()

for R, R" > 0. Then the condition (4) holds for this F. First, take x € B(0, R). In this
case, F' is given by

lx —yI# y e B, R)NBO,R)
F(x,y)=1{ 1lx =y y € Bx, R) N B(0, R)*
0 otherwise
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and thus we have

1 — e Fy) Ve |y _
le(x)zcd’a/( e Yo (m''*|x yl)

|)C— |d+a
_c (1 — e "@)p(m!/*|x — y))
= “da Ix — y|d+a
B(x,R)
_c (1= e g0l —y)
- b =yl

B(x,R")NB(0,R)

+ (1 — e 2P )pm!/e|x — y))

|x _y|d+ot

B(x,R")NB(0,R)°

e~y 1oy,
<Cy. / (1- Yo(m/*|x yl)cl

|)C _y|d+ot

B(x,R')

By using integration by parts, the right-hand side of the above inequality is equal to

R/
c, a/ (I-e" )w(ml/"r)

rlt+a

{(e“*’)’* — De@m'/*R)
- Cd o
O[(R’)a

R
1
b [ (B ot 1= e V) ) ar
o
0

_o e =g R)
— Yd,a Ot(R’)a
R

1 o _ _ @ (m'/et1/B)

_ /B t 1/a 1/B 1/« AN

O,/t <e em Py +m/*(1 —e™h) 1177 dry, (29)
0

where C; , is a positive constant depending on d and «. On the other hand, by a

similar calculation as above with the inequality 1 —e™*% < (1 — ™) + (1 —e7?)
for any a, b > 0, we see
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)
F®1(x)

(1 — e PPy m!/|x — y)) ‘
y

= Cia e — y|dte

B(x,R")NB(0,R)

N (1 — e 5h My x — y)) J
|X _y|d+ot Y

B(x,R")NB(0,R)¢

R T Vo, _
> Cua / (I—e> Yp(m' /% |x yl)dy
)

e
B(x,R'
Cia (1 — e Py (m!/*|x — y|)
> 2 dy
B(x,R))
_ Chy [ @P®" — Dpm!/*R)
2 a(R)e
| p(R)P
+— / pa/ﬂt*a/ﬁ (€7t¢(m1/a(p71t)1/ﬂ)
(07
0
"(m/e (p=1p)1/B
+m1/a(1 _ eft)go (m (p ) ) df
B(p~11)B-D/P
—(RH ,
P [ e = Dem! R
=" d,a OI(R/)“
R)H?
1
+— / t—ot/ﬁ (e—t(p(ml/ot(p—lt)l/ﬂ)
o
0

+m'*(1 —e™)

—“’/(ml/a(”lt)l/ﬁ)> dt} (30)

BrB=D/P

for large p > 1. Since ¢(r) is decreasing, o(m'/* (p~'1)!/F) > @(m'/*t'/F) and ¢’ (r)
is a non-positive function on [0, co) taking a value close to 0 near r = 0, that is,
@' m"*(p~'0)V/B) > @' (m'/*t'/P) for large p > 1. From these facts with (29) and
(30), we can confirm that

pe/P

FP1(x) > 5 Ful(), x€BO.R), largep > 1. 31)
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Next, take x € B(0, R + R') \ B(0, R). In this case, F is given by

$|x —y# y € B(x, R) N B(0,R)
F(x,y) = { 2lx =y’ y € B(x, R) N B(0, R)

0 otherwise.

Then, by the same calculations as above

Fl‘ﬂl('x)
(1 — e My |x —y))
< Cia d
= -, |x_y|d+ot y
B(x,R)
_o | @ =o' R)
d,a a(R/)oz
(R)E ( " 1/,3)
1 @ (m'/t
- —a/B —t 1/a 1/8 1/a P A
+a /t <e em "t Py 4+ m (1 —e™) B1G1TF )dt
and
F®1(x)
_ o—pl—yl Loy _
sz,a (I—e Yo (m'/%|x yl)dy
2 |x_y|d+a
B(x,R)
P (@ = D)
- 2 e a(R)*
R)P
1
_}_(; / t—a/ﬁ (e—[(p(ml/a(p—ll)l/ﬁ)
0
1ol /e (n—1\1/8
Vo —t o' m ' (p~)P)
+m"%(1 —e )—ﬂt(ﬁ%)/ﬂ dr
P [@ = D)
-2 e a(R)®
®)? ( 1/ l/ﬂ)
1 @ (m''*t
- —a/p —t 1/a 1/B 1/a S A
+a/t (e om Py +m (1 —e™) 15177 )dt
0
/B

S Ful()
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for large p > 1. Therefore, we can confirm (31) for x € B(0, R + R') \ B(0, R). For
x € B(0, R+ R)¢,(31)is trivial because F,(,’,))l(x) = Oforanyp > 1.Hence we obtain
(31) for any x € R¢. Moreover, for x € B(0, R+ R')

(1 — e PPNy (m!/*|x — y))
dy

FP1(x) = Cyq
m (X) d, |x _ y|d+a

(0,R+R")NB(x,1)

(1 — e PPNy (m! | x — yl)d
|X _y|d+ot Yy

+
B(0,R+R')NB(x,1)¢

1 — e Tyl
<G |

+ Cua / (1 — e*%“”’w) dy

B(O.RTR)NB(x, 1)
1

3p

, 1—e 27
<Cuq }’O‘Tdr + Cio
0

B(O,R+R)

and from which it follows that F(,,’,’)l is bounded on B(0, R + R’) and is zero on
B(0, R + R')¢ for any p > 1. This shows that FP1elL! (R?) for any p > 1. In fact,
by a similar way as in the proof of [2, Proposition 7.10(3)], one can also prove that
F,,(f el (R?)(¢ > 1) forany p > 1 and thus F is to be Green-bounded with respect
to X( Here X"(1) is the 1-subprocess of X", the killed process by e~. We omit
the details.

Remark 7 There are many functions satisfying the condition (4). In fact, they can
be given by the following form:

1
F(x,y) = §¢(|x =YD xrr(x,Y)

with ¢ (1) =12, (1) =8/ (1 + )P, ¢ (1) := ¢V (t) = log(1 + t#) and its iterated
function ¢™ (1) = ¢ (@D (1)) (n > 2) for B > «. Further, we see that F's induced
by these functions are Green-bounded relative to XM (cf. 2, Proposition 7.10])
and we can take the function ¥ (p) which appeared in (4) as

¥ (p) =p*'*.
Hence, the scattering length T'{" (pie + pF) induced by the functions ¢ above con-

verges to Capﬁj)(SMle) as p — 00, in view of Theorem 1. Here I'{) denotes the
scattering length with respect to X"
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4 Semi-classical Asymptotics for Scattering Length

In this section, we study the semi-classical asymptotics for scattering length by non-
negative potentials with infinite ranges. We consider the case that pu(dx) = V(x)dx
with V being anon-negative L' (R)-function. Note that the scattering length I" (pV +
pF) may diverge as p — oo if V or F has a non-compact support. So the question we
are interested in is to find the asymptotic order of I'(pV + pF) to infinity as p — oo.

In the sequel, let X, X" (D and Cap'! be as in Example 6 and Remark
7. Clearly, X" is transient. For @ > 0 and b > 0, let V? and F? be the scaling
potentials of V and F, respectively, which are defined by

VP(x) :=d"V(ax), Fl(x,y) :=d’F(ax,ay), x,yeR’.

The following simple scaling property of the scattering length plays a role.

Lemma 8 Forany f > 0andr > 0, it holds that
TOWE + FF~) = =T, ) (rP=V + rP72F).

Proof For notational convenience, set

t

AY = / vexds, A= 3 FPUXL X,

0 O<s<t

B B—a
It follows from the scaling property (25) that Ay " and Af " under P are equal
to r#=%AY,, and rP=*AL,, under P’ "™, respectively. Then, by the expression of the
scattering length (20) and Ito’s formula

rf,P(vﬂ + Fb)

B—a
T T P
t—oo f
R4
i‘ FI‘7 —a
= tlir?o ; /e’s AT A (V,ﬁ(Xs) + r“Ff,fﬂ )l(rXS)) ds | dx
R4
t
— hm - Er “m —s—r‘g"lA"_/ax—r‘q’”‘Afmx
t—oo t
R4 0

: (rﬂV(X,as) + “F(inm)l(Xras)) dS]
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rt
_ pod Jim L B | | e A A
t—o0 ot Y
Rd 0

. (rﬁ*“V(XS/) +F (XS/)) ds’] dy

—“m

= ¢ lim L / E;ium’(riu) [1 — e_rﬁiaA'z”_rﬂiaA’F‘”:I dy
]Rd

_ a—dpTY) . B— B—

_rOt Frwm(r av+r aF)’

where we used in the second equality above that the non-local operator defined in
(11) for F? is given by a®F“1(a ). O

For an open set B C RY, let ‘L'(} 5 be the first penetrating time of X" into B¢,

t
= inf {1 >0 ( /1BL-(X_Y) ds > 0
0

We say that B is a Kac’s regular set with respect to X", if 101"” is the same as
7 ;= inf{t > 0 | X, € B¢}, the first exit time of X" from B (with probability one).
Note that any open subset of R? having a smooth boundary, thus any open ball
in RY, is Kac regular. Let supp [U] be the topological support of a non-negative
potential U. Then the set Sy \ supp [U] is of zero capacity, while supp [U]\ Sy is
not necessarily of zero capacity. It is known that if supp [U] is a Kac’s regular set,
then Cap(Sy) = Cap(supp [U]) (cf. [15, §3]).

Lemma 9 Let B be an open ball in R?. Under the hypotheses in Theorem 1, it holds
that

lim IO (pV 15 4 pF1z) = Cap{(B),
p—>00

where Flp := F (x, y)15(x).

Proof Note that we can not obtain the assertion as an immediate consequence of
Theorem 1 because F15 is not necessarily a symmetric function. Let

Flp(x,y) := F(x,y)15(x)15(y).

Clearly F'1p: is symmetric. Denote by F,, 15 the non-local operator induced by F1z.
which is given as

(1= e ") gon /el - )
r — y|dte

F,1p(x) = Cd,a /

B

dy | 1z(x).
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Then, by a similar way as in the proof of Theorem 1, we can see that
liplg inf r\Dpvig + pFlp) > liplg inf IV (pVig + pFlg)
= Capl, (Svi,+x,1,,) = Cap, (B).  (32)

where we used the equality in (32) that B is a Kac’s regular set with respect to X",

For an open ball D C R¢ such that B C D, let U ,:(,1) be its capacitary potential,
which is given by US (x) := E"M[1 — ¢~ Jo"voX0dt] for v, = 0o on D and 0 off D.
Then Ul(,l) = U{"vp, where U}" is the 1-potential operator of X” and vp, is the (1-
)equilibrium measure on D (cf. [5, 13]). From the definition of the scattering length
(13) and the fact that U}’ = 1 on B, for any p > 1

m 1
I (pV1g + pFlp) = — / LU, 4y, @) d
R4

== [US DL VU, 0080
R4

— (1
=& <U{nVD’ UpV13+PFIB)

- f Ulg‘l/)llirpFl,;(x)vD(dx),
]Rd

where £ is the infinitesimal generator of X"( and Uzgtf)ls +pF1, 1S the capacitary
potential relative to pV 15 + pF 15 under X (). On the other hand, since Cap'’ (B) =
fR(, U él)(x)vD (dx), we can see that

limsup T\ (pV 15 + pF15) < Cap{,) (B) (33)

m
p—>00

because U[f‘l/)lg o1, = U ;l) forany p > 1. Here U, él) denotes the capacitary potential
of B defined as above. The proof will be finished by (32) and (33). O

Proposition 10 Let p > d > « and 0 < A K 1. If a non-negative function V sat-
isfies V(x) < ¢y |x|” for x € B(0, Ao/ (pme)ye for some constant ¢ > 0, then we
have for any m > 0

a(d—a) a(d—a)

Cix~ v <TP(AV) < GA™ re (34)

for some constants C, > C; > 0.

Proof Let W be the function defined by W (x) = |x|™?1p.1)-(x). By applying W
with F =0, 8 = o and r = A%/~ to Lemma 8, we have
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01('1 00 Ao 2/(p—a)
TS (Wipw) = 277 T (W), (35)
Since
me{/(/}—a) x) = )Laz/(p,a) Ma/(pfa)xl*p IB(O, 1 ()\a/(ﬂ*a)x)

=\ |X|_p13(0' el (p=a)ye (x),

(35) can be rewritten as

_ _ _a(d—a) A az/lﬂfu)
T (A x| 1, p-a-ayc) = A7 o< r )

(W). (36)

A uz/(p,a)m
It is clear from the definition of scattering length that for some constant C > 0

oo

el s [ wrar=e [#larsc
BO,1)¢ 1

So by which and (36), it follows that

a(d o()

Fr(nl) ( “lxl ™ plB(o A/ (o a))L) <CM\r (37)

On the other hand, we see by Lemma 9 with F = 0 that for any ¢ > 0 there exists
0 < Ao := Ag(e) < 1 such that for every 0 < A < X,
C' Cap})) (B(0, A~/~))
< TP (Vg s-ero-)) < Caply (B0, A/ ~9))

for some constant C’ := C’(¢) > 0. From which, with (26) and (27), it follows that

a(d—a)

Cix~ o < T (A Vg j-wio-ay) < CjA~

a(d—a)

(38)

for some constants C;, C; > 0. Now, on account of (37) and (38), the monotonicity
and subadditivity of scattering length we can confirm (34). Indeed,

a(d—a)

Cia™ v <TG (Vg j-arioan)
<TL0V)
< T (A7V1pg, s-ero-)) + T8 (A Vg, j-ai-ay)
< T (AVpg s-ero-oy) + T (AN Lo, s-air-w) )

a(d—a)

<CyA™
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where we used in the fourth inequality above that for any non-negative L'(R¢)-
function U and a constant ¢ > 0, there exists a constant ¢’ > 0 such that F,(nl) (cU) <
T). (]

Remark 11 1fm = 0,d = 3 and o = 2, then (26) holds for (0-)capacity. As a result,
Tamura’s result (5) can be easily reproduced from (34).

In the sequel, we let & € (0, 2).

Proposition 12 Letd > «, p > "+3‘_' Vaand0 < A K 1. Fora compact set K C

R?, let M > 0 be such that K C B(0, M). Assume that for x € B(0, A=%/®*=® M )e,

F(x,y) < ealx =y, s-womanemp-aomag () (39)

for some constant ¢y > 0, where A~/ (P~ = {7/ =y | x € K}. Assume in
addition that

FO 1) > CYy (A F,1(x)  for x € B0, A~/ "=)) (40)

for a constant C > 0 and for some positive function  such that (o) < o and
V(o) = oo as o — 0. Then, for any m > 0

a(d—a) a(d—a)

Cih~ e <TWOF) < Cyp™ (41)

for some constants C4 > C3 > 0.

Proof Let
G(x,y) = |x — Y710 .m) () e, nenk ()

and G, 1(x) the associated non-local function defined as in (11). Note that the state-
ment in Lemma 8 with V = 0 is valid for any non-negative symmetric bounded
function on R? x R vanishing on the diagonal such that its non-local operator
defined as in (11) being integrable. By applying G with 8 = o and r = A%/~ to
Lemma 8, one has

_ad—

—a? p—a
TP (Glyw) =2~ TG (G, 42)

where my, 1= A=%/ =Dy and

G ()

=2"x —y| 10 3-aro-prye () 1p(x, r-asto-wyen p-ao-a g ()

From the definition of scattering length and (28),
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a2 /(p—a
o Gy < / G,y 1(0)dx
]Rd
(1 — e 21 my/¥ 1x — y)) q

= Co x — yld+e ydx
BO.M)¢ K
1/ d+a—1
dta=1 [x — y| "= emm Kyl — y| T2
4 2a
< Cy.my =y dxdy
K BO.M)°
o0 1/a
, d+2¢2—1 e T
= Cy qwam, mdrd)’
K d(y,B(0,M)°)
_ad+a—1) _« 1, c
< CpA~ 200 exp| —A Feme ;Igllf(d(y,B(O,M) )
1
. dy
d(y, B(0, M ))2r—d—a+D/2
K
, . _aldia—l) _ o
= = exp (—c3h " ),
A= p( A ) (43)
where
d+a—1
1 2C, jm e wy
c,=¢C dy withC, = —2%
¢ ”‘/ d(y, BO, M)*)r—d—eiD2 ™ " 2p—d—a+1

K

and c; = m"/* inf ek d (v, B(0, M )°). Thus, it follows from (42) and (43) that

_a@Bd—a—1)

O (Glaa) = CA™ 5 exp (=i 7). “

On the other hand, we see by Lemma 9 with V = 0 that for any ¢ > 0 there exists
0 < Ao := Ap(e) < 1 such that for every 0 < A < X,

C5 Capl)) (B(0, A/P=9)))
< T (A Fl j-eio-)) < Caply (B(O, A~/*~9))

for some constant C§ := C;(¢) > 0. From this fact with (26) and (27), it follows that

_ald—a) _ald—a)

Cih~ v < T (AW Fly p-oio-on) < C4A re (45)

for some constants C; > C3 > 0. Now, by combining (44) and (45), we have
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a(d—a)

C3)\,7 e < F(l) ()\ FIB«))\ —a/(p— D()M))
1
<y (A7F)
< F(l) ( aFlB(Q)\ —a/(p— a)M)) + F(l) ( _aFlB(OJ»_"/(”_“)M)()
<P *F1 T (GY
( B(0, 1~/ (o= ”)M)) +cly, ( el (o= L”)
< Cixr o +cCA” S exp (—q)fH)
f ’ / _ a(d+a=1) __a _ad-a)
< (C3 +c Cyr “To-a exp (—cﬁ» M)) A e
t)t(d a)
< C4A~
for some constant Cy4 > 0. O

Now, we are ready to prove Theorem 2.

Proof of Theorem 2 The proof is an immediate consequence of Propositions 10 and
12 with the subadditivity of the scattering length. (I
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