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Abstract. This paper mainly discusses the common distributed opti-
mization problem over unbalanced directed graph. Assumed that the
local objective function of each agent is strongly convex and has a Lips-
chitz continuous gradient. An improved distributed algorithm is proposed
by introducing a momentum term and different local step lengths. Then
we prove that all agents would find the optimal value under our algorithm
when the maximum step length and the momentum parameter satisfy a
certain range and are positive. At last, we illustrate the effectiveness of
the obtained results by a numerical experiment.
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1 Introduction

Recently, distributed optimization problems have received extensive attention,
and it is very helpful to solve this problem by the distributed consensus algorithm.
We improved the consensus algorithm to solve the distributed optimization prob-
lem in this paper, where each agent can access to one cost function f; : R™ — IR,
n
and all agents collaboratively minimize the entire function + 3 f;(z) through the
exchange of information between agents. This paper focusels én the situation of
unbalanced directed graph. Early works about distributed optimization problems
mainly included distributed gradient descent [1] and distributed dual averaging
[2] over undirected graphs. It was proved that the optimal value could be found
at a linear rate of O(%) for any convex function, and the rate of O(“%)for any
strongly convex function, where k is the number of iterations. Under the conditions
of strong convexity and Lipschitz continuous gradient, algorithms were improved
with faster convergence speed. For example, the algorithm with a constant step
size geometrically converged to an error ball around the optimal solution, there
was another method that requires symmetric weights to achieve global geometric
convergence. In [4-6], the imprecise gradient method and the gradient estimation
method were introduced to deal with this problem.
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The aforementioned methods were all for undirected graph. When the com-
munication capabilities between agents were inconsistent, the algorithm for undi-
rected graph would no longer be applicable. Therefore, algorithms suitable for
directed graphs need to be developed. The Push-sum method and the DGD
(distributed sub-gradient descent) method were introduced for directed graphs
in [7-10]. However, the effect of the reduction of the step size resulted in a rela-
tively slow convergence rate. Literature [11] assumed that the objective function
has a Lipschitz continuous gradient and is strongly convex. It was shown that
all agents would converge to the optimal value at geometrical rate. By con-
structing a row stochastic matrix and a column stochastic matrix, another type
of algorithm was proposed [12-14], where the row random matrix ensured the
consistency of the algorithm, and the column randomness matrix was used to
guarantee the optimality. In [12,13], the cases of fixed strong connectivity and
time-varying strong connectivity were considered, based on which, the gravity
ball was introduced to improve the convergence rate of algorithms.

For second order and heterogeneous multi-agent systems, some improve algo-
rithms were also proposed in [16,17]. Inspired by the literature [12], we studies
an improved fully distributed algorithm to optimize all objective functions in a
distributed manner, where the momentum term is borrowed to improve the con-
vergence rate. It is shown that the position states of every agents would converge
to the optimal solution of the objective function by the nature of the random
matrix.

I,, represents an n-dimensional unit matrix, and 1,, represents a column vec-
tor whose components are all ones. p(x) represents the spectral radius of the
vector x, and X, represents the infinite power of the matrix X. For the row
random matrix A, 7w, and 1, to represent the left and right eigenvectors of A
respectively, such that 711, = 1. Similarly, for the column random matrix B,
1, and 7. to represent the left and right eigenvectors of B respectively, such
that 711,, = 1. || - ||2 represents the 2-Norm of the vector. ||-||, represents the
spectral norm of the matrix.

2 Graph Theory Foundation and Problem Description

G = (V,€) denotes a directed graph, where ¥V = {1,2,...,n} represents the
set of network agents, and £ represents the set of edges between agents in the
network. (j,7) or j — ¢ indicates that there is a directed edge that transmits
information from the agent j to the agent i. For V 4,5, if there is a directed
path (i1,4s1), (4s1,%s2), - - -, (isk, J), then it is called a strongly connected graph.
In addition, N/™ = {j | (4,i) € £} represents the into-neighbor set of the agent i,
that is the set of agents that the agent ¢ can receives information from. Similarly,
Novt = {j | (i,j) € £} represents the out-neighbors set of the agent 4, that is
the set of agents that can receive information from agent i. Note that both N/™
and N?“* contain node i.
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In the distributed convex optimization problem, each agent i can access to
a local decision variable z; € R™ and a convex cost function f;(z). The goal of
this problem is to minimize the following integral objective function.

min f(z) = %Zfi(x),x €R™ (1)
i=1

Each agent ¢ can only obtain its own cost function f;(z) : R™ — IR. Assume
that each cost function is strongly convex and its gradient is Lipschitz.

Assumption 1. G is directed strongly connected graph.

Assumption 2. The gradient of the objective function of each agent satisfies
Lipschitz condition, that is, for any agent ¢ and x,y € IR"™, there is a constant
l; such that:

IVfi(z) = Vi)l < lillz —yll (2)

Assumption 3. The cost function of each agent is strongly convex, that is, for
any agent ¢ and x,y € IR™, there is a positive constant p such that:

fi(@) = fily) = V@)@~ y) = Sl ~ I3 (3)

Remark 1: Assumption2 and Assumption3 ensure that the global optimal
solution z* exists and is unique respectively. Assumption 3 is conducive to the
subsequent proof of the convergence of the algorithm.

3 Algorithm Design

We propose the following algorithm to solve problem (1) in this paper. Each
agent ¢ contains two variables z; j, s; » in the network, and k represents iteration
step, where i € V, ; k, s, € IR™. The system satisfies the initial state s;¢ =
V fi(zi0),i € V.

Ti k1 = Z aijTj 1 — QSi g + 5[2 aij (T, — k)| - (4a)
j=1 j=1
Siki1 = Y bijlsik + V(@i 1) — Vi) (4b)
j=1

where a; and 8 are both positive constants. The weights a;; and b;; satisfy the
following:
>0, jeNm
Qj5 = j in Zaij = 1,V’i, (5)
07 J ¢ Nl 9 j=1
>0, ic N n
) ] ? .
i = b;; = 1,V7, 6
j { o igNpe, MY )
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A = {ai;} represents the row random matrix, and B = {b;;} represents the
column random matrix.

Denote z = [xlTk, e ,wTTL)k , Sk = [sfk,,. e szﬁk]T, Vi(ze) =
Vii(rie)T, ... Vin(@nr)T]T. LetA = A® I,,,B = B® I,,,, then Eq. (4) can be
rewritten the following form:

}T

Tpt1 = Az — Dysy + BlAxy — k] - (7a)
Sk+1 = Blsk + Vf(zp1) — V()] (7b)

where D, represents a diagonal matrix whose diagonal elements are «;, and
other elements are 0, where sg = V f(zg), and ¢ is arbitrary.

4 Algorithm Convergence Analysis

First, let us prove a key lemma, which involves the shrinkage of the consistency
process of the row and column random matrix respectively.

Lemmal. A= A®I,, and B=B® I, are weight matrices, there are vector

norms || - |4 and || - || g such that for Vo € R™" |
[Az — As |4 < oalle — Acor]|a (®)
|Bx = Boo||p < 0Bl[2 = Boo|| 8- 9)

Proof. Since A is irreducible, its diagonal elements are all positive, and the rows

are random. According to the Perro-Frobenius theorem, p(A) = 1. Every eigen-

value except 1 is strictly less than p(A), 71 is a strictly positive left eigenvector

corresponding to eigenvalue 1, and 721, = 1. Therefore, klim Ak =1,7T, and
— 00

Ay = lim AF = (Jim AN @ I, = (1,77) @ I,

k—o0

Then

Alo = (AR 1) (1pm)]) ® Iy) = Ao
Ao = (1) @ L) (1n7E) @ L) = Ao
Therefore,AAy — Aso Ao = 0, then there are the following formulas
Ar — Ao = (A — Ao ) (2 — Ao). (10)

Because p(A — Ax) = p((A — 1,75) ® I,,) < 1, according to [15], there is a
matrix norm [|-[| , such that o4 = [|A — A||, < 1. In addition, according to
Theorem 5.7.13 in [15], there is a corresponding vector norm |||-||| , for any matrix
norm || - |4, such that for all matrices Y and vectors y , [|[Yylla < [[Y Il 4llulla -
Therefore, Eq. (10) leads to:

[Az — Accz||a = [[(A = Aso)(z — Aco)|| 4
<IA = Aol allz = Acozl| 4 = oallz — Aso]| 4

The Eq. (8) of Lemma is proved. The same is true for Eq. (9).
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Lemma 2.
(17 & Im)sk = (1) @ LIy)V f (1), Vk.

Tr1) — V(zk)] = (

Proof. (17 ® In)si, = (17 @ I,,)(B ® In)[sk + Vf( = (1
® In)(so — Vf(wo)) + (17

k
I)si + (17 ® In)(Vf(zks1) — V(ar) = (17
L)V f(zr) = (13 ® L)V f ().

by
®

Lemma 3 [18]. If the function f satisfies Assumptions2 and 3, and [ and pu
are respectively strongly convex and Lipschitz continuous coefficients, then for
vz e R",0<a< 1,

e —aVf(z) -z < (1 - pa)lle —z7|.

Lemma 4 [15]. Suppose W € IR™*" is non-negative, and w € IR" is positive.
If Ww < ¢w with ¢ > 0, then p(W) < (.

The subsequent analysis of convergence is carried out from the contraction
relationship of the following four quantities.
1) @k — Acortr]|a;
2)  |[zrgr — Azpgall2;
3) [[AcoTrir — 1n @ 2|25
4)  [Isk+1 — Boosk+1ll5-

Norms in finite-dimensional linear space are equivalent, that is, there are
positive constants ¢, d, h, q, g, p such that the vector norm satisfies the following
inequality:

I-lla<ell-liz M-l <hl-lzs Il lla <gll-la;

I-lls <dl-lla, I-llB<dall-ll2; [I-[la<pll- -

Lemma 5. For Vk > 0, the following inequality holds,
Iskll2 < hllsklls + 1Bll,lgllsklla + 1Bl Ascar — 1n ® 2*[|2

where [ = max {;}.

Proof.
[skll2 < hllsk — BooskllB + || BooSkl|2
|Bsoskllz = l(me ® In)(AL @ Im)sella = |mell2l(1f © Ln)silla =
n n _n —
ezl Zlvfi(xz‘,k) - Zlvfi(ff*)ﬂz < mell2l Zl |2k — 2|2 < |I7ell2lv/nl|z) —
1= 1= 1=

1, @ a*||2 < [IBllylgllzr — Acowrlla + | Bl Asozr — 1 @ 2*||2-
The proof is completed.
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Lemma 6. For Vk > 0, we have the following inequality,
lzk+1 — Acoirilla < oallzr — Axzilla + apl[lnn — Aslllsllskll2 +
BllLmn — Aol 4l Az — 2kl 4.

where & = max {a; }.

Proof. ||zp41 — Accitilla = |[Azr — Dask + BlAzk — zp]- — Asoxi +
AsxDysi  — BAc[Axy — xp]-|la < oallzr — Ascxi|la + allsi — Asosilla +
BllLmn — Ascllall Az — zilla < oallzr — Asczilla + apl[Inn — Asolllallsellz +
Bl mn — Asolll sl Az — @kl -

Lemma 7. For Vk > 0, we have the following inequality,
[zk41 — Azppalla < (04 + 0%)gllzn — Ascwrlla + @lllLnn — AlllylIskllz +
Bl Lmn — Alllgllzr — Az |2

Proof. ||zp11 — Azgr1l2 = [|[Azk — Dosi + B[Axy, — k] — A%z + ADysy —
ﬂA[Al‘k - xk}—HA = ||A:Z?k — Asoxp — A2:L‘k 4+ Acoxr — Dosg + ADgs, +
BlAzy — xp] - — BA[Az, — zi]—||a < oagllar — Acmilla + 049wk — Ao |l a +

Al = Allla sk ll2 + Bll Lmn — Al ll2x — Azglla-

allsk — Asilla + BllImn — Allyllzr — Azilla < (04 + 0%)gller — Asozrlla +

Lemma 8. When 0 < @ < ———, for Vk > 0, we have the following inequality:

nilnl'm,
[Ascwii1 =102 |2 < (L=np(r] ) @) | Acctr — Lo @2 *|la+a(m] me)nlg|lar—
Ascl|a + ahllsy — Boosk s + Bl Aso o lzx — Azl

Proof. ||Axzii1—1,®2*||2 = || Aco(Axg — Do sk + (Do — Do) Boos(k)+ B[Axy —
Ti]=) — 1n @ 2%||2 < [[Aso®k — AcwDaBooV f(z) — (1 @ Iny)x*||2 + &hl|sk —
Boosklls + Bl Asolllo||ze — Az |2

Ao Boo = (Ln)) ® L) ((me13) © Iin) = (1 1) (1n 1) @ L.

((Lnm!) @ In)wk — (o ® In)2* Ao DaBooV f (z1)[l2 = [[(1n @ Ln) (7] @
L)zs — (7T diag(a)me) (L @ L)¥ f(z) — 2*[2) < [(Ln ® L) (7 @ I )g —
nrlm.aVf(rl @ Inzg) — %) |2 + nrl meal| (1, @ L) (nV (7 @ L) xg — (1, @
LIV Fo)ll2 251 + 50,

From Lemma 3, if 0 < n(r! m)a < 1.

s1 = ol ® Ly)ze — neln.aVE(rl @ Ly)xk) — o2 < n(l —
(AT 7D (1L & Ln)r — 2°lla = (1 — npu(nT 1)@ | Ano ke — Ln © 27,

52 < AT TRV F (L @ L) (1 © L)) — V1 (o)la < a(n me bl —
Ao a-

Lemma 9. For Vk > 0, we have the following inequality
[sk+1— Booskt1llB < 0Blsk — Booskll B +0B4lgl| A — Innllyllzk — Ascwill2 +
opqlf||zr — Azl + opgld||sk2.

Proof. [|si11 — Boosktills = |Blsk + Vf(wry1) — VF(2r)] — BooBlsy +
Vi(@ri1) = V(@) < oBllsk — Booskll B + oplgllerr — w2,

[@kt1 —z(k)|l2 = [Azk — Das(k) + BlAz, — x]- —zkll2 < [[(A = Lnn) (2 —
Asoxk)llz + Bllze — Azill2 + aflskl2.
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5 Analysis of Convergence Results

The analysis of the convergence results is given below.

Theorem 1.
thy1 < Ja’ﬁtk,Vk >0

where t, € RY, J5 5 € R*? are given by.

|2k — Asoilla
||Aooxk - 1n &® x*||2

= ke — A
lsk — Booskl| B
oA+ ai asx CL35 asQ
Je o= a5 1—aga a7f agQy
@B = (04 +0%)ag + a10@ ana@  apf a130
oBai4 +0opais®  opaiel oparrfl op + opaigd
where a; in the above expression are a; = || Blylgm||Lmn — Aooll,
az = pll|BllollImn — Aco|la:as = [Imn — Asoll aras = phl[Imn — Asolllz, a5 =
(mfmenlg,as = np(nine),ar = ||Axllyas = hag = goa10 =
L9l Boollla Il Tmn — Asollys @11 = mImn — AsollalBsolllas a2 = [mn — Asolllas
aiz = hf[lnn _5400|||2,a1f1 = lqg|lLmn — AOO|||2,‘115 = FqngBoollb»aw =

2q||Bsolly; a7 = lgq, a1s = lgh
Define the positive vector & = [d1, d2, 03, 4], where
0h=1-0p, 0= 2%:205‘1“,53 =2(04+0%)ag, b4 =20pays
If @ and B are within:

(1—04)d 83 — (04 +0%)ag
nlrl'me’ a161 + az02 + asds’ ar0d1 + a1102 + a13dy’
(1 —0B)ds — 0paisdy
a150p01 + a160 502 + 13004

0 < @ < min{

(1)

(1 —04) — (a101 + a202 + as04)a agds — as01 + agda

0 < 8 < min{ 303 , P ,
03 — (UA + (7124)0,9 — ajgtd; — (a1152 + 04354)07 (12)
1203 ’
(1 —0B)os —opaisdy — (a150p01 + a160502 + a180354)07}
opa1793

then, p(Js,3) < 1. Therefore, ||z(k) — 1,, @ x*||2 converges linearly to 0 at the
rate of O(p(Ja5))*.
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Proof. It is easy to verify ty11 < Jggti, Vk > 0 from Lemmas5-9. To prove
that ||zx — 1, @ z*||2 linearly converges, just prove that there are & and 3 such
that p(Js,3) < 1. From Lemma4, we need to proof there exist & and 3 that
satisfies J5 g0 < § for some positive vector § = [d1, d2, d3, d4] and solve the range
of @ and (3. The inequality is changed into.

a3038 < (1 —04)01 — (@101 + a2d2 + agds)d (13)

a70303 < (agdy — asd; — agds)@ (14)

a12030 < 935 — ((oa + ai)ag + a1p@dy) — a1102a — a1304@ (15)
0Ba17033 < —opa1401 + (1 — 0)0s — (0pa18ds + opaisdy + opaiedz)a. (16)

Since (8 > 0, the right side of the above four inequalities are positive, which can
derive the range of &, 61, d2,d3, 4.

a (1 — CTA)51

< 17
@101 + a202 + a404 (17
_ 2
a1001 + a1102 + a1364
1-— 04 — 1
a < ( UB) 4 — O0BG1401 (19)
a150B01 + a160B92 + a180BJ4
0 1)
5, > 9501 T a804 (20)
ag

Because a > 0, we can choose d1,02,0d3,04 to make @ positive. According

to formulas (17)—(2 ) select the value of §; as follows: 6 = 1 —op, 02 =
—a5(a UB)+QUBGI4 (5 (O'A —+ O'A)ag, 64 = 20’30,14

After determlmng 6“ the upper bound of & can be determined according to

inequality (13)—(16), and the upper bound of 3 can be determined according to

inequality (17)—(20). Theorem 1 is finally proved.

Remark 2: From the above theorem, we can obtain the linear convergence rate
of the algorithm. However, since the equivalent constants between o 4 and o and
the norm are unknown, the boundary between a and  cannot be clearly given,
it is necessary to manually adjust the parameters to get the best performance.

6 Numerical Experiment

This paper use Matlab to demonstrate the simulation effect to check the effec-
tiveness of the algorithm.
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Fig. 1. Directed graph with six agents

Figure 1 denotes a communication topology between 6 agents. We consider
the distributed convex optimization problem in the directed strongly connected
network with 6 agents. And the local objective function of each agent is

fi(z1) = 23 — 221 + cos(z1) + 3, fa(z2) = 23 — bag + e 0122 — 1

fa(xs3) = 23 — 3w3 — 0.5sin(x3) — 3, f4(v4) = 23 + 227 — 3.

fs(xs) = 22 + 3w5 + 1, fo(we) = 422 + 226 — cos(xg) + 3
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Fig. 2. Agent state trajectory Fig. 3. Agent state trajectory (extra)

The optimal solution in this case is z* = 0.2980. Figure2 shows that the
algorithm proposed in this paper finally find the optimal value. Figure 3 is the
agent trajectory diagram of the algorithm proposed in [12], and shows that the
algorithm proposed in this article has a faster convergence rate. Distributed
optimization can also be applied to drone formation, if a drone wants to control
its own position, it can make a decision based on the position information of the
nearby drones to determine its own position.
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7 Conclusion

We proposed an improved fully distributed optimization algorithm for the
directed strongly connected graph in this paper. Assume that the objective
function is strongly convex with Lipschitz continuous gradient, all agents can be
forced to converge to the optimal point at geometric rate under the algorithm. By
introducing row stochastic, column stochastic matrix, and a momentum term,
the rate of convergence of our algorithm is higher than that of the literatures.
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