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1 Introduction

Topology optimization (TO) of structures in multi-disciplinary environments has
been explored in a number of studies [1–3]. The present work is motivated by interest
in aerothermoelastic applications in which the coupled fluid-thermal-structural
interactions (FTSI) play a prominent role. Several previous studies [4–9] have
highlighted the importance of the feedback between the aerothermal loads and the
structural response.

In particular, this coupling introduces a path dependency into the response problem
that creates a wide variety of challenges for both the modeler and the designer. As
separate topics of research, topology optimization strategies and aerothermoelastic
modeling and analyses have produced a number of publications. However, topology
optimization of a coupled aerothermoelastic system has received limited attention.

Reference [10] describes an optimization framework based on a transient adjoint
sensitivity analysis approach to obtain optimal configurations of a fully coupled
aerothermoelastic system. Finite element-based structural, compressible flow, and
transient thermal solvers, are coupled using a monolithic approach. The author
however notes that additional work is required before meaningful results can be
obtained. Optimization of metallic panels for the flutter and buckling metric was
considered in [11]. The structural response was coupled to piston theory-based
aerodynamic pressure. However, the temperature of the panel was assumed to be
constant throughout the analysis. It was observed that flutter and thermal buckling
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metrics were competing objectives when the panel was subjected to prescribed
temperature conditions.

A boundary variation method based on a level-set approach was used to optimize
the topology of a static aeroelastic system in [12]. Mass minimization study was
carried out with a flutter constraint. The authors note that the optimal designs
may be dependent on the initial design itself. An evolutionary-based topology
optimization study with stress minimization as the objective is described in [13].
The aerodynamic pressure is described using piston theory. The effect of material
degradation on structural response was included. The authors concluded that the
optimal configurations were dependent on the effect of material degradation and the
application of non-uniform temperature loading resulted in optimal designs governed
by thermal stresses. An aerothermoelastic framework was developed by coupling a
flexible supersonic wedge to a fluid solver in [14]. The structural optimization of
a panel on the wedge for steady state aerothermoelastic response was implemented
using gradient-based approach.

It is evident from the review of literature presented above that such a study has not
been considered prior to this work. The principal objective of the proposed study is to
explore topology optimization of a coupled aerothermoelastic systems. The specific
objectives are:

1. To maximize the non-linear normalized thermal buckling metric of the panel
using density-based topology optimization approach.

2. To explore the impact of periodic cellular structure using variable linkingmethod
on optimal topology with potential applications to manufacturing constraint.

2 Configuration and Modeling

A panel of length L and thickness h shown in Fig. 1 is selected as the structural
system. The third dimension of the panel is assumed to be infinitely long and the
L/h ratio is fixed as 25. The panel is fixed on both the ends while its top surface is
subjected to a hypersonic flow conditions mentioned in Table 1. The panel material
is Ti–6Al–2Sn–4Zr–2Mo and thickness is 5 mm.

A basic implicit scheme is used to couple the aerothermoelastic framework
developed obtained by coupling finite element-based structural and thermal solvers.
The pressure and heat loads are computed using piston theory and Eckert’s reference

Fig. 1 Schematic of the panel configuration
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Table 1 Flow conditions Property Value

Free-stream Mach No. (M∞) 7.0

Altitude 30.0 km

Free-stream pressure (P∞) 1090 Pa

Free-stream temperature (T∞) 227 K

Upstream transition to turbulence 1.0 m

enthalpy approaches, respectively [2]. The description of various models is provided
in the following subsections.

2.1 Aerodynamic Pressure Model

The aerodynamic pressure pa at a point along the top surface of the panel is calculated
using the third order piston theory given by:

pa =2 · q∞
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·
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(1)

where q∞ is the dynamic pressure,w is the panel displacement in transverse direction,
x is the free-stream direction along the flow as shown in Fig. 1 and t is time. Note
that the undeformed configuration of the panel is parallel to the free-stream flow.

2.2 Aerodynamic Heating Model

The thermal loads generated due to the flow over the panel’s top surface are estimated
using the Eckert’s reference enthalpy method [15]. The aerodynamic thermal load
is determined from the Eq. 2, where Ue, St∗, ρ∗, Hw and Haw are the velocity of
the flow at the edge-of-boundary-layer, the Stanton number, density of the flow at
the reference condition, the enthalpy at the wall and at the adiabatic wall condition,
respectively.

Qaero = St∗ · ρ∗ ·Ue · (Haw − Hw) (2)

Note that the coupling between panel deformation and thermal load is incorporated
by updating the edge-of-boundary-layer pressure using piston theory, mentioned in
Sect. 2.1.



322 P. N. Mishra and A. Gogulapati

2.3 Finite Element Models

In-house finite element code is used in the present case study. Bi-linear Q4 finite
elements are used for both the structural (2 displacement degrees of freedom per
node) and thermal (1 temperature degree of freedom per node) solvers discussed
below. Identical finite element mesh with consistent matrices are used for both the
solvers.More information about the finite element procedure and analysis is available
in [16].

2.3.1 Thermal Solver

The finite element formulation of the heat transfer governing equation is used to
perform transient thermal analysis of the panel using a Backward difference scheme.
The thermal load vector RTn is computed based on thermal boundary conditions
specified for the panel based on a staggered scheme.

(
CT

δtAT
+ KT

)
· Tn+1 = CT

δtAT
· Tn + RTn (3)

where δtAT is the thermal time-step. The thermal boundary condition along the top
surface includes aerodynamic and radiation heat load.Adiabatic boundary conditions
are assumed for remaining surfaces of the panel, unless stated otherwise.

2.3.2 Structural Solver

The element temperature Te is assumed to be spatially uniform within each finite
element e, calculated using the average of nodal temperatures extracted from the
vector T at a given time-step. The elastic stress due to thermal expansion within each
element is given by:

σ0e = −α · (Te − Tref) · Ee

1 − ν
·
⎡
⎣
1
1
0

⎤
⎦ (4)

whereα, ν and Ee are the coefficient of thermal expansion, the Poisson’s ratio and the
elastic modulus of the element, respectively. They are assumed to be independent
of the temperature. Note that the stresses produced due to the thermally induced
displacements in the panel are not considered in the current study. Thus, the geometric
stress stiffness matrix Kσ of the structure is then obtained using:

Kσ =
N∑
e=i

GT
e · Se(σ ) · Ge · Ve (5)
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Table 2 SIMP model

Relation Property

Ee = x3e · E0 Elastic modulus

M = ∑

e
(xe · Me) Mass matrix

CT = ∑

e
(xe · CTe) Heat capacity matrix

KT = ∑

e
(x3e · KTe) Thermal conductivity matrix

K = ∑

e
(
xmin+(1−xmin)·x3e

1−ν2
· Ke) Stiffness matrix

Kσ = ∑N
e=iG

T
e · Se(σ ) · Ge · Ve Geometric stress stiffness matrix

whereGe, Ve and Se are the shape differentiation matrix, volume of the element and
matrix reordering of the element stress σ 0e , respectively.

2.3.3 Thermal Buckling Metric

The stability of the panel in terms of thermal buckling is obtained from the Eigen-
problem defined below:

{(K + Kσ ) − λb · I} · φb = 0 (6)

whereK is the linear stiffnessmatrix and terms in parentheses comprise a net stiffness
matrix Knet. The Eigenvector φb is associated with the bth eigenvalue λb of the
net stiffness matrix. Thermal buckling means loss of stability of an equilibrium
configuration due to thermal loads. In mathematical terms, Knet becomes singular,
i.e., the lowest eigenvalue λ∗ obtained from Eq. 7 becomes zero.

λ∗ = min(λb) (7)

2.4 Solid Isotropic Material with Penalization (SIMP) Model

In density-based SIMP method, each finite element is assigned a relative density xe,
a continuous design variable that varies between xmin (void) to 1 (solid). The material
property relations used in the current study based on the SIMP model are given in
Table 2.
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3 Sensitivity Analysis

The design derivatives required for the topology optimization problem are calculated
analytically. The adjoint-based sensitivity analysis provides the design derivatives of
the thermal buckling metric shown below:

dλ∗

dx
= (φb)

T · (
∂K
∂x + ∂Kσ

∂x

) · (φb)

(φb)
T · I · (φb)

+ (βT)T ·
(

∂CT

∂x
·
(
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)
+ ∂KT

∂x
· Tx

)
(8)

where the adjoint vector βT is obtained from:

(
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)
· βT = − (φb)

T · ∂Kσ

∂Tx
· (φb)

(φb)
T · I · (φb)

(9)

4 Topology Optimization Methodology

The current study is inspired based on the work carried out in [11, 21]. The design
variables x̃ are assigned to finite elements of an unit cell. A variable linking sparse
mapping matrix G defined in Eq. 10, links the design variables of the unit cell to
finite elements of other cells in the structural system [17].

G =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 · · · 0 · · ·
0 1 · · · 0 · · ·
...

...
. . .

...
...

1 0 · · · 0 · · ·
0 1 · · · 0 · · ·
...

...
. . .

...
...

0 0 · · · 1 0
0 0 · · · 0 1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

Ne × ne

(10)

where Ne is the total number of finite elements in the whole design domain and ne
is the number of finite elements in the single design cell, i.e., the number of design
variables x̃. If the density of element j is linked to the i-th design variable then
G( j, i) = 1

A density filter [18, 19] is used to obtain the element densities x from the design
variables x̃ using the density filter H. Note that the density filter is applied on to
the whole design domain. The topology optimization is performed using the below
mentioned steps:

1. Initialization of design variables and set i = 0
2. Map the design variables to the whole domain using matrix G
3. Apply the density filter to obtain the element densities from the design variables
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4. Perform the aerothermoelastic analysis for the stipulated simulation time, Ns

seconds or till the thermal buckling event happens
5. Perform the sensitivity analysis andmap it to the design variables using transpose

of the matrix G
6. Perform optimization of Eq. 11 using MMA algorithm [20]
7. Update the design variables and set i = i + 1
8. Perform the steps 2-7 till the convergence criteria is fulfilled.

The objective function is to maximize the normalized thermal buckling metric,
where the baseline thermal buckling metric λ∗

baseline is calculated once initially for
the baseline design domain shown in Fig. 2. The mathematical formulation of the
topology optimization problem considered here is shown below:

Maximize
λ∗

λ∗
baseline

w.r.t. x̃

subject to vT · x ≤ V∗

x̃e ∈ [xmin, 1] e = 1, . . . ,Ne (11)

where V ∗ is the volume constraint on the element densities x. The density filter radius
reduces each time the iterations converge within the specified tolerance, according
to the following sequence [3.1, 2.9, 2.3, 2.1, 1.5, 1.1, 1.0, 0.1]. The optimization
algorithm terminates either when the number of iterations are equal to NI or when
the filter radius value is less than 1.0

5 Results and Discussion

The value of various parameters related to the topology optimization problem are
given in Table 3. Note that the flow is over the undeformed (flat) panel which means
that effect of pressure load is not considered since the focus is on thermal-structural
coupling.

Table 3 Common
parameters

Parameter Value

Number of elements 1600

Max. number of iterations, NI 700

Min. change 0.0001

Volume fraction, V ∗ 0.350

Thermal time-step, δtAT 0.1 s

Reference temperature, Tref 300 K
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Fig. 2 Topology of baseline design and initial design for case study A

Fig. 3 Optimal topology for case study-A, Ns = 3 s

Fig. 4 Optimal topology for case study-A, Ns = 6 s

Fig. 5 Optimal topology for case study-A, Ns = 9 s

Fig. 6 Simulation time of
initial iterates for case study
A, Ns = 9 s

The topology optimization problem Eq. 11 is solved here for the case study A
with an implicit periodic cell constraint as shown in Fig. 2. The optimal topology
obtained for the simulation time of 3 s, 6 s and 9 s are shown in Figs. 3, 4 and 5,
respectively. The temperature distribution is shown using the jet color scheme, where
the red color indicates the maximum temperature and the blue color indicates the
minimum temperature across the panel.

The thermal buckling of baseline design takes place at 3.4 s. Due to which the
change in objective function value from simulation time of 3–6 s is quite large as
compared to that of 6–9 s. As mentioned earlier, the analysis module terminates
either when the stipulated simulation time, Ns seconds is achieved or when the
thermal buckling of the panel occurs. For simulation time of 9 s, the iterate i = 0
terminates at 6.8 s due to the thermal buckling of the panel as shown in Fig. 6. One
can observe that the thermal buckling of the panel is delayed and from iterate i = 4
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Fig. 7 Objective function for different periodicity

Fig. 8 Optimal topology for 1 × 1 periodic cell

Fig. 9 Optimal topology for 10 × 1 periodic cells

on-wards the analysis module terminates only when the stipulated simulation time
of 9 s is achieved.

The design space of case study A (Ns = 3s) for different periodic cell structure is
shown in Fig. 7. The solid red markers as compared to solid white markers produced
configurations where the top and bottom part of the panel were disconnected from
each other. The heat transfer from top to bottom takes place through conduction
in the internal part of the panel. The absence of internal radiation model leads
to the removal of material just below the solid top surface of the panel. They are
mathematically feasible solutions to the topology optimization problem Eq. 11 as
the thermal buckling metric is calculated for the whole panel (Fig. 8). The panel
configuration obtained for 10 × 1 periodicity shown in Fig. 9 is an example of the
topology denoted by solid red markers in Fig. 7.

The value of objective function in Fig. 7 is highest for a 1 × 1 periodicity while
it decreases as the number of cells in the transverse direction increase from 1 to
2. This is mainly due to the presence of material in middle part which reduces the
thermal buckling characteristic of the panel. For example the objective metric of
topology 1 × 2 periodicity as shown in Fig. 10 is almost one-third of that for 1 ×
1 periodicity as shown in Fig. 8. The optimal topology obtained for 8 × 2 and 10
× 2 periodicity resembles to traditionally manufactured stiffened panels found in
aerospace applications shown in Figs. 11 and 12, respectively.
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Fig. 10 Optimal topology for 1 × 2 periodic cells

Fig. 11 Optimal topology for 8 × 2 periodic cells

Fig. 12 Optimal topology for 10 × 2 periodic cells

6 Conclusions

Topology optimization for a normalized thermal buckling metric of a 2-D panel
heated by the flow is described. The effect of periodic cell constraint on the panel
topology is considered implicitly using variable linking method. The investigations
revealed the following insights:

• Normalizing of the objective function metric improves the rate of order of
convergence 2 to 3 times as compared to non-normalized metric

• Overall the thermal buckling metric of the panel decreases with increase in the
periodicity

• Panel configurations with top and bottom part being disconnected are produced
due to the absence of internal radiation model

• Periodicity as amanufacturing constraint generates configuration similar to traditionally
manufactured stiffened aerospace panels at the cost of optimal panel topology.
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