Two Remarks on Generalized Skew m
Derivations in Prime Rings i

Vincenzo De Filippis and Francesco Rania

Abstract Let R be a prime ring of characteristic different from 2, Q, its right
Martindale quotient ring, F and G two non-zero generalized skew derivations of R,
associated with the same automorphism o and commuting with «. In this work we
describe all possible forms of F and G in the following two cases: (a) there exist
a,b € Q, and anon-central Lie ideal L of R suchthata F'(x)b = 0, forall x € L; (b)
there exist ay, a», by, by € Q, such that a; F(x)b, + a,G(x)b, = 0, for all x € R.

Let R be a prime ring with center Z(R), Q, its right Martindale quotient ring, C the
center of Q,, usually called extended centroid of R (see [1] for more details).
An additive mapping d: R —> R is said to be a derivation of R if

d(xy) =d(x)y +xd(y)

forall x, y € R. An additive mapping F': R —> R is called a generalized derivation
of R if there exists a derivation d of R such that

F(xy) = F(x)y + xd(y)
forall x, y € R.

Let R be an associative ring and « be an automorphism of R. An additive mapping
d: R — R is said to be a skew derivation of R if

d(xy) =d(x)y + a(x)d(y)
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for all x, y € R. The automorphisms « is called an associated automorphism of d.
An additive mapping F: R —> R is called a generalized skew derivation of R if
there exists a skew derivation d of R with associated automorphism « such that

F(xy) = F(x)y +a(x)d(y)

for all x, y € R. In this case, d is called an associated skew derivation of F and « is
called an associated automorphism of F.

In this paper we investigate some generalized differential identities involving
generalized skew derivations of a prime ring of characteristic different from 2.

In [2, Theorem 2.1] Bresar describes the form of three derivations d, g, h of a
prime ring R satisfying the condition d(x) = ag(x) + h(x)b, for any x € R, where
a,b e R\ Z(R). As a consequence he also studies the case when ag(x) + h(x)b =
0, for any x € R [2, Corollary 2.4]. More precisely, in this last case he concludes
that there exists A € C such that g(x) = [Ab, x] and h(x) = [ra, x], for any x € R.
The results by BreSar extend a theorem of Herstein contained in [12].

Following this line of investigation, J.-C. Chang generalizes the previous results
to the case of both skew derivation (see [3]) and generalized skew derivations (see
[4]).

Here we would like to continue the study of linear differential identities having
the same flavor of the above-cited ones, and involving generalized skew derivations.
In this sense, the main goal of the present paper is to prove the following theorems:

Theorem 1 Let R be a prime ring of characteristic different from 2, F a non-zero
generalized skew derivation of R, with associated automorphism o, and a, b non-zero
elements of Q, such that

aFw)b=0 Vwe L.

Then one of the following holds:

(a) the associated automorphism « is not inner and there exist c,u € Q, be such
that F(x) = cx + a(x)u, for any x € R, withac = ub = 0;

(b) thereexistc,u,q € Q,and ) € C suchthat F(x) = cx + a(x)u, foranyx € R,
where a(x) = gxq~', foranyx € R, witha(c + rq) = 0and (A + g~ 'u)b = 0.

Theorem 2 Let R be a prime ring of characteristic different from 2, F, G two non-
zero generalized skew derivations of R, associated with the same automorphism o
and commuting with «. Let ay, az, by, by be non-zero elements of Q, such that

a F(x)by + a,G(x)b, =0 Vx € R.

Then one of the following cases must occur

(a) There exist p,u,v,w,q € Q,, where q is an invertible element, such that
F(x) = px +qgxq~'u, G(x) = vx + gxq~'w, for any x € R, and one of the
following holds:
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1.

2.

there exist ay, as, az, as € C such that by = o1by + azq_lwbz, q‘lubl =
azby + a4q’1wb2 andajarp + azaiq + a,v = axa p + oua1q + arqg = 0;
there exist A, ap,ar,a3,a4 € C  such that q’lwbz =Aby, b =
(a1 + Aao)bs, 7 uby = (a3 + Aaw)by and (o + raz)aip + (a3 + hog)
aiqg +ax(v+ rg) =0;

there exist 0 # X € C and B, By € C such that a;p = Aaiq, axv = Braiq,
arq = Praiq and Aby + q_lubl + Biby + ,826]_1Wb2 =0;

there exist 0 # X € C and u, n € C such that a;p = ,aiq, a;(v + nq) =
naiq, (A +q~'u)by = —nby and q~'wby = jubs.

(b) There exist p,u,v,we Q, such that F(x)=px+ax)u Gkx)=
vx + a(x)w, for any x € R, and one of the following holds:

5.
6.

7.

8.

aip = av = ub; =wby =0;

arp = a;v = 0 and there exists u € C such that ub; = uwb, and a, =
—paiy

ub; = wby = 0 and there exists A € C such that ap = layv and b, =
—)»b],'

there exist ., u € C such that ayp = ,ayv, by = —Aby, uby = uwb, and
a, = —uai.

(c) There exist p,v € Q, and d, § skew derivations of R such that F(x) = px +
d(x),G(x) = vx 4+ §(x), for all x € R, and one of the following holds:

9.

10.

11.

there exist U € C and 0 # n € C such that §(x) = nd(x), for any x € R,
a1 p = %axv, by = —9by, and a; = ¥nay;

there exist 0 #9 € C, 0 #n € C and py € Q, such that §(x) = pox —
a(x)po + nd(x), for any x € R, a; = ¥nay, by = —9by, poby =0 and
nazp —azx(v + po) = 0;

there exist v € C, 0 % n € C and py,q € Q,, where q is an invertible
element, such that §(x) = pox — qxq’lpo + nd(x), for any x € R, a; =
Onas, by = —0b1, ¢~ pob1 = ¥by and nap — a>(v + po) + Vaxq = 0.

Let us recall some basic facts which will be useful in the sequel.

Fact1 Let R be a prime ring, then the following statements hold:

(a) Every generalized derivation of R can be uniquely extended to Q, [14, Theorem

3].

(b) Any automorphism of R can be uniquely extended to Q, [7, Fact 2].
(c) Every generalized skew derivation of R can be uniquely extended to Q, [4,
Lemma 2].

Fact 2 A generalized skew derivation having associated automorphism « and skew
derivation d assumes the following form:
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F(x) = ax +d(x) (1

for all x € R (see [4, Lemma 2], [5, Theorem 3.1 and Corollary 3.2]).

We also need to recall some well-known results on generalized polynomial iden-
tities for prime rings involving skew derivations and automorphisms.

Fact3 ([9]) If @ (x;, D(x;)) is a generalized polynomial identity for R, where R is a
prime ring and D is an outer skew derivation of R, then R also satisfies the generalized
polynomial identity @ (x;, y;), where x; and y; are distinct indeterminates.

If @(x;, D(x;), a(x;)) is a generalized polynomial identity for a prime ring R, D
is an outer skew derivation of R and « is an outer automorphism of R, then R also
satisfies the generalized polynomial identity @ (x;, y;, z;), where x;, y;, and z; are
distinct indeterminates.

Fact4 ([13, Theorem 6.5.9, page 365]) Let a prime ring R obey a polynomial
identity of the type f (xo” *) = 0, where f (z ¥y isa generalized polynomial with the
coefficients from Q,, A1 , ..., A\,are mutually different correct words from areduced
set of skew derivations commuting with all the corresponding automorphisms, and
ap, ..., o, are mutually outer automorphisms. In this case the identity f (z;’k) =0
is valid on Q,.

Fact 5 ([8, Theorem 1]) Let R be a prime ring and / be a two-sided ideal of R. Then
I, R, and Q, satisfy the same generalized polynomial identities with coefficients in
Q. (see [6]). Furthermore, I, R, and Q, satisfy the same generalized polynomial
identities with automorphisms.

Fact 6 ([9, Theorem 2]) Let R be a prime ring and / be a two-sided ideal of R. Then
I, R, and Q, satisfy the same generalized polynomial identities with a single skew
derivation.

In the sequel, R will be a non-commutative ring of characteristic different from 2,
F and G two non-zero generalized skew derivations of R, associated with the same
automorphism « and commuting with «.

1 Annihilating Condition for a Single Generalized Skew
Derivation

In this second section our aim will be to prove Theorem 1. More precisely, let F' be
a generalized skew derivation of R and a, b are non-zero elements of R such that

aF(w)b =0 VYw e L anon-central Lie ideal of R. 2)

The study of this result will be useful for the proof of our main Theorem (i.e.,
Theorem 2).
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We permit the following:

Lemma 1 Let R be a prime and a;,b; € U, for 1 <i <n.If Y |_, a;[x, ylb; =0,
forallx,y € R. Ifa; # 0 for some i, then by, ..., b, are C-dependent. Similarly, if
b; # 0 for some i, then ay, ..., a, are C-dependent.

Proof The result follows easily from [15, Lemma 2.2] and [16, Lemma 1].

Lemma 2 Letc,u € Q, be such that F(x) = cx + a(x)u, forany x € R. If
ClF([rl,FQ])bZO ‘v’rl,rzeR. (3)

then one of the following holds:

(a) ac =ub=0;
(b) there exist ¢ € Q, and A € C such that a(x) = qxq~', for any x € R, with
a(c+1g) =0and (A +q 'u)b = 0.

Proof By our assumption R satisfies
a(C[xl s x2] + o[, xz])u)b- 4)

We consider firstly the case a(x) = gxg~!, for any x € R, where g € Q, is an
invertible element. In this case, by (4), R satisfies

a(C[xl, x]+ qlxi, Xz]q_'u>b- ®)

A direct application of Lemma 1 leads to conclusion (b).
Therefore we may assume that ¢« is not an inner automorphism of Q,. Thus, by
(4) and Fact 3, R satisfies the generalized polynomial identity

a(c[xl,xz] + [y, yz]u>b. (6)

In particular R satisfies both the blended components ac[xy, x2]b and a[y;, y,]ub.
Since a # 0 and b # 0 and by the primeness of R, we get the required conclusion
ac =ub = 0.

Proof (Proof of Theorem 1) By Fact 2, F(x) = cx + d(x) for all x € R, where
¢ € Q, and d is the skew derivation associated with F.

Since L is not central and char (R) # 2, it is well known that there exists a non-
zero ideal I of R such that O # [I, R] € L (see [11, pages 4-5]). Therefore, by
(2), the ideal I satisfies a F'([x;, x2])b. Since R and [ satisfy the same generalized
identities with automorphisms and skew derivations, we may assume that R also
satisfies a F ([x1, x»])b, that is



106 V. De Filippis and F. Rania

a(C[xl,Xz] +d([X1,X2])>b- (7

In case d is an inner skew derivation of R, the conclusion follows from Lemma 2.
Then we may assume that d is not inner and prove that a contradiction follows.
Expansion of (7) says that R satisfies

a <C[xl X2 +d(x)xy + a(x)d(x2) —d(x2)x; — Ot(Xz)d(Jm))b- ®)

Since d is not inner and by Fact 3, (8) implies that R satisfies

a(C[Xl, X2] + yixo +alxp)yrs — yax1 — Ol(xz)Y1>b )

and in particular R satisfies

a<y1x2 —a(xz)y1>b. (10

If « is outer, relation (10) implies that R satisfies

a <y1xz - Z2y1)b

and, in particular, a[r;, r,]b = 0, for any r, r, € R. It follows that either a = 0 or
b = 0, which contradicts the assumption a, b # 0.

On the other hand, if a(x) = gxg~', where g is an invertible element of Q,,
one may replace in (main-8) y; with gx;. Hence R satisfies ag[x;, x;]b. Since g is
invertible, once again the contradiction that either @ = 0 or b = 0 follows.

2 Annihilating Conditions for Two Generalized Skew
Derivations

We conclude our paper giving the description of two generalized skew derivations
F and G of a prime ring R satisfying the condition

a1 F(x)by +a2G(x)b, =0 Vx € R (11)
where ap, ap, bl, bz € Qr.

In light of Theorem 1, we may assume that a;, a,, by, b, are all non-zero elements
of O, and also that both F # 0 and G # 0.
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We start with two useful results, that we quote as follows, by applying
[6, Theorem 2]:

Lemma 3 Let R be a prime and a;, b; € Q,, for 1 <i <n.If Y \_, aixb; =0, for

all x € R, and b; # 0 for some i, then ay, . .., a, are C-dependent (see [15, Lemma
2.2]).

Lemmad4 Let R be a prime and a;, b;, c;,d; € Q, such that Y -, a;xb; + Z';:l
cjxd; =0, forall x € R. If ay, ..., ay, are linearly C-independent then each b; is
a linear combination of dy, ..., d, over C. Analogously, if b, ..., b,, are linearly
C-independent then each a; is a linear combination of ¢y, . .., ¢, over C. (see [17,
Lemma 1.2]).

Lemma 5 Let F and G be inner generalized skew derivations of R defined as

1w, Vx € R

F(x) = px +qxq 'u, G(x)=vx+qgxq~
where p,u,v,w,q € Q, and q is an invertible element. If R satisfies (11), one of
the following holds:

(a) there exist ay,ay, a3, a4 € C such that by = a1b; +a2q_1wb2, q‘lubl =
azby + omq’lwbz and aja1p + aza1q + arv = apa 1 p + asa1q + arqg =0;

(b) there exist A, oy, s, a3, a4 € C such that q’lwbz = Aby, by = (a1 + Aan)bs,
g 'uby = (a3 + raw)by and (ay + raz)ar p + (a3 + Aag)arg + ax(v + rg) =
O’.

(c) there exist 0 = A € C and By, By € C such that a;p = Aaiq, axv = Biaiq,
a,q = Praiq and Aby + q‘lubl + Biby + ﬂzq_lwbz =0,

(d) thereexistQ # A € Cand u,n € C suchthata p = Aa\q, ax(v + nq) = naq,
A+ g 'wb, = —nb, and g~'wby = ubs.

Proof By our main hypothesis

a F(x)by +a,G(x)b, =0 Vx € R.
Under the assumptions of the present Lemma, we have that R satisfies the generalized
identity

al(px +qxq’lu)b1 +a2(vx —i—qxq’lw)bz (12)

that is
(a1p)xby + (a1q)x (g~ 'uby) + (a2v)xby + (a29)x (g~ 'why). (13)

By Lemma 3 and since ay, a;, by, b, are all non-zero we may divide the proof in two
cases.
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Case 1. {a| p, a1q} is a linearly C-independent set
Application of Lemma 4 implies that there exist «}, orp, o3, o4 € C such that

by =a1by + Olzq_lwbz
. . (14)
q ub; = azby + auq” wb;.

Thus, by (13), R satisfies
(a1p)x(1by + @2q ™' wha) + (a19)x(@3by + aaq ™ wh) + (a2v)xby + (a2q)x (g~ wh2)

that is

(a1a1p + a3a19 + arv)xby + (c2a1 p + cuaiq + axq)xq ™ 'wb,. (15)
Firstly we note that, if axa; p + asa1q + arq = 0 then, by the primeness of R and
since by # 0, (15) implies «aja; p + aza1q + a,v = 0. Hence, in consideration of
what is stated in relations (14), we get conclusion (a) of the present Lemma.
On the other hand, if aya; p + @4a;q + a,g # 0 and by Lemma 3, there is A € C
such that ¢ ~'wb, = Ab,. Thus (15) reduces to

(ya1p + azaiq + arv)xby + AMorar p + asa1q + axq)xbs. (16)

Again by the primeness of R and since b, # 0, «ja; p + aza;q + axv + A(ona p +
a4a1q + arq) = 0 follows.

Case2.a1p=ra1qg,0#21€C
In this case, again by (13), R satisfies
argx(Aby + g~ 'uby) + (a2v)xby + (a29)x(q~ ' why). (17)

Notice that, in case {b;, q’lwbz} is alinearly C-independent set, by (17) and Lemma
3, it follows
@mv = Brarq, aq = prarq P1,B€C

and (17) reduces to
arqx(Aby + g 'uby + Bi1by + Brg~'why).
Therefore, since a;q # 0, we get Aby + g~ 'uby + B1by + Pog~'why = 0.
Assume finally that {b,, g~ 'wb,} is a linearly C-dependent set.

Without loss of generality we may write q"wbz = ub,, for a suitable u € C.
Hence, by (17), R satisfies
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argx(Aby +q~ uby) + (axv + pazq)xb (18)
implying that there exists n € C such that
AV + [axq = naiq
Ab —l—qflubl = —nb,.
Lemma 6 Letr F' and G be inner generalized skew derivations of R defined as
Fx)=px+aoaxu, Gx)=vx+ax)w, Vx €R

where p,u, v, w € Q, and o is an outer automorphism of R. If R satisfies (11), one
of the following holds:

(a) aip = av =ub; =wby =0;

(b) a1 p = ayv = 0 and there exists u € C such that uby = uwb, and ay = —uay;

(c) uby = wby = 0 and there exists A € C such that a;p = Aayv and by = —Aby;

(d) there exist ), u € C such that a;p = Aayv, by = —Aby, uby = uwb, and a, =
—Mai.

Proof Here R satisfies
a, (px + a(x)u)b1 + az(vx + a(x)w)bz. (19)

Since « is outer, by (19), it follows that R satisfies the generalized identity

al(pxl + xzu)bl + az(vxl + xzw)bz. (20)
In particular, both
aipxib; + avx1b; 21
and
ayxouby + arxowby (22)

are satisfied by R. Relation (21) implies that

e cithera;p = av =0
e or there exists A € C such that a; p = Aayv and b, = —\Ab;.

Analogously, (22) implies that

e cither uby = wb, =0
e or there exists u € C such that ub; = uwb, and a, = —pua;.
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Putting together all the previous informations, one of the following cases must occur:

(@) a1p = av = ub; = wby =0;

(b) a;p = a,v = 0 and there exists 4 € C such that ub; = uwb, and a; = —uayi;

(¢c) uby = wb, = 0 and there exists A € C such that a; p = lav and by = —Aby;

(d) there exist A, u € C such that a; p = rav, b, = —Aby, ub; = uwb, and a, =
—Ma.

Before proceeding with the proof of our main result, we need to recall the follow-
ing:

Lemma 7 Let R be a prime ring, o, B € Aut(Q,) and d,d : R — R be two skew
derivations, associated with the same automorphism «. If there exist 0 # n € C, and
u € Q, such that

§(x) = (ux — ,B(x)u) +nd(x), VYx €R 23)

then either o« = B or 6(x) = nd(x), forall x € R.
Proof By the definition of § we have

§(xy) = uxy — B(x)B(y)u + nd(x)y + na(x)d(y). (24)

On the other hand, right multiplying relation (23) by y € R, it follows that
S(x)y =uxy — B(x)uy + nd(x)y Vx,y € R. 25)

Therefore, subtracting relation (25) from (24), and using again (23), we get
fe) = B} {uy = By)u} =0 Vx,y e R. (26)

Replacing y by yt in (26) and then using (26) we have

{ot(x)—,B(x)}-,B(y)'{,B(t)u—ut} =0 Vx,y,t €R. 27
Then, by the primeness of R, above relation yields either «(x) — 8(x) = 0 for any

x € R,or B(t)u — ut = 0foranyt € R. The last case and (23) imply 6 (x) = nd(x),
for all x € R, as required.

Lemma 8 ([10,Lemma3.2]) Let R be aprimering, o, f € Aut(Q,)andd : R — R
be a skew derivation, associated with the automorphism «. If there exist 0 # 6 € C,
0#neCandu,b e Q, such that

d(x) = 9<ux — a(x)u) + n(bx — ,B(x)b), Vx € R

then d is an inner skew derivation of R. More precisely, either b = 0 or o = .
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Proof (Proof of Theorem 2) For sake of clearness we recall that we may write
F(x) = px +d(x) and G(x) = vx + 6(x), for all x € R and suitable p,v € Q,
and d, § skew derivations associated with the same automorphism «. Moreover we
also recall that both d and § commute with «.

We also remind that, by our main hypothesis R satisfies

ai (px + d(x))b1 +ay <vx + 8(x)>b2. (28)

The cased =0and 6 # 0

We firstly study the case F'(x) = px and G(x) = vx + §(x), forall x € R. Since
F # 0, we may assume in what follows p 7 0. Moreover § is not an inner skew
derivation of R, otherwise the conclusion follows by Lemmas 5 and 6. In this situa-
tion, by (28) we have that R satisfies

aipxib; + ax <U)C1 + )Cz)bz.

In particular a, yb, = 0, for any y € R, which is a contradiction, since both a, 7# 0
and by # 0.

Analogously, we get a contradiction in the case we assume § = 0 and d # 0.

The cased # 0,5 #0

Here we study the case when F(x) = px 4+ d(x) and G(x) = vx + 8(x), for all
x € R. We start with the case d, § are linearly C-independent modulo inner skew
derivations. Hence, by (28),

a (le + X2>b1 + az <UX1 + x3)b2 (29)

is satisfied by R. In particular, a;x,b; is a generalized identity for R, which is a
contradiction, since both a; # 0 and b; #~ 0.

Thus we assume that {d, 6} are linearly C-dependent modulo inner skew deriva-
tions. Hence there exist A, u € C, u € Q, and an automorphism g of R such that
Ad(x) + nué(x) = ux — B(x)u, for any x € R.

If A =0and p # 0, we write

d(x) = (pox - ﬂ(x)po), Vx € R

where py = p~'u. Since the automorphism associated with a skew derivation is

unique, in this case o = f.
If d is also inner, the conclusion follows from Lemmas 5 and 6. Hence we may
assume that d is not inner. Thus, by (28), R satisfies
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a (Px1 +x2>b1 +a <vx1 + poxi — ,3(x1)P0)b2 (30

and in particular a;x,b; is an identity for R, which is a contradiction.
Similarly, we get a contradiction in the case 4 = 0 and A # 0.
Hence, in the sequel we assume that both A 7~ 0 and u # 0. We may write

8(x) = (pox - ,B(X)P0> +nd(x), Vx eR €29

where n = —Au~! # 0 and, as above, pg = u~!

po=0and é(x) = nd(x), forall x € R.

Moreover, by Lemma 8, if d is an inner skew derivation, then also § is inner and
the conclusion follows again from Lemmas 5 and 6.

Therefore, in what follows we assume that 0 # d is outer.

In the case § = nd, (28) reduces to

u. By Lemma 7, either « = B or

ai <px + d(x))b1 + ar <vx + nd(x))bz. (32)

Thus, since d is not inner, R satisfies

aj (le + x2>b1 +a <vx1 + 77X2>b2- (33)
In particular, both
aypx1b; + axvxby (34)
and
a1x2b1 + nasxaby (35)

are identities for R. Those relations imply that there exists ¢ € C such that
aip =%av by, = —vb; ay = V¥nas.
Suppose now o = 8. By relations (31) and (28) R satisfies

a; (px + d(x))bl + a2<vx + pox — a(x)po + nd(x))bz. (36)

Since d is not inner, it follows that

a <Px1 + x2>b1 +ay (UX1 + pox; — a(xy)po + sz)bz 37
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is a generalized identity for R. Hence R satisfies both

apxib; + ay (le + poxi — Ol(xl)Po>b2 (38)

and
arx2by + naxxb;. (39)

By (39) and applying Lemma 3, we have that there exists 0 # © € C such that
a) = l?f]az bz = —l?bl.

Substituting a; and b, in relation (38), it follows that

vna;pxi1by — ﬁa2<vx1 + pox; — Ol(xl)P0>b1- (40)

If « is not inner, by (40) we have that R satisfies

vna;pxiby — vay (vx1 + poxi — x2p0>b1. (41)

Thus both a,x; pob; and

(l?flazp —vay(v + PO))xlbl

are identities for R, implying pob; = 0 and naxp — a>(v + po) = 0.
On the other hand, if a(x) = gxg~!, for any x € R, by (40) it follows that

(nazp —a(v+ P0)>x1b1 + axqx1q~" pobi

is a generalized identity for R. Thus, there exists ¢+ € C such that

q "' pob1 = ¥b1 nazp — axy(v + po) + Varg = 0.
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