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Preface

This book presents the select peer-reviewed proceeding of the 5th International and
20th National Conference on Machines and Mechanisms (iNaCoMM 2021) organ-
ised in the series of biennial conferences under the aegis of the Association for
Machines and Mechanism (AMM), which is the Indian national affiliate of the
International Federation for the Promotion of Mechanism and Machine Science
(IFToMM). The main objective of AMM is to contribute to mechanical design at all
levels starting from academic projects to industrial production, thus enhancing the
quality and the reliability of indigenous machines. This conference brought together
more than hundred researchers, industry experts and students working in various
aspects of design and analysis of machines and mechanisms on a single platform for
discussion and sharing of the knowledge and expertise.

The chapters included in this book represent broad topics including kinematics and
dynamics of machines, compliant mechanisms; gear, cams and power transmission
systems;mechanisms andmachines for rural, agricultural and industrial applications;
mechanisms for space applications; mechanisms for energy harvesting; robotics and
automation; human centric robotics; soft robotics; man–machine system, mecha-
tronics and micro–mechanisms; CAD and CAGD; control of machines; vibration
of machines and rotor dynamics; acoustic and noise; tribology; condition moni-
toring and failure analysis; fault diagnosis and health monitoring; biomedical engi-
neering; and composites and advanced materials. Given the broad contents, the
book is expected to be a valuable resource for science and engineering students,
researchers and industrialists interested in carrying research and development in
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advanced research areas of mechanical engineering and material science in general
and in machines and mechanisms in particular.

Mumbai, India

Jabalpur, India
Jabalpur, India
Jabalpur, India

Prof. C. Amarnath
President, AMM

Prof. Puneet Tandon
Prof. Vijay Kumar Gupta

Dr. M. Zahid Ansari
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Studies on Coupler Curves of a 4-Bar 
Mechanism with One Rolling Pair 
Adjacent to the Ground 

Abhishek Kar and Dibakar Sen 

Abstract This paper presents an expository study of the shapes of the coupler curve 
of a four-bar mechanism with one of its fixed pivots replaced with a rolling pair. 
Such rolling pairs provide the advantage of being friction and clearance free. In this 
paper, circle-on-circle and circle-on-line type of rolling pairs have been explored. 
This arrangement introduces three additional design variables to study the continuous 
change in the shape of the coupler curve of a conventional 4-bar mechanism. For a 
given input rotation at the crank, the mechanism does not have a closed-form solution 
for its configuration. However, providing input rotation at the rolling link allows 
easy derivation of a closed-form solution for both branches of the configuration. 
The tracing of the coupler curves is done for arbitrary radius ratios for the rolling 
link and choice of coupler point on the coupler link. A computer program has been 
written to study and visualize the coupler curves and its properties; the program 
not only finds the closure configurations but also identifies the situations of non-
closure. Illustrative examples show variety and complexity of coupler curves which 
are not achieved in linkages. Although these coupler curves of mechanisms with 
rolling pair are transcendental in nature, the velocity states of the systems are easily 
derivable. Since the point of contact of the rolling pair is the instantaneous centre 
for the rolling link with respect to the ground, the velocity of the coupler point is 
determined using Kennedy’s theorem. This helps in characterizing the occurrence 
of cusps in the coupler curves. The paper presents the geometric conditions for 
components, crunodes and cusps in the coupler curve with illustrative examples. 
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1 Introduction 

Variety of mechanisms used in machinery exploits the global and local geometric 
aspects of the coupler curves. Apparent complexity of form of the coupler curves 
of a simple 4-bar mechanism has intrigued mathematicians and kinematicians alike 
since the mid-nineteenth century [1–6]. A comprehensive review of the develop-
ment of knowledge and application of coupler curves in design is available in [7–9]. 
Degree of the coupler curve has a strong bearing on the variety and distribution of 
features of interest in a coupler curve viz. a 4-bar coupler curve cannot have more 
than 3 cusps or crunodes because it is a 6-degree curve. 6-bar and higher chains offer 
larger variety [10–12] in terms of their degree, circuits, etc. Geared 5-bar mecha-
nisms, although kinematically equivalent to a 6-bar Stephenson chain, produce many 
intriguing coupler curves depending upon the gear ratios chosen [13, 14]. System-
atic generation of coupler curves with specific geometric properties, as commonly 
utilized in designs, is presented in [15]. The above studies were presented with an 
emphasis on their analytical formulation and computer implementation in the earlier 
days of the use of computer-graphics! Although numerous techniques of optimal 
synthesis of coupler point path for a given mechanism are available in literature, 
dedicated studies on the nature of coupler curves are not found in contemporary 
literature. This paper studies the variation in the coupler curve of a 4-bar mechanism 
resulting from replacing one of its joints with a rolling pair. 

Frictionless mechanical devices such as rolamite and roller-band devices as 
mechanical embodiment of rolling between moving rigid bodies were invented long 
ago [16–18]. In [19], we can see the emergence of a band-constrained rolling pair 
and its application for a prosthetic knee. More recent applications of rolling joints are 
reported in [20–23]. However, a comprehensive kinematic treatment of mechanisms 
comprising of rolling pairs is available in [24]. The above studies emphasize the 
engineering advantages of roller joints. However, these studies do not emphasize the 
implication of roller pairs on the kinematics of the mechanism. The study presented 
in this paper focuses on the geometric implication on the coupler curve of a 4-bar 
mechanism with a rolling pair. 

In any mechanism, except for the driving link, most other links have a limited 
kinematic range of motion; joints undergo varying loading due to the inherent nature 
of motion transmission in a linkage. These are not favourable conditions for conven-
tional bearings. From a kinematics point of view the locus of a point on a link bearing 
a rolling pair is a transcendental curve viz. trochoid, involute, etc. Hence, the locus 
of points on other links is also likely to overcome the limitations on shape of alge-
braic curves produced by linkage mechanisms. The above observations motivated 
the authors to explore use of rolling pairs on the kinematic behaviour of a mechanism 
in terms of the coupler curve generated by it.
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2 Kinematic analysis 

Rolling pairs have been embodied in literature as rolamites (Fig. 1a) or tendons 
(Fig. 1b), both of which employ a set of presumably flexible and inextensible 
members for the purpose of articulating the rigid members forming the pair. In the 
present work, we propose to replace one of the fixed pivots of a 4-bar mechanism 
with a rolling joint as shown in Fig. 2. The dual tendon arrangement constraining the 
motion of two convex surfaces as shown in Fig. 1b ensures relative rolling, without 
slipping over each other. Since gearing ensures rolling motion of the associated pitch 
circles, rolling pairs can also be implemented as gears. The distance between B0 and 
O, the centres of curvature of the moving and fixed profiles respectively is a constant 
when both the contacting profiles are circles. Hence, it is possible to consider B0 and 
O as fixed pivots to obtain a direct kinematic inversion of the proposed mechanism; 
this inversion is nothing but the geared 5-bar mechanism studied in [13, 14]. In this 
inversion, comparing with Fig. 3, OB0 and B0 are fixed pivots and the locus of A0 

and B are circles (algebraic curves); therefore, the coupler curve of a point on link 
BB0 is an algebraic curve. However, when link A0O is fixed, instead of B0B, although 
the locus of A is a circle, the locus of B is a trochoid which is a non-algebraic curve. 
Thus, the locus of C on AB is, theoretically, a non-algebraic curve. Thus, the analyt-
ical characteristics of coupler curves studied in the proposed mechanism is different 
from the ones available in literature, including those of the geared 5-bar mechanisms. 

2.1 Kinematics of the Rolling Pair 

Rolling phenomenon between two rigid bodies in point contact is said to happen 
when during any finite interval of motion, the length of the trace of the point of 
contact on both the bodies are equal; when the lengths of the trace are unequal, then 
the body containing the shorter trace is said to have skidded and the one with longer 
length slipped! Rolling in plane is characterized by location of the instantaneous 
centre of velocity being at the point of contact. Two rolling pairs under consideration 
are shown in Fig. 2 wherein (a) and (b) illustrates change of configuration when a 
circular profile of a rigid body rolls on a circular profile of another rigid body, and

tendon 1 tendon 2 

Fastener Fastener 

(b) Dual Tendon Rolling Pair(a) Rolamite 

Flexible strip 

Rolling circles 

Fig. 1 Embodiments of two rolling pairs



6 A. Kar and D. Sen

Fig. 2 Configuration of a circle-based rolling pair

(c) and (d) illustrates the situation for a circle rolling over a straight profile. Actual 
embodiment of the constraints to ensure rolling is unimportant in the analysis. The 
condition of equal length of the trace between the points of contact B'

01 and B'
02 

relates the change of orientation, φ12 of the moving body with respect to the fixed 
body. The displacement of the point of contact is given by φ'

12, in case the fixed body 
is a circle, and d12 for the straight one. If the radii of the moving and fixed circles 
are r and R, respectively, it is easy to see that,
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(a) (b) 
1 

2 

3 4 

1 

2 

3 
4β β 

Fig. 3 Coupler point in the 4-bar with a rolling pair 

φ
'
12 = φ12 · r 

R 
(1) 

and, 

d12 = φ12 · r (2) 

The locus of any point B on the moving body is a trochoid. The instantaneous 
centre of velocity of the moving body is given by the instantaneous point of contact. 
These two observations are important for the kinematic analysis of the mechanisms 
containing these rolling pairs. 

2.2 Position Analysis of the Mechanism 

In this work, we are interested in the two mechanisms shown in Fig. 3a, b which are 
obtained by adding a dyad, A0AB, to the rolling pairs shown in Fig. 2a, b, respectively. 
In conventional 4-bar mechanisms, A0 and B0 is fixed; hence, the locus of A and B are 
circles. Input angle θ gives A directly; B is located at the intersection of two circles 
centred at A and B0, and radii AB and B0B, respectively. The result is obtained easily 
either geometrically or algebraically by solving a quadratic equation. 

In Fig. 3 locus of B is a trochoid therefore, considering input at A0 requires one to 
find the intersection point between a circle and a trochoid, as shown in Fig. 4a. This 
problem cannot be solved in closed form. Hence, we consider an inversion, wherein 
the output angle, φ, is assumed to be known and the corresponding input angle, θ, is  
determined. Link-4 is rolling over a fixed circle with centre at O and radius R. The  
change in configuration for link-4 has both rotation (φ12) and translation (B01B02) 
components, which determine the location of B on the trochoid. For a known location 
of B (say B1), locations of A (A1 and A'

1) are obtained at the intersections of the two 
circles as shown in Fig. 4b. This formulation has a closed-form solution, as it involves 
circles alone. 

Let A0 be the origin and the centre of the fixed profile O be given. Let AA0 be l2, 
AB be l3, BB0 be l4, radius of fixed profile be R and radius of rolling profile be r.
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Fig. 4 Displacement analysis of a 4-bar with a rolling pair 

Note that the contact point, B'
0, and the centres of the two contacting profiles, O and 

B0, are always collinear. A0, O and the initial location of contact, B'
01 are given. Let 

BB0 make an angle ψ with B0B'
0 and R =

i
i
i
iB

'
01 − O

i
i
i
i. 

The homogeneous transformation matrices R(α, P) and T (t) for rotation, α, about 
a given point, P (x, y), and translation by a vector t(tx, ty), respectively, are given as 
below.
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R(α, P) = 

⎡ 

⎣ 
cos α − sin α x · cos α − y · sin α − x 
sin α cos α x · sin α + y · cos α − y 
0 0 1  

⎤ 

⎦ (3) 

T (t) = 

⎡ 

⎣ 
1 0  tx 
0 1  ty 
0 0  1  

⎤ 

⎦ (4) 

Let, v̂ = 
1 

R

(

B
'
01 − O

)

(5) 

Then, B01 = O + (R + r ) ̂v (6) 

B
'
1 = O + (R + r + l4) ̂v (7) 

and B1 = R(ψ, B01)B
'
1 (8) 

Let link-4 be rotated by an angle ϕ. Let us use then subscript 1 for current locations 
and 2 for new locations for the points reached because of rotating link-4 by ϕ. 

Let, k̂ = (

0 0 1
)T 

(9) 

Forthecircle−on−circlecase, B
'
02 = R

(

ϕ · r/ R, O
)

B '
01 (10) 

And, B02 = R
(

ϕ · r/ R, O
)

B01 (11) 

Forthecircle − on − linecase, B '
02 = T (ϕ · r )B '

01 (12) 

And, B02 = T (ϕ · r)B01 (13) 

Then, B2 = T
(

B02 − B01

)

R
(

ϕ, B01

)

B1 (14) 

Let, D = B2 − A0 (15) 

Wherein, d = IIDII, D̂ = D/d (16) 

Define, e = (

l2 2 − l2 3 + d2
)

/(2d) (17) 

Then, usingChace'sequation, A2 = ±  
/

l2 2 − e2
(
OD × Ok

) + eOD + A0 (18)
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A1 and A'
1 in Fig. 4b correspond to the two solutions from the ‘± ’ sign in Eq.  (10). 

For the coupler point, C, let,  AC = lc, ∠BAC = α and C2 be the new location of C 

Let, β2 = arg(B2 − A2) (19) 

Then, C2 = T (A2)R(α + β2, A2)
(

0 lc 0
)T 

(20) 

Similarly, β
'
2 = arg

(

B2 − A'
2

)

(21) 

And C
'
2 = T ( A2)R

(

α + β '
2, A

'
2

)(

0 lc 0
)T 

(22) 

Thus, the location for the coupler point is determined for both the branches for an 
incremental input of dϕ at the roller pair from an arbitrary initial configuration. A 
representative set of coupler curves generated for the mechanism is shown in Fig. 5 

3 Study of Geometry of the Coupler Curves 

It can be observed in the representative map of the coupler curves (Fig. 5) that 
the shape is varied and sometimes complex. Hence, it is important to study the 
composition in detail (Fig. 6). 

3.1 Components or Circuits of Coupler Curves 

The coupler curves of 4-bar mechanisms are classified as bicursal and unicursal 
wherein the coupler curve has two closed components and a single component, 
respectively. In bicursal coupler curves, a coupler point is topologically constrained 
to trace one of the components, even if the components have mutual intersec-
tions. Hence, understanding the segmentation of components of coupler curves is 
important. 

It may be noted that Eq. (10) has a solution only when the distance A0B > (AB 
+ A0A) and A0B < (AB − A0A). If we consider an annular region formed by two 
concentric circles, Ωmax and Ωmin, with centre at A0 and radii rmax = (AB + A0A) 
and rmin = ||AB-A0A||, respectively, the mechanism will have a closure configuration 
only when the trochoidal locus of B lies within it. At the intersection of the trochoid 
with Ωmax, the dyad A0AB is fully stretched out, and at that with Ωmin, it is fully 
folded. Hence, these are singular configurations of the mechanism. In these two 
configurations A2 = A'

2, and therefore, C2 = C'
2; i.e. in these two configurations, 

the two branches of the coupler curve merge to give a dichromatic coupler curve 
wherein one segment of the closed curve is traced by one branch of solution while the
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Fig. 5 An assortment of coupler curves of the mechanism
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(a) monochromatic bicursal coupler curve 
with maps of crunodes 

(b) dichromatic multicursal components 
of coupler curve 

Fig. 6 Dyadic annulus and nature of components of coupler curve
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complementary segment is simultaneously traced by the alternate branch of solution 
of the coupler point. When all the points on a coupler curve are traced by the same 
branch of solution, we call it a monochromatic coupler curve.

The trochoidal locus of B as a point on the rolling link is complex although it is 
symmetric about O; it potentially intersectsΩmin,Ωmax and fixed circle of the rolling 
pair multiple times. If the trochoid is such that it does not intersect withΩmax orΩmax 

over the full range of motion, then the two branches of solution does not merge, and 
we get two distinct monochromatic coupler curves which are traditionally referred 
to as bicursal coupler curves. In the circle-on-circle case, the trochoid is bounded 
by an annulus whose centre is at O and radii are (OB0 + BB0) and ||OB0−BB0||. 
We get bicursal coupler curves only when the annulus of the trochoid is completely 
contained in the annulus of the dyad A0AB. 

Let us consider a segment of the trochoid intercepted by the circlesΩmin andΩmax. 
Since at these configurations the branches merge, it will generate a dichromatic 
coupler curve. We get as many closed curves as the number of segments of the 
trochoid intercepted in the annulus of the dyad A0AB by the circles Ωmin and Ωmax. 
Since the number of component coupler curves is potentially more than two (unlike 
in the case of a conventional 4-bar coupler curve), we call it multi-cursal coupler 
curves. Each component is dichromatic because there is merging of the two branches 
at singularities. 

The number of rotations of the rolling circle that gives a closed trochoid is the 
lowest common multiple (LCM) of the perimeters of the closed rolling profiles; for 
circular profiles, it the LCM of the two radii. Thus, B0 may go around O multiple 
times before the trochoid closes. This has a bearing on the number of components 
in the multi-cursal map of the coupler curves. When the number of components is 
more, naturally the number of intersections a straight line would make with the set 
of coupler curves is more. Hence, unlike the coupler curves of linkage mechansisms 
(e.g. 4-bar, 6-bar, etc.) there is no upper-bound on the number of intersections a 
straight line can make with the coupler curve of a 4-bar mechanism with one rolling 
pair. 

When the ratio of the radii of the rolling circle and the fixed circle is an irra-
tional number, then the trochoid is theoretically an open curve of infinite length that 
would fill the area of the annulus defined by (OB0 + BB0) and ||OB0−BB0||. Corre-
spondingly, the coupler curve is also of infinite length that would fill an area. This 
filled-area coupler curve will have two components if the condition of bicursal curve 
is satisfied; otherwise, it will be a single area composed of infinite number of closed 
dichromatic coupler curves. 

3.2 Crunodes in Coupler Curves 

A crunode or self-intersection of a curve in plane is easy to perceive visually. From 
analytical point of view, although a coupler curve is a continuous map of the input
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Fig. 7 Conditions of self-intersection 

parameter in the Cartesian space through a 1-DoF mechanism, this map is not one-to-
one. Each branch of configuration of the mechanism generates distinct curves which 
we are referring to as components. Since in each embodiment of a mechanism, only 
one of the branches is operational, only one of the components is generally available 
for a design. Thus, intersection among the components is not of much significance. 
There are theories available for self- intersection of a component coupler curve of a 
4-bar mechanism. Since no point on link-4 is fixed in the present mechanism, those 
theories are not directly applicable. Figure 7 shows the situations when the point C 
will be at a crunode, wherein ΩA, ΩB, and ΩC are the loci of the points A, B and 
C of the mechanism in Fig. 3, respectively. ΩC is the coupler curve. Since ΩB is a 
trochoid, geometric characterization of the situation is not possible. 

In a 4-bar mechanism with a rolling pair as shown in Fig. 3, the location of the 
coupler point, C, will be same when the location of B is same. B is a point on 
the trochoid which is a potentially self-intersecting curve. The point of intersection 
is associated with distinct values of the parameter (φ) that generates the trochoid. 
Thus, for every point of self-intersection of the trochoid, there would be a self-
intersection of the coupler curve, for each branch ΩC and ΩC' , simultaneously. 
Figure 6a maps all the crunodes of trochoid and coupler curve. This situation does not 
occur in conventional linkage mechanisms. It also shows a crunode on the coupler 
curve without a corresponding crunode on the trochoid. 

Since crunodes on a trochoid does not have closed-form expression, a geometric 
characterization of this situation is also not possible. However, since the locus of B 
is a trochoid defined by r, R and l4, it exhibits multiple crunodes. The number of 
crunodes in a coupler curve, therefore, is not restricted, unlike the algebraic coupler 
curves of a pure linkage mechanism. 

3.3 Cusps in Coupler Curves 

Although cusps are generally recognized as a sharp point in an otherwise smooth 
curve, its kinematic characteristic is that at this point on the coupler curve, the velocity
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Fig. 8 Crunodes in a coupler curve 

of the coupler point is zero for a non-zero input-velocity for the mechanism. Using 
Arnold-Kennedy’s theorem of three instantaneous centres, we get (Fig. 9), 

Fig. 9 Velocity of coupler 
point
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Fig. 10 Sharp and smooth 
cusps on ΩC for l4 = r 

ω3 

ω4 
= 

I14 I34 
I13 I34 

= 
BB

'
0 

BI13 

And, VC = C I13 · ω3 

Thus, VC = 0 ⇒ either C I13 = 0or, ω3 = 0 

C I13 = 0 ⇒ Coupler point is coincident with instantaneous centre (Fig. 11), 
And, ω3 = 0 ⇒ BB '

0 = 0 which is possible only when l4 = r (Fig. 10). 
Note that a cusp occurs at a phase in a mechanism where l4 = r when the joint 

B coincides with the point of contact as the moving circle rolls over the fixed pivot; 
then the velocity of the coupler point is zero because the velocity of both ends of the 
dyad, A0 and B, are zero. The situation is independent of the selection of the coupler 
point on link-3; hence, the cusp will occur for the coupler curves of all points in all 
branches of the mechanism and as many times B touches the fixed profile (circle or 
line), simultaneously. This situation is unique for mechanisms with roller pairs and 
does not occur in conventional 4-bar mechanisms. 

In an infinitesimal neighbourhood of a cusp, velocity vector of the coupler point 
typically has opposite directions. Motion in a mechanical system is continuous. 
Hence, it is understandable that the magnitudes of velocities of points in the neigh-
bourhood of a cusp will be small. But, there is no causal relation between the direc-
tions of velocities of points in the neighbourhood of a cusp; when cusp occurs due 
to CI13 = 0, the direction of the tangent to the coupler curve is undefined; but, in 
case of l4 = r, direction of the tangent is still given by the line perpendicular to CI13. 
Figure 11c shows a special case when both the conditions are simultaneously satis-
fied giving a smooth cusp wherein the coupler point slows down as it approaches
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Fig. 11 Sharp cusps 
(approx) with CI13 ≈ 0 

that location. After the stationary phase, it continues to move in the same direction 
as the velocity with which it entered the stationary phase. Abundance of cusps and 
crunodes in the coupler curve can be observed in Fig. 5. 

4 Conclusion 

The geometry of the coupler curve generated by a 4-bar mechanism with one of the 
fixed pivots replaced with a rolling pair has been studied in this paper. It is shown that 
the coupler curve of this mechanism has dramatically different geometric attributes in 
terms of number of circuits, cusps, crunodes, etc. Conditions for cusps and crunodes 
which are specific to this class of mechanisms have been derived. Consequently, the 
shapes of the coupler curves are also widely varying which is advantageous for the 
designers.
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Kinematic Synthesis and Design of a Five 
Fingered Hand Exoskeleton 

Nilavjyoti Sarmah and Shyamanta M. Hazarika 

Abstract This paper outlines a method to design an underactuated, linkage-based 
hand exoskeleton. A planar 8-link mechanism with phalanges and articulations as part 
of the kinematic chain is used for each finger. The links are attached to the proximal 
and distal phalanges. For the thumb, a planar 6-link mechanism directly connected 
at the distal phalanx is used. The kinematic synthesis of the mechanism based on 
Burmester Theory was performed with two principal considerations: a. To obtain link 
lengths that ensured no mechanical interference between the mechanisms and the 
hand and b. The mechanism ensured that each finger follows the natural trajectory. 
The mechanism is evaluated by comparing the workspace of the anatomical index 
finger with that of the hand exoskeleton assisted finger. 

Keywords Hand exoskeleton · Kinematic synthesis · Pose analysis 

1 Introduction 

Exoskeletons specifically intended for hand rehabilitation have been reported in the 
literature. The complexity of designing a device for the human hand increases due to 
the large number of degrees of freedom (DOF) within a significantly reduced space. 
The main requirements while designing a hand exoskeleton are: coincidence of the 
centre of rotation of the hand exoskeleton with the rotational axis of the human joint, 
the motion should be within the limit of range of motion of the finger and should 
be light weight so that the patient can wear it without any facing any problem. The 
hand exoskeleton which is a special kind of robotic hand where forces are applied on 
the fingers that constrains them to perform a given trajectory and improve the forces 
that would be naturally exerted. Three aspects of rehabilitation protocols that leads
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to different solutions are [1]: basic movements of finger joints vs execution of ADLs, 
gross motion of all fingers versus single finger dexterity and real environment versus 
virtual environment. The key factor that is to be addressed with respect to kinematics 
of the hand exoskeleton is the number of DOFs of the mechanism. The second factor 
is whether to design an underactuated mechanism. Wearability and adaptability are 
also two major aspects of hand rehabilitation devices. The structure of the exoskeleton 
needs to be lightweight. The system must have the capacity to adapt to different users. 

Hand exoskeletons can be categorized as: 1. multi phalanx hand exoskeleton where 
forces are exerted differently on each phalanx, 2. single phalanx hand exoskeleton 
where forces are exerted on the distal phalanx only [2]. Burdea et al. [3] developed 
a force feedback device which is actuated pnematically to exert force only at the 
distal phalanx. Sun et al. [4] used a 4-link serial mechanism that is connected to the 
human finger at the fingertip. In both cases the device is used in haptic application 
that focused on bidirectional force feedback. However, rehabilitation devices require 
multi DOF for the training of the human hand and exerting forces at the distal phalanx 
has limited control over the proximal or middle phalanx [5]. The underactuated 
mechanism which reduces the requirement of actuator attaches the system either at 
the proximal or middle segment of the finger. In single phalanx hand exoskeleton, 
although there is no mechanical coupling among MCP, PIP and DIP joints, the 
movement of fingertip causes the movement of phalanges and MCP, PIP, DIP joints 
due to internal DOFs among human joints. The coupling between the joints of a 
single finger are achieved by various solutions such as cables and pulleys, rigid 
linkage mechanism, tendon driven mechanism, geared systems etc. The devices that 
use linkages to transmit the force are stiff enough. The cable driven gloves are more 
flexible and simpler but require pulleys to achieve high forces and are harder to control 
at intermediate positions [6]. The series of links can be placed over the human fingers, 
beside the finger or inside the palm. But placing the linkage mechanism inside the 
palm has the disadvantage of decreasing the work space of the exoskeleton and also 
complete grasping of object is not possible. Placing the linkage mechanism beside the 
finger requires additional space making it difficult for the multi-fingered structure. 
The mechanical interference between the machine links and the anatomical parts is 
another critical issue that needs to be addressed while designing a hand exoskeleton. 
Worsnopp et al [7] solved this issue by adopting the remote centre of motion (RCM) 
mechanism. RCM is a kind of mechanism which is used to enable the rotation of 
a body around a fixed axis that is located remotely from the structure of the joint. 
Different kinds of RCM mechanism are used which can also solve the problem 
associated with locating the linkage mechanism at the side of the fingers. In this 
paper, a planar 8-link mechanism for the index finger and 6-link planar mechanism 
for the thumb of the hand exoskeleton is proposed that is able to move the fingers 
following the natural trajectory. Linkage based mechanism is preferred as it allows 
greater transmission of power from the actuator to the fingers.
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2 Kinematic Synthesis and Design 

Analysis of the hand kinematics is required before proposing any device for the 
human hand. Figure 1 outlines a method to design a hand exoskeleton starting from 
the biomechanics of the human hand. 

Fig. 1 Biomechanics driven design procedure flowchart
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2.1 Analyzing Functional Requirement 

Number of Controlled DOF: The DOFs of the hand exoskeleton devices varies 
based on their design and target application [1]. Most of the hand exoskeleton is 
made simple with underactuated mechanism [4, 8]. In this paper, the five fingered 
hand exoskeleton is designed for one active DOF mechanism for each finger. The 
thumb mechanism also have one active DOF. 

Number of mechanical connection (MC): Forces transmitted to the fingers must be 
minimum. Therefore the connections made to the fingers by the exoskeleton is very 
important. The hand exoskeletons can have a maximum of three MCs per finger. For 
our design we have two MCs per finger attached at the distal and proximal phalanx. 
The complexity of the design increases with higher MCs but the transmission of force 
to the phalanges decreases. With lower MCs the design becomes simple but stress 
induced at the contact point increases thereby causing pain [1]. Therefore, our design 
is traded off between three and one MC per finger. Force component of the total grip 
strength is highest at the distal phalanx followed by proximal phalanx and middle 
phalanx respectively [9]. Moreover, the DIP and PIP joints move synchronously 
during flexion and extension due to the retinacular ligaments that runs from flexor 
tendon sheath at the proximal phalanx to the terminal tendon at the distal phalanx 
linking DIP and PIP joints. 

2.2 Kinematic Structure 

The human finger can be assumed to be a 3R serial chain having three revolute joints 
that guide the movement through desired trajectory. Table 1 shows the curl angles 
of joints while grasping a cylindrical object of 4 cm diameter along with the lengths 
of the phalanges of the index finger of a human hand [1, 10]. Table 2 shows the 
curl angles and lengths of the thumb phalanges. The lengths of the finger phalanges 
shown in the tables represent the average length of a healthy person. 

Based on the specifications and the above constraints we arrive at the 8-link 
planar mechanism shown in Fig. 2. The points D, P and M represents the DIP,

Table 1 Dimensions of the phalanges of Index finger and their full flexion joint angles 

Distal phalanx DIP angle Middle phalanx PIP angle Proximal phalanx MCP angle 

2 cm 28° 2.5 cm 62.3° 4 cm 47.4° 

Table 2 Dimensions of the phalanges of thumb and their full flexion joint angles 

Distal phalanx IP angle Proximal phalanx MCP angle 

3.5 cm 49.7° 2 cm 24.8°
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(a) CAD  model during extension (b) CAD model during flexion 

Fig. 2 Proposed kinematic structure of the 8-link mechanism 

PIP and MCP joints respectively. The arrow mark shown in the figure indicates 
the application of force on the hand exoskeleton by a linear actuator to perform 
the flexion operation. Mechanical connection between the hand exoskeleton and the 
finger phalanges is achieved by attaching sliders at the distal phalanx and proximal 
phalanx. It combines both cylindrical and rotational joint such that the lateral forces 
produced can be converted into motion in the slider and the perpendicular forces 
produced are transmitted for movement of phalanges about the finger joints.

2.3 Kinematic Synthesis 

We synthesize a eight linkage mechanism that is capable of performing flexion and 
extension of the fingers through the desired trajectory. The problem is to determine 
the mechanism which placed above the human finger would make the finger follow 
the desired trajectory and guarantee avoidance of interference between the links and 
phalanges. The basic module of hand exoskeleton is attached to one human finger and 
couple the flexion or extension of the three anatomical phalanges. The abduction and 
adduction of the finger is inhibited. Using Grubler’s formula, the relation between the 
number of links and number of lower pairs is calculated considering 1 DOF planar 
mechanism. 

F = 3n − 3 − 2 j − h 

where, F = number of DOF, n = number of links, j = number of lower pairs, h = 
number of higher pairs. Now, to reduce the complexity the number of higher pairs 
is considered to be zero (h = 0). Using the above relation entries of Table 3 are 
obtained. 

The synthesis follows Burmester Theory: mechanical constraints are introduced 
to a planar 3R serial chain that guides the end effector movement through a specified
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Table 3 Possible combination of the linkage mechanism 

n 4 6 8 10 … 

j 4 7 10 13 … 

set of task positions to obtain a linkage-based mechanism. By specifying the task 
positions and using inverse kinematics the position of every link in the chain for 
every task position can be determined. The constraints that can be added to a 3R 
serial chain are PR, RP and RR. Any of the mentioned three constraints can be used, 
but for our study focus is on RR constraints. An RR constraint cannot be added 
to consecutive links, so two links can be connected by first RR constraint. After 
attaching the first constraint, the second RR constraint can be connected by either of 
the following two ways: connected to either one of the original links or connected to 
the link created by the first RR constraint. We initially followed the graphical method 
for our analysis and obtain a set of feasible link lengths that is able to make the finger 
with the hand exoskeleton mechanism follow the natural trajectory. From Fig. 3a and 
b we can observe that the mechanism follows natural trajectory for the index finger. 
From Fig. 4a and b we can observe that the mechanism follows natural trajectory for 
the thumb. For the kinematic synthesis, GeoGebra is used and trajectories of DIP, 
PIP and MCP is considered. The link lengths are obtained by matching the base 
joints with the trajectory points and iterating the whole process. The synthesis is 
carried out so that the mechanism is able to follow the desired trajectory and avoid 
the mechanical interference between the links and the finger joints during flexion. 
Figure 3a shows the mechanism along with its link lengths that follows the desired 
trajectory. Figure 3b shows the relative position of the links in the mechanism while 
performing the flexion operation. The points N’, T ’ and V ’ represents the proximal

(a) Dimensional Synthesisin GeoGebra (b) Relative position of the links 
         during flexion 

Fig. 3 Kinematic synthesis for index finger
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(a) Dimensional Synthesis in GeoGebra (b) Relative position of the links during flexion 

Fig. 4 Kinematic synthesis for thumb 

interphalangeal joint, distal interphalangeal joint and the fingertip respectively of the 
index finger. The rest of the fingers i.e. the middle, ring and little fingers follow the 
same procedure of performing the kinematic synthesis as was followed for the index 
finger.

The thumb has two phalanges and two joint angles. The mechanism structure 
is different from rest of the four fingers. This mechanism also satisfies the Grubler 
criteria as can be seen from Table 3. For the thumb, the link is connected directly 
to the distal phalanx of the thumb with four links and four joints. For the thumb we 
have only one mechanical connection (MC) attached. 

The first two steps of the synthesis for the thumb mechanism is same as that for the 
fingers i.e. one DOF (Number synthesis) and planar mechanism (Type synthesis) but a 
four-bar linkage mechanism. The next step of Dimensional synthesis for the thumb is 
carried out in GeoGebra based on the proposed mechanism. Figure 4a and b show the 
mechanism of the thumb along with its link lengths following the desired trajectory 
from the extension position to full flexion position while grasping a cylindrical object 
of 4 cm diameter. The interphalangeal (IP) joint and MCP joint flexes by 49.7° and 
24.8° respectively during this grasping operation. The proposed mechanism with the 
mentioned link lengths is also able to avoid mechanical interference between the 
links and finger joints. 

2.4 Trajectory Comparison 

The trajectory of the actual fingertip movement is obtained from the data and the 
constraints that are pertinant to grasping. It is then compared with the trajectory of 
the fingertip for index finger and thumb assisted by the hand exoskeleton as shown 
in Fig. 5a and b. The blue curve indicates the natural trajectory while the red curve
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(a) Comparison of trajectories for index finger (b) Comparison of trajectories for thumb 

Fig. 5 Natural versus trajectory obtained by synthesized mechanism: a Index finger and b thumb 

indicates the hand exoskeleton assisted trajectory of the index finger and thumb. The 
trajectory of the fingertip is definite as the movement of the fingers are constrained 
by coupled joints of the mechanism. 

3 Pose Analysis of Mechanism 

The behaviour of the proposed device is needed to be analysed and for that pose 
analysis of the mechanism is performed using the finger joint angles. The finger joint 
angles are used to define the position of the mechanism. The whole mechanism can 
be defined using eight unknowns and three known parameters. Eight independent 
equations are required to obtain unique solution for the eight unknown parameters. 
Four independent kinematic loops are identified. The loops are chosen so that all the 
links of the mechanism are covered at least once. The feasible link lengths range are 
known from the kinematic synthesis. Using those results we can obtain the actuator 
distance for a particular pose of the finger. 

Loop 1 defines the relation between the actuator displacement and the mechanism 
using a vector loop equation as shown in Fig. 6a. The variables in this loop equation 
are (lx , qb, qc, qn). 

r O A + r A B + r B C + rC N + r N O = 0 
lx e

iqn + lABeiqb + lBCeiqc + lCN  e
iqcn + lact eiqn = 0 

Loop 2 defines the motion of the mechanism around MCP using a vector loop 
equation as shown in Fig. 6b. The variables in this loop equation are (c1, qc) 

rC B + r B E + r E I + r I M + r M 
C = 0 

lCBe
iqc + lBEeiqc + lE I  e

iqc + c1eiqMC P  + lMCe
iqMC = 0
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(a) Kinematic loop 1 shown by red arrows (b) Kinematic loop 2 shown by red arrows 

(c) Kinematic  loop 3 shown by red arrows (d) Kinematic loop 4 shown by red arrows 

Fig. 6 Kinematic loops 1, 2, 3 and 4 

Loop 3 defines the relation between the joints of the mechanism as shown in Fig. 6c. 
The variables in this loop equation are (qa, qb, qc, qe) 

r B A + r A G + rG E + r E B = 0 
lBAe

iqb + lAGeiqa + lGEe
iqe + lEBe

iqc = 0 

Loop 4 defines the motion of the mechanism around MCP, PIP and DIP as shown in 
Fig. 6d. The variables in this loop equation (qc, qe, c2) 

rC B + r B E + r E G + rG F + r H D + r D P + r P M + r M 
C = 0 

lBCe
iqc + lBEeiqc + lEGeiqe + lGFe

iqe + lFH  e
iqe 

+ c2eiqDI  P  + lDPe
iqP I  P  + lPMe

iqMC P  + lMCe
iqMC = 0
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Eight non-linear equations are obtained from the above four vector loop equations. 
The four loops are so chosen such that each loop has at least one independent variable 
which is not seen in other loops. After solving the above equations in MATLAB, 
the actuator distance for the index finger obtained to perform the grasping of a 4 cm 
diameter cylinder is about 22 mm. 

3.1 Static Analysis 

Static analysis is significant for ensuring stability while grasping an object at any 
pose of the mechanism. In static analysis, the torque generated at the finger joints are 
obtained when a required amount of force is transmitted by the linear actuator for 
grasping an object. Based on the static analysis, the link lengths of the mechanism 
are optimized. The force applied by the linear actuator and the torques developed at 
the finger joints are related by the Jacobian matrix. 

⎡ 

⎢⎣ 
Fx 

τn 

τb 

⎤ 

⎥⎦ = J T 

⎡ 

⎢⎣ 
τ3 

τ4 

τ5 

⎤ 

⎥⎦ 

The Jacobian matrix is obtained by using the derivative of the eight non-linear 
equations obtained from the kinematic loops of the mechanism. The loop equations 
are now differentiated w. r. t. time to obtain a relation in matrix form between finger 
joint velocities (q̇ f in) and joint velocities of the mechanism (q̇m).

⎡
q̇ f in

⎤ = ⎡
θ̇3 θ̇4 θ̇5

⎤T 

[q̇m] =
⎡
l̇x q̇n q̇b q̇c q̇e q̇a ċ1 ċ2

⎤T 

The LHS of the equation contains the multiplication of the below two terms of 
size (8 × 3) and (3 × 1) 

⎡ 

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣ 

0 0 0  
0 0 0  

−c1 sin θ3 0 0  
c1 cos θ3 0 0  

−lPM  sin θ3 −lDP  sin θ4 −c2 sin θ5 
lPM  cos θ3 lDP  cos θ4 c2 cos θ5 

0 0 0  
0 0 0  

⎤ 

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ 

⎡ 

⎣ 
θ̇3 

θ̇4 

θ̇5 

⎤ 

⎦ 

The RHS of the equation contains the multiplication of two terms of size (8 × 8) 
and (8 × 1)
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⎡ 

⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣ 

− cos qn (lx + 5) sin qn lAB  sin qb lBC sinqc 0 0 0 0  

− sin qn −(lx + 5) cos qn −lAB  cos qb −lBC cos qc 0 0 0 0  

0 0 0 (lCB  + lBE  + lE I  ) sin qc 0 0 − cos θ3 0 

0 0 0 −(lCB  + lBE  + lE I  )cosqc 0 0 − sin θ3 0 

0 0 0 (lCB  + lBE  ) sin qc (lEG  + lGF  + lFH  ) sin qe 0 0 − cos θ1 
0 0 0 −(lCB  + lBE  )cosqc −(lEG  + lGF  + lFH  )cosqe 0 0 − sin θ1 
0 0 lAB  sin qb lEB  sinqc lGE  sinqe lAG sinqa 0 0  

0 0 −lAB  cos qb −lE B  cos qc −lGE  cos qe −lAG cos qa 0 0  

⎤ 

⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ 

and

⎡
l̇x q̇n q̇b q̇c q̇e q̇a ċ1 ċ2

⎤T 

The above matrices are divided into sub-matrix components such that none of the 
sub-matrix has all the elements as zero. On solving a Jacobian matrix of size (3 × 
3) is obtained that relates the finger joint velocities (q̇ f in) and joint velocities of the 
mechanism ( q̇m). Using the inverse of this Jacobian transpose matrix, the torques at 
the joints can be calculated by the following equation.

⎡
τ3 τ4 τ5

⎤T = J −1
⎡
Fx τn τb

⎤T 

The magnitude and direction of τ3, τ4 and τ5 determines the stability of grasping 
an object assisted by a linear actuator. 

3.2 Optimization of Link Lengths 

The design of the proposed mechanism is outlined based on the link lengths obtained 
through the GeoGebra. The link lengths need to optimized to improve the perfor-
mance of the hand exoskeleton. The optimization procedure to find a set of link 
lengths is the following: 

Objective function : max
/

τ 2 3 + τ 2 4 + τ 2 5 
such that 0 ≤ c1 ≤ 4 

0 ≤ c2 ≤ 2 
0 ≤ lx ≤ 4 

τ3, τ4 and τ5 are the joint torques at MCP, PIP and DIP joints respectively. The 
limitation of c1 and c2 are the maximum displacement the slider can move along the 
proximal and distal phalange respectively. lx is the stroke distance. The optimised 
link length that allows the finger to reach the workspace satisfying the constraints 
are shown in Table 4. 

Table 4 Optimized link lengths for the mechanism on index finger 

lAB lBC lBE lE I lAG lGF lFH lEG  

3.796336 4.0000 3.50002 1.5002 8.0000 5.004 2.5000 4.0000
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Fig. 7 Comparison of workspace between anatomical and hand exoskeleton assisted finger 

3.3 Workspace Evaluation 

Fig 7 represent the anatomical workspace of the index finger compared with the 
hand exoskeleton assisted index finger workspace. The blue marked area indicates 
the workspace of the index finger without hand exoskeleton and red marked area 
refers to workspace assisted by hand exoskeleton. It has been observed that the index 
finger is unable to reach some of the extreme points on wearing the device but it 
covers almost the whole workspace. This is due to the constraints set by the hand 
exoskeleton that limits the finger to cover whole of the natural workspace. 

4 Conclusion 

We have outlined the process to design an underactuated hand exoskeleton to ensure 
that assisted fingers follow natural trajectory. Kinematic synthesis is carried out to 
obtain feasible link lengths that ensures no mechanical interference between the 
mechanism and the hand. Pose analysis is executed to analyse the behaviour of the 
proposed device and optimize the link lengths. The stability of the mechanism is 
assured if the forces are transmitted in the right direction while grasping an object. 
For that static analysis is done. Finger joint torques produced for force generated by 
the linear actuator for a particular pose was utilized for optimizing the link lengths.
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Workspace of the assisted fingers and the anatomical fingers were in close corre-
spondence. The thumb and the index finger synthesized in this paper holds promise 
for development of a complete hand exoskeleton. Development of a complete hand 
exoskeleton is part of ongoing research. 
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Structural Enumeration 
of Cam-Modulated Linkages 

H. Manikandan, Vijayananda Kaup, and Harish Babu 

Abstract A kinematic chain is an abstraction of a mechanism constituted by rigid 
members connected with each other through simple pin joints. They are useful 
as a means to aid creative thinking in the design of mechanisms. We know that 
a binary link, along with its pin joints can be directly converted to a higher pair 
without changing the degrees of freedom of the resulting linkage. This produces new 
types of linkage in which both lower and higher pairs coexist. There will also be 
a change in the count of links, joints and types of joints in the resulting linkage. 
The present work focuses on the synthesis of a family such linkages known as cam-
modulated linkages. Kinematic chains, whether it is simple- or multiple-jointed type 
of chain, can produce many useful cam-modulated linkage by recursively applying 
the above procedure. The present work deals with the synthesis of cam-modulated 
linkages from simple jointed kinematic chains only. This paper presents the results 
of synthesis of cam-modulated linkages obtained from the complete collection of 
8-link, 1-freedom simple-jointed kinematic chain. The synthesis is carried out via 
visual inspection and also by means of a computer program. A total of 131 cam-
modulated linkages containing 5, 6 and 7 links and exhibiting one freedom were 
enumerated. 38, 58, 35 CMLs having 1, 2, 3 higher pairs were synthesized. 

Keywords Kinematic chain · Higher pair · Cam-modulated linkage
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1 Introduction 

A successful product design necessitates an effective management of many facets of 
mechanical design processes. The foremost decision is proper selection of physical 
configuration of the mechanism under design. This step is termed the structural 
synthesis of linkages, comprising two discrete phases called the type and number 
synthesis [1, 2]. 

Success of this step contributes to wider acceptance of the end product and is popu-
larly referred to as creative synthesis of the machine configuration. Here, the skeletal 
structure of the mechanism is decided. In order to help machine designers in this 
stage, many researchers have attempted to provide a catalog of linkage mechanisms. 
The latter has been recognized as an effective means to meet the manufacturers’ 
demands for novelty or originality in the product [3]. Availability of such a catalog 
has been found to provide both designers and analysts an opportunity to innovate and 
optimize their design, in terms of achieving a reduction in product’s weight, cost, 
space, etc., of the designed product. 

2 Cam-Modulated Linkages–Systematics 

Systematics of linkages is a well-known technique which is found to assist in the 
creative endeavor of designers in the preliminary stages of the machine design [2]. 
The technique finds application in the evolution of different types of mechanical 
artifacts. 

Johnson [3] proposed the idea of associated linkages in his book. He demonstrates 
how simple mechanism consisting of rigid members connected by pin joints can help 
create a variety of useful mechanical configurations. 

For example, a four-bar mechanism can be transformed into slider-crank mecha-
nism by making one of its four links to be infinite length, see Fig. 1a, b. If a binary 
link in four-bar linkage is made an imaginary link to represent line of force/motion 
(Fig. 2b), then the result will be cam and follower linkage. A pair of gears in mesh 
has four-bar linkage as its associated linkage wherein the imaginary link is aligned 
along the line/path of contact (Fig. 3). 

Fig. 1 Associated linkage and its slider-crank inversion
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Fig. 2 Associated linkage and its oscillating-follower inversion 

Fig. 3 Four-bar associated linkage and its inversion to gear pair (Johnson [3])
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3 Literature Review 

There is little literature available on the structural synthesis of CML. In his book, 
Kurt Hain [4] suggested the methodology of converting binary link into higher pair 
to obtain CMLs. Using real-life examples, Johnson [3] proposes the concept of 
associated linkages as a means to synthesize mechanisms having machine elements 
such as cams, sliders and rack and pinion. 

It is known that CMLs exhibit superior kinematic performance in terms of func-
tion, path and motion generation when compared with linkage mechanisms with pin 
joints [5]. This makes them widely accepted and highly adopted in the automation 
industries and machineries. The tolerance analysis and synthesis are an essential 
requirement in the design and manufacture of precision cam-modulated linkages. 
Most of the effort in research seems to be focused on errors and their quantification, 
sensitivity analysis, optimization, manufacturability, etc. 

4 Synthesis Methodology 

Structural synthesis of linkages with spring elements, cam pairs, prismatic pairs, 
belt-and-pulleys and so on starts with SJKCs. The procedure suggested by Hain 
[4] to convert SJKCs to chains with cams, prismatic pairs and spring elements has 
been utilized in this work. It may be observed that when the SJKCs from which the 
synthesis procedure begins are non-isomorphic, the chains that result from each must 
be mutually exclusive. Hence, it is sufficient to conduct an isomorphism test among 
only those chains that are derived from the same SJKC. 

4.1 Varieties of Conversions 

This section tabulates ways in which one or more binary link in a chain is converted 
to a higher pair. Each such conversion will decrease the link and pin-joint count by 
one and two, respectively. Figure 4 shows the different ways of converting a binary 
link into a higher pair. 

Fig. 4 Converting binary link to higher pair
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Fig. 5 Infeasible CML 

i. Fig. 4a, b. Conversion of a single binary link lying between non-binary links 
into a higher pair. While a roller is used in Fig. 4a, two profiled surfaces 
forming a higher pair are shown in direct contact in Fig. 4b. Kinematically, 
the arrangements shown in Fig. 4a and b are identical. 

ii. Fig. 4c. Here, the binary link is part of a dyad. Converting any one of the two 
binary links will yield an arrangement shown. However, attempt to convert 
both the binary links into two higher pair leads to physically unrealizable 
arrangement. Therefore, only one binary link in a dyad is feasible for conversion. 

iii. Fig. 4d, e. For reasons explained in item (ii) above, when the three binary are 
in series (a triad), only one binary link in the series can be converted to a higher 
pair. Two situations arising from this conversion are shown in Fig. 4d, e. 

4.2 Non-viable CMLs 

Case–1: Each link in a CML must have at least one turning pair. Links joined to other 
links by higher pairs only lead to an infeasible situation since transmission of motion 
and force across such a link cannot be accomplished in a constrained manner. One 
such example is shown in Fig. 5a, although Gruebler’s equation evaluates the degree 
of freedom of the CML to unity. Here, the link-A is characterized by the absence of 
lower pairs in it. 

Case–2: Fig.  5b illustrates an example wherein, although each of the four links has a 
turning pair, the CML becomes infeasible because the sub-chain made up of links 1 
and 2 can be pulled apart to form a disconnected chain. As in case-1, transmission of 
motion and force across such a link cannot be accomplished in a constrained manner, 
and hence, such CMLs are to be excluded from the collection. 

4.3 Isomorphism Problem in CML 

Search for presence of isomorphic CMLs is an important step in the enumeration of 
kinematic structures. The methodology involves systematic search of binary links 
in simple jointed kinematic chains (SJKC) which can be turned into higher pairs. 
Due to this, it is understandable that all CMLs generated from one SJKC will be 
distinct from the ones generated from another non-isomorphic SJKC. Therefore,
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Fig. 6 5-link 1-d.o.f. CML 
with a higher pair; and its 
matrix representation 

check for isomorphism may be limited among the CMLs enumerated from the same 
SJKC. Since the number CMLs generated from 8-link, 1-freedom SJKC collection 
is reasonably small, this work uses both visual and computer-based approaches to 
isomorphism test. 

The following section describes computer implementation of the isomorphism 
test proposed in this work with reference to a 5-link, 1-d.o.f. CML (Fig. 6), along 
with its matrix representation. It may be noted that the element (2,5) and (5,2) in the 
matrix is assigned a value of two to distinguish them from the pin joint value of one. 
These values serve to uniquely represent the structure of the linkage in the matrix 
notation. 

As the first step, for the given CML (containing five links), five rooted trees are 
generated keeping each of the five links in turn as the reference. Figure 7a shows  a  
rooted tree with reference to link-1 as the root. The rooted trees show two types of 
arrows: the thin arrow indicates the traversal through a pin joint whereas the thick 
arrows lying between 2 and 5 and vice-versa in Fig. 7a and b indicate traversal 
through a higher pair. The reader is referred to [ ] which explains in greater detail 
the way to obtain the rooted tree from any given chain, and the procedure to convert 
the rooted tree into an isomorphism index for a generalized simple jointed kinematic 
chain. 

Assignment of the link invariant is an important step in the proposed isomorphism 
test. All binary links having two pin joints at its either ends will be assigned an 
invariant ‘A’. Thus, links 1, 3 and 4 in Fig. 6a are assigned A as the invariant. Links 
2 and 5 are ternary links having three joints by way of a pin joint between links 1 
and 2; a pin joint between 2 and 3; and a higher pair between links 2 and 5. Link-2 
is assigned and invariant B1 wherein letter B tells that the link is a ternary link and

Fig. 7 Rooted tree with 
reference to link-1

(a) With link labels (b) With link-invariants 
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Fig. 8 Reducing rooted tree in Fig. 7b into a string 

subscript ‘1’ indicates that one of the three joints on link-2 is a higher pair. For the 
same reasons, invariant for link-5 will also be B1.

Fig. 7b shows the rooted tree in which link labels have been substituted with 
link invariants. The next task is to obtain a unique string from the tree in Fig. 7b 
by reducing the rooted tree levels in a step-wise manner. This is illustrated in Fig. 8 
resulting in the string A(B1(A(A), B1), B1(A(A), B1)). An ordered set of five such 
strings, obtained by taking each of the five links as the root link will constitute the 
isomorphism index of the given CML. 

5 Results of Synthesis 

16 SJKCs, which is the complete collection of 8-link, 1-degree of freedom chains 
is considered in this study for enumeration of CMLs. The total number of links in 
such CMLs depends upon the count of higher pairs present in it. The count of higher 
pairs in CML equals the number of binary links that is converted into a cam pair in 
the SJKC. Thus, a CML with n higher pairs comprises of (N − n) number of links 
and (J − 2n) number of pin joints and will exhibit the same degrees of freedom as 
the original SJKC with N links. 

Table 1 lists the results of synthesis of CMLs generated from 8-link, 1-freedom 
SJKC. As may be seen, a total of 131 CMLs exhibiting one freedom are enumerated. 
38, 58, 35 CMLs having 1, 2, 3 higher pairs were synthesized. Sketches of only some 
of the CMLs derived from each of 16 SJKCs are listed in Table 2 for lack of space.
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Table 1 Collection of CMLs generated from 8-link, 1-DOF SJKCs 

SJKC Link assortments CLMs with n higher pairs No. of CMLs 

n = 1 n = 2 n = 3 
1 n3 = 4; n2 = 4 01 02 01 04 

2 n4 = 1; n3 = 2; n2 = 5 02 03 02 07 

3 n3 = 4; n2 = 4 02 03 02 07 

4 n4 = 2; n2 = 6 01 02 03 06 

5 n4 = 1; n3 = 2; n2 = 5 03 05 03 11 

6 n3 = 4; n2 = 4 01 02 – 03 

7 n4 = 1; n3 = 2; n2 = 5 04 06 05 15 

8 n3 = 4; n2 = 4 03 04 02 09 

9 n4 = 1; n3 = 2; n2 = 5 05 08 04 17 

10 n3 = 4; n2 = 4 01 02 02 05 

11 n4 = 2; n2 = 6 02 04 03 09 

12 n3 = 4; n2 = 4 04 05 02 11 

13 n3 = 4; n2 = 4 02 02 01 05 

14 n3 = 4; n2 = 4 01 01 - 02 

15 n3 = 4; n2 = 4 02 03 01 06 

16 n4 = 1; n3 = 2; n2 = 5 04 06 04 14 

Total CMLs 38 58 35 131
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6 Conclusions 

This research work considers systematic enumeration of CMLs from all the 16 vari-
ants of 8-link, 1-freedom SJKCs. The process entails successive identification and 
conversion of binary links in the SJKC into higher pairs. As the method requires 
comparison of CMLs generated from the same SJKC for possible duplication, and 
also since smaller number of CMLs were to be dealt with at any time for the category 
of CML under synthesis, the task of isomorphism detection is initially accomplished 
through visual inspection only. 131 CMLs containing 1, 2 and 3 higher pairs were 
generated and are presented in the form of sketches. 

The steps of CML synthesis and the isomorphism test for CMLs were implemented 
on a computer using Python program. The results generated from the program are 
found to be in complete agreement with the CMLs derived by the method of visual 
inspection and comparison. As the next steps, CMLs having even larger number of 
links may be attempted, and automatic sketching of CMLs may be tried. The sketches 
will serve as a powerful aid in the conceptual design stage of mechanism design. 
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Studying the Effects of Varying Link 
Lengths in Double Lambda Mechanism 
and Its Application to Rover Suspension 
Design 

Aniruddha Nayak, Vivek Gupte, and Pravin Singru 

Abstract Rocker-bogie suspensions are known to cause the bogie overturn problem, 
which greatly limits the traversable obstacle height and velocity. To counter this 
problem, use of linear motion suspension systems has been proposed. The double 
lambda rocker-bogie suspension is an example of one such system. However, in 
the double lambda rocker-bogie suspension, the ground clearance is limited due 
to presence of linkages. We study methods to improve ground clearance of this 
suspension system. Two different methods and their individual and combined effects 
on ground clearance as well as on the nature of the coupler curve of the modified 
mechanisms have been studied. 

Keywords Double lambda mechanism · Coupler curves · Rover suspension 

1 Introduction 

Rovers can have three, four [1], six wheels, or even eight wheels [2]. The suspension 
redistributes the normal reaction in the different wheels of the rover to prevent it 
from toppling [3]. 

The most commonly used suspension system is called the rocker-bogie suspen-
sion. It is a simple, yet proven six-wheel suspension system that is currently in use. 
The rocker-bogie has one significant drawback of bogie overturning [4], especially if 
it encounters an obstacle at high speeds. In the current exploration rovers, the travel 
velocity is very low so there the chances of this are less. But if rover is to be designed 
for high-speed applications, then rocker-bogie might cause problems.
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2 Literature Review 

An in-depth study on lambda mechanism as a rover suspension has not been already 
done. Barlas et al. have analysed different suspension systems and have pointed out 
the “bogie overturn problem” that persists in the rocker-bogie system [4]. The author 
has introduced the use of Chebyshev’s lambda mechanism in a suspension. The 
mechanism converts the circular motion of its crank to a quick return linear motion 
of the endpoint of its coupler. Two such mechanisms have been coupled together 
to replace the bogie in the rocker-bogie system. The lambda mechanism follows 
specific ratios for link lengths. The author has also identified the ground clearance 
of the system, a parameter which has been tried to be improved in this study. 

Miller et al. proposed an improvement on the rocker-bogie system to improve 
traversal speeds, by using eight wheels instead of six [2]. Barlas et al. have suggested 
that double lambda suspension can also be used for fast-paced operation in rovers 
[4]. Hence, the double lambda mechanism could be an improvement on rocker-bogie 
systems for fast speed operation at similar obstacle capacity. 

An example of the use of rocker double lambda bogie suspension is shown in a 
report by Ozdemir et al. [5]. They have developed a mobile robot for fast-paced rescue 
operations in rough terrains. The robot employs the use of rocker double lambda bogie 
suspension with a differential gear mechanism to connect the two rockers. According 
to the authors, after some design iterations, the suspension system could overcome 
the environmental and geographical obstacles. 

3 Problem Statement 

Instead of using a regular bogie, a Chebyshev’s lambda mechanism can be used in 
the bogie. The wheels of the bogie, in this case, can move with respect to each other 
and transfer normal reactions between each other. In this system, the bogie overturn 
problem is non-existent. 

In the case of Chebyshev’s lambda mechanism, the coupler curve is a curve traced 
by the endpoint of the coupler (end point of E) as the crank A is rotated around the 
joint (Fig. 1). The curve traced by the endpoint of the coupler consists of a near-
vertical line followed by a quick return curve that returns the coupler point to its 
starting location. In suspension systems, the mechanism is only used in the vertical 
region as the wheels go over obstacles. 

One drawback of double lambda suspension is the lack of ground clearance. The 
rocker-bogie systems can be designed to have larger ground clearance. However, 
because of the presence of linkages in the bogie of lambda bogie suspension, there 
is a limit to which the ground clearance can be increased. There are two main ways 
to increase ground clearance in the double lambda bogie for a particular set of link 
lengths:
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(a) It can be changed by altering the angle “τ” (Fig. 2). 
(b) Ground clearance can be increased by changing link lengths. 

Earlier studies [4, 5] have already suggested the first method, however, its impli-
cations on factors such as range of motion (ROM) and width of the resulting bogie 
width have not been studied. 

In the second method, the effect of changing certain individual link lengths to get 
increased ground clearance is investigated. In Chebyshev’s lambda mechanism, the 
linear motion and verticality of the coupler point are lost, if the prescribed ratios are 
not followed. 

The second method might seem detrimental. However, if the increase in ground 
clearance is important, some compromises in the ideal lambda mechanism might be 
considered. The aim is to understand which link lengths, if any, are safer to alter than 
others, and how much of an adverse effect is to be expect so that the system can be 
designed to handle it. 

4 Objectives 

• Study the method of changing τ to increase the ground clearance of double lambda 
mechanism. 

• Study effect of changing link lengths on ground clearance. 
• Study combined effect of both the methods on ground clearance. 
• Study implications changing link lengths on nature of the coupler curve. 

5 Methodology 

In this study, the uppermost link in the bogie is the crank (A). Moving along the 
clockwise direction, the next link is the coupler (BE), rocker (C), and frame (D). The 
length E is the coupler extension (Fig. 1). The near-linear quick return coupler curve 
characteristic of Chebyshev’s lambda mechanism is traced by the coupler point at 
the end of E. In the following analysis, first a set of link lengths for Chebyshev’s 
lambda mechanism, assuming different values for crank length was calculated. The 
following relations were used to obtain the link lengths [4]: 

A = crank length, D = f ∗ A 
where 1.55 ≤ f ≤ 3.0, B = 0.5(3 ∗ D − A) 

(In the lambda mechanism B = C = E) (1) 

For the analysis, four different crank lengths (A) were considered, to study the scal-
ability of the results. The remaining link lengths were calculated using four different 
values of factors (f ). The modified configurations were obtained by increasing the
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link lengths of each configuration, one at a time. The lengths were increased by 
increments of 5% up to 25% total increment. For each configuration, there were 30 
variations with 6 cases (0% to 25%) for each link length and a total of five-link 
lengths (A, B, C, D, E). Considering all 16 configurations, there were a total of 480 
unique cases. Using these 480 cases, coupler curves were plotted for each mechanism 
using MATLAB [6]. 

The coordinates of the coupler point for the Lambda mechanism are given by the 
equations: 

X =
(
E 

B

)
∗ [C ∗ cos(α) − A ∗ cos(θ )] +  C ∗ cos(α) (2a) 

Y =
(
E 

B

)
[C ∗ sin(α) − A ∗ sin(θ ) − D] +  C ∗ sin(α) (2b) 

The crank angle θ is varied and α is obtained from trigonometric relations to get 
the values of X and Y to get the coupler curve. 

Increasing link lengths led to certain combinations where a closed geometry did 
not exist for some values of “τ ”. In some cases, the cranks interfered with each 
other throughout the working range. Using such link lengths in rover suspension is 
impractical. Henceforth, these impractical cases are referred to as “infeasibilities”. 

To calculate ground clearance, the vertical distance between the origins in Fig. 1 
to the coupler point, when both wheels of the bogie are horizontal to each other 
was considered. The variation of ground clearance was checked in the case of 25% 
increase of link lengths (80 values). Also, τ was varied from 140° to 170° in incre-
ments of 5°, to check for effects of increasing τ , as well as combined effects of the 
variations on ground clearance. The values for ground clearance were calculated 
graphically, using SOLIDWORKS 2020 [7]. 

6 Results and Discussion 

For the analysis, the ground clearance and horizontal deviation of the coupler point 
were studied. First, the impact of change of τ and f on ground clearance in the stock 
double lambda mechanism was studied. 

To make a comparison, the GC for the configuration with τ = 140° and f = 
1.55 was considered as reference. From the Fig. 3, it can be observed that for any 
given f increasing from 140° to 170° ground clearance increases. At a particular, τ 
increasing the factor value from 1.55 to 3.00 increases the ground clearance. It is 
seen from Fig. 3 that increasing τ is beneficial. However, increasing has an unwanted 
effect on a range of motion. Range of motion is not in the scope of this paper, but 
we have done an extensive study in which the effects were noted. 

It is observed that increasing f increases the sensitivity of the effects of link 
length changes on mechanism feasibility. It was observed that link length C is the
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most sensitive to length changes. In the figures, the points where the mechanism 
becomes infeasible have been neglected. 

Figure 4 shows the percentage change in ground clearance with respect to the 
respective ideal values for each of the four f values. From the graphs, it can be 
observed that the link length E has the best results showing a maximum increase in 
ground clearance, and link length C has the worst impact in all cases. Same results 
in percentage change were obtained for other crank length values for each f . 

For any given configuration, the coupler curves formed by one lambda mechanism 
by varying one particular link were plotted on one graph, and this showed the trend 
in which the coupler curve deforms. The coupler curves of the default variation have 
been compared to that of the 25% increased variation to get the deviation. 

From the Fig. 5, it can see that link length C has the worst impact on the coupler 
curve, followed by link length B. The link length E and A have the least impact on the 
nature of the coupler curve and would almost retain the verticality and linearity of 
the coupler curve. It was observed that the percentage deflection values were exactly 
the same for all the crank lengths considered, proving that the results are scalable 
and uniform. 

7 Conclusion 

Two methods to improve ground clearance of a double lambda bogie suspension 
system were studied. Both the methods to increase ground clearance are effective, 
even more so when used together. 

Changing the length of link E is most beneficial as it has the least effect on the 
linearity and ROM. It provides the greatest increase in ground clearance. Changing 
link length C is not advisable as it has the largest decrease in linearity, reduction 
in ROM, leads to the formation of infeasible geometries, and causes a decrease in 
ground clearance. Changing link lengths increases the width of the bogie and has 
implications in normal reaction distribution on wheels, and on the climbing and 
descending capabilities. The effect of changing bogie width needs further research. 

The effects of changing multiple links at a time could provide more increase in 
ground clearance at minimum deviation from the ideal mechanism. This aspect needs 
to be further studied in depth. Different optimisation algorithms can be designed and 
implemented to get better results. 

Appendix 

See Figs. 1, 2, 3, 4, and 5.
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Fig. 1 Chebychev’s lambda mechanism with its coupler curve 

Fig. 2 Double lambda bogie
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Fig. 3 Percentage change in ground clearance for stock configurations versus τ for different f 

a. f = 1.55 b. f = 2.05 

c. f = 2.55                                                           d. f = 3.0 

Fig. 4 Percentage change in ground clearance for varied link lengths versus τ for different f
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Fig. 5 Horizontal deflection in coupler curve for varied link lengths versus f 
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Positional Error Estimation of Five-Bar 
Mechanism Under the Influence 
of Tolerances 

Darren Alton Dsouza, Ankur Jaiswal, and H. P. Jawale 

Abstract This paper presents an analysis of positional error in a five-bar planar 
mechanism operated with variable link tolerances. As part of this research, a new 
method is developed to analyze the effect of link tolerance on the end effector’s 
positioning. The proposed method’s results are validated by comparing the graphical 
methods and CAD Model Simulation. The forward and inverse kinematics of the 
five-bar mechanism are analyzed for ten different positions in the first quadrant. The 
permutations and combinations of tolerances on the positioning errors are studied, 
and the maximum error is sought. An effort is made to compensate it. 

Keywords Link tolerance · Positional error · Geometrical approach · Graphical 
approach · Forward and inverse kinematics 

Abbreviations 

θ 2 and θ 5 Input angles driven by actuators 
θ 2 and θ 3 Passive angles 
l1, l2, l3, l4, l5 Link Lengths 
XP X Coordinate position of end effector 
YP Y Coordinate position of end effector 
lBE, lBD, lAC, lOC Construction lines drawn for calculation purposes 
ϕi, β i Interior angles 
lt1, lt2, lt3, lt4, lt5 Link lengths with tolerance
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1 Introduction 

Robotic manipulators are commonly used to place objects or tools where needed. 
As manipulators, several applications use closed-chain mechanisms with planar 
and spatial configurations. Closed-chain kinematic manipulators are of interest to 
researchers due to their high pay load, enhanced rigidity, improved precision, accu-
racy, reduced drive torque, and quicker actuation [1–6]. The closed-chain five-bar 
mechanism is one such mechanism that may be utilized as a planar manipulator in a 
specific workspace (Fig. 1). A coupler point P on one of the connected links serves 
as an end effector. 

The planar five-bar mechanism is synthesised for function generation, path gener-
ation, and rigid body guidance. From simple machine linkages to complex biomedical 
equipment, assembly, and robot industries, the five-bar mechanism has a wide range 
of applications. The configuration is primarily employed as a planar mechanism. 
Many complex mechanisms can be studied using a five-link chain as a primitive 
configuration. 

For the desired task, the performance of the mechanism is crucial. In general, 
performance is assessed by the deviation of the rigid body being directed from its 
desired position and orientation [7–10]. A performance deviation is the result of 
actual configuration compared to ideal. Both cumulative and random factors have 
an impact on performance of a mechanism. Some of the factors influencing the 
deviation are joint clearances, finite stiffness for link materials, backlash, assembly 
defects, link dimension tolerances, and structural constraints [11–18]. The presence 
of link tolerance or joint clearance affects a mechanisms positional accuracy. Many 
researchers have considered these issues in the context of performance evaluation 
[19–25]. 

Position accuracy, or the ability to reach the desired position, is described in terms 
of error, which is defined as a deviation from the desired position. It is a critical crite-
rion for assessing the effectiveness of closed-loop mechanisms. The accuracy of a

Fig. 1 Forward kinematics 
of five-bar mechanism
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mechanism is determined by a variety of factors related to drives, links, and joints. 
Drive-related variations can be ascribed to transmission finite stiffness, resolution, 
and backlash [26]. Drive stiffness and torque, external loads, self-weight, and iner-
tial load on links will all influence the manipulator’s positional accuracy as a result 
of drive stiffness. The resolution of the drive causes a structural error that can be 
mitigated using the appropriate drive. With the right drive selection and control 
programming, deviations due to the stiffness and resolution of the drive can be mini-
mized well in advance. Other sources of position error include the properties of 
the link such as dimensional tolerances, deviations, and extensions. Manufacturing 
tolerances are an unavoidable part of the process. Link tolerance causes a deviation 
in position and orientation. Many researchers address the impact of dimensional 
tolerances on mechanical error in mechanisms when modelling, synthesizing, and 
analyzing them [27–32]. A configuration’s positional accuracy can be a mix of cumu-
lative and random errors. Random error is outside the purview of calibration and 
compensation, whereas the cumulative contribution estimated during calibration can 
be corrected. Therefore, it is essential to estimate the maximum possible inaccuracy 
and comparative performance of a configuration during the design phase under the 
influence of random error sources [33].

The path generation of four-bar linkage is analyzed using Taguchi method (TM) 
and the random coordinate search algorithm (RCA). The result obtained is compared 
to previous works on the same evolutionary algorithm problem [34]. The wavelet 
analysis approach is used to calculate the actual sizes of a planar four-bar and five-
bar mechanism for path synthesis problems [35, 36]. The geometrical approach is 
used to formuate the forward and inverse kinematics of novel 6-DOF spatial five-bar 
linkage, namely SUUUS linkage using closed-loop equations is presented. Motion 
control, workspace, stiffness and dynamics analysis of the mechanism was analyzed 
[37]. 

The work presented in this article is organized as follows: the description of the 
mechanisms, i.e., deduction of forward and inverse kinematics of the mechanism, 
verification of graphical and geometrical approach in Sect. 2. Effect of link-tolerance 
on the ideal five-bar mechanism is studied in Sect. 3. Error compensation of angles 
driven by actuator (input angles) is presented in Sect. 4. Finally, the conclusions are 
presented in Sect. 5. 

2 Kinematic Synthesis 

2.1 Forward Kinematics 

In this approach, simple equations are created using many geometric relationships 
among the variables in the manner, as shown in Fig 1. Geometric analysis is performed 
to validate the results of graphical analysis. The relations are used to convert the base 
joint angles θ 2 and θ 5 into tip coordinates, X and Y.
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The interior lengths, lBE and lBD, are computed from the law of cosine. The interior 
joint angles, ϕi, are all determined using the law of cosines or simple geometric 
relationships. The internal joint angles are then used to determine the angles θ 2 and 
θ 3. Finally, the end effector’s position is obtained by summing the vectors from the 
origin to the tip. 

Applying cosine law to determine θ 3 and θ 4 

cos φ1 =
⌈
l2 1 + l2 BE − l2 2 

2l1 · lBE
⎤

(1) 

l2 BE = l2 1 + l2 2 − 2l1l2 cos θ2 (2) 

cos φ2 =
⌈
l2 2 + l2 BE − l2 1 

2l2lBE

⎤
(3) 

φ3 = 180 − (θ5 + φ1) (4) 

cos φ4 =
⌈
l2 BD + l2 BE − l2 5 

2lBDlBE

⎤
(5) 

l2 BD = L2 
5 + L2 

BE − 2l5lBE cos φ3 (6) 

cos φ5 =
⌈
l2 5 + l2 BD − l2 BE 

2lBDl5

⎤
(7) 

cos φ6 =
⌈
l2 4 + l2 BD − l2 3 

2lBDl5

⎤
(8) 

θ3 = cos−1

⌈
l2 3 + l2 BD − l2 4 

2lBDl3

⎤
+ ∂1 (9) 

∂1 = 180 − (θ2 + φ4 + φ2) (10) 

θ3 = 360 ± (∂2 + φ5 + φ6) (11) 

∂2 = 180 − θ5 (12) 

X P = l2Cθ2 + l3Cθ3 = l4 cos θ4 + l5 cos θ5 + l1 (13) 

YP = l2sθ2 + l3sθ3 = l4 sin θ4 + l5 sin θ5 (14)
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2.2 Inverse Kinematics 

The position of the end effector P in the Cartesian coordinated system is given in 
terms of X and Y in this technique, from which the input angles θ 2 and θ 5 are calcu-
lated. Figure 2 depicts the important variables for the inverse kinematic formulation. 
Internal lengths, lAC, lEC, and lOC, are calculated as the distance between the tip and 
the equivalent places on the base. The internal angles β i are calculated using the law 
of cosines. Finally, the internal angles are used to determine the base joint angles. 
The algorithm is depicted below. 

lOC = YP (15) 

l0A = XC (16) 

lAC =
√
X p2 + yp2 (17) 

lEC = 
/
l2 0E + Y 2 p (18) 

lOE = lOA − lAE =
(
X p − l1

)
(19) 

lEC =
/(

X p − l1
)2 + Y 2 p (20) 

θ2 = β1 + β2 (21) 

Fig. 2 Inverse kinematics
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cos β1 =
⌈
X2 

p + l2 AC − Y 2 p 
2lAC X p

⎤
(22) 

cos β2 =
⌈
l2 2 + l2 AC − l2 3 

2lACl2

⎤
(23) 

cos β3 =
⌈
l2 1 + l2 EC − l2 AC 

2lACl1

⎤
(24) 

cos β4 =
⌈
l2 5 + l2 EC − l2 4 

2lECl5

⎤
(25) 

θ5 = 180 − (β3 ± β4) (26) 

3 Case Study 

The effect of link proportions on the behavior of the 5R mechanism is significant 
for generality when using the formulation presented in the preceding sections. The 
initial 5R configuration is designed, with link proportions stated in terms of link 
length l1. In this paper, the effect of tolerance on links of a five-bar mechanism 
was performed and analyzed. Given the constant link lengths (l1 = 35 mm, l2 = 
100 mm, l3 = 100 mm, l4 = 70 mm, l5 = 70 mm), experimentation was done over 
a variety of combination of tolerances on each link length (2430 combinations), and 
the maximum positional error was obtained. 

4 Validation Using CAD Model Approach 

The estimations from the geometrical approach are carried out as the equations 
given in the above sections. The one of the estimations is presented below for 5R 
mechanisms, for given link proportions at position P5, and tolerance of 0.1 (100 
micron) in Fig. 3a, b. The corresponding values are given in Table 1, showing the 
conformance of the geometrical approach. The same is also found using graphical 
approach with 2D drafting tool. The graphical estimation plotted with and without 
tolerances is shown in finger geometrical Fig. 3a and b. Estimates correspond to three 
decimal places.
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Fig. 3 a, b Graphical or 
CAD model approach 

(a) Without Tolerance (Position P5) 

(b) With Tolerance (Position P5) 

Table 1 Comparison of results using geometrical and CAD model approach 

Input angles Geometrical 
approach 

CAD model Graphical error 

Position θ 2 θ 5 P1x P1y P1x P1y 

P1 45 40.52 141.440 0.000 141.420 0.000 0.02 

P2 55 −35 133.172 16.707 133.170 16.710 0.004 

P3 65 −25 125.377 35.027 125.380 35.030 0.004 

P4 75 −15 114.789 50.816 114.790 50.820 0.004 

P5 85 −5 102.099 63.850 102.100 63.850 0.001 

P6 95 5 87.963 74.062 87.960 74.060 0.004 

P7 105 15 72.978 81.534 72.980 81.530 0.004 

P8 115 25 57.652 86.471 57.650 86.470 0.002 

P9 137.4 101.42 0.000 135.347 0.000 135.350 0.003
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5 Results and Discussion 

5.1 Effect of Link Tolerance on Five-Bar Mechanism 

Tolerance ranges taken were from 10 to 100 microns; nine different positions were 
analyzed graphically as well as geometrically to study the maximum positional error 
in each case (P1–P9). Table 2 depicts the data of the influence of link tolerance 
on a five bar mechanism. A noticeable trend was evident; the maximum positional 
error was the highest for a given position when the tolerance on the given links were 
maximum as depicted through Fig. 4. Figure 5 shows the increase in positional error 
with the increase in tolerance for a given position. 

The 3D surface plot of position, tolerance, and maximum positional error Fig. 6 
was plotted and satisfied the result of the comparison done on maximum positional
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Table 2 Maximum positional error versus tolerances 

Maximum positional error 

Tolerance/Position P1 P2 P3 P4 P5 P6 P7 P8 P9 

0.01 0.022 0.02 0.02 0.02 0.022 0.026 0.031 0.036 0.032 

0.02 0.044 0.04 0.04 0.041 0.044 0.053 0.063 0.073 0.064 

0.03 0.067 0.06 0.061 0.062 0.066 0.08 0.095 0.11 0.096 

0.04 0.089 0.08 0.081 0.083 0.088 0.107 0.127 0.147 0.129 

0.05 0.111 0.101 0.102 0.104 0.11 0.134 0.159 0.185 0.161 

0.06 0.134 0.121 0.122 0.125 0.133 0.161 0.191 0.222 0.193 

0.07 0.156 0.141 0.142 0.146 0.155 0.188 0.223 0.259 0.225 

0.08 0.179 0.161 0.163 0.167 0.177 0.215 0.256 0.296 0.258 

0.09 0.201 0.182 0.183 0.187 0.2 0.242 0.288 0.334 0.29 

0.1 0.224 0.202 0.204 0.208 0.222 0.269 0.32 0.371 0.322 

error of each position, given the tolerance changes. It was observed through the plot 
that the positional error increased with the increase in tolerance of link length for 
each position as well as the dip in positional error for extreme points P1 and P9 was 
depicted.

Magnification factor is defined as the ratio of the maximum positional error to the 
tolerance of the link 

Magnification Factor = Maximum Positional Error 

Tolerance of Link 

Table 3 shows that the magnification factor obtained is a constant value for a given 
position verified through Fig. 7. The maximum magnification factor was observed 
in position P8 which has the maximum positional error for given tolerances Fig. 8. 
Magnification factor versus tolerance was also studied and depicted through Fig. 9. 
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Table 3 Magnification factor for given tolerances 

Magnification factor 

Tolerance/Position P1 P2 P3 P4 P5 P6 P7 P8 P9 

0.01 2.200 2.000 2.000 2.000 2.200 2.600 3.100 3.600 3.200 

0.02 2.200 2.000 2.000 2.05 2.200 2.650 3.150 3.650 3.200 

0.03 2.233 2.000 2.033 2.067 2.200 2.667 3.167 3.667 3.200 

0.04 2.225 2.000 2.025 2.075 2.200 2.675 3.175 3.675 3.225 

0.05 2.220 2.020 2.040 2.080 2.200 2.680 3.180 3.700 3.220 

0.06 2.233 2.017 2.033 2.083 2.217 2.683 3.183 3.700 3.217 

0.07 2.229 2.014 2.029 2.086 2.214 2.686 3.186 3.700 3.214 

0.08 2.238 2.013 2.038 2.088 2.213 2.688 3.200 3.700 3.225 

0.09 2.233 2.022 2.033 2.078 2.222 2.689 3.200 3.711 3.222 

0.1 2.240 2.020 2.040 2.080 2.220 2.690 3.200 3.710 3.220 
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Fig. 7 Magnification factor versus tolerance 
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Fig. 9 3D surface plot of position, tolerance, and magnification factor 

The maximum positional error of each position grows as the amount of tolerance 
in the link lengths increases. The greatest positional error obtained was P8, when 
there was a tolerance of 100 micron given to it. Magnification factor obtained for a 
given position was a constant. 

5.2 Error Compensation 

For the given mechanism, error compensation is done using inverse kinematics 
(Fig. 2) by calculating the input angles at maximum error position. Tables 4 and 
5 show the error compensation necessary for each position for the given tolerance so 
that we obtain the original value of tip coordinates XP and YP without any tolerances. 

Table 4 Error compensation for input angle θ 1 
Error compensation in input angle (θ 1) 
Tol./Pos P1 P2 P3 P4 P5 P6 P7 P8 P9 

0.01 0.008 0.107 0.017 0.033 0.009 0.007 0.002 0.024 0.02 

0.02 0.008 0.107 0.017 0.106 0.009 0.025 0.002 0.043 0.02 

0.03 0.008 0.107 0.017 0.106 0.009 0.007 0.002 0.024 0.037 

0.04 0.008 0.107 0.092 0.033 0.009 0.063 0.071 0.024 0.037 

0.05 0.008 0.03 0.092 0.033 0.009 0.007 0.071 0.024 0 

0.06 0.008 0.03 0.017 0.106 0.063 0.063 0.071 0.024 0 

0.07 0.008 0.185 0.092 0.033 0.063 0.063 0.071 0.091 0 

0.08 0.008 0.03 0.058 0.106 0.063 0.063 0.066 0.091 0.094 

0.09 0.008 0.03 0.092 0.106 0.063 0.063 0.071 0.091 0.057 

0.1 0.008 0.185 0.092 0.106 0.009 0.063 0.071 0.091 0.057
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Table 5 Error compensation for input angle θ 4 
Error compensation in input angle (θ 4) 
Tol./Pos P1 P2 P3 P4 P5 P6 P7 P8 P9 

0.01 0.035 0.085 0.04 0.073 0.009 0.05 0.055 0.013 0.567 

0.02 0.035 0.003 0.12 0.005 0.007 0.025 0.055 0.002 0.554 

0.03 0.035 0.003 0.12 0.005 0.016 0.05 0.01 0.013 0.554 

0.04 0.035 0.085 0.04 0.034 0.009 0.05 0.01 0.087 0.554 

0.05 0.035 0.003 0.04 0.034 0.009 0.02 0.094 0.087 0.567 

0.06 0.035 0.003 0.012 0.005 0.009 0.055 0.094 0.087 0.626 

0.07 0.035 0.166 0.039 0.044 0.085 0.055 0.094 0.087 1.441 

0.08 0.035 0.003 0.199 0.005 0.085 0.055 0.067 0.161 3.175 

0.09 0.035 0.079 0.039 0.082 0.085 0.055 0.169 0.161 1.441 

0.1 0.035 0.166 0.039 0.082 0.009 0.13 0.169 0.161 1.441 

The maximum error compensation required increases as the tolerance limit of 
the link increases. At a tolerance of 0.08 micron, the greatest compensation angle 
obtained was 3.175° for P9. 

6 Conclusions 

This work provided a mechanism for estimating the maximum position error, consid-
ering the impact of tolerances on the dimensions of the link. The error is indicated in 
relation to a set of variations in inputs and tolerances. It was investigated how toler-
ance affects the individual length of the link. For accurate position error estimation, 
a simple geometric technique is provided. 

Based on this study’s findings, the following significant conclusions may be 
drawn: 

1. The mechanical error is proportional to the tolerance size on individual links and 
the location of the coupling in any specified input position. 

2. Changes in tolerance only result in a change in the error sign, not the magnitude 
of the error. 

3. The compensation angles necessary to restore the original position without toler-
ances may be calculated using the exact tolerance in each individual link as well 
as the maximum positional error.
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Parametric Sensitivity Analysis 
of Structure Stability: Mathematical 
Formulation and Analysis 

Pranay A. Meka, Harshad Rokhade, Kiran Kumar Mannur, 
Sangamesh Giramalla Ganiger, and C. V. Chandrashekara 

Abstract The present work is on the study of variation in stability region of the beam 
structure by varying the material, thickness and length. The determined variation in 
the stability region provides a tool to design engineer in selecting suitable material 
and size of the beam for a given loading conditions, in establishing stability for 
the structure. The Bolotin’s approach is used to obtain the stability region of the 
beam. The stability regions are determined analytically using finite element approach. 
Parametric sensitivity analysis is carried out with different materials, thickness and 
lengths of a beam. A significant variation in the trend of stability region is observed 
and reported. 

Keywords Beams · Dynamic stability · Parametric load · Stability region ·
Bolotin’s approach 

1 Introduction 

Dynamic stability of structures is one of the important design criteria in the process 
of structural design and an indicator of a structural performance. A system with 
unstable characteristics leads to an increase in response level, resulting in the failure 
of the system. The structure is designed to exhibit a stable behaviour during working 
environment and bound by certain limits. The process of designing a structure is to 
avoid the system unstable behaviour by either varying the loading conditions or by 
varying the stability region of the system. Varying the loading condition is not feasible 
in most of the cases, as it is application demanded. Hence, varying the stability region 
of the system to suit the application plays an important role in designing. 

Bolotin [1] authored a textbook summarizing the extensive research work initially 
carried out by Russian and German researchers, as an English translated version.
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He brought in a step-by-step mathematical procedure to carry out the structural 
stability analysis. Stability of a structure is determined using the equation of motion 
expressed in the form of Mathieu-Hill equation in finite element approach for more 
precise results. Brown et al. [2] carried out a stability analysis of structures using 
finite element approach. The dynamic characteristics are used to obtain the stability 
regions of the system. Reddy [3] presented a detailed formulations to obtain dynamic 
characteristics and developed equation of motion of the beam using finite element 
method. Majorana [4, 5] developed a finite element mathematical model and obtained 
stability region of simply supported beam. The Bolotin’s formulations are used with 
finite element method to obtain the boundary frequency equations from equation 
of motion. Kolukula [6] validated the stability regions by obtaining the response of 
the system at particular loading conditions, thus validating the formulations used to 
obtain the stability region of the system. 

The present work reports the study of variation in stability region of a beam 
structure by varying the material, thickness and length. The determined variation in 
the stability region provides a tool to design engineer in selecting suitable material 
and size of the beam for a given loading conditions, in establishing stability for 
the structure. Parametric sensitivity analysis is carried out with different materials, 
thickness and lengths of a beam. Section 2 details the formulations used to obtain 
the stability region of the simply supported beam. Section 3 presents the variation in 
stability region with varying material, thickness and length of the beam. A significant 
variation in the trend of stability region is observed and are reported. 

2 Stability Analysis 

A beam of length L, breadth b and thickness t, with density ρ and Young’s modulus 
E, is considered for the mathematical formulations. The beam is pinned at both the 
ends constraining the transverse degree of freedom at two end nodes of the beam. An 
external axial dynamic load P(t) is applied along the axis of the column (see Fig. 1). 

The axial dynamic load P(t) is given  by,  

P(t) = Ps + Pdcosωt (1) 

where 

Ps Static load component in N 
Pd Dynamic load component in N 
ω External excitation frequency in rad/s. 

The governing equation of motion of the system is given by, 

M q̈ + Kq  − P(t)Ksq = 0 (2)
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Fig. 1 Beam considered 
b 

t 

P(t) 

L 

where M, K and Ks are the global mass, stiffness and geometric stiffness matrices 
of the beam and q is the displacement vector. The boundary frequency equation is 
obtained using Bolotin’s approach [5] and is given by, 

ω = 2
/(

M−1K
)(

1 ± 1 
2

(
Pd K −1Ks

))
(3) 

The stability region is obtained using the boundary frequency equation. The region 
in between the boundary frequency curves gives the various possible combination 
of dynamic load component Pd and external excitation frequency ω that tends the 
system to show unstable behaviour. 

3 Result and Discussion 

Parametric sensitivity analysis for the stability region of the beam is carried out by 
considering length and thickness of the beam, with two different engineering mate-
rials, viz. Aluminium 6082 and structural steel S275N. Table 1 shows the material 
properties of the materials considered. 

Total 16 cases are reported here with first eight cases referring to varying thickness 
from 0.004 m to 0.007 m with an increment of 0.001 m, while length of the beam 
being 1 m. Next, eight cases are referring to varying length from 0.7 to 1 m with an 
increment of 0.1 m, while the thickness of the beam being 0.004 m. For all 16 cases, 
breadth of the beam is kept constant at 0.03 m. Among 16 cases, first 4 cases and
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Table 1 Material properties Property Material 

Aluminium 6082 Structural steel 
S275N 

Density, ρ (kg/m3) 2700 7850 

Young’s modulus, 
E (N/m2) 

70 × 109 2.1 × 1011 

Poisson’s ratio 0.3300 0.3046 

cases from 9 to 12 refer to beam material Aluminium 6082, and cases 5 to 8 and 
cases 13–16 are referring to beam material structural steel S275N. 

The variation in stability region of the beams for different cases are reported in 
Sects. 3.1 and 3.2. Section 3.1 focuses on varying thickness cases and Sect. 3.2 
reports cases for varying length. 

3.1 Varying Thickness 

The beam is discretized in to 20 elements, and natural frequencies and critical buck-
ling loads of the beam with Aluminium 6082 material are calculated and are tabulated 
in Table 2, for cases 1 to 4. 

Similarly, the estimated natural frequencies and critical buckling loads for the 
beam with structural steel S275N material are given in Table 3, for cases 5 to 8. 

Using boundary frequency equation, Eq. (3), the stability regions of Aluminium 
6082 beam with different thickness values are generated, in MATLAB environment. 
The excitation frequency ω is considered along x-axis and dynamic load component 
Pd along y-axis (see Fig. 2). 

Table 2 Natural frequencies and critical buckling loads for cases 1 to 4 

Mode Natural frequencies (rad/s) 

Case 1 
(t = 0.004 m) 

Case 2 
(t = 0.005 m) 

Case 3 
(t = 0.006 m) 

Case 4 
(t = 0.007 m) 

1 58.04 72.55 87.06 101.58 

2 233.03 291.28 349.54 407.80 

3 531.79 664.74 797.69 930.64 

4 1030.50 1288.12 1545.75 1803.37 

5 1637.97 2047.46 2456.96 2866.45 

6 2590.24 3237.80 3885.36 4532.92 

Critical buckling load, Pcr (N) 

110.60 216.01 373.26 592.73
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Table 3 Natural frequencies and critical buckling loads for cases 5 to 8 

Mode Natural frequencies (rad/s) 

Case 5 (t = 0.004 m) Case 6 (t = 0.005 m) Case 7 (t = 0.006 m) Case 8 (t = 0.007 m) 

1 58.96 73.70 88.44 103.18 

2 236.71 295.89 355.06 414.24 

3 540.19 675.24 810.29 945.34 

4 1046.78 1308.47 1570.17 1831.86 

5 1663.85 2079.81 2495.77 2911.74 

6 2631.16 3288.95 3946.75 4604.54 

Critical buckling load, Pcr (N) 

331.79 648.02 1119.79 1778.18 

Fig. 2 Stability region of Aluminium 6082 beam with different thickness 

Similarly, the stability regions of structural steel S275N beam with different thick-
ness values are generated with excitation frequency ω along x-axis and dynamic load 
component Pd along y-axis (see Fig. 3). 

In both the plots (see Figs. 2 and 3), it noticed that there is a considerable shift 
in the entire stability region towards right as the thickness of the beam increases. It 
is obvious due to the reason, as the thickness of the beam increases, the stiffness of 
the beam increases and is in turn increase in the natural frequency of the system. 
Further, a comparison of stability regions with varying thickness of beam is generated, 
considering the ratio of excitation frequency ω and the first natural frequency ω1 of 
the beam along x-axis and dynamic load component Pd along y-axis. The stability
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Fig. 3 Stability region of structural steel S275N beam with different thickness 

regions of Aluminium 6082 beams of cases 1 to 4 are overlapped in a single graph 
(see Fig. 4). 

Similar way, overlapped the stability regions of structural steel S275N beams of 
cases 5 to 8 are obtained for different thickness on a single graph (see Fig. 5). 

It is noticed in the comparative stability region plot that as the thickness of the 
beam increases, the span of unstable region reduces, giving a scope for designer to 
select the suitable dimensions, to meet the stability criteria. The rate at which the 
unstable region reduction is much faster as the thickness of the beam increases. The 
variation in the stability region of the beams with different lengths is reported in 
Sect. 3.2. 

3.2 Varying Length 

The beam is discretized into 20 elements, and the natural frequencies and critical 
buckling loads of Aluminium 6082 are obtained analytically using MATLAB and 
are given in Table 4, for cases 9 to 12. 

Similar way, the natural frequencies and critical buckling loads of structural steel 
S275N beams considering cases 14 to 16 are given in Table 5. In both the cases, 
thickness and width of the beam are unchanged. 

The stability regions of Aluminium 6082 beam with different lengths as indicated 
in cases 9 to 12 are plotted with excitation frequency ω along the x-axis and dynamic 
load component Pd along y-axis (see Fig. 6).
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Fig. 4 Comparative stability region of Aluminium 6082 beam of different thickness 

Fig. 5 Comparative stability region of structural steel S275N beam of different thickness
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Table 4 Natural frequencies and critical buckling loads of Aluminium 6082 beam of different 
lengths [b = 0.03 m and t = 0.004 m] 

Mode Natural frequencies (rad/s) 

Case 9 (L = 0.7 m) Case 10 (L = 0.8 m) Case 11 (L = 0.9 m) Case 12 (L = 1.0 m) 

1 118.45 90.69 71.66 58.04 

2 475.57 364.11 287.69 233.03 

3 1085.29 830.93 656.53 531.79 

4 2103.06 1610.15 1272.22 1030.50 

5 3342.80 2559.33 2022.19 1637.97 

6 5286.21 4047.25 3197.83 2590.24 

Critical buckling load, Pcr (N) 

225.71 172.81 136.54 110.60 

Table 5 Natural frequencies and critical buckling loads of structural steel S275N beam of different 
lengths [b = 0.03 m and t = 0.004 m] 

Mode Natural frequencies (rad/s) 

Case 13 (L = 0.7 m) Case 14 (L = 0.8 m) Case 15 (L = 0.9 m) Case 16 (L = 1.0 m) 

1 120.33 92.12 72.79 58.96 

2 483.08 369.86 292.23 236.71 

3 1102.44 844.05 666.91 540.19 

4 2136.28 1635.59 1292.32 1046.78 

5 3395.61 2599.77 2054.14 1663.85 

6 5369.72 4111.19 3248.35 2631.16 

Critical buckling load, Pcr (N) 

677.12 518.42 409.62 331.79 

Similarly, the stability regions of structural steel S275N beam with different 
lengths are plotted with excitation frequency ω along x-axis and dynamic load 
component Pd along y-axis (see Fig. 7), for cases 13 to 16. 

In both the plots (see Figs. 6 and 7), it is noticed that there is a shift in the stability 
region towards left, i.e. towards lower excitation frequency region as the length of the 
beam increases. This is due to the reason that decrease in the natural frequency of the 
system. The comparison of stability regions with varying length for both the material 
of the beam is generated. The overlapped stability region is plotted considering the 
ratio of excitation frequency ω and first natural frequency ω1 of the beam along x-axis 
and dynamic load component Pd along y-axis. The stability regions of Aluminium 
6082 beams of cases 9 to 12 are plotted on a single graph (see Fig. 8). 

Similarly, overlapped stability regions plot for structural steel S275N beams with 
dimensions indicated in cases 13 to 16 are plotted on the same graph (see Fig. 9). 

It is noticed that as the length of the beam increases, the span of unstable region 
increases. Shorter beam length has more scope for stability region for the structure.
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Fig. 6 Stability region of Aluminium 6082 beam of different lengths corresponding to first natural 
frequency 

Fig. 7 Stability region of structural steel S275N beam of different lengths corresponding to first 
natural frequency
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Fig. 8 Stability region of Aluminium 6082 beam of different lengths corresponding to first natural 
frequency (pd vs ω/ω1) 

Fig. 9 Stability region of structural steel S275N beam of different lengths corresponding to first 
natural frequency (pd vs ω/ω1)
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Fig. 10 Stability regions of beams of cases 9 and 13 corresponding to first natural frequency 

With the available data/plots, the stability region of Aluminium 6082 and structural 
steel S275N beams with same geometrical parameters as mentioned in cases 9 and 
13, respectively, is plotted on a same graph (see Fig. 10).

It is noticed that the structural steel S275N exhibits a lesser unstable region 
compared to Aluminium 6082, with same dimensions, for same magnitude of 
dynamic load conditions. 

4 Conclusion 

Successfully, parametric sensitivity analysis for stability region of two different engi-
neering materials is carried out. A significant shift in the stability region and its span 
is noticed as the change in the thickness and length of the structure independently 
changed. Overlapped stability region graph for both varying thickness and length of 
the beam is reported, and scope for the selection of dimension to meet the stability 
criteria is indicated. Span of instability region for two engineering materials, viz. 
Aluminium 6082 and structural steel S275N with same geometrical parameters is 
obtained and reported.
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A Review on Frequency Domain Analysis 
Approach for Parametric Identification 
of Nonlinear Joints 

Faisal Hussain and Sanjay Ingole 

Abstract Structural joints are regarded as a potential source of nonlinear behavior. 
Parametric identification of joint properties is an important task in predicting 
the dynamic characteristics of mechanical and structural joints. The objective of 
this research survey is to present frequency domain dynamic analysis method for 
nonlinear system parametric identification in structural dynamics and the key devel-
opments in this area of research. Finally, identification of findings is done which 
provides a pathway for the future direction of research work in this area. 

Keywords Nonlinear joints · Parametric identification · Dynamic analysis ·
Frequency domain analysis · Harmonic balance method · Perturbation method ·
Describing function method 

1 Introduction 

Most engineering systems are exposed to some degree of nonlinearity, which is 
induced by a variety of factors including structural joints with looseness or friction 
characteristics, boundary conditions that impose varying stiffness limits, amplitude-
dependent materials, and components such as shock absorbers, vibration isolators, 
bearings, and linkages, among others. In addition, engineering systems typically 
show some degree of nonlinearity, and joints are the most common cause of nonlin-
earity in structures; nonlinearities can modify the structural reaction significantly at 
times. 

In the presence of nonlinearity, nonlinear joint parameters device recognition 
attempts to create highly accurate mathematical models from input and output 
measurements taken on the actual structure. Nonlinear system identification is a large 
field of research that has recently piqued the attention of the structural dynamics 
community [1, 2]. The exact parameters of a model are required to study the
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behavior of a mechanical device, but determining these parameters using only theo-
retical methods is extremely difficult [3]. As a result, several experiments have been 
conducted in this area using experimental approaches to define the parameters [4]. 
Many mechanical structures, in particular, are made up of several parts joined by 
different types of nonlinear joints. Although each component’s dynamic model is 
relatively reliable and all subsystems are fairly linear in this situation, the whole 
system is nonlinear, making the dynamic analysis of the whole system difficult [5]. 

Most engineering systems are essentially nonlinear rather than linear, such as 
aerospace devices, rotor bearing components, nonlinear suspension system, and elec-
tromechanical systems, and nonlinear dynamic analysis of these systems requires 
the inherent nonlinearity of the interfaces [6, 7]. Any structural assembly must be 
connected by certain means, such as bolting, welding, and riveting, or by more 
complex fastenings, such as smart joints, and the dynamic response of mechanical 
systems is entirely influenced by joints, which add frictional damping and localized 
versatility [8, 9]. In certain cases, a linear system can be used to partially analyze 
a nonlinear system, making nonlinear analysis unavoidable. As a result, nonlinear 
models are critical in mechanical and structural mechanics for a full understanding 
and precise prediction of motion [10, 11]. Any linear model would be wrong if there 
is nonlinearity in the equation, so it is important to identify nonlinearity using exper-
imentally measured responses [12, 13]. Connectors are used in spacecraft to tie and 
hinge substructures together. Since the connector has nonlinear properties, it has a 
significant impact on the spacecraft’s dynamic characteristics [13]. Nonlinear effects 
are becoming increasingly significant in modern engineering architectures that are 
lightweight and scalable [14]. The linear model updating process would not actually 
converge correctly if nonlinear effects with their parametric detection are not taken 
into account, and the resulting model predictions will be incorrect [15, 16]. Various 
criteria, such as the frequency response diagram and the hysteresis loop, are used 
to calculate the nonlinear influence of the joint contact surface on the overall action 
of the structure. An optimal equal linear frequency response function can also be 
used to determine the dynamic parameters of a nonlinear joint [17]. Using force state 
mapping methods, it is possible to identify a nonlinear joint model [18], Runge– 
Kutta method, Iwan modeling [19] to represent the nonlinearity of joint, frequency 
response function (FRF) decoupling method for nonlinear systems (FDMNS) [20] for  
computing FRFs of a substructure [21] decoupled from a coupled nonlinear structure 
where it is possible to model nonlinearity as a single nonlinear function, [22]. Also by 
using the coupling-identification method, the accuracy of joint identification can be 
improved significantly [23, 24]. Nonlinear structural modification method is always 
vital in the parametric identification of parameters, especially in large engineering 
structures [25]. Reduced-order models for nonlinear systems have gained popularity 
due to their potential to significantly minimize computing costs as compared to full 
nonlinear finite-element models [26]. Centered on the principle of multi-harmonic 
equilibrium, a general-purpose methodology for identifying the dynamic charac-
teristics of nonlinear joints has been developed and validated, and the nonlinear 
characteristics of joints have been successfully identified [27]. Nonlinear parameters 
can also be found by inverting describing functions, in which the nonlinear variable
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Is there nonlinear behavior? (Detection) 

What kind of nonlinearity? (Characterization) 

Where are the nonlinear elements located? (Localization) 

How strong are these nonlinearities? (Quantification) 

Fig. 1 Identification process [1] 

is modeled as a cubic spring with quadratic damping [28]. Substructure synthesis 
theory was used to derive the frequency equation for nonlinear entity parametric 
detection, and amplitude response was calculated in the nonlinear area using curve 
fitting technique, which found a strong agreement between experimental and analyt-
ical values [29]. The Iwan model is also used to further explain the principle of 
nonlinear properties of elements like micro-slip, macro-slip, and pinning, as well as 
to reliably replicate experimental joint phenomena [30]. 

As seen in Fig. 1, the recognition process progresses through four phases: 
diagnosis, characterization, localization, and quantification of parameters [1]. 

In the above detection method, a complete proof standard operating procedure is 
established, and it is explicit that if nonlinear behavior is observed, the mechanism is 
said to be defined in terms of the type of nonlinearity present, its position, and how 
the functional form of nonlinearity can be extracted. The magnitude of nonlinearities 
in the device was filtered through the quantification process. 

The primary goal of this paper’s focused literature review is to assess the current 
state of parametric recognition of nonlinear joints and to establish a method for 
identifying research gaps. The aim is to disseminate numerous research areas in the 
field of nonlinear joints parametric recognition that have been selected by researchers. 
The proposed study is intended to aid in the identification of specific areas where 
work or testing is severely lacking. This would be particularly useful for researchers 
working on parametric recognition of nonlinear joints. The aim of this study is to 
compare modeling approaches for dynamic analysis of nonlinear structures and to 
determine the best approach for investigating nonlinear joint parametric detection.
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2 Research Methodology 

In order to establish a framework for its classification, a review of the literature 
on parametric recognition of nonlinear joints was undertaken. After consulting 
studies conducted between 2000 and 2020, research publications in the field of 
parametric detection of nonlinear joint parameters involving different modeling 
methods, representative friction models, geometric nonlinear models, and dynamic 
analysis of nonlinear structures were established through a variety of databases. The 
related research papers for this project were gathered from a number of reputable 
peer-reviewed international journals. Figure 2 provides year-by-year figures for the 
number of articles on nonlinear joint parameters investigated in this article. 

Each paper was carefully examined, and the most important observations were 
recorded. The use of different modeling techniques and their comparisons for inves-
tigations of nonlinear joint parameters are presented in detail in the subsequent 
sections. Finally, the findings of the study have been outlined in order to identify 
gaps and provide a road map for researchers in this area. Figure 3 depicts the actions 
taken to carry out the study. 
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Fig. 3 Footsteps used to conduct the review
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3 Dynamic Analysis of Nonlinear Structures 

3.1 Frequency Domain Analysis 

The concept “frequency domain” refers to the study of mathematical functions or 
signals in terms of frequency. 

A robust finite-element model was set up to provide an understanding of different 
slip-stick processes in the contact region and the model was used to calculate the 
dynamic response of assembled assemblies, taking into account the effects of micro-
and macro-bolted joint slip. If appropriate information of joint is available, this FE-
module can be used to predict the response of assembled structures [31]. Researchers 
have also changed structural components from ordinary beams to layered beams, 
which have been studied using ANSYS-Workbench version 17.2, which gives an 
accurate description of layered structure behavior [32]. The researchers suggested 
an expanded greenwood model (EGM), which was related to the Iwan model, and 
the Coulomb friction model and characteristic values were compared [33]. In Ref. 
[34], the experimental and theoretical research measured the nonlinear effects of a 
conventional shear lap joint on the dynamics of two systems and it was concluded 
that the adjusted Iwan beam element (AIBE) has the potential to accurately describe 
joint effects in the dynamics of real-life structures. The structural model was put 
through multiple dynamical experiments to determine the nonlinear effects of the 
joints. The studies reveal some significant effects on the active stiffness and damping 
of the lap joints [35]. The harmonic balance method which is easy to model was 
used to investigate nonlinear simulation of bolted flange joints, as well as the mathe-
matics involved in deriving equal stiffness and damping properties and research can 
be extended by considering these parameters which can be accomplished by prob-
abilistic method [36]. The authors proposed an effective regression-based approach 
for estimating joint stiffness parameters, in which only natural frequencies are used 
to extract joint stiffness parameters without considering the rotational nonlinearity 
which is the area of research [37]. The authors have suggested a recognition approach 
that uses the calculated frequency response functions (FRFs) specifically to define the 
joint properties in their research work to minimize measurement noise in frequency 
response functions [38]. Boundary parametric identification through model updating 
is tough to parameterize joints and boundary conditions as stiffness parameters have 
a tendency to make measurements insensitive. Also, geometric parameters have a 
lot of possibilities in terms of updating. They have a physical meaning, and changes 
in them affect the measurements [39]; reduced-order characteristic equations on a 
beam with elastic supports [40] were identified by researchers in their work. 

In addition, a two-parameter and three-parameter joint model with cross-coupling 
for a bolted joint was modeled by assuming a pair of translational and rotational 
springs, and a frequency equation was derived for the device using the principle of 
substructure synthesis; further, analytical and experimental findings were compared 
by case studies [41]. A new approach was adopted using the examples of the beam
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Fig. 4 Beam structure elastically constrained at one end [46] 

system and the cylinder plate system, which reduces the influence of flexible construc-
tion from the existing paradigm. The modal substructuring is improved with this 
process [42] as well as the principle of substructure modal synthesis, which was 
used to reduce the amount of degrees of freedom in a beam configuration [43]. 
By using the example of a plane frame structure with a reconstruction of interface 
forces from the complete scheme, a new approach for substructure recognition was 
validated [44]. 

The Euler Bernoulli beam was considered in Ref. [45], and an approximate analyt-
ical solution was discovered using the perturbation technique. The authors proposed 
a new model for determining joint stiffness, in which the first reduced-order char-
acteristic polynomial [ROCP] was described in terms of natural frequency and was 
used to determine elastic constraints imposed on a beam structure, as shown in Fig. 4 
[46]. 

The authors explain the method of nonlinear parametric identification with the 
application of large transport aircraft by modal testing in their research work, which 
included single-mode and coupled-mode nonlinear identification, as well as the 
magnitude of measured and restoring forces [47]. One of the most difficult aspects 
of recognizing joint properties in depth is that individual errors in the measured data 
will have a significant effect on the result. The authors have shown a global joint 
recognition strategy on which full discussions have been performed, and the reaction 
of the frequency response feature would be exact if the identification is accurate 
[48]. The authors developed a new method of joint recognition based on rigid body 
dynamics and frequency response function (FRF) measurements, in which compo-
nents of stiffness calculation can be performed simultaneously in three translation 
and three rotational directions, resulting in a 6 × 6 stiffness matrix for the joint [49]. 
In Ref. [50], authors considered a bolted lap joint model as shown in Fig. 5 and estab-
lished a finite-element model by considering micro-slip and micro-slaps subjected to 
differing loading conditions. A nonlinear thin-layer element was added for modeling 
touch interfaces, nonlinear parametric identification was completed using the (FRF) 
sensitivity method, and it was found to have predicted the experimental effects with 
high precision. 

Friction is the primary cause of nonlinearity and energy dissipation in assembled 
structure interaction interfaces. The primary goal was to create a model that could 
simulate the dynamics of friction surfaces as well as energy dissipation caused by slip-
ping [51]. The researchers presented a general formulation based on Von Karman’s



“A Review on Frequency Domain Analysis Approach for Parametric … 85

Fig. 5 Structure including a contact interface and its corresponding FE model [50] 

equations and suggest a solution approach for forced vibrations based on the Krylov– 
Bogoliubov linearization method [52]. In addition, using the Valanis elastoplastic 
principle, the dynamic properties of a beam with frictional contact support were 
examined, and contact parameters was defined using force state mapping [53] and 
developed analytical solutions for the steady-state reaction of an infinite beam by 
using the Euler–Bernoulli beam theory [54]. 

As a result, it can be concluded that correct simulation of the stiffness and damping 
characteristics of surface-to-surface contact interfaces is critical for dynamic reaction 
study of assembled structures. However, owing to the development of nonlinear 
behaviors such as slip and slap processes, modeling and study of touch interfaces is 
a challenging task. 

The authors used a new method to assess the damping of structural joints, and the 
FRF was used for joint recognition to solve the flaws involved with slip boundaries 
identification in the joint interface. This approach was used for bolted structures 
under both translational and torsional excitations as shown in Fig. 6 under varying 
loading conditions [55]. 

The authors define an empirical approach for predicting damping and contact 
stiffness in bolted joints, in which a torsional contact model is constructed as shown 
in Fig. 7, which can predict the complex behavior of various types of machine tools 
subjected to torsional loading conditions, and the proposed method can be used 
to forecast compressive and shearing vibration modes in bolted connections. The 
augmented model can be used to anticipate the dynamic behavior of real machine 
tools, as well as to optimize the design [56]. 

Fig. 6 Schematic of an assembled structure showing the directions of the joint properties [55]
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Fig. 7 Bolted plate and base plate with torsional load [56] 

To understand the coupling effects under shear and normal directions of contact, 
the authors have introduced a zero thickness model interface that has six parame-
ters involving stick, micro-slip, slide, and slap actions within the contact surfaces. 
The model does not require any integration computations, and its implementation 
is simple [57]; some researchers have modeled the functional behavior of bolted 
joints by means of joint interface technique as shown in Fig. 8, using experimentally 
assessed data to define parameters. The suggested method for nonlinear modeling 
effects in joint interfaces is precise, requires few calculations, and can be implemented 
with existing FE tools [58]. 

The researchers [59] have also modeled adhesively bonded joints as shown in 
Fig. 9 by using two-dimensional finite elements and were concluded that as layer 
thickness of adhesive increases, the natural frequencies decreases in a slight manner, 
and the modes obtained were of bending and longitudinal pattern. 

Also, a layer-wise plate finite-element method was proposed and extended to 
model the lap joint in which the joint was treated like a sandwich plate as shown in 
Fig. 10a and b. 

The proposed approach was found to be capable of accurately describing the 
vibratory existence of lap joints with composite adherents and viscoelastic adhesive, 
and it was concluded that the adhesive loss factor, overlap area, adhesive thickness,

Fig. 8 FE model of test 
structure [58]
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Fig. 9 Adhesive-bonded single-lap joint system [59] 

Fig. 10 a Single-lap joint [60]. b. Equivalent sandwich plate [60] 

step height ratio, and step number parameters are all closely related to the joints free 
vibration behaviors. The sole issue in the current method is that the forecast of modal 
loss factor for lateral modes of vibration does not always match the corresponding 
reference result [60].

In Ref. [61], the results of geometrical parameters were calculated using the 
finite-element method and the back propagation artificial neural network (ANN). 
The authors demonstrated a collaborative parameter recognition method using a 
block diagram in which the correct parameters can be identified (Refer Fig. 11). The 
suggested approach was used to determine the parameters of a longitudinal joint that 
was used to tie plates together but during damping coefficient determination, the 
accuracy of identification degrades [62]. 

To analyze, compute, and model nonlinearities in the structural joint, a hybrid 
approach is used to perform parametric detection, but it needs the governing equa-
tion of dynamic system [63], component mode synthesis (CMS) [64] bispectrum 
technique to detect the nonlinear behavior of a system which is one of the most 
powerful tool in frequency domain as it effectively detects the type of nonlinearity 
in a structural joint [65] Volterra series models for a nonlinear system and interpret 
the results of the output frequency response [66] and nonlinear output frequency 
response functions (NOFRFs)-based approach for crack determination. This method
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Fig. 11 Joint parameter identification procedure [62] 

can be utilized for a variety of nonlinear system frequency investigations, such as 
vibration fault diagnostics, analysis of nonlinear model and monitoring [67]. In ref 
[68], authors developed a novel concept by taking example of threaded fasteners, in 
which resistant to the loosening effect of fasteners under vibration was restricted by 
modifying the thread geometry of fasteners, and finite-element analysis was done 
in order to check the deformation is within the elastic zone and to determine the 
additional torque required to overcome the interference. 

Table 1 depicts the various method used in frequency domain analysis for 
experimental investigation of nonlinear joint parameters.
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Table 1 Different methods with their experimental set-up demonstrating process 

Method Set-up Tools Remarks 

Finite-element method 
and advanced lumped 
parameter model [31] 

Isolated bolted joint FE software package Micro-slip and 
macro-slip in joints are 
being investigated 

FEM-based 
ANSYS-workbench 
version 17.2 [32] 

Layered beam ANSYS model Bolted joint damping 
capacity of structures 
are being investigated 

Micro-contacts 
interaction mechanism 
[33] 

Tribometer set Expanded green 
wood model 

Experiment with 
simulation and 
calculating dissipated 
energy to determine the 
damping ratio 

Adjusted Iwan beam 
element [34] 

Beam structures with 
shear lap joint 

Modal analysis, 
energy dissipation 
analysis 

To investigate the 
effect of a shear lap 
joint on the dynamic 
response of a structure 

Euler–Bernoulli beam 
[35] 

Single-lap adhesive 
joint 

Euler–Bernoulli 
beam theory 

The effect of the joint 
was sensed and the 
device natural 
frequencies were 
computed by beam 
experimentation 

Harmonic balance 
method [36] 

Aero engine structure Finite-element 
model 

Experiments on 
nonlinear frequency 
response and nonlinear 
mutual parameter 
recognition of a 
complex structure 

Multiple scale method, 
perturbation technique 
[45] 

Simply supported 
beam 

Perturbation 
technique 

End conditions are 
described using 
perturbation theory, 
and an empirical 
solution is proposed 
using the approach of 
multiple scales 

Reduced-order 
characteristic 
polynomial [46] 

Beam structure Modeling the 
structure using 
reduced-order 
characteristic 
polynomial 

There is no need for 
modal matching, and 
the method mentioned 
can also be used as an 
advanced optimization 
formulation technique

(continued)
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Table 1 (continued)

Method Set-up Tools Remarks

Rigid body dynamics 
theory [49] 

Tool holder interface Rigid body 
dynamics theory 

For six mobility 
motions, the stiffness 
of a rigid coupling may 
be calculated 

Finite-element 
modeling [50] 

Bolted lap joint Finite-element 
model, frequency 
response functions 
(FRF) 

Nonlinear parameters 
of contact surfaces are 
investigated 

Extended Hamilton’s 
principle [51] 

Free-frictionally 
supported beam 

Analytical approach Energy dissipation for 
bolted beam is 
evaluated under 
vibratory motion 

Experimental modal 
analysis (EMA) [55] 

Bolted lap joint Frequency response 
function and 
hysteresis loop 
approach 

The detection of 
damping parameters in 
structural joints is 
determined 

Analytical model [56] Structural joint Efficient calculation 
algorithm 

The forecast of 
nonlinear contact 
stiffness and friction 
damping is described 
in bolted connections 

Analytical contact 
model [57] 

Contact interface 
model 

Reduction 
technique, L-curve 
method 

Deformation prediction 
and force restoration in 
a contact device model 

Nonlinear transient 
module [58] 

Bolted lap joint Eigen-sensitivity 
method 

Nonlinear effects in 
mechanical joint 
interfaces are 
established 

Finite-element model 
[59] 

Adhesive-bonded 
joints 

Harmonic analysis, 
structural damping 

Structure dynamic 
characteristics are 
calculated 

Finite-element method 
[60] 

Adhesive-bonded 
joints 

Finite-element 
method 

Parametric studies to 
estimate the 
mechanical properties 
of an adhesive-bonded 
lap joint 

Finite-element method, 
artificial neural 
network (ANN) 
method [61] 

Adhesive joint Genetic algorithm A vibration analysis 
was conducted on the 
joint 

Hybrid method [63] Single degree of 
freedom system 

Mat lab Judging dynamic 
parameters of 
structural system

(continued)
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Table 1 (continued)

Method Set-up Tools Remarks

Component mode 
synthesis (CMS) 
method [64] 

Beam with damper Semi-analytical 
harmonic balance 
method, model 
reduction technique 

Parametric 
identification of 
complex structures 

Frequency domain 
analysis [65] 

Mass, spring, damper 
system (3DOF) 

Homogeneity test, 
coherence function, 
Hilbert transform of 
frequency response 
function (FRF) 

Using frequency 
domain techniques 
identify and measure 
nonlinear structural 
efficiency 

Finite-element analysis 
[68] 

Threaded fasteners Solid modeling and 
finite-element 
analysis 

Loosening effect of 
threaded fasteners 
under vibration is 
restricted by 
introducing 
anti-loosening feature 
based on threaded bolt 
geometry 

4 Result and Analysis 

In the previous part, the practical analysis of nonlinear systems was explored in terms 
of their methods, which was detailed in numerous figures and table. The definition 
clearly describes the study type, research area, problem-solving methods, and other 
factors that the authors used in their respective research projects. The investigation 
of nonlinear joint parameters in structural joints is comprehensively represented 
in the literature. It can be shown that each model is equally dependent on their 
range and is based on operating conditions, the level of precision needed, algorithm 
shortcomings, realistic use, and so on. Stiffness of the cubic form is the most common. 
In translational stiffness, nonlinearity is used to illustrate parametric recognition, in 
which the force–displacement relationship can be written as F =K1U + K3U3 known 
as cubic stiffening effect. The characteristic plot shows that as the forces increase, the 
displacement decreases while the equivalent stiffness increases as shown in Fig. 12. 

Geometric nonlinear models also have polynomial stiffness and piecewise linear 
stiffness, which can be determined based on their functional use. 

5 Conclusions and Future Directions for Work 

This survey paper reviews past and recent developments in parametric identification 
of nonlinear structural joints. This survey paper examines historical and current 
advances in nonlinear structural joint parametric recognition. In comparison to
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Fig. 12 Characteristic plot 
of a typical cubic stiffness 

the Valanis model, which does not include any physical explanation of the fric-
tion phenomenon, more emphasis is placed on Coulomb friction models and Iwan 
Jerkins beam model. The harmonic balance method has been shown to be effec-
tive and precise, and it is capable of dealing of problems with extreme nonlinearity. 
The Volterra series can be used to parametrically identify structural joints that have 
nonlinearity characteristics. In addition, comprehensive study on nonlinear system 
dynamic response characteristics is expected to aid important structural architecture 
and mechanical applications in future projects. A hybrid approach may also be devel-
oped to control the parameters of joint identity if the governing differential equations 
of a dynamical system are correctly compatible with the depending parameters. 

The pathway for researchers is mentioned below: 

• The Iwan beam model can be used to investigate bolted joint beam systems in 
greater depth. 

• The damping parameters of the joint can be used in the current model and a 
satisfactory approach for solving the resulting complex frequency equation can 
then be proposed. 

• For parametric identification of various structural joints, a three-parameter joint 
stiffness identification model, which is a new approach, can be used. 

• Nonlinear joint parameter estimation can also be performed using the substructure 
synthesis theory as a statistical method, and this process can be used for stiffness 
detection of different joints. 

• In a bolted joint structure, translational nonlinearity is considered, but rotational 
nonlinearity is not considered. Hence, by considering both the nonlinearities, 
identification of nonlinear joint parameters for structural joints can be the area of 
research. 

Finally, it can be inferred that parametric identification of nonlinear joints is a 
very wide area, and various modified methods, methodologies, and algorithms are 
used for nonlinear system identification in structural joints at the present time.
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21. Kalaycıoğlu T, Özgüven HN (2017) Dynamic decoupling of nonlinear systems. Conf Proc Soc 
Exp Mech Ser (January 2017):199–203. https://doi.org/10.1007/978-3-319-54930-9_17 
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A New Method for Solving Simultaneous 
Impact Problems in Constrained 
Multibody Systems 

Koushik Kabiraj and Sourav Rakshit 

Abstract During simultaneous impacts in linkages connected by joints, there can be 
several sequences of pair-wise impulse propagation and the choice of the most accu-
rate sequence involves a combinatorial evaluation of all possible impulse sequences. 
In this paper, a simultaneous impact algorithm for planar frictionless constrained 
multibody systems is proposed that does not require an impulse propagation sequence 
to be determined. The formulation is developed by extending the generalized New-
tonian restitution model for simultaneous impacts in unconstrained rigid bodies pre-
sented in [1] to planar linkages connected by frictionless joints. The algorithm is 
a computationally efficient alternative to the modeling of collisions in force-based 
continuous-time domains [2, 3], never results in an increase in kinetic energy (K.E.) 
[1] and predicts contact separation between bodies having zero pre-impact relative 
velocity of approach. Results using the proposed algorithm showing various colli-
sion scenarios in constrained linkages are included in the paper. Furthermore, the 
solutions are compared with linear complementarity (LCP) [4]-based approach and 
simulation results from ADAMS software. 

Keywords Simultaneous impact · Constrained multibody systems · Linear 
complementarity · Newtonian restitution · Coefficient of restitution · ADAMS 

1 Introduction 

Applications such as machine operator training in a virtual environment or physics-
based gaming environments require simulations to be processed in real time. In 
such cases, computational resources are often a constraint that leads to relaxing 
accuracy of results. Multibody collisions are frequently encountered in such appli-
cations. Collisions are nonlinear short duration phenomenon that can be modeled 
using a continuous-time force-based approach [3] or discretized time impulse-
based approach [5]. Force-based approaches are computationally expensive, and this 
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limitation is often overcome by using impulse-based methods which approximates 
the impact as an instantaneous event. In impulse-based approach, the kinetic energy 
(K.E.) losses are modeled using coefficient of restitution (COR)—various definitions 
of COR are summarized in [6]. Application of this approach to constrained multi-
body systems for a single point impact is described in [7]. Although momentum 
and energy conservation laws are sufficient to determine the change in velocities of 
the two participating bodies in single point collisions, additional assumptions are 
required when more than two bodies collide simultaneously [8]. Linear complemen-
tarity (LCP) models [4] address such assumptions by imposing a complementarity 
condition between contact impulse and velocity for simultaneous impact problems. 
However, LCP fails to predict contact separation between bodies initially in contact 
but with zero relative velocity of approach [1, 9]. Pairwise iterative impact mod-
els overcome this but frequently produce energetically inconsistent results or break 
symmetry [9]. Moreover, in these algorithms, the number of collision paths increases 
exponentially as the number of participating bodies increases. 

In this paper, the impact model described in [1] for unconstrained rigid bodies 
has been extended to planar frictionless linkages connected by joints. Following [1], 
the impact event has been modeled as a constrained optimization problem, where 
the constraints describe physical laws of contact mechanics. The solution is the 
set of impulses that minimize net change in K.E. of the system during the impact. 
A single restitution inequality using kinematic COR [6] is defined which includes 
a weighted sum of individual restitution inequalities for all contacts. The proposed 
method applies to both open-chain and closed-loop linkages approximating each 
collision as a frictionless point contact. Moreover, the algorithm never results in an 
increase in K.E., predicts contact separation and does not require an impulse prop-
agation sequence to be determined. In the subsequent sections, first, an equation 
for impulse-momentum relation in constrained multibody system is derived includ-
ing equations to calculate change in velocity of contact points; following that, the 
equations are extended for a collision scenario of multiple sets of constrained multi-
body systems, and then, the simultaneous impact model along with the restitution 
inequality is introduced. In the results section, solutions for few impact scenarios in 
constrained linkage systems using the proposed method are presented and the solu-
tions are compared with results obtained using LCP method and ADAMS software 
simulation. In the final section, findings using the proposed method are summarized 
following which scope for further development of the algorithm is discussed. 

2 Impulse-Momentum Relations in Constrained Multibody 
Systems 

Impulse-momentum relation for an unconstrained rigid body is given by 

Pext = MrbΔVcm (1)
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where Pext ∈ R3×1 is the external impulse and impulsive moment vector, Mrb ∈ R3×3 

is the inertia matrix, and ΔVcm ∈ R3×1 is the change in linear and angular velocity of 
center of mass (COM). However, Eq. (1) in this form cannot be used for constrained 
linkages as those involve constraint impulses and impulsive moments, and the net 
change in velocity of COM of the link depends on both external and constraint 
impulses. The constraints for such bodies can be in the form of joints, contacts, etc., 
and are expressed as unilateral or bilateral equations. In the following section, an 
equation relating external impulse to change in independent coordinate velocity is 
derived by eliminating constraint forces and moments from the generalized dynamic 
equation of a planar frictionless multibody system connected by joints [10]. After 
that, the equation is extended to calculate the change in velocity of the contact points 
where the impulses act on the system. 

2.1 Response to External Impulse 

The generalized dynamic equation of motion for any constrained linkage system 
depends on the choice of coordinate system. In this section, all equations are derived 
for a j-link planar system with n degrees of freedom (DOF). If the body coordinate 
system (BCS) of each link in the j-link system is chosen to be rigidly fixed to the 
COM, then the equation of motion in global coordinate system (GCS) can be written 
as shown below [10]. 

Mq̈ = Qe + Qc (2) 

M ∈ R3 j×3 j is the inertia matrix, and q̈ ∈ R3 j×1 is the matrix of linkage COM 
accelerations. Qe ∈ R3 j×1 is the equivalent external force and moment vector, and 
Qc ∈R3 j×1 is the constraint force and moment vector. In Eq. (2), it is assumed that the 
displacement coordinates for any link k in GCS are defined by qk =

⎡
xcm 
k ycm 

k θ cm 
k

⎤T 
, 

where xcm 
k and ycm 

k are the COM coordinates of link k and θ cm 
k is the angle between 

the x-axis of BCS of link k and x-axis of GCS. The system of Eq. (2) has 3 j equations 
and 6 j − n unknowns. The 6 j − n unknowns are formed by the 3 j coordinate accel-
erations and 3 j − n joint constraint forces and moments. Hence, additional equations 
are required to find a solution. These equations are obtained from the bilateral dis-
placement constraints that the joints impose on the links. These joint constraints in 
GCS can be generalized and written as 

C(q, t) = 0 (3) 

where C ∈ R(3 j−n)×1 is the vector of linearly independent constraint equations, 
q ∈ R3 j×1 is the vector of linkage displacement coordinates, and t is time. Each 
equation in C matrix is a mathematical relation that constraints the relative displace-
ment between two links that are connected by a joint. Equation (2) when combined
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with Eq. (3) forms a set of differential algebraic equations with 6 j − n equations and 
6 j − n unknowns. Since the j − link  system has n DOF, only n out of 3 j displace-
ment coordinates are independent and the remaining 3 j − n are dependent coordi-
nates. In the context of this work, an equation relating external impulse to the change 
in velocity of independent coordinates (qi ∈ Rn×1) needs to be derived. For the 
same, the dependant coordinates (qd ∈ R(3 j−n)×1) will have to be eliminated from 
Eq. (2). This is achieved by using the principle of virtual work and coordinate parti-
tioning of q into qi and qd [10]. For this, first the kinematic Jacobian form of Eq. (3) 
is derived as shown below. 

Cq δq = 0 (4) 

Cq ∈ R(3 j−n)×3 j is the Jacobian matrix of C, and δq ∈ R3 j×1 is the virtual change in 
q. If rows of  δq vector and columns of Cq matrix in Eq. (4) are rearranged to group 
all the dependant coordinates (qd ) and independent coordinates (qi ) separately, then 
Eq. (4) can be re-written in the form of Eq. (5).

⎡
Cqd Cqi

⎤ ⎡
δqd 
δqi

⎤
= 0 (5) 

In Eq. (5), δqi ∈ Rn×1 and δqd ∈ R(3 j−n)×1 are the virtual change in qi and qd , 
respectively, and Cqi  ∈ R(3 j−n)×n and Cqd ∈ R(3 j−n)×(3 j−n) are the columns of Cq 

corresponding to δqi and δqd , respectively. This can further be restructured to obtain 
an expression for qd in terms of qi as shown in Eq. (6). 

δqd = (−C−1 
qd Cqi  )δqi (6) 

By defining a matrix Bi ∈ R3 j×n as 

Bi =
⎡−C−1 

qd Cqi  

I

⎤
(7) 

δq can be written in the form of δqi as shown in Eq. (8). 

δq = Bi δqi (8) 

The same relation also holds good to calculate the change in generalized coordinate 
velocities of all the links (Δq̇ ∈ R3 j×1) from the change in independent coordinate 
velocities (Δq̇i ∈ Rn×1) as shown  in  Eq. (9). 

Δq̇ = Bi Δq̇i (9) 

Using the principle of virtual work, since total virtual work done by the frictionless 
constraint forces and moments (Qc) is always zero, Eq. (2) can be reduced to Eq. (10).
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However, the Mq̈ − Qe terms in Eq. (10) cannot be equated to zero because δqT 

consists of both dependant and independent coordinates. 

δqT (Mq̈ − Qe) = 0 (10) 

Substituting δq from Eqs. (8) to (10) results in Eq. (11). 

δqT 
i B

T 
i (Mq̈ − Qe) = 0 (11) 

It should be noted that the rows of M , q̈ and Qe matrices in Eq. (10) must be  
rearranged to be consistent with the coordinate partitioning done in Eq. (5) before 
the substitution. Now, δqT 

i can be eliminated from Eq. (11) to form Eq. (12). 

BT 
i Mq̈ − BT 

i Qe = 0 (12) 

Equation (12) does not have the constraint force and moment vector but still consists 
of both independent and dependent coordinate accelerations in q̈. If all external forces 
on the multibody system are due to collisions, Qe can be assumed to be impulsive. 
Hence, integrating Eq. (12) from  t0 to t0 + Δt while Δt → 0 results in the below 
equation 

BT 
i M(Δ ̇q) − BT 

i Pe = 0 (13) 

where Δq̇ ∈ R3 j×1 is the discontinuous change in coordinate velocities and Pe ∈ 
R3 j×1 is the equivalent external impulse and impulsive moment vector. Finally, Δq̇ 
from Eq. (9) can be substituted into Eq. (13) to form Eq. (14), which relates the exter-
nal equivalent impulse and impulsive moment vector to the change in independent 
coordinate velocities of the j − link  system. 

Δq̇i = (BT 
i MBi )

−1 BT 
i Pe (14) 

It must be noted that although Eq. (14) does not have explicit terms for reaction 
impulse and impulsive moments, the reaction impulse and impulsive moments can 
be calculated after determining Δq̇i . In a planar system, revolute joints only have 
reaction impulses and prismatic joints have reaction impulse and impulsive moments. 

If the j-link systems collide with other bodies at h different points, then an impulse 
will act at each collision point. Assuming the collisions to be frictionless, a vector 
Pmbd ∈ R2h×1 can be defined in GCS that it includes the external impulses of each 
of the h collision points. Pe can be related to Pmbd using matrix Jmbd ∈ R3 j×2h , as  
defined in Eq. (15). 

Pe = JmbdPmbd (15) 

As an example, Fig. 1 shows the j-link system with external impulses acting on 
k th and (k + 1) link. rpt1 k , r

pt2 
k and rpt3 k+1 are the position vectors of impulse points 

in GCS; rcm 
k and rcm 

k+1 are the position vector in GCS of COM of link k and k + 1,
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Fig. 1 External impulse on kth and (k + 1)th link of a j link system 

respectively. A convention is adopted such that for any position vector rpt k , x
pt 
k and 

ypt k are the x and y component, respectively, in GCS. The elements of the column 
matrix Pe corresponding to the k th and (k + 1)th link are given by Eq. (16), where 
Px,pt1 
k and P y,pt1 k are the x and y component of Ppt1 

k in GCS. 

Pe = 

⎡ 

⎢ 
⎢⎢⎢⎢⎢ 
⎢⎢⎢⎢⎢⎢ 
⎢⎢⎢
⎢⎢⎢ 
⎣ 

... 
Px,pt1 
k + Px,pt2 

k 

P y,pt1 k + P y,pt2 k(
(Px,pt1 

k )(ycm 
k − ypt1) − (P y,pt1 k )(xcm 

k − xpt1) 
+(Px,pt2 

k )(ycm 
k − ypt2) − (P y,pt2 k )(xcm 

k − xpt2)

)

Px,pt3 
k+1 

P y,pt3 k+1 

(Px,pt3 
k+1 )(y

cm 
k+1 − ypt3) − (P y,pt3 k+1 )(x

cm 
k+1 − xpt3) 

... 

⎤ 

⎥ 
⎥⎥⎥⎥⎥ 
⎥⎥⎥⎥⎥⎥ 
⎥⎥⎥⎥⎥⎥ 
⎦ 

(16)



A New Method for Solving Simultaneous Impact Problems … 103

Since there are multiple external impulses on the multibody system, the elements of 
Jmbd matrix corresponding to the two links are given by Eq. (17) and that of Pmbd is 
given by Eq. (18). 

Jmbd = 

⎡ 

⎢⎢⎢⎢⎢ 
⎢⎢
⎢
⎢
⎢
⎢ 
⎢ 
⎣ 

... 
... 

... 
... 

... 
... 

... 
... 

. . .  1 0 1 0 0 0  . . .  

. . .  0 1  0 1  0 0  . . .  

. . .  β1 β2 β3 β4 0 0  . . .  

. . .  0 0 0 0 1 0  . . .  

. . .  0 0 0 0 0 1  . . .  

. . .  0 0 0 0  β5 β6 . . .  
... 

... 
... 

... 
... 

... 
... 

... 

⎤ 

⎥⎥⎥⎥⎥ 
⎥⎥
⎥
⎥
⎥
⎥ 
⎥ 
⎦ 

, (17) 

Pmbd = 

⎡ 

⎢
⎢ 
⎢
⎢
⎢⎢⎢ 
⎢⎢⎢⎢⎢⎢ 
⎣ 

... 
Px,pt1 
k 

P y,pt1 k 

Px,pt2 
k 

P y,pt2 k 

Px,pt3 
k+1 

P y,pt3 k+1 
... 

⎤ 

⎥
⎥ 
⎥
⎥
⎥⎥⎥ 
⎥⎥⎥⎥⎥⎥ 
⎦ 

(18) 

In Eq. (17), β1 = (ycm 
k − ypt1), β2 = −(xcm 

k − xpt1), β3 = (ycm 
k − ypt2), β4 = 

−(xcm 
k − xpt2), β5 = (ycm 

k+1 − ypt3) and β6 = −(xcm 
k+1 − xpt3). Substituting Pe from 

Eq. (15) into Eq. (14) gives a relation between the change in velocity of the indepen-
dent DOF (Δqi ) and external impulse vector (Pmbd) as shown  in  Eq. (19). 

Δq̇i = (BT 
i MBi )

−1 BT 
i JmbdPmbd (19) 

2.2 Change in Velocity of Collision Point 

The simultaneous impact model (described in the next section) requires a relation 
between change in velocity of collision point and external impulse vector. So Eq. (19) 
needs to be extended to compute change in velocities of collision points. 

In the j-link constrained linkage system with n DOF, the change in velocity in 
GCS for any point g on link k (ΔVg 

k ∈ R2×1) can be calculated from the change in 
coordinate velocities (Δ ̇q). This geometrical relation can be embedded in the form 
of a matrix (Lg 

k ∈ R2×3 j ) for  the  gth point on k th linkage as shown in Eq. (20).
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ΔVg 
k = Lg 

k Δ ̇q (20) 

To derive a generalized expression for Lg 
k , the example in Fig. 1 is used. The position 

vector of any point g, on link k (rg k ∈ R2×1) in GCS, can be written as in Eq. (21), 
where x̄ g k and ȳ

g 
k are the coordinates of g in the BCS of link k and Rk ∈ R2×2 is a 

rotation matrix form BCS of link k to GCS. 

rg k =
⎡
xcm 
k 
ycm 
k

⎤
+ Rk

⎡
x̄ g k 
ȳg k

⎤
=

⎡
xcm 
k 
ycm 
k

⎤
+

⎡
cos θk − sin θk 
sin θk cos θk

⎤ ⎡
x̄ g k 
ȳk g

⎤
(21) 

The velocity of point g is obtained by differentiating Eq. (21) w.r.t. time as shown in 
Eq. (22), where (Rk)θ ∈ R2×2 is the Jacobian matrix of Rk w.r.t. θ . 

Vg 
k =

⎡
ẋcm 
k 
ẏcm 
k

⎤
+ θ̇k(Rk)θ

⎡
x̄ g k 
ȳ j k

⎤
=

⎡
ẋcm 
k 
ẏcm 
k

⎤
+ θ̇k

⎡− sin θk − cos θk 
cos θk − sin θk

⎤ ⎡
x̄ g k 
ȳg k

⎤
(22) 

This can be written in a more concise form as shown in Eq. (23). The equation also 
holds good to calculate the instantaneous change in Vg 

k . 

Vg 
k =

⎡
1 0  −x̄ g k sin θk − ȳg k cos θk 
0 1  x̄ g k cos θk − ȳg k sin θk

⎤ ⎡ 

⎣ 
ẋcm 
k 
ẏcm 
k 
θ̇k 

⎤ 

⎦ (23) 

For the j-link system as in Fig. 1, ΔVg 
k can be calculated from Δq̇ as shown in 

Eq. (24). Lg 
k has all terms zero except for the terms corresponding to k Superscript 

normal t normal hk th link coordinates. 

ΔVg 
k = Lg 

k Δq̇ =
⎡
0 . . .  1 0  −x̄ g k sin θk − ȳg k cos θk . . .  0 
0 . . .  0 1  x̄ g k cos θk − ȳg k sin θk . . .  0

⎤

⎡ 

⎢⎢⎢⎢⎢ 
⎢⎢⎢⎢⎢⎢ 
⎢⎢⎢⎢⎢⎢ 
⎢ 
⎣ 

Δ ̇xcm 
1 

Δ ̇ycm 
1 

Δ ̇θ cm 
1 
... 

Δ ̇xcm 
k 

Δ ̇ycm 
k 

Δ ̇θ cm 
k 
... 

Δ ̇xcm 
j 

Δ ̇ycm 
j 

Δ ̇θ cm 
j 

⎤ 

⎥⎥⎥⎥⎥ 
⎥⎥⎥⎥⎥⎥ 
⎥⎥⎥⎥⎥⎥ 
⎥ 
⎦ 

(24) 

An expression relating the change in independent coordinate velocities (Δq̇i ) to the  
change in velocity of point g can be obtained by substituting Δq̇ from Eq. (9) into  
Eq. (24) as shown  in  Eq. (25). 

ΔVg 
k = Lg 

k Bi Δq̇i (25)
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It must be noted that for the substitution to hold good, the columns of Lg 
k matrix must 

be rearranged and made consistent with the coordinate partitioning done in Eq. (9). 
Finally, Δq̇i from Eq. (19) can be substituted into Eq. (25) to form Eq. (26). 

ΔVg 
k = (Lg 

k Bi (BT 
i MBi )

−1 BT 
i Jmbd)Pmbd (26) 

Equation (26) is a relation between the vector of external impulses (Pmbd) on the  
j-link system and change in velocity of collision point g on link k (ΔVg 

k ) in GCS.  
In a group of bodies, if there are several constrained linkage systems and the j-link 
system is assigned an index c, Eq. (26) can be written in a concise form as shown 
in Eq. (27), where Wg,c 

k,mbd ∈ R2×2h is defined in Eq. (28). The superscript c has 
been added to indicate the equation is written for the multibody system with index 
c. Equation (27) will be used in the simultaneous impact model. 

ΔVg 
k = (Wg,c 

k,mbd)(P
c 
mbd) (27) 

Wg,c 
k,mbd = (Lg 

k Bi (BT 
i MBi )

−1 BT 
i Jmbd) (28) 

3 The Simultaneous Impact Model 

In a restitution-based collision model, COR relates the velocity of approach to the 
velocity of separation. When body a collides with body b at point s, the change in 
relative velocity of separation (ΔVs 

b−a ∈ R2×1) in GCS  is  given by  

ΔVs 
b−a = ΔVs 

b − ΔVs 
a (29) 

where ΔVs 
a ∈ R2×1 and ΔVs 

b ∈ R2×1 are change in collision point velocities of a and 
b, respectively. If a and b are constrained multibody systems, then it can be assumed 
that the collision is only at point s between kath link of a and kbth of b. Therefore, in 
GCS if impulse Ps ∈ R2×1 acts on b, −Ps ∈ R2×1 will act on a. Using Eqs. (27) and 
(29), an equation relating ΔVs 

b−a and P
s can be established as shown in Eq. (30). 

ΔVs 
b−a = (Ws,b 

kb,mbd)P
s − (Ws,a 

ka,mbd)(−Ps ) (30) 

Since this is a single point collision, Pb 
mbd = Ps and Pa 

mbd = −Ps . Therefore Eq. (30) 
can also be written as below, 

ΔVs 
b−a = (Ws,b 

kb,mbd)P
b 
mbd − (Ws,a 

ka,mbd)P
a 
mbd (31) 

If there are u constrained linkage systems colliding simultaneously at f points, 
then the column matrix of impulses in GCS for the system can be written as P ∈ 
R2 f ×1. To derive a generalized collision model, a notation has been defined such
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that each constrained linkage system is assigned a body index. Furthermore, a sign 
convention has been assumed such that Ps acts on body a if it is the higher index 
body among the participating bodies at the sth collision point and −Ps acts on a if it 
is the lower index body. Assuming a collides with several other bodies at ha points 
in the system, a matrix Aa 

mbd ∈ R2ha×2 f will need to be defined for a, such that when 
Aa 

mbd is multiplied with P, it results in Pa 
mbd, where P

a 
mbd ∈ R2ha×1 is the column 

matrix of impulses acting on a (with proper sign convention). With this convention, 
change in velocity of separation at point s between a and b (ΔVs 

b−a ∈ R2×1) can be 
written as Eq. (32). 

ΔVs 
b−a = ((Ws,b 

kb,mbd)A
b 
mbd − (Ws,a 

ka,mbd)A
a 
mbd)P = (Ws,b−a 

kb−ka)P (32) 

In Eq. (32), Ws,b−a 
kb−ka ∈ R2×2 f is a matrix which when multiplied with P vector gives 

the change in relative velocity of separation at point s which is a collision point 
between kbth link of b and kath link of b. Assuming that the first collision in the 
system of u bodies is between the 1st  links of constrained linkage systems 2 and 1, 
and the f th collision between l th and oth link of constrained linkage system u and 
(u − 1), respectively, the change in velocities of separation for the entire system in 
GCS (ΔV ∈ R2 f ×1) is given by Eq. (33). 

ΔV = 

⎡ 

⎢⎢⎢⎢ 
⎢⎢ 
⎣ 

(W1,2−1 
1−1 ) 
... 

(Ws,b−a 
kb−ka) 
... 

(W f,u−(u−1) 
l−o ) 

⎤ 

⎥⎥⎥⎥ 
⎥⎥ 
⎦ 

⎡ 

⎢⎢⎢⎢ 
⎢⎢ 
⎣ 

P1 

... 
Ps 

... 
P f 

⎤ 

⎥⎥⎥⎥ 
⎥⎥ 
⎦ 

= WGC SP (33) 

In Eq. (33), WGC S ∈ R2 f ×2 f is a matrix that is best viewed as a set of f different 
2 × 2 f matrices, where the 2 × 2 f matrix corresponding to the s th point is Ws,b−a 

kb−ka . 
Since COR relates the velocity of approach before and after the collision, a local 
coordinate system (LCS) for each collision point is defined such that the n̂s axis 
points from lower index body to higher index body perpendicular to the sth collision 
point and t̂s axis is perpendicular to it. Equation (33) now needs to be changed to 
LCS of the collision points to define a restitution relation in the collision model. This 
can be done by using a rotation matrix Rsys  ∈ R2 f ×2 f as shown in Eq. (34). 

ΔVLCS = (RT 
sysWGCSRsys)PLCS = WLCSPLCS (34) 

For the collision scenario described above, Rsys  is defined in Eq. (35), where for 
any point s, θs is the angle between the x-axis of GCS and n̂s axis of LCS of point 
s. PLCS ∈ R2 f ×1 is the column vector of collision impulses with each Ps in LCS 
of collision point s. ΔVLCS ∈ R2 f ×1 is the column matrix of the discontinuous 
change in velocity of separation of the system, where for each point s the velocity 
of separation is in LCS of sth collision point.
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Rsys  = 

⎡ 

⎢ ⎢ ⎢ ⎢ 
⎢ ⎢ ⎢ ⎢ ⎢ ⎢ 
⎢ ⎢ 
⎣ 

cos θ1 − sin θ1 . . . . . . . . . . . . . . . . . .  
sin θ1 cos θ1 . . . . . . . . . . . . . . . . . .  

... 
... 

. . . 
... 

... 
. . . . . . . . .  cos θs − sin θs . . . . . . . . .  
. . . . . . . . .  sin θs cos θs . . . . . . . . .  
... 

... 
. . . 

... 
... 

. . . . . . . . . . . . . . . . . .  cos θ f − sin θ f 

. . . . . . . . . . . . . . . . . .  sin θ f cos θ f 

⎤ 

⎥ ⎥ ⎥ ⎥ 
⎥ ⎥ ⎥ ⎥ ⎥ ⎥ 
⎥ ⎥ 
⎦ 

(35) 

Following [1], the simultaneous impact event is modeled as a constrained opti-
mization problem where the solution set PLCS minimizes the net change in kinetic 
energy (ΔK.E.) of the system during the impact subject to constraints describing 
laws of contact mechanics. From [1], the net change in kinetic energy of the system 
upon collision is given by the below equation 

ΔK.E. = 
1 

2 
PT 
LCSWLCSPLCS + PT 

LCSVin (36) 

where Vin ∈ R2 f ×1 is the column matrix of relative contact velocities before impact 
in LCS of collision points and WLCS is defined in Eq. (34). To find a solution, Eq. (36) 
is minimized subject to constraints described below. 

Constraint 1—Impulse-momentum relation: Solution set PLCS must obey Eq. (34). 
Constraint 2—Condition for non-tensile impulse: The normal component of impulse 
(Pnr 

LCS) for all collision points in the system is always non-tensile. 

Pnr 
LCS ≥ 0 (37) 

Constraint 3—Velocity constraints: None of the contact points have a positive velocity 
of separation before the impact and after collision, no contact points have negative 
velocity of separation (meaning before collision, bodies should be approaching one 
another and after collision, bodies should be separating from one another). In Eq. (38) 
and (39), Vnr 

in is the normal component of initial velocities and Vnr 
f n  is the normal 

component of post-impact velocities. 

Vnr 
in ≤ 0 (38) 

Vnr 
f n  ≥ 0 (39) 

Constraint 4—Restitution inequality: Following [1], a single Newtonian restitution 
inequality is used for describing all the f contact points for the system of u bodies 
as shown below
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f⎲

k=1 

(V nr f n,k)(mk)
α ≥ −  

f⎲

k=1 

ek(V 
nr 
in,k)(mk)

α (40) 

ek is the kinematic COR at the kth contact; V nr f n,k and V 
nr 
in,k are the normal component 

of post-impact and pre-impact relative velocity, respectively, at the k th contact. mk 

[1], called the weightage parameter, is the reciprocal of the terms in WLCS matrix 
which corresponds to the normal component of impact at the k th contact point. α 
is called allocation parameter and can be assigned any value. It effects the relative 
weightage given to each term in the restitution inequality (40). α = 0 implies that all 
terms in the restitution inequality have equal weightage, α = 0.5 makes each term 
dimensionally consistent with square root of energy (

√
mV 2), and α = 1 changes 

each term to momentum units. From a physical view point, α can be seen as a 
tuning parameter that induces a net loss if K.E. post-collision and affects the relative 
distribution of contact impulses in the system. 

4 Results and Discussion 

Three cases of simultaneous impacts in multibody systems are presented in this 
section, and the solutions are compared with results obtained using LCP [4]-based 
method and ADAMS software simulation. 

There are two different algorithms in ADAMS to solve contact problems: the 
IMPACT function model (contact stiffness-based model) and POISSON restitution 
model. The IMPACT function algorithm models the contact as a spring-damper sys-
tem in force-based domain [11], whereas the restitution model uses COR to determine 
post-impact velocities and uses a penalty parameter to calculate reaction forces. The 
choice of solution algorithm is an user input while setting up a contact. In the below 
examples, the solutions are obtained using both restitution and contact stiffness-based 
algorithm. It was noticed that the solution set in ADAMS is highly sensitive to the 
chosen time step in both algorithms. For the below simulation experiments, the time 
steps are so chosen such that the impact events are treated as simultaneous by the 
software and the results are in close proximity of the solutions obtained using the 
proposed method. The time step for each scenario has been presented in the following 
subsections. For the restitution-based solution in ADAMS, the restitution parameter 
is set to 1 and penalty parameter is kept at the default of 1.0E+05. In the contact 
stiffness-based solution, stiffness, force exponent and penetration depth parameters 
are kept to the default of 1.0E+05 N/mm, 2.2 and 0.1 mm, respectively, and damping 
is changed to 0.0. The solutions obtained using restitution-based method are denoted 
as ADAMS (COR) and that of contact stiffness method is denoted as ADAMS (CS). 
Linear complementarity-based results are represented as LCP, and results using the 
proposed method are denoted by the choice of allocation parameter alpha. 

For all the below examples, each constrained linkage system is assigned a body 
index and each link is numbered. Ground body and link are always indexed as 1.
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Hence, k th link in a system of constrained linkage system with index a is denoted by 
linka k . The BCS of any link

a 
k is assumed to have its origin rigidly fixed at the COM 

(xa k , ya k ) and rotated by θ a k with respect to the GCS. Furthermore, a convention is 
adopted such that the x-axis of BCS of linka k is aligned along the link and the y-axis 
is perpendicular to it. It must be noted that this convention is not mandatory to obtain 
a solution using the proposed method. In the below illustrations, the BCS axis for 
links having at least one independent coordinate are shown using dotted lines and the 
GCS axis are shown using solid line. With the above assumptions, the position and 
orientation of linka k are defined by

⎡
xa k y

a 
k θ a k

⎤T 
. All links and unconstrained bodies 

are assumed to have a mass of 1 unit with the COM at the geometric center. The 
COR (e) for all contact points is assumed to be 1. 

4.1 2-Link Manipulator Hitting a 4-Bar Linkage 

Fig. 2 shows a single impact at cp1 =
⎡
5.97 3.48

⎤T 
between a 2-link manipulator 

and 4-bar linkage. The impact event in this case is inherently simultaneous as the 
system has three joints with the ground. The 2-link manipulator is designated index 
a and 4-bar linkage b. The GCS is assigned to have its origin at the joint between 
linkb 2 and ground, as shown in Fig. 2. θ a 2 , θ a 3 and θ b 2 are assumed to be the independent 
coordinates of the system with initial values of 55.4◦, 163.7◦ and 45◦, respectively. 
Solution is obtained for an initial velocity of θ̇ a 2 = 1 rad/s, θ̇ a 3 = −1 rad/s and θ̇ b 2 = 0 

Fig. 2 2-link manipulator 
colliding with 4-bar linkage
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Fig. 3 Results for 2-link 
manipulator impacting a 
4-bar linkage 

rad/s. α is chosen to be 1 as it does not influence the results in case of single point 
collisions. Time step for ADAMS (COR) method is chosen to be 2.00E−03 s and 
that of ADAMS (CS) method is chosen to be 1.00E−03 s. 

The solution set showing change in independent coordinate velocities are pre-
sented in Fig. 3. Average deviation of LCP result is 0.1%, ADAMS  (COR) is  2.1%, 
and ADAMS (CR) is 5.4% with respect to the proposed method. Also, using the 
proposed method ΔK.E. is 0 for this example as there is only 1 collision point. 

4.2 2-Link Manipulator Hitting a Slider-Crank Mechanism 

Simultaneous impact at cp1 =
⎡
1.061 1.061

⎤T 
and cp2 =

⎡
2.407 1.297

⎤T 
between 

a 2-link manipulator and slider-crank mechanism is shown in Fig. 4. The 2-link 
manipulator is designated index a and slider-crank mechanism b. The system has 5 
DOF, where xa 2 , y

a 
2 , θ a 2 , θ a 3 and θ b 2 are assumed to be the independent coordinates 

with initial values of 0.969 m, 3.556 m, 92.1◦, −72.1◦ and 45◦, respectively. Initial 
velocities are assigned to be ẋ a 2 = 0 m/s, ẏa 2 = 0 m/s, θ̇ a 2 = 1 rad/s, θ̇ a 3 = −1 rad/s 
and θ̇2b 2 = 0 rad/s. The solution is obtained for α = 0.5, 1, 1.5 and 2. These values 
of α are chosen to study the effect of allocation parameter on the solution set. A 
time step of 4.00E−03 s is chosen for ADAMS (COR) method and 5.00E−06 s for  
ADAMS (CS) method. 

Fig. 5 shows that the change in post-impact independent coordinate velocities 
depends on α. With respect to the solution using α = 2, LCP results on an average 
deviate by 4%, ADAMS (COR) results by 8.4% and ADAMS (CR) results by 5.8%. 
Also, the results using α = 2 follow the same trend as LCP and ADAMS. For other
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Fig. 4 2-link manipulator hitting a 4-bar linkage 

Fig. 5 Results for 2-link manipulator impacting slider-crank mechanism 

values of α, the deviation percentage is higher. α can be best seen as a tuning param-
eter that induces a net loss of K.E. Though the same value of α is used for both the 
collision points in this case, different values can be used to tune the system behavior 
and K.E loss. A mathematical formulation to determine the best value of α is an open 
problem and subject to further analysis and research.
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4.3 Simultaneous Impact of 2 Unconstrained Rigid Bodies 
on a 2-Link Manipulator 

Fig. 8 describes a scenario of a ball hitting a 2-link manipulator at cp1 =⎡
8.803 8.071

⎤T 
which is in contact with another ball at cp2 =

⎡
5.657 5.657

⎤T 
. Ball1 

is assigned index a, 2-link manipulator b, and ball2 is assigned index c. The position 
and orientation of COM of the 2 balls along with θ b 2 and θ b 3 are assumed to be the  
independent coordinates. Initial values of xa , ya , θ b 2 , θ b 3 , xc and yc in GCS are 8.553 
m, 8.504 m, 45◦, 30◦, 6.010 m and 5.303 m, respectively. The solution is obtained 
for α = 0, 0.5 and 1 with ball1 having an impact velocity of 1 m/s in a direction per-
pendicular to linkb 3. Time step for ADAMS (COR) method is chosen to be 4.00E−04 
s and that of ADAMS (CS) method is chosen to be 2.54E−04 s (Fig. 6). 

Angular momentum of the system about jointb 1−2 is conserved as there is no 
external moment on the system and the results comply with this. For the balls, only 
the change in linear velocity of COM is plotted in Fig. 7 as there are no tangential 
impacts. As seen in Fig. 7, the results for all values of α distinctively differ from the 
LCP solution, and moreover, Δ ̇θ b 3 is positive for LCP and negative for all the other 
solutions. This can be explained by the fact that LCP adds a mathematical constraint 
that prohibits contact separation between two bodies that are initially in contact with 
zero relative velocity of approach. Ball2 and linkb 2 form such a pair. However, results 
using ADAMS simulation are much closer to the results obtained using different 
values of α. ADAMS (COR) results deviate on an average by 12.5, 14.9 and 17.8% 
from the results with α = 0, 0.5 and 1, respectively. Similarly, ADAMS (CS) results 
deviate on an average by 16.7, 14.4 and 12.9% from the results with α = 0, 0.5 and 
1, respectively. As seen, the average deviation of ADAMS results in this example 
is higher than the previous two examples. This can be explained by the fact that in 

Fig. 6 2 balls colliding with 
2-link manipulator
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Fig. 7 Results for 2 balls impacting a 2-link manipulator 

Fig. 8 Position of balls and links after 1 s of impact 

ADAMS a contact between two bodies is detected when one body is within a pre-set 
distance from another body. This pre-set distance is usually small in magnitude but 
larger than 0. Owing to this, ball2 in ADAMS receives an impact force from linkb 2 
only when linkb 2 displaces slightly after collision between ball

1 and linkb 3 and so the 
two collisions are not treated as perfectly simultaneous in ADAMS. 

However, for all the three values of α, the solution predicts a contact separation 
between linkb 2 and ball

2. This can be seen in Fig. 8 which shows the position and 
orientation of the system 1 s after the collision using results from ADAMS (COR), 
LCP and proposed method with α = 0. Though α induces a net loss in K.E., the 
solution is physically intuitive because it predicts contact break and no impact in 
real-world applications is perfectly elastic.
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5 Conclusions 

As shown in the results section, the proposed method predicts solutions that are 
close to solutions obtained using ADAMS software without defying any physical 
laws. It is also shown that when applicable the method predicts contact break which 
LCP-based method fails to predict. Moreover, the results do not require a impact 
sequence to be assumed and solve all impacts simultaneously using a single restitution 
inequality. This makes it easy to solve problems involving large number of collision 
point. Currently, the methodology is developed only for planar linkages but it can 
be extended for spatial linkages using appropriate formulations. As a future scope, 
an additional constraint to model friction can be embedded into the simultaneous 
impact model and a method to select the best value of tuning parameter (α) can be 
developed. 
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Modeling and Optimal Design 
of Bridge-Type Displacement Amplifier 

S. B. Lavanya and G. R. Jayanth 

Abstract Bridge-type displacement amplifiers are compliant mechanisms that are 
widely used in high-precision positioning, where they are typically employed to 
amplify the input displacement of a piezo-actuator. This paper presents a quasi-
static model for the amplifier considering the effect of elastic deformation of the 
beam and the flexure hinges. Closed-form expressions for the amplification ratio 
of the amplifier, the angular deformation of the beam, and the necessary force are 
derived in terms of geometric parameters of the amplifier. The dependence of the 
amplification ratio on the geometric parameters of the connecting-beam and its tilt 
angle is studied, and the optimal values of the same are obtained. Additionally, two 
characteristic length-scales are identified, and guidelines are proposed for choosing 
the beam-length for a desired amplification in terms of these length-scales. In all 
cases, the analytical results are validated by comparing them with those of finite 
element analysis. 

Keywords Bridge-type displacement amplifier · Complaint mechanism · Flexure 
hinge · Mechanical amplifier 

1 Introduction 

Flexure-based displacement amplifiers are popularly used in precision nano-
positioning [1], micro-manipulation applications [2, 3] due to frictionless motion, 
absence of backlash, and ease of fabrication in micro-scale. These displacement 
amplifiers are broadly classified as being either lever-type [4] or bridge-type. Among 
the two, the bridge-type amplifier has negligible cross-coupling motion and possesses 
a higher natural frequency for the same amplification ratio and similar size. Hence, 
they are popularly used in piezo-based nano-positioners [5].

S. B. Lavanya (B) · G. R. Jayanth 
Indian Institute of Science, Bangalore 560012, India 
e-mail: lavanyas@iisc.ac.in 

G. R. Jayanth 
e-mail: jayanth@iisc.ac.in 

© The Author(s), under exclusive license to Springer Nature Singapore Pte Ltd. 2023 
V. K. Gupta et al. (eds.), Recent Advances in Machines and Mechanisms, Lecture Notes 
in Mechanical Engineering, https://doi.org/10.1007/978-981-19-3716-3_9 

117

http://crossmark.crossref.org/dialog/?doi=10.1007/978-981-19-3716-3_9\&domain=pdf
http://orcid.org/0000-0003-0084-5284
http://orcid.org/0000-0001-7882-8877
mailto:lavanyas@iisc.ac.in
mailto:jayanth@iisc.ac.in
https://doi.org/10.1007/978-981-19-3716-3_9


118 S. B. Lavanya and G. R. Jayanth

Given their widespread use, it is important to develop analytical models to assist 
with designing nano-positioners of the desired amplification ratio. Furukawa’s group 
[6] was one of the first to describe an analytical method for relating the input–output 
displacements. These, however, were obtained from the geometric analysis without 
considering the compliance of the flexure hinges and the beam of the amplifier. The 
reported output displacement was found to be a non-linear function of the input 
displacement. Over the years, other groups have reported analytical methods for 
obtaining the amplification ratio using a variety of methods such as Castigliano’s 
theorem [7], lumped parameter model [8], elastic beam theory [9, 10], and matrix 
method [11, 12]. Among the reported models, the models obtained using the matrix 
method [11, 12] were the most accurate, but a simple closed-form expression for 
amplification ratio was not reported. Hence, numerical analysis was necessary to 
understand the effects of the dimensional parameters. This, however, is relatively 
computationally intensive and therefore hinders simple, intuitive design. Though 
closed-form expression for amplification ratio was reported by Ling et al. [10] consid-
ering the effects of compliance of connecting-beam, the expression was not valid for 
an aligned-type bridge amplifier with circular flexural hinges. Furthermore, none of 
the groups have reported closed-form expression for maximum achievable amplifi-
cation ratio and the corresponding optimal tilt angle for given amplifier dimensions 
to aid in the design of the amplifier. 

This paper proposes a simple model for an aligned-type bridge amplifier that 
also considers the compliance of the connecting-beam. The model is used to obtain 
closed-form expressions for the amplification ratio, the angular deformation of the 
beam, and the force developed within the flexure-mechanism. Finally, the analytical 
expression for amplification ratio is employed to determine the optimal tilt angle of 
the beam to maximize amplification ratio and to determine the minimum length of the 
beam necessary to achieve a specified amplification. In particular, two characteristic 
length-scales are identified, which help to generate guidelines for the selection of 
the length of the beam. All the important results are validated using finite element 
analysis. 

The rest of the paper is divided as follows: Section 2 describes the model of 
bridge-type amplifier incorporating the compliance of the beam and its verification 
using finite element (FE)-method. Section 3 reports the optimization for the amplifier 
and its validation using FE-method. Finally, Sect 4 provides the conclusion. 

2 Modeling of Bridge-Type Amplifier 

Figure 1a, b shows schematics of two types of bridge amplifiers. The former geometry 
is termed as aligned-type, while the latter is termed parallel-type amplifier, with 
the main difference being that the former uses two piezo-actuators while the latter 
employs just one. Though this leads to a simpler construction for the latter case, it also 
leads to some disadvantages: It requires the use of a side-beam whose compliance 
can reduce the amplification ratio. It sets a lower-limit on the size of the flexure based
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Fig. 1 a Aligned-type bridge amplifier. b Parallel-type bridge amplifier 

on the piezo-actuator that needs to be mounted inside, and thus, potentially leads to 
lower overall bandwidth of the amplifier. Furthermore, applying the requisite preload 
is easier in the former case, especially in the event of fabrication errors. Nevertheless, 
from the point of view of analysis, the quasi-static model for the two would be the 
same if the compliance of the side-beams is neglected. 

Figure 2a shows the model of the bridge-type displacement amplifier. The 
connecting-beam which is of length lb is tilted at an angle α and is modeled as 
an elastic beam, and flexure hinges are modeled as torsional springs of rotational 
stiffness κh . An input force F along X-axis displaces the amplifier by Δx, which 
results in an amplified output displacement Δz. Due to symmetry, only one side of 
the amplifier, comprising two hinges and a beam, as shown in Fig. 2b, is considered 
for analysis purposes. If the two torsional hinges rotate by Δα1 and Δα2, then by 
moment balance, it is seen that 

Fig. 2 a Lumped parameter model of bridge-type amplifier. b Free body diagram of the connecting-
beam
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κhΔα1 + κhΔα2 = Flbsinα. (1) 

The force Fcosα acts longitudinally and results in the axial deformation Δlb of 
the beam along with the hinges is given by 

Δlb =  − Fcosα 
klb 

, (2) 

where klb is the total axial stiffness of the beam along with hinges which is the series 
combination of axial stiffness of the beam kb and the hinges kh . 

Likewise, the force Fsinα along with the moments applied by the torsional spring 
results in elastic deformation of the beam. The resulting deformation z1(x1) can be 
obtained using the Euler–Bernoulli beam equation, namely 

d2z1 
dx2 1 

=  −M(x1) 
E I  

, (3) 

where M(x1) =  −F(lb − x1)sinα + κhΔα2 and the boundary conditions are z
' 
1(0) = 

Δα1, z
' 
1(lb) = Δα2 and z1(0) = 0. In Eq.  (3), E is Young’s modulus, and I is the 

area moment of inertia of the beam. By solving Eqs. (1)–(3), the angles Δα1, Δα2, 
and z1(x1) can be obtained in terms of the force F and are given by 

Δα1 = Δα2 = 
Flbsinα 
2κh 

. (4) 

z1(x1) = 
Fx1sin α 
12 κb κh lb 

( 
6κblb 

2 + 3κhlbx1 − 2κhx1 2
) 
. (5) 

In Eq. (5), κb = E I  / lb is the rotational stiffness of the beam. 
By virtue of symmetry, hinge-2 can move only along the Z-axis, i.e., its net 

X-displacement should be zero. This implies that 

Δx =  −Δlbcosα + z1(lb)sinα. (6) 

Likewise, the displacement Δz can be obtained in terms of Δlb and z1(lb) and is 
given by 

Δz = Δlbsinα + z1(lb)cosα. (7) 

The amplification ratio or the gain G is defined as the ratio of output displacement 
Δz to input displacement Δx . The expression for G is obtained from Eqs. (4)–(7) 
and is given by
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G = 
Δz 

Δx 
= 

cotα(1 − β) 
1 + βcot2α 

, (8) 

where β = 1⌈ 
klbl2 b 

⎛ 
1 

2κh 
+ 1 

12κb 

⎞⅂ . 

Equation (8) reveals that G ≈ cotα when cot2α ≪ 1/β or equivalently, α ≫ 
tan(

√
β). Likewise, G ≈ (tanα)(1 − β)/β when cot2α ≫ 1/β or equivalently 

when α ≪ tan(
√

β). The former limit represents the “rigid-body” limit of operation 
where the beam can be assumed to be nearly rigid, while the latter limit represents 
the “elastic” limit, where G is dominated by elastic effects of the beam. 

Since the bridge amplifier is typically actuated by a piezo-actuator, it is convenient 
to represent the force F and the angles Δα1,  Δα2 in terms of the input displacement 
Δx and are given by 

F = Δx 

⎡ 

⎣ klb 

cos2α + klbl2 bsin2 α 
⎛ 

1 
2κh 

+ 1 
12κb 

⎞ 

⎤ 

⎦. (9) 

Δα1 = Δα2 = Δx 

⎡ 

⎣ klblbsinα 

2κhcos2α + klbl2 bsin2 α 
⎛ 
1 + κh 

6κb 

⎞ 

⎤ 

⎦. (10) 

To validate these results, a bridge amplifier was analyzed using finite element 
(FE)-analysis, and the results were compared with the analytical predictions. The 
aligned-type bridge amplifier was assumed to possess a circular flexural hinge of 
radius Rc = 50 µm, and thickness tc = 10 µm. The beam dimensions were the 
following: length lb = 1 mm, width wb = 0.5 mm, thickness tb. The elastic modulus 
of all materials was assumed to be E = 170 GPa. The rotational stiffness of the hinge 
κh is determined using the expression by Schotborgh et al. [13], whereas its axial 
stiffness kh is obtained using the expression by Yong et al. [13]. 

Figure 3a shows the deformation profiles for various values of α =1°, 5°, 10° for tc 
= 20 µm and tb = 30 µm. For these dimensions, κh is comparable to κb. The graph 
shows that the analytical results agree with the computational results with errors 
of −16.5%, 10.8%, and 11.5% for α =1°, 5°, 10°, respectively. Figure 3b shows  
the variation of amplification ratio G as a function of α obtained using analytical 
expression and FE-method for different values of beam thickness tb = Rc, 2Rc, 4Rc. 
Figure 3b reveals that the analytical results are in good agreement with FE-results. 
Moreover, there exists an optimum tilt angle αopt at which the amplification ratio 
is maximum. The results show that increasing tb, i.e., increasing the rigidity of the 
beam improves the maximum achievable amplification.
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(a) (b) 

(mm) 
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m

) 
= 1° 
= 5° 
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FE Analytical 
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FE Analytical 

Fig. 3 a Plot of linear deformation z1(x1) profile of the beam for α = 1°, 5°, 10° for tc = 20 µm 
and tb = 30 µm. b Plot of G versus α for different values of tb = Rc, 2Rc, 4Rc with for tc = 10 µm 

3 Optimization of the Amplifier Geometry 

Equation (8) and Fig. 3b reveal that there exists an optimum value of αopt at which 
the amplification of the amplifier is maximum. αopt is obtained by setting dG dα = 0 
and solving for α. Thus, the analytical expression for αopt is given as 

αopt = cot−1 

⎛ 
1 √
β 

⎛ 
. (11) 

Using Eq. (11) in (8), the expression for maximum amplification Gmax is given 
by 

Gmax = 
1 

2 

⎛ 
1 √
β 

− 
√

β 
⎛ 

. (12) 

Since typically β ≪ 1, it is seen that Gmax ≈ 1/(2 
√

β). Equation (12) reveals 

that Gmax increases with reduction in β. Since β = 1/ 
⌈ 
klbl2 b 

⎛ 
1 
2κh 

+ 1 
12κb 

⎞⅂ 
, it is noted 

that Gmax can be increased with an increase in lb and by reducing κh . 
Figure 4 shows the variation of Gmax as a function of beam-length lb obtained 

using the analytical expression for various beam-thicknesses tb and shows that Gmax 

is an increasing function of both lb and tb. The analytical results were validated with 
those of FE-analysis for the case tb = 2Rc, and the two are seen to match well. 

The figure also reveals that to achieve the desired amplification, the beam should 
have a certain minimum length lbmin for the given hinge dimension and beam cross-
section area. The analytical model can be employed to estimate the minimum length 
lbmin necessary for the beam to achieve a specified amplification G. In particular, 
this can be readily done for the case when the rotational stiffness of the beam κb is
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Fig. 4 Plot of maximum 
amplification ratio Gmax for 
the variation in beam-length 
lb for different values of 
tb = 2Rc, 8Rc, 14Rc, 20Rc 
obtained from analytical 
expression. The square 
markers correspond to Gmax 
obtained from FE-method 
for the case tb = 2Rc 

(mm) 

much greater than κh . In such a case, β can be approximated to be β ≈ 2κh/(klbl2 b ). 
Furthermore, it is noted that klb = kb||kh , where kb is the axial stiffness of the 
beam and kh is the net axial stiffness of the two hinges. Since kb = Ewbtb/ lb, and 
Gmax ≈ 1/(2

√
β), it is possible to analytically relate Gmax to lb. Thus, for a specified 

amplification ratio G, the minimum length necessary can be derived to be 

lbmin = 4G2 

⎛ 

⎝l01 +
/

l2 01 + 
l2 02 
G2 

⎞ 

⎠, (13) 

where l01 = κh/Ewbtb and l02 = √
κh/kh are two characteristic lengths of the 

amplifier. 
Though increasing the beam-length improves the amplification ratio, the improve-

ment is not significant for very large values of lb. Thus, the upper-limit on the beam-
length lbmax can be set when the rate of change of amplification ratio with respect 
to the beam-length, i.e., dGmax/dlb reduces below a specified limit go. The approxi-
mate expression for lbmax can be obtained for the desired amplification-rate go using 
Eq. (12) under the conditions κh ≪ κb which is generally valid in practice and is 
given by 

lbmax = 
1 

64g2 ol01 

⎛ 
1 − 128g2 ol

2 
02 + 

/
512g2 ol

2 
02 + 1 

⎛ 
. (14) 

Thus, it is desirable to choose the beam-length lb such that lbmin < lb < lbmax 

when the tilt angle is chosen to be αopt. 
As an example, for the amplifier parameters considered in Sect. 2 and the desired 

amplification ratio of 50, lbmin = 1.161 mm as per Eq. (13). This is within an error 
of 0.5% in comparison with the exact value determined from the numerical solution 
of Eq. (12). Likewise, if go = 20 mm−1, lbmax is obtained from Eq. (14) to be  lbmax=
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2.867 mm, which is within an error of 8.8% in comparison with the exact value 
determined from the numerical solution of the equation dGmax/dlb = go. 

4 Conclusion 

This paper reported the quasi-static modeling and optimization of the bridge-type 
displacement amplifier. The reported model takes into account the effect of the 
compliance of the connecting-beam. Closed-form expressions for the amplification 
ratio, the necessary force, and the resulting angular deformations of the hinges were 
derived using the developed model. It was seen that for values of tilt angle below 
a certain threshold, the elastic effects of the beam become important, whereas for 
angles larger than this limit, the elastic effects can be neglected, and the beam can 
be modeled as a rigid element. The model also revealed that the required input force 
reduced with an increase in the tilt angle. The analytical expressions of amplification 
ratio and input force were validated by employing the finite element method. Subse-
quently, an optimization of the amplifier was undertaken wherein analytical expres-
sions for maximum achievable amplification ratio, and the corresponding optimum 
tilt angle was obtained. The effect of beam-length on the maximum achievable ampli-
fication was studied and verified using the finite element method. Two characteristic 
length-scales were identified, and guidelines for choosing the beam-length in terms of 
these two length-scales were also described. An analytical expression was provided 
for the minimum beam-length necessary to achieve a specified amplification ratio. 
The discussed results are useful for quickly designing the bridge-type amplifier, with 
minimal iterations, for a specified amplification ratio. 
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Design Exploration of Stewart Platform 

Suraj Kumar Mishra and C. S. Kumar 

Abstract In this work, kinematic design exploration of a Stewart platform manip-
ulator is carried out. The paper presents the effect of the design parameters of the 
Stewart platform on its different range of motions. We employ the inverse kinematic 
model of the manipulator with some design constraints to do this exploration. There 
are also limits on input actuations. The different kinematic design parameters of the 
mechanisms are outlined. Out of all the parameters, we select three design parameters 
for our study. These parameters are then changed one by one to see the effect on the 
range of motions. Useful trends are generated for each case. These results are then 
validated by Adams simulations with a very close confirmation. The trends presented 
in the paper could prove extremely helpful for designers to obtain the configuration 
with improved range of motion in any of the six degrees-of-freedom motions. 

Keywords Stewart platform · Design exploration · Inverse kinematics 

1 Introduction 

Design process of a compliant mechanism is an iterative process [1]. It typically 
starts with synthesis of a rigid body mechanism as per the requirement of application 
and constraints. In the next step, the compliant version of the mechanism is made 
by using suitable flexure joints. Now, to check whether this compliant version of 
the mechanism fulfils the design criteria one resorts to analysis of the compliant 
version of the mechanism. If the compliant model falls short of the objective, initially 
changes are done on the compliant mechanism. If however these changes does not 
bring desired results, changes in the rigid body mechanism are carried out. 

The micromanipulators are the mechanisms which are used for manipulation at 
the micro/nano scales with precision. The Stewart platform [2, 3] is one of the most 
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popular parallel manipulators. The design exploration presented in this paper is tar-
geted towards the compliant parallel micromanipulators (CPMs) which are based on 
Stewart platform. One such CPM was proposed in an earlier work of the authors [4, 5]. 

Considerable amount of work has been done for range of motion or workspace 
determination of Stewart platform [6–8]. There are quite a few research papers on 
finding the optimal geometry to maximize the workspace as well [9–14]. However, 
the effect of dimensional parameters on range of motion or workspace has not been 
explored much. Merlet [15] in his paper considered four different designs of Stewart 
platform: symmetric simplified manipulator (SSM), triangular symmetric simplified 
manipulator (TSSM), minimal symmetric simplified manipulator (MSSM), and mod-
ified Stewart platform (MSP) [16]. The author concluded that in terms of workspace, 
SSM design gives best performance followed by TSSM and MSSM design. Jiang 
and Gosselin [8] carried out design exploration for MSSM type Stewart platform. 
They found out that when the base and platform are similar triangles, the optimum 
architecture will be obtained when both base and platform are equilateral triangles 
with the size ratio between the platform and the base is 1/2. Moreover, they dis-
covered that if the base and platform are not similar triangles, then it is difficult to 
determine the global optimal architecture. 

There could be a situation wherein the Stewart platform is required to have better 
range of motion in certain degree of freedoms (DOFs). In the literature, we did not 
find any work which investigates the effect of dimensional parameters of the Stewart 
platform on its range of motion of each DOF. The present work attempts to fill this 
gap. A general Stewart platform involves numerous design parameters which makes 
its design and analysis very complex. In their paper on optimal design of Stewart 
platform, Bhattacharya et al. [17] proposed to reduce the number of parameters to two 
or three so that the performance can be graphically represented. A similar approach 
has been followed in this paper. 

2 Kinematic Design Parameters of the Stewart Platform 

In Fig. 1a, base radius and platform radius are shown as Rb and Rp, respectively. Con-
sidering a limit on available space, base radius of the mechanism has been assumed 
constant in the present exploration. The base angle is one of the important parameters 
in the design. It is represented by Ab in Fig. 1b. In present study, the base angle is 
altered while keeping the platform angle Ap (Fig. 1a) constant. The change in base 
angle changes the platform radius of the mechanism. In Fig. 1b, the parameter Ai 

depicts vertical inclination of the leg. The change in vertical inclination changes sev-
eral other parameters as well. The affected design parameters are: platform radius, 
height of the platform, and platform angle. The legs also have a horizontal inclination 
represented by Ah in Fig. 1a. Change in Ah alters the platform radius and platform 
angle. Under the current constraints of the design, the height (H ) of platform (see
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Fig. 1 Design parameters of a typical Stewart platform 

Fig. 1b) is primarily dependent on the vertical inclination (Ai ) of the leg. The effect 
of change in height can be observed while one changes the inclination of the leg. 

2.1 Selection of Design Parameters for Exploration 

A brief description of all the design parameters of the mechanism was presented 
above. Since all the design parameters are not independent, a separate study for 
each parameter would be a redundant exercise. Therefore, in the present work, three 
parameters have been selected for design exploration; they are: vertical inclination 
of the leg (Ai ), horizontal inclination of the leg (Ah), and base angle (Ab). In what 
follows the effect of change in these parameters will be explored. 

3 Methodology 

Figure 2 summarizes the procedure adopted to generate a plot between a design 
parameter and motion range for a particular DOF. We start by selecting the a 
value of design parameter d within limit (d1 < d < d2). Let us say that we want 
to check range of motion in X-direction. For a pose in X-direction inside limit 
(X1 < X < X2), inverse kinematics of the updated design gives the input actua-
tions. If these actuations fall within the actuation limit, we call this pose as reachable 
pose and try the value of X. If any of the actuations are outside the actuation limit, 
we discard the pose and try the next value of X. Following this process if all poses in 
the range (X1 < X < X2) are covered, then we calculate the difference between the



130 S. K. Mishra and C. S. Kumar

Fig. 2 Flow chart of the methodology followed to obtain the plots 

largest and smallest value of reachable pose. This difference will give us the range 
of X-motion of the platform with d as design parameter. 

Following the procedure discussed above, if we cover all the design values in limit 
(d1 < d < d2), then we can generate a plot between values of design parameter (d) 
and corresponding X-motion ranges. The actuation limit for present exploration is 
± 6.25 µm. 

4 Effect of Change in Vertical Inclination (Ai ) of the  Leg  

It was observed earlier that all design parameters are not independent. Table 1 presents 
the list of dependent and fixed design parameters for the present exploration. Since 
Rp, Ap and H change with Ai , their expressions need to be derived. 

Table 1 Dependent and constant design parameters in case of change in vertical inclination of 
the leg 

Driving design parameter Ai 

Dependent variable parameters Rp , Ap , H 

Fixed parameters Ab, Ah
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Fig. 3 Geometrical analysis of change in vertical inclination 

Rp: With reference to Fig. 3a, the updated platform radius is OP '
2. To determine 

it, triangle OP2 P '
2 is considered. Here, P2 P

'
2 is represented in Fig. 3b as dx . From  

the properties of triangle, Rp can be written as follows: 

Rp =
/
R2 

p0 + dx2 − 2 Rp0 dx cos(120 − (Ah) + (Ap0/2)) (1) 

Ap: This angle is indicated in Fig. 3a by twice of the angle (Ap0/2 + ∠P2 OP '
2). The  

angle P2 OP '
2 can be determined by the property of the triangle OP2 P '

2. The final 
equation for Ap is given below. 

Ap = Ap0 + 2 sin−1

(
dx  

Rp 
sin

(
120 − Ah + 

Ap0 

2

))
(2)
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Fig. 4 Effect of change in vertical inclination of leg (Ai ) on range of motions 

H: With reference to Fig. 3b the equation for H can be written as 

H = l sin(Ai ) (3) 

4.1 Results 

Figure 4 shows the effect of change in vertical inclination (Ai ) on the range of motion 
of each of the 6-DOF motions. It should be noted that original value of Ai (i.e. Ai0) 
was 23◦. The range of variation of Ai is: 19◦–35◦. 

5 Effect of Change in Horizontal Inclination (Ah) of the Leg 

Table 2 outlines the different design parameters for this operation. The schematic 
diagram for change in Ah is depicted in Fig. 5. Since Rp and Ap are dependent 
parameters here, we need to find their expressions. Consider triangles OSP '

2 and 
B2T P '

2 in Fig. 5. For line P
'
2S, the following equation can be written: 

l ' sin (Ah) + K1 = Rp sin

(
60 − 

Ap 

2

)
(4)
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Table 2 Dependent and constant design parameters in case of change in horizontal inclination of 
the leg 

Driving design parameter Ah 

Dependent variable parameters Rp , Ap 

Fixed parameters Ab, Ai , H 

Fig. 5 Geometrical description for horizontal inclination of mechanism (top view) 

Similarly for line OB, the following equation is given: 

l ' cos ( Ah) + Rp cos

(
60 − 

Ap 

2

)
= K2 (5) 

Solution of Eqs. 4 and 5 yields the expressions for Rp and Ap. 

Ap = −60 − 2 tan−1

(
l ' cos Ah − K2 

l ' sin Ah + K1

)
(6) 

Rp = (l ' sin Ah + K1)

/
1 + 

(l ' cos Ah − K2)2 

(l ' sin( Ah) + K1)2 
(7) 

5.1 Results 

Figure 6 depicts the effect of change in horizontal inclination (Ah) on the range of 
motion of each of the 6-DOF motions. The value of Ah for original mechanism was 
8◦. The range of variation of Ah for present exploration is 0◦–12.5◦.
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Fig. 6 Effect of change in horizontal inclination of leg (Ah) on range of motions 

6 Effect of Change in Base Angle (Ab) 

The variation in base angle can be done in many possible ways. In present case, 
variation platform angle Ap has been assumed to be constant. In such a situation, 
change in base angle alters Rp and Ah . In what follows, we shall try to find the 
expression for Rp (Table 3). With reference to Fig. 7, P2 B '

2 can be written as 

P2 B
'
2 =

/
(l ')2 

=
/(

Rb cos

(
Ab 
2

)
− Rp cos

(
60 − 

A p 
2

))2 
+

(
Rb sin

(
Ab 
2

)
− Rp sin

(
60 − 

A p 
2

))2 

(8) 

Table 3 Variable and constant design parameters during change in base angle of the mechanism 

Driving design parameter Ab 

Dependent variable parameter Rp , Ah 

Fixed parameters Ap , Ai , H
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Fig. 7 Geometrical description for change in base angle of the mechanism (top view) 

The above equation yields the following quadratic equation in Rp . 

R2 
p − 2Rb cos

(
60 − 

A p 
2 

− 
Ab 
2

)
Rp + (R2 

b − (l ')2) = 0 (9) 

Solution of this equation is presented below. 

Rp = 
1 

2

(
2 Rb cos

(
60 − 

A p 
2 

− 
Ab 
2

)

±
/
4 R2 

b cos
2
(
60 − 

A p 
2 

− 
Ab 
2

)
− 4(R2 

b − (l ')2)
)

(10) 

In the previous equation, if one takes the positive sign, then Rp corresponds to the condition 
wherein Rp > Rb. As this is physically not possible for the current design of the mechanism. 
The final acceptable equation for Rp is given as 

Rp = 
1 

2

(
2 Rb cos

(
60 − 

A p 
2 

− 
Ab 
2

)

−
/(

4 R2 
b cos

2
(
60 − 

A p 
2 

− 
Ab 
2

)
− 4(R2 

b − (l ')2)
))

(11)
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Fig. 8 Effect of change in base angle (Ab) on range of motions 

Table 4 Dimensional parameters for the original design (all lengths are in mm) 

K1 l ' l Rp0 Rb0 Ap0 

9.20 99.18 108.24 36.70 127.16 42.40◦ 

Ab0 Ah0 Ai0 H0 K2 

8.30◦ 8◦ 23◦ 43.35 126.82 

6.1 Results 

The effect of change in base angle (Ab) on the range of motion of each of the 6-DOF motions 
is summarized in Fig. 8. Base angle for original mechanism was 8.3◦. Here, range of variation 
of Ab is 4

◦–60◦. 

7 Validation Through MSC-Adams Simulations 

In this section, the correctness of the analytical results will be checked by using MSC-Adams 
software package. In the previous sections, we obtained the trends for motion range for varia-
tion in three design parameters: vertical, and horizontal inclination of the leg, and base angle. 
In what follows, we shall make three updated designs, each with change in one of the three 
previously mentioned parameters. Then, with the help of Adams simulation, it will be checked 
whether they actually produce the outcome as predicted by the analytical model. The values 
of design parameters for the original design is summarized in Table 4.
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Fig. 9 Comparison of the original and updated design in Adams environment 

Table 5 Comparison of analytical and simulation results for change in Ai 

Motion type Range in the original 
design 

Expected range for 
new design 

Range observed from 
Adams simulation 

X-motion 87.22 µm 90.56 µm 90.558 µm 

φ-motion 0.183◦ 0.158◦ 0.1580◦ 

Fig. 10 Comparison of the original and updated design in Adams environment 

7.1 Change in Vertical Inclination 

In the original design of the mechanism, vertical inclination of the leg was 23◦. Let us consider 
a design with 19◦ inclination. The Adams model of the original and the new design is depicted 
in Fig. 9. The updated design parameters are: Ai = 19◦, A p = 36.14 mm, Rp = 34.72 mm, 
and H = 36.33 mm. 

Table 5 presents a comparison of the expected and observed motion ranges for the updated 
design. 

7.2 Change in Horizontal Inclination 

The leg in the original design had 8◦ of horizontal inclination. For the new design, let us assume 
that there in no horizontal inclination, i.e. Ah = 0. Figure 10 compares this new design with 
the original design. Updated dimensional parameters in this case are: Ah = 0◦, Rp = 29.13 
mm, and A p = 83.19◦.
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Table 6 Comparison of analytical and simulation results for change in Ah 

Motion type Range in the original 
design 

Expected range for 
new design 

Range observed from 
Adams simulation 

Y-motion 85.66 µm 91.73 µm 91.732 µm 

θ -motion 0.301◦ 0.377◦ 0.3785◦ 

Fig. 11 Comparison of the original and updated design in Adams environment 

Table 7 Comparison of analytical and simulation results for change in Ab 

Motion type Range in the original 
design 

Expected range for 
new design 

Range observed from 
Adams simulation 

Z-motion 181.70 µm 181.70 µm 181.701 µm 

ψ -motion 0.169◦ 0.364◦ 0.3640◦ 

A comparison between expected and observed motion ranges for the updated design is 
outlined in Table 6. 

7.3 Change in Base Angle 

The value of base angle for the original design was 8.3◦. Let us change this to 40◦. The  
resulting new design is illustrated in Fig. 11 along with the original design. For the present 
case, updated structural parameters are: Ab = 40◦ and Rp = 30.05 mm. 

In Table 7, a comparison between the expected motion and observed motion for the new 
design is summarized. 

In this section, we performed the simulations for validation of the analytical results. It 
was seen that simulation results very closely confirmed to the expected values predicted by 
analytical model. This proves the reliability of the results presented in Sects. 4.1, 5.1, and  6.1.



Design Exploration of Stewart Platform 139

8 Conclusions 

In present work, kinematic design exploration of a Stewart platform was carried out. We used 
the inverse kinematics model of the platform with some design constraints to do this explo-
ration. There were also limits on input actuations. The different kinematic design parameters of 
the mechanisms were presented with the help of rigid-body model of the mechanism. We also 
discussed about fixed and variable design parameters. Out of all the parameters, we selected 
three design parameters for our study. These parameters were then changed one by one to see 
the effect on range of motions. Useful trends were generated for each case. These results were 
then validated by Adams simulations with very close confirmation. 

The trends presented in the work could prove extremely helpful for designers to obtain the 
configuration with desired range of motion. 
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Design of Bistable Arch-Profiles by Using 
Bilateral Relationship and Shape 
Optimization 

Sabyasachi Dash, Praneet Nallan Chakravarthula, and Safvan Palathingal 

Abstract The design of bistable arches is challenging due to their inherent nonlinear 
behaviour. It is known that the arch profiles of bistable arches in their two force-
free equilibrium states are related to each other through a bilateral relationship. 
The closed-form analytical form of the bilateral relationship helps in designing the 
as-fabricated profile of the bistable arches when their toggled shape is completely 
specified. However, in certain cases, the arch profiles cannot be designed solely 
using the bilateral relationship. In this paper, we address such cases and present 
a design method to obtain arch-profiles using shape optimization in conjunction 
with the bilateral relationship. Such cases include: (1) arch-profiles that are partially 
specified in the first or/and second states; (2) arch-profiles that extremise the travel 
have a prescribed change in slope and have a specific ratio of travel between stable 
and unstable states. Towards this, the arch-profiles are represented using a set of finite 
variables corresponding to the mode weights of the basis set in which their shape 
is described. We formulate the optimization problem for each design case with the 
constraint to restrict the solutions in design space where the arches are bistable. After 
describing the procedure for numerically solving the optimization problem, design 
of arch-profiles using this method is illustrated through examples. 
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1 Introduction 

Stable profiles of bistable arches: initial profile, H (X ), and toggled profile, W (X ), 
can be designed analytically by using bilateral relationships [1, 2] when one of them 
is completely prescribed as summarized in Fig. 1. In this paper, we address three cases 
in which design using the bilateral relationship can be improved with optimization. 
One is the case of partially-specified arches as illustrated using an example in Fig. 2. 
Here, the profile is specified only in a region of interest. In the example considered, 
specified profile is a flat segment at the mid-span of the initial profile of the arch. 
This leaves a region of unspecified section in the arch-profile as indicated in Fig. 2. 
Each valid shape chosen for the unspecified region leads to a different initial profile. 
By formulating an optimization problem, we seek to identify optimal designs in such 
scenarios, which is the novelty of this work. Utility of the formulation is illustrated 
by considering an example, that of a mobile holder, as indicated in Fig. 4. When 
the phone is pushed against the toggled profile, the arch snaps to the as-fabricated 
profile that matches with the dimensions of the phone and holds it in place without 
any external force. 

Fig. 1 Designing bistable profiles of an arch with pinned-pinned boundary conditions: a toggled 
profile from prescribed initial profile, b initial profile from a specified toggled profile 

Fig. 2 Bistable arch with a partially-specified initial profile
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Fig. 3 Optimization of arch-profiles 

Second case is concerned with extracting optimal characteristics at a point of 
interest (POI). We consider three examples here: maximum travel between the two 
stable states for multiple points along the span of the arch, specified change in slope 
at a POI when the arch deforms between the two stable states (see Fig. 3), and specific 
travel between stable and unstable state. 

Bistable arches are well studied and analyzed in the literature [3–6]. The 
optimization-based design presented in this work helps to design optimal arch-
profiles for the aforementioned design cases. Such optimal arches will find use in 
applications for bistable arches [7] such as micro-optical switches and relays [8], 
grippers [9], chairs for people with arthritis [10], mechanical logic gates [11], and 
rear trunk lid of cars [12]. 

The rest of the paper is arranged as follows: in Sect. 2, details on the mathematical 
preliminaries and the analytical relationships between the as-fabricated and the tog-
gled shapes and the required conditions for bistability are summarized. In Sect. 3, the  
optimization problem and constraints are defined, key objective functions are iden-
tified, and optimal arch-profiles are obtained. These results are discussed in Sect. 4. 
Finally, the bistability of the optimized profiles is validated using nonlinear finite 
element analysis. 

2 Summary of Bilateral Relationship 

The bilateral relationship between the initial and toggled profiles of bistable arches 
can be described analytically [1]. For pinned-pinned bistable arches, the normalized 
initial profile, H (X ), and the normalized deformed profile, W (X ), are  taken as a  
weighted combination of all the buckling mode shapes of a straight pinned-pinned 
column. We can write the normalized profiles as follows: 

H (X ) = 
∞⎲

i=1 

ai sin (Mi X ) (1) 

W (X ) = 
∞⎲

i=1 

Ai sin (Mi X ) (2)
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Fig. 4 Using a bistable arch to hold a mobile phone in place without any external force 

where Mi = i π , X = x L , and L is the span of the arch. The equation for the first 
weight of a force-free deformed profile (A1) of the arch can be obtained by solving 
Eq. (3) 

3Q2 
∞⎲

i=1 

⎧ 
⎪⎨ 

⎪⎩ 

1 
i2

⎬
1 − a1 A1

⎫
− 2

⎾
1 − 1 i2

⎬
1 − a1 A1

⎫⎤2 

⎫ 
⎪⎬ 

⎪⎭ 
ai 

2 = 1 (3) 

where Q = hmid/t , hmid is the height at the mid-span of the arch, and t is the in-plane 
depth of the cross section. Equation (3) can be solved numerically. It is to be noted 
that the equation yields multiple solutions of A1, and the solution corresponding 
to the stable toggled profile needs to differentiated from the unstable arch-profile. 
The stability of profile can be evaluated by analyzing the positive definiteness of the 
Hessian matrix, discussed in Sect. 2.1. The mode weights other than A1 can be found 
using: 

Ai = ai 

1 − 1 i2
⎬
1 − a1 A1

⎫ (4) 

The initial profile of the arch can also be obtained analytically when a toggled 
profile is specified with the aid of: 

a1 = A1

Σ∞ 
i=1 

Ai 
2 

i2 − 2
Σ∞ 

i=1 Ai 
2 − 1 

3Q2

Σ∞ 
i=1 

Ai 
2 

i2 

(5) 

The remaining ai values can be obtained from Eq. (4).
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2.1 Stability of the Deformed Profiles 

As mentioned in the previous section, to ensure stability of the force-free deformed 
profile, we obtain the Hessian matrix from the strain energy expression. The strain 
energy comprises bending and the compressing energies, and we can define the total 
strain energy as a function of known and unknown mode weights as [1]: 

SE = 1 4

⎧ ∞Σ
i=1 

ai 2 Mi 
4 + 

∞Σ
i=1 

Ai 
2 Mi 

4 − 2 
∞Σ
i=1 

ai Ai Mi 
4

⎫

+3 h
2 
mid 

8t2

⎧ ∞Σ
i=1 

ai 2 Mi 
2 − 

∞Σ
i=1 

Ai 
2 Mi 

2

⎫2 

(6) 

Thus, the diagonal terms in the Hessian matrix, H, are  given by  

Hii  = 
Mi 

4 

2 
− 

3Q2 Mi 
2 

2

⎧ ∞⎲

k=1 

ak 
2 Mk 

2− 
∞⎲

k=1 

Ak 
2 Mk 

2

⎫
+ 3Q2 Ai 

2 Mi 
4 (7) 

and the other terms are given as 

Hi j  = 3Q2 Ai A j Mi 
2 M j 

2 (8) 

Positive definiteness of H defined in Eqs. (7) and (8) guarantees bistability of the 
arch. 

3 Optimization Problems 

In this section, we define the optimization problem used for designing bistable arches 
with (1) maximum travel at a point, (2) specified change in slope at a point, (3) specific 
travel between the initial, unstable, and second stable states, and (4) specified region 
in the arch-profile. 

3.1 Travel at a Point Between Initial and Toggled Profiles 

The optimization problem defined here maximizes the distance between the arches 
in the initial and toggled states for a specified value of X. The optimization problem 
is defined as 

max 
ai 

J1(ai ) = H (S) − W (S)
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subject to: 

g1( A1) = 3Q2 
∞⎲

i=1 

⎧ 
⎪⎨ 

⎪⎩ 

1 
i2

⎬
1 − a1 A1

⎫
− 2

⎾
1 − 1 i2

⎬
1 − a1 A1

⎫⎤2 

⎫ 
⎪⎬ 

⎪⎭ 
ai 

2 − 1 = 0 

g2( Ai ) = Ai − ai 

1 − 1 i2
⎬
1 − a1 A1

⎫ = 0 (9) 

H (0.5) = 1 
vT Hv ≥ 0 
lb ≤ ai ≤ ub 

data: 
S, Q, lb, ub 

where the objective function, J1(ai ), is the distance between the toggled and initial 
profiles at the point S. H (X ) and W (X ) are given by Eqs. (1) and (2). The first 
and second constraints follow from the bilateral Eqs. (3) and (4). The constraint 
H (0.5) = 1 ensures that we consider a family of bistable arches with a constant 
hmid. The upper (ub) and lower (lb) bounds on the design variable, ai the weights of 
the fabricated shape, help in the convergence [6]. The inequality constraint ensures 
that the arch-profiles are bistable. 

3.2 Change in Slope at a Point 

Bistable arches used in applications like a passive gripper require change in slopes 
at point between the two stable states to be a certain value. Towards this, we pose an 
optimization problem to design bistable arch-profiles of change in slope α at a point 
S (see Fig. 3). The objective function can be expressed as 

J2(ai ) =
(
H ' (S) − W ' (S) − tan(α)

)2 
(10) 

where 
α = θ1 + θ2 

constraints remain as same as in Eq. (9). In the data, we need to specify the required 
change in slope tan(α).
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3.3 Travel at a Point Between Initial, Unstable, and Toggled 
Profiles 

As mentioned before, bistable arches have a stable initial state, an unstable in-between 
state, and a stable toggled profile. The displacements between each of these states 
are of interests to a designer. The distance between the initial and toggled profiles 
is denoted by Γstable (H (S) − Wstable(S)), and the distance between the initial profile 
and unstable profile is Γunstable (H (S) − Wunstable(S)). We intend to design the initial 
profile such that Γunstable is β times Γstable. The optimization problem can be written 
as 

min 
ai 

J3(ai ) = (β Γstable − Γunstable)
2 

subject to: 

g1( A1) = 0 
g2(Ai ) = 0 
g1( A' 

1) = 0 
g2(A

' 
i ) = 0 (11) 

H (0.5) = 1 
vT Hv ≥ 0 
vT H'v <  0 
lb ≤ ai ≤ ub 

data: 
S, Q, lb, ub 

where A' 
i are the mode weights of the unstable profile and H' is the corresponding 

Hessian. 

3.4 Partially-Specified Profile 

Arches with partially-specified profile in the initial state (P(S), Sa ≤ S ≤ Sb) are  
relevant in various practical applications as demonstrated by a mobile phone holder 
example later. The unspecified region of the initial profile is optimized for a shape that 
snaps into a bistable second state whilst extremise an objective function of choice. 
Here, we are  using travel (J1(ai )) as the objective function. The optimization problem 
can be written as 

max 
ai 

J1(ai ) = (H (S) − W (S))2
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subject to: 

g1(A1) = 0 
g2(Ai ) = 0 (12) 

H (S) = P(S) for Sa ≤ S ≤ Sb 
vT Hv ≥ 0 
lb ≤ ai ≤ ub 

data: 
P(S), Sa, Sb, Q, lb, ub 

4 Results and Discussion 

The objective functions are extremised using the Fmincon function in the optimiza-
tion Toolbox in MATLAB R2019b [13]. The Fmincon function allows to easily 
incorporate the nonlinear equality and inequality constraints as well as the lower and 
upper bounds on the design variables defined in the optimization problems in Sect. 3. 

Details on the implementation and the optimization results obtained for each of 
the objective functions are presented next. 

4.1 Travel at a Point Between Initial and Toggled Profiles 

The key step in solving Eq. (9) is to satisfy the nonlinear constraint, g1(A1) = 0. We  
use Fsolve function in MATLAB to solve for values of A1 that satisfy g1(A1) = 0, 
which is passed on to the Fmincon routine as a nonlinear constraint. Implementing 
the linear constraint g2(Ai ) = 0 and setting the bounds on the design variables are 
straight forward in Fmincon. The optimization using Fmincon is carried out by 
assuming an initial value to the design variable ai , which is iterated in each step 
whilst satisfying constraints towards the optimal solution. The optimized profiles are 
checked for bistability, by analyzing the eigenvalues of the matrix defined in Eqs. (7) 
and (8) and ensuring they are strictly positive. 

For the examples considered here, five mode weights [a1, a2, a3, a4, a5] are chosen 
with the lower and upper bounds [0.1, −0.2, −0.2, −0.2, −0.2] and [2, 0.2, 0.2, 0.2, 
0.2], respectively. The initial guess used is [1, 0, 0, 0, 0]. The optimal arch-profiles 
when S is 0.1, 0.9, 0.5, and 0.35 are given in Fig. 5. Note that the shapes of the 
profiles when S is 0.1 and 0.9 are mirror images of each other. The result obtained 
for S = 0.5 is in agreement with [6]. The optimal ai values obtained in each of these 
cases are given in Table 1.
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(a) S=0.1 (b) S=0.9 

(c) S=0.5 (d) S=0.35 

Fig. 5 Arch-profiles with maximum travel at S 

Table 1 Optimal ai for maximum travel at S 

Position along span (S) Optimal ai 

0.1 [1.376, −0.130, 0.177, −0.081, −0.198] 

0.35 [1.399, −0.073, 0.199, 0.031, −0.199] 

4.2 Change in Slope at a Point 

We follow a similar approach to solve Eq. (10), except for the change in the objective 
function. The arch is optimized to have a difference in slope of tan(α) at the point 
S (see Fig. 3). In order to design for cases with change in slope of 3 and −3, we  
had to use 15 mode weights as design variables. In Fig. 6a, the difference in slopes 
(tan(α)) between the initial and toggled profiles is 3, corresponding to an angle α of 
71.5◦ at S = 0.25 along the span. A similar approach was followed for tan(α) = −3 
at S = 0.8 as shown in Fig. 6b. 

4.3 Travel at a Point Between Initial, Unstable, and Toggled 
Profiles 

In the example considered here, we take S = 0.5. The algorithm was modified to 
include the constraints g1(A'

1) = 0 and that the Hessian H' is negative definite, along
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(a) tan(α) = 3 at S = 0.25 (b) tan(α) = -3 at S = 0.8  

Fig. 6 Arch-profiles with a specific change in slope at S 

(a) β = 0.45 (b) β = 0.95  

Fig. 7 Arch-profiles with specific travel between stable and unstable profiles 

Table 2 Optimal values of ai for fixed relationship between stable and unstable profiles 

β Optimized ai 

0.45 [1.018, 0, −0.036, 0,  −0.054] 

0.95 [1, 0, −0.2, 0,  −0.2] 

with the stable solution A1 as in the previous cases. Figure 7a, b shows the plots of 
the profiles when β is 0.45 and 0.95, respectively. Table 2 summarizes the optimal 
values for these two cases. 

4.4 Partially-Specified Profile 

Motivated by the mobile phone holder application (Fig. 4), the initial profile is con-
strained to have a fixed value for a section at the mid-span of the arch. The equality 
constraints in the optimization algorithm are therefore modified to have a fixed value 
throughout the range of values of S given by 

P(S) = 1 for  0.3 ≤ S ≤ 0.7 (13) 

The designed bistable arch is shown in Fig. 8.
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Fig. 8 Partially-specified profile 

5 Summary 

This work focussed on obtaining optimized designs of bistable arches with (1) max-
imum travel at a point, (2) specified change in slope at a point, (3) specific travel 
between the initial, unstable, and second stable states, and (4) specified region in the 
arch-profile with multiple constraints using the optimization formulation in Sect. 3. 
Illustrative examples were considered in Sect. 4 to show the utility of these design 
cases. We verified the optimized bistable profiles obtained in the work by using a 
finite element model in the commercial software ABAQUS (V2018). Arches were 
modelled as 3D deformable bodies (Young’s modulus, E = 200 MPa, and Poisson’s 
ratio, ν = 0.3) using a 20-node quadratic hexahedral brick with reduced integration 
(C3D20R). The finite element analysis of the mobile holder example (Sect. 4.4) is  
presented in Fig. 9. Furthermore, bistability of each of the optimized shapes was con-
firmed from their force-displacement plots. Force displacement curve for the case 
described in Fig. 5d is presented in Fig. 10. The force changes its direction as the 
displacement increases and is zero at three points indicating bistability. 

(a) Initial profile (b) Toggled profile 

Fig. 9 Finite element model demonstrating the mobile holder
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Fig. 10 Force displacement curve for maximum displacement at S = 0.35 
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Design and Analysis of a Miniaturized 
Atomic Force Microscope Scan Head 

B. N. Arya and G. R. Jayanth 

Abstract The Atomic Force Microscope (AFM) finds widespread applications as 
a tool for nano-scale characterization studies and atomic manipulation. Here, we 
propose the design of a miniaturized AFM scan head for 3-axis nano-positioning. 
The scan head uses parallelogram-based flexures for amplifying displacements in-
plane and a bridge-type displacement amplifier for out-of-plane positioning and 
achieves a displacement range of ±5 µm along X-, Y- and Z-axes. Subsequently, 
a lumped parameter model has been obtained for analysing the quasi-static and 
dynamic characteristics of the different subsystems of the positioner. A comparison 
of the analytical expressions for the displacement gain and eigen frequencies with 
Finite Element (FE) analysis revealed match to within 4%. The bandwidth along 
Z-axis is about 5 kHz, which is much larger than that of a conventional AFM scan 
head. Finally, a feedback control system has been designed to achieve position control 
using model inversion. 

Keywords Compact AFM · Displacement amplifier · Model inversion 

1 Introduction 

An Atomic Force Microscope (AFM) is a type of scanning probe microscope used 
for nano-scale characterization, topography imaging and manipulation of conducting 
and insulating samples, at sub-nanometer resolution. Conventional AFM systems 
possess certain limitations which affect the quality of their measurement results 
such as low speed, small scan area and the effect of actuation nonlinearities. Another 
important limitation arises from its bulky nature. By exploiting the benefits of scaling 
laws, it has long been known that a compact construction can make the AFM system 
immune to these limitations [1].
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The first compact AFM designs featured a single-chip CMOS-based AFM with 
integrated sensing and actuating mechanisms such as piezoresistive sensing, thermal 
bimorph actuators [2] and electrothermal actuators [3], while others used a combi-
nation of electrostatic and electrothermal actuators, along with an integrated piezo-
electric layer for fine positioning along X-, Y- and Z-axes, respectively [4]. Such 
integrated single-chip systems require complex signal routing circuitry. The use of 
electrothermal actuators also poses certain limitations such as reduced scan rates 
due to limited bandwidth, heat dissipation [5] and parasitic resonances. Also, during 
scanning, AFM tips are found to get damaged frequently, necessitating their replace-
ment. This results in having to discard the entire probe, along with its integrated fine 
positioning and deflection sensing mechanisms, even when their function remains 
intact. This contributes to a significantly higher running cost of the instrument. Also, 
single-chip AFM models impose constraints on the stiffness and geometry of the 
probe that they can support, which greatly reduces their flexibility. 

Therefore, here we propose a compact design for the fine positioning mechanism, 
on which a conventional AFM probe can be placed, as opposed to integrating them 
on a consumable such as a cantilever. This enables retaining the high bandwidth and 
compactness without having to discard these systems when the tip gets blunted. The 
designs of the fine positioner are based on flexure-based displacement amplifiers 
actuated by miniature piezo actuators. The use of displacement amplifiers enables a 
compact construction with large motion ranges along X-, Y- and Z-axes, compared 
to in-plane positioners that employ compliant beams for just guiding motion and not 
for amplifying it [6]. Such a compact design also allows the easy integration of any 
deflection measurement technique such as piezoresistive sensors. The quasi-static 
and dynamic models of these structures have been developed. Finally, a feedback 
control system using model inversion technique has been designed for regulating the 
motion of the positioners by actuating the piezo actuators accordingly. 

The rest of the paper is divided as follows. Section 2 discusses the design of 
the positioning mechanisms. Sections 3 and 4 describe quasi-static modelling using 
Pseudo Rigid Body Models (PRBM) and eigen-frequency analysis using Rayleigh’s 
technique, respectively. Section 5 discusses feedback control using model inversion. 
Finally, conclusions are presented in Sect. 6. 

2 Design of Fine Positioner of the Miniaturized AFM 

Figure 1a shows the geometric model of the fine positioner for a miniaturized AFM 
system. It consists of flexure-based amplifiers which employs parallel kinematics 
for achieving nano-scale displacements along X-, Y- and Z-axes. In particular, it 
consists of three main components, namely the in-plane positioner, which is designed 
for motion along X- and Y-axes, the out-of-plane positioner which is designed for 
motion along Z-axis and a decoupling stage in between the two, for decoupling the 
motion between the in-plane and out-of-plane positioner.
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Fig. 1 Computer-Aided Design (CAD) model of a fine positioner, b in-plane positioner, c 
decoupling stage, d out-of-plane positioner 

The in-plane positioner consists of parallelogram flexures (Beam 1 and Beam 2 
in Fig. 1b) with circular flexure hinges at either ends of the beam, connected to an 
output beam (Beam 3 in Fig. 1b). They constitute a lever-based amplifier design and 
achieve amplified motion along X- and Y-axes. The motion between the two axes is 
decoupled by using thin flexure guided beams, which connect the output beam of 
the amplifier to a stage block. Shear chip piezo actuators are chosen for actuating the 
in-plane positioners. To decouple the angular motion of the parallelogram flexure 
from the motion of the shear piezo actuator, a circular flexure hinge-based piezo 
mount with a pair of guided beams is used to connect the two. The guided beams are 
employed to decouple transverse motion of the parallelogram flexure at its point of 
connection to the circular hinge from the motion of the piezo actuator (Fig. 1b). 

The decoupling stage serves the purpose of decoupling the in-plane motion of 
the in-plane positioner, from that of the out-of-plane positioner while coupling the 
out-of-plane motion of the positioner to that of the stage. The decoupling stage is 
composed of a central platform around which 4 L-shaped flexure links are positioned 
symmetrically (Fig. 1c). This structure is then connected to an outer frame. The 
central platform connects to the stage of the in-plane positioner while the outer frame 
connects to the out-of-plane positioner. The interconnecting flexures are designed to 
achieve high compliance along X- and Y- axes and high stiffness along the Z-axis. 

The out-of-plane positioning mechanism consists of a bridge-type displacement 
amplifier. The mechanism comprises 3 nearly rigid tilted beams connected by circular
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Table 1 Dimensions for the different elements of the fine positioner 

Parameter Dimension (mm) Parameter Dimension (mm) 

In-plane positioner l p 3.5 th 0.1 

wp1 1.25 rh 0.2 

wp2 0.5 l pg 0.05 

l p3 0.5 wpg 1.5 

wp3 2 l ps = wps 2.5 

thm 0.05 rhm 0.05 

Decoupling stage ld 1.3 wd 0.05 

Out-of-plane positioner lb 1.1 lbs=wbs 3.4 

wb=db 0.4 dbs 0.75 

flexure hinges (Fig. 1d). The two tilted beams are identical in length and are tilted by 
the same angle to the horizontal. When an input displacement is provided along X-
direction by means of shear chip piezo actuators, an amplified output is obtained along 
Z-axis. Here, the displacement gain is only dependent on the angle of inclination of 
the beam and hence provides greater flexibility in design for higher amplification 
ratios, without taking up additional space. 

The dimensions of the different elements in the positioners are shown in Table 1. 
The depth of all the elements was taken as 0.5 mm, unless specified otherwise. 

3 Quasi-Static Modelling and Analysis of the Fine 
Positioners 

Quasi-static modelling involves developing lumped parameter models for the 
constituent compliant elements of the positioner. In all cases where bending defor-
mations are involved, Euler–Bernoulli beam theory [7] has been employed to analyse 
the deformations. 

3.1 In-Plane Positioner 

The model of the parallelogram flexure consists of two beams (Beam 1 and Beam 2) 
that form the sides of the parallelogram, connected by circular flexure hinges to an 
output beam (Beam 3) (Fig. 1b). Beams 1 and 2 are both modelled as elastic beams, 
and Beam 3 is assumed to be nearly rigid. The length of the beams is denoted by 
l p, and their width is denoted by wp1 and wp2 for Beam 1 and Beam 2, respectively. 
The circular flexures are modelled as torsional hinges with torsional stiffness kθp .
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Fig. 2 Lumped parameter model of a in-plane positioner, b decoupling stage, c out-of-plane 
positioner 

The angular displacement of the i th  hinges (i = 1 . . .  4) is given by the variables θpi 
(Fig. 2a). 

The expression for output displacement of the parallelogram flexure was derived 
by considering a force Fp applied at a distance a from the point of rotation of the 
fixed hinges to Beam 1. If f p is the reaction force that Beam 3 applies on Beam 1, and 
yp1(x) and yp2(x) represent the deformation profiles of the Beams 1 and 2, then the 

boundary conditions are given by yp1
(
l p

) = yp2
(
l p

)
,
(
dyp1 
dx

)

x=0 
= θp1,

(
dyp1 
dx

)

x=l p 
= 

θp2,
(
dyp2 
dx

)

x=l p 
= θp3,

(
dyp2 
dx

)

x=0 
= θp4. Also, by moment balance it can be seen 

that
(
Fp − f p

) = kθ p 
a

(
θp1 + θp2

)
and f p = kθ p 

a

(
θp3 + θp4

)
. The value of kθp was 

estimated from the Paros–Weisbord equations [8] and is dependent on rh , the radius 
of curvature, and th , the thickness of the hinge (Fig. 1b). 

By applying these boundary conditions and using Euler–Bernoulli beam theory, 
yp1(x) and yp2(x) were obtained to be 

yp1(x) = 

⎧ 
⎨ 

⎩

(
f p−Fp 

6E Ip1

)
x3 +

(
Fpa− f pl p−kθ p θp2 

2E Ip1

)
x2 + θp1x for x ⩽ a

(
f p 

6E Ip1

)
x3 −

(
f pl p+kθ p θp2 

2E Ip1

)
x2 +

(
Fpa2 

2E Ip1 
+ θp1

)
x − Fpa3 

6E Ip1 
for x ⩾ a 

(1) 

yp2(x) =
( − f p 
6E Ip2

)
x3 −

(
f pl p − k

θp 
θp3 

2E Ip2

)

x2 + θp4x (2) 

where x is the distance from the fixed end of the beam, Ip1 and Ip2 are the area 
moments of inertia of Beams 1 and 2, respectively, and E is the Young’s modulus. 
By applying the boundary conditions, all the variables can be obtained in terms of the 

input force Fp. Normalizing the reaction force, f p, and input force, Fp as 
∼ 
f p= f p 

kθ p 
a 

and 
∼ 
Fp= Fp 

kθ p 
a, the angles and the normalized reaction force can be obtained by 

solving the following equation:
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To validate these results, the deformation profile yp1(x) of Beam 1 has been plotted 
for three different values of beam width, namely wp1 = 0.1, 0.15, 0.2 mm (Fig. 3) 
and the results have been compared with those of Finite Element (FE) analysis. 

The percentage error between analytical and FE results is only 6% for wp1 = 
0.2 mm  and is less than 30% for slender beams, for an input force of Fp = 1 mN. 
The greater mismatch between the two plots for slender beams suggests incorrect 
assumption in modelling the flexure hinges as torsional springs for the case of slender 
beams. However, since wider and stiffer parallelogram beams are preferred for ampli-
fied in-plane displacement, the effect of the mismatch is not significant from the point 
of view of design. 

3.2 Decoupling Stage 

The decoupling stage consists of 4 L-shaped flexure links connected to a central plat-
form. Each of these flexures is modelled as linear springs of stiffness kd (Fig. 2b), 
placed symmetrically around a rigid central platform. During in-plane motion, the 
longitudinal element of the flexures undergoes axial deformation, and the lateral 
element undergoes transverse deformation. Thus, the single flexure link can be 
modelled as a series combination of two linear springs with effective stiffness kdeff 
given by
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Table 2 Comparison of 
analytical and FEM results 
for effective stiffness of 
decoupling stage and 
out-of-plane fine positioner 

Parameter Theory FEM Error (%) 

kdeff (kN/m) 8.95 9.79 8.58 

kbeff (kN/m) 43.03 42.49 −1.27 

kd = kd axkd tr 
kd ax + kd ax) 

(4) 

where kd tr = 12E Id 
l3 d 

is the transverse stiffness and kd ax = E Ad 
ld 

is the axial stiffness 
of the flexure link. Here, Id , Ad and ld are the area moment of inertia, area of cross 
section and length of the flexure link, respectively. Since all the 4-flexure links have 
similar dimensions and undergo same amount of deformation, the total effective 
stiffness is given by kdeff = 4kd . Due to the symmetric nature of the geometry, 
estimating the displacement profile along either X- or  Y-axis is sufficient. Thus, 
considering an input force Fd applied along X-axis, the output displacement δxd, is  
given by 

δxd = 
Fd 

kdeff 
= 

Fd 

4kd 
(5) 

For an input force of Fd = 0.1 N, the comparison between Finite Element Method 
(FEM) and analytical results for the effective in-plane stiffness shows a match of 8.6% 
(Table 2). 

3.3 Out-of-Plane Positioner 

The bridge displacement amplifier consists of two tilted beams, attached to a cuboidal 
platform through circular flexure hinges. The tilted beams are modelled as elastic 
beams of length lb, and the circular flexures are modelled as torsional hinges of 
stiffness kθb . When an external input force Fb is applied along X-axis at the ends of 
the tilted beams, they undergo compression by an amount δlb and the circular hinges 
undergo rotation by an amount δθb, resulting in an output displacement, δzb, of the  
cuboidal platform along Z-axis (Fig. 2c). 

The effective stiffness of the bridge amplifier along Z-axis is then estimated by 
equating the total potential energy of the amplifier to the potential energy stored in 
an equivalent lumped model with an effective stiffness kbeff as, 

4

(
1 

2 
kθb δθ 2 b

)
+ 2

(
1 

2 
kbx δl

2 
b

)
= 

1 

2 
kbeff δz

2 
b (6) 

where kbx is the effective longitudinal stiffness of the elastic beam, comprising of the 
series combination of the longitudinal stiffness of the 2 circular hinges [7] and the
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tilted flexure beams. Simplifying Eq. (6) and using moment balance equations for a 
force component acting along the length of the tilted beam, the output displacement, 
δzb, can be written as: 

zb = Fbsin2θb

(
kbx l

2 
b − 2kθb 

4kθb kbx

)
(7) 

For an input force of Fb = 1 µN, the comparison between FEM and analytical 
results for the effective Z-axis stiffness shows a match of 1.3% (Table 2). 

By incorporating the above design considerations, the individual elements of the 
fine positioner, namely the in-plane positioner, decoupling stage and the out-of-plane 
positioner, were assembled along with the piezo actuators and their motion along 
X-, Y- and Z-axes was studied. The stiffness along the in-plane and out-of-plane 
directions for each of them was also estimated in FEM by applying a point load of 
1 µN. The in-plane positioner offers much lower stiffness along Z-axis (2.21 kN/m) 
than along X- and Y-axes (46.02 kN/m). The X–Y stiffness is itself much smaller 
than that of the driving piezo actuators, thereby ensuring that the displacement of the 
actuators is transmitted almost completely to the stage. 

The stiffness of the decoupling stage along X- and Y-axes (9.78 kN/m) is almost 
5 times less than that of the in-plane positioner. The decoupling stage has a Z-axis 
stiffness (94.72 kN/m) which is almost 43 times higher than that of the in-plane 
positioner, in accordance with the requirement to couple the out-of-plane motion of 
the Z-positioner placed below it to the sample stage. The Z-axis stiffness of the out-of-
plane positioner is 37.70 kN/m, which is much higher than the out-of-plane stiffness 
of the in-plane positioner but lower than that of the decoupling stage. Therefore, the 
Z-positioner would couple its displacement to the sample stage, with an attenuation 
of about 28%. 

To verify parasitic motion, the percentage of cross-axis displacements of the fine 
positioner has been estimated along all the 3 axes and shown in Fig. 4. For  X-axis 
positioning (Fig. 4a), for a maximum output displacement of 23 µm, the percentage
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Fig. 4 Plot of a Y and Z cross-axis displacement for X-axis positioning and b X- and Y-cross-axis 
displacement for Z-axis positioning, for an input displacement of 5 µm
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of Y- and Z-axis cross-axis displacement is 0.02 and 1.08%, respectively. Similar 
results have also been obtained for Y-axis positioning owing to the symmetry of the 
in-plane positioner. Similarly, for Z-axis motion, the percentage of X- and Y-axis 
cross-coupling is 4 and 17%, respectively (Fig. 4b).

4 Eigen-Frequency Analysis of the Fine Positioners 

The fundamental eigen frequencies of the different components of the fine positioner 
were obtained by using the Rayleigh Quotient method [7]. In this method, the first step 
is to assume an approximate mode shape function, to replicate the first eigen mode, 
followed by determining the Rayleigh Quotient by equating the maximum kinetic 
and potential energies of the system. Here, the quasi-static deformation profiles 
obtained by utilizing the expressions derived in the previous section are employed 
as the approximate mode shapes; the eigen frequencies of the different positioners 
are estimated. 

4.1 In-Plane Positioner 

Due to the high lateral stiffness of the parallelogram flexures (for the dimensions 
mentioned in Table 1), their contribution to the elastic potential energy is negli-
gible. Hence, only the elastic potential energy of the torsional springs is considered. 
Therefore, the potential energy, Upmax, of the in-plane positioner is given by 

Upmax = 0.5kθ p 

4⎲

i=1 

θ 2 pi (8) 

The kinetic energy associated with motion of the hinges is negligible in compar-
ison to the beams, and hence, their effects can be ignored. The total kinematic energy 
would be due to displacements of Beam 1 and Beam 2 which are assumed to be given 
approximately by Eqs. (1) and (2). 

Therefore, the overall maximum kinetic energy Tpmax is given by 

Tpmax = 

⎡ 

⎢ 
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ρ 
2 

⎧ 
⎪⎨ 

⎪⎩ 

l p∫
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(
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Ap3 y
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⎤ 
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(9) 

where ωp is the eigen frequency of the in-plane positioner, ρ is the density of the 
material used (aluminium), l p3 is the width of Beam 3, Ap1, Ap2 and Ap3 are the
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Table 3 Comparison of 
analytical and FEM results for 
eigen frequencies of different 
elements of the fine positioner 

Theory (kHz) FEM (kHz) Error (%) 

In-plane 
positioner 

2.63 2.62 −0.38 

Decoupling 
stage 

5.18 5.28 1.89 

Out-of-plane 
positioner 

6.40 6.71 4.62 

area of cross sections, and yp1, yp2 and yp3 are the maximum modal displacement 
vectors of Beams 1, 2 and 3, respectively. By writing Tpmax = (t pmaxω

2 
p), we can 

obtain the approximate eigen frequency from Eqs. (8) and (9) as  ω2 
p = Up max 

tp max 
. 

The comparison of results for FEM and analytical expression shows an error of 
approximately 0.4% (Table 3). 

4.2 Decoupling Stage 

The dynamic model of the decoupling stage is obtained by assuming the potential 
energy of the flexure links alone, owing to their slender geometry as compared to the 
central platform (Table 1). However, for estimating the kinetic energy, the central 
stage alone is assumed to contribute, since its mass is significantly higher than that 
of the flexures. Similar to the method described in Sect. 4.1, Rayleigh technique is 
used to compute the maximum potential energy of the decoupling stage, Ud max, as  

Ud max = 0.5kdeff δx2 d (10) 

and kinetic energy, Tdmax, 

Td max 
= 0.5md δx

2 
d ω

2 
d (11) 

where md and ωd are the mass and eigen frequency of the decoupling stage, respec-
tively . Here, δxd and kdeff are taken from Eq. (5). The comparison of results for FEM 
and analytical expression shows an error of approximately 2% (Table 3). 

4.3 Out-of-Plane Positioner 

Here, the potential energy of the model is the combination of the potential energy 
stored in the 4 circular flexure hinges and the 2 rigid beams. The total kinetic energy 
is considered to be primarily due to the motion of the central block and the two
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beams. Thus, the maximum potential energy Ubmax is 

Ubmax = 4
(
1 

2 
kθb δθ 2 b

)
+ 2

(
1 

2 
kbx δl

2 
b

)
(12) 

and the maximum kinetic energy Tbmax is 

Tbmax = 0.5(2mb + mbs)δz
2 
bω

2 
b, (13) 

where mb and mbs are the masses of the tilted beams and the central stage platform, 
respectively, and ωb is the eigen frequency of the bridge amplifier. Here, δzb and kbx 
are taken from Eq. (7). The comparison of results for FEM and analytical expression 
shows an error of approximately 5% (Table 3). 

5 Feedback Control 

The 3-axis positioning mechanism needs to be operated in a feedback control loop to 
compensate for the nonlinearities introduced by the piezoelectric actuators, such as 
hysteresis and creep. For this purpose, firstly the transfer function of the positioner 
is obtained from the frequency responses, relating their displacements to the applied 
voltage inputs along the respective directions, namely X-, Y- and Z-axes. Here, the 
frequency response plots for motion along Z-axis alone are considered, and the 
exact same steps can be repeated along X- and Y-axes. The Bode displacement plots 
are obtained in COMSOL, by providing a frequency sweep of amplitude 2500 V 
and frequency range of 0–50 kHz, with a step size of 0.5 kHz, to the shear piezo 
actuators of the bridge amplifier. The resultant transfer function, P(s), obtained 
by using MATLAB function for model identification, namely Identified Frequency 
Response Data (idfrd), is given by 

P(s) = M1s5 + M2s4 + M3s3 + M4s2 + M5s + M6 

s6 + N1s5 + N2s4 + N3s3 + N4s2 + N5s + N6 
(14) 

where M1 =−2710, M2 = 1.454×109 , M3 =−5.097×1012 , M4 = 4.315×1018 , M5 

= −1.24 × 1021 , M6 = 2.718 × 1027 and N1 = 2619, N2 = 4.267 × 109 , N3 = 
7.221 × 1012 , N4 = 5.699 × 1018 , N5 = 4.71 × 1021 and N6 = 2.401 × 1027 . 

The Bode plot of the derived transfer function is superimposed with the frequency 
response obtained from FEM analysis and is seen to match to a good degree, as shown 
in Fig. 5a. In view of the poorly damped open-loop dynamics of the positioner, model 
inversion technique is used to cancel the under-damped poles of the plant transfer 
function and replace them with critically damped or over damped poles. This method 
helps in achieving a higher closed loop bandwidth, than what is possible by adopting 
a conventional controller design.
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Fig. 5 a Model fitting for Z-axis positioning, b frequency response plot for Z-axis open-loop gain, 
c step response plot for Z-axis positioning with model inversion, d step response plot for Z-axis 
positioning without model inversion 

In this technique, the under-damped minimum-phase poles of the plant, of the form 
pi α ± j piβ (i = 1, 2, 3), are cancelled by the controller zeros and are replaced by 
critically damped poles with corner frequencies at

/
p2 iα + p2 iβ , i = 1, 2, 3. Likewise, 

the minimum-phase zeros are also cancelled. In other words, for the plant transfer 
function, 

P(s) =
∏m 

i=1

(
s 
zi 

+ 1
)

∏n 
j=1

(
s 
p j 

+ 1
) (15) 

the transfer function of the model inversion block, M(s) can be written as
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M(s) =
∏n 

j=1

(
s 
p j 

+ 1
)

∏m 
i=1

(
s 
zi 

+ 1
)(

s √
p2 i α+p2 iβ 

+ 1
) (16) 

where zi and p j denote the zeros and poles of the plant and m and n are the total 
number of zeros and poles of the plant, respectively. Subsequently, a PID controller 
is designed to achieve a phase margin of 40◦, with proportional (P), integral (I) and 
derivative (D) gains being P = 1.89, I = 12,600, D = 8 × 10−5 , respectively. 

The Bode plot of the overall open-loop system, consisting of the cascade of the 
plant P(s), the model inversion block M(s) and the compensator or the controller, 
shows a closed loop bandwidth of 4 × 104 rad/s (Fig. 5b). The closed loop step 
response of the model shows a settling time of 0.42 ms and rise time of 32.82 µs 
(Fig. 5c). In comparison, the settling time for the system without model inversion is 
about 100 times larger (Fig. 5d). In addition, the response also shows unmodelled 
oscillations. Therefore, the performance of the system is drastically improved by 
incorporating a model inversion function into the feedback loop for closed loop 
position control. 

6 Conclusion 

This paper presented the design and analysis of a miniaturized AFM scan head, that 
can achieve fine positioning in three dimensions. For fine positioning along the in-
plane directions, a parallelogram flexure-based displacement amplifier with circular 
flexure hinges was used. A bridge-type displacement amplifier was designed for 
out-of-plane fine positioning. A decoupling stage with flexure links was then used to 
decouple the motion of the in-plane positioner from that of the out-of-plane positioner 
along the in-plane axes and to couple the motion of the latter to the former along the 
Z-axis. The volume of the proposed compact design of the fine positioner was 1.2 × 
1.2 × 0.3 cm3. 

Subsequently, the proposed designs were modelled to study their quasi-static and 
dynamic behaviour and the theoretically estimated values were found to match with 
the FEM simulation results with an average error of approximately 4%. Finally, the 
analytical models of the fine positioners were used to design a feedback control 
loop using PID control cascaded with model inversion, to enable closed loop posi-
tion control, with significant improvement over conventional control without model 
inversion.
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Validation of a Steering System 
Mathematical Model via Test Rig 
Measurements 

Robin Sharma, P. Ganai, V. Pare, H. Kanchwala, and S. J. Srihari 

Abstract This paper presents the testing and validation of a steering system model 
carried out on a steering test rig. The primary parameters considered in this study were 
the steer torque, steering angle and rack force. These parameters were varied, and the 
behaviour of the steering mechanism was evaluated. The forces and displacements 
of steering knuckles were also measured. The rig results were used to validate the 
multi-body dynamics model of the steering linkage developed using MSC Adams®. 
The model simulation results correlate well with the test rig measurements, and this 
ensures the fidelity of the developed model. The parameters under study also give 
a hint of the human effort required and its resultant effects on the end points of the 
steering system. 

Keywords Steering · Test rig · Rack force · Torque · Steer angle 

1 Introduction 

Over the years, automobiles have undergone major upgrades specifically in the devel-
opment of steering systems. With the advancement of steering mechanisms, it is 
imperative to simultaneously analyse and upgrade their testing techniques as well. 
There are several ways to test a steering system; most techniques involve develop-
ment of customised test benches and rigs [1, 2]; and they are then compared with 
theoretical analysis of mathematical models [3]. Some researchers have focussed on 
monitoring the response and efficacy of steering assist systems [4, 5] in addition to 
the development of physical models and simulators based on designs to carry out the 
tests [6].
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This paper explores testing and validation of steering tests carried on a rig. The rig 
is capable of simulating real road conditions for any type of steering system with any 
type of actuator. Tests were performed to obtain the steering kinematic parameters 
and were used to validate the mathematical model. Variables under study in these 
experiments are force, torque, angle and displacement. These variables are crucial to 
define the characteristics and functioning of a steering system; for instance, the torque 
determines effort required by the driver; the force gives an idea of load on various 
components; and the displacement determines turning radius and under/oversteer 
response [7, 8]. The steering geometry can go through various design iterations and 
redesigned using the results from this rig to meet design requirements. 

2 Steering System 

2.1 Steering Test Rig 

The test rig used for our tests is MTS 335 steering test system [9] (see Fig. 1). The 
rig has different modes of operation; we used the control mode as steer and set the 
active mode to angle. Testing was carried out in a stepwise manner; the setup was 
adjusted according to the test steering linkage, and fixtures were prepared to mount 
the linkage. The machine is next calibrated with the built-in software. Eventually, 
the tests were performed and the steering angle, torque, rack force and displacement 
were measured. 

The steering system used for this study was from Maruti-800 vehicle (see Fig. 2). 
A manual steering was used for conducting the tests for easier calculations. For 
developing CAD model, measurements were made via tape, protractor and vernier 
callipers. 

Fig. 1 Steering test rig
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Fig. 2 Steering column and rack used for the rig testing 

Fig. 3 CAD model of the steering column and rack assembly 

Table 1 Components and dimensions for rack and column 

S. No. Component Dimensions (mm) S. No. Component Dimensions (mm) 

1 Steering link 460 3 Rack 600 

2 Lever arm 270 4 Push rod 240 

2.2 CAD Model 

The CAD model of the steering system was prepared in SolidWorks®. The dimen-
sions used for preparing the CAD model is shown in Fig. 3. The steering linkage 
is connected to the steering wheel by a set of universal joints which are further 
connected to pinion gear. These joints transmit the angular motion of steering wheel 
to pinion rotation and eventually the rack translation. The dimensions are given in 
Table 1. 

2.3 Mathematical Model in Adams 

The simulation was carried out using MSC Adams to test steering system dynamics 
[10]. From the CAD model, various steering hardpoints were obtained. The model 
was prepared according to the physical steering test system; the parameters needed to
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Fig. 4 Adams model of the steering system 

Table 2 List of components with their dimensions in the CAE model 

S. No. Component Dimensions S. No. Component Dimensions 

1 Tie rod 42 inches 4 Tyre 145/70 R12 

2 Stub 3.03 inches 5 Knuckle Angle 35° 

3 Knuckle 3.93 inches 

be studied were selected. In the simulation, steer angle, steer torque and rack forces 
were primary and the force and displacement on knuckle were secondary parameters. 
The simulation results are presented and discussed in Sect. 3.2. The steering system 
modelled in Adams is shown in Fig. 4. The dimensions are given in Table 2. 

2.4 Ackermann Principle 

The condition where instantaneous centres (ICs) of all the wheels of a four-wheel 
vehicle meet at one point during a turn is called the Ackermann condition [11]. This 
point acts as the pivot for the vehicle while completing the turn; at this time, vehicle 
experiences pure rolling. A steering geometry that complies with this principle is 
termed as Ackermann geometry. This can be observed through experimental data 
reported in Table 3. The line diagram of geometry for this steering is illustrated in 
Fig. 5.
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Table 3 Description of geometry 

Notation Description Value 

U Track width 1.30 m 

W Wheel base 2.36 m 

V Length of rack 1.08 m 

s Inner steer angle 44° 

t Outer steer angle 31.5° 

I I.C. of rotation 

Fig. 5 Steering geometry 

2.5 Formulae Related to the Tests 

The relation between steering torque and rack force can be determined and understood 
by the formulae mentioned below [12, 13]. 

TSteering = −  
1 

a 
FTyre; Frack = −y.FTyre 

where TSteering: steering torque; FTyre: tyre force; a: steering ratio; Frack: rack force; 
and y: pneumatic trail (distance between force due to side slip and centre of contact 
patch). Expressions for inner and outer wheel angle for Ackermann geometry are as 
follows [14, 15]:
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t = tan−1 W 

R + U/2 
∼= W 

R + U/2
; s = tan−1 W 

R − U/2 
∼= W 

R − U/2 

R is the distance of instantaneous centre (I.C.) from C.G. The approximations are 
valid for small angles (tan−1 value of the angle ≈ angle itself). This condition can 
be applied for a wide range of manoeuvres as the road wheel angle is usually small. 

3 Results and Discussions 

3.1 Test Rig and Simulation Procedure 

The tests were carried out on the test rig as per the objectives, and their observa-
tions were tabulated. Steer torque and steer angle are inputs on the steering wheel, 
while input force acts on the steering rack laterally. The resultant variables force 
and displacement were observed on the knuckle in lateral direction. In the first test, 
the steer angle was set as the control variable and resultant lateral displacement and 
displacements of both ball joints were measured. The constraint is set at 50° on 
both negative and positive sides. In second test, the lateral force on rack was the 
control variable, and the resultant lateral displacement and force on both ball joints 
of knuckles were measured. Constraint for control variable is 1 kN for force and 
20 Nm for torque. In addition to rig tests, model simulation was also performed. 

3.2 Comparison Between Experiment and Simulation Results 

In this section, the experimental and simulation results are compared. For the compar-
isons, the observations made for dependent variables were plotted against control 
variables one at a time. In all the figures (6-11), the subplot (a) represents the char-
acteristics for the left flank of the steering system and similarly subplot (b) for the 
right flank of the steering system. Figure 6a, b is the plots of lateral displacement of 
the ball joint against the steer angle input. The model simulation results match well 
with the rig test measurements for the entire range of steering wheel angle input. 

Figure 7a, b shows dependence of the lateral force on knuckles on steer angle 
input. The model simulation results match well with rig measurements for wide 
angle range. 

Figure 8a, b shows plots of lateral displacement of ball joint versus steering rack 
force. Model simulation matches well with rig measurements for wide range of rack 
force.
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Fig. 6 a Left lateral displacement versus steer angle; b right lateral displacement versus steer angle 

Fig. 7 a Left lateral force versus steer angle; b right lateral force versus steer angle 

Fig. 8 a Left lateral displacement versus rack force; b right lateral displacement versus rack force
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Fig. 9 a Left knuckle lateral versus rack force; b right knuckle lateral versus rack force 

Figure 9a, b shows plots of force on the knuckle against the rack force. The 
simulation results match well with rig test measurements for a wide range of the rack 
force input. 

Figure 10a, b represents plots of lateral displacement of the ball joint against the 
steer torque. Figure 11a, b is the plots of lateral force on knuckles against the steer 
torque input. Both the simulation results are in close agreement with the test rig 
measurements, and this detailed experimental testing validates our simulation model 
against the test rig results of the physical steering system. 

We performed three tests on the test rig and compared them with simulation 
results. The tests considered herein involved the steer angle, steer torque and rack 
force as input and knuckle force and displacement as output. Different tests were 
performed by keeping one of the variables, viz. angle, torque and force, as constant 
and varying other two variables. Results obtained from the test rig conformed to the 
theoretical relation of proportionality between applied torque and force. Apart from 
that, it was observed during the test that when the force values were very small in 
magnitude, there is not a significant change in torque and angle. 

Fig. 10 a Left lateral disp. versus steer torque; b right lateral disp. versus steer torque
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Fig. 11 a Left lateral force versus steer torque; b right lateral force versus steer torque 

4 Conclusion 

This study demonstrates the use of a test rig to acquire test data (force, torque, 
angle and displacement) closest to the real-time performance of the car steering 
system. The test data acquired was aptly compared with simulation results. The 
results also show that the given steering confirms with the Ackermann geometry. 
This methodology can be incorporated in path planning and full vehicle models to 
input more realistic steering forces in the mathematical model [16, 17]. For future 
work, a similar approach can be investigated with steering faults. The faults that will 
be induced in the steering system will be backlash, inaccurate joint phasing of the 
universal joint, worn out pinion, inaccurate position of steering tie rod, bump and roll 
steer geometry errors and studying the effect of wheel travel on the steering using 
the same rig. To observe the effects of all the input parameters (steer torque, steer 
angle and rack force) simultaneously on the knuckle force, load cells on the knuckle 
will be attached to obtain exact forces and reactions due to different inputs and this 
will be eventually compared with the mathematical model simulation results. 
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Dynamic Modelling a 6-DOF Compliant 
Flexure-Based Stewart 
Micromanipulator 

Suraj Kumar Mishra and C. S. Kumar 

Abstract In this paper, we present a dynamic analysis of a 6-DOF compliant flexure-
based Stewart micromanipulator. First, a planar parallelogram linkage, which is a sub-
system of the 6-DOF micromanipulator, is considered for the study. The analytical 
model for this mechanism is formulated. The mathematical model for the full 6-DOF 
mechanism is too complex to carry out because of the unavailability of kinematic 
equations. Therefore, we choose a multibody dynamics simulation software—MSC 
Adams for modelling. The suitability of the software is first checked by comparing 
simulations result for parallelogram linkage with those obtained from the analytical 
model. Close confirmation of the results proves the suitability of the software. We 
then prepare the PRB model for the full 6-DOF micromanipulator in the Adams 
environment. The FEA simulations reveal that the outcomes of the Adams PRB 
model of the 6-DOF micromanipulators are well within acceptable limits. This work 
proves the effectiveness of multibody dynamics simulation software for dynamic 
modelling of spatial high DOF flexure-based compliant mechanisms. 

Keywords Dynamic modelling · Compliant mechanisms · Flexure joints ·
Pseudo-rigid-body modelling ·MSC Adams 

1 Introduction 

Many of the applications of a compliant mechanism involve operation at high speed 
and frequency. Therefore, the dynamic analysis of a compliant parallel micromanip-
ulator (CPM) is really important. The dynamic model helps in finding the natural 
frequencies of the system and also critical in the design of a suitable controller. The 
dynamic model can also be used in optimising the geometry of the CPM. 

S. K. Mishra (B) · C. S. Kumar 
Indian Institute of Technology Kharagpur, Kharagpur 721302, India 
e-mail: surajkmishra@iitkgp.ac.in; surajkmishra1989@gmail.com 

C. S. Kumar 
e-mail: kumar@mech.iitkgp.ac.in 

© The Author(s), under exclusive license to Springer Nature Singapore Pte Ltd. 2023 
V. K. Gupta et al. (eds.), Recent Advances in Machines and Mechanisms, Lecture Notes 
in Mechanical Engineering, https://doi.org/10.1007/978-981-19-3716-3_14 

179

http://crossmark.crossref.org/dialog/?doi=10.1007/978-981-19-3716-3_14&domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1007/978-981-19-3716-3_14&domain=pdf

 8115 7471
a 8115 7471 a
 
http://orcid.org/0000-0002-9699-7970

 17494 7471
a 17494 7471 a
 
http://orcid.org/0000-0001-7636-0625

 854
54656 a 854 54656 a
 
mailto:surajkmishra@iitkgp.ac.in

 11312
54656 a 11312 54656 a
 
mailto:surajkmishra1989@gmail.com

 854 57535
a 854 57535 a
 
mailto:kumar@mech.iitkgp.ac.in


8614 62455 a 8614 62455 a
 

 8614 62455 a 8614 62455 a
 
https://doi.org/10.1007/978-981-19-3716-3_14


180 S. K. Mishra and C. S. Kumar

In the past few decades, Lagrange-based dynamic modelling of the compliant 
mechanism has been widely used. The approaches used by researchers can be clas-
sified into the following three categories. First one is pseudo-rigid-body (PRB) 
modelling-based model. In this approach, the compliant mechanism is converted 
into its rigid-body counterpart. The flexure joints are replaced with their equivalent 
stiffness. The resulting mechanism can then be handled by exploiting all the proce-
dures available for multibody mechanisms. This method can be found in detail in 
the following literatures: [1–6]. The next approach is the lumped-parameter dynamic 
model. This method is a popular method to model small-deflection mechanisms. The 
stiffness of compliance model of the mechanism is first developed to obtain input 
and output stiffness. For stiffness modelling, Castigliano’s second theorem or com-
pliance matrix method is generally used. Once input or output stiffness is obtained, 
the expressions for elastic potential energy and kinetic energy can be determined by 
using kinematic and potential energy equations with input or output motion (degrees-
of-freedoms) DOFs as the variable [7–11]. 

Another method is based on distributed parameter model. In this method, the 
detailed DOF of each member of the system as variables is considered. This method 
of modelling can further be classified into the finite element method and dynamically 
similar rigid-multibody model. First, the discretization of the full model into several 
subsystems is carried out. Then, a dynamic model of the full system is obtained 
by formulating the energy equations for each subsystems and including them with 
Lagrange’s equation. This method can be used to handle distributed compliance 
systems with complex geometry [12–14]. 

Due to the coupling of kinematic and static behaviour, the analysis of spatial CPMs 
becomes a challenging task. Moreover, the analytical methods discussed above are 
more effective only when the system in consideration has a simple, planar design. For 
more involved parallel and spatial cases, the analytical methods of modelling become 
extremely cumbersome as they require the availability of the kinematic models. 
Dynamic modelling techniques are widely explored for compliant mechanisms with 
three or fewer DOFs. Some of these works can be seen in references: [1, 2, 6, 10, 
11, 15]. However, in literature, we could not find much work related to the dynamic 
modelling of higher 6-DOF flexure-based mechanisms with series-parallel spatial 
structure. 

The present work tries to fulfil this gap and introduce a way to model such spatial 
designs. We first consider a planar flexure-based parallelogram mechanism, for which 
analytical modelling is possible. This is a sub-system of a 6-DOF micromanipulator. 
After the preparation of the analytical model, we will compare it with a model 
made in a multibody dynamics simulation software—Adams. If the results for both 
models compare, then it can be established that the Adams modelling can be used 
for dealing with the more involved designs. We then take up the 6-DOF spatial 
compliant micromanipulator and show the suitability of the Adams package to model 
its dynamic behaviour. 

The rest of the paper has been organised in the following manner. The next section 
gives a brief overview of the design of the system. In Sect. 3, we present an analytical 
dynamic model of a planar parallelogram mechanism using PRB modelling. Section 4
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introduces multibody dynamics simulation software—Adams for PRB modelling for 
the parallelogram. This section also presents the dynamic modelling for the 6-DOF 
flexure-based Stewart micromanipulator in the Adams environment. Finally, Sect. 5 
outlines the validation of the Adams PRB results with FEA simulations. Concluding 
remarks are discussed in Sect. 6. 

2 Design of the 6-DOF Flexure-Based Compliant Stewart 
Micromanipulator 

The CAD model of the system is illustrated in Fig. 1. The micromanipulator consists 
of six legs arranged in a parallel structure. Each leg includes a compliant universal 
joint, a parallelogram mechanism, and a spherical flexure. The detailed design and 
inverse kinematics of the mechanism can be seen in an earlier work of the authors 
[16, 17]. 

It can be observed that the mechanism has a spatial series-parallel structure with 
6-DOF. As a result, the dynamic modelling of the full configuration would turn out 
to be an extremely involved task using analytical methods. Therefore, we shall first 
consider a sub-system of the micromanipulator for which analytical modelling is 
possible. 

3 Analytical Dynamic Analysis of the Parallelogram 
Mechanism 

In this section, we shall explore the analytical method for a sub-system of the original 
6-DOF design. The concerned sub-system (parallelogram mechanism) is shown in 
Fig. 2. The PRB modelling method is adopted for mathematical modelling. The 

Fig. 1 A 6-DOF flexure-based compliant Stewart micromanipulator [16]
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Fig. 2 Parallelogram 
mechanism 

damping has been neglected in the system. Moreover, the potential energies of the 
members associated with gravity have also not been considered. In what follows, we 
shall try to write the potential and kinetic energy of the parallelogram for an input 
motion (q) as shown in Fig. 2. 

3.1 Elastic Strain Energy 

As stated earlier, we shall not consider gravitational potential energy terms. There-
fore, the potential energy of the parallelogram involves only the elastic strain energies 
of the flexures. During the operation, all the flexure hinges rotate about the same angle 
θ . Additionally, as the motion of the parallelogram is extremely small in compari-
son to the parallelogram’s dimensions, the following assumption has been made to 
relate the rotation of the flexure with input motion: θ = q/ l3, where θ is the on-axis 
rotation of the flexure. In general, a flexure has compliance/stiffness in all six axes. 
In pseudo-rigid-body modelling, a flexure is replaced by only one major stiffness 
value. This is also known as on-axis stiffness. In the current situation, we have rev-
olute flexures. In the PRB model, this joint will be replaced by a torsional spring 
which governs its moment-rotation behaviour. Our objective here is to finally find 
the equivalent stiffness (Ke) of the system. 

the elastic strain energy of the parallelogram 

U = N × 1 
2 
kθ 2 (1) 

where N is the number of flexures and k is the flexure’s on-axis rotational stiffness 
of the. k is given by an approximate expression [18] as  

k = 2Ewt2.5 

9πr0.5 
(2)
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U = 1 
2

(
NEwt2.5 

9πr0.5l2 3

)
q2 (3) 

Hence, the equivalent stiffness of the parallelogram 

Ke = NEwt2.5 

9πr0.5l2 3 
(4) 

It should be noted that in the equation above, only, four flexures will contribute to 
the calculation of the strain energy when we try to determine the natural frequency 
of the system. 

3.2 Kinetic Energy 

In this section, we shall express the kinetic energy of the members of the parallel-
ogram linkage in terms of input motion, i.e. q. The objective here is to obtain the 
equivalent mass (Me) for the system. Referring to Fig. 2, the kinetic energy of the 
system can be expressed as 

T = 2
⎧
1 

2 
m1

(
l1 + 2r 
2l3 

q̇

)2 

+ 1 
2 
I θ̇ 2

⎫
+ 1 

2 
m2

(
l1 + 2r 

l3 
q̇

)2 

+ 1 
2 
m3 q̇2 (5) 

where I = m1(l1+r)2 

12 . 

T = 1 
2

⎡
2

⎧
m1

(
l1 + 2r 
2l3

)2 

+ 1 
12 

m1

(
l1 + r 
l3

)2
⎫
+ m2

(
l1 + 2r 

l3

)2 

+ m3

⎤
q̇2 

(6) 
Therefore, the equivalent mass of the system is 

Me = 2
⎧
m1

(
l1 + 2r 
2l3

)2 

+ 1 
12 

m1

(
l1 + r 
l3

)2
⎫
+ m2

(
l1 + 2r 

l3

)2 

+ m3 (7) 

3.3 Results of the Analytical Modelling 

In this section, we shall discuss the results obtained by the analytical model. Table 1 
presents the value of the structural parameters of the design defined in Fig. 2. For  the  
selected material—Young’s modulus (E), Poisson’s ratio, and density are 200 GPa, 
0.3, and 8000 kg/m3, respectively. 

The equation of motion for the present system is
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Table 1 Dimensional parameters of the parallelogram (in mm) 

r w t l1 l3 l4 
2.00 4.00 1.00 70 7.4 40 

Me q̈ + Keq = 0 (8) 

Expressions for Ke and Me are given in Eqs. 4 and 7, respectively. Finally, we obtain 
the natural frequency of the parallelogram as 

f = 1 
2π

/
Ke 

Me 
= 221.38 Hz (9) 

4 Dynamic Modelling Using Adams Software 

4.1 Motivation Behind Using Adams Software for Dynamic 
Modelling 

We observed in the earlier section that the analytical PRB modelling is an effective 
way to formulate a dynamic model of the flexure-based system. However, it requires 
the availability of the kinematic model to write the energy equations [19]. For simple 
planar mechanisms, such as the current parallelogram, these kinematic equations 
can easily be determined. But, for our 6-DOF spatial system, the required kinematic 
equations are challenging to obtain. 

As an alternate solution to the issue stated above, one can prepare the PRB model 
in a multibody dynamics simulation software, for example—MSC Adams. In what 
follows, we shall explore the suitability of the software for dynamic analysis of the 
parallelogram linkage. We shall do it by comparing the outcomes of the Adams 
model to the previously formulated analytical model. 

4.2 The Dynamic PRB Model of the Parallelogram in Adams 
Environment 

The Adams model for the parallelogram is shown in Fig. 3. The Adams package 
allows us to replace flexure joints with conventional revolute joints and includes 
the stiffness of the flexure joints as torsional spring members. We extracted the 
natural frequency from the Adams model to check how correctly and closely the 
model compares with the analytical model. The Adams model predicted the natural
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Fig. 3 A PRB model of the 
parallelogram in Adams 
environment 

frequency as 221.87 Hz, which is very close to the analytical result (221.38 Hz) 
obtained in Sect. 3.3. 

Therefore, we can establish that the Adams model is indeed an accurate method of 
modelling the PRB model for the flexure-based mechanisms and could be effective 
in situations, wherein the analytical models are cumbersome to obtain. In the next 
section, we shall try to model the original 6-DOF compliant Stewart micromanipu-
lator using Adams software. 

4.3 Dynamic Modelling the Full 6-DOF Flexure-Based 
Stewart Micromanipulator 

For parallelogram linkage, we prepared the complete PRB model in Adams environ-
ment itself. This was possible due to its simple geometry. However, a full 6-DOF 
model, with all its intricate details, is difficult to prepare directly in Adams. There-
fore, we shall first take the help of any CAD modelling software, for example— 
Solidworks. Let us first consider the CAD model of the full mechanism (Fig. 1). All 
the flexures of this design will be cut-extrude, as shown in Fig. 4, in Solidworks. This 
converts our monolithic system into a multibody one. This multibody model can now 

Fig. 4 Cut-extrude of 
flexures to convert the 
monolithic model into a 
multibody one
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Fig. 5 A PRB model of the 6-DOF flexure-based Stewart micromanipulator in Adams environment 

Table 2 Comparison of frequencies (in Hz) predicted by FEA model, and Adams PRB model of 
the micromanipulator 

Mode shape Abaqus Adams 

1 61.73 62.22 

2 91.42 93.73 

3 91.467 94.56 

4 139.06 137.21 

5 139.15 141.66 

6 146.20 155.56 

be exported to the Adams environment. In Adams software, the conventional joints 
are then added at those previously cut-extruded flexure locations of this multibody 
model. Moreover, the equivalent stiffness of the joints is also added to joints in the 
form of torsional springs. Apart from the revolute flexures, this micromanipulator 
has spherical flexures as well. They connect the legs to the platform or end-effector of 
the micromanipulator. The stiffness value of these spherical flexures has been taken 
from the literature [20]. The final Adams model of the micromanipulator is shown 
in Fig. 5. Dynamic simulation of this Adams model yields its natural frequencies. 
The natural frequencies extracted from this model are illustrated in Table 2.
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(a) First mode shape (b) Second mode shape 

(c) Third mode shape (d) Fourth mode shape 

(e) Fifth mode shape (f) Sixth mode shape 

Fig. 6 The initial six mode shapes of the 6-DOF compliant Stewart micromanipulator 

5 FEA Validation Using Abaqus Simulations 

We shall now resort to FEA simulations to validate the results obtained from the 
Adams PRB model. The modal FEA analysis of the 6-DOF mechanism is performed 
with the Abaqus software package. A ten-node tetrahedral element (C3D10) is chosen 
for meshing. We obtain the natural frequencies and associated modes from simula-
tions. Figure 6 illustrates the first six modes of vibration. A numerical comparison 
of frequencies predicted by the FEA model and the Adams PRB model has been 
elaborated in Table 2. 

It is observed that there is a slight deviation between Adams PRB result and 
the result obtained by FEA simulation. The possible sources of the error are as 
follows. The first source is the inaccuracy of the stiffness equation itself. Secondly, 
the deformation of the connecting links that were assumed to be rigid in the analytical
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model. Moreover, in the case of spatial compliant mechanisms, the flexures also 
undergo a small amount of out-of-axis motion; this adds to the deviation. Finally, the 
internal material damping of the members also contributes to the error. However, for 
all practical purposes and for the sake of analysis, errors less than 15% are generally 
considered acceptable in the analysis of compliant mechanisms, and the maximum 
error observed here is less than 7%. 

Therefore, it can finally be concluded that PRB modelling in Adams environment 
can efficiently be employed for dynamic analysis of compliant mechanisms with 
involved spatial configuration. 

6 Conclusions 

In this work, a dynamic analysis of a 6-DOF compliant flexure-based Stewart micro-
manipulator was presented. We first formulated an analytical model for a simple pla-
nar parallelogram mechanism, which is a sub-system of the original 6-DOF model. 
We then employed Adams software to exhibit that it also has the capability to produce 
such a model with high accuracy. This was done to prove that Adams software is 
reliable for the current problem and can be used in situations, wherein mathematical 
models are difficult to obtain. The full 6-DOF flexure-based Stewart micromanipu-
lator was then considered for analysis. We successfully prepared the PRB model of 
this micromanipulator in Adams environment. Finally, FEA simulations validated 
the results obtained from the Adams PRB model of the 6-DOF system. 

The present work showed the limitations of the analytical models and proposed a 
method to model the high DOF spatial flexure-based micromanipulator in multibody 
dynamics simulation environment. Models prepared in such a way can also be utilised 
for control analysis by Adams–Simulink co-simulation. This will be attempted in our 
future work. 
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Analysis of Connected Shallow Arches 
Under a Load from a Moving Rigid 
Wedge 

Priyabrata Maharana and G. K. Ananthasuresh 

Abstract In this paper, we analyze a pair of shallow arches that are interconnected 
with each other through their ends by a revolute joint. The other ends of the arches may 
be pinned or fixed. The two arches have opposite curvature. When one of the arches 
is subjected to a transverse load, it deforms and eventually flips to its inverted shape. 
Simultaneously, the deformation of the first arch triggers the switching of the second 
arch due to a moment transfer between the two arches through the revolute joint, and 
the second arch flips to its inverted shape too. These arches can be switched back 
to their as-fabricated shape by applying a transverse load to the second arch. In this 
way, these connected arches move up and down to take the load at any instant when 
the switching loads come from a long moving rigid wedge. The motivation to study 
such connected flipping arches arose from the intent to develop dynamically self-
offloading footwear for diabetics suffering from peripheral neuropathy. The purpose 
of this is to limit the plantar pressure to stay below a prescribed value to prevent 
ulceration. When a certain region of the sole is offloaded, the array of connected 
arches helps certain other region to take up the differential load to support the body 
weight. In this paper, we present a theoretical formulation for two connected arches, 
solve them semi-analytically, and compare with the results of the geometrically 
nonlinear finite element analysis. 

Keywords Snap-through · Post-buckling · Self-offloading footwear 

1 Motivation for Studying Connected Arches 

Peripheral neuropathy, i.e., nerve damage that causes loss of sensation, pain, and 
numbness, is one of the major complications of diabetes. The lack of sensation in 
the sole of the feet leads to ulceration and recurring wounds which, if left untreated,
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necessitate amputation of the feet [1]. This can be easily prevented by using offloading 
footwear to protect vulnerable regions of the sole. The current clinical practice is to 
measure the plantar pressure of a patient using pedoscan to identify regions of high 
pressure and to prescribe customized in-soles. As shown in Fig. 1a, b, either a pocket 
is carved out in a foam-like material used as the in-sole, or it is contoured to transfer 
the load to other regions. This is called static offloading of the plantar pressure as the 
high-pressure regions of the sole of the foot are offloaded fully or partially. When a 
certain region of the sole is thus offloaded, certain other region becomes vulnerable as 
they bear a larger portion of the body weight. Therefore, ulceration begins elsewhere 
warranting frequent modification of the in-sole of the footwear. One way to prevent 
this is to design dynamically offloading footwear that automatically re-distributes 
the body load evenly on the sole during the entire gait cycle. We had proposed such 
self-offloading footwear by using snapping arches [2] whose concept is depicted in 
Fig. 2. 

Four phases of the gait cycle, namely heel strike, midstance, flat foot, and heal off , 
are shown in Fig. 2a. The manner of offloading is also shown for three types: (i) static

Fig. 1 Static offloading 
in-sole used in current 
practice: a a contoured 
in-sole for even distribution 
of pressure and b in-sole 
with a carved-out region if 
there is an ulcer 

Fig. 2 a Comparison of static offloading footwear, self-offloading footwear with unconnected 
arches, and self-offloading footwear with interconnected arches during four phases of the gait cycle, 
namely heal strike, flat foot, midstance, and  heal off . The symbol # shows the offloaded regions and 
+ shows the pressure-redistributed regions during offloading. b Flip-flop of the connected arches 
in heel strike and heel off phase. The dashed line denotes the configurations before switching at the 
beginning of the particular gait phase
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offloading, (ii) self-offloading with unconnected arches, and (iii) self-offloading with 
interconnected arches. In static offloading, the plantar pressure distribution is preset 
and remains mostly unchanged. As stated above, this has the drawback of creating 
high-pressure regions elsewhere. In self-offloading using connected arches [3], the 
arches (shown in red color in Fig. 2a) snap down along with the deformable in-sole 
(shown in blue color) such that no region would take up more than the prescribed 
level of plantar pressure. While this helps to some extent, further improvement is 
possible if the arches transfer the load to other arches to evenly distribute the body 
weight. This is possible in interconnected arches as depicted in Fig. 2b, wherein the 
left and right arches flip-flop up (i.e., they move and down) when the load from the 
foot (considered as a moving rigid wedge) changes in the walking cycle.

In our earlier work, we have conceptualized and implemented self-offloading 
with unconnected arches [2, 3]. As shown in Fig. 3a, by placing the in-sole over an 
array of arches (see Fig. 3b), offloading can be achieved whenever the pressure at a 
point exceeds the allowed limit (210 kPa in adults). In this arrangement, the arches 
undergo snap-through by losing contact with the sole of the foot when the load on 
them is beyond the preset threshold, as shown in Fig. 3d. The arches are designed in 
such a way that they snap back up during a different phase of the gait cycle. This is 
illustrated in Fig. 3a wherein the in-sole is supported by four capping plates under 
which there are arrays of snapping arches and top of which there are two layers of 
soft-soles to absorb the shock from the in-sole (see Fig. 3c). This prototype was 
tested at Karnataka Institute of Endocrinology and Research (KIER), Bengaluru. It 
was found that the self-offloading footwear reduces the peak pressure by about 34% 
while keeping the plantar pressure during the complete gait cycle below 210 kPa

Fig. 3 a A self-offloading in-sole using an array of snap-through arches beneath the capping plates, 
b CAD model of the in-sole showing array of fixed–fixed arches, c 3D-printed prototype with two 
layers of top sole (black and orange) to absorb the shock from the in-sole, and d force–displacement 
curve of snap-through arch showing the as-fabricated shape (O), shape at the switching point (A), 
and the inverted shape (B) after offloading
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[3]. It was also observed that further reduction in plantar pressure is possible if the 
capping plates are interconnected so that they can redistribute the load dynamically 
among them rather than only offloading individually. This is the motivation for the 
current study of connected arches.

1.1 Scope of the Paper 

As a first study, in this paper, we consider two arches connected with a revolute joint 
and analyze their snapping behavior. We model the foot as a rigid wedge that comes 
into contact with the arches at different points during the gait cycle. As a further 
simplification, we consider the force from the foot only at the midpoints of the two 
arches. 

In this paper, we present a semi-analytical method to investigate the characteristics 
of planar-connected arches when the two arches have either hinged–hinged or fixed– 
hinged boundary conditions. This is beneficial in two ways: (i) finite element analysis 
involves considerable computation because of the inherent geometric nonlinearity, 
whereas the semi-analytical method will be much faster, which leads to a quicker 
way to know if the arches undergo flip-flop, and (ii) the analytical method paves the 
way for closed-form relationships in synthesis of the arch shapes for desired behavior 
as was done in [4, 5]. 

We introduce a compatibility condition for the deformed arch profiles of the 
connected arches such that they maintain the continuity slope at the common revolute 
joint. We obtain the equilibrium equations of such arches using the potential energy 
and the derived compatibility condition. We numerically solve these equilibrium 
equations to get the force–displacement characteristics for the loading and unloading 
cycle and understand the switching and bistability criteria for different kinds of arch 
profiles. This analysis helps us in understanding the nature of the connected arches as 
well as designing them by choosing suitable arch geometry for various applications. 

Pre-buckling a straight beam into an arch [6] and arriving at a suitable stress-free 
arch shape [7–10] are the two ways to get an arch structure. Based on the geometry and 
boundary conditions, an arch can show either snap-through or bistability phenomena. 
This nature of the arch is characterized by the physical quantities, like the switching 
force, the  switchback force, and the travel of the arch. These quantities are iden-
tified from the nonlinear force–displacement characteristics of the arch. Knowing 
these quantities helps us in designing the arches for various applications by suit-
ably choosing the arch dimensions. The analysis for fixed–fixed and pinned–pinned 
arches with general boundary conditions was presented by Qiu et al. [7], and design 
methods by Palathingal and Ananthasuresh [10], to identify these physical quantities 
for an arch of arbitrary as-fabricated stress-free shape. The as-fabricated shape of 
the arch highly influences the bistable nature of the arch. Therefore, Palathingal and 
Ananthasuresh [4, 5] presented an analytical way of finding bilateral relationships 
between the two stable configurations of the arch. They also mentioned sufficiency
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Fig. 4 Connected pinned–pinned arches with all the dimensions showing the as-fabricated shape 
(red-solid), intermediate deformed shape (gray-dashed), and inverted stable shape (blue-solid) 

criteria based on which one can decide the stability of the arches. Though the liter-
ature is rich with the analysis of single arches, there is no literature available for 
an arrangement where two arches are connected through a revolute joint between 
them, as shown in Fig. 4. But some of the earlier works reported on the analysis 
of continuous linear beams [9] and periodically connected linear beams [11]. When 
two arches are connected, one arch acts as a nonlinear spring for the other, and vice 
versa, due to the coupling of the slope at the common joint. 

In Sect. 2, we derive the potential energy, compatibility condition, and the equi-
librium equation for the analysis. In this section, we also explain the force–displace-
ment characteristics with a suitable example of pinned–pinned arches and discuss 
the switching and stability criteria of connected arches. The results of the analytical 
model are compared with finite element analysis solution done using ABAQUS finite 
element analysis software (www.simulia.com) and presented in Sect. 3. Summary 
and concluding remarks of the work are included in the last section. 

2 Analysis of Connected Arches 

We consider arches with either pinned–pinned or fixed–pinned boundary conditions 
for the analysis. Let us take two arches of span, L , depth, d, breadth, b that are 
connected with each other through a common revolute joint in between them as 
shown in Fig. 4. The mid-span height of the left arch is taken to be hmid where a point 
load f is applied. The main question we ask is this: Under what conditions, would 
the second arch flip up when the first arch experiences a load to switch it down? 

We begin the analysis by representing the as-fabricated stress-free state, hi (x), 
and the deformed shape, wi (x), of the arches as a linear combination of the buckling 
mode weights of the corresponding straight beam as follows [8, 9]: 

h1(x) = hmid 

N∑

1 

ai ϕi ; h2(x) = hmid 

N∑

1 

bi ϕi ; 

w1(x) = hmid 

N∑

1 

Ai ϕi ; w2(x) = hmid 

N∑

1 

Bi ϕi (1)

http://www.simulia.com
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where ϕi is the mode shape that satisfies the boundary conditions of the arch. For a 
pinned–pinned arch, the mode shapes are [9]: 

ϕi = sin
(
i π x L

)
(2) 

and for a fixed–hinged arch, mode shapes are [9]: 

ϕi = cos
(
Mi 

x 
L

) − 
sin

(
Mi 

x 
L

)

Mi 
+ 

x 

L 
− 1 (3)  

where Mi = 1.43π, 2.45π, 3.47π, . . .  for i = 1, 2, 3, . . .. For a given as-fabricated 
mode weight, ai s and bi s, we determine the deformed profile mode weights, Ai s and 
Bi s, by minimizing the total potential energy of both the arches. 

Total potential energy: For arches of Young’s modulus, E , and second moment of 
area, I , the total bending strain energy is given by 

SEb = 
1 

2 
E I

∑

i=1,2 

L∫

0

(
d2 hi 
dx2 

− 
d2 wi 

dx2

)2 

dx (4) 

As we take the arches to be shallow, i.e.,
( dhi 
dx

)2 � 1 and
( dwi 

dx

)2 � 1, the  
nonlinear terms in the bending energy are neglected. When the arches deform in the 
transverse direction, they develop axial compression, and the net strain energy due 
to the compression is expressed as 

SEc = 
1 

4 

Ebd  

L

∑

i=1,2 

⎧ 
⎨ 

⎩ 

L1∫

0

[(
dhi 
dx

)2 

−
(
dwi 

dx

)2
]
dx 

⎫ 
⎬ 

⎭ 

2 

(5) 

A point load, f , is applied at the mid-span length of the left-side arch. The work 
potential due to the transverse displacement of the point of application of the load is 
given by 

WP = −  f
[
h1

(
L 
2

) − w1
(
L 
2

)]
(6) 

The total potential energy of the connected arches includes the strain energy due 
to bending, compression, and the work potential. It is expressed as 

PE = SEb + SEc + WP (7) 

To get the equilibrium equations, we minimize the potential energy w.r.t. the 
unknown mode weights, Ai s and Bi s, for left and right arches, respectively.
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2.1 The Compatibility Condition 

Due to the interconnection of the arches through the common revolute joint, the 
deformation of the left arch causes the deformation of the right arch even though it 
does not experience any external loading and vice versa. As the revolute joint does not 
resist the rotation of the arch, the deformed shape of both the arches maintains slope 
continuity at this point. In other words, the rotation of the left arch and the right arch 
are the same w.r.t. their as-fabricated states at the common revolute joint. Therefore, 
we impose a rotational compatibility condition at the interconnected revolute joint 
as

� =
( dw1 

dx

∣∣
L

) − ( dw2 
dx

∣∣
0

)

1 + ( dw1 
dx

∣∣
L

)( dw2 
dx

∣∣
0

) −
( dh1 

dx

∣∣
L

) − ( dh2 
dx

∣∣
0

)

1 + ( dh1 
dx

∣∣
L

)( dh2 
dx

∣∣
0

) = 0 (8)  

where the term containing hi (x)s represents the tangent of angle difference, θ0, 
between the as-fabricated shape of two the arches at the revolute joint, as shown in 
Fig. 5. When the arches are identical and have opposite curvature, Eq. (8) reduces to

� = ( dw1 
dx

∣∣
L

) − ( dw2 
dx

∣∣
0

) = 0 (9)  

The constraint condition at the common revolute joint eventually leads to concen-
trated moments, MR1 , on the right end of left arch and ML2 , on the left end of the 
right arch. Due to the revolute joint, both the moments cancel each other, and the net 
moment at the point becomes zero, i.e., 

MR1 = −ML2 (10) 

We get the equilibrium configuration of the arch by minimizing the potential 
energy such that the deformed profile of the arch satisfies the compatibility condition 
(Eq. 8). 

Fig. 5 Connected arch with the reaction moment and the initial angle difference of as-fabricated 
shape at the revolute joint
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2.2 Equilibrium Equations for Connected Pinned–Pinned 
Arches 

In this section, we analyze the pinned–pinned connected arches, obtain the governing 
equilibrium equations, and study the force–displacement characteristics of the 
connected arches. We substitute Eqs. (1) and (2) in Eqs. (4) to (6) to get the potential 
energy expression and minimize the potential energy (Eq. 7) w.r.t. the unknowns Ai s 
and Bi s along with the compatibility condition (Eq. 8) to get the governing equation 
of the connected arches as 

∂(PE + ��) 
∂ Ai 

= 
M4 

i 

2 
( Ai − ai ) − 

3 

2 
Q2 C1

(
Ai M

2 
i

) + F
{
−(−1) 

i+1 
2

}∣∣∣∣
i=1,3,5,... 

+ �

[{
(−1)i Mi

} + tan(θ0)
{
hmid 

L

[
(−1)i Mi

][∑N 

1 
Bi Mi

]}]
= 0 

(11) 

∂(PE + ��) 
∂ Bi 

= 
M4 

i 

2 
(Bi − bi ) − 

3 

2 
Q2 C2

(
Bi M

2 
i

)

+ �

[
−Mi + tan(θ0)

{
hmid 

L 
Mi

[∑N 

1 
Ai Mi (−1)i

]}]
= 0 (12)  

hmid 

L

{
N∑

1 

Ai Mi (−1)i
}

− 
hmid 

L

{
N∑

1 

Bi Mi

}

+ tan(θ0)

{
1 + 

h2 mid 

L2

{
N∑

1 

Ai Mi (−1)i
}{

N∑

1 

Bi Mi

}}
= 0 (13) 

where Mi = i π , C1 = ∑
a2 i M

2 
i −

∑
A2 
i M

2 
i , C2 = ∑

b2 i M
2 
i −

∑
B2 
i M

2 
i , F = f L3 

E I  hmid 

are the nondimensional force on the arch and � is the multiplier corresponding to 
the continuity equation. Here, the multiplier (�) is equivalent to the internal moment 
at the common revolute joint due to the relative arch deformation. To understand the 
nature of the force–displacement, i.e., f –δ, characteristic of the connected arch, we 
numerically solve the preceding set of Eqs. (11) to (13) and trace the curve for a 
range of displacement values for both loading and unloading cycles. 

As an illustrative example, we take the as-fabricated shape of a connected arch 
consist only the first mode weights such that a1 = 1, and b1 = −0.5. We take  
hmid = 10 mm, d = 1 mm, b = 4 mm, L = 100 mm, E = 50 MPa and substitute 
them in the equilibrium equations. Using Eqs. (11) to (13), we solve f by varying 
δ from 0 mm to twice the height of the arch, i.e., 20 mm, to get the f –δ curve 
for the loading cycle. Similarly, to get the f –δ curve for the unloading cycle, we 
vary δ in a reverse way. The force–displacement and mode weights-displacement 
characteristics of these connected arches are shown in Fig. 6.
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Fig. 6 a Force–displacement ( f –δ) characteristics of the connected arch showing the loading path 
and the unloading path, b comparison loading and unloading pathways of torque (T )-rotation (θ ) 
characteristics (solid curve) with the multiplier (�)-rotation (θ) characteristics (dashed curve) for 
the right arch. Note that a concentrated torque (T ) is applied at the left end of the right arch, c mode 
weights variations of the left arch w.r.t. the displacement, d mode weights variations of the right 
arch w.r.t. the displacement, and e as-fabricated and deformed state of the arches at positions B, D, 
and G. In c and d, the solid line corresponds to the loading path, and the dotted line represents the 
unloading path. In e, the gray-dashed line shows the as-fabricated shape, gray-solid line shows the 
deformed shape just before the position B, D, and G, and blue-solid line shows the deformed shape 
of the arches exactly at positions B, D, and G 

In Fig. 6a, O represents the mid-point displacement at as-fabricated stress-free 
state, and E represents that of the second force-free state. The arch follows the path 
OABCDEF (blue-solid curve) for the loading cycle and FECGAO (magenta-solid 
curve) for the unloading cycle. The loading and unloading pathways are different due 
to the asymmetric nature of the strain energy of the system. The initial phase, O–A, 
and the post-buckling phase, E–F, are identical for both the loading and unloading 
cycle, whereas for a displacement between A and E, there are two different arch 
configurations and force values for the loading and unloading phases, leading to two 
different pathways. 

When we increase the displacement gradually at point O, the magnitude of the 
first mode weights starts decreasing, and that of the second and third mode starts
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increasing for both the arches (see Fig. 6c, d). Although these arches and the loading 
condition are symmetric in nature, the arches deform asymmetrically due to the 
coupling at the common revolute joint. They act as a nonlinear rotational spring to 
each other, which leads to asymmetry in the system. As the load increases on the 
left arch, the slope at either end starts increasing. But due to the stiffness of the 
rotational spring of the right arch, the motion at the right end of the left arch gets 
restricted, and the slope at that point starts decreasing. This causes the second mode 
weight to increase on the positive side. With further increase in the displacement, the 
force value increases till the switching force value and decreases smoothly (curve 
O–A–B) till point B. At this point, the force and the stiffness suddenly jump to a 
lower value. This sudden jump occurs as the rotation of the right arch at the common 
revolute joint attains the switching rotation value due to a point moment alone (see 
Fig. 6b), and the right arch switches to its inverted shape (see Fig. 6d, e). As shown 
in Fig. 6c, the second mode weight of the left arch attains a maximum at this point 
and starts decreasing gradually till the point D when the displacement is increased 
further. At this point D, the second mode weight for the left arch suddenly jumps (see 
Fig. 6e) and becomes negative (see Fig. 6c). This occurs due to the spring stiffening 
effect of the right arch. This stiffening also leads to a sudden increase in the force 
value, as shown in Fig. 6a. Further increment in the displacement also increases the 
force value on the arch. The same argument can also be made for the unloading 
path FECGAO when we vary the displacement in a reverse direction starting from 
the point F. We decide the nature of the connected arches based on their switching 
nature and stability at the inverted shape. 

Conditions for switching: The switching point corresponds to the maximum force 
with respect to the displacement on the force–displacement curve, whereas the 
switchback point corresponds to the minimum force value. To get these switching 
points of the arch, we pose an optimization problem as follows. 

Maximize/Minimize: 
Ai s,Bi s 

F 

subject to: 

∂(PE + ��) 
∂ Ai 

= 0 

∂(PE + ��) 
∂ Bi 

= 0

� = 0 

(14) 

We numerically solve the preceding optimization problem to get the switching, 
switchback force, and their corresponding unknown mode weights, Ai s and Bi s, so  
that they satisfy the equilibrium equations which are nothing but the KKT (Karush– 
Kuhn–Tucker) necessary conditions for the constrained optimization problem. The 
problem becomes easier when we consider only a few mode shapes to represent the 
shape of the arches. From our earlier studies [10], we found that the first three mode
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shapes are adequate to get accurate results. We call our semi-analytical modeling 
because we numerically solved the KKT conditions. In this short paper, details of 
the KKT conditions are not included due to paucity of space. We only present the 
results and their utility in ensuring flip-flopping of the arches. 

When the load exceeds these limits, the load-bearing arch (say the left arch) 
switches to its inverted shape. However, the switching of the left arch does not 
guarantee the switching of the right arch. The switching of the right arch occurs 
when either the multiplier, �, exceeds the switching moment value of the right 
arch, or the angular rotation of the left arch at x = L , dw1 

dx

∣∣
x=L 

, crosses the critical 
angular rotation value of the right arch (see Fig. 6b). We get these critical switching 
moment and rotation value from the torque-rotation characteristics of the right arch 
alone when it is subjected to a concentrated moment at x = 0. For the particular 
arch considered here, the switching force and switchback force are 0.0315 N and 
0.0075 N, respectively. We also found that the right arch switches to an inverted 
shape when the left arch switches, which is desired. 

Conditions for bistability: The second stable state of the connected arch corresponds 
to a zero-force configuration other than the as-fabricated shape. Also, it represents 
a minimum on the strain energy landscape. To get the bistable configuration of the 
connected arches, we solve Eqs. (11) to (13), by substituting F = 0. Once we get a 
solution, we check for the sufficiency condition to confirm the solution indeed has 
minimum energy. Therefore, we check the determinant of the principal minors of the 
bordered Hessian matrix, Hb, which is given by [12] 

Hb =
[

0 ∇�

∇�T H(PE + ��)

]
(15) 

where ∇ represents the gradient and H represents the Hessian of scalar functions. 
The value of the determinants of the principal minors becomes negative when the 
zero-force state corresponds to a stable configuration. 

The nature of the connected arches depends on the as-fabricated shape of the 
individual arches. For certain values of mode weights, ai s and bi s, both the arches 
switch to their inverted shape when force and the multiplier exceed the threshold. But 
these arches may or may not be stable at their inverted shape. We can show from the 
determinant of the principal minors that it is necessary for the arches to be bistable 
individually to have an inverted second stable state when they are connected to each 
other. For the example we are considering, the arches are bistable individually, and 
they are bistable when they are connected. The studies on these connected arches are 
verified with the finite element simulation and presented in the next section.
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3 Validation Using Finite Element Analysis 

The force–displacement characteristics obtained from the analytical modeling show 
good agreement (within 3% error at the switching and switch back point) with 
the results of finite element analysis (FEA). The comparison of these results for 
different as-fabricated connected arches is shown in Fig. 7. The solid curve repre-
sents the results obtained from the semi-analytical modeling considering five modes 
to approximate the deformed shape, and the dashed curve is obtained from FEA. The 
blue and the magenta curves represent the loading and unloading path, respectively. 
We have taken hmid = 10 mm, d = 1 mm, b = 4 mm, L = 100 mm, E = 50 MPa, 
and the Poisson’s ratio, ν = 0.35 for all the examples. The FEA is performed in 
ABAQUS using continuum 2D quadrilateral elements, and the curve is obtained 
from the quasi-static dynamic-implicit analysis. Like the analytical modeling, FEA 
also shows different pathways for the loading and unloading cycle. Both the analyzes 
show a kink at the switching and switchback point due to sudden asymmetric mode 
switching. 

For the example shown in Fig. 7a, when the mode weights are of equal magnitude 
in the as-fabricated shape, the right arch does not switch to its inverted shape and 
hence is not bistable. As we decrease the magnitude of the right arch, it switches 
and shows bistability at the inverted shape, as shown in Fig. 7b. Both the analytical 
and FEA results show a sudden decrease in the slope when the left arch switches 
to its inverted shape. When we introduce asymmetric modes in the stress-free state, 
as in example Fig. 7c, the arches invert their shapes but return to their undeformed 
state as the load is removed, and hence are not bistable. The loss of stability occurs 
as the left arch does not have its force-free configuration other than the undeformed 
configuration. A similar analysis can be performed to get the equilibrium equations 
and stability conditions for the fixed–pinned arches, and the results can be compared 
with FEA in ABAQUS. 

Fig. 7 Comparison of force–displacement characteristics with FEA for different as-fabricated 
shape, a configuration that does not switch to inverted shape and does not show bistability, b config-
uration that switches to inverted shape and shows bistability, and c configuration that switches to 
inverted shape but does not show bistability. The solid lines are the results from analytical modeling, 
and dashed lines are for FEA. The blue and magenta lines represent the loading path and unloading 
pathways, respectively.
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4 Closure  

We presented a semi-analytical method to investigate the characteristics of connected 
arches. Using the equilibrium equations, we studied the characteristics of inter-
connected arches and observed different loading and unloading pathways for the 
connected arches. Based on the switching nature and stability conditions, we noticed 
three kinds of connected arches based on their as-fabricated shape: (i) When both the 
arches are identical and do not switch to their inverted shape, they are not bistable 
in the connected configuration; (ii) when we decrease the magnitude of first mode 
weight of the right arch to a certain limit, both the arches switch to their inverted 
shape, and the arrangement shows bistability; and (iii) the arch arrangement may 
flip but not be stable in their inverted configuration when any of the arches is not 
bistable individually. This analysis helps us in choosing the as-fabricated shapes of 
the connected arches for self-offloading footwear and other applications based on 
the corresponding design requirements. 
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Dynamic Analysis of MCF-7 Using 
Tensegrity Model 

B. V. Chandan Bharadwaj, K. Abiram, K. Harish, S. Vivek, 
and C. V. Chandrashekara 

Abstract Cell is a fundamental unit of life. Mechanical stimuli in cells are the driving 
factor in the many essential life processes of the cell such as growth, proliferation 
and metastasis. Many dynamic behaviours of cells like natural frequency, response 
and mode-shape are promising factors giving insight into the wellbeing of a cell. 
Dynamic behaviour helps in the treatment of many cells-related diseases. Cancer is 
one such disease leading to abnormal cell growth with the potential to spread to other 
parts of the body. Despite the rapid medical advancement in developing techniques 
to cure cancer, these cannot completely cure cancer at all stages and also comes along 
with side effects. In the present work, a six-strut tensegrity model is developed to 
mimic the cytoskeleton of MCF-7 cell, considering the effect of prestress. Dynamic 
analysis is performed, and the first five natural frequencies are in the range of 5– 
17 kHz. The mode shapes corresponding to the first four natural frequencies are 
reported. 

Keywords Cytoskeleton ·MCF-7 · Tensegrity · Cell dynamics · Dynamic analysis 

1 Introduction 

The fundamental essence of all forms of life is a bio-cell. Human body consists of an 
average of 30 trillion cells, varying from blood cells to bone cells. Each type of cells 
is formed to meet a specific functionality through the process of differentiation [1]. 
The principal functionality for survival of a cell includes providing structural support, 
facilitating growth through the process of mitosis, transport of nutrients, producing 
energy, metabolic activities and reproduction. A crucial part in the process of cell 
division is replication of DNA, any error during this process leads to uncontrolled 
cell division leading to cancer. The transformation from a normal healthy cell to a 
malignant cancerous cell affects the various biophysical and biomechanical proper-
ties of the cell. The mechanical properties of cellular components are essential in
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order to obtain the dynamic characteristics of the cell. The dynamic characteristic of 
cancerous cell helps in the development of a better treatment, to target cancer cells. 

Several approaches, such as atomic force microscopy (AFM) and scanning probe 
microscopy, are utilized by many researchers to obtain the mechanical properties of 
cells. Yokokawa et al. [2] used scanning probe microscope to obtain the mechan-
ical properties of plasma membrane and nuclear envelope of living HeLa cells in a 
culture medium. Experimental procedures like in-vivo, in-vitro and in-situ are even 
though promising methods, ethical restrictions limit the researchers from carrying 
an in-depth experimental analysis on a living cell. Experimental methodologies 
are time-consuming, expensive and non-versatile. Researchers have alternatively 
adopted finite element (FE) methods, which are versatile, cost- and time-effective in 
simulating the cells to extract their dynamics characteristics. Lim et al. [3] explored 
various methods to a model a cell and broadly classifies them into two approaches: 
continuum approach and micro/nanostructural approach. Mubeen et al. [4] presented 
a continuum approach to obtain the dynamic characteristics of MCF-7 and MCF-10 A 
cells. The entire cell is considered as a non-homogeneous model, ignoring the role of 
cytoskeleton. The first four natural frequencies for MCF-7 cell are in the range of 5– 
9 kHz. Katti et al. [5] presented a computational model to understand the importance 
of the cytoskeleton in the mechanical response of breast cancer cell. The results indi-
cate, although the cytoskeleton constitutes a small portion of the overall cell volume, 
its contribution towards the mechanical response of the cell is significant. Ethier and 
Simon [6] described the cytoskeleton of a cell comprising of discrete elements like 
actin filaments, intermediate filaments and microtubules. The cytoskeleton helps in 
maintaining the shape of the cell and in cellular movement. The control of cell func-
tions, including growth, migration and mechano-transduction, depends crucially on 
stress-induced mechanical changes in cell shape and cytoskeleton. 

The tensegrity approach is considered as a prominent alternative modelling 
method which encapsulate the effect of cytoskeleton. The tensegrity model represents 
the tension elements as cables and compression elements as struts. The tensegrity 
model, a type of discrete approach, is very prominent in mimicking the dynamics of 
the cell by considering the effects of the cytoskeleton. Ingber et al. [7–9] proposed the 
pivotal idea of modelling a cellular cytoskeleton as a tensegrity model that stabilizes 
itself by the combinational effect of the discrete elements of the cells. The changes in 
the orientation and the spacing of the elements represent the mechanism of restoring 
forces that stabilize the tensegrity. Pugh [10] described the tensegrity as the structure 
obtained using the discontinuous compression–tension elements, defining a stable 
volume in space. The tensegrity structure deforms on the application of an external 
force and returns to its original configuration once the force is removed. Wendling 
et al. [11] presented a quantitative study on 6-bar tensegrity models to analyse several 
mechanical parameters involved in the mechanical responses of adherent cells. The 
tensegrity structures develop a stabilizing tension which is balanced by compression, 
known as prestress. The general mechanical laws applicable to tensegrity struc-
ture are described highlighting the mechanical behaviour of cytoskeleton. Coughlin 
and Stamenovic [12] modelled the cell as six-strut tensegrity structure to represent
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the round and spread cell configurations. The struts and the cables of the tenseg-
rity are considered to represent the microtubules and the microfilaments of a cell, 
respectively. The change in the stiffness of the cell is observed as the configuration 
change from round to spread cell configuration, because of the changes in geom-
etry and forces. Wee and Voloshin [13] modelled a spread bone cell on a culturing 
plate using two models, continuum and tensegrity. Dynamic analysis of both these 
models is carried out on the ANSYS platform. Heyden and Ortiz [14] performed 
dynamic analysis to verify a spectral gap between the natural frequencies of the 
healthy and cancerous cells. The existence of spectral gaps assists in selectively 
targeting the cancer cells and does not disrupt the normal cells. The authors confirm 
that cell rupture can be selectively induced to cancer cells by the application of tuned 
ultrasonic harmonic excitation, and the process is termed as oncotripsy. Mittelstein 
et al. [15] provided experimental confirmation of selective rupture of cancer cells 
by inducing cyclic low-intensity pulsated ultrasound (LIPUS). The higher death rate 
of the cancer cells suggests the selective cell rupture by LIPUS can fulfil as a safe 
non-invasive technique for cancer treatment. The author also highlights that the reso-
nant frequency of the cancer cell is critical to the effectiveness of oncotripsy. The 
prediction of natural frequency using the FE method calls for an elemental simulation 
model. 

The literature review indicates that there is limited application of tensegrity model 
to represent breast cancer cell. In the present work, a six-strut tensegrity model 
is developed to mimic the cytoskeleton of MCF-7 cell, considering the effect of 
prestress. Dynamic analysis is performed, and the first five natural frequencies and 
their corresponding mode shapes are reported. 

2 Modelling 

A discretized six-strut spherical tensegrity model of cytoskeleton of an MCF-7 is 
developed, using ANSYS APDL 2020 R1 considering six-struts and twenty-four 
cables. The struts represent the microtubules, and cable represents both intermediate 
filaments and actin filaments of cytoskeleton. Node points of each strut’s end are 
connected by the cables. Set of two struts is arranged in parallel to each other (see 
Fig. 1). 

The nucleus is considered a solid point mass element, and the nucleus is suspended 
at the centre of cell using 12 intermediate filaments. With this arrangement, the overall 
model consists of 42 elements, i.e. 6 struts, 24 cables and 12 intermediate filaments. 
Struts of cytoskeleton are represented by red in colour, cables are represented by 
blue in colour and inter-filaments are shown in green in colour. 

The distance between the strut is considered half the length of the strut, as reported 
in many literatures [12, 16]. The relationship between the length of the strut, lstrut, 
and the radius of the MCF-7 cell R is taken as [16], 

lStrut = 1.8R (1)
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Fig. 1 Six-strut spherical tensegrity model 

The volume of the MCF-7 cell is 3375 µm3 [4], and the radius calculated is 
9.31 µm. 

The length of the cable is taken as [14], 

lcable =
/
3/8 lstrut (2) 

The modal analysis is performed on the model developed to obtain the natural 
frequencies and mode shapes. The results are presented and discussed in the following 
section. 

3 Dynamic Analysis 

The dynamic characteristics of a cell vary with the age, environment and the ongoing 
biochemical processes inside a cell. Measuring these properties serve as an indication 
of the current state of a cell and help in more accurate predictions. The dynamic anal-
ysis of a cell is essential for understanding the behaviour of the cell. In this section, 
the dynamic analysis of the cell model is presented. The material and geometric 
properties of constituents of the tensegrity structure considered for dynamic analysis 
are provided in Table 1. 

The nucleus is considered as a point mass element, with elastic modulus 150 Pa, 
density of 1300 kg/m3 and Poisson’s ratio is 0.49. Poisson’s ratio for the remaining 
cellular tensegrity constituents is considered to be 0.3. The mass of the nucleus is
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Table 1 Material Properties of tensegrity model [17–19] 

Cellular constituent Elastic modulus (GPa) Density (kg/m3) Diameter (nm) 

Microtubule 1.9 1150 25.0 

Microfilament 1.3 1150 8.0 

Inter-filaments 1.0 1150 10.0 

Table 2 Element lengths and 
mass per unit length of the 
cytoskeleton elements 

Parameter Value 

Strut length (µm) 16.65 

Cable length (µm) 10.20 

Total length of cytoskeletal elements (µm) 344.69 

Total mass of cytoskeleton (ng) 3.88 

Mass per unit length (kg/m) 1.126 

taken as 1.45 ng. The total mass of the cytoplasm and the membrane of the continuum 
model are calculated to be 3.88 ng [4]. 

The small cross sections of the elements of the tensegrity lead to the overall mass 
of the tensegrity model being minute. To compensate for the difference in mass of 
the tensegrity model when in comparison with the continuum model, extra masses 
are added to the struts and cables of the cytoskeleton. The calculation parameters of 
the mass per unit length are shown in Table 2. 

The microtubules, microfilaments and the inter-filaments are considered to be non-
bending elements. LINK 180 which supports only axial loading is used to represent 
all the elements of the developed tensegrity structure, and MASS21 element is used 
to represent the nucleus. Tension only conditions are applied to the cables and inter-
filaments to ensure that the cables are taut at all given time [13]. The added mass per 
unit length feature is applied to the microtubules and microfilaments. The prestress 
values of 3.978 and 2.546 kPa are applied to the microfilaments and inter-filaments, 
respectively. The prestress values are calculated for a pretension value of 1 pN [20]. 

For the boundary conditions, nodes 1, 3 and 5 are restricted from all degrees of 
freedom. Modal analysis is performed on the ANSYS APDL 2020 R1 to obtain the 
dynamic characteristics. For modal analysis, block Lanczos method is employed to 
obtain the natural frequencies and their corresponding mode shapes are extracted. 

The natural frequencies corresponding to the first five modes for a tensegrity 
model of MCF-7 are presented in Table 3. 

The first and second modes (see Fig. 2a, b) correspond to a lateral mode of 
vibration along z- and x-directions, respectively. 

The third and fourth modes (see Fig. 3a, b) correspond to the twisting mode about 
z- and x-directions, respectively. The results indicated in Table 3 for the first four 
natural frequencies are in accordance with the first four natural frequencies for a 
continuum model reported by Mubeen et al. [4], i.e. 5–9 kHz. The difference in 
the results obtained is a collective effect of the difference in the material properties 
considered and the boundary conditions provided.
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Table 3 Natural frequencies 
of tensegrity model of MCF-7 
cell 

Mode Natural frequency (Hz) 

1 5966.49 

2 6173.29 

3 12,571.17 

4 13,517.82 

5 17,555.58 

Fig. 2 First and second mode shapes for tensegrity model of MCF-7 

Fig. 3 Third and fourth mode shapes for tensegrity model of MCF-7
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4 Conclusion 

The current paper establishes a tensegrity model of a breast cancer cell (MCF-7) for 
modelling and simulation purposes. The nucleus of the cell is modelled as a point 
mass. The dynamic characteristics are obtained on ANSYS APDL 2020R1 and are 
reported. The results show that the first five natural frequencies are in the range of 5– 
17 kHz, which are in the range reported by the continuum modelling approach. The 
simulation model developed provides promising results that can be utilized in care-
fully tuning the frequency for the ultrasound technique to selectively disrupt cancer 
cells. The ultrasound technique of cancer treatment is a promising non-invasive 
approach to cure cancer with no or very little side effects. The tensegrity modelling 
provides an alternative approach to the existing modelling techniques being consid-
erate of the importance of the cytoskeleton. Further, considering the viscoelastic 
properties and the presence of other cell organelles would help in increasing the 
accuracy of the model. 
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Dynamic Modeling of Planar 
Multi-section Tendon-Driven Continuum 
Manipulator (TDCM) Using 
“Euler–Lagrange Formulation” 

Vipin Pachouri and Pushparaj Mani Pathak 

Abstract The continuum style robots entail a continuous flexible backbone of infi-
nite joints and hypothetically offer limitless degrees of freedom (DOF). Also, the 
continuum robot structure retains more actuatable DOF than the DOF required 
for their intended task space. Although this spare freedom enriches maneuver-
ability, flexibility, and dexterity but the modeling and control of these flexible robots 
turn out to be non-linear and complicated. In this article, the Lagrange construc-
tion, which is an energy-based method, is used to devise the dynamic model of a 
tendon-driven continuum style manipulator. A generalized dynamic model of tendon-
driven continuum manipulators (TDCM) is developed based on lumped spring-mass-
damper model. The central backbone in-between two adjacent disks is modeled as a 
flexible arc instead of a rigid link. Also, the stiffness of the central flexible backbone 
is considered, which performs a considerable role under external intervention and 
manages the payload. Finally, the proposed model is confirmed experimentally, and 
a decent match is found between simulation and experimental outcomes. 

Keywords Continuum manipulator · Flexible manipulator · Tendon-driven 
robots · Euler–Lagrange 

1 Introduction 

The conventional robot manipulators comprise several joints connected by rigid links, 
and the key benefit of these robotic systems is that their kinematics and dynamics are 
properly recognized and proven to be effective for a variety of tasks and operations. 
However, modeling the flexible continuum style robots through the same techniques 
is difficult to execute. As for these styles of robots, the link length between two joints
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is flexible and takes some sort of arc shape. Also, with the integration of flexibility, the 
preference of mounting actuator directly on robot structure turns out to be infeasible, 
and hence, its design structure must be improved. 

The concept of continuum robot was first introduced by Anderson and his team [1]. 
They had developed the prototype of a continuum robot named as tensor arm. Later, 
Mehling et al. [2] developed another continuum robot with a lot more advancement 
in designs for in-space inspection. Robinson and Davies [3] presented a simpli-
fied classification of different possible designs, based on the number of redundancy 
retained by such robotic systems as discrete, serpentine, and continuum. The robotic 
systems falling inside the class of continuum do not have any rigid joints and links, 
instead they have a flexible backbone that bend continuously along its backbone 
structure. The bending behavior of these robots provides vast advantages with many 
challenges from its design to control aspects. Some of the features of these types 
of robotic systems are that they have high dexterity [4] and have better compliance 
nature, obstacle avoidance capability, and simple design [5, 6]. Rone and Ben-Tzvi 
[7] had developed the dynamic model that captures curvature variations along a 
segment using a finite set of kinematic variables of cable-driven continuum robot 
using Kane’s method. Tatlicioglu et al. [8] presented a dynamic model based on 
the geometric model of extensible continuum robot manipulators with no torsional 
effects. Falkenhahn et al. [9] developed the dynamic model of a bellow actuated 
continuum robot, but their model is highly complex and requires a very hefty amount 
of computation. Two individual researchers Trivedi et al. [10] and Cao and Tucker 
[11] formulated the dynamics of an elastic rod by using the corset rod theory as a set 
of PDEs, which are difficult for numerical implementation. 

This article presents a generalized dynamic model of tendon-driven continuum 
manipulators (TDCM) based on lumped spring–mass-damper model utilizing energy 
centered Lagrangian method. The central backbone between two adjacent disks is 
modeled as a flexible arc instead of a rigid link as done by the previous researchers. 
Also, the stiffness of the central flexible backbone is considered in the modeling. 
Each section is modeled to follow piecewise constant curvature and torsion-free 
assumption, i.e., only bending motion is permitted throughout the sections. 

This paper is presented in four segments. The second section introduces the 
system’s physical and mathematical description, followed by the third section in 
which the simulation and experimental outcomes are presented. The last section 
portrays the conclusion and future studies. 

2 Physical and Mathematical Description 
of Tendon-Driven Continuum Manipulator (TDCM) 

The tendon-driven continuum manipulator (TDCM) physically consists a central 
flexible backbone routed through number of disks having central hole. Tendons are 
routed through the anchor or way points provided on each disk as shown in Fig. 1.
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Fig. 1 Schematic of tendon-driven continuum manipulator showing frames⊗, actuating tendons⨝, 
flexible backbone⦿, and disks⧲ of i th and (i + 1)th unit under a general scenario, b manipulator 
at singular configuration, and c cross-sectional view of the disk 

The flexible backbone is actuated by tensioning tendon, which changes the cable 
length and responsible for forces and moment transmission. For simplification of the 
mathematical model, the friction acting in-between tendons and disk is neglected, and 
the flexible backbone is assumed to follow the torsion-free pure-bending assumption. 
The dynamic equations of TDCM are derived via energy-based Euler–Lagrange 
formulation. 

The local body-fixed reference frame {Oi } of i th section is placed at the start of 
the section as shown in Fig. 1a, and the global frame {G} coincides with the local 
frame of the first section. Mathematically, the position and orientation of (i + 1)th 
body-fixed frame relative to i th local frame calculated as shown in Eq. 1 (where s 
and c correspond to sin and cosines, respectively, and throughout used in this article). 

i T(i+1) = 

⎡ 

⎢⎢⎢⎣ 

cθi −sθi 0
Li 
θi 
sθi 

sθi cθi 0 Li 
θi 

(1 − cθi ) 
0 0 1 0  
0 0 0 1  

⎤ 

⎥⎥⎥⎦ (1)
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Utilizing Eq. (1), the transformation matrixes for two-section TDCM are devised 
in local reference frames as G T1b, 1bT1h , and 1hT2h where G, h, and b indicate global, 
base, and head of respective sections. For example, 1bT1h represents the transforma-
tion from first section head to first section base. The first section head frame {1h} and 
second section base frame {2b} coincide over each other at same point. The angular 

velocity of i th section is expressed as ωi =
⎡
0 0  θ̇i

⎤T 
. For two-section planar TDCM, 

the generalized coordinates chosen to represent the states are qi =
⎡
Li θi

⎤T 
, where 

variables Li → is arc length and θi → represents the bending angle of i th section. 
The position vectors of local frames can be expressed in the global frame using arith-
metic transformation as portrayed by Eq. (2), and the outcomes for two-section CM 
are shown in Eq. (3). 

G Ti = G Ti−1 

n∏
i=1 

i−1 Ti (2) 

G O1b = 

⎡ 

⎣ 
0 
0 
0 

⎤ 

⎦; G O1h = 

⎡ 

⎢⎣ 

L1 
θ1 
sθ1 

L1 
θ1 

(1 − cθ1) 
0 

⎤ 

⎥⎦; 

G O2h = 

⎡ 

⎢⎣ 

L1 
θ1 
sθ1 + L2 

θ2 
(s(θ1 + θ2) − s(θ1)) 

L1 
θ1 

(1 − cθ1) − L2 
θ2 

(c(θ1 + θ2) − c(θ1)) 
0 

⎤ 

⎥⎦ (3) 

To get the velocities of origin of various frames, Eq. 3 is differentiated with respect 
to time. The resulting expression is shown by Eq. (4). 

G Ȯ1b = 

⎡ 

⎣ 
0 
0 
0 

⎤ 

⎦; G Ȯ1h = 

⎡ 

⎢⎢⎢⎣ 

L̇1 
θ1 
sθ1 + L1

(
θ1cθ1−sθ1 

θ 2 1

)
θ̇1 

L̇1 
θ1 

(1 − cθ1) + L1sθ1·θ̇1 
θ1 

− L1(1−cθ1) ̇θ1 
θ 2 1 

0 

⎤ 

⎥⎥⎥⎦ 

G Ȯ2h = 

⎡ 

⎢⎢⎣ 

G Ȯ1b(1) + L̇2 
θ2 

{s(θ1 + θ2) − sθ1} + L2 
d 
dt

(
s(θ1+θ2) 

θ2

)
− L2 

d 
dt

(
sθ1 
θ2

)

G Ȯ1b(2) − L̇2 
θ2 

{c(θ1 + θ2) − cθ1} + L2 
d 
dt

(
c(θ1+θ2) 

θ2

)
− L2 

d 
dt

(
cθ1 
θ2

)

0 

⎤ 

⎥⎥⎦ (4) 

where 

d 

dt

(
s(θ1 + θ2) 

θ2

)
=

(
θ2c(θ1 + θ2) ·

(
θ̇1 + θ̇2

) − s(θ1 + θ2) ̇θ2 
θ 2 2

)
;
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d 

dt

(
sθ1 
θ2

)
= 

θ2cθ1 · θ̇2 − sθ1 · θ̇2 
θ 2 2 

d 

dt

(
c(θ1 + θ2) 

θ2

)
=

(
−θ2s(θ1 + θ2) ·

(
θ̇1 + θ̇2

) − c(θ1 + θ2) ̇θ2 
θ 2 2

)
; 

d 

dt

(
cθ1 
θ2

)
= 

−θ2sθ1 · θ̇1 − cθ1 · θ̇2 
θ 2 2 

In a similar way, the velocity vectors of the center of gravity (CG) of each section 
are computed by differentiating position vectors of each section CG as indicated in 
Eq. (5). 

G OCG1 = 
d 

dt

(G O1h 

2

)
= G Ȯ1h/2; 

G OCG2 = 
d 

dt

(G O2h + G O1h 

2

)
(5) 

The kinetic energy (T ) for  n section TDCM is a combination of linear and rota-
tional energies as generalized by Eq. (6). Let us assume that m ti and mdi are the masses 
of backbone tube and disks, respectively. The flexible tube mass is supposed to act 
at the CG of each flexible backbone, whereas disk mass is assumed to concentrate at 
the centroid of each disk. 

T = 
n⎲

i=1 

(TLinear + TRot.) 

T = 
1 

2 

n⎲
i=1

⎡(
G ȮCGi

)T 
m ti

(
G ȮCGi

)

+(
G Ȯi

)T 
mdi

(
G Ȯi

) + ωT 
i

(
G Ri 

i Ili  
G Ri

)
ωi

⎤
(6) 

where ωi is the angular velocity of i th section, i Ili  is the moment of inertia, and G Ri 

is rotation of i th frame expressed in the global frame. The position and inertia tensors 
expressed in the base frame of i th section are manipulator configuration dependent 
quantities. So, the moment of inertia of each disk expressed in the global frame 
attached to each disk, which is a disk orientation-dependent quantity and its local 
inertia

(
Ixx  , IyyandIzz

)
expressed in Eq. (7). 

G Ili  = G Ri 

⎡ 

⎣ 
Ixx  0 0  
0 Iyy  0 
0 0  Izz  

⎤ 

⎦G RT 
i 

(7)
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Based on Eqs. (6) and (7), the expression of kinetic energies for two-section 
TDCM can be formalized as presented in Eq. (8). The total kinetic energy is 
formulated as sum to the individual section as symbolized in Eq. (9).

(
T1 = 1 2 mt1

(
G ȮCG1

)2 + 1 2 md1
(
G Ȯ1h

)2 + 1 2 IO1 ω
2 
1 

T2 = 1 2 mt2
(
G ȮCG2

)2 + 1 2 md2
(
G Ȯ2h

)2 + 1 2 IO2 ω
2 
2

)
(8) 

where IOi = mdi L
2 
i 

3 . Here, Li is arc length if i th section. 

T = 
n⎲

i=1 

Ti (9) 

The potential energy (U) retained in the manipulator is framed as combination 
of gravitation energy, spring energy due to change in tendon lengths, and elastic 
potential energy of flexible backbone. The potential energy for two-section TDCM 
can be devised as presented in Eq. (10). 

U = −
(mt1 

2 
+ md1

)
g

⎡
L1 

θ1 
(1 − cθ1)

⎤

−
(mt2 

2 
+ md2

)
g

⎡
L1 

θ1 
(1 − cθ1) − 

L2 

θ2 
{c(θ1 + θ2) − cθ1}

⎤

+ 
1 

2
KI 

1

(
G A1 f − G A1s

)2 + 
1 

2 
KII 

1

(
G B1 f − G B1s

)2 + 
E Ib 
2L1 

θ 2 1 

+ 
1 

2
KI 

2

(
G A2 f − G A2s

)2 + 
1 

2 
KII 

2

(
G B2 f − G B2s

)2 + 
E Ib 
2L2 

θ 2 2 (10) 

where KI/II 
i represents the stiffness of the secondary tendon backbone of i th section 

for tendon I and II, respectively, G Ai f /s and 
G Bi f /s are the final and start (initial) 

coordinates of tendon anchor or way points expressed in global frame whose final 
expressions are displayed in Eq. (11). Initial values are retrieved from the inverse 
kinematics [12] of the manipulator. In Eq. (11), M represents A holding + sign and 
B holding − sign. 

i Mi =
⎡
0 ± di 

2 0
⎤T ; G Mi =

(
G Ti−1 

n∏
i=1 

i−1 Ti

)
× i Mi 

G A1 f = 

⎡ 

⎢⎣ 

L1 
θ1 
sθ1 − d 2 sθ1 

L1 
θ1 

(1 − cθ1) + d 2 sθ1 
0 

⎤ 

⎥⎦; G B1 f = 

⎡ 

⎢⎣ 

L1 
θ1 
sθ1 + d 2 sθ1 

L1 
θ1 

(1 − cθ1) − d 2 cθ1 
0 

⎤ 

⎥⎦
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G A2 f = 

⎡ 

⎢⎢⎣

(
L2 
θ2 

− d 2
)
s(θ1 + θ2) +

(
L1 
θ1 

− L2 
θ2

)
sθ1 

−
(

L2 
θ2 

− d 2
)
c(θ1 + θ2) −

(
L1 
θ1 

− L2 
θ2

)
sθ1 + L1 

θ1 

0 

⎤ 

⎥⎥⎦; 

G B2 f = 

⎡ 

⎢⎢⎣

(
L2 
θ2 

+ d 2
)
s(θ1 + θ2) +

(
L1 
θ1 

− L2 
θ2

)
sθ1 

−
(

L2 
θ2 

+ d 2
)
c(θ1 + θ2) −

(
L1 
θ1 

− L2 
θ2

)
sθ1 + L1 

θ1 

0 

⎤ 

⎥⎥⎦ (11) 

In this work, TDCM is assumed to follow viscous damping and the dissipation 
function for two-section CM as symbolized in Eq. (12). 

D = 
1 

2 
CI 
1

(
△L̇I 1

)2 + 
1 

2 
CII 
1

(
△L̇II 1

)2 + 
1 

2
CI 
2

(
△L̇I 2

)2 + 
1 

2 
CII 
2

(
△L̇II 2

)2 
(12) 

where CI/II 
i represents the damping coefficient of the secondary tendon backbone of 

i th section for tendon I and II, respectively, and△L̇ I/II 
i represents the rate of change on 

tendon length of i th section for tendon I and II. The generalized forces are calculated 
utilizing expression (13). 

Qi = 
N⎲

k=1 

Fk

(
∂rk 
∂qi

)
(13) 

The energy-based Lagrange approach derives the dynamic equations of motion 
of TDCM systematically independent of the reference frame in terms of generalized 
coordinates (qi ) using Lagrangian multiplier,L = T −U . Finally, dynamic equations 
are achieved using the expression are shown in Eq. (14). 

d 

dt 

∂L 
∂ ̇qi 

− 
∂L 
∂qi 

= Qi − 
∂D 
∂ ̇qi 

(14) 

where i = 1, 2, . . . ,  n are the number of generalized coordinates. The devised 
equation of motion based on Lagrangian formulation is in the form as shown in 
Eq. (15).
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⎡
M11 M12 

M21 M22

⎤(
θ̈1 

θ̈2

)
+

⎡
C11 C12 

C21 C22

⎤(
θ̇1 

θ̇2

)
+

(
G1 

G2

)
=

(
Q1 

Q2

)
−

(
D1 

D2

)
(15) 

The elements of the above equation are shown in Appendix. The elements of 
matrix C contain coefficients of the first order derivatives of the generalized coor-
dinates because the system is non-linear, many elements of C contain first order 
derivatives of the generalized coordinates. G matrix represents elements due to 
gravitational, spring potential energy of tendons, and elastic potential energy of 
backbone. 

3 Simulation and Experimental Results 

The dynamic model proposed in Sect. 2 is simulated for two-sections planar TDCM. 
The simulation and material parameters are displayed in Table 1. For simplification 
purpose, only one tendon per section is treated as active, so forces and moments 
are evaluated based on these active tendons. The developed equations of motion are 
evaluated for inverse dynamics, and generalized coordinates can be explicitly defined 
for time ranging from 0 ≤ t ≤ Tp as portrayed in Eq. (16), where i = 1, 2, . . .  n are 
the number of generalized coordinates and s and f represent the start and final states 
of the manipulator. The initial conditions, at t = 0 s, are  θi (0) = −2◦. The inverse 
dynamics of TDCM is evaluated considering the initial, and final states are at rest 
for two cases, (1) θ

(
Tp

) = ⎡
π 
2 , −π 

9

⎤
rad and (2) θ

(
Tp

) = ⎡
π 
2 , −π 

9

⎤
. 

qi (t) = qis (0) + 
qi f

(
Tp

) − qis (0) 
Tp

⎡
t − 

Tp 

2π 
sin

(
2π t 

Tp

)⎤
(16) 

An experimental setup is prepared for executing and validates the proposed 
dynamic model for two-section planar TDCM. The backbone is made up of hollow 
flexible PU pipe commonly used in pneumatic actuation systems. Several 3D 
printed disks (material: PLA) are attached along the backbone and way points 
for cable routing are provided on the disks as shown in Fig. 2. The point where 
tendons are fixed on the disks is considered as anchor point (A4, B4, A9, and B9), 
and rest other points through which tendon passes are called as way points

Table 1 Geometrical and 
material properties 

Parameter Value 

Initial backbone length of each section, (Li) 242.5 mm 

Outer and inner radius of central backbone (4.5, 2.5) mm 

Elastic modulus of flexible backbone, (E) 2e8 N/m2 

Disk and tube masses (mdi, mti) (30, 20) gm 

Distance of tendons from central backbone (d) 25 mm
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Fig. 2 Schematic exhibiting hardware setup of two-section planar tendon-driven continuum 
manipulator with actuation unit (left) and continuum manipulator (right) 

(
elcuding A4, B4, A9, and B9

)
illustrated in Fig. 2 (right). The left picture of Fig. 2 

shows the TDCM with actuation unit, and the right picture shows various components 
in TDCM.

On solving the equation of motions for inverse dynamics, i.e., for a given motion 
calculating the torques or forces responsible for that motion, the torques or tendon 
forces are evaluated and presented in Table 2. For validating the simulation results, 
these tendon forces are employed on the TDCM, and their bending profile is compared 
with the profile obtained from the simulation. As the main contribution of this article 
is to develop a dynamic model of the TDCM, so this concept is implemented on 
an open-loop experimental setup. It is obvious that there may be certain positional 
errors, and they can be reduced with a closed-loop experimental setup and are planned 
in future. 

Figures 3 and 4 demonstrate the results for case 1: θ1 = π/2 and θ2 = −π/9 
and case 2: θ1 = −π/3 and θ2 = π/3. Simulation results are shown on the top part, 
and the lower figure portrays experimental results. The toques, actuating tendon 
forces, bending angle of each section, rates of bending angle, the motion of two-
section TDCM (simulation), and five different bending postures (experimental) of 
two-section TDCM are shown in Figs. 3 and 4 for two different cases. A good match 
is obtained between the simulated and experimental bending profiles for two-section 
TDCM.
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Table 2 Tendon forces obtained from simulation for two different cases 

Time (s) Case 1: θ = (π/2, −π/9) Case 2: θ = (−π/3, π/3) 
F1 (N) F2 (N) F3 (N) F4 (N) F1 (N) F2 (N) F3 (N) F4 (N) 

0 0 3.46 0 0.12 0 3.46 0 0.12 

1 0 3.55 0 0.16 0 3.44 0 0.12 

2 0 4.23 0 0.43 0 3.33 0 0.08 

3 0 5.96 0 1.13 0 3.06 0 0.01 

4 0 9.05 0 2.36 0 2.60 0.12 0 

5 0 13.57 0 4.14 0 2.00 0.26 0 

6 0 19.32 0 6.38 0 1.34 0.37 0 

7 0 25.84 0 8.89 0 0.74 0.42 0 

8 0 32.52 0 11.44 0 0.30 0.38 0 

9 0 38.73 0 13.80 0 0.04 0.26 0 

10 0 43.96 0 15.78 0.04 0 0.10 0 

11 0 47.93 0 17.28 0.01 0 0 0 

12 0 50.57 0 18.28 0 0.06 0 0.21 

13 0 52.02 0 18.83 0 0.11 0 0.29 

14 0 52.58 0 19.04 0 0.14 0 0.32 

15 0 52.66 0 19.08 0 0.14 0 0.33 

4 Conclusion and Future Studies 

This article establishes a generalized dynamic model of tendon-driven continuum 
manipulators (TDCM) based on lumped spring-mass-damper model employing 
energy centered Lagrangian method. The central backbone in-between two adja-
cent disks is modeled as a flexible arc instead of a rigid link, which makes the system 
highly non-linear and difficult to solve. The systematic approach of deriving the 
equation of motion through Lagrange method proven to be effective in comparison 
with other recursive algorithms. Also, the stiffness of the central flexible backbone is 
considered as it plays a significant role in describing manipulator shape under external 
intervention, uncertainties, and payload situations. The proposed dynamic model is 
appropriate for small to larger deflections in continuum manipulators. Finally, the 
developed theory is validated experimentally, and a decent match is achieved between 
simulation and experimental outcomes. The same dynamic model is also appropriate 
to other groups of continuum manipulators [13] such as pneumatic and shape memory 
actuated manipulators. In future, this model will be stretched for the spatial case, and 
robust controllers will be analyzed.
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Fig. 3 Simulation and experimental results for case 1
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Fig. 4 Simulation and experimental results for case 2 

Appendix 

For simplifying the EOM’s applicable to the robot presented in this article, the 
following set of rules are used. The simplification rules adopted here are appro-
priate for the robot presented in this article. md1 = md2 = md; mt1 = mt2 =(
1 
2

)
md; L1 = L2 = L; KI /I I  

i = K and C I /I I  

i = C .
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Dynamic Characteristics of Human 
Hand-Arm System—Analytical 
and Simulation Approaches 

Srinivaasappa Indira Raj Dhanush, Prajwal Gurunath, Prajwal Kamath, 
S. Murthy Ninad, and C. V. Chandrashekara 

Abstract Investigation on the dynamic characteristics of the human hand-arm 
system plays a crucial role in assessing the health risks involved due to persistent 
exposure to hand transmitted vibrations (HTV), during operation of hand-operated 
tools. Finite element analysis and mathematical modelling are widely used compu-
tational tools to simulate dynamics of the hand-arm system and provide insights on 
the dynamic characteristics such as natural frequencies and mode shapes. For the 
present work, an anatomically accurate 3D model of the hand-arm system, devel-
oped using a CT scan, is simulated in ANSYS to determine the natural frequen-
cies and mode shapes. Mathematical model of a three degree of freedom hand-arm 
system is developed using lumped mass approach, and dynamic characteristics are 
determined. Emphasis is given primarily to the torsional aspects of the hand-arm 
system, to analyze the effects of vibration in the vertical direction. A quantitative 
comparison of the results obtained through simulation and mathematical approaches 
is provided. The results obtained show good correlation with existing and literature 
and show good scope for further research in the area of biomechanical analysis on 
the hand-arm system. 

Keywords Hand-arm system ·Mathematical modelling · Finite element 
simulation · Natural frequencies ·Mode shapes 

1 Introduction 

Workers in various industrial sectors are continuously exposed to unwanted vibra-
tions whilst operating various tools and heavy machinery. This causes immense 
discomfort during operation and long-term physical pain and psychological distress 
to the operators, significantly reducing their performance. Exposures to such 
unwanted vibrations are known to cause neck pain, back pain, vascular, neurological, 
and musculoskeletal disorders, postural fatigue, respiratory disorders, and possible
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cancer. Various industrial sectors require continuous usage of hands whilst handling 
heavy equipment. The exposure of hands precisely the human full hand-arm system is 
popularly termed as hand transmitted vibrations (HTV). Prolonged exposure to HTV 
leads to hand-arm vibration syndrome (HAVS), causing disorders such as vibration 
white finger, carpal tunnel syndrome, and peripheral neuropathy. The risk of HAVS 
has attracted researchers over the past eight to nine decades in modelling, analyzing 
and sought reasonable reasons for cause and thereby suggesting remedies. 

Recent epidemiological studies highlight the inaccuracies of the frequency 
weightings of HTV. Dong et al. [1] reported on the importance of biodynamics for 
evaluation, measurement, and risk assessment of HTV and noticed that frequency 
weighting in ISO 5349-1:2001 standard gives importance to low-frequency effect but 
underestimates the high-frequency effects on human hand and fingers. To help revise 
the standards, research is being carried out extensively by analyzing the hand-arm 
system through analytical, simulation, and experimental approaches. Experimenta-
tion on human test subjects is limited due to ethical concerns and comparatively 
expensive. On the other hand, finite element simulation and mathematical modelling 
are extensively used computational tools in establishing the biomechanical behaviour 
of the hand-arm system to larger extent and significantly reducing expenses. Devel-
opment of an accurate 3D model of the hand-arm system for simulation is a challenge 
faced by researchers. The present work involves performing modal analysis on an 
anatomically accurate 3D model of the hand-arm skeletal system to extract natural 
frequencies and mode shapes, primarily in the vertical direction. Mathematical model 
of the hand-arm system is developed using lumped mass approach based on Newton’s 
Second Law using MATLAB to simulate a three degrees of freedom system of the 
hand-arm. The mathematical formulation emphasizes on the transverse vibration of 
the hand-arm system. The obtained results through finite element simulation are vali-
dated with those derived from mathematical formulation which shows good corre-
lation considering biological inaccuracies. Developed model is very much relevant 
to the industrial application in terms of helping the process of creating comfortable 
and safe work environment for workers who are continuously exposed to high-level 
vibrational hand-operated equipment. 

2 Finite Element Modelling and Simulation 

An anatomically accurate 3D model of the hand-arm system is developed through 
an acquired CT scan using medical imaging software package Materialize Mimics 
Innovation Suite (consists of Mimics Research 21.0 and 3-Matic Research 13.0). A 
healthy male member of the team who was aware of the risks involved in the CT 
scan imaging volunteered to lie down in superman position to obtain clear images of 
the hand-arm system. 1405 images with slice thickness 1.25 mm for bone and 1405 
images with slice thickness 2.5 mm are obtained from the tip of the fingers to the 
upper shoulder to include the shoulder joint (axial plane). The slice increment for 
1.25 mm being 0.625 mm and 2.5 mm for the 2.5 mm slices. 109 and 142 images
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in coronal and sagittal planes are also similarly obtained. The images are saved in 
(Digital Imaging and Communication in Medicine) DICOM format. The CT images 
in DICOM format are shown in Fig. 1a to d.  

The obtained CT scan is geometrically reconstructed to a 3D model using 
Mimics Research 21.0 using functions segmentation and mask creation. Segmen-
tation process consists of separating various anatomical entities such as cortical 
bone, trabecular bone, soft tissue, muscle tissue, and skin based on the image pixel’s 
Hounsfield unit (HU). HU is a relative quantitative measurement of radio density. 
Different masks are created representing the various anatomical entities as mentioned 
above. The masks are further refined iteratively to be suitable for 3D model recon-
struction. An example of the segmented three-dimensional model of the humerus 
bone is shown in Fig. 2.

(a) 117.6757 mm (b) 141.6015 mm (c) 151.3671 mm (d) 173.3398 mm 

Fig. 1 CT images of the hand-arm (coronal view) 

Fig. 2 Segmented humerus 
bone
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Fig. 3 3D model of the 
hand-arm system 

Carpals 

Metacarpals 

Phalanges 

The developed 3D model of the hand-arm system is borrowed to 3-Matic Research 
13.0 for further refinement with accurate surfaces. The model consists of 30 bones, 
namely humerus (upper arm), radius and ulna (forearm), eight carpal bones, viz., 
lunate, triquetrum, pisiform, hamate, capitate, trapezoid, scaphoid, trapezium, five 
metacarpals, and phalanges of each of the five fingers. The completed 3D model of 
the hand-arm system is shown in Fig. 3. The model is imported to ANSYS 2020 to 
perform modal analysis to determine natural frequencies and mode shapes.

The material properties of bone are incorporated to the model and are shown in 
Table 1. 

Limitation in establishing the joints between the bones in Mimics Research 21.0 
and 3-Matic Research 13.0 gives way to provide the same in ANSYS platform. 
Joints between bones are provided using a function called connections. Joints play an 
important role in mimicking the dynamics of the hand-arm system and provided based 
on the actual working condition of the hand-arm system. Current model involves 
multiples degrees of freedom at each node point (joints) based on the prominent 
direction of motion and will have different nature and magnitude of stiffness and 
damping. The set of relevant stiffnesses and damping are borrowed from various 
sources of published literature and incorporated to mimic the actual dynamics of the 
hand-arm. 

A body-ground spherical joint is provided at the proximal end of the humerus 
bone by choosing appropriate surfaces on the bone. The spherical joint provides

Table 1 Material properties 
of bone [2] 

Parameter Value 

Density 2000 kgm−3 

Young’s modulus 17.5 GPa 

Poisson’s ratio 0.3
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a boundary condition very much near to the actual working condition and mimics 
the dynamics of the shoulder joint. The body-body spherical joint at the shoulder is 
shown in Fig. 4.

A body–body revolute joint is provided between humerus and radius-ulna to 
mimic the elbow joint. Elbow joint’s torsional stiffness value of 30.5 Nm/rad [3] is  
considered and incorporated in the ANSYS model. The revolute joint provided at 
the elbow is shown in Fig. 5. 

A body–body revolute joint is provided between appropriate surface portions of 
the scaphoid-lunate (lower carpals) carpals and radius-ulna bones to mimic revolute

Fig. 4 Body-ground 
spherical joint at the shoulder 

Fig. 5 Body-body revolute 
joint at the elbow
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Fig. 6 Revolute joint 
provided at the wrist 

motion of the wrist joint. Torsional stiffness value of 746.3 Nm/rad [3] is provided 
at the wrist joint. The revolute joint provided at the wrist is shown in Fig. 6.

The nature of the joint between carpal bones are relatively rigid for an adult 
subject. Similarly, the joints between metacarpals and carpals are relatively rigid. 
Therefore, for the present work, body–body fixed joints are provided amongst carpals 
and between carpals and metacarpals. However, these joints to some extent have 
elastic flexibility. This can be witnessed when only forearm dynamics are simulated. 
Hence, all the joints between the carpals and between the metacarpals and carpals are 
deformable. Body–body revolute joints are provided for the interphalangeal joints 
(joints connecting successive phalanges) and the metacarpophalangeal joints (joints 
connecting proximal phalanges to the respective metacarpals) for each of the five 
fingers of the hand. The body-body fixed joints provided between the carpals are 
shown in Fig. 7. The body–body fixed joint between carpals and metacarpals is 
shown in Fig. 8. 

Values of stiffness of all the distal interphalangeal (DIP) joints are assumed to be 
same. Similarly, the stiffness of the proximal interphalangeal (PIP) joints is assumed 
to be the same. Stiffness values are provided for the interphalangeal joints and the 
metacarpophalangeal joints and are shown in Table 2. 

Mesh size for the analysis of final 3D model is finalized after many iterations of 
running with various mesh size. Various factors such as complexity of model, joints, 
size, available computer capacity, and so on play an important role in finalizing the

Fig. 7 Fixed joint provided 
between carpals
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Fig. 8 Fixed joint provided 
between carpals and 
metacarpals 

Table 2 Stiffness values of 
interphalangeal and 
metacarpophalangeal joints 
[4] 

Joint Torsional stiffness (Nm/rad) 

DIP 1437.15 

PIP 2813.91 

MCP 6037.17 

Table 3 Mesh properties Element size 5 mm  

Minimum edge length 3.2017 mm 

Growth rate 1.2 

Nodes 85,798 

Elements 47,728 

mesh size. The trade-off between the computer analysis time and convergence of the 
results are taken into consideration. Convergence of mesh size is a part of the work 
and is not reported considering the limitation of the number of pages. A mesh size 
of 5 mm is considered for the final 3D model.

The mesh statistics are shown in Table 3. 
The meshed model of the full hand-arm system is shown in Fig. 9. 
Considering no pre-stress conditions and upper end of the humerus bone with 

spherical joint fixed to the ground as the boundary condition, modal analysis is 
carried out, and natural frequencies and mode shapes are reported. 

3 Mathematical Modelling 

Mathematical modelling is used to describe the important features of a physical 
system through mathematical equations. The mathematical model simplifies the 
system and predicts the system’s behaviour. The model gives insight into the dynamic 
characteristics of the system, such as natural frequency, mode shapes, response, and
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Fig. 9 Meshed model of the 
hand-arm system 

FRFs. The natural frequencies of a system are referred to avoid resonance condition. 
Resonance of a system causes disruptions to the normal response levels, significantly 
hindering the performance of the system. The present work focuses on an effort to 
investigate the effects of vibrations on a complex system, and to study the dynamic 
characteristics of the hand-arm system. 

Discrete model approach is used to build mathematical models of the hand-arm 
system. Continuous systems are modelled as discrete models to obtain solutions in 
a simpler manner. Though results obtained through continuous systems are more 
accurate, analytical models, and solutions available are limited to a precise set of 
problems and more complex. The hand-arm system is modelled as a three degree 
of freedom lumped mass system, by considering three masses (hand, forearm, and 
upper arm). Emphasis is given primarily to the transverse vibration of the hand-arm 
system, to analyze the effects of vibration in the vertical direction. The three degree 
of freedom lumped mass model of the hand-arm system is shown in Fig. 10. Torsional 
springs kt1, kt2, and kt3 are shown at the shoulder joint, elbow joint, and wrist joint, 
respectively. Concentrated mass moment of inertia at the free end of the upper arm, 
forearm, and hand, respectively, is considered. 

The mass moment of inertias of each subsystem of the hand-arm is extracted from 
ANSYS, of the model used for modal analysis. After a vigorous literature review 
is conducted, the stiffness properties of the wrist, elbow, and shoulder joints are 
obtained from Adewusi et al. [3]. The mass moment of inertia of the subsections of 
the hand-arm is shown in Table 4.

Fig. 10 Three degree of freedom lumped mass model of hand-arm system
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Table 4 Mass moment of 
inertia of hand-arm sections 

Hand-arm section Notation Mass moment of inertia (kgm2) 

Hand Jh 0.0012845 

Forearm J fa 0.0062329 

Upper arm Jua 0.075312 

Table 5 Rotational 
stiffnesses of joints 

Joint Notation Torsional stiffness (Nm/rad) 

Wrist ktw 746.3 

Elbow kte 30.5 

Shoulder kts 1210.5 

The torsional stiffnesses of the various joints are shown in Table 5.
Using the reported values of masses and stiffnesses, the equation of motion is 

derived using Newton’s Second Law of Motion and depicted in matrix form as 

⎡ 

⎣ 
Jh 0 0  
0 Jfa 0 
0 0  Jua 

⎤ 

⎦ 

⎡ 

⎣ 
θ̈h 

θ̈fa 

θ̈ua 

⎤ 

⎦ + 
⎡ 

⎣ 
ktw + kte −kte 0 
−kte kte + kts −kts 
0 −kts kts 

⎤ 

⎦ 

⎡ 

⎣ 
θh 

θfa 

θua 

⎤ 

⎦ = 
⎡ 

⎣ 
0 
0 
0 

⎤ 

⎦ (1) 

The eigen values of the system matrices are obtained in MATLAB to obtain the 
natural frequencies of the system. 

4 Results and Discussion 

The developed 3D model of the full hand-arm is in good shape in all respect to 
perform any biomedical engineering analysis, such as finite element analysis, fracture 
toughness, modal analysis, 3D printing, and impact analysis. The model is borrowed 
to ANSYS to perform modal analysis to determine natural frequencies and mode 
shapes. The appropriate material properties of bone are taken into consideration, and 
analysis is performed. Mathematical model of the hand-arm system is developed 
using lumped mass approach to determine the natural frequencies. A three degree 
of freedom hand-arm system is considered for the present work. Emphasis is given 
primarily to the torsional aspects of the hand-arm system, to analyze the effects 
of vibration in the vertical direction, and the results obtained through simulation 
are compared with those obtained through mathematical modelling. The natural 
frequencies and the mode shape of the hand-arm system in the vertical direction 
obtained in ANSYS are shown in Fig. 11a to c.  

The natural frequencies obtained through simulation and mathematical modelling 
are shown and compared in Table 6.
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(a)  First Natural Frequency = 5.7082 Hz 

(b)  Second Natural Frequency = 62.48 Hz 

(c)  Third Natural Frequency = 165.58 Hz 

Fig. 11 a First natural frequency = 5.7082 Hz, b second natural frequency = 62.48 Hz, c third 
natural frequency = 165.58 Hz 

Table 6 Natural frequencies 
of hand-arm system obtained 
through simulation and 
analytical approaches 

Mode Natural frequency (Hz) 

Simulation Mathematical modelling 

1 5.7082 5.5019 

2 62.48 75.4292 

3 165.58 131.2274

The generated mode shapes also correspond to the actual modes of deformation, 
as indicated in the previous literature. 
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5 Conclusion 

An analytical and simulation approaches are being considered to establish the 
dynamic characteristics of the human hand-arm system. A CT scan of a live human 
test subject is taken to develop the three-dimensional model using Mimics and 3-
Matic of Materialize Innovation Suite software package. The developed model is 
borrowed to ANSYS to perform modal analysis and natural frequencies and mode 
shapes are extracted. Emphasis is given to the mode shapes in the vertical direc-
tion. Work carries a scope of involving the muscles around the bone structures, for 
various application-based analysis. To name few such applications, fatigue analysis, 
fracture strength analysis, impact analysis, and compatible for 3D printing model for 
experimentation. 
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Vibration Isolation Characteristics 
of a Modified Gough-Stewart Platform 
with the Top Platform Filled 
with Damping Particles 

Nazeer Ahmad, R. Ranganath, D. Poomani, and Ashitava Ghosal 

Abstract In this paper, we consider a modified Gough-Stewart platform (MGSP) 
where two groups of three legs meet at two concentric circles on both top and bottom 
platforms. The geometry of the MGSP is chosen such that all the first six natural 
frequencies are equal for a typical payload mounted on the top platform. Additionally, 
in the top platform, made up of an aluminum honeycomb sandwich, the empty 
cells of the honeycomb core are filled with damping particles (DPs) to introduce 
passive damping in the system and to limit the resonance responses. A finite element 
model (FEM) of the MGSP is developed to quantify the performance in terms of 
frequency response functions (FRF), resonance peaks, and the damping introduced 
by the damping particles. The FEM model of the MGSP is combined with the discrete 
element model (DEM) of the damping particles to compute the effect of the particles 
on the overall dynamics and damping behavior of the platform. The effect of DPs 
on the transfer function is evaluated by solving the equations of motion of the DPs 
and the FEM model of the MGSP simultaneously. Finally, the FRF between the 
bottom platform and the mass center of the payload is computed for assessing the 
effectiveness of DPs, the transfer functions between the base excitation and mass 
center of the payload with respect to four inputs—sine swept inputs X , Z , θx , and 
θZ applied separately at the base of the platform—were computed for 25%, 50%, 
75%, and 93% fill fractions. The peaks at resonances progressively decrease as the 
fill fraction was increased. For all the modes, it was seen that the damping introduced
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by damping particles results in the splitting of the modes and the formation of anti-
resonance at resonance peaks. The damping introduced by the particles is more 
effective in longitudinal direction ‖Z /Z‖ where there is a reduction from 25 to 
8 with increasing fill fractions from 25 to 93%. The cross-axis transfer functions 
also seen to come down from 98 and 10 to 75 and 5 along the X-axis and Y-axis, 
respectively. 

Keywords Modified Stewart platform · Multi-axis vibration control · Particle 
impact damping 

1 Introduction 

The Gough-Stewart platform (GSP) is commonly used in a wide range of applications 
such as flight simulators, pointing mechanisms, machine tools, force-torque sensors, 
precision surgery [1, 2], and multi-axis vibration isolation [3, 4]. The Gough-Stewart 
platform consists of a movable top platform connected to a base platform by six legs. 
The length of the legs can be changed to provide a desired position and orientation 
of the top platform. The design of GSP has been based on various performance 
criteria such as load-carrying capacity, workspace requirements, range of motion 
dexterity, and isotropy. In the context of kinematics, at an isotropic configuration, 
the velocity (linear and angular) distribution is a sphere, and the GSP can move 
with equal “ease” in all directions at these configurations [5], and due to this reason, 
isotropy is a desired feature in a design. Kinematic isotropy is related to the condition 
number of a manipulator Jacobian matrix, and several researchers have attempted to 
design a GSP to obtain kinematic isotropy [6]. In the context of static forces, at an 
isotropic configuration, the GSP can resist forces and moments equally well in all 
spatial directions. In the study of statics of the GSP, the so-called force transformation 
matrix [7, 8] is used instead of the manipulator Jacobian matrix, and again, the goal 
is to find conditions for which the force transformation matrix has identical singular 
values. In most of the above work, the researchers discuss various approaches to 
avoid a basic problem in manipulator Jacobian and force transformation matrices, 
namely the dimensions of the linear and angular velocity or that of the forces and 
moments are not the same. In reference [8], the authors derive algebraic conditions 
for separate force and moment isotropy and claim that it is not possible to obtain 
identical singular values for both force and moment parts of the force transformation 
matrices. The dynamic isotropy (DI), the condition of the platform where all the 
eigenvalues are equal [9], is an important criterion in design of vibration isolator. 
The dynamic isotropy index is defined as DII = ωmax/ωmin is the ratio, as indicated, 
of the largest to the smallest natural frequency of the GSP. The geometry and inertia 
conditions for complete dynamic isotropy (i.e., DII = 1) of a GSP are practically 
not realizable. 

In a modified version of the GSP (MGSP), the anchorage points on each platform 
lie on two circles in contrast to a single circle in the GSP. A set of three legs, which are
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120° apart, are connected to each circle—this is based on a concept first presented in 
[10]. An MGSP with ideal joints and rigid links is known to give the configurations 
that have complete dynamic isotropy, and such an MGSP can be fabricated for real 
applications. An MGSP with flexural hinges, usually used to avoid friction at the 
joints, increases the DII or the modal spread. However, the new configurations of the 
MGSP with flexural joints with DII = 1 also exist [11]. 

In this paper, we assess the vibration isolation performance of a complete dynamic 
isotropic MGSP with flexural joints, metallic bellows in the leg for stiffness and a top 
platform made up of an aluminum honeycomb sandwich (see Fig. 1). The empty cells 
of the core of the honeycomb sandwich are filled with damping particles to introduce 
damping in the system and thereby limiting the resonance responses. The perfor-
mance of the MGSP has been quantified in terms of frequency response functions 
(FRF), resonance peaks, and the damping introduced by the damping particles. 

A finite element model (FEM) of the MGSP with the bellows and flexures, top 
and bottom platforms, and connectors was developed in ABAQUS® software. The

(c) Metallic Bellow (b) Cross blade flexure 

Top platform 

Bottom platform 

(d) Honeycomb top platform 

(a) MGSP 

Fig. 1 Modified Gough-Stewart platform (MGSP) with the main components
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shell elements S3R were used to mesh the bellows, flexures, and top and bottom 
platforms. The in-between connectors were model using the solid tetrahedral C3D10 
elements [12]. An axis-symmetric payload was modeled using a lumped mass of 
mpld = 10 kg, with in plane inertias I pld xx  = I pld yy  = 0.066 kg m2, and out of 
plane inertia of I pld zz  = 0.1230 kg m2. The inertia values are given with respect to a 
coordinate system with the origin at the center of mass of the payload and axis are 
parallel to the global axis in its natural pose. The center of mass (CM) of the payload 
is assumed to be located at 50 mm above the center of the payload platform. The 
lumped payload mass was connected to the top platform with beam-type multi-point 
constraint (MPC). The damping particles were modeled using the discrete element 
method (DEM) wherein the equations of motion of the particles are obtained using 
Newton’s second law. Whenever the damping particles come into contact with the 
top platform, the contact forces evolving in the process are modeled using dissipative 
Hertz contact theory. The FEM model of the MGSP and DEM model of the damping 
particle are coupled through contact forces and were solved simultaneously using 
the Runge–Kutta method in the MATLAB® (see details of the FEM-DEM coupled 
model in [13, 14]). Finally, the FRF between the mass center of the payload and the 
bottom platform was computed for assessing the effectiveness of DPs.

2 Mathematical Formulations 

The governing finite element equations of the MGSP can be written as 

M χ̈ + C χ̇ + Kχ = fe + fd (1) 

where M, C, and K are mass, damping, and stiffness matrices, respectively. fd repre-
sents the particle damping forces, and fe is the external excitation forces. The assem-
bled displacement vector χ consists of the nodal displacement vectors. The χ is 
arranged such that all the nodal displacements of the bottom platform are in the vector 
χb, and remaining nodal displacements are in the vector χs so that χ = [

χs, χb

]
. 

Accordingly, the other matrices in Eq. 1 can be partitioned as [15].

[
Mss  Msb 

Mbs Mbb

]{
χ̈s 

χ̈b

}
+

[
Css  Csb 

Cbs Cbb

]{
χ̇s 

χ̇b

}

+
[
Kss  Ksb 

Kbs Kbb

]{
χs 

χb

}
=

{
fe s 
fe b

}
+

{
fd s 
fd b

}
(2) 

The base acceleration is enforced on the χb degree-of-freedoms (DOFs). The first 
part of Eq. 2 is given as 

Mss  χ̈s + Css  χ̇s + Kssχs = fd s + fe s −
(
Msb χ̈b + Csb χ̇b + Ksbχb

)
(3)
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Using the transformation χs = �sqs , where the modal matrix �s is obtained 
from the eigenvalue problem:

(
Kss  + �2 

s Mss
)
�s = 0 and invoking the orthogonality 

relation with respect to mass and stiffness matrix and assuming viscous damping, 
i.e., Cib  χ̇b = 0, Eq.  3 can be written as 

q̈ + 2ζ�q̇ + �2 q = �T
(
fd s + fe s

) − �T
(
Msb χ̈b + Ksbχb

)
(4) 

In Eq. 3, the damping particle force fd s is related to the motions of damping particles 
impacting against the walls of the honeycomb cell. Let the damping particle i in cells 
of honeycomb be in contact with n1 number of neighboring particles and n2 points 
with cell walls, then the equations of motion can be written as 

mi P̈i = −mig + 
n1∑

j=1 

fi j  + 
n2∑

w=1 

fiw (5) 

I �̈i = 
n1∑

j=1

(
ri − 

δi j  

2

)
ni j  × fi j  + 

n2∑

w=1 

(ri − δi w)niw × fiw (6) 

where mi and I are the mass and inertia matrix, respectively, of the particle i while Pi 

is the position vector and �i is the angular displacement. g, ri , δi j  , and fi j  represent 
acceleration due to gravity, radius of the damping particle i , local indention, and 
contact force between particles i and j , respectively. The Eqs. 4–6 are coupled and 
must be solved together. For a base excitation problem, it is assumed that the base is 
excited with a known signal, and thus, χ̈b and χb are a known priori. The modal vector 
and natural frequencies along with the sub-matrices appearing in Eq. 4 were obtained 
from the FEM model. The integration of Eqs. 4–6 was carried out in MATLAB® 
using a Runge–Kutta method (ODE-45). 

3 Numerical Simulations 

The MGSP is excited at the base platform by a sine sweep input signal of constant 
magnitude and frequency ranging from 5 to 300 Hz. The input can be written 
mathematically as 

u = sin
(
2π

(
fs + 

( fend − fs)t 
2tend

)
t

)
(7) 

where fs, fend, and tend are, respectively, the start frequency, the end frequency, and 
the sweep duration. The input signal u can be a linear or angular displacement. A 
slice of the normalized input signal is given in Fig. 2.
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Fig. 2 Input swept sine signal 

The input displacement swept sine signal in X, Z, θX , and θZ directions was 
applied at the center of the base platform separately, and the output response at the 
mass center of the payload was computed using the coupled equations of motion. 
Transfer functions described in the following sections were obtained from the time 
domain signals using the tfestimate function from the signal processing toolbox of 
MATLAB® for the various amounts of damping particles filled in the cells of the 
top platform. 

3.1 Effect of Fill Fraction on FRFs with Longitudinal Axis 
(Z-axis) Input 

Figures 3, 4, and 5 show the transfer functions between the displacement sine swept 
input applied in the longitudinal direction (Z-axis) and the displacement responses in 
X-axis, Y-axis, and Z-axis, respectively. The four cases considered are 25, 50, 75, and 
93% fill fractions—the fill fraction is defined as the ratio of the filled volume of the 
honeycomb cell to the total volume of the cell. The damping particles are uniformly 
filled in the empty cells of the honeycomb core of the top platform. A 25% fill fraction 
implies that all the cells of the top platform are filled to 25% of the thickness. The 
amplification at resonance in the longitudinal direction is progressively decreasing— 
as seen in Fig. 3 that the amplification reduces from 25 to 8 as the fill fraction is 
increased from 25 to 93%. The maximum reduction in the response at resonance 
happens when the fill fraction is between 85 to 93% (when the fill fraction is near 
100%, the damping particles do not have space for motion, and hence, a lesser 
number of collisions and subsequently less dissipation of energy take place). It can 
be seen that the longitudinal mode at 30.43 Hz has split into two modes, and there
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Fig. 3 Transfer function between Z-axis input and Z-axis output 

Fig. 4 Transfer function between Z-axis input and Y-axis output

is an anti-resonance at that frequency after the introduction of damping particles. 
The cross-axis amplifications at resonance have reduced, but the reduction is not as 
much as along the Z-axis. The ‖X/Z‖ amplifications have come down from 98 to 
75; and ‖Y /Z‖ amplifications have come down from 10 to 5 when the fill fractions 
were varied from the 25 to 93%. It can be seen there is also splitting of modes and 
introduction of two anti-resonances in the isolation region, which is advantageous. 
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Fig. 5 Transfer function between Z-axis input and X-axis output 

3.2 Effect of Fill Fraction on FRFs with Lateral Axis 
(X-axis) Input 

The transfer functions between the displacement sine swept input applied along the 
X-axis at the base platform and the output displacement responses in the X-axis, 
Y-axis, and Z-axis at the mass center of the payload, respectively, are shown in 
Figs. 6, 7, and 8. The four cases considered for the damping particles are 25, 50, 75,

Fig. 6 Transfer function between X-axis input and X-axis output
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Fig. 7 Transfer function between X-axis input and Y-axis output 

Fig. 8 Transfer function between X-axis input and Z-axis output

and 93% fill fractions. The resonance responses for in X-axis and Y-axis are mildly 
reduced, split, and shifted for X-axis excitation. The ‖X/ X‖ FRFs reduced from an 
amplification of 164 at 25% fill fraction to 130 at 93%. The cross-axis FRFs ||Y /X|| 
and ||Z/X|| show a marginal improvement in the damping at 93% fill fraction. The 
un-damped to the damped reduction in amplitudes is from 14 to 8.8 and from 9.9 
to 7.5 for the ||Y /X|| and ||Z/X|| transfer function, respectively. The resonance peak 
amplifications are seen to increase as the fill fraction is increased from 25 to 50%. 
The likely reason for this could be the in-phase momentum transfer between the top 
platform and DPs.
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3.3 Effect of Fill Fraction on FRFs with θ X Input Excitation 

Figures 9, 10, and 11 show the transfer functions between the input angular displace-
ment θX applied to the base platform and the angular displacement responses θX , 
θY , and θZ , respectively, at the top platform. Unlike the translational cases where the 
input to the cross translational and rotational directions was set zero, in this case, 
the Z-axis translation of the base plate was kept free to allow the rotation about the 
X-axis. Again, the transfer functions for the four fill fractions of 25, 50, 75, and 93%

Fig. 9 Transfer function between θX input and θX output 

Fig. 10 Transfer function between θx input and θY output
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Fig. 11 Transfer function between θx input and θz output 

were considered. As in the previous results, splitting of mode with a mild reduc-
tion in magnitude was observed. The reduction in responses θX and θY is more in 
comparison with the θZ . The FRFs ‖θX /θX‖ and ‖θY /θX‖ come down from 287 
and 73 to 150 and 42, respectively, while the reduction in ‖θZ /θX‖ is from 40.6 to 
32. The reason for the 1.9 times and 1.7 times reduction in ‖θX /θX‖ and ‖θY /θX‖, 
respectively, is due to the movement of particles at the edge of the top platform due 
to rotation of the platform about θX and θY axis which gives motion in Z-axis. The 
θY input behavior is expected to be similar to θX .

3.4 Effect of Fill Fraction on FRFs with θ Z Input Excitation 

The transfer functions between the torsional input θZ and responses θX , θY , and θZ 
are shown in Figs. 12, 13, and 14, respectively. As expected, there is a significant 
reduction in resonance amplitude in cross-axis FRFs while it is negligible in the θZ 
direction. The FRF ‖θX /θZ‖ reduces from 201 to 109, while ‖θY /θZ‖ has come down 
to 140 from 251. The reason for the reduction is that the rotation of the top plate 
about θX and θY axis involves significant motion of the cell at the outer boundary 
in Z-direction. Since the particle can move in Z-directions, collisions would lead 
to increased dissipation. In the torsional rotation of the top deck, there is not much 
scope for the movement of damping particles, and hence, the impact is negligible. 
The θX and θY rotations result in motion in Z-direction at the location away from the 
axis of rotations, and because of that the DPs move in the cells colliding and rubbing 
resulting in the improvement of the damping behavior and thus the reduction in the 
cross-axis resonance amplitudes.
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Fig. 12 Transfer function between θZ input and θX output 

Fig. 13 Transfer function between θZ input and θY output 

4 Conclusions 

The transfer functions between the base excitation and mass center of the payload 
mounted on the top platform of the MGSP, using the couple DEM-FEM equations 
of motion of the MGSP, were computed. The cells of the honeycomb core of the top 
platform were filled with damping particles. The transfer functions FRFs with respect 
to four inputs, swept sine inputs X , Z , θx , and θZ applied separately at the base of the 
platform, were computed for 25, 50, 75, and 93% fill fractions. The behavior with 
respect to inputs Y and θY is nearly similar to X and θx . The peaks at resonances
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Fig. 14 Transfer function between θZ input and θZ output 

progressively decreased as the fill fraction was increased. For all the modes, it was 
seen that the damping introduced by damping particles results in the splitting of the 
modes and the formation of anti-resonance at the frequency of un-damped resonance. 
As the MGSP without damping particles has all the modes at the same frequency, the 
splitting at resonance happens due to the presence of close by modes resulting from 
the addition of mass of the damping particle in the system. The splitting of modes 
and formation of anti-resonance are advantageous as it reduces the amplification. 
The damping introduced by the particles is more effective in longitudinal direction
‖Z /Z‖ where there is a reduction from 25 to 8 with increasing fill fractions from 25 
to 93%. The cross-axis transfer functions also come down from 98 and 10 to 75 and 
5 along the X-axis and Y-axis, respectively. The reduction in most of the cross-axis 
transfer functions was seen. The ratio of the damped and un-damped magnitude of 
the FRFs for θX input is [1.9, 1.7, 1.2], and θZ input is [1.8, 1.7, 1.03] for θX , θY , 
and θZ axis. However, it is not effective in limiting the resonance at torsional mode 
||θZ /θZ ||. The magnitude of the FRF ||θZ /θZ || at resonance with damping particle 
and without damping particle is 268.5 and 298.5, respectively. 
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Nonlinear Distribution of the Gearbox 
Dynamic Model Including Tooth Cracks 

Vikash Kumar, Subrata Mukherjee , and Somnath Sarangi 

Abstract Gearboxes are a widely used component in the industry due to their motion 
and power transmission flexibilities in compact structures. Lots of work have been 
already presented regarding the dynamic modeling of the gearbox including defects. 
But, very few are reported on the nonlinear analysis of the simulated signal. This 
paper presents the nonlinear analysis of the spur gear dynamic model at different 
tooth’s root crack depths to understand the chaotic complexity present in the signal 
and its variation with the crack depth. A dynamic model with 8 degrees of freedom 
(DoF) is developed by incorporating time-varying mesh stiffness (TVMS) model at 
different crack depths. In addition, 10 dB white Gaussian noise is added to make it 
the real-world signal. Two widely used data preprocessing techniques such as time-
synchronous averaging (TSA) and variable mode decomposition (VMD) are also 
applied to minimize the effect of noise and preserve the characteristic component 
in the signal. After that, the chaotic signal complexity is measured by calculating 
the correlation dimension (CD) on the obtained preprocessed simulated signal. The 
obtained results show a significant understanding of the chaotic behavior present in 
the simulated signal at different crack depths in terms of the CD values. 
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1 Introduction 

Dynamic modeling is an effective approach for determining the dynamic properties 
of gear systems, and numerous studies on the subject have been conducted [1– 
6]. Researchers either extend the DoF from single to many degrees or account for 
different practical phenomena like tooth friction, backlash, manufacturing eccentric 
errors, and so on to efficiently get the dynamic properties of gear systems. Theoretical 
understanding of the dynamic response obtained from the gearbox dynamic model, 
specifically the shafts containing the gears, is beneficial for fault diagnosis of the 
gearbox [1–6]. Different SNR values are incorporated in the model to make the model 
more realistic in terms of real-life machine applications. The data obtained from the 
real machine have a lot of noise and inferred signals of other machine components. 
That is why various data preprocessing techniques are used in literature to preprocess 
the data [7–12]. Mostly, the severity of faults in the system and their diagnosis is 
shown through the time domain analysis, frequency domain analysis, and time– 
frequency domain analysis. But, in recent times, the nonlinear analysis of the system 
is widely used not only in terms of measuring chaotic system complexity but also use 
as a feature for fault diagnosis problems. The nonlinear analysis offers much potential 
for diagnosing any industrial complex failure from vibration signal analysis [13– 
20]. In references [13–20], authors have studied the chaotic complexity of different 
systems through CD and used this as a nonlinear feature for fault diagnostic. They 
also concluded that data preprocessing techniques help in improving the effectiveness 
of CD in practical cases [13–20]. 

Therefore, this article presents an improved simulation analysis of calculating the 
CD of the simulated signal from the 8 DoF spur gear dynamic model at different 
tooth root crack depths. Appropriate noise of 10 dB is added to make the simulated 
signal real and denoised by the application of TSA and VMD data preprocessing 
techniques. After that, the chaotic complexity of the system is presented at different 
crack depths in terms of CD values, and an effective comparison is made between 
both preprocessed techniques. Figure 1 is illustrating the detailed flowchart of the 
proposed method. 

The following is a summary of the rest of the paper: Sect. 2 discusses the theoretical 
background about the dynamic model, TVMS model, TSA, VMD, and CD; Sect. 3 
describes the numerical simulation of the proposed model; Sect. 4 explains the chaotic 
signal complexity of the simulated signal by calculating the CD, and Sect. 5 gives 
concluding remarks about the paper.
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Gearbox Dynamic 
Modelling 

Calculation of TVMS Gear tooth crack 
(0.3 mm to 1.8 mm) 

An effective comparison 

Simulated 
Signal 

Addition of 10dB white 
Gaussian noise 

TSA   

Correlation Dimension (CD) 

VMD 

Fig. 1 Proposed methodology for the nonlinear distribution of the gearbox 

2 Theoretical Background 

2.1 Dynamic Modeling of the Gearbox 

The status of tooth deterioration in the gearbox can be evaluated primarily for gear 
fault detection purposes by introducing a reduction in the TVMS incorporated with 
the ‘N’ DoF dynamic model of the gearbox. This stiffness reduction in dynamic 
modeling has been used in several research studies to detect faults [1–6]. The TVMS 
calculation model and tooth pair engagement during meshing are represented in 
Figs. 2a and b, respectively. The total mesh stiffness K (t) maybe written as: 

Fig. 2 a TVMS calculation model and b tooth engagement between gear pair
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K (t) = 
n⎲

i=1 

1 
1 
K p i 

+ 1 
K w 

i 
+ 1 

Khi 

, n = no. of tooth pair in mesh (1) 

where K p i and K w 
i are the tooth stiffness (comprising of bending, shear, axial 

compression, and fillet foundation stiffness) of pinion and gear of ith tooth in mesh, 
respectively. Khi is the Hertzian contact stiffness between the mating gear pair [1–6]. 

The K (t) for healthy and cracked tooth cases (crack depth 0.3 mm to 1.8 mm at 
0.3 mm interval) is calculated using the method of potential energy. All equations and 
other mathematical studies used in this article to calculate TVMS have been taken 
from [1, 2]. The gear parameter for TVMS calculation is given in Table 1. Figure 3a 
shows the TVMS of gear pairs at different crack depths, and it is varying inversely 
with the crack depth. To generate the vibration response, a dynamic model with 8 
DoF [3], including motor and load, is developed. To describe the rotation, each gear 
disk has 3 DoF (1—rotation, and 2—translation), and each motor disk and load disk 
has 1 DoF [3]. Figure 3b illustrates the schematic representation of the 8 DoF model, 
and equations of motion (EQMs) of the model may be given as follows [3, 5]: 

The EQMs for the pinion and gear in the ‘x’ axis are as follows: 

m p ẍ p = −Kxpxp − Cxp  ẋ p + Fp (2) 

mg ẍg = −Kxgxg − Cxg ẋg + Fg (3)

Table 1 Dynamic model input parameters [2] 

Parameters Value Parameters Value 

Teeth on gear (Zg) 
Teeth on pinion (Zp) 

25 
30 

Mass of gear (mg) 
Mass of pinion (mp) 

0.3083 kg 
0.4439 kg 

Module (m) 
Tooth width (L) 

2 mm  
20 mm 

Moment of inertia of pinion 
(Ip) 
Moment of inertia of gear (Ig) 

2 × 10−4 Kgm2 

9.634 × 10−5 Kgm2 

Pressure angle 
Crack inclination angle 

20° 
70° 

Moment of inertia of motor 
(Im) 
Moment of inertia of load (Ib) 

0.023976 Kgm2 

0.01015 Kgm2 

Constant damping ratio (ζ ) 
Poisson’s ratio 

0.07 
0.3 

Applied torque on motor (Tm) 
Load torque on output shaft 
(Tb) 

28.13 Nm 
10 Nm 

Young’s modulus of elasticity 200 GPa Radial stiffness of bearing 
(Kx ) 
Radial damping of bearing 
(Cx ) 

6.56 × 108 N/m 
1.8 × 103 Ns/m 

Frequency of pinion (f p) 
Frequency of gear (f g) 

33.33 Hz 
40 Hz 

Viscous friction coefficient 
(Bv) 
Gear mesh frequency (GMF) 

0.026575 
fp × Zp = 1000 Hz
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Fig. 3 a TVMS plot at varying crack depth and b dynamic model with 8 DoF [3] 

The EQMs for the pinion and gear in the ‘y’ axis are

m p ÿp = −Kyp yp − Cyp ẏp − N (4) 

mg ÿg = −Kyg yg − Cyg ẏg + N (5) 

The EQMs for the pinion and gear along ‘θ ’ direction are 

Ip θ̈p = rp N + Mp − kt
(
θp − θm

) − ct
(
θ̇p − θ̇m

)
(6) 

Ig θ̈g = −rg N + Mg − kt
(
θg − θl

) − ct
(
θ̇g − θ̇l

)
(7) 

The EQMs for the motor and load along ‘θ ’ direction are 

Im θ̈m = −kt
(
θm − θp

) − ct
(
θ̇m − θ̇p

) − Bv θ̇m + Tm (8) 

Il θ̈l = −kt
(
θl − θg

) − ct
(
θ̇l − θ̇g

) − Bv θ̇l − Tl (9) 

where N = K (t)
((
yp − yg

) − (
rpθp − rgθg

)) + C(t)
((
ẏp − ẏg

) − (
rp θ̇p − rg θ̇g

))
, 

K (t) is the total mesh stiffness evaluated by Eq. (1), and C(t) is the mesh damping 

coefficient evaluated by C(t) = 2ζ
/
K (t)m pmg/

(
m p + mg

)
. Figure 3a is clearly 

showing the sudden jump and fall in the TVMS which itself is a kind of nonlinearity 
adding toward the stiffness. Though the entire set of EQMs is non-autonomous. 
But, its effect is further visualized in the vibration signal as it is combined with the 
machine/state variables and directly coupled with dynamic EQMs (Eqs. 2–9).
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2.2 Time Synchronous Averaging (TSA) 

TSA, commonly implemented as a time domain averaging technique to extract peri-
odic components, is one of the most potent and effective signal processing methods 
for extracting periodic signals from a composite signal applied to rotating machinery 
[8–10]. A detailed study about the TSA and its application on gearbox fault diagnosis 
can be found in [8–10]. The averaging technique is commonly used to make vibration 
signals time synchronous (revolution). If we consider the raw vibration signal to be 
a continuous signal, the linear averaging operation is given by [8–10]: 

y(t) = 
1 

N 

N−1⎲

n=0 

y(t − nP) (10) 

where P is the rotational period and N is the number of averages. 

2.3 Variable Mode Decomposition (VMD) 

VMD is a non-recursive method for concurrently extracting mode names variable 
mode functions (VMFs) [11, 12]. In [11], the authors presented a detailed mathemat-
ical analysis of the VMD algorithm. A brief mathematical theory [12] of the  VMD  
method’s decomposition procedure was described as follows: 

Step 1: Initialize
⎨
û1 k

⎬
,
⎨
ω̂1 
k

⎬
, γ̂ n, n ← 0. 

Step 2: The value of uk , ωk and γ is updated according to the following 
mathematical formula: 

ûn+1 
k ← 

f̂ (ω) − ∑
i<k û

n+1 
i (ω) − ∑

i>k û
n+1 
i (ω) + γ̂ n (ω) 

2 

1 + 2α
(
ω − ωn 

k

)2 (11) 

ωn+1 
k ← 

∫+∞ 
0 ω

IIûn+1 
i (ω)

II2 dω 

∫+∞ 
0

IIûn+1 
i (ω)

II2 dω 
(12) 

γ̂ n+1 (ω) ← γ̂ n (ω) + τ [ f̂ (ω) −
⎲

K 

ûn+1 
i (ω) (13) 

Step 3. Repeat step 2 until the function satisfies the condition,
∑
K

IIûn+1 
k −ûn kII2 

2

IIûn kII2 
2 

< ∈, 

where ∈ is the specified precision claim.
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2.4 Correlation Dimension (CD) 

CD is a tool to quantify the self-similarity of signals [13–20]. Higher CD means more 
complexity and less similarity. Logan and Matthew [13] described the previous use of 
correlation measurement in diagnosing bearing failures. The widely used procedure 
for estimating the CD was developed by Grassberger and Procaccia [14]. The value 
of the CD is directly proportional to the amount of chaos in the system; therefore, the 
higher the CD, the higher the chaotic complexity of the system. To calculate CD, the 
reconstruction matrix proposed in [13–20] is used as the input of the CD algorithm. 
The detailed steps for calculating the relevant dimensions in [13–20] are as follows: 

Step 1: Firstly, a delayed reconstruction X1:N is generated according to embedded 
dimension and lag in the signal [13–20]. 

Step 2: The number of points within in range (at the point j) was calculated by 
Eq. 14, 

N j (r ) = 
N⎲

j=1, j /=k 

1
(IIIIX j − Xk

IIII < r
)

(14) 

where r is the radius of similarity, 1 is the indicator function, and N is the number 
of points between the radius range. 

Step 3: CD was then estimated as the slope of C(r ) versus r, where C(r ) is the 
correlation integral and is given as follows: 

C(r ) = 2 

N (N − 1) 

N⎲

i=1 

Ni (r) (15) 

3 Numerical Simulation of Proposed Model 

For the healthy case, a MATLAB computer simulation based on ODE45 with a 
sampling rate of 100 kHz was carried out for 8 s, and then, the simulation for the 
faulty case (crack depth 0.3 mm to 1.8 mm at 0.3 mm interval) was repeated. The 
gearbox’s vibration signal obtained from the gear dynamic model fundamentally 
has two parts shown in Fig. 4a, i.e., transition state and the steady state. Figure 4a 
observed that the vibration signal is coming to its steady-state condition after 3 s. 
This is mostly because of transient responses and encountered after a certain time or 
revolution. In this work, the steady-state signal is taken into consideration for further 
analysis because this signal provides a stable frequency for pinion, which contributes 
significantly to finding the presence of different characteristic frequencies in the 
system’s response.
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Fig. 4 Dynamic response of the gear dynamic model a transient and steady-state vibration response 
b steady-state dynamic response at various crack depths 

Further, 10 dB white Gaussian noise [21, 22] is added to the simulated signal to 
simulate the dynamic response in real-life environments. It is visible from Fig. 4b 
that the signal without noise has an evident impulse at the cracked tooth position, 
and its amplitude increases as the crack depth increase. But, with the addition of 
10 dB SNR in the simulated signal, these impulses indulge with the noise and affect 
the quality of faulty signature inside the signal. To overcome this challenge, data 
prepreprocessing techniques are widely used. 

In this work, TSA and VMD both signal processing methods are applied to 
the noisy simulated signal. Each algorithm provides insightful information on the 
gearbox vibration, and both algorithms work well with noisy datasets. 

Figure 5a shows the TSA of the steady-state simulated noisy signal where the 
blue color plot was the averaged signal of the black color plot for one cycle of shaft

Fig. 5 a TSA of the noisy response and b zoomed view of the averaged signal
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Fig. 6 VMD for the noisy dynamic signal at crack depth 1.8 a IMFs and b FFT of IMFs 

rotation, and its zoom view was presented in Fig. 5b. TSA averages the signal for one 
cycle of rotation of pinion shafts (time-period 0.03 s) over the entire length of the 
signal (5 s) to minimize the noise present in the signal. Figure 6 shows the VMD of 
the noisy steady-state signal with the cracked tooth of 1.8 mm. Figure 6a shows  the  
decomposition of the noisy steady-state signal into IMFS and residual. VMD helps to 
separate the frequency component in each IMF in decreasing order like IMF1 contains 
the high-frequency content present in the input signal. Figure 6b demonstrated that 
the IMF 4 and IMF 5 contain the essential characteristics frequencies, i.e., GMF 
frequency and harmonics (see Table 1 for value). But, in other IMFs apart from this, 
different frequencies range is also present. Therefore, for better interpretation, only, 
IMF 4 and IMF 5 were taken into consideration for further analysis.

4 Nonlinear Distribution of Gear Tooth Crack 

Figures 7 and 8 show graphical representations of the CD (for TSA and VMD signals), 
which makes it possible to extract more sensitive nonlinear characteristics from the 
dynamic simulation of transmission. The characteristic curve can also reflect the 
dynamic characteristics of a complex transmission. The calculation results of the 
correlation measure are arranged in rows and columns, as shown in Table 2. The  CD  
value is small in a healthy state, and the CD value is slightly more in the faulty state. In 
some cases, the CD of fractals used to analyze nonlinear and transient gear dynamics 
shows good adaptability. The correlation dimension is used to compare the dynamic
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Fig. 7 Correlation dimension of TSA signal a healthy tooth and b 1.8-mm tooth crack 

Fig. 8 Correlation dimension of VMD-IMF 4 a healthy tooth and b 1.8-mm tooth crack 

Table 2 Correlation 
dimension values for healthy 
tooth and faulty tooth 

Crack depth TSA signal VMD signal 

IMF 4 IMF 5 

0 (Healthy) 2.952407 3.777088 3.760985 

0.3 mm 3.450717 4.115672 3.923388 

0.6 mm 3.584351 4.228601 3.810718 

0.9 mm 3.663853 4.401500 3.833007 

1.2 mm 3.782944 3.785298 3.914113 

1.5 mm 4.334656 4.489639 3.734141 

1.8 mm 4.237229 4.417905 3.783505
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characteristics of the vibration system damage between the structural parameters. For 
the TSA signal, the CD of a healthy tooth is less than the cracked tooth and almost 
increasing behavior with increment in the crack depth. This phenomenon shows that 
the cracked gear tooth has more chaotic signal complexity as compared to the healthy 
tooth.

The nonlinearity in the system increases as the crack depth increases at the tooth 
root of the pinion. For the VMD signal, the CD of IMF 4 and IMF 5 is calculated 
where IMF 4 almost follows a similar trend like TSA except for 1.2-mm crack depth, 
while IMF 5 shows mixed behavior of nonlinearity present in the system. The small 
deviation in the trending nature of CD value may occur due to the dependency of 
CD value on the embedding dimension and the number of points required to obtain 
a suitable resolution for the neighborhood radius. A detailed analysis of this is a 
matter of optimizing these parameters, and the same will be reported elsewhere in 
the separate work. 

5 Conclusion 

This paper presents an improved study of gearbox fault analysis based on signal 
complexity analysis. In this work, the nonlinear distribution of the 8 DoF spur gear 
dynamic model with a crack at the tooth’s root is developed and discussed by calcu-
lating the CD of the simulated signal. Appropriate noise of 10 dB is added to the 
simulated signal to experience the real-life environment. From a nonlinear analysis 
point of view, it is quite difficult to distinguish between random noise and determin-
istic chaos present in the signal. That is why two data preprocessing techniques (TSA 
and VMD) are applied to reduce the effect of noise from the signal. After that, the 
value of CD is calculated for both preprocessed data. The obtained results clearly 
show how CD value changes with the health condition of the gearbox. For both TSA 
and VMD techniques, the CD value for a healthy state is low and has less chaotic 
complexity than the faulty state. Also, in a comparative point of view between TSA 
and VMD, the TSA shows an approximately increasing pattern with the increment in 
crack depth than VMD. This work improved the understanding of signal complexity 
analysis for gearbox fault analysis, but some small deviations in the CD values are 
still there. Although this work can be treated as an improved version of the Refs. 
[16–22]. For further study, the limitation of this work will be improved by modifying 
the TVMS calculation of the gear tooth as well as dynamic study.
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Classification of Worm Gearbox Fault 
Using Dendrogram Support Vector 
Machine 

Surinder Kumar and Rajesh Kumar 

Abstract Worm gearbox has wide range of applications such as in agitators, 
crushers, mixers, elevators, extruders, and cranes. The fault in gearbox leads to 
breakdown of the machinery. Early detection of fault in worm gearbox can prompt 
for economical preventive maintenance which ultimately prevents the breakdown 
and the production losses. Classification of the fault of worm gear is the first step 
of ensuring the gearbox protection. In this paper, a robust classification scheme 
based on autoregression minimum entropy deconvolution (AR-MED) and dendro-
gram support vector machine (DSVM) has been proposed to classify the faults of 
worm gearbox. AR-MED filter is used to remove the regular pattern of the gear and 
enhance the periodic impulsiveness in the signal. Features have been extracted from 
the filtered signal and used as input in DSVM model for multiclass classification 
of the fault conditions of worm gearbox. Results reveal that effectiveness of clas-
sification of DSVM has been enhanced using AR-MED filter with 100% decoding 
accuracy. 

Keywords Worm gearbox · Vibration signal · Classification · Dendrogram 
support vector machine · Fault features 

1 Introduction 

Failure of machine components severely affects the performance, product quality, and 
risk of the health to operators. Condition monitoring keeps the track of the health of 
the machineries and accordingly recommends the predictive maintenance to reduce 
the chance of complete breakdown of the machines. Many condition monitoring tech-
niques such as vibration analysis, acoustic emission analysis, wear debris analysis, 
and temperature analysis have been developed for fault detection in the gearboxes 
[1–6]. In general, vibration analysis technique is most popular and effective among 
the available techniques. Vibration signals carry the signature of the fault, which
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can spell out the information about the type of defect and its severity [7, 8]. The 
vibration analysis has been carried out mainly in three different domains viz: time 
domain, frequency domain, and time–frequency domain [9–13]. While studying on 
gear defect, researchers have focused mainly on the spur and helical gearboxes for 
vibration analysis. Worm and wheel gearbox has advantage of high reduction ratio at 
single stage over other gearboxes. But only a few literatures are available on its defect 
analysis through vibration. Rare application of artificial intelligence approaches has 
been found on defect identification on worm gearboxes. Ümütlü et al., have applied 
artificial neural network (ANN) to identify the severity of tooth pitting in worm 
gearbox [14]. Kumar and Kumar have contributed to this field and diagnosed the 
fault in worm gearbox at its early stage using minimum entropy deconvolution and 
local cepstrum [15]. 

Authors have put their effort through this paper to advance the field of condi-
tion monitoring and fault diagnosis of worm gearbox. Various seeded defects under 
different operating conditions have been identified using dendrogram support vector 
machine (DSVM). 

2 Methodology 

A raw vibration signal of worm gearbox is preprocessed using AR-MED filter, and 
then, statistical features have been extracted from filtered signals. Suitable features 
have been sorted using T-test to avoid additional computational burden. Set of these 
sorted features has been used as input for DSVM classifier to classify the different 
fault conditions of the worm gearbox. Flow chart of the methodology is illustrated 
in Fig. 1. 

2.1 AR-MED Filter 

Autoregression (AR) filter segregates the deterministic pattern from the gear mesh 
signal. It gives the output as residual: which is difference of the original signal and 
AR predicted deterministic pattern. But the AR filter does not recognize the abrupt 
impulses aroused due to localized tooth fault in gear. To improve the effectiveness 
of the filter, autoregression (AR) and minimum entropy deconvolution (MED) are 
combined [10]. The output of AR is used as input of MED filter which optimizes the 
set of coefficients of the filter based on higher kurtosis value. Equations (1 and 2) 
represent the outcomes of the filter. 

xn = (d + w + e0)∗h (1)
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Fig. 1 Flow chart of the methodology 

where xn is the signal of the gearbox. d, w, and e0 are deterministic pattern, fault 
signature, and noise, respectively. AR filter segregates the deterministic pattern of 
the gear and gives output as shown in Eq. (2). 

e = (w + e0) ∗ h (2) 

e is used as input to the MED filter which enhances the periodic impulses in the input 
signal. 

2.2 Statistical Features 

Different features have been extracted from filtered signals. Features extracted are 
listed in Table 1.
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Table 1 Various statistical features, their notations, and formulae 

Features notation and 
formula 

Features notation and 
formula 

Features notation and formula 

Mean 

A1 = 1 
N 

N∑

i=1 
xi 

Kurtosis 

A11 = 

1 
σ 4

(
1 

N−1 

N∑

i=1 
(xi − μ)4

)

Median absolute deviation 
A21 = 
median(|x_i − median(x_i)|) 

Root mean square 

A2 = 

/

1 
N 

N∑

i=1 
x2 i 

Crest factor 
A12 = max(|x |) /

1 
N

∑N 
i=1 x

2 
i 

Rate zero crossing 

A22 = number of zero crossings 
total number of points 

Root 

A3 =
(

1 
N 

N∑

i=1 

√|xi |
)2 

Shape factor 

A13 = 
/

1 
N

∑N 
i=1 x

2 
i 

1 
N

∑N 
i=1 |xi | 

Entropy 

A23 = −  
N∑

1=1 
h(xi ) log2 h(xi ) 

Maximum value 
A4 = max(|x |) 

Impulse factor 

A14 = max(|x |) 
1 
N

∑N 
i=1 |xi | 

Histogram upper bound 

A24 = max(xi )+
max(xi )−min

(
xi 

N−1

)

2 

Peak-to-peak 
A5 = max(|x |) − min(|x |) 

Clearance factor 
A15 = max(|x |)

(
1 
N

∑N 
i=1 

√|xi |
)2 

Histogram lower bound 

A25 = max(xi )−
max(xi )−min

(
xi 

N−1

)

2 

Standard deviation 

A6 =
/

1 
N −1 

N∑

i=1 
(xi − μ)2 

Skewness factor 

A16 = 1 
σ 3

(
1 

N−1

∑N 
i=1(xi−μ)3

)

(/
1 
N

∑N 
i=1 x

2 
i

)2 

Activity 

A26 = 1 
N −1 

N∑

i=1 
(xi − μ)2 

Median 
A7 = 50(N+1) 

100 th observation 
Kurtosis factor 

A17 = 1 
σ 4

(
1 

N−1

∑N 
i=1(xi−μ)4

)

(/
1 
N

∑N 
i=1 x

2 
i

)4 

Variance 

A27 =
∑N 

i=1(x(i)−xavg)
2 

N−1 

25th percentiles 

A8 = 25(N +1) 
100 th observation 

Geometric mean 

A18 =
(

N∏

i=N 
xi

)1/ N 

Wavelet energy decomposition 

A28 = 

N∑

n=1 
|xi (n)|2/ 

2 j−1∑

k=0 

N∑

n=1 
|xk (n)|2 

75th percentiles 

A9 = 75(N +1) 
100 th observation 

Root sum of squares 

A19 = 

/
N∑

i=1 
|xi |2 

Normal negative log likelihood for 
single Gaussian 

A29 = 

− 
N∑

i=1 
log

(
1 

σ 
√
2π 

exp −(xi−μ)2 

2σ 2

)

(continued)
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Table 1 (continued)

Features notation and
formula

Features notation and
formula

Features notation and formula

Skewness 

A10 = 

1 
σ 3

(
1 

N −1 

N∑

i=1 
(xi − μ)3

)

Mean absolute deviation 
A20 = mean(|xi − μ|) 

2.3 Selection of Suitable Features 

To reduce the computational burden and time in processing, suitable features have 
been sorted based on their score in T-test. A T-test is a statistical test that is used to 
compare the means of two groups. It is often used in hypothesis testing to determine 
whether a process or treatment actually has an effect on the population of interest, 
or whether two groups are different from one another. The T-test score is calculated 
using Eq. 3. 

t score = 
|x1 − x2|

/(
s2 1 
n1 

+ s
2 
2 
n2

) (3) 

where x1, n1, and s1 are mean, number of observations and variance, respectively, 
for group 1. Similarly, x2, n2, and s2 are mean, number of observations, and variance 
of group 2, respectively. 

2.4 Dendrogram Support Vector Machine 

A dendrogram support vector machines (DSVM) approach has been utilized for 
multiclass classification of the faults of worm gearbox in this communication. This 
method utilizes a taxonomy of classes and decomposes a multiclass problem to a 
descendant set of binary-class problems. Ascendant hierarchical clustering (AHT) 
method is used to group all classes in an ascendant hierarchy. This clustering allows 
to separate the classes and to build different subsets from database of subproblems. 
Then SVM classifier is applied at each internal node to construct the best discriminant 
function of a binary-class problem as shown in Fig. 2.
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Fig. 2 Structure of classification of DSVM 

Table 2 Number of data acquired under different operating and health conditions 

Condition No-load 10 kg-load 

1800 rpm 2200 rpm 1800 rpm 2200 rpm 

Healthy tooth (A) 25 25 25 25 

Tooth pitting (B) 25 25 25 25 

Tooth missing (C) 25 25 25 25 

3 Analysis and Results 

3.1 Data Collection 

Vibration signals under various operating and health conditions of the gearbox have 
been acquired using accelerometer and data acquisition system from worm gear test 
rig. A total number of samples under different operating and health conditions have 
been presented in Table 2. 

3.2 Signal Processing 

Raw vibration signals acquired from test rig have been passed through autoregres-
sion minimum entropy deconvolution (AR-MED) filter to eliminate the determin-
istic/regular pattern of the gears and exposing the periodic impulses in the signals as 
illustrated in Fig. 3.
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Fig. 3 Typical vibration signals of different health conditions of gearbox: a raw signal of healthy  
tooth condition, b raw signal of pitted tooth condition, c raw signal of missing tooth condition, d 
filtered signal of healthy tooth condition, e filtered signal of pitted tooth condition, and f filtered 
signal of missing tooth condition 

3.3 Feature Selection 

A total of twenty-nine statistical features listed in Table 1 have been extracted from 
raw and filtered signals. All the features extracted from filtered signals under three 
different conditions viz: healthy tooth designated as A, tooth pitting as B, and tooth 
missing as C are plotted in Fig. 4. Further T-test has been conducted on these features 
to extract the best features to reduce the computational burden and arranged the 
features according to their rank as given in Table 3. First five selected features are 
shown in Fig. 5 and has been observed that these features can classify different health 
condition of the gearbox.
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Fig. 4 Interaction of different statistical features 

3.4 Identification of Fault 

Features extracted from raw signals have been used in DSVM to segregate the 
different health conditions of the worm gearbox. Various parameters required for 
DSVM are listed in Table 4.
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Table 3 Ranking of features using T-test 

Conditions No-load 
@1800 rpm 

10 kg-load 
@1800 rpm 

No-load 
@2200 rpm 

10 kg-load 
@2200 rpmFeatures 

A1 1 1 1 1 

A2 2 2 2 4 

A3 3 3 3 5 

A4 4 4 4 7 

A5 5 5 5 10 

A6 6 6 6 12 

A7 7 7 7 13 

A8 8 10 8 14 

A9 10 12 9 15 

A10 12 13 10 22 

A11 13 14 11 24 

A12 14 15 12 25 

A13 15 16 13 28 

A14 16 17 14 2 

A15 17 18 15 3 

A16 18 19 16 6 

A17 19 20 17 8 

A18 20 21 18 9 

A19 21 22 19 11 

A20 22 23 20 16 

A21 23 24 21 17 

A22 24 25 22 18 

A23 25 26 23 19 

A24 26 27 24 20 

A25 27 29 25 21 

A26 29 8 26 23 

A27 9 9 27 26 

A28 11 11 28 27 

A29 28 28 29 29 

Confusion matrices of features of raw signals at a speed of 1800 rpm with no-load 
and with load are shown in Fig. 6a and b, respectively. The accuracy ≤ 80% has been 
observed with features extracted from the raw signals. 

Five selected features have been used as input for DSVM to classify various health 
conditions of the gearbox. To train the system, 80% samples have been used. Further, 
20% samples have been used for testing. The test results are presented in terms of 
confusion matrix and decoding accuracy. From Fig. 7a, b, and d, it has been observed
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Fig. 5 Interaction of prominent statistical features 

Table 4 Parameter of DSVM 

Phase Input parameters Output parameters 

Training • Train-label (1 × n cell vector of training label 
corresponding to each class, positive numeric) 

• Train-cell (1 × n cell vector of training data 
corresponding to each class. 80% of total data) 

• SVM-structure 
• Level  

Classification • Label (n × 1 vector containing label of n classes) 
• Test-matrix (test samples 20%) 
• SVM-structure 
• Level  

• Test-class 

Confusion 
matrix 

• Test-class 
• Labels (n × 1 vector of known labels, should be 
numeric) 

• Class-name (‘HT,’ ‘PT,’ ‘MT’) 

• C-matrix 
• Decoding 
accuracy

that DSVM is able to identify all the three different conditions of the gearbox with 
100% accuracy, whereas in Fig. 7c, i.e., in no-load at speed of 2200 rpm, some of 
data have been predicted wrongly, and accuracy of the classifier is reduced to 86%. 
This weird prediction of the classifier is due to the sudden drop in the amplitude of
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Fig. 6 Confusion matrices of DSVM using features of raw signals at: a speed 1800 rpm with 
no-load, b speed 1800 rpm with 10 kg-load 

Fig. 7 Confusion matrices of DSVM using features of filtered signals at: a speed 1800 rpm with 
no-load, b speed 1800 rpm with 10 kg-load, c speed 2200 rpm with no-load, d speed 2200 rpm with 
10 kg-load

vibration signal for fraction of time in some of the samples acquired under missing 
tooth condition with no-load at a speed of 2200 rpm.



282 S. Kumar and R. Kumar

4 Conclusion 

A dendrogram support vector machine has been proposed to classify three different 
health conditions of worm gearbox (healthy tooth-A, tooth pitting-B, and tooth 
missing-C). It has been observed that preprocessing of the signal using AR-MED 
filter improves the capabilities of statistical features to differentiate various health 
conditions. By T-test, the most influencing features are extracted which reduced the 
burden of data handling and enhanced the decoding accuracy of DSVM up to 100%. 
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Mechanisms Responsible 
for Performance Improvements 
of Pocketed and Textured Lubricated 
Interfaces 

J. C. Atwal, M. R. Pattnayak, R. K. Pandey, P. Ganai, A. Atulkar, 
V. Bhardwaj, and Niharika Gupta 

Abstract Surface textures improve the performance of fluid film bearings, piston 
rings, ball bearings, gears, etc. In the presence of nano/micro-structures on the lubri-
cated mating surfaces, the researchers have identified different mechanisms which 
lead to improvement in the performance of the textured lubricated interfaces. Thus, 
the objective of the paper is to present and discuss the mechanisms for various textured 
lubricated contacts at one place which would be beneficial for the researchers working 
in this area. 

Keywords Textured surfaces · Micro-pockets · Micro-dimples · Lubricated 
interfaces · Mechanisms · Performance improvement · Thrust bearing · Fish scale 
texture 

1 Introduction 

Surface textures involving the nano- and micro-structures (different sizes and shapes 
of dimples and pockets) have emerged as a green technology for improving the 
performance behaviors of lubricated interfaces at the mating surfaces found in the 
fluid film bearings, piston rings, ball bearings, gears, etc. [1–3]. Authors [4, 5] have  
performed experiments on the thrust ball bearing having textured race. It has been 
reported that the bearing with textured race yields low temperature rise, decrease 
in vibration amplitude and frictional torque as compared to conventional one. In 
mating gear pair, surface textures have been found to be effective in reducing the 
vibration amplitude, reduction in surface damage of textured teeth in comparison to 
conventional case as reported in experimental work of researchers [6, 7]. 

Researchers [8] have employed combination of pocket and bionic texture on 
surface of pads of thrust pad bearing. It has been found that together pocket and bionic 
texture perform better compared to pocketed and plain pad case. The same group of 
authors employed new pocket design to enhance the performance of water lubricated
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pad thrust bearings and their study reveal that new pocket design performed better 
in comparison to conventional rectangular pocket [9]. The performance of powder 
lubricated journal bearings has been improved by different surface pocket designs, 
and it has been found that rectangular pocket performance was best among all [10]. 

The rigid air lubricated bearing performance has been investigated by the 
researchers employing new surface topographies and their study revealed that surface 
pattern on the bearing bore improve the performance significantly [11]. Performance 
of piston ring cylinder liner conjunction has been improved using dimples on the 
piston, and it has been concluded that textured piston ring reduces the friction by 
30% in comparison to conventional one [12]. 

Through the progress of the research, investigators have identified numerous 
mechanisms accountable for performance improvement in the presence of tiny struc-
tures at the mating surfaces. Thus, the objective of this paper is to explain the various 
mechanisms through schematic sketches with physical interpretation responsible for 
performance improvements of fluid film bearings (journal and thrust bearings), spur 
gearset, piston rings and ball bearings in the presence of surface textures. 

2 Mechanisms of Performance Improvements of Textured 
Pad Thrust and Journal Bearings 

This section presents the mechanisms of performance improvements of pad thrust 
and journal bearings using surface textures. First, various mechanisms for textured 
thrust pad/slider bearings are discussed, and then it is followed by textured journal 
bearings. 

2.1 Textured Thrust Pad/Slider Bearings 

The following four mechanisms are presented herein.

(i) Inlet suction 
This new mechanism of “inlet suction” for micro-pocketed bearings is 
presented by the authors [13]. The mechanism can be understood with the 
help of schematic diagrams Fig. 1a, c, respectively. In Fig. 1a, a micro-pocket 
can be seen close to the bearing inlet. When the lubricant flows in the direction 
of sliding, it first encounters a divergent region (due to presence of a micro-
pocket), and this induces cavitation in the lubricant. After the divergent region, 
lubricant passes through a convergent region, and pressure builds up in the 
lubricant film which generates load capacity in the bearing. These phenomena 
of cavitation followed by pressure buildup can be seen in Fig. 1c. 

Since the cavitation pressure is less than the atmospheric pressure, this 
causes a pressure difference in inlet region of bearing, and because of this,
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Fig. 1 a Micro-pocketed bearing, b micro-dimpled bearing, c pressure profile for micro-pocketed 
bearing, d pressure profile of micro-dimpled bearing, e textured tiling pad with central pivot, f 
pressure profile for textured tiling pad 

fluid/lubricant is sucked into the bearing. This inlet suction is believed to be 
the mechanism for improving the performance of micro-pocketed bearing.

(ii) Collective effect 
The mechanism of “collective effect” is first presented and discussed by the 
research group of authors [14]. To understand this mechanism, Fig. 1b, d is 
presented. In Fig. 1b, an array of three micro-dimples is shown in bearing pad. 
When the lubricant passes through the first dimple, at first, it cavitates (because 
of presence of divergent region), and then pressure is generated in convergent 
zone of first dimple. Now this generated pressure in lubricating film does 
not allow film pressure to drop down to cavitation pressure in the divergent 
zone of second dimple as can be seen in Fig. 1d. Thus, pressure generated 
from previous dimple helps to build more pressure in lubricating film when 
lubricant passes through the second dimple. This phenomenon continues as 
fluid passes through the third dimple and over pressure buildup improves as 
can be observed from Fig. 1d. This mechanism of action for improving the 
load capacity of bearing is known as “collective effect.” 

(iii) Balancing wedge action 
This mechanism of action is first proposed by the researchers [15] for  the  
textured tilting pad bearing with central pivot. Theoretically central pivoted 
pad has zero load capacity because runner and pad are parallel. In Fig. 1e, a 
centrally pivoted pad with a micro-dimple at the inlet region is shown. The 
presence of micro-dimple in the inlet region of bearing changes the pressure 
profile as can been seen in the Fig. 1f as compared to case of plain pad 
where the pressure profile remains symmetric about pivot location. In Fig. 1f, 
pressure profile is not symmetric about the pivot location, and this produces 
a moment of force about the pivot axis. This generated moment tilts the pad, 
and a convergent region is formed between moving part and stationary pad as 
can be seen in Fig. 1e. The convergent region provides a physical wedge, and 
load capacity in the centrally pivot bearing is generated. This mechanism is 
known as balancing wedge action.
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Fig. 2 a Micro-pocketed pad, b textured pad, c variation of discharge with location of planes 

(iv) Flow restrictions due to formation of micro-dams 
This mechanism of performance improvements for micro-pocketed and 
textured pad thrust bearing is illustrated through Fig. 2a–c. Figure 2a, b shows 
the two different micro-pocketed pads named as pocketed and textured pads, 
respectively. To understand the flow restrictions due to formation of micro-
dams, five planes are drawn for micro-pocketed pad as shown in Fig. 2a; 
however, eight planes are drawn for textured pad as depicted in Fig. 2b. In 
Fig. 2c, flow rate is plotted with different plane location for the cases of 
micro-pocketed and textured pads. It can be seen from this figure that around 
4-4 planes, there is sudden change in flow rate of micro-pocketed pad. This 
happens because the pocket edge in the location of 4-4 plane acts as a micro-
dam which provide the restriction the flow of lubricant and flow rate changes 
suddenly near this plane location. 

Now consider the case of textures pad of Fig. 2b in which there are two sudden 
changes in flow rate around 3'-3' and 4-4 planes, respectively. Therefore, in this case, 
there are formation of two micro-damps which provide flow restrictions about two 
plane locations. When the fluid flow is obstructed by the formation of micro-dams, 
there is generation of pressure in lubricating film. Thus, flow restrictions enhance the 
pressure buildup which improves the performance of bearings. It is also interesting 
to note here that textured pad performs better than the micro-pocketed pad. The 
reason is clearly understood from flow rate of Fig. 2c. Textured pad provides flow 
restrictions at around two planes; however, micro-pocketed pad gives flow restriction 
at around one plane. For more information on this mechanism of action, readers can 
view the work of authors [16–19]. 

2.2 Textured Journal Bearings 

This section presents the mechanisms for performance improvement of textured 
journal bearing.
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Figure 3a, b depicts the CAD model of a dimpled bearing, various components of 
journal bearing, respectively. The ongoing worldwide research on textured journal 
bearing focuses on optimizing texture geometries to improve their tribo-dynamic 
behaviors. The texture location, density, and shapes of micro-surface topographies 
in texture significantly influence the performance behaviors of journal bearings. 
The vital design principles and mechanisms behind the improvement in tribological 
performance parameters have been summarized herein for ready reference to the 
readers. 

Texturing the entire bearing surface has resulted in decrease in load-sustaining 
capacity and enhancement in friction. Moreover, shallow dimples placed toward the 
lubricant inlet region have shown augmented hydrodynamic lift in the bearing. 

It has also been established that textures having deeper and denser dimples in 
the diverging cavitation regime have helped in reducing the coefficient of friction. 
The primary reason behind the enhancement of minimum film thickness in textured 
bearings is the lubricant flow constrictions in the circumferential direction in the pres-
ence of micro-topographies. The textures behave as micro-dams causing hindrance 
to the lubricant flow. Due to this, pressure builds up in the lubricating oil, resulting 
in increased minimum film thickness. 

Another theory for the rise in the minimum film thickness is the lubricant sucking 
action near the cavitation region leading to the rushing of more lubricant into the 
convergent zone. This builds up pressure in the convergent region and consequently 
increase the minimum film thickness. The lower temperature rise in the optimized 
textured journal bearings is due to the enhanced side leakage, which carries away the 
heat generated through convection. Moreover, the reduction behind viscous friction 
force in the case of journal bearings with micro-topographies is understood to be the 
smearing of less lubricant in the divergent region and availability of more lubricant 
in the minimum film thickness region, which acts as a lubricant reservoir [11, 20]. 

Figure 3c shows the CAD model of pocketed air foil bearing and naming of 
various components of this bearing is shown in Fig. 3d. In Fig. 3e, an unwrapped of 
pocketed top foil is depicted. It has been found that the pocketed foil performs better 
than the conventional plain top foil [21]. The mechanism responsible is explained

Fig. 3 Textured journal bearing; a Isometric view; b front view with journal and cavitation region 
c CAD model of a pocketed air foil bearing, d schematic view of air foil bearing with different 
components, e unwrapped view of pocketed top foil
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with the help of Fig. 3d, e. In an air foil bearing, there are convergent and divergent 
zones as can be seen in Fig. 3d. In the divergent zone, air pressure remains below 
atmospheric which helps in suction of air in the clearance space of bearing. The 
functions of a pocket are twofold. First its side edges reduce the leakage of air, and 
secondly, the trail edge of pocket acts as a micro-dam which restricts the air flow 
leading to generation of higher pressure in comparison to conventional case. Thus, 
it is clear that suction of air in divergent zone followed by reduction of side leakage 
and formation of micro-dams work synergistically to improve the performance of 
pocketed foil bearing. More information on foil bearing can be found in Ref. [22].

It is worth mentioning here that the above-mentioned mechanisms are well estab-
lished and verified using numerical modeling/experimental work. The modeling 
details in brief are presented below. 

2.3 The Governing Lubrication Equation 

The above-mentioned mechanisms have been explored by the researchers with the 
help of the Reynolds equation which is as follows [18]: 
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where L, B and h are length, width of bearings and film thickness, respectively. 
Equation (1) on solution provides film pressure distribution. The above-mentioned 
equation does not consider the mass-conservation issue due to cavitation. Thus, the 
mass-conserved form of the equation is written as follows [18, 20]: 
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Equation (2) is subjected to the following constraint condition due to cavitation: 

p ≥ 0, φ  ≥ 0, p φ = 0 (3)  

where φ = 1 − (ρ/ρ0). 
The expression in Eq. (3) can be replaced with an algebraic equation of following 

from [20]: 

p + φ −
/
p2 + φ2 = 0 (4)  

Now the task is to solve Eqs. (2) and (3) together using numerical 
methods/analytical methods for getting the solution. In the past, the researchers have



Mechanisms Responsible for Performance Improvements … 289

solved the governing lubrication Reynolds equation (either Eqs. 1 or 2) along with 
film thickness relations of textured bearings for exploring and establishing the inlet 
suction mechanism (which later verified in the experimental work of authors [23]), 
staircase effect (i.e., collective effect) mechanism, balancing wedge action mecha-
nism and reductions of flows in circumferential or flow direction. The comprehensive 
details on these can also be seen in the work of authors [13–16]. 

3 Mechanisms of Performance Improvements of Textured 
Piston Ring, Textured Gear, and Textured Race of Ball 
Bearing 

In Fig. 4a–c, CAD models of a textured gear, piston ring and race of ball bearing 
are depicted. When these textured components form contact with their counter-
part in presence of lubricant, performance of contact improves. In the presence of 
nano/micro-structures on the lubricated mating surfaces, the researchers mainly iden-
tified three mechanisms which improve the performance. During the lubrication, the 
pair of dimpled surfaces form numerous micro-hydrodynamic bearings, as shown in 
Fig. 5a. The pressure generated at innumerable places in tiny hydrodynamic bearings 
keeps the loaded solid in the floating condition over the thin film. In this manner, the 
physical contacts between the solids can be avoided. This leads to the enhancement 
of tribological and dynamic behaviors of piston rings, ball bearings and gears.

Fig. 4 CAD model of a textured: a Gear, b piston ring, c race of ball bearing
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Fig. 5 a Development of numerous micro-hydrodynamic bearings, b micro-lubricant reservoirs, c 
micro-debris and contaminates trappers 

In case of poor film formation because of the lack of lubricant or operating param-
eters (i.e., at heavy load and low speed), the physical interactions between the mating 
conventional surfaces happen. In this condition, the friction and vibration enhance 
at the interface. But in the presence of texture, friction and vibration decrease due 
to smearing of lubricant available within the innumerable dimples, as illustrated in 
Fig. 5b. In addition, the debris formed due to the asperity-to-asperity contacts of 
mating solids get entrapped in the micro-reservoirs (i.e., dimples and pockets), as 
schematically shown in Fig. 5c. This also benefits in lowering the wear at the solids’ 
interfaces.

In the recent past, authors’ group has done experiments on textured/untextured 
gear pairs to validate the above-mentioned mechanisms [6, 24]. Figure 6a shows  
the electrical resistance between meshed gear pairs lubricated with grease. It can 
be seen from Fig. 6a that the electrical resistance has increased with textured gear 
in comparison with untextured one. This shows the formation of larger film thick-
ness between meshed textured gears in comparison to untextured one. As already 
discussed, the formation of innumerable micro-hydrodynamic bearings happens with 
textured surfaces which increases the hydrodynamic pressure and consequently film 
thickness and therefore electrical resistance [24].

Fig. 6 a Comparison of electrical resistance between meshed gears, b comparison of temperature 
rise between untextured and textured gears
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In Fig. 6b, bulk temperature rise of lubricated textured gears has been compared 
with untextured lubricated gears. It is noticed that with textured gear pair, temperature 
rise has been reduced as compared to untextured one. This indicates that textures 
present on the surface of gear work as lubricant reservoir and help in reducing the 
temperature rise; however, the untextured gears lack this feature and contact happens 
due to scarcity of lubricant in contact zone and temperature increases [6].

The third mechanism of wear debris trapper is also confirmed in experimental 
work of Ref. [24]. The SEM images (space limitation prohibit to present images 
here but can be seen in Refs. [6, 24]) of textured gear surface and untextured gear 
surface were taken, and it was revealed that the textured surface has less damage 
compared to untextured gear surface which confirm the better lubrication and trap of 
wear particles inside the textures, and hence, abrasion due to third body was reduced. 
Complete experimental details of the textured/untextured gear pair are given in refs. 
[6, 24]. Interested readers are also referred to the work of authors [25, 26] for  more  
information on these mechanisms. 

4 Conclusions 

In textured slider/thrust/journal bearings, four mechanisms namely inlet suction, 
collective effect, balancing wedge action and flow reduction due to formation of 
micro-damps explain the improvement in performance behaviors of these bear-
ings. The performance improvement in textured piston, textured gear and textured 
race of ball bearings has happened because of formation of innumerable micro-
hydrodynamic bearing, the role of texture as lubricant reservoir and debris trapper 
which have been experimentally validated. 

Declaration of Conflict of Interests The authors declare that there are no conflicts of interest in 
publishing this paper. 
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Feature Selection Based on Gaussian Ant 
Lion Optimizer for Fault Identification 
in Centrifugal Pump 

Govind Vashishtha and Rajesh Kumar 

Abstract Fault diagnosis of the rotating machinery using vibration signal is largely 
carried out by experience with some prior knowledge of the signal. The diagnosis 
process is simplified by using machine learning algorithms. The learning capabil-
ities and classification performance of such machine learning models are mostly 
influenced by the quantity and quality of the input features. Thus, the appropriate 
selection of a subset of the most prominent features for machine learning becomes 
essential to eliminate redundancy of high dimension or irrelevant measurements of 
the features. In this paper, a filter-based feature selection technique is introduced to 
select the optimal feature space. A Gaussian ant lion optimization (GALO) is put 
in with a filter-based selection technique to select the feature subset from a high 
dimension feature dataset obtained from the vibration signals of centrifugal pump 
under different health conditions (normal, clogging, wheel cut and blade cut). The 
K-nearest neighbour (KNN) classifier is applied to the selected feature subset to find 
the classification accuracy. In addition, the proposed method has been compared with 
other art of work. The results reveal that the proposed GALO-KNN with filter-based 
feature selection technique outperforms both in feature reduction and classification 
accuracy and secures the best feature subset with less computational effort. Thus, the 
proposed method is capable enough to perform the selection task and shows excellent 
potential in fault diagnosis. 

Keywords Centrifugal pump · k-nearest neighbour · Feature selection · Ant lion 
optimization · Gaussian mutation strategy 

1 Introduction 

Centrifugal pump is used to carry water by converting the rotational kinetic energy 
of the impeller into hydrodynamic energy. The bearings support the shaft on which 
impeller is straddling. An impeller is housed in an involute casing which forces the
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moving water to impart velocity [1–3]. Defects in the centrifugal pump may occur 
due to corrosion, erosion, metallurgical defects, cavitation and improper lubrication 
[1, 2, 4–6]. Vibration signal helps in determining the health status of the centrifugal 
pump and is least affected by environmental noise [7, 8]. Thus, vibration-based signal 
has been preferred for feature selection to identify the pump defects in the proposed 
work. 

Cao et al. [9] introduced the hybrid technique which is a combination of the 
principal component analysis (PCA) with Gaussian mixed model (GMM) to diagnose 
the crack in pump. Jiang et al. [10] developed a pump diagnostic technique using 
empirical mode decomposition (EWT) and deep learning on a cloud platform. Kumar 
et al. [11] modified the cost function of convolution neural network (CNN) by adding 
the divergence-based function to eliminate the redundancy of CNN’s hidden layer for 
classifying the different defects of the pump using acoustic images. Ahmad et al. [12] 
proposed the discriminant feature extraction technique to analyse defect in pump. Al 
Tobi et al. [13] extracted the fault features based on discrete wavelet transform and 
further categorized them by different classifiers. 

Pre-processing of raw signal is a crucial stage in feature selection as the results 
of the classification task are more vulnerable to the dimension of the features [14– 
20]. The process of feature selection aims at choosing the most prominent features 
by removing the most irrelevant and unnecessary features which render the classi-
fication model. Selection of appropriate features not only reduces the complexity 
in the learning process but also enhances the accuracy of the classification model. 
Wang et al. [21] modified ant lion optimization (ALO) to select the features for 
the hyperspectral image. Emary et al. [16] introduced Levy ALO for selecting 
appropriate features. Azizi et al. [22] proposed the hybrid feature selection tech-
nique that enhances the identification accuracy of the severity of the cavitation of 
the centrifugal pump. Dave et al. [23] applied ensemble empirical mode decom-
position (EEMD), Walsh–Hadamard transform (WHT) and discrete wavelet trans-
form (DWT) on bearing test rig under different health conditions and further utilize 
common information feature ranking algorithm to rank the features extracted from 
processed signals which then used in different classifier to identify the defects in 
bearing. Vashishtha and Kumar [24] proposed the ameliorated salp swarm optimiza-
tion to choose the optimal parameters of the VMD. At optimal parameters, the VMD 
decomposes the raw signal under different health condition of the centrifugal pump. 
Sensitive features have extracted from the processed signals whose ranking is done 
through Pearson’s correlation coefficient (PCC) which then fed into extreme learning 
machine classifier. Vashishtha and Kumar [25] used F-score technique to rank the 
features obtained from different health condition of the Pelton wheel and the expecta-
tion maximization-based principal component analysis to eliminate the redundancy 
and ambiguity of the data. 

In this paper, a Gaussian ant lion optimization technique has been proposed to 
select the prominent features to obtain the best classification accuracy in order to 
identify impeller defect in the pump. The remaining paper has the following order: 
the preliminary of K-nearest neighbour (KNN) and ant lion optimizer (ALO) has 
been explained in Sect. 2. The proposed fault feature selection technique along with
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modifications done in ALO has been summarized in Sect. 3. The experimentation 
part is explained in Sect. 4. The results and discussion have been explained in Sect. 5. 
Finally, the conclusion of the work is stated in Sect. 6. 

2 Background 

2.1 K-Nearest Neighbour 

The distance of each sample in the new sample set is calculated using KNN classifier. 
For classification, the sample from the set is assigned to a class that contains most 
sample of this set closet to K instances. 

For calculating the distance, the Euclidean distance approach is applied in the 
classifier which is calculated between two samples M1 = (m11, m12, . . . ,  m1L ) and 
M2 = (m21, m22, . . . ,  m2L ) using Eq. (1) as given below. 

Dist(M1, M2) = 

T
I
I
√

L
⎲

l=1 

(m1l − m2l )
2 (1) 

The KNN is a multiclassification method that differentiate different health states 
of the centrifugal pump. 

2.2 Ant Lion Optimization (ALO) 

Mirjalili designed the novel bio-inspired optimization algorithm called ant lion opti-
mization (ALO) which imitates the hunting behaviour of antlions [25]. Antlions are 
classified in Myrmeleontidae family [25]. Initially, the antlion digs a hole in the sand 
via its lava to catch its prey, whereas prey tries to rush from the trap. Then antlion 
throws sand on the outer periphery of the dig to slide the victim into the dig. Antlion 
consumes that prey and makes a new hole to hunt another prey. Generally, the size 
of the hole depends on the hunger level of the antlion and shape of the moon. When 
the antlion is hungrier and the moon is full, he digs out a larger trap to increase the 
chance of his survival [26]. 

ALO is composed of antlions and ants. Antlions are the fittest ones and thus known 
as hunters. The antlions only change their location when they replace any ant. On 
the other hand, the ant searches space through the random walk. While searching 
space, if it got entrapped in the dig made by antlion, then it can be consumed by the 
antlion. The ant updates its position as per Eq. (2).
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Antt i = 
Lt 

A + Lt 
E 

2 
(2) 

where Lt 
A and L

t 
E indicates random walk about roulette wheel selected antlion and 

elite antlion, respectively. 
The procedure of random walking of Antt i around the Antlion

t 
j is illustrated in the 

following Eq. (3). 

Lt 
j = 

(Yi − ai ) ×
(

di − ct i
)

(

bt i − ai
) + ci (3) 

where Lt 
j represents the position of Anti after carrying out the random walk around 

Antlion j for iteration t . ai and bi are minimum and maximum steps of random walk, 
respectively. c and d are lower and upper bounds of the random walk. Yi in the above 
equation is defined in Eq. (4). 

Y (t) = [0, cumsum(2r (t1) − 1); cumsum(2r (t2) − 1); . . .  ; cumsum(2r (tT ) − 1)] 
(4) 

where cumsum is used to calculate the cumulative sum which gathers the successive 
random steps to form the random walk till time t ; x(t) is termed as stochastic function 
formulated as per Eq. (5) 

x(t) =
(

1, if rand > 0.5 
0, if rand ≤ 0.5 

(5) 

where rand is the random number obtained from a uniform distribution. c and d are 
calculated from Eqs. (6) and (7), respectively. 

ct i =
(

lb 
I + Y t Antlion j , if rand < 0.5 

−lb 
I + Y t Antlion j , otherwise 

(6) 

dt 
i =

(
ub 
I + Y t Antlion j , if rand > 0.5 
−ub 
I + Y t Antlion j , otherwise 

(7) 

where lb and ub represent lower and upper limits for dimension i, respectively. The 
parameter I monitors the exploitation rate which is calculated as per Eq. (8). 

I = 10v t 

T 
(8)
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where the maximum iteration is represented by the T . v depicted in Eq. (8) represents 
the number of iterations which adjusts its value to update the level of accuracy. In 
the end, the process of selection is followed when the fitter ant replaces the antlion 
[14]. 

3 The Proposed Gaussian Mutation Strategy in Ant Lion 
Optimization 

The modifications done in ALO is presented in this section. By introducing the Gaus-
sian mutation approach that utilizes the idea of population division and rebuilding, 
the searchability of the ALO algorithm can be improved. 

3.1 Modification in Ant Lion Optimization (ALO) 

The Gaussian mutation technique was suggested by Back and Schwefel [27] to  
boost the searchability of metaheuristic algorithms [28–31]. New offspring have 
been developed near the parent candidate solution in this technique. The Gaussian 
mutation technique makes tiny steps to examine each corner of the solution space 
and avoid diversity loss during the search. The Gaussian density function is defined 
as follows: 

f0,σ 2 (θ ) = 1 

σ
√

(2π ) 
e 

−θ 2 
2σ 2 (9) 

where σ 2 indicates the variance of the candidate solution. The Gaussian density func-
tion is reduced at mean 0 and standard deviation 1. The random vector Gaussian (θ ) 
is generated using the density function as given in Eq. (10). 

G
'
i = Gi (1 + Gaussian (θ )) (10) 

where Gi is ith mutated candidate solution and Gaussian (θ ) is a random vector. 

3.2 Fault Feature Selection Technique 

From the literature survey, it has been noticed that with smaller number of features 
the classification accuracy achieved from different classifiers is almost same. But, if 
the number of features is further minimized, there may be a chance of reduction in
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classification accuracy. In order to maintain the same classification accuracy, a fitness 
function is incorporated having output of classification with number of features as 
represented in Eq. (11). 

fitness = γ ErrRate(Tf) + δ 
|Nf| 
|Tf| (11) 

where γ and δ represent the weight parameters whose values γ = [0,1] and δ = [1 
− γ ] are selected on the basis of the assessment function. ErrRate(Tf) indicates the 
error of the KNN classifier. Nf and Tf represent the number of features selected at a 
given time and the total number of features, respectively. Figure 1 shows the overall 
model for the proposed GLAO-KNN. 

Fig. 1 Model of GALO-KNN
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4 Experimentation 

4.1 Fault Feature Selection Technique 

In this segment, the scheme of feature selection has been used over dataset obtained 
from the centrifugal pump test rig whose pictorial view is shown in Fig. 2. The  
operating frequency of the pump shaft is 46.67 Hz (i.e. 2800 rpm). In this study, 
different health conditions of impeller are considered. The impeller has vanes. These 
vanes suck water axially and give kinetic energy to the water by striking it. Using 
this kinetic energy, water flows in a radial outward direction. When water strikes the 
vanes, a chaotic phenomenon generates in the water. 

A PCB make uniaxial accelerometer having sensitivity of 100 mV/g is utilized 
to acquire vibration signals. It has been mounted on the impeller casing. National 
Instrument make 24-bit 4 channel DAQ is used to acquire the vibration signal, which 
is set at 70 kHz sampling frequency. Data for 0.1 s having 7000 data points are 
taken to analyse the signal. The research is done under different conditions of the 
impeller as shown in Fig. 3. The different health conditions of the impeller are healthy, 
clogging, blade cut and wheel cut. The raw vibration signals of the corresponding 
health conditions are shown in Fig. 4. 

Fig. 2 A pictorial view of centrifugal pump test rig
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Fig. 3 Different health conditions of impeller a clogging, b blade cut and c wheel cut 

(d)(c) 

(a) (b) 

Fig. 4 Raw vibration signal under a healthy condition, b clogged condition, c blade cut condition 
and d wheel cut condition of impeller
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4.2 Feature Extraction 

A total of 40 vibration signals (10 each from each health condition) are taken into 
consideration for analysis. Thereafter, twenty-nine features are extracted from these 
signals. The different features taken into consideration with their definition are tabu-
lated in Table 1. The normalization of features in the range of [0 1] is carried out as 
per expression given in Eq. (12). 

Nor_feat = 
Feat − min(Feat) 

max(Feat) − min(Feat) 
(12) 

A KNN with a filter-based feature selection technique is executed to test the 
accuracy of the chosen features. The dataset obtained from the vibration signals 
in terms of features is divided into training, test and validation set using tenfold 
cross-validation. 

4.3 Evaluating Measurement Parameters 

The following statistical measures are calculated to verify each run of the proposed 
work and also used for comparison with other algorithms. Each statistical parameter 
is averaged over 10 runs. 

1. Average classification accuracy is formulated as follows: 

Avgacc = 
1 

N 

N
⎲

k=1 

Avgacc 
k (13) 

Avgacc 
k indicates the average accuracy. 

2. Mean fitness function is formulated as follows: 

mean = 
1 

N 

N
⎲

k=1 

g∗ 
k (14) 

It represents average of the mean value. 

3. Best fitness 

Best = min 
k 

g∗ 
k (15) 

It indicates the average minimum value of fitness function.
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Table 1 Definitions of functions 

Feature’s notation and formula Features notation and formula Features notation and formula 

Mean 

A1 = 1 N 
N∑

i=1 
xi 

Kurtosis 
A11 

= 1 
σ 4

(

1 
N−1 

N∑

i=1 
(xi − μ)4

)

Median absolute deviation 
A21 
= median(|x_i − median(x_i )|) 

Root mean square 

A2 = 

/

1 
N 

N∑

i=1 
x2 i 

Crest factor 

A12 = max(|x |) 
/

1 
N

∑N 
i=1 x

2 
i 

Rate zero crossing 

A22 = number of zero crossings 
total number of points 

Root 

A3 =
(

1 
N 

N∑

i=1 

√|xi |
)2 

Shape factor 

A13 = 

/

1 
N

∑N 
i=1 x

2 
i 

1 
N

∑N 
i=1 |xi | 

Entropy 

A23 = −  
N∑

1=1 
h(xi ) log2 h(xi ) 

Maximum value 
A4 = max(|x |) 

Impulse factor 

A14 = max(|x |) 
1 
N

∑N 
i=1 |xi | 

Histogram upper bound 
A24 

= max(xi ) + 
max(xi )−min

(
xi 

N −1

)

2 

Peak to peak 
A5 = max(|x |) − min(|x |) 

Clearance factor 

A15 = max(|x |)
(
1 
N

∑N 
i=1 

√|xi |
)2 

Histogram lower bound 
A25 

= max(xi ) − 
max(xi )−min

(
xi 

N −1

)

2 

Standard deviation 

A6 =
/

1 
N−1 

N∑

i=1 
(xi − μ)2 

Skewness factor 
A16 

= 1 
σ 3

(
1 

N −1
∑N 

i=1(xi−μ)3
)

(/

1 
N

∑N 
i=1 x

2 
i

)2 

Activity 

A26 = 1 
N−1 

N∑

i=1 
(xi − μ)2 

Median 

A7 = 50(N+1) 
100 th observation 

Kurtosis factor 
A17 = 

1 
σ 4

(
1 

N −1
∑N 

i=1(xi−μ)4
)

(/

1 
N

∑N 
i=1 x

2 
i

)4 

Variance 

A27 =
∑N 

i=1
(

x(i )−xavg
)2 

N−1 

25th percentiles 

A8 = 25(N+1) 
100 th observation 

Geometric mean 

A18 =
(

N∏

i=N 
xi

)1/ N 

Wavelet energy decomposition 

A28 =
∑N 

n=1|xi (n)|2
∑2 j −1 

k=0
∑N 

n=1|xk (n)|2 

75th percentiles 

A9 = 75(N+1) 
100 th observation 

Root sum of squares 

A19 = 

/

N∑

i=1 
|xi |2 

Normal negative log likelihood for 
single Gaussian 

A29 = 

− 
N∑

i=1 
log

⌈

1 
σ
√
2π 

exp −(xi−μ)2 

2σ 2

⌉

Skewness 
A10 

= 1 
σ 3

(

1 
N−1 

N∑

i=1 
(xi − μ)3

)

Mean absolute deviation 
A20 = mean(|xi − μ|)
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4. Worst fitness function 

Worst = max 
k 

g∗ 
k (16) 

It represents the average maximum value of fitness function. 

5. Average computational time 

AvgCT = 
1 

N 

N
⎲

k=1 

AvgCT 
k (17) 

It computes the average of computational time. 

6. Average selected features 

Avgselect = 
1 

N 

N
⎲

k=1 

Avgselect 
k (18) 

It indicates the average number of features selected at a time. 

5 Result and Discussion 

Results obtained through the proposed work have been discussed here. The results 
are presented in Table 2 in terms of accuracy, fitness, computational time and number 
of features selected at a time for analysis. The proposed method has also been

Table 2 Results of GALO-KNN 

Run Accuracy Fitness Number of features Time (s) 

1 0.88067 0.1368 15 6.1184 

2 0.84925 0.1441 16 6.3400 

3 0.80647 0.2470 18 6.1633 

4 0.81549 0.1561 22 6.4004 

5 0.82791 0.1599 20 6.2147 

6 0.80951 0.2452 16 6.5528 

7 0.81825 0.2136 26 6.2189 

8 0.86439 0.1124 12 6.4680 

9 0.81467 0.1880 21 6.2524 

10 0.82591 0.1769 20 6.3239
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Table 3 Results of PSO-KNN 

Run Accuracy Fitness Number of features Time (s) 

1 0.78439 0.2469 26 8.2549 

2 0.80794 0.1980 18 7.3685 

3 0.81594 0.2029 21 7.5271 

4 0.79527 0.2368 22 7.5242 

5 0.82494 0.1820 20 7.3224 

6 0.79527 0.2199 21 7.4009 

7 0.77247 0.2471 27 8.1389 

8 0.79541 0.2082 19 7.4806 

9 0.80462 0.2048 21 7.4712 

10 0.78696 0.2257 23 7.4003 

compared with PSO-KNN and GA-KNN, and their results are given in Tables 3 
and 4. From Table 2, it is observed that the high classification accuracy of 88.07% 
is achieved while considering 15 features in analysis. The 15 most critical features 
which contribute to achieving the high accuracy are entropy, geometric mean, median 
absolute deviation, 75th percentile, shape factor, mean, root, impulse factor, clear-
ance factor, rate of zero crossing, kurtosis, 25th percentile, maximum value, peak 
to peak and kurtosis factor. Whereas in the case of PSO-KNN and GA-KNN, the 
highest accuracy achieved is 82.49% and 81.14%, respectively as given in Tables 3 
and 4. In both the cases, corresponding number of features are 20.

Table 4 Results of GA-KNN 

Run Accuracy Fitness Number of features Time (s) 

1 0.77591 0.2380 24 7.5295 

2 0.76948 0.2591 27 802,591 

3 0.79275 0.2067 22 7.0043 

4 0.78934 0.2479 25 7.5612 

5 0.79865 0.2261 23 7.1192 

6 0.75321 0.2695 29 8.6542 

7 0.80624 0.1973 21 7.1051 

8 0.79843 0.2415 23 8.1569 

9 0.81145 0.1862 20 7.0152 

10 0.79725 0.2486 26 8.1135



Feature Selection Based on Gaussian Ant Lion Optimizer … 307

Table 5 Comparison of measures between different algorithms 

Measures Algorithms 

GALO-KNN PSO-KNN GA-KNN 

Average accuracy 0.831252 0.798294 0.789271 

Average selected features 18.6 21.8 24 

Average computational time 6.30528 7.5889 7.65182 

Average fitness function 0.17807 0.21793 0.23209 

Best fitness function 0.1124 0.1890 0.1862 

Worst fitness function 0.2470 0.2471 0.2591 

Table 6 Comparison of measures between different classifiers 

Measures Algorithms 

GALO-KNN GALO-random forest GALO-decision tree 

Average accuracy 0.831252 0.75291 0.74126 

Average selected features 18.6 23 27 

Average computational time 6.30528 8.51923 9.49556 

Average fitness function 0.17807 0.23876 0.29292 

Best fitness function 0.1124 0.2037 0.2534 

Worst fitness function 0.2470 0.2697 0.2997 

5.1 Comparison with Other Art of Work 

Considering results in Tables 1, 2 and 3, the overall efficacy of the proposed GALO-
KNN against other methods such as PSO-KNN and GA-KNN is summarized in 
Table 5. From Table 5, it is clear that the proposed GALO-KNN outperforms the 
other art of works in terms of average classification accuracy and computational time. 
Apart from this, the proposed GALO-KNN attains the finest average value of fitness 
function. The worst case of the average fitness function of the proposed method is 
also less than the other art of work. The reason is the great ability of the ALO to 
avoid strucking in local optima. Also, the proposed algorithm has been compared 
with different classifiers whose results are tabulated in Table 6. The results indicate 
the superiority of the proposed method. 

5.2 Significance Level of the Proposed Method 

The results obtained by GALO-KNN in terms of accuracy have undergone the One-
Way-ANOVA test to show whether the results are statistically significant or not. The 
stated hypotheses of the One-Way-ANOVA test are as follows:
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Table 7 Results of One-Way-ANOVA test 

Algorithms F value p value Hypothesis 

GALO PSO GA 6.86 0.0039 H1 

N 10 10 10
∑

X 186 218 240 

Mean 18.6 21.8 24
∑

X2 3606 4826 5830 

Std. Dev 4.0332 2.8597 2.7889 

H0 (null hypothesis): It represents that there is no significant difference between 
the accuracy of the GALO-KNN and other art of work. 

H1 (alternative hypothesis): It represents that there is a significant difference 
between the accuracy of GALO-KNN and other art of work. 

In order to show the significance level of the obtained results using the One-Way-
ANOVA test, the p value has been compared with the stated value (α = 0.01 or α = 
0.05). 

• If the obtained p value is greater than 0.01, then H0 (null hypothesis) is accepted 
and H1 (alternative hypothesis) is rejected which meant no significant difference 
exists between GALO-KNN and other art of work. 

• If the obtained p value is less than 0.05, then H1 (alternative hypothesis) is accepted 
and H0 (null hypothesis) is rejected which meant a significant difference exists 
between GALO-KNN and other art of work. 

Table 7 shows the details of the results of the One-Way-ANOVA test. It has been 
observed from the Table 7 that the attained p value (0.0039) is less than that of α 
(0.01); that is why H1 hypothesis has been accepted, implying that the obtained 
results are of significant. 

6 Conclusion 

A bio-inspired ant lion optimization with a Gaussian mutation strategy is intro-
duced for filter-based feature selection. To determine classification accuracy, the 
KNN classifier was utilized to classify feature subset. The proposed work is compared 
to PSO-KNN and GA-KNN in terms of efficacy. The proposed work has attained the 
highest classification accuracy with less computational time as compared to other art 
of work. The outcomes of the present study are given below: 

• GALO-KNN successfully handles the complex data of different health conditions 
of centrifugal pump and efficiently classifies the type of impeller defects with an 
accuracy of 88.06%.
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• Fifteen prominent features have been identified through proposed technique that 
contributes in detecting the impeller defects of centrifugal pump. 

• GALO-KNN demonstrated to be a reliable and consistent strategy for finding the 
most important features among a large number of them. 

The outcomes of the study suggested that the GALO has the potential to diagnose 
impeller defects in centrifugal pump and other rotating components. The filter-based 
selection technique efficiently handles the high dimensionality data and reduces the 
redundancy to achieve the highest performance of the classification models. 
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Vibration Monitoring of Defective Shaft 
Bearing System 

Neel Satwara and V. N. Patel 

Abstract The most challenging task in a condition monitoring of a shaft bearing 
system is to identify a bearing fault and a shaft fault in presence of compound faults. 
In the present experimental study, the vibrations generated by the shaft rotor bearing 
system in presence of shaft crack(s) and bearing races fault(s) have been analyzed. 
Vibration signals of healthy and defective shaft bearing system have been captured 
using of National Instrumentation (NI) data acquisition module and LabVIEW soft-
ware. The captured vibration signals were analyzed in time domain and frequency 
domain for the defect detection using MATLAB software. The critical speed of the 
shaft rotor system has been computed using Dunkerley’s equation and also verified 
experimentally. The presence of peaks at critical frequency (Fcr) and its harmonics, 
while shaft rotates in subcritical speed (1/3, 1/2) range, admit the presence of shaft 
crack. Moreover, the change in regular shape of orbit plots at the subcritical speed 
also identifies the cracked shafts. The wavelet transformation has been implemented 
to reduce the noise from the raw signal used for orbit plots. Six different shafts of 
16 mm diameter having 0.2 mm wide and 4 mm or 6 mm depth open crack near 
to rotor or bearing end or cracks at both locations were used to study the effect 
of crack location and size on vibration amplitude and frequency. The maximum 
vibration amplitude has been noticed for the shaft having crack near to bearing end 
in presence of bearing defect. 

Keywords Vibration analysis · Frequency analysis · Fault identification ·Wavelet 
transformation 

1 Introduction 

The condition monitoring plays vital role in rotating machinery to avoid serious 
damages or even catastrophic failures. The fault detection in a shaft bearing system 
before it becomes critical is the greatest challenge during condition monitoring of
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rotating machines. The failure in shaft bearing system may occurs due to the over-
loading or cyclic loading. The failure of the shaft under cyclic loading condition even 
though the acting load is below the load causes yielding of the material is known 
as fatigue failure. The material failure occurs as a result of excessive cyclic loading 
is known as fatigue fracture. Prior to final fatigue fracture, many different micro 
fractures are created and due to exertion of cyclic loading the cracks propogates. The 
fatigue cracks normally initiate at stress concentration and structural discontinuity. 

Vibration-based condition monitoring (VCM) is a well-known and proven tech-
nique to detect the defect in their early stage. In the rotating machinery, vibrations 
can be generated due to unbalanced rotating or reciprocating elements, misalign-
ment, wear, and looseness. Moreover, the presence of defect changes the dynamic 
characteristics of machine elements. Due to the changes in dynamic characteristics, 
the statistical parameters like RMS value, crest factor, skewness, and kurtosis value 
also change, which can be noticed from time domain analysis of vibration signal, 
while the changes in frequency can be noticed from vibration spectra. Moreover, the 
orbit plots created from the vibration data from two orthogonal measurements taken 
simultaneously show the path a rotor takes as at vibrates during operation. 

Many researchers have performed theoretical and experimental vibration analysis 
of shaft bearing system in presence of defect. The different approaches/methods like 
finite element analysis, wavelet transform, artificial intelligence (AI) techniques such 
as artificial neural networks (ANNs), genetic algorithms (GAs), fuzzy logic (FL), and 
hybrid techniques adopted by various researchers have been reviewed by Kushwaha 
and Patel [1]. Three different crack models, like a breathing crack model, a switching 
crack model, and an open crack model, have been developed, and transient responses 
have been compared in reference [2]. It has been concluded that breathing model is the 
most efficient to predict the vibration behavior of cracked rotor. In the experimental 
vibration study, researchers have observed that the presence of fatigue crack on 
shaft reduces its first-order critical speed, while high-order harmonic components 
become dominant in vibration spectra [3]. The authors have also noticed two-circle 
topological orbit in subcritical speed range of shaft rotation. The unique dynamic 
behavior of the orbits and frequency spectra is conclusive criteria for practical crack 
diagnosis [4]. Harmonic analysis has been performed for the shaft bearing modeled 
in ANSYS, with consideration of shaft crack of different depths and locations by 
Kumar et al. [5]. They have also observed the variation in vibration displacement 
amplitude with increase of crack depth. The frequency-time domain (short time 
Fourier transform) approach has been implemented by Silani et al. to evaluate the 
dynamic response of a rotor with a breathing crack and detected small crack in shaft 
[6]. The behavior of whirl orbits in subcritical range has been found useful tool to 
distinguish breathing crack and open crack model [7]. The envelope analysis has 
been used to detect transient components of the vibration signals produced by crack 
[8]. The rotor fault has been detected through auto-correlation and power spectral 
density functions of the rotor vibration response measured at the bearings [9]. 

The fatigue cracks may also generate on the elements of rolling bearings. The 
wavelet analysis can be implemented for vibration signal captured from defective 
rolling bearings to predict the fatigue crack size of bearing races. The dynamic model
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to study the vibration responses of defective bearings has been suggested by Shah 
and Patel [10–12]. The frequency peaks at defect characteristic defect frequencies 
have been noticed in presence of local and distributed defects on bearing races. 

It reveals that the crack fault diagnostics though vibration monitoring play an 
important role for rotating machinery in the traditional and Industry 4.0 factory. 
Authors of the present paper could find few literature for experimental study as 
compared to theoretical study on dynamic behavior of cracked rotor. It has also 
been observed that the researchers have detected shaft cracks in absence of bearing 
defect or detected the bearing defect in absence of shaft cracks. Hence, in the present 
experimental study, the vibration signals generated by cracked shaft in presence and 
absence of defective bearing races have been captured. The fatigue cracks on shaft 
and bearings have been identified from vibration spectra and orbit plots. 

2 The Experimental Test Rig 

The experimental setup used to conduct experiments is shown in Fig. 1. As shown  
in Fig. 1a, 16-mm shaft of 800 mm length made of EN8 is supported on two SKF 
UCP202 ball bearings. This shaft receives power from 1HP DC electric motor through 
belt and pulley arrangement. The DC motor drive was used to change the rotational 
speed of motor. A 0.2 kg mass rotor (spur gear) is mounted at center of the shaft. Two 
accelerometers with 104 mV/g sensitivity have been mounted on bearing housing 
to capture vibration signals (acceleration) from X direction and Y direction. Four 
channel data acquisition card (9234 NI) receives signals from two accelerometers 
and transfer to computer for processing through LabVIEW software. It is worth to 
mention here that 4096 data samples for 2.5 s were captured during each experiment. 
The captured signals were analyzed in time domain and frequency domain using 
MATLAB software. 

DAQ Card 
Shaft  

DC Motor 

DC Motor Drive 
Accelerometer 

Rotor  

    (a)   (b)

  Bearing 

Accele-  
rometer 2 

Accele- 
rometer 1 

Fig. 1 Experimental setup a Shaft bearing system b Data acquisition in X and Y direction
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3 Preparing for the Experiment 

Total six shafts have been used for experimentation. Artificial cracks of 4 mm or 
6 mm depth and 0.2 mm width at different locations were created on shafts using 
EDM wire cutting machine. Table 1 provides the detail of shaft defect. The critical 
speed of all shafts has been estimated using Dunkerley’s equation (Eq. 1), 

Critical Frequency, Fcr = 0.4985
(
�1 + �2 + �3+··· �s 

1.27

) 1 
2 

(1) 

where �1 = mga2b2 

3E I  L  , �s = 5Mgl4 

384E I  . 
Table 1 also shows the natural frequency/critical frequency of all shafts estimated 

by Eq. 1 and tap test. Shaft 1 was supported on bearings and excited by mallet; the 
vibration signal generated was captured by accelerometer. The frequency peak at 
41.56 Hz, natural frequency for transverse vibration can be observed in Fig. 2. The  
tap test was repeated for all shafts, and results are shown in Table 1. The variation in

Table 1 Description of different crack location on shaft 

Shaft No. Crack depth (mm) Crack location on 
shaft 

Experimental 
critical frequency 
Fcr, Hz  

Theoretical value of 
critical frequency 
Fcr, Hz  

1 4 Near to bearing end 41.56 33.37 Hz 

2 4 Near to rotor 42.37 

3 6 Near to bearing end 39.14 

4 6 Near to rotor 39.14 

5 4 Near to bearing end 
and near to rotor 

43.99 

6 6 Near to bearing end 
and near to rotor 

40.35 

Fig. 2 Vibration signal during tap test of shaft 1 a Time domain b Frequency domain
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computed frequency and measured frequency is due to variation in mass distribution 
and material removal for mounting the rotor on shaft.

4 Vibration Monitoring of Shaft Bearing System 

Vibration acceleration amplitude of each healthy shaft (without fatigue crack) and 
cracked shaft (after creating artificial crack) at different rotating speeds has been 
captured. Vibration amplitude versus time data in X direction and Y direction have 
been collected and saved for further analysis. 

4.1 Vibration Analysis of Health Shaft and Bearing System 

The vibrations generated by healthy shafts have been captured and analyzed in time 
domain and frequency domain. The waterfall diagrams for healthy shafts (before 
creating crack) are shown in Fig. 3. The shaft rotational speed for each shaft varied 
from 100 to 2000 rpm. It has been noticed that the frequency peaks at shaft rotation 
frequency (Fs = rotational speed/60) are clearly visible for all shafts Fig. 3a–f. 

The orbit plot (Y amplitude vs. X amplitude) has been plotted for healthy shafts. 
The closed loop orbit (elliptical shape) at higher speed is observed for healthy shafts as

Fig. 3 Vibration responses of healthy shafts at different rotational speeds a Shaft 1 b Shaft 2 c 
Shaft 3 d Shaft 4 e Shaft 5 f Shaft 6
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Fig. 4 Orbit plot of healthy shaft a Shaft 1 b Shaft 2 c Shaft 5 

shown inFig.  4. It is worth to mention here that the raw signals have been preprocessed 
using ‘db4’ wavelet. The signals were decomposed to level 8 to improve signal-to-
noise ratio.

4.2 Vibration Analysis of Cracked Shaft and Healthy Bearing 

Figure 5 shows the pictorial view of the artificial cracks generated on shaft near to 
bearing end and near to rotor. 

The vibration responses at different shaft rotational speed for the shaft 1 after 
artificial creation of 4-mm-depth crack near to bearing end have been captured. The 
vibration spectra at different rotational speeds have been plotted in Fig. 6a. At lower 
speed, frequency peaks only at system natural frequency 100 Hz are visible. In addi-
tion to that at higher shaft rotational speed, frequency peaks at shaft rotational speed 
(Fs) and its harmonics are clearly visible. The frequency responses at subcritical 
speed range (Fcr/3 and Fcr/2) have been presented in Fig. 6b, c. The frequency peaks 
at shaft rotational speed ‘Fs’ and shaft critical speed ‘Fcr’ are clearly visible in 
Fig. 6b, c. Moreover, the change in orbit plot at subcritical speed is also visible in 
Fig. 6d. 

The vibration responses at different shaft rotational speed for the shaft 2 after 
artificial creation of 4-mm-depth crack near to rotor have been captured. The vibration
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Fig. 5 Artificial fatigue cracks on shaft a Near to bearing end b Near to rotor 

spectra at different rotational speeds have been plotted in Fig. 7a. The shaft rotational 
speed frequency peaks at shaft rotational speed (Fs) and its harmonics are clearly 
visible. The frequency responses at subcritical speed range (Fcr/3 and Fcr/2) have 
been presented in Fig. 7b, c. The frequency peaks at shaft rotational speed ‘Fs’ and 
shaft critical speed ‘Fcr’ along with their harmonics are clearly visible in Fig. 7b, c. 
Moreover, the change in orbit plot at subcritical speed is also visible in Fig. 7d. This 
is the evidence of fatigue crack in shaft. 

The vibration responses at different shaft rotational speed for the shaft 3 after 
artificial creation of 6-mm-depth crack near to bearing end have been captured. The 
vibration spectra at different rotational speeds have been plotted in Fig. 8a. The shaft 
rotational speed frequency peaks at shaft rotational speed (Fs) and its harmonics are 
clearly visible. The frequency responses at subcritical speed range (Fcr/3 and Fcr/2) 
have been presented in Fig. 8b, c. The frequency peaks at shaft rotational speed ‘Fs’ 
and shaft critical speed ‘Fcr’ are clearly visible in Fig. 8b, c. Moreover, the change 
in orbit plot at subcritical speed is also visible in Fig. 8d. The amplitude of vibration 
increased as compared to shaft 1 due to increase of crack depth. 

The vibration responses at different shaft rotational speed for the shaft 4 after 
artificial creation of 6-mm-depth crack near to rotor end have been captured. The 
vibration spectra at different rotational speeds have been plotted in Fig. 9a. The 
frequency responses at subcritical speed range (Fcr/3 and Fcr/2) have been presented 
in Fig. 9b, c. The frequency peaks at shaft rotational speed ‘Fs’ and shaft critical speed 
‘Fcr’ are clearly visible in Fig. 9c. Moreover, the change in orbit plot at subcritical 
speed is also visible in Fig. 9d. The amplitude of vibration increased as compared to 
shaft 2 due to increase of crack depth. 

The vibration responses at different shaft rotational speed for the shaft 5 after 
artificial creation of 4-mm-depth cracks near to bearing end and near to rotor have 
been captured. The vibration spectra at different rotational speeds have been plotted 
in Fig. 10a. The shaft rotational speed frequency peaks at shaft rotational speed (Fs)
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Fig. 6 Vibration response of cracked shaft 1 a Frequency response at different shaft rotational 
speed b Frequency response at 830 rpm (Fcr/3 range) c Frequency response at 1240 rpm (Fcr/2 
range) d Orbit plot at subcritical speed 

and its harmonics are clearly visible. The frequency responses at subcritical speed 
range (Fcr/3 and Fcr/2) have been presented in Fig. 10b, c. The frequency peaks at 
shaft rotational speed ‘Fs’ and shaft critical speed ‘Fcr’ are clearly visible in Fig. 10b, 
c. Moreover, the change in orbit plot at subcritical speed is also visible in Fig. 10d. 
The amplitude of vibration increased as compared to shaft 1 and shaft 2 due to 
presence of multiple fatigue cracks. 

The vibration responses at different shaft rotational speed for the shaft 6 after 
artificial creation of 6-mm-depth cracks near to bearing end and near to rotor have 
been captured. The vibration spectra at different rotational speeds have been plotted
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Fig. 7 Vibration response of cracked shaft 2 a Frequency response at different shaft rotational 
speed b Frequency response at 845 rpm (Fcr/3 range) c Frequency response at 1270 rpm (Fcr/2 
range) d Orbit plot at subcritical speed 

in Fig. 11a. The shaft rotational speed frequency peaks at shaft rotational speed (Fs) 
and its harmonics are clearly visible. The frequency responses at subcritical speed 
range (Fcr/3 and Fcr/2) have been presented in Fig. 11b, c. The frequency peaks at 
shaft rotational speed ‘Fs’ and shaft critical speed ‘Fcr’ are clearly visible in Fig. 11b, 
c. Moreover, the change in orbit plot at subcritical speed is also visible in Fig. 11d. 
The amplitude of vibration increased as compared to shaft 3 and shaft 4 due to 
presence of multiple fatigue cracks. 

It is worth to mention here that all these observations are in-line with the theoretical 
and experimental results available in literature [1–8].
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Fig. 8 Vibration response of cracked shaft 3 a Frequency response at different shaft rotational 
speed b Frequency response at 780 rpm (Fcr/3 range) c Frequency response at 1200 rpm (Fcr/2 
range) d Orbit plot at subcritical speed 

4.3 Vibration Analysis of Cracked Shaft and Defective 
Bearing 

To study the dynamics of cracked rotor in presence of bearing defect, 0.7-mm-
diameter hole was drilled through EDM on outer race of the supporting bearing.



Vibration Monitoring of Defective Shaft Bearing System 321

Fig. 9 Vibration response of cracked shaft 4 a Frequency response at different shaft rotational 
speed b Frequency response at 780 rpm (Fcr/3 range) c Frequency response at 1150 rpm (Fcr/2 
range) d Orbit plot at subcritical speed 

The characteristic defect frequency in presence of local defects depends on bearing 
geometry (Number of ball Nb, ball diameter d, bearing mean diameter D), and shaft 
rotational speed N s can be computed using following equation [10–12]. 

BPF0 =
(
Nb 

2

)
×

(
Ns 

60

)
×

(
1 −

(
d 

D

))
(2) 

In present case, the computed ball pass frequency of outer race (BPFO) at shaft 
speed 1200 rpm is 54.8 Hz, and while at shaft speed 1300 rpm, it is 59 Hz. The 
vibration responses of the cracked shaft having 4-mm-fatigue crack and 6-mm-fatigue
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Fig. 10 Vibration response of cracked shaft 5 a Frequency response at different shaft rotational 
speed b Frequency response at 850 rpm (Fcr/3 range) c Frequency response at 1300 rpm (Fcr/2 
range) d Orbit plot at subcritical speed 

crack in presence of bearing defect have been presented in Fig. 12. From Fig.  12, it  
can be observed that the frequency peaks at shaft rotational speed Fs, shaft critical 
rotation speed Fcr, and ball pass frequency BPFO are clearly visible in presence of 
outer race bearing defect and shaft cracks. 

5 Result Discussion 

The vibration spectra of all shafts at subcritical rotational speed have been compared 
in Fig. 13. The vibration amplitude (RMS values) at subcritical speed has been shown
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Fig. 11 Vibration response of cracked shaft 6 a Frequency response at different shaft rotational 
speed b Frequency response at 805 rpm (Fcr/3 range) c Frequency response at 1210 rpm (Fcr/2 
range) d Orbit plot at subcritical speed

in Table 2. It is noticed that the frequency amplitude increased in presence of two 6-
mm-depth shaft cracks. The overall vibration amplitude (RMS) increased in presence 
of shaft cracks and bearing defect. The vibration amplitude is found in case of crack 
near to bearing end as compared to crack near to rotor. 
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Fig. 12 Vibration response of cracked shaft in presence of bearing defect, shaft rotates at subcritical 
speed a Fatigue crack of 4 mm depth b Fatigue crack of 6 mm depth 

Fig. 13 Waterfall diagram for vibration spectra of all shafts rotating at subcritical speed (Fcr/2) 

Table 2 Vibration amplitude comparison 

Shaft Fcr/2 
rpm 

RMS (m/s2) Shaft Fcr/2 
rpm 

RMS 
(m/s2) 

1 1240 0.1221 5 1300 0.1718 

2 1270 0.1153 6 1210 0.1901 

3 1200 0.1261 4 mm crack and bearing defect 1200 0.3066 

4 1150 0.1537 6 mm crack and bearing defect 1250 0.3066 

6 Conclusion 

The vibration monitoring of shaft bearing system in presence and absence of shaft 
fatigue crack(s) has been carried out. The following specific conclusions have been 
drawn from this experimental study. The overall vibrations amplitude of healthy shaft
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bearing system increases with increase of shaft rotational speed due to improper 
foundation of experimental setup. The approximate value of critical speed of shaft 
has been computed using Dunkerley’s equation and verified experimentally. The 
frequency peaks at shaft rotational frequency have been observed in the vibration 
spectra of healthy system. The orbit plots in case of healthy systems are found 
elliptical in shape. The frequency peaks at shaft rotational speed and shaft critical 
speed have been observed, while shaft rotates at subcritical speed in presence of crack. 
The orbit plot of petal shapes is observed in presence of crack at subcritical shaft 
rotation speed. The vibration amplitude increases as the shaft crack depth increases. 
In addition to frequency peaks at shaft critical speed, frequency peaks at BPFO 
have also been observed in presence of bearing defect. The authors of this paper 
believe that this experimental study will provide guidance to practicing engineers 
and researchers to validate theoretical results 
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Formulation of Approximate Generalized 
Generated Database Model 
for Low-Speed Gear Box Developed 
Based on Double-Crank Inversion 
for a Four-Bar Chain 

Akshay Anant Pachpor , Jayant Pandurang Modak, 
and Prashant Brajmohan Maheshwary 

Abstract An analysis of double-crank inversion of a four-bar chain shows feasibility 
for adopting it as a gear box for low-speed applications. It is observed that any point 
on the coupler of a double-crank inversion of a four-bar chain describes very closely 
a complete circular path. This circular motion of some appropriately selected points 
on the coupler can be tapped out using link arrangement which will give output speed 
variation in the range of 8–12%. In the present paper, an attempt is made to consider 
many double-crank inversions of a class I four-bar crank with (a-b)/(c-d) ratio in the 
range of 0.1 to 0.6. Here, a, b, c and d are the link lengths of class I four-bar chain as per 
Harding’s notation. For each of these inversions, minimum 5–6 points on the coupler 
would be chosen which will generate circular motion with almost constant angular 
velocity but average value of angular velocity would be different for a different point 
on the coupler. Each of these inversions will precipitate a gear box with different range 
of very low angular velocity variation. There are some industrial operations which 
do need very low range of angular speed variation depending on properties of raw 
material being processed with that machine. A very popular example is of motorized 
shredder of plastics. For all such gear boxes for its output shaft, the expressions are 
derived for angular acceleration, jerk, pop and crackle. Each one of these expressions 
would be function of ratio of link lengths, location of point of reference on the coupler 
and angular velocity of driving crank. As these expressions are established based on 
generated data regarding kinematics of several inversions of double-crank of four-
bar chain, the model formed is nomenclated as GENERALIZED GENERATED 
DATA-BASED MODEL. 

Keywords Mechanisms · Four-bar chain · Double-crank inversion · Gear box ·
Coupler curves
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1 Introduction 

Four-bar chains are the foundation of most mechanisms; they provide the basis for 
synthesis and development [1, 2]. One of the inversions of the class I four-bar chain 
is the double-crank mechanism. By fixing the shortest link of the four-bar chain of 
class I, a double-crank inversion can be obtained [1, 2]. 

Based on a literature review, one can state that significant research has been 
conducted on the kinematics and dynamics of the crank-rocker inversion of a four-
bar chain. Due to the fact that many of the six link chains have two four-bar chains 
in series, crank-rocker and rocker-rocker, the third inversion double rocker is quite 
common [3]. These two links have been used to develop many process units [4– 
7]. Comparatively, applications of the double-crank mechanism are few compared 
to those of the crank-rocker and double-rocker mechanisms [1]. Some applications 
of double-crank mechanism are selective bell pepper harvester [8], double-crank 
external Geneva mechanism [9], a simple-type potted rice seedling transplanting 
mechanism [10], clamping unit with double-crank [11], etc. Double-crank linkage 
is typically used to provide non-uniform motion of a driven shaft by coupling two 
non-inline shafts [12]. With the proper arrangement of links, this assembly might 
be used as a transmission system for transmission of different speeds with minimal 
variations in output speeds. By utilizing this concept, the requirement of toothed 
gears and synchromesh itself for a conventional gearbox could be eliminated [13]. 

In the present paper, an attempt is made to consider many double-crank inversions 
of a class I four-bar chain with (a-b)/(c-d) ratio in the range of 0.1–0.6. For each 
of these inversions, appropriate points on the coupler would be chosen which will 
generate circular motion with almost constant angular velocity but average value 
of angular velocity would be different for a different point on the coupler. Each of 
these inversions will precipitate a gear box with different range of very low angular 
velocity variation. 

2 Double-Crank Inversions of Different Configurations 

In the Fig. 1, O1ABO2 represents a double-crank inversion of a class I four-bar chain 
where O1A is input link, AB is coupler link, BO2 is output link, and O1O2 is fixed 
link. Here, the link lengths are represented as a, b, c and d according to Harding’s 
notation, i.e., for O1A = 90 cm, AB = 80 cm, BO2 = 100 cm and O1O2 = 10 cm, 
the links are shown as ‘b’, ‘d’, ‘a’ and ‘c,’ respectively [1]. The abovementioned link 
lengths are so chosen that it will result in (a-b)/(c-d) ratio as 0.1. In the similar way, 
six different configurations of double-crank inversion corresponding to (a-b)/(c-d) 
ratios 0.1, 0.2, 0.3, 0.4, 0.5 and 0.6 are generated and the dimensions of the links are 
tabulated in the Table 1. 

For each of the six generated double-crank inversions, 9 coupler points, viz. P1, 
P2, P3, P4, P5, P6, P7, P8 and P9, are chosen at a distance of 8 cm, 16 cm, 24 cm,
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Fig. 1 Double-crank 
inversion 

Table 1 Dimension of links for different configurations 

S. No. (a-b)/(c-d) ratio O1A AB BO2 O1O2 

1 0.1 90 80 100 10 

2 0.2 90 80 100 30 

3 0.3 90 80 100 46.6 

4 0.4 90 80 100 55 

5 0.5 90 80 100 60 

6 0.6 90 80 100 63.3 

32 cm, 40 cm, 48 cm, 56 cm, 64 cm and 72 cm, respectively measured from end A 
on the coupler AB. These points are then considered for kinematic analysis which is 
discussed in next section. 

3 Kinematic Analysis of Coupler Points on Coupler 
of Double-Crank Inversion 

3.1 Position Analysis of Coupler Points 

In this section, a kinematic analysis of different configurations of double-crank inver-
sion for (a-b)/(c-d) ratios 0.1, 0.2, 0.3, 0.4, 0.5 and 0.6 is presented. The analysis 
is carried out at 12 different positions of input crank O1A where positions of input 
crank are defined in terms of input crank angle, such as 1st position at θ = 30°, 
2nd position θ = 60° up to 12th position at θ = 360°. Graphically constructing the 
configuration of double-crank four-bar mechanism O1ABO2 corresponding to these 
12 positions of input crank O1A shows that each point on the coupler traces nearly 
a circular path [13].
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Fig. 2 Position analysis of double-crank inversion 

It is observed that for (a-b)/(c-d) ratios 0.1, 0.2 and 0.3 the path traced by coupler 
points P1, P2, P3, P4, P5, P6, P7, P8 and P9 is almost circular [refer Fig. 3]. But in 
case of double-crank inversions having (a-b)/(c-d) ratios as 0.4, 0.5 and 0.6, the path 
traced by the coupler points is not circular. In fact, the point P1 follows a path which 
is nearly circular and other coupler points P2, P3, P4, P5, P6, P7, P8 and P9 are not 
tracing an exact circular path. The path traced by coupler points on double-crank 
inversion of (a-b)/(c-d) ratios 0.6 can be more clearly seen in Fig. 2b. For the sake 
of clear understanding of the path traced by coupler points, path traced by points P1 

and P3 is only shown in Fig. 3. 

3.2 Velocity Analysis of Coupler Points 

In this section, velocity analysis of coupler points P1, P2, P3, P4, P5, P6, P7, P8 

and P9 of coupler AB is presented. The velocity analysis is carried out with relative 
velocity method [13]. Instantaneous angular velocity of coupler points P1, P2, P3, P4, 
P5, P6, P7, P8 and P9 is represented by ωa, ω1, ω2, ω3, ω4, ω5, ω6, ω7, ω8, ω9 and ωb, 
respectively. For each (a-b)/(c-d) ratios, viz. 0.1, 0.2, 0.3, 0.4, 0.5 and 0.6, the values 
of instantaneous angular velocities are calculated at 12 different angular positions 
of input crank O1A [13]. The computed values of instantaneous angular velocities 
are represented graphically in Fig. 4. The percentage angular velocity variations for 
(a-b)/(c-d) ratios 0.1, 0.2, 0.3, 0.4, 0.5 and 0.6 are given in Table 2.
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(a). (a-b)/(c-d) ratio 0.1 (b).  (a-b)/(c-d) ratio 0.2 

(c).  (a-b)/(c-d) ratio 0.3 (d). (a-b)/(c-d) ratio 0.4 

(e). (a-b)/(c-d) ratio 0.5 (f). (a-b)/(c-d) ratio 0.6 

Fig. 3 Schematic views showing path generated by coupler points P1 and P3
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(a). (a-b)/(c-d) ratio 0.1 (b). (a-b)/(c-d) ratio 0.2 

(c). (a-b)/(c-d) ratio 0.3 (d). (a-b)/(c-d) ratio 0.4 

(e). (a-b)/(c-d) ratio 0.5 (f). (a-b)/(c-d) ratio 0.6 

Fig. 4 Graphical representation of instantaneous velocity variation of coupler points
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Table 2 Maximum percentage variation in angular velocity 

Ratio ωa ω1 ω2 ω3 ω4 ω5 ω6 ω7 ω8 ω9 ωb 

0.1 0.00 1.34 2.70 4.16 5.68 7.13 8.45 9.60 10.55 11.46 12.50 

0.2 0.00 4.5 9.3 14.1 19.1 25.28 31.28 36.89 41.92 46.3 50.0 

0.3 0.0 8.7 19.7 32.1 45.2 58.3 70.7 82.0 92.1 100.6 107.8 

0.4 0.0 14.1 31.4 50.0 69.1 87.7 105.2 121.0 134.9 146.7 156.4 

0.5 0.0 19.7 42.3 66.2 90.3 113.4 135.0 154.4 171.4 185.9 197.7 

0.6 0.0 24.7 52.1 80.5 108.6 135.4 160.2 182.6 202.1 218.6 232.1 

4 Formulation of Generalized Generated Data-Based 
Mathematical Models 

4.1 Formulation of Mathematical Models for Angular 
Velocity 

In this section, an approach toward forming an exponential type of mathematical 
models using mathematical modeling technique is discussed. Using this technique, 
the output angular velocity can be expressed in terms of independent variables such 
as input link angular velocity, angular displacement of input link and ratios of link 
lengths [14, 15]. Let us consider the variables output link angular velocity, input link 
angular velocity, angular displacement of input link, link lengths of link O2B, link 
O1O2, link O1A and link AB be represented by ω0, ωi, θ, l1, l2, l3 and l4, respectively. 
Now, output angular velocity can be written as: 

ωo = f [θ,  l1, l2, l3, l4, ωi ] (1) 

Rearranging the terms in Eq. (1) to get dimensionless forms on both sides, one 
gets 

ωo 

ωi 
= k.θ a .

(
l2 

l1

)b 

.

(
l3 

l1

)c 

.

(
l4 

l1

)d 

(2) 

Again, Eq. (2) can be written as 

πd = k.π a 1 .π b 2 .π c 3 .π d 4 (3) 

where π d = ωo/ωi, π 1 = θ, π 2 = l2/l1, π 3 = l3/l1, π 4 = l4/l1. 
Using the values generated from kinematic analysis of the coupler points P1, P2, 

P3, P4, P5, P6, P7, P8 and P9 of coupler AB, the values of the indices k, a, b, c and d 
are estimated (Tables 3, 4, 5, 6, 7 and 8).
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Table 3 Values of indices of model for (a-b)/(c-d) ratio 0.1 

P1 P2 P3 P4 P5 P6 P7 P8 P9 B 

k 0.894 1.012 0.934 1.094 1.113 1.039 1.190 0.910 1.028 0.980 

a −0.009 −0.018 −0.026 −0.031 −0.035 −0.038 −0.039 −0.038 −0.036 −0.033 

b 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 

c −0.567 −0.264 0.647 −1.288 0.375 1.378 −1.636 0.617 −1.623 0.788 

d −0.269 0.119 −0.698 0.880 0.156 −0.636 1.391 −0.870 0.743 −0.601 

Table 4 Values of indices of model for(a-b)/(c-d) ratio  0.2  

P1 P2 P3 P4 P5 P6 P7 P8 P9 B 

k 1.089 1.004 0.825 1.142 0.802 1.252 0.969 1.336 0.862 1.003 

a −0.027 −0.051 −0.071 −0.086 −0.096 −0.101 −0.101 −0.097 −0.089 −0.080 

b 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 

c −1.360 −1.033 −0.097 −0.646 −0.632 1.234 0.468 1.278 −0.683 0.248 

d 0.934 0.344 −1.035 0.642 −0.973 0.134 −0.644 0.425 −0.589 -0.323 

Table 5 Values of indices of model for (a-b)/(c-d) ratio 0.3 

P1 P2 P3 P4 P5 P6 P7 P8 P9 B 

k 1.150 0.995 0.736 0.877 1.119 0.831 0.766 1.069 1.078 1.182 

a −0.036 −0.066 −0.090 −0.108 −0.119 −0.124 −0.123 −0.116 −0.105 −0.089 

b 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 

c 0.065 0.821 −1.086 0.046 −0.029 0.453 −0.641 −1.363 −1.723 0.443 

d 0.519 −0.540 −1.029 −0.792 0.336 −1.205 −1.028 0.844 1.089 0.527 

Table 6 Values of indices of model for (a-b)/(c-d) ratio 0.4 

P1 P2 P3 P4 P5 P6 P7 P8 P9 B 

k 0.845 1.054 1.198 1.200 1.001 0.932 1.031 1.003 1.087 0.847 

a −0.039 −0.062 −0.084 −0.101 −0.112 −0.117 −0.116 −0.108 −0.095 −0.076 

b 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 

c −0.624 1.483 −0.235 −0.954 0.525 1.602 −1.358 0.933 0.610 1.759 

d −0.495 −0.524 0.858 1.222 −0.262 −1.050 0.847 −0.300 0.272 −1.329 

Table 7 Values of indices of model for (a-b)/(c-d) ratio 0.5 

P1 P2 P3 P4 P5 P6 P7 P8 P9 B 

k 1.314 0.786 1.190 0.993 1.266 0.741 1.228 0.801 0.852 0.830 

a −0.028 −0.053 −0.073 −0.088 −0.098 −0.103 −0.102 −0.095 −0.081 −0.060 

b 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 

c 0.726 −0.567 1.109 −0.275 0.991 −1.139 1.071 −0.351 1.520 0.635 

d 0.879 −0.802 0.291 0.170 0.713 −0.623 0.667 −0.500 −1.036 −0.657
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Table 8 Values of indices of model for (a-b)/(c-d) ratio 0.6 

P1 P2 P3 P4 P5 P6 P7 P8 P9 B 

k 0.790 1.069 1.270 0.950 0.899 0.820 1.181 0.826 0.957 0.725 

a −0.022 −0.043 −0.061 −0.075 −0.084 −0.089 −0.089 −0.082 −0.067 −0.044 

b 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 0.000 

c 0.198 0.623 1.238 −0.516 −1.275 0.519 1.058 0.744 0.240 0.196 

d −1.124 0.070 0.598 0.186 0.364 −0.819 0.629 −0.719 0.266 −0.864 

4.2 Formulation of Mathematical Models for Angular 
Acceleration, Jerk and Pop 

Using Eq. (2), expressions for angular velocity, angular acceleration, jerk and pop 
can be formed. Rearranging Eq. (2), we get an expression for output angular velocity, 

ωo = k × θ a ×
(
l2 

l1

)b 

×
(
l3 

l1

)c 

×
(
l4 

l1

)d 

× ωi (4) 

Differentiating Eq. (4) subsequently, with respect to time, expressions for angular 
acceleration, jerk and pop can be derived as under: 

dωo 

dt 
=

(
k ×

(
l2 

l1

)b 

×
(
l3 

l1

)c 

×
(
l4 

l1

)d 

× ωi

)
d(θ a) 
dt 

(5) 

α = dωo 

dt 
=

(
k ×

(
l2 

l1

)b 

×
(
l3 

l1

)c 

×
(
l4 

l1

)d 

× ωi

)
a.θ a−1 ωi (6) 

jerk( j ) = d
2 ωo 

dt2 
=

(
k ×

(
l2 

l1

)b 

×
(
l3 

l1

)c 

×
(
l4 

l1

)d 

× ωi

)
a.(a − 1).θ a−2 α (7) 

pop = d
3 ωo 

dt3 
=

(
k ×

(
l2 

l1

)b 

×
(
l3 

l1

)c 

×
(
l4 

l1

)d 

× ωi

)
a.(a − 1).(a − 2).θ a−3 j 

(8) 

Equations (6), (7) and (8) are the equations of angular acceleration, jerk and pop, 
respectively.
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5 Conclusion 

In the present paper, an attempt is made to study kinematic properties of 6 double-
crank inversions of a class I four-bar crank with (a-b)/(c-d) ratio in the range of 0.1 
to 0.6. The dimensions of link lengths are selected in such a manner that will result 
in (a-b)/(c-d) ratios as 0.1, 0.2, 0.3, 0.4, 0.5 and 0.6. 

For each of these inversions, 9 points are chosen on the coupler AB. It is observed 
that coupler points for (a-b)/(c-d) ratios 0.1, 0.2 and 0.3 on the coupler AB of a 
double-crank inversion describe very closely a complete circular path. But for (a-
b)/(c-d) ratios 0.4, 0.5 and 0.6, coupler points except for point P1 do not seem to 
trace a complete circular path. 

The velocity analysis of coupler points shows that percentage variation in angular 
velocity increases from point P1 to point P9. The least percentage variation in angular 
velocity is observed in case of double-crank inversion of ratio 0.1. This mechanism 
is showing a percentage variation in the range of 1.34–12.5%. 

The circular motion of some appropriately selected points on the coupler can 
be tapped out using links arrangement, and this will precipitate into a gear box 
arrangement [13]. For double-crank inversion of (a-b)/(c-d) ratios 0.1, 0.2, 0.3, 0.4, 
0.5 and 0.6, there will be 10 coupler points through which we can tap out the circular 
motion and one can have 10 output shafts for each ratio and average angular velocity 
for each output shaft will be different. 

Based on the concept of GENERALIZED GENERATED DATA-BASED 
MODEL, mathematical models for angular velocity of each coupler point have been 
formulated [14, 15]. With the help of these mathematical models, expressions for 
kinematic properties, i.e., angular velocity, angular acceleration, jerk and pop, have 
been derived. These kinematic properties are the functions of input angular velocity, 
angular displacement of input link and ratios of link length. Hence, kinematic prop-
erties related to different types of double-crank configurations can be predicted by 
substituting the link lengths in the mathematical models. 
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Effect of Balanced Sliding Velocity 
and Slide-to-Roll Ratio on Surface Wear 
in Symmetric Profile Modified High 
Contact Ratio Spur Gears 

R. Prabhu Sekar , R. Ravivarman , and Gadi Anil 

Abstract Surface damage in gear pairs is primarily due to the influence of sliding 
surface wear. This paper explores the effect of sliding velocity and slide-to-roll ratio 
factors on surface wear in symmetric high contact ratio spur gears (contact ratio > 2) 
with geometric changes induced by profile corrections. In this work, the sum of profile 
correction factor is maintained constant at 0.2 by distributing the profile shift (x1) of  
the pinion from −0.3 to 0.6. The optimal value of x1 is obtained by balancing the 
sliding velocity and slide-to-roll ratio at the beginning and end of the contact path. 
Based on the generalized Archard’s wear equation, the respective sliding wear is 
obtained for the optimal balanced point. The simple formulation of the model allows 
in obtaining the required profile modification to ensure a pre-established function of 
minimizing surface wear. The influence of balanced sliding velocity and slide-to-roll 
ratio on tooth wear is studied and compared. The input for the problem is attained 
from the 2D elastic model using ANSYS. From this analysis, the surface wear for 
minimum peak-to-peak in both the face and flank regions has been obtained. The 
study concludes that modification of profile shift coefficients will provide the gear 
designers the flexibility to optimize surface wear and its respective efficiency. 

Keywords Profile shift coefficient · High contact ratio · Slide-to-roll ratio ·
Sliding velocity · Surface wear 

1 Introduction 

Gears are the frequently used transmission component in the mechanical machines. 
Gears have wide uses going from modest to complex machinery due to their firm-
ness, consistency, peak transmission efficiency and competence to sustain. The spur
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gear system is the most commonly used gears having an involute profile which needs 
simple design and ease to manufacture [1]. The gear ratio obtained in spur gear is 
constant and has an operating efficiency around 98%. Computation of the gears func-
tioning features [2] like deflection, stress and rigidity requires accurate information 
of the force sustained by each tooth in the gear drive at the contact period. In normal 
contact ratio gearing system the load taken into a single tooth is seems to be high to 
overcome this addendum modified [3, 4] high contact ratio gear drive is deployed [5, 
6]. In the early findings, numerous investigators have foretold the gear wear [7] using  
analytical and numerical tools [8] in spur gears. Many investigators including the 
authors [9–11] have justified the importance of high contact ratio gears and profile 
modifications. The estimation of wear for a profile modified high contact ratio spur 
gears is not carried out yet. Given that the main aim of this work was to estimate 
impending effects of the sliding velocity and slide–roll ratio on the impact of wear 
depth in the high contact ratio gear drive. 

2 Numerical Finite Element Model 

A 2D model of the HCR gear drive (Table 1 and Fig. 1) is generated using the 
FE software ANSYS. Plane strain condition is considered and only five teeth are 
modelled for analysis to minimize the computational time. The model is meshed 
using eight nodes and two degrees of freedom with 2D-PLANE 82 plane strain 
quadrilateral element. The five-teeth full-rim model is constrained completely along 
the rim of the gear. The point of application of the load and its respective deflections 
is obtained for the gear and pinion. From the obtained deflections, the corresponding 
tooth stiffness and its equivalent stiffness are calculated. The individual load-share 
ratio (LSR) is obtained along the contact path, respectively. 

Table 1 Basic dimensions 
for gearing system 

Description Values 

Number of teeth of pinion (zp) 50 

Number of teeth of gear (zg) 100 

Pressure angle (αo) Degree 20° 

Gear ratio (i) 2 

Addendum height (ha) mm 1.25 m 

Material elastic modulus (E) GPa 210 

Module (m) mm 1 

Load (FN ) N 10 

Sum of profile correction factor (x) 0.2
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Fig. 1 Five-teeth full-rim 
FEA model 

3 Wear Simulation Model 

In this work, Anderson and Erikson [12] suggested single point equation which is 
used for computing the wear depth (h) along the contact points, 

hi,n = hi,(n−1) + Jw(σH )i2ai

((
vp

)
i −

(
vg

)
i(

vp
)
i

)
(1) 

where Jw wear coefficient 5 × 10–16 m2/N [7], the contact pressure (σ H )i, the half 
contact width (ai) and the sliding distances are estimated for the detected contact 
points. 

In the equation prescribed above, the sliding velocity (s) plays an influencing role 
in determining the wear depth along the tooth profile. Here, the sliding velocity and 
the slide-to-roll ratio parameters are balanced between the gear and pinion at the 
beginning and end of the contact and its respective wears are estimated. 

(vs)i =
II(vp

)
i 
− (

vg
)
i

II (2) 

(ve)i = 1 
2

II(vp
)
i 
+ (

vg
)
i

II (3) 

The slide–roll ratio (SR) is defined at this point as
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(SR)i = (vs)i 
(ve)i 

(4) 

where 

SR—Slide-to-roll ratio 

vs—Sliding velocity 

ve—Entraining velocity. 
The peripheral velocity and radius of curvature at any instant point [7] are  given  

as

(
vp

)
i 
= ωp

(
Rp

)
i

(5)

(
vg

)
i = ωg

(
Rg

)
i (6)

(
Rp

)
i = rop sin α0 − Xi (7)

(
Rg

)
i = rog sin α0 + Xi (8) 

In Fig. 2, the typical contact points are shown as follows, 

A. Lowest point of tooth contact (LPTC) 
B. First lowest point of double tooth contact (FLPDTC) 
C. First highest point of double tooth contact (FHPDTC) 
D. Second lowest point of double tooth contact (SLPDTC) 
E. Second highest point of double tooth contact (SHPDTC) 
F. Highest point of tooth contact (HPTC). 

Fig. 2 Typical contact positions for the HCR spur gear drive
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3.1 Balancing of Sliding Velocity at the Beginning and End 
of the Contact 

The length of approach (LOA-AP) is to be equalized with the length of recess (LOR-
PF) for balancing the sliding velocity. Hence, for balancing the sliding velocity, the 
equations are given as: 

/
r2 awg − r2 bg − rwg sin αw =

/
r2 awp − r2 bp − rwp sin αw (9) 

3.2 Balancing of Slide-to-Roll Ratio at the Beginning 
and End of the Contact 

The balancing of slide-to-roll ratio is carried out at the beginning and end of the 
contact which is specified by the equation given below: 

i2 =
(
T1T2 − T1 F 

T1 F

)(
T1T2 − T1 A 

T1 A

)
(10) 

where 

T1T2 =
(
rwp + rwg

)
sin αw (11) 

T1 F =
/
r2 awp − r2 bp (12) 

T1 A = T1T2 −
/
r2 awg − r2 bg (13) 

where rb—base circle, rw—working circle and raw—addendum circle radius of the 
pinion and gear. 

4 Discussions 

This work analyses the gear ratio (i) versus profile correction factor of the drive for 
different values of the x1 as shown in Table 2, but the sum of addendum modification 
coefficient in the drive is maintained at x1 + x2 = 0.2. The gearing system considered 
for study was made up by a pinion of 50 teeth and a gear of 100 teeth in order to have 
the gear ratio (i) equal to 2 for the first case as shown in Fig. 3 and the remaining 
parameters of these gears are shown in Table 1. In the plot shown above, the values
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Table 2 Balanced sliding velocity for S gearing under transmission ratio variation 

Gear ratio 
(i) 

2 3 4 

x1 LOA (AP) LOR (PF) x1 LOA (AP) LOR 
(PF) 

x1 LOA (AP) LOR (PF) 

−0.3 4.00 2.63 −0.3 4.14 2.57 −0.3 2.59 3.88 

−0.2 3.75 2.87 −0.2 3.88 2.81 −0.2 2.87 3.67 

−0.1 3.49 3.10 −0.1 3.62 3.04 −0.1 3.14 3.45 

−0.018 3.29 3.29 0 3.35 3.26 0 3.42 3.22 

0 3.24 3.33 0.02 3.30 3.30 0.039 3.31 3.31 

0.1 2.98 3.55 0.1 3.09 3.49 0.1 3.14 3.45 

0.2 2.73 3.77 0.2 2.82 3.71 0.2 2.87 3.67 

0.3 2.46 3.99 0.3 2.54 3.93 0.3 2.59 3.88 

0.4 2.19 4.20 0.4 2.27 4.14 0.4 2.31 4.10 

0.5 1.92 4.42 0.5 1.99 4.35 0.5 2.03 4.31 

0.6 1.65 4.62 0.6 1.71 4.56 0.6 1.75 4.52 
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Fig. 3 Influence of profile correction factor on gear ratio (i)

of profile correction factor (x1) for the balanced sliding velocity and balanced slide-
to-roll ratio are evaluated and plotted against the increasing gear ratio (i). It can be 
noticed that the value of profile correction (x1) for the drive tend to increase for 
higher gear ratio (i) which is due to the increase in the root size of the tooth which 
provide resistance to the material removal in terms of balancing the sliding velocity 
(Table 2) and slide-to-roll ratio. 
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The wear along the face and flank region of the gear drive is predicted based on 
Eq. (1). The plot shows the contact points and the wear depth along the involute 
profile region. From Fig. 4, it can be noticed that the wear along the tooth profile is 
high for the balanced sliding velocity compared to the slide-to-roll ratio, and also the 
variation in the maximum wear along the face and the flank regions seems to be low 
for a balanced slide-to-roll ratio compared to a balanced sliding velocity case. This 
is primarily influenced by the shift in the sliding distance towards the pitch circle 
more for a slide-to-roll ratio case compared to the one for the sliding velocity. The 
maximum wear depth (h)max is computed for the increasing value of gear ratio (i) 
and represented in Fig. 5. The  (h)max keeps on declining for the increasing i value 
which is mainly due to the reduced sliding distances for the balanced slide-to-roll 
ratio when compared with the sliding velocity.
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5 Conclusions 

This study investigated the development of material loss along the face and flank 
regions of the gear tooth, with detailed focus on the impact of sliding velocity and 
slide–roll ratio (SR). The key conclusions can be summarized as follows:

● To reduce the maximum wear depth, it is suggested to vary the sum of addendum 
modification coefficient.

● The increase of the gear ratio needs an increase of the addendum modification 
coefficient of the pinion, in order to reach the balanced sliding velocity and slide-
to-roll ratio.

● Balancing of slide-to-roll ratio provides more resistance to the tooth compared to 
the balancing of sliding velocity.
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Design of a Novel Mechanism 
for Actuation of a Bistable Buckled Beam 

Saurav Kumar Dutta, B. Sandeep Reddy, and Santosha Kumar Dwivedy 

Abstract The paper presents the design of a novel Scotch Yoke cum beam engine 
inspired mechanism to alternately actuate a bistable buckled beam between its two 
stable equilibrium states. The bistable buckled beam is used in a gripper of a pipe 
climbing robot with an inchworm motion. In the proposed mechanism, a beam engine 
is modified by replacing its crank with the crank of a Scotch Yoke and by putting 
additional links. The proposed mechanism gives a completely constrained one degree 
of freedom motion which can be driven by a single DC motor. The conceptual designs 
and models of the gripper and the pipe climbing robot are presented. The working 
of the proposed mechanism is checked and verified in Solidworks 2019. 

Keywords Scotch Yoke · Beam engine · Pipe climbing robot · Pole climbing 
robot · Inchworm motion · Bistable compliant mechanism 

1 Introduction 

Bistable buckled beam is a type of bistable compliant mechanism. Complaint mech-
anisms are mechanisms which have flexible bars and flexible joints. These mecha-
nisms are generally one-piece mechanisms and transfer energy through deformation 
and motion [1, 2]. A bistable compliant mechanism is one which has two stable 
equilibrium states in its range of motion [3, 4]. Generally, bistable compliant mech-
anisms are of two types. One is the bistable buckled beam [5, 6], and the other is 
bistable curved beam [7, 8]. A bistable buckled beam is realized by pre-buckling 
a straight column and then putting transverse loads on the buckled column so as 
to toggle it between the two stable equilibrium states. A bistable curved beam is 
one in which the beam is fabricated as the fundamental mode shape of the straight 
column buckling problem. Bistable compliant mechanisms are generally used in 
MEMS as micro-actuators, switches, micro-relays, micro-grippers and micro-valves 
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[6–9]. They are also used for micromechanical non-volatile memory [10, 11], for 
morphing and aerospace applications [12–14], for energy harvesting [15–17] and 
in many consumer products [18]. The bistable compliant mechanisms are actuated 
between their two stable equilibrium states using shape memory alloys [14, 19–21], 
dielectric elastomer actuators [22], through pneumatic means [23, 24], piezoelectric 
actuators [25–27] and electro-thermal actuators [28, 29]. There are some bistable 
compliant mechanisms which are driven by the force of the user, like in the gripper 
of Balakuntala et al. [30]. The gripper has four arms which are attached on the bot-
tom of a bistable shell. A switching mechanism, driven by the user opens the gripper. 
As the gripper makes contact with the object to be grasped, the gripper closes and 
comes back to its previous equilibrium state. Further, Sarojini et al. [31] developed 
a compliant sit-to-stand easy-chair. The proposed bistable mechanism is a two-port 
bistable mechanism. Port 1 force, used to switch the seat from one stable equilibrium 
state to the other stable equilibrium state, is obtained from the weight of the person, 
and port 2 force, used to move the seat back to the first stable equilibrium state, is 
applied using a lever attached to the armrests. 

The last paragraph discusses the different applications of bistable compliant mech-
anisms and the different ways of actuating them. The actuation depends on the type 
of bistable compliant mechanism and its intended application. Hence, this paper pro-
poses a Scotch Yoke cum beam engine inspired mechanism to alternately actuate a 
bistable buckled beam, which is used in a gripper for pipe or pole climbing appli-
cations. The paper has five sections. Section 2 introduces the model of the gripper 
for pipe or pole climbing. Section 3 presents the design of the proposed mechanism. 
Section 4 discusses the model of a pipe climbing robot along with the gripper and its 
actuating mechanism, and Sect. 5 concludes the paper. 

2 Model of the Gripper 

Figure 1 shows the three-dimensional (3D) computer aided design (CAD) model of 
the gripper. The gripper has been modelled in Solidworks 2019 by assuming that the 
gripper grips a pipe of 105–115 mm diameter. The gripper can grip pipes of other 
diameters also, but then, the gap between the plates clamping the beam and the plate 
for affixing the rubber pad has to be changed accordingly, as is evident from Fig. 1. 
This gap can be changed with the help of four nuts in each bolt. The beam shown in 
Fig. 1 is in unstressed state. It is stressed longitudinally only once in the beginning 
till it buckles. During this process, the nuts on one side of the beam are loosened and 
the beam can be stressed manually. Once the beam buckles, the loosened nuts are 
tightened and the beam remains in buckled state. Figure 2 shows the trimetric view 
of the gripper in ungripped and gripped positions. The bistable buckled beam can 
now be toggled between its two stable equilibrium states or between the gripped and 
ungripped positions by putting a transverse load on it. The next section discusses 
about a mechanical drive system which automates the toggling of the bistable buckled 
beam between its two stable equilibrium states.
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Fig. 1 Trimetric view of the 3D CAD model of the gripper 

Fig. 2 Trimetric view of the gripper with pipe in a ungripped and b gripped positions 

3 Design of the Actuating Mechanism 

The toggling of the two stable equilibrium states of the bistable buckled beam can be 
automated by using two DC motors. The positions of actuation of the bistable buckled 
beam are shown in Fig. 3. In Fig.  3, point A corresponds to the central actuation of 
the bistable buckled beam and point B corresponds to the offset actuation of the 
bistable buckled beam. The actuator in point A takes the bistable buckled beam from 
its ungripped position to the gripped position, and the actuator in point B takes the
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Fig. 3 Front view of the gripper with the actuation points 

bistable buckled beam from its gripped position to the ungripped position. Two DC 
motors with translatory mechanisms could be placed in points A and B. However, to 
keep the gripper compact and the overall weight of the robot low, it is decided to use 
one motor for each gripper. Hence, a mechanism is designed by which the bistable 
buckled beam could be actuated alternately (point A for taking the buckled beam 
from ungripped to gripped position and point B for taking the buckled beam from 
gripped to ungripped position), by using a single DC motor. 

The mechanism is modelled in Solidworks 2019, which ensures the alternate 
actuation of the bistable buckled beam using a single DC motor. The working of the 
proposed mechanism is checked using “animation, basic motion and motion analysis” 
options in Solidworks 2019. The proposed mechanism has completely constrained 
one degree freedom of motion. The mechanism shown in Fig. 4 has been modelled 
by combining the Scotch Yoke mechanism and a beam engine inspired mechanism. 
Scotch Yoke mechanism is one of the inversions of double slider crank chain [32], 
and beam engine is one of the inversions of four bar chain [33]. The proposed Scotch 
Yoke cum beam engine inspired mechanism involves only one DC motor and actuates 
the two positions (A and B) of the bistable buckled beam alternately. This is also 
evident from the plots of Fig. 5. From Fig.  5, it can be observed that the sliders of both 
the Scotch Yoke and the beam engine inspired mechanism operate alternately. The 
slider of the beam engine inspired mechanism actuates the point A, and the slider 
of the Scotch Yoke mechanism actuates the point B in the buckled beam through 
the lever, as can be seen in Fig. 4. Figures 5, 6 and 7 show the displacement versus 
time, velocity versus time and acceleration versus time plots, respectively, of the 
sliders of Scotch Yoke cum beam engine inspired mechanism. These plots have 
been obtained through motion analysis option in Solidworks. The dimensions of the 
proposed mechanism can be found in Fig. 8. The distance between the crank centre 
and the pin is 7 mm.
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Fig. 4 a Front view, b top view, c isometric view and d a different view, e close up view of the 
gripper with the Scotch Yoke cum beam engine inspired actuating mechanism
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Fig. 5 Displacement versus time plots of the slider of a Scotch Yoke mechanism and b beam 
engine inspired mechanism 

Fig. 6 Velocity versus time plots of the slider of a Scotch Yoke mechanism and b beam engine 
inspired mechanism 

Fig. 7 Acceleration versus time plots of the slider of a Scotch Yoke mechanism and b beam engine 
inspired mechanism 

4 Model of the Pipe Climbing Robot 

The gripper along with the proposed mechanism can be used in a pipe climbing robot 
with inchworm motion to automatically grip and ungrip pipes. Pipe climbing robots 
with inchworm motion can also be called as grasp-push-grasp motion [34] or clamp  
and push motion [35] or step-by-step motion [36]. The locomotion of a pipe climbing 
robot with inchworm locomotion is shown in Fig. 9. 

The robot in Fig. 9 has two grippers, A and B. After assembling the robot around 
the pipe, the grippers A and B are in the clamped position at points 2 and 1, respec-
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Fig. 8 a 2D schematic and b kinematic diagram of the proposed Scotch Yoke cum beam engine 
inspired mechanism 

Fig. 9 Locomotion of an inchworm-type pipe climbing robot 

tively. Gripper B is freed first, and then, a translational mechanism pulls it towards 
gripper A, up to point 3. Then, the gripper B is clamped at point 3 and gripper A 
is freed. The translational mechanism pushes gripper A away from gripper B up to 
point 4. Then, the gripper A is clamped at point 4 and the gripper B is again freed 
and pulled by the translational mechanism towards gripper A. This process repeats 
itself, thus resulting in climbing motion. The translational motion can be realized by 
an extensor contractor pneumatic artificial muscle, as shown in Fig. 10a or by using  
a stepper motor-driven lead screw, as shown in Fig. 10b. Information on pneumatic 
artificial muscle and extensor contractor pneumatic artificial muscle can be found in 
Refs. [37, 38], respectively.
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Fig. 10 Trimetric view of the 3D CAD model of the pipe climbing robot with a extensor contractor 
pneumatic artificial muscle and b stepper motor-driven lead screw 

5 Conclusion 

The paper proposes and designs a novel Scotch Yoke cum beam engine inspired 
mechanism for alternate actuation of a bistable buckled beam, used in a gripper for 
pipe climbing. The mechanism has been modelled and designed in Solidworks. After 
analysing the motion of the alternate actuation mechanism, the gripper is shown to be 
used in a pipe climbing robot by using either extensor contractor pneumatic artificial 
muscle or stepper motor-driven lead screw. Future work would be to carry out the 
kinetic analysis of the mechanism and to develop the pipe climbing robot. 
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Modelling and Simulation of Car 
Suspension with Linear and Nonlinear 
Spring 

Deepak Nigwal , Dinesh Kumar Pasi , and Manoj Chouksey 

Abstract In this paper, a new approach is defined to change the linear stiffness of 
the spring element in the passive suspension system, instead of redefining the entire 
arrangement altogether. The linear cylindrical spring is replaced by a Nonlinear 
Conical spring, whose stiffness varies depending on the load-induced; and thus 
conical spring designs are studied and developed to fit in the application. The prop-
erties of this nonlinear spring are then imported into the car model using Combin39 
Nonlinear Element in ANSYS, to check its response on vehicle dynamics such as 
bounce, roll, and pitch, under the road excitation of the speed bump, as compared to 
the linear rate spring working on the same range of vehicle loads. The car models 
are developed in ANSYS Workbench and MATLAB Simulink to compare with 
the analytical solution using the State-Space Model, for further validation. The 
results of Modal and Transient analysis showed some significant reduction in natural 
frequencies and amplitudes of sprung mass motions; thus concluding that conical 
springs do work and perform the best of both worlds, and fill the gap between 
passenger comfort and vehicle handling characteristics; without modifying the entire 
suspension arrangement. 

Keywords Combin39 element · Modal analysis · Nonlinear conical spring ·
Transient analysis 

1 Introduction 

A good suspension system’s job is to support the weight of the vehicle, provide 
a smooth and high level of ride quality to the vehicle, protect the structure of the 
vehicle from stresses by isolating from road surface irregularities, allow for rapid 
cornering and reduce body roll, keep the tires firmly in contact with the ground, 
reduce body squat and prevent body dive, allow the front wheels of the vehicle 
to steer and always maintain the correct alignment of the wheels. In recent years
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authors have investigated more upon the human response subjected to the vibration 
excitation. Griffin, Michael et al. [1] investigated and concluded the range from 3 to 
7 Hz to be the human body’s fundamental natural frequency. Gillespie [2] described 
the stiffness ratio for the car suspension and suggested the ranges for stiffest and 
softest suspensions. The author said that a soft suspension isolates the ride, as for 
lower natural frequencies, the sprung mass acceleration is minimum; at 1 Hz natural 
frequency. Mitra et al., also studied the dynamic behavior but under the standard 
highway and city road profiles (top half sin wave) [3], and found the speed range of 
5–10 kmph to be optimum to move over the bump without influencing the human 
tolerance of 0.315 m/s2 to 0.625 m/s2 as per ISO standard [4]. 

Modern studies have shifted toward full car models, as they allow the researchers 
to explore further into the vehicle dynamics. Jain [5] introduced a cabin to improve 
the ride comfort of the commercial vehicle using the ADAMS and reduced the natural 
frequencies to 1.8 to 2.2 Hz. Following this, Sharma et al., integrated the primary 
and cabin suspension, using a 7 and 11DOF car model with a 3DOF cabin on top 
[6]; suggesting improved vehicle performance and reduced cabin accelerations, thus 
improving ride comfort. In a similar study, Sharma et al. [7] gave the novel idea and 
determined the natural frequencies, mode shapes, and bode plots to better understand 
the effects of vibrations on the human body and comfort. The author thus suggested 
the use of a cabin for driver comfort. 

Since passive suspensions were the most basic and least customizable, they are 
rather a compromise between passenger comfort and vehicle handling; giving rise 
to the controlled suspensions. This did solve major problems regarding acceleration 
and displacements of the body, but they were expensive for a daily driving passenger 
car. Some authors tried to find a different approach to make the ride dynamics more 
effective, leading to nontraditional methods; Mohite et al., developed a model having 
nonlinear spring and damper configuration for a quarter car [8]; and showed a signif-
icant decrease in the sprung mass motions. Shelke et al., defined a nonlinear variable 
stiffness spring and tire, by dividing its stiffness into two and three parts, respec-
tively, i.e., linear, and nonlinear square and cubic stiffness [9]. Spring properties of 
linear and nonlinear spring properties were extracted experimentally using UTM and 
then fed into the models developed using MATLAB/Simulink and State-Space, and 
suggested the use of nonlinear spring to reduce the RMS acceleration for improved 
ride comfort. 

Anubi et al. [10], also proposed a new design prototype of a passive suspension 
system incorporating the variable stiffness using the mechanical arrangement itself, 
consisting of simple horizontal and vertical struts mounted on a double-wishbone 
setup; where the vertical strut act as the primary suspension member and attached 
to a horizontal sliding mass connected to the horizontal strut (acting as a preloaded 
passive member). The design changed the stiffness of the system naturally with the 
loads and thus eliminating the need for any external control mechanism. 

In the current study, a similar approach is investigated for varying the stiffness 
of the compression spring by considering a conical spring while replacing the linear 
rate spring, to achieve human comfort and ride quality. For this, the linear springs in 
the ANSYS model are converted using the Combin39 spring element. The models
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are simulated under the excitation of a speed bump and sprung mass motions are 
evaluated. 

2 Mathematical, State-Space and ANSYS Models 

Figure 1 shows the free body diagram of the sprung and unsprung mass; Fig. 2, shows  
the linear mathematical dynamics simulation model of the full car being studied 
and developed in this work. MusFL, MusFR, MusRL, and MusRR denotes the cubical

Fig. 1 Free body diagram of sprung and unsprung mass 

Fig. 2 7DOF Full Car Mathematical Model
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shape unsprung masses of the car (MusFL is the mass associated with the front left-
hand side of the car), while the sprung mass having a large thin cuboidal shape is 
defined by Ms. ZusFL, ZusFR, ZusRL, and ZusRR denote the unsprung masses’ vertical 
displacement, while Zs denotes the vertical displacement of the sprung mass. 8 and 
f denote the degree of freedom corresponding to pitching and rolling, respectively. 
K sFL, K sFR, K sRL, and K sRR, and CsFL, CsFR, CsRL, and CsRR define the Suspension 
System stiffness and damping variables on all wheels individually. K s-nFL, K s-nFR, 
K s-nRL, and K s-nRR defines the stiffness of all suspension springs having nonlinear 
characteristics. Similarly, K tFL, K tFL, K tRL, and K tRR (or K t), and CtFL, CtFR, CtRL, and 
CtRR (or Ct), are the rigidity and damping variables of all four tires of the car. a and b 
indicates distance of the front and back axle from the sprung mass’s center of gravity 
(CG); whereas c and d show distance from wheels to the center of gravity (CG). 
ZFL, ZFR, ZRL, and ZRR define the input road excitation induced upon each wheel 
respectively. Thus, the coordinates which describe the system are Zs, 8, f, ZusFL, 
ZusFR, ZusRL, and ZusRR. For the current model, the yaw motion, roll bar effects, tire 
models, and steering angle of wheels are not taken into account. F(s-c)FL, F(s-c)FR, 
F(s-c)RL, and F(s-c)RR; and F t(s-c)FL, F t(s-c)FR, F t(s-c)RL, and F t(s-c)RR, are the spring and 
damper forces corresponding to the suspension and tyres, respectively.

Equations of motion: Newton’s Law of motion is used to define the equations of 
motion for the suspension system of a full car, which is as follows: 

Vertical Vibration of Front Left Unsprung Mass: 

MusFL Z̈usFL − CsFL
(
Ż S − a θ̇ + c ϕ̇ − ŻusFL

)

− KsFL(ZS − aθ + cϕ − ZusFL) + Ct
(
ŻusFL − Ż F  L

)

+ Kt (ZusFL − ZF  L) = 0 (1)  

Similarly, equations of the rest of the unsprung masses can be defined to determine 
their motion, respectively. 

Vertical Vibration Motion of Sprung Mass: 

MS Z̈ S + CsFL
(
Ż S − a θ̇ + c ϕ̇ − ŻusFL

) + KsFL(ZS − aθ + cϕ − ZusFL) 
+ CsFR

(
Ż S − a θ̇ − d ϕ̇ − ŻusFR

) + KsFR(ZS − aθ − dϕ − ZusFR) 
+ CsRL

(
ŻS + b θ̇ + c ϕ̇ − ŻusRL

) + KsRL(ZS + bθ + cϕ − ZusRL) 
+ CsRR

(
ŻS + b θ̇ − d ϕ̇ − ŻusRR

) + KsRR(ZS + bθ − dϕ − ZusRR) = 0 (2)  

Rolling Motion of Sprung Mass: 

IYY  ϕ̈ + c
⎨
CsFL

(
Żs − a θ̇ + c ϕ̇ − ŻusFL

) + KsFL(ZS − aθ + cϕ − ZusFL)
⎨

− d
⎨
CsFR

(
Ż S − a θ̇ − d ϕ̇ − ŻusFR

) − KsFR(ZS − aθ + dϕ − ZusFR)
⎨

+ c
⎨
CsRL

(
Ż S + b θ̇ + c ϕ̇ − ŻusRL

) + KsRL(ZS + bθ + cϕ − ZusRL)
⎨
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− d
⎨
CsRR

(
Ż S + b θ̇ − d ϕ̇ − ŻusRR

) − KsRR(ZS + bθ − dϕ − ZusRR)
⎨ = 0 (3)  

Pitching Motion of Sprung Mass: 

IX X  θ̈ − a
⎨
CsFL

(
Ż S − a θ̇ + c ϕ̇ − ŻusFL

) − KsFL(ZS − aθ + cϕ − ZusFL)
⎨

− a
⎨
CsFR

(
Ż S − a θ̇ − d ϕ̇ − ŻusFR

) − KsFR(ZS − aθ + dϕ − ZusFR)
⎨

+ b
⎨
CsRL

(
Ż S + b θ̇ + c ϕ̇ − ŻusRL

) + KsRL(ZS + bθ + cϕ − ZusRL)
⎨

+ b
⎨
CsRR

(
Ż S + b θ̇ − d ϕ̇ − ŻusRR

) + KsRR(ZS + bθ − dϕ − ZusRR)
⎨ = 0 (4)  

2.1 State-Space Model 

The linear state-space model and its analytical solution are used to validate the 
models developed in other tools. The general form of continuous state-space Eq. can 
be written as: 

[ẋ] = [A][X ] + [B][U ] (5) 

[Y ] = [C][X ] + [D][U ] (6) 

where [ẋ] is the state of the system, x = dx  
dt  , [A] is the system matrix, [B] is the  

input matrix, [C] is the output matrix, and [D] is the direct transmission matrix, U is 
the input vector, and Y is the output vector. By following Eq. (1–7), the state, input, 
and output matrices are obtained and inserted in the general form (Eq. 8 and 9) to  
develop the state-space model. This model is then run in MATLAB program using 
parameters in Table 1, and further imported into Simulink environment to perform 
transient analysis. 

2.2 ANSYS Model 

ANSYS Workbench version 19.3 is used to create and analyze the 7 degrees of 
freedom full car model (developed by Sharma et al. [6]); consisting of 5 bodies, 
namely, a Sprung Mass and four Unsprung Masses, representing the body and 
wheel assembly masses of a car, respectively. The Sprung Mass geometry is slightly 
modified to account for the center of gravity, thus making it a front-biased body. 

Speed bump: Hasbullah et al. [11] used the cosine function to define a single circular 
speed, Thus, the following input disturbances for road excitation on both wheels are
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Table 1 Model parameters Sr. No Model parameter Value Unit 

1 Ms 1243.4 kg 

2 MusFL, MusFR, MusRL, MusRR 62.8 kg 

3 KsFL, KsFR 36.26 N/mm 

4 CsFL, CsFR 2.5 N-s/mm 

5 KsRL, KsRR 28.49 N/mm 

6 CsRL, CsRR 2.0 N-s/mm 

7 Ks-nFL, Ks-nFR 30.12 + N/mm 

8 Ks-nRL, Ks-nRR 25.02 + N/mm 

9 K tFL, K tFL, K tRL, K tRR (or K t) 200 N/mm 

10 CtFL, CtFR, CtRL, CtRR (or Ct) 0.5 N-s/mm 

11 a 1.21 m 

12 b 1.59 m 

13 c, d 0.8 m 

14 IXX 940.85 Kg-m2 

15 IYY 265.57 Kg-m2 

taken from the same, i.e., 

ZFR,FL(t) =
⎨
0.5Hbump(1 − cos(8π t)) t1 < t < t2 
0 otherwise 

(7) 

where Hbump is the height of speed bump, 100 mm and Length, L 1000 mm; t1 is 1 s. 
By comparing the natural frequencies of the nonlinear model with that of the linear, 

a significant difference is observed; the first three frequencies are up to 73.11% less 
and the rest four frequencies are up to 6.45% less (Table 2). 

Table 2 Natural frequencies 
of 7DOF full car linear and 
nonlinear model 

Mode Linear model (Hz) Nonlinear 
model (Hz) 

Difference, % 

1 1.5007 0.86689 73.11 

2 2.3736 1.4234 66.75 

3 2.5879 1.5228 69.94 

4 9.6193 9.2034 4.51 

5 9.6328 9.2055 4.64 

6 9.7981 9.2091 6.39 

7 9.8042 9.2099 6.45
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2.3 Comparison of Linear State-Space and ANSYS Models 

Figure 3 shows the comparison of the linear model of both ANSYS and State-Space, 
but at 5 kmph, the ANSYS model show close agreement of the sprung mass bounce 
displacement with the state-space. However, the sprung mass bounce displacement 
differs significantly in the two models, as the 1st peak is at 33 mm, while the 2nd 
peak is at 24.7 mm, 1st peak and downward shoot of models, show 0.06% error. 

3 Nonlinear Conical Spring Design 

Wolansky, E. B. first derived the equations for buckling of the conical springs [12]. 
Wu et al. [13] gave the dynamic equations in partial differential forms and thus 
proposed an algorithm to find load–deflection relation. But the load–deflection curve 
for this work is defined using the MATLAB program from the formulations given by 
Rodriguez and Paredes [14]. The design parameters for the conical spring, to replace 
the linear one in the suspension application, are the pre-load and the suspension 
travel; thus the springs for both the axles are designed (Table 3). The properties of 
these developed conical springs are imported into the ANSYS 7DOF model using a 
nonlinear element. 

COMBIN39 Nonlinear Spring Element: The default Combin14 Linear element 
in ANSYS is converted into the Combin39 element, referred from the APDL Element 
Reference [15]. This element supports nonlinear force–displacement behavior 
(inserted in the form of a user-defined curve) and is the reason for using it. Up 
to 20 coordinate points can be inserted in the form of real constants to define the 
curve in ascending order in 1st (compression) and moving towards the 3rd (tension)

Fig. 3 Comparison of sprung mass bounce displacement
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Table 3 Conical spring parameters 

Symbol Parameters Front conical Rear conical Units 

d Wire diameter 10.5 9.5 mm 

D1 Mean coil diameter (Smallest) 60 49 mm 

D2 Mean coil diameter (Largest) 110 120.5 mm 

N Total number of Coils 8 6.5 – 

na Active number of coils 6 4.5 – 

Lf Free length 300 250 mm 

quadrant. The values of the deflection are in ascending order and the minimum change 
in deflection is:

Ui+1 − Ui > △Umin (8) 

where, i ∈ [1; 19], Ui is the user input deflection, △Umin = (Umax−Umin)/107; The  
stiffness matrix, Ke and the load vector, Fe 

Sr of this element is: 

[Ke] = K S
⎨

1 −1 
−1 1

⎨
(9)

⎨
F Sr e

⎬ = F1

⎨
1 

−1

)
(10) 

where KS is the slope of the active segment, and F1 is the force in the element 
calculated from prior solved iteration. The commands used to develop a syntax are 
ET, KEYOPT, _sid, NLGEOM, ON, R, and RMORE; the syntax is pasted into the 
Commands (APDL) in the Mechanical module before simulation, to differentiate it 
into a nonlinear model. 

4 Results 

4.1 Comparison of Linear and Nonlinear Models in ANSYS 

Figure 4 shows that the displacement values from the nonlinear model are signif-
icantly lower than that of the linear model as the vehicle passes over the speed 
bump. At the same time, the oscillations are more in the linear model and less in 
the nonlinear. The settling time on the other hand is more for the nonlinear model. 
The linear model showed 1st peak amplitude of 69.175 mm at 5 kmph, whereas the 
nonlinear model showed 59.385 mm. For the vehicle speed of 25 kmph, the nonlinear
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Fig. 4 Comparison of sprung mass bounce displacement (average) 

model showed the 2nd peak to be higher than the first, at 18.188 mm, whereas the 
linear one peaked at 31.117 mm. 

Figure 5 shows that the acceleration peaks tend to rise with the increase in vehicle 
speed as the vehicle passes over the speed bump. At 5 kmph, acceleration peaked 
at 2686.5 mm/s2 and 2234.6 mm/s2 (for 1st and 2nd peaks, respectively), and at 
25 kmph, 7311.1 mm/s2 and 7148.5 mm/2, for 1st and 2nd peaks, respectively. 

As evident from Fig. 6, unlike the linear model, the peak values are found to 
be lower, for the nonlinear model, at low as well as high speed, i.e., at 5 kmph, 
1086 mm/s2 and 829.05 mm/s2, and 25 kmph, 4286.1 mm/s2, and 4070.1 mm/s2 (for 
1st and 2nd peaks respectively). Figure 7 shows collectively percentage reduction in

Fig. 5 Combined sprung mass bounce acceleration (average) for linear model
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Fig. 6 Combined sprung mass bounce acceleration (average) for nonlinear model 

Fig. 7 Percentage reduction in nonlinear model’s response as compared with the linear model’s 
response, for sprung mass motions 

vehicle’s bounce/pitch displacement and accelerations at 5 kmph as well as 25 kmph. 
At a vehicle speed of 5 kmph, bounce displacement varied 14.15% (due to their soft 
stiffness nature) whereas acceleration varied up to 59.57%. Pitch values showed a 
maximum difference of 83.18% in displacement, but 10.32% in acceleration.

For roll motion, the percentage difference for both displacement and acceleration 
is 10.49% and 36.06%, respectively. Similarly, at 25 kmph, the difference in bounce 
displacement is 41.55% (due to the hardening effect caused by the increase in stiff-
ness) and acceleration is 41.37%. The pitch motion’s displacement ad acceleration 
difference is 39.37% and 16.65%, respectively; and for roll motion, the difference 
is 41.81% and 45.61%, respectively for displacement and acceleration. For human 
comfort, the vertical acceleration acting on the car body is compared with the liter-
ature, as Haniszewski et al. [16] suggested using ISO 2631-1, the values of sprung
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mass accelerations are under limits. Also, the nonlinear model’s bounce and roll 
accelerations are 41.37% and 45.61% less as compared to the linear model, and thus 
suggesting even less discomfort. 

5 Conclusion 

1. The natural frequencies of the vehicle are found to be reduced with the use of 
conical i.e. a nonlinear spring. 

2. There is a reduction in the overall bounce displacement response of the sprung 
mass for both linear and nonlinear stiffness springs with the increase in vehicle 
speed over the bump; vice versa for bounce acceleration. 

3. Displacement and acceleration of sprung mass due to bounce, pitch, and roll are 
decreased for nonlinear stiffness spring as compared to linear stiffness spring. 

4. At low vehicle speed, the reduction in nonlinear model’s displacements is less 
when compared at the high vehicle speed, where this reduction is more. 

5. The maximum sprung mass acceleration (average at CG) of the linear model 
is observed to be under the limits of human tolerances of comfort, which are 
defined in ISO 2631-1. 

6. Passing over the speed bump at low vehicle speed is more desirable for both the 
linear and nonlinear models. 
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Mechatronics and Algorithms
to Analyse and Control the Laser Beam
Spot Size for 3D Micro-printing Machine

Rajendra Kumar Arya , Ratnesha Bafna , Ujwal Pawar ,
and Prasanna Gandhi

Abstract Recent developments in digital manufacturing see widespread use of
lasers of various kinds be it additive or subtractive methods. All laser beam-based
technologies require control over the laser beam spot size to get the desired outcome.
For systems requiring a frequent change of focusing optics or in-situ change of spot
size while processing, a system having automatic control over laser spot size would
be required. This paper proposes a mechatronic solution for the same (named as laser
beam focusing system (LBFS)) specifically for an in-house micro-stereolithography
(MSL) setup and proposes algorithms for detection of focus, estimation of spot size,
and depth of focus (DOF) of laser. In this setup, a laser beam steered by mirrors is
scanned over a photodiode positioned at a target plane or printing plane of MSL.
This photodiode is masked partially with a sharp-edged metal sheet. Algorithms for
scanning and processing the data obtained from photodiode are developed for auto-
matic detection of the focal distance (i.e., focusing lens position) at the target posi-
tion. Finally, the effectiveness of detection of focus spot is demonstrated fabricating
high-resolution micro-features in MSL system.

Keywords Laser focusing · Spot size · Micro-stereolithography · Micro-feature ·
Mechatronics system

In today’s technological world, lasers find their widespread use in several domains,
may it be manufacturing, sensing, communication, and so on. Accurate control over
the laser beam’s spot size at the target plane is one of the basic requirements, espe-
cially inmanufacturing domain.Oneof the applications considered here is use of laser
technology to fabricate micro- and nano-scale components. Micro-stereolithography
(MSL) is an example of advanced 3D micro-printing process to fabricate micro-
products by laser curingof the photopolymerizable resin [1].However, beam focusing
and its alignment for getting minimum laser beam spot size at printing plane are
one of the important pre-requirements of the process. The laser spot size control is
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essential for the MSL 3D printer to achieve high accuracy, better resolution, and
repeatability on the printed micro-product [2]. This requires an appropriate method
for estimating the laser spot sizewith tightly focused laser beams. Characterization of
a printed object at different lens positions is a general method for getting the focused
beam spot. This method gives sufficient information required for printing on MSL.
However, it takes a lot of time and frequent change due to multiple characterizations
of the printed object. An advanced method like laser beam profiling using a CCD
camera is costly and requires sophisticated instruments.

Literature in optics domain presents various methods for estimating the laser spot
size in the direction of propagation of the laser. However, each one has its own
limitations. The knife-edge method has been frequently utilized to accomplish the
purpose described above in various laser technology applications [3]. A laser beam
focusing system with similar components (as in the knife-edge method) was used to
determine focal distance and estimate the laser beam spot size in the present work.
The system included a sharp-edged metal mask puts up on a photodiode (PD) while
scanning the laser beamonPD,which produced photovoltaic signals thatwere further
analyzed to get focal distance and beam spot size on printing plane at different lens
positions. Eventually, the proposed method provided a rapid solution to autodetect
the focal distance followed by controlling the laser spot size and estimated the depth
of focus (DOF) in the MSL process. Finally, to ascertain the feasibility of the LBFS,
some high-resolution 3D prints have been realized.

1 Material and Methods

1.1 Theoretical Considerations of the Laser Beam

A laser beam, in the direction of propagation, as it passes through a lens, converges
(narrowing in focus) up to the focal position (within the focal distance) and then
diverges (spreading out). Thus, this arrangement provides a tighter focus beam or
minimum beam spot (also called beam wrist) at a focal distance on the target plane,
shown in Fig. 1.

In literature, various types of laser beam profiles have been considered for their
modeling, including Gaussian, multi-mode, tilted, at top and irregular beams [4]. Out
of these, the Gaussian irradiance of laser been with TEM00 mode has been found
most suitable for describing the laser beam’s nature. Therefore, in the present work,
the laser beam profile was considered as Gaussian. It is well known that the ideal
Gaussian profile of a laser beam provides symmetrical irradiation (i.e., decreases as
the distance from the axis increases) around its central axis. Similarly, an intensity
profile of the Gaussian distributed laser beam can be described.

Various attenuation methods have been used to define the beam wrist, and all are
shown in Fig. 2. Usually, the beam wrist (or beam spot radius)W is considered as a
distance, where the irradiance is 1/e2 (≈ 13.5%) of the beam’s full intensity. Besides,
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Fig. 1 Principle of laser beam

Fig. 2 Gaussian beam
attenuation methods

sometimes, the laser spot size (beamwrist) has been estimated at the FWHM(≈ 50%)
considered to eliminate detraction and other environmental disturbances [5].

1.2 Experimental Setup

The micro-stereolithography (MSL) facility, which has been used in the present
work, was developed in-house to fabricate micro-products [6]. The facility is capable
of developing complex 3D products, though focusing the laser beam spot at the
printing plane (VAT resin tank’s surface) is a complicated and time-consuming task.
Therefore, a mechatronics system facilitated to control over the laser spot size using
photovoltaic signals was developed and utilized in the present work.

Figure 3 depicts an arrangement of the developed LBFS incorporated with the
MSL facility and photographic view of micro-stereolithography 3D printer, and
magnified picture of printing assembly followed by laser beam focusing system
(LBFS) is shown in Fig. 4. In the current MSL facility, a laser source emits a laser
beam with a 375 nm wavelength, which was directed to the printing plane by some
mirrors and focused by a focusing lens. This provides polymerization of the photo
resin, and eventually, 3D printing with the help of XYZ stages. Additionally, a LBFS
with appropriate mechatronics selection was incorporated on MSL, actual picture
LBFS can be seen in Fig. 4. In this system, a photodiode (PD) was employed on
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Fig. 3 Schematic of micro-stereolithography (MSL) facility with LBFS

Fig. 4 Photographic view of micro-stereolithography 3D printer and magnified picture of printing
assembly followed by laser beam focusing system (LBFS)

the printing plane to convert the laser light to the electric signal (i.e., photovoltaic
signal). Also, the effective area of PD was slightly covered by a sharp-edged metal
mask for getting different intensity signals during beam scanning on PD. Although,
the aim was to estimate the spot size at the printing plane, which can be affected by
placing the metal mask in between the PD and printing plane. Considering it and the
depth of focus of the beam (i.e., ≈100 µm) a very thin metal mask of ≈20 µm was
used. The mechatronics involved in controlling the lens’s positions (in the laser’s
propagation axis, Z-axis) was provided by an actuator (i.e., connected to the lens),
which was controlled by a controller. Eventually, the control over the laser spot size
on the printing plane was accomplished by analyzing the obtained photodiode (PD)
signals against the lens’s positions. Besides, the controlling the lens’s positions (in
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Fig. 5 Block diagram of the mechatronic involved in the LBFS

the laser’s propagation axis, Z-axis) was provided by an actuator (i.e., connected to
the lens through lens holder), which was controlled by a controller (dSPACE 1104
controller of MSL facility). The block diagram of the LBFS along with X-axis actu-
ator and encoder (parts of MSL facility) is shown in Fig. 5. Here, it can be seen that
the PD and encoder signal data were received by controller through data acquisi-
tion system (i.e., dSPACE 1104), which further stored and analyzed in the personal
computer (PC). Subsequently, the actuator was instructed by using suitable algorithm
for position the lens at focal distance to obtain minimum spot size.

Algorithm for data storage (i.e., Vn and Xn) in each scan for total m number of
scans and analysis of stored data to determine the lens position at focal distance Z0

and for autofocusing of lens at target plane is given in Fig. 6.

1.3 Methodology to Determine the Lens Potions at Focal
Distance Followed by Estimation at the Laser Beam Spot
Size

The purpose of the method used here is to determine lens positions in beam propa-
gation (or Z coordinate) to get the smallest possible laser spot and depth of focus.
The method used in the present work is similar to the most utilized method (i.e.,
knife-edge method) for laser beam analysis. As mentioned above, a sharp-edged
metal mask was used on PD to filter out the laser light (100% filtration). Thus, as the
laser beam passed through the mask, different intensity photovoltaic signals were
generated at PD owing to the optical field distribution of beam spot.

The schematic of the scanning process and meantime captured signal through PD
is shown in Fig. 7. It can also be seen from the figure that during the laser scanning
on PD, the PD signals were minimum or nil when the beam’s spot was entirely
projected on themask, and it raisedwhen the beam’s spot started projecting on thePD.
Finally, as the beam’s spot is entirely projected on PD, it providedmaximum intensity
signals (at particular laser power). It can easily understand that the obtained plot is
a numerical integration of PD signal with respect to the beam displacement/position
in scanning direction. Thus, it can be considered that the obtained value of PD
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Fig. 6 Algorithm to
determine the lens position at
focal distance and
autofocusing
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Fig. 7 BeamscanningonPDandobtainedPDsignalswith beamdisplacement in scanningdirection

signals V is the function of the beam displacement X in scanning direction. Also,
the mathematical expression for the same can be written as in Eq. 1, similar to the
knife-edge method;

V = k

∞∫

0

I dx (1)

where k is the PD sensitivity constant and I is the optical field distribution.
As mentioned above the laser beam spot follows Gaussian irradiance, thus the

optical field distribution I can be found by derivation the V with respect to X,

I = −1

k

dV

dx
(2)

Meanwhile, the steeper curve of numerically integratedPDsignals provides higher
value of derivative I, which can also be inferred as a focused position of lens (i.e.,
focal distance) with minimum beam spot size [7]. Figure 8 shows the numerical

Fig. 8 Numerical derivative of PD signals versus with beam displacement in scanning direction
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derivative of PD signals I versus with beam displacement in scanning direction.
Also, the graph of numerical distribution follows the Gaussian fitting, hence it can
be used to estimate the spot size of the laser beam. The full width at half maximum
(FWHM) attenuation of the laser beam spot was considered for estimating spot size,
owing to the elimination of diffraction and other environmental disturbances [5].
Eventually, the obtained focal distance with minimum bean spot can be used to 3D
printing of high-resolution micro-parts. This method can also be adapted to estimate
the depth of focus (DOF), which is a tolerance range established by the requirements
for a particular application. Thus, for the micro-3D printing work, the allowable
working range can be considered at the spot size under the minimum obtained spot
size +1 µm.

2 Results and Discussion

Experiments were performed in two steps, initially to set the lens position for getting
minimum laser beam’s spot using the LBFS and estimating the DOF, this followed
by 3D printing of high-resolution micro-feature on MSL.

2.1 Estimation of Laser beam’s Spot Size and Depth of Focus

The experiments for scanning the laser beam on PD were performed at different
positions of the focusing lens (in Z-direction), besides all the other parameters were
fixed at a constant level. Subsequently, the obtained PD signals from scan were
analyzed to estimate the laser beam spot size and DOF. Signal analysis procedure
included (given in algorithm in Fig. 6), applying moving average filter on the raw
PD signals followed by numerical differentiation. In this experiment, the beam was
scanned at fixed lens position, after that the lens were moved in ±Z for a predefined
value (i.e., 100 µm). Meanwhile, the PD signals and X-axis encoder data were
recorded for further analysis. Thus, after multiple scans, the recorded data were
analyzed. Subsequently, the lens position at focal distance was determined. The
analyzed signal is also plotted for ±2600 µm lens displacement in Z-direction, as
shown in Fig. 9. Here, figure shows the peak values of numerically differentiated
signals (i.e., In,Max) at different positions (i.e., ±Z) of lens in Z-direction. Also, Z0

represents the lens position at focal distance; hence in this position, the beam spot
will be minimum as compare to the other ±Z values. As can be seen in Fig. 9,
maximum value of numerical differential was obtained at Z0 owing to steep curve
formation by numerical integration of PD signal.

Further, the spot size and DOC of the beam were estimated from the normalized
derivative (i.e., In) values of individual scans at different lens positions (i.e., ±Z)
using the method explained earlier (i.e., Sect. 2.3). Figure 10 shows the estimated
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Fig. 9 Peak values of normalized derivatives obtained at different lens positions for course scan

Fig. 10 Estimated spot size at different lens positions for course scan

spot size R (i.e., Spot diameter) for different lens positions ±Z. Here, the convergent
and divergent nature of the laser beam can be easily observed.

The spot size was estimated by shifting the lens position to 100 µm in each scan,
and a range of lens positions was identified where the minimum spot size and DOP
could be achieved. However, further refinement of lens position can provide tighten
beam with smallest spot size. Therefore, in the next experiment, fine positioning
(i.e., 10µm sift) of the lens was performed to get minimum spot size and DOP. Here,
the lens was moved within 200 µm (i.e., ±100 µm from previously obtained Z0)
with 10 µm shift in lens after each scan. Figure 11 shows In, Max values obtained at
various scans bymoving lens in Z-direction. Here, the Z0 was shifted to the new peak
value of In, Max, thus, only ±100 µm Z positions are shown. This was because, in the
previous experiment, the shift distance between two consecutive lens positions was
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Fig. 11 Peak values of normalized derivatives obtained at different lens positions for fine scan

Fig. 12 Estimated spot size R (i.e., Spot diameter) at different lens positions Z for fine scan

high (i.e., 100 µm), which was 10 µm in this experiment. It can also be seen from
the estimated spot size, shown in Fig. 12. Here, the minimum spot size was 8 µm.
Therefore, the DOP can be estimated for the range of lens position, where the spot
sizes are within 9 µm (i.e., minimum spot size + 1 µm).

2.2 Validation of the Estimated Laser Spot Through 3D
Printing Using Micro-stereolithography Process

The experiments were performed for validation of previously estimated spot size
at the printing plane. An in-house designed and developed facility of micro-
stereolithography was used for printing micro-features by photopolymerization. The
liquid photopolymer resin (i.e., acrylic-based) was photopolymerized by imposing
the laser light at the printing plane through the focusing lens. It has been previously
discussed that the spot size was controlled by adjusting the lens’s position. Thus,
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Fig. 13 Microscopic image of printed micro-feature (i.e., a straight line)

the printing was performed at lens position, which was identified for minimum spot
size using above mentioned method. 2 mm line was printed by filling the liquid resin
between the printing plan and a temporary plan with a gap of a few microns. The
width of the line was measured at 10 points along the printed line, and the average
of all the measured widths was considered as the final width. A microscopic image
of printed micro-features can be seen from Fig. 13. Here, the repeatability in the
process is shown. The average width of the micro-feature (i.e., a straight line) was
10.8 µm, which is close to the estimated spot size using the present method.

3 Conclusion

The present work demonstrated a method for estimating the laser spot size. A
mechatronics-based laser beam focusing system (LBFS) was developed. The system
has utilized a photodiode (PD) to sense the intensity of laser light at the printing
plane. Further, the generated PD signal was used to determine the lens position at
focal distance followed by estimation of laser spot size at different lens positions
using an appropriate algorithm. The minimum spot size and desired depth of focus
were obtained. Subsequently, the lens position for minimum spot size was identified
and utilized for printing themicro-feature using themicro-stereolithography process.
Eventually, a micro-feature (i.e., a straight line with 10.8 µm average width) was
printed using an acrylic-based photopolymer.
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A Diamagnetically Levitated Actuator 
Capable of Independent In-Plane 
and Out-of-Plane Positioning 

K. S. Vikrant and G. R. Jayanth 

Abstract Precision positioning stages based on the principle of magnetic levitation 
find widespread use because of their large motion range and high positioning reso-
lution. However, most of these stages are levitated by employing feedback control. 
Here, we propose a diamagnetically levitated actuator wherein the actuated magnetic 
platform is sandwiched between two identical printed circuit boards (PCBs). This 
configuration enables independently controlling the 3D electromagnetic forces acting 
on the platform and also increases the payload-carrying capacity of the platform. A 
mathematical model of the system is developed and is used to analyze the dependence 
of forces on the actuation currents flowing through the PCBs. Finally, the develop-
ment of the actuator is discussed along with experiments demonstrating independent 
control of motion along X- and Z-axes. 

Keywords Diamagnetic levitation · Precision positioning · Open-loop operation ·
Independent 3D motion 

1 Introduction 

With the advent of nanotechnology, demand for precision positioning stages has 
increased since they are employed for fabrication, characterization and manipulation 
of nanometer-scale samples. Magnetic levitation-based positioning stages employing 
electromagnetic actuation are suitable for developing positioners with high posi-
tioning accuracy and precision due to the absence of stiction and coulomb friction 
[1–4]. Active magnetically levitated stages employ electromagnets and feedback 
control to achieve precise positioning [5]. However, it is also possible to passively 
levitate a permanent magnet above a diamagnetic material and move it on the surface 
by means of current-carrying conductors. Since passive levitation is intrinsically
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stable, the control system is significantly simpler [6–8]. However, since the diamag-
netic force is smaller in comparison with electromagnetic forces, passive stages have 
smaller payload capacity and are primarily suitable for samples whose sizes are about 
a millimeter or less. 

Previously, permanent magnet arrays levitated on pyrolytic graphite, and actu-
ated by current-carrying wires fabricated on a printed circuit board (PCB), have 
been employed as micro-robots to undertake a variety of manipulation tasks [9]. In 
particular, they have been shown to move over large distances on both flat and tilted 
surfaces [10–12]. By dividing a PCB into zones, a single array has been rotated in-
plane, while multiple arrays have been moved independently [13]. Such arrays have 
been demonstrated to perform micromanipulation and assembly. The reported open-
loop positioning precision is on the order of a few tens of nanometers and is limited 
only by thermal effects [12]. Further, to increase the payload capability, A. Hsu 
et. Al. have introduced a layer of ferrofluid between the magnetic platform and the 
graphite plate [14]. Although the reported systems are excellent as robotic platforms, 
the actuation strategy introduces limitations from the viewpoint of development of 
a positioning stage. In particular, the magnet experiences coupled in-plane and Z-
forces which result in undesired Z-cross-axis motion during in-plane positioning 
[12]. This also reduces the payload-carrying capacity since the downward Z-force is 
often much larger than the weight of the magnet itself. 

Here, we propose a new configuration where the magnet is sandwiched between 
two PCBs. Such an arrangement is shown to cancel the cross-axis Z-forces and to 
double the in-plane actuation forces when the currents in the two PCBs are identical. 
Conversely, they cancel the in-plane forces and double the Z-force when the currents 
are equal but opposite in sign. Consequently, independent actuation along the X- and 
Z-axes becomes possible. The payload capacity of the stage is also shown to increase 
significantly. The rest of the paper is divided as follows. Section 2 describes the 
principles of the actuator. The development and evaluation of the stage are presented 
in Sect. 3. Finally, conclusions are presented in Sect. 4. 

2 Principles of the Actuator 

2.1 Overview 

The schematic representation of the proposed actuator is shown in Fig. 1a. The system 
comprises of two identical PCBs. The bottom PCB carries a pyrolytic graphite plate 
for diamagnetic levitation. The gap between the PCBs is so chosen that when no 
current is applied, the center of the levitating magnetic platform is positioned exactly 
between the two PCBs. Each PCB includes four independent current-carrying tracks)
Iy1, Iy2, Ix1, Ix2

)
for actuating the levitated platform. The tracks Iy1 and Iy2 which 

are parallel to the Y-axis enable X-actuation, while the tracks Ix1 and Ix2 which are 
parallel to the X-axis enable Y-actuation. Each track comprises N straight conductors
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Fig. 1 Schematics showing a the complete actuator comprising top and bottom PCB, the pyrolytic 
graphite plate and the magnetic platform, b the tracks Iy1 and Iy2 of the PCB and (c) the cross-
sectional view of the system with a single conductor for purposes of analysis 

arranged in a meandering fashion and separated by a distance d (Fig. 1b). The two 
PCBs are aligned so that each track on one PCB is aligned with an identical track 
on the other. The magnetic platform is a chequerboard of identical smaller magnets, 
each of moment m, thickness tm and mass mm that are arranged such that the magnetic 
moments alternate between being upward and downward. During actuation, the in-
plane force is proportional to the sum of the currents in the corresponding tracks 
of the top and bottom PCB, while the out-of-plane force is proportional to their 
difference. 

Thus, in order to actuate the levitated platform in the XY-plane, identical currents 
are applied to the corresponding tracks on the two PCBs. This ensures that the in-
plane forces applied by one PCB reinforce that applied by the other, while the out-of-
plane forces cancel each other. In order to move the platform only along the Z-axis, 
the magnet is first trapped in-plane and additional equal but opposite currents are 
superposed on the currents that are already flowing through the corresponding tracks 
on the top and bottom PCBs. This causes a resultant force acting on the levitated 
platform along the Z-axis without destabilizing it along the in-plane axes and thus 
displaces the platform to a new Z-position. 

Modeling and Analysis of the Actuator 

Determination of the Levitation Height. By modeling a permanent magnet as a point 
dipole of moment m, the diamagnetic force experienced by the magnet whose base 
is at a distance h (Fig. 1c) from the plane of the pyrolytic graphite plate is given by 

Fd (h) = 
3m2|χ |μ0 

64π 
1 

(h + tm/2)4 
, (1) 

where χ represents the magnetic susceptibility of the pyrolytic graphite plate. Thus, 
the levitation height h0 obtained by equating the weight of the magnet mmg to Fd (h) 
is found to be
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h0 = 
1 

2 

⎛ 

⎝ 4
/
3m2|χ |μ0 

4πmmg 
− tm 

⎞ 

⎠. (2) 

If the thickness of the graphite plate is t0, then the overall gap g0 between the two 
PCBs is given by (Fig. 1c) 

g0 = 2(h0 + t0) + tm . (3) 

Analysis of In-plane and Out-of-Plane Actuation Forces. To analyze the actuation 
forces on the magnetic platform, it is adequate to consider the forces applied on a 
single magnet in the platform by one pair of conductors of the first Y-track in both 
the PCBs, with one conductor of the pair being on the top PCB and the other being 
on the bottom PCB (Fig. 1c). It is also assumed that the two conductors are at the 
centers of their respective tracks. This analysis can subsequently be extended for the 
second Y-track and the two X-tracks. 

Assuming that the conductors are much longer than the size of the platform, the 
force F(= ∇(m · B))experienced by a single magnet in the platform at any point (x, 
z) is given  by  

F = m
/

∂ Bz 

∂ x 0 
∂ Bz 

∂z

/T 
. (4) 

The magnetic field Bz is the sum of the fields produced by the two conductors, each 
of which is proportional to the current through them. Thus, if I u y1, I L

y1 represent the 
currents in the upper and lower PCBs, respectively, then Bz can be written as 

Bz = bu z (x, z)I 
u 
y1 + bL

z (x, z)I
L
y1, (5) 

where bu z (x, z), bL
z (x, z) are magnetic field per unit current due to the upper and the 

lower conductors, respectively, and are given by 

bu z (x, z) = − μ0x 

2π(x2 + (z − g0
/
2)2) 

bl z(x, z) = − μ0x 

2π [x2 + (z + g0
/
2)2] . (6) 

Thus, the force can be written as 

F =
/
f u x I 

u 
y1 + f L

x I
L
y1 0 f 

u 
z I 

u 
y1 + f L

z I
L
y1

/T 
, (7)
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where f i x (x, z) = m∂bi z
/

∂x , f i z (x, z) = m∂bi z
/

∂z and i = u, L. 
It is noted from Eqs. (6) and (7) that f u x (x, 0) = f L

x (x, 0) and f u z (x, 0) = 
− f L

z (x, 0). Thus, it is seen that if I u y1 = I L
y1, the magnetic moment experiences only 

in-plane (X) force from this pair, while if I u y1 = −I L
y1, the magnetic moment experi-

ences only Z-force from this pair. Thus, while the former choice enables actuating 
along the X-axis with no cross-axis Z-motion, the latter choice enables actuating 
purely along the Z-axis with no cross-axis X-motion. However, to ensure that the 
platform is stable along the in-plane axes when it is actuated along the Z-axis, it is 
first trapped at a position x where it is in stable equilibrium and additional equal but 
opposite currents are superposed in the two PCBs on the currents that are employed 
to maintain stable equilibrium. 

Since the first track comprises a meandered arrangement of conductors separated 
by distances d, the total X-force per unit current on a single magnet in the array is 
given by 

Fx (x, 0) = 
k=M⎲

k=−M 

fx (x − 2kd, 0) − 
k=M⎲

k=−M 

fx (x − (2k + 1)d, 0), (8) 

while the Z-force per unit current is given by 

Fz(x, 0) = 
k=M⎲

k=−M 

fz(x − 2kd, 0) − 
k=M⎲

k=−M 

fz(x − (2k + 1)d, 0). (9) 

where M = (N − 1)/4. 
It is worth noting that if the gradient in Fz(x, 0) along the Z-axis exceeds 

the gradient in diamagnetic force in the mid-plane between the two PCBs, viz., 
∂ Fz(x, 0)

/
∂ z

II
z=0 > ∂  Fd

/
∂z

II
h=h0 

, then the magnet will become unstable along the 
Z-axis. 

Analysis of the Payload-Carrying Capacity and Variation in the Levitation Height. 
The payload-carrying capacity of a single magnet is determined to be the extra load 
that gets the magnet’s bottom surface to make contact with the top surface of pyrolytic 
graphite. In this scenario, h = 0 and the displacement of the center of the magnet 
from the plane of symmetry would be −h0. Thus, assuming identical current Iy1 is 
passed through the top and the bottom PCB traces, the payload-carrying capacity L 
per magnet is given by 

L = Fd (0) + Fz(x, −h0)Iy1 − mmg. (10) 

It is seen from Eq. (10) that the relationship between L and Iy1 is linear at any given 
horizontal position x. 

Figure 2a shows the dependence of normalized payload-carrying capacity 
L
/
mmg as a function of track current Iy1 for the case of a single PCB and for two
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Fig. 2 Plots showing a the payload-carrying capacity of the magnet as a function of track current 
Iy1 when x was chosen to be −d/2 so that the platform was in stable equilibrium, b the Z-position 
of the magnet as a function of track current Iy1 for single and dual PCB configuration when x was 
chosen to be −d/2 so that the platform was in stable equilibrium. The values of Ix1, Ix2 and Iy2 
used during the computations were 0. The values of m, mm , χ  ,  d, g0 and N are 0.17 × 10−3 A/m2, 
5.78 mg, 4.1 × 10–4, 1.27 mm, 1.28 mm and 24, respectively 

PCBs and shows significant improvement for the latter case compared to the former. 
Figure 2b compares the height of levitation when the magnetic platform is situated 
symmetrically between the meanders for the cases when a single PCB is employed 
and when two PCBs are employed. It shows a significant reduction in height with the 
increased current for the former case due to cross-axis Z-force while for the latter, the 
height remains unaffected by the current Iy1. However, in the latter case, the current 
Iy1 is limited to 1.34 A owing to the instability of the magnet platform beyond this 
value. 

3 Development and Evaluation 

To demonstrate the principles of the actuator, a magnetic platform, a pyrolytic 
graphite plate and two identical PCBs were arranged together in the proposed configu-
ration. The magnetic platform is made of four NdFeB magnets of grade N40 arranged 
in a 2 × 2 chequerboard pattern. The dimensions of each magnet were 1.7 mm × 
1.7 mm × 1.7 mm. The thickness of the employed pyrolytic graphite plate attached to 
the bottom PCB was 400 µm. The current-carrying tracks Iy1, Iy2, Ix1, Ix2 were fabri-
cated on a four-layer PCB. Each track consisted of multiple straight-line segments 
which were electrically connected in series. The straight segments of track Iy1 were 
connected to each other by means of conducting traces present in layer 1 itself. The 
straight segments of track Iy2 were connected to each other by means of vias that pass 
through layer 3. This ensured that the straight segments constituting tracks Iy1 and 
Iy2 were present in the same layer (layer 1) and thus possessed identical actuation
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gains. A similar strategy was employed to ensure that the straight segments of tracks 
Ix1 and Ix2 were both present in the same layer, viz., layer 2. The separation between 
layers 1 and 2 was 100 µm. The thickness and width of each track were 70 and 
254 µm, respectively. The separation d between two consecutive straight segments 
of a given track was 1.27 mm. All these dimensions are specified in the datasheet of 
the PCBs with a maximum error less than ±10 µm. 

The developed system was first employed to demonstrate that the levitation height 
does not change when the actuation current changes. To perform the experiment, the 
current through the single trace Iy1 was varied in both the PCBs. For comparison, the 
same current Iy1 was passed through just the bottom PCB alone, in order to mimic 
the situation with just a single PCB. The resulting motion of the magnet array is 
characterized by means of a modular side microscope (Cerna, Thorlabs) attached 
with a CMOS camera (MC050MG, Ximea). The side microscope employed a long 
working distance objective lens of magnification 5 and a tube lens of magnification 
0.75 for characterizing the motion range and resolution of the positioner along the 
Z-axis. The position of the magnet array was measured using the digital image 
cross-correlation (DIC) technique [15] (Fig. 3). 

Figure 3 plots the dependence of the levitation height on the current Iy1 for the two 
cases and shows that the Z-position of the levitated platform varies by 32.2 µm for  
single PCB configuration. However, the Z-position of the levitated platform changes 
by only 2.76 µm for the dual PCB configuration as the actuation current Iy1 is 
increased from 10 to 270 mA. Further, it was observed that the platform becomes 
unstable along the Z-axis when the actuation current was increased beyond 410 mA 
for the dual PCB configuration. 

In the second experiment, the levitated magnetic platform was actuated along 
the X-axis first by varying track currents only in the bottom PCB. The images in

Fig. 3 Plot showing the 
Z-position of the magnetic 
platform as a function of 
track current Iy1 for the 
cases of a single PCB and 
the dual PCB. The values of 
Ix1, Ix2 and Iy2 used during 
the experiment were 5 mA, 
0 mA and 0 mA,  
respectively. The resolution 
of the employed position 
measurement system is 
0.92 µm
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Fig. 4 Images showing the variation in the Z-position of the levitated magnetic platform as it moves 
along the X-axis when only bottom PCB is energized. The actuation current Iy1 was fixed at 100 mA, 
while Iy2 was varied between –100 and 100 mA 

Fig. 4 show that the Z-position of the levitated magnetic platform varies as it moves 
along the X-axis when only the bottom PCB is used. Next, when both the PCBs 
are employed, the Z-position of the levitated magnetic platform is seen to remain 
at a constant height above the graphite plate as it moves along the X-axis (Fig. 5). 
On account of symmetry a similar result can also be obtained while actuating the 
platform to move along the Y-axis.

The final experiment was devoted to validating the ability to change the Z-height 
alone of the array. To perform this experiment, the current through the track Iy1 of

Fig. 5 Images showing the almost constant Z-position of the levitated magnetic platform as it 
moves along the X-axis when both PCBs are energized. The actuation current Iy1 was fixed at 
100 mA, while Iy2 was varied between −100 and 100 mA 

Fig. 6 Images showing the variation in only the Z-position of the levitated magnetic platform as 
both the PCBs are energized. While the current Iy1 in top PCB is increased from 100 to 300 mA, 
the current in bottom PCB is kept constant at 300 mA, resulting in a travel range of approximately 
80 µm
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the bottom PCB was kept constant and the current through the corresponding track 
on the top PCB was increased. This causes the levitated magnetic platform to move 
only along the Z-axis by about 80 µm as shown in Fig. 6.

4 Conclusion 

This paper presented the design, development and evaluation of a diamagnetic 
levitation-based actuator. The goals of the developed system were to demonstrate 
independent motion along X, Y and Z-axis with an increased payload capacity of 
the levitated platform. The system comprised a moving platform made from perma-
nent magnets, pyrolytic graphite plate for levitating the moving platform and two 
PCBs for actuating the platform. An analysis was performed to show that the motion 
along the Z-axis can be decoupled from the motion along the X- and the Y-axes by 
employing the symmetry present in the design. Further, analyses were performed to 
show that the payload-carrying capacity for the actuator is higher than that for the 
case where only a single PCB is used for actuation. Finally, the system was developed 
and experimentally demonstrated to enable independent motion along the X- and the 
Z-axes. Owing to symmetry the same independence can also be achieved between 
Y- and Z-axes. The developed actuator represents a building block which can be 
subsequently used for developing a multi-axis precision positioning stage with large 
range and high resolution. 
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Control of Multiple Ferro-Bots 
for Steady Motion Using an Array 
of Electromagnets 

Sudhanva Bhat and G. K. Ananthasuresh 

Abstract Magnetic robots have been gaining attention due to their application 
in biomedical and other fields. Traditional magnetic robots are controlled using 
various methods, including powerful orthogonal fields with Helmholtz or Maxwell 
coils, moving permanent magnets, etc. Our work focuses on the control of multiple 
ferromagnetic objects, henceforth referred to as ferro-bots, using a planar magnetic 
field that changes spatially and temporally. The motions of the ferro-bots are thus 
constrained to a 2D plane. The system consists of a grid of solenoids, each standing 
vertically. The ferro-bots move on an acrylic sheet placed just above the solenoid grid. 
The ferro-bots are free bodies moving on a plane. When they are close to the solenoid, 
the magnetic force changes rapidly with distance from the centre of the solenoid. 
Controlling the ferro-bots in a region with rapidly varying forces, resisted only by 
nonlinear Coulomb friction, is the focus of this work. Computation of the magnetic 
force is complicated because of the induced magnetic field in the iron core of the 
solenoid and the ferro-bot: it leads to a transcendental equation in the magnetic field 
vector. Consequently, computing the magnetic force is also involved, as opposed to 
earlier work that used permanent magnets and an array of core-less coils. Therefore, 
a simplified numerical scheme is developed for computing the magnetic force on the 
ferro-bot based on coil currents and vice versa. There is another complication as there 
is a camera-based vision sensor to locate the positions of the ferro-bots. The frame 
rate of the camera is not sufficient for continuous control techniques. To overcome 
this, a strategy of pulsed motion, wherein current pulses are applied to get incremental 
stepped motion, is used. This control scheme is demonstrated by Simscape simula-
tions in which the ferro-bot is moved along the prescribed trajectory. Simultaneous 
control of multiple ferro-bots is also demonstrated in the simulations. Preliminary 
experiments are performed to demonstrate the efficacy of the setup and the control 
algorithm.
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1 Introduction 

Robots enhance technological capacity in multiple ways, such as automating repet-
itive work, increasing precision and repeatability, working in hostile environments, 
and performing complex tasks. Traditional robotics involving actuated rigid-body 
mechanisms with multiple degrees of freedom (DoFs) and connected to a reference 
frame are most widely researched and used. Recently, untethered magnetic robots 
are finding applications in medical fields and microsystems. There is no physical 
contact between the source of the magnetic field and magnetic robots allowing for 
navigation of these robots inside covered environments, like the human body. Tradi-
tional techniques for forward and inverse dynamics and control do not work for 
magnetic actuation because of the inherent nonlinearity. Hence, developing suitable 
techniques has now become an important research topic. 

The magnetic robots are controlled by current-carrying coils that produce the 
magnetic field. The magnetic force on the magnetic robot is proportional to the 
magnetic field gradient and magnetization. The magnetic torque is proportional to the 
magnetic field intensity. The work by Jeon et al. [1] showed the use of large Helmholtz 
coils, Maxwell coils, and gradient saddle coils. Helmholtz coils and Maxwell coils 
generate a uniform magnetic field. A combination of such coils arranged in multiple 
directions can generate the magnetic field of the required magnitude and direction. 
Multiple gradient saddle coils can be used to control the gradient of magnetic field. 
Kummer et al. [2] showed the use of a system of eight coils called the Octomag config-
ured in an optimized arrangement for the control of a magnetic robot with five DoF. 
This arrangement of coils requires a relatively sophisticated mathematical modelling, 
but it is able to offer improved control. Diller et al. [3] demonstrated the use of a global 
magnetic field to control multiple heterogeneous objects having different magnetic 
properties. Chowdhury et al. [4] demonstrated the control of multiple permanent-
magnet objects using a grid of printed circuit coils where the local magnetic field 
can be controlled. All these cases make use of permanent magnet robots that have 
fixed magnetization. Thus, there is no previous work on controlling ferromagnetic 
objects in the presence of locally varying magnetic fields. This paper focuses on the 
smooth control of multiple ferromagnetic robots (called ferro-bots) on a plane, using 
a grid of solenoids with ferromagnetic cores. Multiple permanent magnets stick to 
each other when they are brought together in close proximity. Separating them can 
be a challenging task. Ferromagnetic robots, on the other hand, can be separated 
from each other using electromagnets. Hence, having ferromagnet robots allows for 
relatively complex manoeuvres. The setup is designed to have the capacity to control 
meso-scale ferro-bots, whilst micro-scale ferro-bots are equally possible. 

There are a few unique unsolved challenges addressed in this work. The ferromag-
netism in the solenoid core and the ferro-bot poses an interesting modelling problem 
for which existing modelling in the literature cannot be used. The sizes of the bots are
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in the meso-scale, and hence, the field due to secondary induced magnetism, which 
is generally ignored, becomes significant. The Coulomb friction due to sliding of the 
ferro-bots on a surface and close proximity of the ferro-bots to the solenoids makes 
the ferro-bot behaviour complex. This complexity, along with the limitations of the 
vision-based hardware used for feedback, makes the control problem challenging. 

We now place our work in the context of ongoing work in this field. Figure 1a 
shows the control of a magnetic robot using Octomag, and Fig. 1b shows the control 
of micro-robots made of permanent magnets using printed circuit coils. Former setup 
can control the field globally. The later setup has local control of the field. Figure 1c 
shows the solenoid grid setup along with meso-scale ferro-bots. Modelling of the 
magnetic field is straightforward with planar coils and permanent magnets as the 
objects, whereas it is not as easy when solenoids with ferromagnetic cores are used 
to move ferromagnetic objects. Ferro-bots are beneficial as they do not attract one 
another and hence are more easily navigable individually or in a swarm as compared 
to the permanent magnets. This benefit comes at the cost of complexity in modelling 
the magnetic field. This challenge is addressed in this paper. 

The focus of this paper is on the design of a solenoid grid-based setup and develop-
ment, implementation of the control strategy for independent, and steady control of 
multiple ferromagnetic robots on a 2D plane. The control strategy involves working 
out the forward and inverse problems for the designed magneto-mechanical system 
to compute the required current in each solenoid at any point in time to get prescribed 
ferro-bot trajectories. 

The scope of this work includes modelling and design of the solenoid. A scheme 
for solving the forward problem of computing the force due to the coil currents in 
real-time is developed. The inverse problem of finding out the current required to get 
a particular force is also solved. The control strategy uses pulsed motion for ensuring 
steady motion along the required path. It is demonstrated with simulations. Basic 
actuation and independent control of multiple robots are demonstrated. Preliminary 
experiments are also described. 

Fig. 1 Magnetic robots controlled using global and local magnetic fields a Octomag system control-
ling magnetic robots with global field [2], b an array of planar coils for moving permanent magnets 
[4], and c an array of cylindrical electromagnets to move ferromagnetic objects [this work]
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2 Design of the Solenoid 

Figure 2 shows a ferro-bot on a plane over a vertical solenoid. When current is 
applied to the solenoid, it becomes an electromagnet and attracts the ferro-bot towards 
it. As there is an acrylic sheet separating the electromagnet and the ferro-bot, the 
solenoid is a noncontact actuator. The nature of the solenoid is to be understood for 
developing a design suitable for the purpose of controlling multiple ferro-bots along 
prescribed trajectories. Beyzavi et al. [5] presented the modelling and optimization of 
planar micro-coils. The modelling of the solenoid with the iron core cannot be done 
analytically. We refer to the book by Inan and Inan [6], wherein the effect of induced 
magnetism is explained. The magnetic field in the presence of ferromagnetic objects 
is a transcendental vector equation. Thus, the magnetic force on a ferromagnetic 
object is complicated. We used a simplification as explained next. 

The design parameters of the solenoid considered are length of the solenoid L , 
inner radius r1, outer radius r2, current in the solenoid I , number of turns in the 
solenoid n, distance of the iron object from the centre of the solenoid r , volume of 
the iron object v. The current density J is proportional to the current I and number of 
turns per unit length n/L . Based on the finite element analysis data, the force versus 
design parameters relation is assumed to be of the form (details are not included in 
this short paper): 

F = (0.86 × 10−7 ) 
v1 I 2n2r2r1.7 1 

r5.9 
(1) 

Note that Eq. (1) is a model developed based on approximate trends based on the 
observation of FEA data and not rigorous data fitting. For a given n/L ratio, the force 
is found to be proportional to L2. Hence, L cancels off in the model.

Fig. 2 Dimensions of 
importance in the solenoid 
and the ferro-bot interaction 

1r 2r 

r 

L
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The empirical model from Eq. (1) is used to design the solenoid. The idea here is to 
attract a ferro-bot in the presence of Coulomb friction from a distance little more than 
twice the solenoid radius. Consider a cylindrical ferro-bot of 8 mm diameter and 4 mm 
height made of mild-steel and having density 7850 kg/m3. The mass of the ferro-bot 
will then be equal to 1.5 g. For a friction coefficient of μ = 0.25 between ferro-bot and 
the sliding plane, the friction force will be μmg = 0.0046 N. The magnetic force has 
to be more than this. It is suitable to have thick copper wire for minimizing resistance 
and heating. A copper wire of 0.7 mm diameter was chosen as was available in the 
winding facility. It was found that for r2 = 0.015 m, r1 = 0.008 m, L = 0.08 m, a 
total of n = 800 can be accommodated. This wire can take up to 3.5 A current for short 
durations. The volume of the ferro-bot is v = 2.01 × 10−7 m3. Though the ferro-bot 
we use is spherical, we design the solenoid to be able to attract a cylindrical button-
shaped ferro-bot having friction coefficient of 0.3, so that the setup can be extended 
for the use of cylindrical ferro-bots later on. For r = 0.03 m and a current of I = 
3.3 A, the force on the ferro-bot is found from Eq. (1) to be equal to F = 0.0047 N. 
This coil is able to attract the ferro-bot against the friction force from a distance 
equal to twice the outer radius of the coil. Because of the 1/r5.9 nature of the force, 
huge increments in the coil parameters like current and length only lead to minor 
improvement in the attraction range.

3 Experimental Setup 

The experimental setup consists of a grid of solenoids arranged, as shown in Fig. 3. 
The hexagonal arrangement gives rise to dense packing. There are four main compo-
nents of the setup: the solenoid actuator, the ferro-bot, the feedback camera sensor, 
and the control system. The solenoid grid is mounted on a table with holes for wire 
outlet at the bottom. An acrylic sheet is mounted on the solenoid grid to provide a 
surface for the ferro-bot to move on. The solenoids are sufficiently constrained so 
that they do not move when any of them are activated. 

The ferro-bot here is a ferromagnetic ball of 6 mm dia. A plastic cap which has 
7 mm ID and 8 mm OD is placed on the ball, as shown in Fig. 3. This plastic cap 
makes it easy to identify the position using a camera. The rolling effect of the ball, 
along with the sliding friction of the cap, brings the friction to a small value so that 
it is easier to control and yet stable from rolling due to slight inclines on the moving 
plane. 

A Raspberry Pi camera is mounted on the top to measure the ferro-bot position. 
The camera has 640 × 480 resolution at 90 FPS. The camera is connected to a 
Raspberry Pi controller, which sends the 3 V control signals. The control signals 
then go to the pulse-width-modulation (PWM) generators that generate PWMs of 
5 V. These PWM signals control switches to each of the coils, which are connected 
to a 12 V power source. The maximum current in the coil at this voltage is 3.3 A.
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Fig. 3 Experimental setup 

4 Relation Between Forces and Solenoid Currents 

For the purpose of control, the currents in the solenoid that can give the required 
force is to be estimated. The force on an iron object is given by 

F =
∫

V 

(M.∇)Bdv = χm 

μ0(1 + χm)

∫

V 

(B.∇)Bdv (2) 

Here, μ0 is the permeability of free space, M = (χmB)/(μ0(1 + χm)) is the magne-
tization or magnetic dipole moment per unit volume of the object of interest, χm is 
magnetic susceptibility of the ferromagnetic material, B is the magnetic field. B and 
gradient of B should be known for computing the force. COMSOL finite element 
analysis software (www.comsol.com) is used to generate the field data of a single 
solenoid with core of given design specifications carrying unit current. At any time, 
multiple coils are active. The field due to each solenoid at the point of interest can 
be summed up. There will be an additional field due to the magnetization of the 
ferro-bot. The additional field is proportional to magnetization and if found by FEA 
to be 

BM = (8.36 × 10−7 )M (3)

http://www.comsol.com
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Fig. 4 Ferro-bot between 
three solenoids and the 
direction of applied force 
due to each solenoid 

C1 

C3 

C2 

This additional field is added to the field from the coils. The gradient of field can 
be computed by applying finite difference to the FEA data. Hence, the force can be 
computed from Eq. (2). The magnetic field B is proportional to the coil currents Ii . 
So, the force equation in Eq. (2) can be written as 

F = Ci j  Ii I j (4) 

Ci j  are constants for a given position of the ferro-bot. By varying Ii and computing 
the resultant force, Ci j  can be estimated. At any point, a ferro-bot is surrounded by 
three coils as shown in Fig. 4. 

The coils along the either side of the direction of require force indicated by the 
blue arrow are shown in Fig. 4. Since Cij are known, if a particular force has to 
be applied the currents can be estimated from Eq. (4). It is a quadratic equation in 
currents and can be solved symbolically. Hence, for a given force requirement, the 
solenoid currents can be estimated. 

5 Control of Ferro-Bots to Follow Prescribed Trajectories 

As described in the preceding sections, computing the magnetic force on the ferro-
bots is an involved task. This complexity leads to challenges when multiple ferro-
bots are to be moved along prescribed trajectories. [7–10] describe various control 
strategies for different kinds of micro-robot systems. The setup used in this work 
cannot directly use any of these strategies. The nonlinear dependence of the magnetic 
force on the distance from the centres of solenoids is one challenge. The limited 
reach of a solenoid to affect the motion of a ferro-bot to overcome Coulomb friction 
is another. Activating multiple solenoids at a time to have enough force in the right 
direction is necessary to move a ferro-bot along the required path. Sensing the position 
of the ferro-bot for feedback control is another challenge because we cannot mount 
any sensor on the ferro-bot. Hence, we use visual sensing with a camera mounted 
at the top. The frame rate of the camera limits the sensing rate. So, the velocity of 
the ferro-bot should also be controlled so that it does not go too far in a direction 
because the magnetic force rapidly rises in the inward radial direction of a solenoid.
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All these challenges indicate that the standard linear control strategy might not work 
(in fact, it did not work in our trials). Hence, we use pulsed-signal strategy. That is, 
we activate a coil for a very short duration to give a small jerk to the ferro-bot so that 
it moves and stops due to Coulomb friction. We can control the small movement by 
passing just enough current in a solenoid or a set of solenoids. If the current pulse 
can be given quickly enough, it leads to a trajectory that stays with a band around 
the prescribed trajectory. This control strategy is described next, and its efficacy is 
demonstrated later in this section. 

Figure 5 shows the schematic of the control system implemented. xr , yr are 
the reference position components at any given time. xa , ya are the actual position 
components. erx , ery are the position error components. Fx , Fy are the forces to 
be applied on the ferro-bot. vx , vy are the velocity components of the ferro-bot. Ii 
indicates the solenoid currents. 

Even if there is a high-percentage error in computing the desired currents, the 
visual feedback can correct it in the next pulsed step. The position is measured and 
used to compute the position error as per the required trajectory. The forces are to be 
applied to the ferro-bot to correct the position error. The magnitude of the force to 
be applied and the pulse timing are decided based on friction and required velocity. 
The path travelled is more important in this experiment than the time taken. 

The system of interest that includes multiple solenoids and ferromagnetic objects 
is simulated using Simscape in MATLAB. The scheme developed for computing the 
magnetic force is written as a function that takes in position, coil currents, and outputs

Fig. 5 Schematic of the control strategy
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Starting/ending 
point 

Starting/ending 
point 

Fig. 6 Paths followed by the ferro-bots for various trajectories and starting points. a shows 
different circular trajectories overlapped and b shows square trajectories overlapped for comparison 

force. This force is fed to Simscape. The Simscape selects the required ODE solver 
to solve and simulate the motion of the ferro-bot. There is a function for trajectory 
generation. Feedback control is used to control the ferro-bot, as illustrated in Fig. 6. 
The simulations are performed for moving a single object in various trajectories. 
The results are presented in Fig. 6. Initially, the ferro-bot is made to move along 
the anticlockwise circular trajectory starting at zero degrees. The same trajectory 
is repeated whilst offsetting the centre of the circle so as to change the starting 
point. Figure 6a shows multiple circular trajectories overlapped for comparison. 
Similarly, Fig. 6b shows multiple square trajectories with different centres overlapped 
for comparison.

The limitation in the inverse dynamics strategy can lead to an error of up to 
3 mm from the intended path. Hence, our aim is to constrain the travel path within a 
band around the trajectory. The simulation also demonstrates the control of multiple 
objects, as can be seen in Fig. 7. Here, two ferro-bots are simultaneously moved 
along different paths. 

6 Experimental Demonstration 

The basic experiments are conducted to demonstrate the ability to control a disc 
ferro-bot. A small-scale setup with a grid of 19 solenoids was used. When a coil is 
switched on, any ferro-bot in the vicinity will move towards and come to rest over 
top of the solenoid. The smooth control scheme developed in this paper is yet to 
be experimented. The current experiment demonstrates the capacity of the solenoid 
to attract the ferro-bot. Hence, disc ferro-bots having higher friction are used for
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Fig. 7 Simultaneous control of two ferro-bots along different trajectories 

Fig. 8 Control of three ferro-bots for changing the shape of a compliant enclosure a initial position 
of the ferro-bots, b ferro-bots deforming a compliant enclosure, and c changing the shape of the 
compliant enclosure 

demonstration. All of them are independently controlled. Figure 8 shows three disc 
ferro-bots. Figure 8a, b, and c show the ferro-bots at different configuration. Figure 8 
shows the ferro-bots changing the shape of a compliant enclosure. The compliant 
enclosure is included to demonstrate the capacity of the ferro-bots to do work. The 
motion is not smooth as feedback control is not applied. This is a dynamic observation 
and is not visible in Fig. 8. The experiment demonstrates that the solenoid design is 
adequate. The smooth control is yet to be demonstrated. 

7 Closure  

This work’s focus is the development of a solenoid grid-based setup for simultaneous 
individual control of multiple ferro-bots and the development of the control strategy. 
The solenoids were designed using FEA data. A setup is proposed based on the
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designed solenoid. A scheme is developed for estimating the currents in the coils so 
as to get the required force. The proposed scheme, along with feedback, is used to 
control the ferro-bot along a prescribed trajectory. A strategy of controlling the ferro-
bot with pulsed motion is proposed. This control is demonstrated with a Simscape 
simulation. Preliminary experiments are performed to demonstrate crude control of 
ferro-bots so as to verify the designed solenoid capacity. 
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Fold-line Mechanics for Ultra-Thin
Membrane in Gossamer Space Structure

Parth K. Kamaliya and S. H. Upadhyay

Abstract Lighter mass and compact packaging of deployable space structures led to
the advancement in foldingpatterns.Thoughcrease(s) development is inevitable, they
are preferred as it keeps thr fold in same location. However, it alters the compacted
membrane’s mechanical response leading to thru and post-deployment behavioral
change in outer space. Thus, in this paper, the authors dealt with fold-line mechanics
and its influence on stretched ultra-thin Kapton film. A connector-based model
with integrated fold-line stiffness is suggested for membrane adopting Z-folding.
Its selection depends on its appropriateness over pinned or fixed hinge connection
techniques. At first, an experiment was carried out to measure the neutral angle.
Later, a self-opened component profile is modeled in commercially available finite
element package. Fold-lines are introduced using coupling constraint with assumed
constant rotational stiffness. Authors have used an explicit time integration method
for analyzing the deformed/fully deployed planar configuration. Uniform tensioning
from opposite ends induce stresses in the connector and membrane region. The fold-
line response over connection properties, axial displacement, and wrinkle formation
in the structure is critical parameters for analysis. It was observed that mechanical
response might vary depending on the form of the fold. Results also convey that
the fold-line affects the stress transfer path, may cause stress concentration, and
changes the wrinkling direction. A suggested technique is compared against a test
case analyzed using a high number of smaller mesh elements with rotational stiffness
for better estimation. Comparison conveys that the connector-based model requires
less computational time at the cost of modeling complexity.
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element · Fold-line stiffness · Stress concentration
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1 Introduction

Ultra-thin membrane becoming popular for solar sails with larger surface area,
reflector portion in deployable space structure, and inflatable sunshield [1]. For their
desire functioning and to carry an expected payload, membrane surface should be
of size of a cricket field [2]. Thin in size and light-weight make it more suitable for
compact packaging. This demand also arises from limited stowage volume of launch
vehicle. Many folding patterns have been demonstrated for origami designs, but
their implementation for thin-folded membrane is not as simple. Membrane thick-
ness and selection of suitable folding pattern are two major concerns for in-space
deployment [3]. This compaction creates a permanent crease, a plastic deformation
to the membrane, which changes the material behavior as well as shape and size of
membrane. Research investigated that the crease properties and fold-line stiffness
has greater impact on final deployed shape.

The previous effort by scientists focused on crease characteristics, fold-line plas-
ticity, and viscoelastic and elasto-plastic behavior of fold deployment. However,
their emphasis limit to the single crease and fold deployment only. In designing the
precise deployment, trial and error-based experimental testing is simply not preferred
because of time, cost, and non-vacuum space environment. Hence, virtual simula-
tions are more liable option in idealizing the conditions with accuracy and time. In
formulating this, fold-mechanics play a key role. Papa and Pellegrino [4] introduced
creases as a sharp edge in origami based folding method. Lee and Pellegrino [5]
selected leaf folding pattern for CubeSats and examined the deployment force (with
no additional external effort) for wrapped membrane. In both analyses, they assumed
same material property for crease region and base membrane. Woo and Jenkins [6]
incorporated crease as a wide strip and as a seam to analyze effect on wrinkling
behavior of membrane. In recent years, researchers have considered either elastic,
elasto-plastic, or plastic behavior of fold-line to investigate required folding force
and to check deployment behavior [7–10]. However, these analyses are limited to
thin-strip only, and have not been implemented in large size membrane.

Post-deployment effects such as wrinkling, multiple fold-lines, and intersected
creases are untouched portions. Among the different materials, polyimide Kapton
membrane is selected because of its property sustainability over extreme space envi-
ronmental and thermal conditions. This paper focuses on understanding the effect
of crease connection properties on deployed Kapton. A double-creased membrane
which implies Z-folding approach is finalized as a part of larger sized reflector
surface. Section2describes the selectionof foldingpattern andphysicalmeasurement
of crease characteristics. Section 3 analyzes the different possible fold configurations
and suggest a connector-based technique for finite element simulation. It is followed
by implementation of technique in square membrane and discussion on the results
obtained, in Sect. 4. Section 5 concludes the chapter.



Fold-line Mechanics for Ultra-Thin Membrane in Gossamer … 411

Fig. 1 Packaging approach for different shaped membrane with multiple fold-lines [11–13]

2 Characterizing the Crease in Membrane

2.1 Fold-line Arrangement

Biaxial compaction of membrane shapes, ranging from triangular to polygon and
circular profile, can have different fold arrangements as shown in Fig. 1. Depending
on that, fold-lines could follow Z-folding, zig-zag, spiral, coiling and wrapping or
origami packaging [11–13]. Each pattern consists of many pick and valley profiles.
For our reasearch, one small section is taken out from two-directional Z-folded
membrane. This representative unit component consists of total four fold-lines (one
peak and three valley) at 90-degree arrangement, shown in later part of the chapter
(Fig. 7). Selection of this angle deepens on different folding pattern, usually 60-
degrees in circumferential shape and 80–90 degrees in square/rectangularmembrane.

2.2 Experimental Measurement of Neutral Angle
and Material Properties

Experimental work focuses on the measurement of neutral angle and mechanical
properties of creased membrane. Kapton strips of 125 mm× 25 mm with no visible
defects are cut from large sheet. These specimens are lightly folded and pressed with
roller. One-directional roller movement is such that a uniform compressive force is
applied. Strips are kept in folded position for 24 hrs. to achieve a plastic deformation
in the creased region. Viscoelastic nature of material causes it to unfold. Images
were captured using a high-resolution camera and postprocessed to measure the
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Fig. 2 a Kapton membrane strips with permanent crease, fold angle relaxation: b just after load
removal and c after a day relaxation, d tensile test to obtain effective modulus of creased membrane

Table 1 Kapton membrane
properties

Thickness (µm) 50

Density (kg/m3) 1420

Creased membrane—Effective modulus (GPa) 2.104

Non-creased membrane—Young’s modulus (GPa) 3.139

Yield stress (MPa)

—Analytical 69.00

—Experimental 64.83

Creased region—Residual stress (MPa) 0.169

Poisson’s ratio 0.34

equilibrium fold angle. Couple of samples were tested and observed the relaxation
mechanism. Average value of neutral angle, just after load removal, found to be 87°
± 5° (Fig. 2b).

Non-linear behavior of crease substitutes the Young’s modulus with effective
creasemodulus. The same creased strips, tested on INSTRON tensile testingmachine
with pulling load of 2 mm/min. Special jaw was made to grip the thin micron-size
Kapton strips. Samples failed frommiddlewere only in consideration.After thorough
testing, obtained mechanical properties are given in Table 1.

3 Fold-line Simulation

Mechanical response of the fold provides neutral angle and fold-line stiffness prop-
erties. This section incorporates the same in finite element analysis. Figure 3 shows
the two halves of rectangular Kapton strip, 62.5 mm × 25 mm each, modeled with
4-node quadrilateral shell element (S4R) with reduced integration.
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Fig. 3 Representation of shellmembrane profile at neutral anglewith creased region and zoomed-in
connector elements

A Newton–Raphson time integration solver was used in typical finite element
package. Computations were stabilized using *STATIC, STABILIZE option. Large
deformations of shell elements are captured using *NLGEOMcommand. Two strips
are apart at neutral angle, reason being avoiding the difficulty in idealizing from fully
folded configuration. Central creased portion is modeled with different connection
profiles, while the two extreme ends are subjected to shell edge loading to simulate
the deployment process.

Three different techniques are used to idealize a crease in the membrane. The
very first approach considered the mesh sweeping. Defining the finer mesh in the
vicinity of crease andmesh density reduces as moving toward the end. This approach
gives better accuracy in deployment results as the fold-line expect higher bending.
A typical model consists of total 12,524 nodes with minimum length of 0.2 toward
crease. Two halves are combined as a single entity, and typical boundary conditions
were imposed. Center portion is kept fixed in translation and allowed for rotational
movement in the direction normal to loading plane. These conditions create a fixed
pin joint connection. Figure 4 shows the results of stress distribution and deployment
from evaluation process. Second approach modifies the creased region properties.
Experiments conducted in Sect. 2 measure the effective elastic modulus along with
othermechanical properties.Membrane surface except fold-line has standardKapton
properties. In this case, external force for deployment is over and above the residual
stress because of crease. Hence, requiring the higher than usual force for deployment.
The last one contains the connector element with rotational stiffness. Here, two
shell portions are connected with *TIE constraint and connector element. Rotational
degree-of-freedom for connector element gives us the facility to define an individual
DOF. In addition, rotational stiffness accounts for actual deployment sequence for
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Fig. 4 Deformed profile comparison after applying external load

crease. This approach helps in idealizing the crease curvature, which should be
implemented directly for membrane with multiple folds. Direct implementation of
crease cusp radius makes the deployed membrane modeling and simulation easier.

4 Results and Discussion

Section 3 gives insight for crease profile accuracy. In that, connection with pinned
joint has significant deviation fromexperimental outcome especially for crease curva-
ture. The proposed model having rotational element generated the most realistic
deployment of the crease profile and it stands out from the Fig. 4a and c. Talking about
computational time, suggested approach of rotational stiffness outperforms hinge
connection with requirement of over 900%. Deformed shapes of both methods were
further analyzed for stress distribution, reaction forces-moments (Fig. 5). In pinned
connection, membrane stresses are maximum at extreme ends and no/minimal stress
profile observed for crease, see Fig. 5a. Contrarily, parallel alignment of connector
elements transfers the stresses to its both end points. Hence, close gap is required
between two connectors for uniform stress distribution. This seamless stress distri-
bution is clearly captured in Fig. 5b. Reaction forces and moments (Fig. 5c and e) of
magnitudes 3.501 × 10–3 N and 2.550 × 10–2 Nmm have significant impact on the
rotational elasticity. Proposed connector element with rotational stiffness overcomes
the residual stresses induced due to formation of the crease. Hence, reacting forces
and moments are negligibly small (Fig. 5d and f).
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Fig. 5 Stress concentration at creased region for a pinned connection and b connector with
rotational stiffness, followed by reaction forces c-d and moments e-f for both cases

In general, these forces and moments are related to the sequential membrane
deployment. Figure 6 compares this membrane deployment calculation for numer-
ical solutions against the experimental observations. Slight deviations are observed
for proposed model, whereas the pinned connection is not even closure to the experi-
mental data. Variations in the results are due to self-weight of the membrane and
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Fig. 6 Comparison of two different connector elements, replicating the crease, with experimental
observations for 50 µm membrane

human error while extracting the data. This graph clearly conveys capability of
proposed model for predicting the hinge stiffness and bending.

Fold-line properties and connection type finalized in Sect. 3 are implemented
in two-directional Z-fold membrane reflector. A square membrane of size 0.5 m

Fig. 7 a Double-creased corner loaded membrane and a quarter meshed region with relevant
loading conditions, b stress distribution and wrinkle contours in the membrane loaded with equal
force of 5 N at all four corners



Fold-line Mechanics for Ultra-Thin Membrane in Gossamer … 417

× 0.5 m is shown in Fig. 7a with intersected crease line following the Z-fold
approach. Each quarter portion of shell membrane geometry has 3057 elements
totaling 12,254 for whole, out of which creased region is more refined with dense
meshing (2144 elements). Except corners, where the triangular elements (S3) are
introduced, remaining reflector surface has S4R quad elements. This mesh selection
was finalized after mesh-sensitivity analysis. Sharp corners are avoided to observe
the stress distribution and wrinkle formation in the membrane. Corners were trun-
cated at an angle of 45 degrees and 15 mm wide. All four parts were assembled to
form a deployed flat state. 2.5 mm of constant curvature of the crease was intro-
duced from experimental observation of neutral angle and moment–angle response
of crease. Then, connection is made using tie constraint with revolute connectors.
These connectors provide rotational stiffness to the adjoining shell portion, espe-
cially crease. Extreme edges were assigned fixed boundary conditions allowing only
in-plane movement. Specimen was pulled equally from all four corners. Magnitude
of this external force is 5 N. Implemented non-linear post-buckling technique helps
in getting the wrinkle behavior accurately.

Figure 7b presents the stress distribution and wrinkle contours of creased
membrane. As seen, stresses are more likely to get scattered in the surface and
only couple of stress lines remains. These stress lines are near boundaries and that is
due the imposed fixed boundary conditions. Talking about the stress concentration, it
is clearly visible near fold-lines. It is to note that, this also includes an effect of rota-
tional stiffness of the crease. Comparing it with our non-creased membrane model,
which has stress distribution over 50% of area. The wrinkles are also wide-spread
over the membrane and covers up to 60% of surface compare to 35% in the creased
profile. Thought the case for stress distribution seems promising, wrinkle amplitude
is much higher in the crease vicinity (max.: 0.0874 mm and min.: −0.8206 mm)
compare to maximum of 0.1546 mm and minimum of −0.0841 mm in non-creased
profile. However, it should be compensated by achieved higher wrinkle free area, as
creases are unavoidable for large size space antenna structures.

5 Conclusion

This chapter deals with fold-line mechanics and its influence on gossamer antenna
reflector surface. The primary objective is to idealize the crease, an unavoidable
entity for large membranes used for space applications. The selected approach is
toward idealization of the fold-line with rotational stiffness and practical mechan-
ical properties. This approach gives most realistic output compare to perfect hinge
connection which is currently in practice. Offered possibility of this technique is
implemented in the large sizemembrane reflector. Corner loaded two-dimensional Z-
fold reflector surface shows stress concentration in the vicinity of crease. To eliminate
irregular stress concentration, it is recommended to havemore number of connectors.
However, computational efficiency should be compromised.
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Geometrical Analyses and Packaging
Behavior of Foldable Cylinders
with Bellow Pattern

Hemant Sharma and S. H. Upadhyay

Abstract Several foldingmethodologies have been presented for space-based inflat-
able booms based on different origami patterns. One dimensional expandable struc-
tures are essential components of any deployable space structure; some folding
methodologies have been proposed for space-based cylindrical booms/masts based
on several origami concepts.Noticeablework has been done in several technical areas
related to deployable cylinders. However, the effect of pattern design parameters on
packaging behavior is not studied. This paper is concerned with the geometry design
and packaging behavior of cylindrical booms folded with bellow folding pattern.
At first, the detailed geometry of the bellow pattern is discussed. Then, various
geometry-based packaging parameters like the packaging efficiency, circumscribed
radius of folded cylinder, and residual space after folding are calculated to investigate
the packaging behavior. The influence of number of origami units and length ratio
on the packaging behavior of cylindrical boom is discussed. The present research
adds to the selection process of the folding patterns for inflatable cylindrical booms.

Keywords Bellow pattern · Geometric analyses · Packaging behavior

1 Introduction

Space-borne structures assembled with large sized membranes and deployable
booms, often known as gossamer structure, have made revolutionary space missions
possible by their exceptional capabilities in packaging and strength [1]. The demand
for large space structures has attracted the interest of researchers in the use of
membrane-based ultra-light assemblies.

It is found that under the action tension field, thin film membrane acts as a struc-
tural component, and this property can meet the requirements of a gossamer space
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structure. Inflatable booms are an important part of any inflatable space structure.
The booms are compactly stowed before launching and quantified by the packaging
efficiency, deformation caused during folding process, and the deployment ratio. The
choice of folding pattern is an essential consideration in the design of the inflatable
booms for space structures. Different type of folding patterns has been proposed to
fold a cylindrical structure, such as spiral folding, Z-folding, telescopic folding, and
origami folding methods [2]. The main origami folding methods include Yoshimura
pattern, bellow pattern, Miura-ori folding pattern, Kresling pattern, and helically
triangulated folding concept. Yoshimura [3] has analyzed the buckling behavior of a
circular cylindrical shell under compression; the buckled surface settles into a local-
ized form of a diamond-like pattern, named as Yoshimura pattern. Another folding
concept similar to Yoshimura fold pattern was obtained from the torsional buck-
ling of a thin cylindrical shell [4]. While solving the problem of biaxial folding of
an infinite plane, Miura [5] discovered a concave polyhedral surface, which was
composed of a repetition of four congruent parallelograms; this pattern was named
Miura-ori folding pattern. Sogame and Furuya [6] presented a concept for cylindrical
deployable space structures and examined their geometrical characteristics. Nojima
[7] studied the folding methods of thin flat sheets and cylindrical shells by modifying
the traditional Miura-ori pattern. Senda et al. [8] investigated several prototypes of
inflatable cylindrical tubes packed with Miura-ori and Yoshimura pattern, and they
found that in terms of local deformations and deployment straightness, Miura-ori
folding with appropriate parameters is better than Yoshimura folding technique.

Guest and Pellegrio [9] studied the geometric formulation and folding proper-
ties of helically triangulated pattern for cylinders. Later, they have investigated the
folding progression of triangulated cylinders with a well-known pin-jointed truss
modeling concept [10] and examined the folding behavior experimentally [11].
Barker andGuest [12] analyzed the inflation and rigidization of thin shell triangulated
cylinders. A unique type of helically triangulated pattern is called Kresling pattern
[13], which is the buckling effect of a thin cylindrical shell under torsion. Cai et al.
[14] investigated the geometric design and mechanical behavior and also addressed
the bistable phenomenon cylinder with Kresling pattern. By splitting the degree-6
vertices on Yoshimura pattern, a classical bellow fold pattern can be obtained. Kane
[15] presented mathematical optimization of family bellow fold patterns.

Among all the boom folding patterns presented in the literature, only a few can
be folded and deployed without significant material strains. The design parameters
of any folding pattern mainly affect the stowing and the deployment behavior of
the boom. The boom can inflate unpredictably due to the air entrapped in the small
empty spaces between the layers of the folded boom structure.

This unpredictable expansionof the residual gas led to several failures. The amount
of residual gases can be reduced by analyzing the folded geometry of the boom. In
the literature, no study presents the geometric analyses of the bellow folding pattern
in order to obtain the empty space between the layers of the folded boom. The effect
of different design parameters on the stowing behavior of the bellow folded boom
has not been inspected in the literature.
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In this study, the geometric design of the bellow folding pattern is discussed
and various folding characteristics like packaging efficiency, the radius of packaged
cylinder, and residual space at fully folded configuration are calculated. The influence
of number of origami units and length ratio on the stowing behavior of the bellow
folded boom is studied.

This paper is structured as follows. In Sect. 2, detailed geometry of the bellow
folding pattern is presented, and mathematical expressions for various packaging
parameters are obtained. In Sect. 3, the influence of design parameters on the pack-
aging behavior of the bellow pattern is presented. Finally, Sect. 4 concludes the
paper.

2 Geometry of Bellow Folding Pattern

A classic bellow pattern is shown in Fig. 1; the valley andmountain folds are denoted
by dashed and solid lines, respectively. In a classical bellow pattern, a number of
single reversal folds are organized along the periphery of the cylindrical boom, with
the subsequent ring recurring along the length of the boom. In a strain-free folded
configuration of the cylindrical boom, the consecutive reversal folds must develop a
closed cross-section.

Figure 2 depicts a generalized form of a half-story segment unit cell of the bellow
pattern that can be tessellated into a larger folding pattern (Fig. 3). The cylindrical
closure condition for the resulting folded boom is given by

Fig. 1 Fold pattern and cross-section of a tetragonal bellow pattern

Fig. 2 Dimensions of a
bellow unit
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Fig. 3 Bellow folding pattern (m = 4)

mα = (m − 1)π orm(β1 + β2) = π (1)

where, m = the number of bellow unit cells along the circumference.
α and β = Angles between horizontal and diagonal fold lines.
In this paper, to achieve rotational symmetricity of folding polygons, the length

of diagonal folds AD and EF is taken equal (i.e., b = c and β1 = β2.). The length
of the total fold pattern L is equivalent to the circumference of the boom section as
shown in Fig. 3, and each story of bellow pattern has m basic elements; then, the
length of the single bellow unit can be written as

a = a1 + a2 = L

m
(2)

The ratio of the lengths of horizontal fold lines can be defined as length ratio (R)
as follows

R = a2
a1

(3)

The value of length ratio will be greater than one for bellow pattern. The length
of single unit (a), length ratio (R), and the angles α/β are taken as design parameters
while designing a bellow folding pattern.

Using geometrical constraints of the folding pattern, all other dimensions can be
defined in terms of design parameters as follows

a1 = a

(1 + R)
(4)

b = a

2

(R − 1)

(R + 1)
secβ (5)

h = a

2

(R − 1)

(R + 1)
tan β (6)
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To investigate the stowing behavior of the bellow folding pattern having different
configurations, several characteristics like the radius of packaged cylinder, stowing
efficiency, and the residual volume inside the cylinder are defined.The expressions for
these packaging parameters are established for the completely folded configuration
of the cylindrical boom. Ideal folding condition (effect of thickness at the folds is
neglected) is considered while obtaining the packaged height of the boom.

2.1 Radius of Packaged Cylinder

Figure 4 depicts the folded configuration of a cylinder based on bellow pattern (m =
4, R = 3); the radius of the circumscribed circle of the polygon, formed by the fold
lines in fully stowed configuration, is called the radius of packaged cylinder (Rc). It
is an essential parameter for evaluating the stowing behavior of the boom, and the
expression for radius of bellow pattern folded cylinder can be obtained as follows

Rc = a1
2
cosec

θ2

2
= b

2
cosec

θ1

2
(7)

From the geometry

sin
(

θ2
2

)

sin
(

θ1
2

) = a1
b

(8)

Fig. 4 Bellow polygon
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where

θ1 = π

2m
+ θ; θ2 = π

2m
− θ (9)

From Eqs. (9) and (5), (8) can be rewritten as

sin
(

π
4m − θ

2

)

sin
(

π
4m + θ

2

) = 2 cosβ

R − 1
(10)

Equation (10) is solved for θ using MATLAB for each combination of design
parameters. Thus, θ1 and θ2 are obtained to calculate the radius Rc.

2.2 Packaging Efficiency

The stowage volume of the deployable structure is the main criterion while selecting
the folding technique; it can be calculated from the geometry of the completely folded
condition. The ability of packaging for any folding pattern can be described in terms
of packaging/stowing efficiency. It can be written as follows

PE = VolUnfolded − Volfolded
VolUnfolded

× 100 (11)

Volume of folded configuration:

Volfolded = Area of outer polygon(A) × Folded height(Hf) (12)

Area of Polygon (A)

In the bellow pattern, the fold polygon formed by outermost vertexes is an irregular
polygon, which consists of two type of triangles as shown in Fig. 5. The complete
fold polygon has n1 number of such triangles (n1/2 each) where n1: number of sides
of outer polygon = 4 m.

   (a)         (b) 

A

D

O

Rc

E

A

O

Rc

Fig. 5 Outer polygon triangles
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The area of the irregular fold polygon can be expressed as

A = m

2
b2 cot

θ1

2
+ m

2
a21 cot

θ2

2
(13)

The value of θ1 and θ2 can be obtained from Eqs. (8)–(10).
FoldedHeight (H f ):The folded height of the cylinder cab be calculated by consid-

ering the total number of overlapping layers in stowed condition. It can be written
as follows

Hf = 2 × t × S (14)

where S = height of the deployed boom/single story height (2 h).
t = thickness of the sheet.

Volume of folded configuration:

Volfolded = π ×
(

L

2π

)2

(15)

Now, by using Eqs. (11)–(15), the packaging efficiency can be calculated for a
particular folding pattern.

2.3 Residual Volume Calculations

The whole residual volume of completely folded boom includes inside residual
volume Rvol(inside) and residual volume between the layers Rvol(b/w the layers).

Inside residual volume Rvol(inside): The residual volume inside the folded boom
can be obtained by multiplying the area of the polygon formed by innermost vertices
and the folded height of the cylinder.

Inside residual area (A'): This inner polygon is a regular polygon, made-up of
n2 same triangles (△ POQ) as shown in Fig. 6, where n2: number of sides of inner
polygon = 2 m. The inner polygon area can be expressed as follows

A' = m

2
PQ2 cot β (16)

where,

PQ =
(
a1 + b

cos 2β

cosβ

)
(17)
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Fig. 6 Inside polygon
triangle

ℎ

O

P

Q

Rvol(inside) = Inside Residual area(A') × Folded height(Hf) (18)

Residual volume in between layers

Residual area between layers: The folded configuration has trapezoidal (PQRS)-
shaped free spaces (see Fig. 6) between the layers with height of two times ofmaterial
thickness.

A'' = PQ × b sin β (19)

Rvol(b/w the layers) = 2mt A''(2S − 1) (20)

Total Residual Volume:

Rvol = Rvol(inside) + Rvol(b/w the layers) (21)

3 Packaging Behavior

The knowledge of packaging behavior of folding patterns is essential while devel-
oping a packaging methodology. It includes the investigation of influence of design
variables like number of origami units (m) and length ratio (R) on the packaging
parameters like the radius of packaged cylinder (Rc), packaging efficiency (PE), and
residual space inside the folded boom. The length of the boom and circumference
are taken as 800 mm and 600 mm, respectively, throughout this paper.
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3.1 Effect of the Number of Bellow Units

To examine the effect of the number of origami units on the stowing behavior of the
boom, several bellow fold patterns were considered with different values of m while
the length ratio (R) is kept constant, and all other dimensions were calculated using
Eqs. (1)–(6). The variation of radius of stowed boom Rc, and packaging efficiency
with respect to m is shown in Figs. 7 and 8, respectively. Figure 9 displays the
variational trends of residual volume curves with respect tom; it is clear that total and
inside residual volume curves are almost equivalent; i.e., residual volume between
the layers is significantly less compared to the inside residual volume. The change
in the residual volume between folded layers with m is displayed in Fig. 10.

It is seen that as the number of origami units increases, initially Rc decreases
rapidly, and at higher values of m, this decrement becomes minor. The packaging
efficiency of the cylinder decreases significantlywith the increment inm. Initially, the
value of Rvol(b/w the layers) increases rapidly, but at higher values of m, this increment
become very less, whereas Rvol(inside) increases continuously with increment in m.

Fig. 7 Influence of m on Rc
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Fig. 9 Influence of m on
Residual Vol
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3.2 Effect of Length Ratio (R)

A number of bellow fold patterns were designed having different length ratio (R)
while keeping the number of origami units (m) constant, and all other dimensions
change according to Eqs. (1)–(6). The change in the radius of stowed boom Rc and
packaging efficiency with length ratio (R) for different values of m is presented in
Figs. 11 and 12, respectively. Figure 13 shows the variation of the total residual
volume with length ratio (R). It is seen that as the length ratio increases, Rc and PE
increase but at higher values of R, there is not much increment. The residual volume
decreases as the length ratio increases.
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Fig. 11 Influence of length
ratio (R) on Rc
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Fig. 12 Influence of length
ratio (R) on PE
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Fig. 13 Influence of length
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4 Conclusion

Thegeometry of the packagedboom is analyzed to investigate the packaging behavior
of the cylindrical boom. Furthermore, the influence of umber of origami units (m)
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and length ratio (R) on the packaging behavior is investigated. The results indicate
that:

1. As the m value increases, the radius of packaged cylinder reduces quickly at the
starting; later on, the reduction becomes less significant. The packaging effi-
ciency decreases with the increase in m value. Inside residual volume increases
continuously with m, whereas increment of residual volume between layers
becomes very less at higher values of m.

2. As the length ratio increases, Rc increases rapidly for lesser values of m, and
at higher values of m, the increment of Rc is very less. Total residual volume
decreases with the length ratio.

In the future, the deformation behavior of the bellow pattern will be studied.
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Evaluation of Dynamic System
Characteristics of Payload Cover
Mechanism for Spacecraft Applications
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Abstract Mechanisms for space applications are unique from those of ground appli-
cations from the perspective of their robust dynamic characteristics that are necessary
to sustain launch vibration loads along with their kinematic characteristics. One such
space-based mechanism is payload cover mechanism for spacecraft applications. In
these missions, there are various scientific payloads that need to be protected during
the ground, launch and initial on-orbit phase operations and positioned to functional
configuration in orbit for scientific observations. These requirements are met by way
of the payload cover mechanism with requisite dynamic and kinematic characteris-
tics. Given the fact that each payload demands a unique payload cover mechanism,
which has intricate geometry owing to the necessity of high stiffness and low mass
constraints, it is very essential to not only estimate the frequency characteristics of
mechanism using finite element analysis but also correlate the mathematical model
of mechanism based on vibration test results. This helps in accurate prediction of
system behavior at integrated spacecraft level as well as launch vehicle level. This
paper presents the analysis results along with the correlation methodology adopted
in case of a typical payload cover mechanism. The insights gained in the process
of correlation have been highlighted. This includes the influence of contact area
in determining the frequency characteristics as well as the load distribution in the
system.
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1 Introduction

Several deployable mechanisms are used to protect optical payloads from distur-
bances during launch and also during on-orbit maneuvers. These are deployed at
appropriate time in-orbit for functional use. These mechanisms use revolute joints
for deployment. Upon release, these mechanisms latch and change to structure. In
addition, the mechanism needs to act as structure with requisite stiffness during
launch phase so as to withstand dynamic loads. This is enabled using a hold-down
unit that keeps both parts of the payload cover intact. Mechanisms used for space
applications are designed with regard to stiffness owing to the necessity of catering
to launch vibration loads. The configuration of a space-based mechanism is driven
by analytical approach involving various iterative steps [1] that simulate launch to
on-orbit phases. These steps including stiffness estimation based on normal mode
analysis, need for test correlated mathematical model for spacecraft-level analysis
and on-orbit body rate comparison with analytical predictions have been presented
in reference paper [1]. An important step in this approach is correlation of mathemat-
ical model with experimental vibration test results. This paper presents the details
on this step in case of payload cover mechanism. The hold-down state induces the
elastic interaction effect [2] owing to the contact between the surfaces of two parts
of the payload cover. This contact stiffness cannot be easily calculated from the
geometry and material properties of the system. There have been many studies on
contact stiffness. Some theoretical models in this direction have been proposed like
the Hertz theory [3], the influence of surface topography on contact stiffness [4] and
surface normal contact stiffness model [5]. In the present paper, contact stiffness is
simulated using Rigid Body Element (RBE2) and analysis has been carried out using
finite element analysis (FEA) by multiplying the unit contact stiffness with variable
contact area. This contact stiffness has been correlated using experimental results
from base excited vibration test of the mechanism hardware. This study provided
insights on correlation methodology as well as on the influence of contact stiffness
in the payload cover mechanisms used aboard satellites.

2 Analysis of Mechanism Using FEA

Finite element (FE) model of a typical payload cover mechanism used in space
applications is shown in Fig. 1a.

FEA is carried out using commercial software packagesMSC PATRAN andMSC
NASTRAN. The FE model of the mechanism has been generated using TET10
elements so as to capture the stress distribution accurately of the intricate geometry.
The four main constituents of the mechanism from functional perspective are hinge,
hold down, top cover and bottom cover with baffle. The baffle hosting the payload
is fixed on to the satellite structure.
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Fig. 1 a Finite element
model of the payload cover
mechanism. b Geometry
model of the payload cover
mechanism

Bottom cover 
with Baffle 

Hinge 

Top cover  

Hold down 

(a)

(b)

The boundary constraint simulated in FEA is fixed boundary condition, wherein
the interface of the baffle with satellite is constrained in all six directions. The
hinge together with the hold down enables the system to act as structure during
launch phase. The pre-compression due to the hold-down force has been modeled
using RBE2 element. The pre-compression of hold down influences the contact area
between the two covers in dynamic condition and thus influences the frequency char-
acteristics. Because of this connectivity, the surfaces of the top and bottom covers
assume a certain amount of contact. This contact adds stiffness to the system. In the
initial phase of analysis, the contact stiffness is not considered as it helps in esti-
mating the frequency results in a conservative manner. This approach enables to plan
and conduct the vibration test in a cautious manner with regard to the sweep rate and
notch sequencing.

Accordingly, following analyses, with fixed boundary condition, are carried out
before the vibration test of hardware:

a. Normal mode analysis
The 1st mode is found to be 272 Hz with the mode shape as shown in Fig. 2.
In the mode shape, it can be observed from the color contours (wherein red
signifies maximum deformation, followed by yellow, green and blue) that the
area near hinge is less stiffer compared to that near hold down, thereby pointing
toward sensitivity analysis of hinge. This mode shape (Fig. 2) has been observed
from the experimental data as well in the form of higher amplification at hinge
location mounted accelerometer in comparison with that of hold-down location
mounted accelerometer.
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Fig. 2 First mode shape of
payload cover mechanism

b. Frequency response for 1 m/s2 of translational acceleration in all directions
The first resonance frequency is found to be around 270.5 Hz, with a structural
damping coefficient of 4%.

Sensitivity analysis of hinge has been carried out using following two cases.

a. By disabling the hinge connectivity completely, wherein the system is held only
by hold down. This gave a frequency of 103 Hz.

b. By making the hinge infinitely rigid so as to understand the upper limit of hinge
contribution to stiffness. This gave a frequency of 440 Hz.

With this understanding of the system characteristics, the payload cover mecha-
nism has been tested using base excited vibration. The test setup has been enabled
with four accelerometers. The first mode in vibration test has been observed to be
542 Hz at the four locations, indicating a global mode. Subsequently, studies have
carried out in order to correlate the FE model based on vibration hardware test data.

3 Correlation of FE Model Using Test Data

The mechanism can be considered into three sub-systems from the point of view of
frequency characteristics. This categorization has been made specifically to under-
stand the influence of various constituents of mechanism in understanding the
stiffness characteristics of the system.
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The three sub-systems are as follows:

a. Driving unit consisting of hinge, baffle, top cover and bottom cover
b. Hold-down unit
c. Contact area between the two covers after assembly of mechanism.

It can be observed from the configuration of the mechanism that the three sub-
systems mentioned above are in parallel and add to the system-level stiffness. As
mentioned earlier, the initial analytical estimations are carried out using only the
first and second sub-systems without including the third sub-system, i.e., contact
area between the two covers. Studies have been carried out using normal mode
analysis to correlate the mathematical model of the payload cover mechanism with
the vibration test data by varying the contact stiffness. This is done using unit contact
stiffness [2], wherein the per unit area contact stiffness is assumed constant and the
contact area is varied using RBE2 connectivity between interface surfaces of the two
covers.

With regard to the contact stiffness, the mechanism primarily consists of
connectivity at three locations, as shown in Fig. 3.

a. Location I—Between top and bottom covers
b. Location II—Between bottom cover and baffle
c. Location III—Between baffle and vibration table.

The studies have been carried out to understand the stiffness characteristics at
these locations in a sequential manner so as to identify the influential location for
correlation. Subsequently, the contact area at this connectivity is varied to correlate
the frequency characteristics of FEA with that of vibration test data. These studies
along with the first natural frequency results have been shown in Table 1.

It has been observed that the contact stiffness at interface of the two covers is
influential in determining the 1st natural frequency of system.

Connectivity between top and 
bottom covers (location I)

Connectivity between bottom 
cover and baffle (location II) 

Connectivity between baffle 
and vibration table (location III) 

Fig. 3 Different connectivity locations for studies on contact stiffness
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Table 1 Case studies

Case Analysis studies carried out to understand influence of
connectivity (location I/II/III of Fig. 3) w. r. t Case 1

1st Natural frequency (Hz)

1 Initial analysis with hinge stiffness and hold-down
stiffness, without connectivity at any of the contacts in
location I/II/III

272

2 Surface connectivity between cover and baffle, of full
contact area (location II)

291

3 Surface connectivity between cover and baffle (location II)
as well as baffle and vibration table (location III), of full
contact areas

296

4 Surface connectivity between top and bottom covers
(location I), of full contact area

733

5 Surface to surface connectivity between top and bottom
covers (location I), of about 65% contact area

684

6 Surface to surface connectivity between top and bottom
covers (location I), of about 46% contact area

536

a. Fromcases 2 and 3, it can be said that the influence of connectivity at cover-baffle
interface and at baffle-vibration fixture is negligible.

b. From case 4, the above point can be further confirmed as the condition of full
surface connectivity between top and bottom covers is resulting in a frequency
of 733 Hz.

c. From sensitivity analysis of hinge presented in Sect. 2, it can be understood that
there is significant influence of connectivity between the top and bottom covers
that is causing the difference between the analysis results and the vibration data
(542 Hz). This can be interpreted from the variation between 103 and 440 Hz,
which point to the additional stiffness contribution apart from hold down.

d. In case of 5 and 6, the connectivity at the interface between the two covers has
been studied by varying the contact area iteratively to understand the stiffness
characteristics of the contact between the covers. It is found that for a contact
area of about 46%, the FEA results are closer to the observed frequency data in
vibration test.

Based on above cases, correlated FE model has been generated, and subsequent
analysis [1] has been carried out on this model to estimate stiffness and strength
parameters. These studies highlight the inter-related role of design, analysis and
testing in mechanism development cycle.

It is found from the analysis of the correlated FE model that the frequency in X
(536 Hz) and Y (510 Hz) directions is nearly close to test of around 542 ± 10% Hz,
while in Z direction, the corresponding numbers are 1123 Hz in analysis and 906 Hz
in test. It has been found that the contact stiffness at interface between the two covers
is the influencing parameter. Thus, the methodology of correlation based on contact
stiffness is found to yield good results in case of payload cover mechanism for space
applications. This test correlated model, once integrated with mathematical model of



Evaluation of Dynamic System Characteristics of Payload Cover … 437

full payload, helps in estimating accurately the dynamic characteristics of payload at
sub-system level. Subsequently, the integratedmodel shall be used at spacecraft-level
analysis activities.

4 Conclusion

This paper brings out a methodology for correlation of FE model with vibration test
data based on influence of contact stiffness. The approach has been adopted in a
logical manner by way of elimination of options as can be seen from the studies
catering to the three connectivity locations in the payload cover mechanism. These
studies not only catered to the contact stiffness perspective but also strengthened the
approach by way of understanding the influence of two other major sub-units (hinge
and hold down) on the stiffness characteristics.

Though the mechanism considered in the present paper is a typical payload cover
mechanism used in satellites, the methodology and insights gained are equally appli-
cable to any general preloaded mechanism, thereby paving way for further study in
this direction. The paper models a fairly complex mechanism in its rigidized form,
correlates the experimentally obtained first natural frequency with the frequency
obtained from FE analysis and concludes that the extent of contact between the two
covers is a major factor in the dynamic response. Different analysis estimations like
normal mode frequency, stress and harmonic response have been presented for both
the initial FE model and the correlated model. Finally, the paper highlights the inter-
related role played by design, analysis and testing in successful development and
realization of mechanisms. This is not only beneficial but also inevitable in case of
space craft mechanisms, which need to cater to diverse requirements in terms of
functionality as well as environment.

Acknowledgements The authors would like to thank Shri Alok Kumar Shrivastava, Deputy
Director, MSA and Shri. M. Sankaran, Director, URSC for their constant support and encour-
agement.

References

1. Sri Pavan Ravi Chand V, Srivastava A, Kumar A, Kumar HNS, Keshavamurthy KA (2021)
Analytical approach to develop a robust mechanism for on-orbit gimballing of satellite antenna.
Spr J Adv Mech Eng June 2021

2. Kono D, Inagaki T, Matsubara A, Yamaji I (2013) Stiffness model of machine tool supports
using contact stiffness. Elsevier J Precis Eng Jul 2013

3. Mindlin RD (1949) Compliances of elastic bodies in contact. J Appl Mech
4. Thornley RH, Connolly R, Barash MM, Koeningsberger F (1965) The effect of surface

topography upon the static stiffness of machine tool joints. Int J Mach Tool Des Res
5. Yang H (2014) Relationship between normal and tangential contact stiffness of nominally flat

surfaces. Int J Control Autom 7(6)



Rigidization Mechanism
for Double-Layered Inflatable Circular
Torus Structure

Vikas Rastogi, Sanjay H. Upadhyay , Sammir Sakhare, and Kripa S. Singh

Abstract Inflatable structures arewidely using in space applications because of their
unique properties such as high packaging efficiency, light in weight, highly flexible
to fold in any configuration, and many more. Inflatable antennas require structural
rigidity after deployment. This structural rigidity is provided by the support elements
torus and booms. The support elements must rigidize after complete deployment
of the inflatable antenna. This article is investigating the rigidity criterion for the
support element torus. Here, the strain hardening method is used to rigidize the
support element, i.e., torus. The analysis is made for the hollow, double-layered
laminated circular torus. The layer-wise (LW) theory is implemented to calculate
the stresses in the torus material. The rigidization pressure is found analytically and
compared with the numerical analysis. Further, a parametric study is performed with
different combinations of the laminate membrane thicknesses to find the optimum
wall thickness of the support structure.

Keywords Gossamer structures · Strain hardening · Torus · Laminated membrane

1 Introduction

An extremely large size space antenna is desirable to increase the efficiency and
working range. Many researchers have tried to explore the different methods to
increase the size of the space antenna. Inflatable structures are the most attractive
method to increase the size of space antennas. Inflatable structures are light inweight,
requiredminimal energy to deploy, have high packaging efficiency, and have low cost
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in comparison with the conventional antennas [1]. Inflatable structures have many
advantages but also come with some critical challenges. After complete deployment
with the help of inflation gas, micrometeoroids may impact the surface of the antenna
which leads to create micro holes. These micro holes will cause leakage of the
inflation gas from the antenna, and the antennawill lose its erection strength that leads
to deformation of the antenna. Rigidization of the antenna can allow the leakage of
inflation gaswithout affecting its gained shape [2]. The researchers have studiedmany
rigidization techniques for rigidize inflatable structures such as UV rigidization,
foam rigidization, solvent boil-off rigidization, thermal rigidization, strain hardening
rigidization, and many more [3]. Here, the strain hardening rigidization method is
applied to rigidize the support structure torus. Researchers have studied the strain
hardeningmethod for boomand successfully rigidized the inflatable support element,
boom [4]. Creases formed during folding are removed from the surface by applying
the over-inflation pressure. This over-inflation pressure is slightly beyond the yield
limit of the ductile material. Removal of the wrinkles from the surface of the boom
enhances the structure health, i.e., structure’s working life is extended.

The aim to present this work is to rigidize the torus structure by applying the strain
hardeningmethod.Here, optimum rigidization pressure is calculated analytically and
compared with numerical analysis. Double layers of the torus structures are made of
thin foil of aluminum and Kapton polyimide film. The thicknesses of the aluminum
and Kapton membrane are ranging from 25 to 50 µm. The cross-sectional diameter
of the torus is 100mm, and themajor diameter is 500mm. Themechanical properties
of the Al-Kapton laminated membrane are found through the uniaxial tensile test.

This article is arranged into five sections. The second section discusses the strain
hardening method for torus structure. The third section explains the mathematical
expression which is used to find the rigidization criterion of the structure. The fourth
section is about the modeling and FEM analysis of the torus structure. In the last
section, conclusion about the findings has been made.

2 Strain Hardening Method

A ductile thin film and a polyimide thin film are laminated to form the wall of the
inflatable structure. The ductile material membrane acts as a strain storage source,
while the polyimide film acts as a bladder to prevent the leakage of inflation gas. The
inbuilt unique properties of both films are bound together to make them laminated
membranes. The torus is inflated, which is made of ductile and polyimide films
laminated membranes, slightly above the yield limit of the ductile membrane, and
holds for a small time duration at the constant inflation pressure. Holding time serves
as a transformation time for the ductile membrane to transform from elastic region to
plastic region. After complete transformation, inflation gas supply is cut off. Elastic
strain recovers while the plastic strain stores in the ductile membrane after cut off the
inflation gas supply. The ductile membrane tries to expand the polyimide membrane,
while the polyimide membrane resists this expansion and tries to recover its initial
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shape. Because of the different nature of both membranes, the ductile membrane
experiences compressive stresses, while the polyimidemembrane experiences tensile
stresses, i.e., laminated membrane remains in the equilibrium state.

3 Rigidization Criterion

The membrane theory is also applicable for thin-walled toroidal structures when the
shell experiences zero or negligible bending deformation [5]. Rigidization of the
torus is based on von Mises yielding criterion. The rigidization pressure Rp has been
found through

Rp =
/
4

3
.
σyt

r
(1)

where σy is yield stress, t is the wall thickness, and r is the torus radius.

4 Rigidization of Torus

Computational analysis has been carried out for the rigidization of the torus structure
to find the rigidization pressure with various wall thicknesses. Later, a comparison
table has been created which shows the variation in results found through FEM
analysis and mathematical analysis. A CAD model has been generated of the torus
and analysis is carried out through a FEM tool. The torus wall is made of a laminated
aluminum-Kapton polyamide film. In this analysis, total of six combinations have
been analyzed of the wall thickness, i.e., Al-Kapton are 10.5–25, 10.5–50, 18–25,
18–50, 25–25, and 25–50. All thicknesses are in microns. A four-node quadrilateral
mesh element has been generated for the surface distribution of the torus. The outer
layer of torus is aluminum and inner layer isKapton. The stress generation is obtained
by using the layer-wise theory. Figure 1 is showing the Mises stress distribution on
both layers. Both layers are in equilibrium and experiencing approximately same
amount of stress. Figure 2 is showing cross-sectional view of laminated membrane.

5 Results and Discussion

Different graphs for different combinations are listed below. Each combination
contains two plots. These plots are indicating rigidization criterion and rigidization
pressure (Fig. 3).
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Fig. 1 Mises stress distribution on a outer layer, aluminum, b inner layer, Kapton

Inner layer/Kapton 

Outer layer/Aluminium 

Fig. 2 Layers cross-sectional view

The hollow toroidal cavity has been filled through the inflation gas. As the volume
of the cavity increases because of the filling of the inflation gas, elastic strain is
stored in the structure. Storage of elastic strain in the structure continues until the
torus material attains the yield limit. Inflation beyond the yield limit leads to plastic
deformation of torus material. Holding inflation gas pressure, which created yield in
the torusmaterial, for some time so thatmaterial can take own time to flow in the yield
direction. Elastic strain recovered as the inflation gas pressure is released but some
amount of the plastic strain is remained stored in the torus wall. This permanently
stored plastic strain is responsible for strain hardening of the torus wall material, i.e.,
rigidization of the torus is taking place. As shown in the aforementioned graphs, each
combination of laminate is showing two graphs. The first graph is strain versus time
and second is strain versus pressure. Strain vs time graph is showing the variation of
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(c). T3. Thickness: -  Aluminum – 18 μm; Kapton – 25 μm

(d). T4. Thickness: -  Aluminum – 18 μm; Kapton – 50 μm 
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(b). T2. Thickness: -  Aluminum – 10.5 μm; Kapton – 50 μm
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Fig. 3 Plots for various combinations
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(e). T5. Thickness: -  Aluminum – 25 μm; Kapton – 25 μm 

(f). T6. Thickness: -  Aluminum – 25 μm; Kapton – 50 μm 
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Fig. 3 (continued)

strain w.r.t. time. All thickness combinations are T1, T2, T3, T4, T5, and T6. Strain
vs time graph of T1 showing the storage and releases of the strain according to the
inflation gas filling and releasing. The torus structure cavity is filled by the inflation
gas slightly above the yield point of the torus wall material and hold for a small
time period for elastic recovery. So, one can conclude that rigidization of the torus is
taking place. Second plot is showing the pressure required for rigidization. After a
certain pressure, strain increases drastically which showing a very high yielding of
the torus wall material.

The results of computational analysis have been compared with the analytical
approach. Equation (1) has been used to find the rigidization pressure analytically.
Yield stress (σ y) for each combination has been found through uniaxial tensile exper-
iment. INSTRONUTS 5982 gives yield point of eachmembrane. Figure showing the
experimental setup, shape and dimension of the specimen, and graph on stress–strain
curve (Figs. 4 and 5).

After getting yield stress from the experiment for each combination, rigidization
pressure is found through Eq. (1) and compared with computational results. Various
data have been tabulated in the following Table 1:

The percentage error between computational results and analytical results is under
3% error. Hence, one can conclude that the computational and analytical results are
in good agreement.
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Fig. 4 Experimental setup (INSTRON UTS 5982)

Fig. 5 a uniaxial tensile test specimen, b stress versus strain plot for Al-Kapton laminate
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6 Conclusion

Inflatable structures are stowed in a canister before deployment so, wall thickness
should be optimum. The thick wall will create a hurdle in folding and stowing, and
high spring back force. A very thin wall will crack through fold lines and structure
health will be compromised. T1 and T2 combinations have 10.5µ thin Al film which
can lead to generate cracks in membrane during folding and unfolding. So, T1 and
T2 combinations can be ruled out from structural health point of view. Out of T3,
T4, T5, and T6 minimum rigidization pressure is required by T3 that is 138 MPa and
its wall thickness is moderate. Crack will not propagate in T3 combination during
folding and unfolding. Combinations T4, T5, and T6 can also be ruled out from wall
thickness point of view. These combinations have thick wall thickness in comparison
with T3 combination. Hence, combination T3 is providing optimum wall thickness
with minimum rigidization pressure, i.e., T3 combination is the best available option
out of six combinations.
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Design of Jaw Rehabilitation Device
for Patients with TMJ Disorder

Udit S. Parihar, Shreyas M. Patel, Suril V. Shah, Kaushal A. Desai,
and Ankita Chugh

Abstract This paper presents a novel design of a rehabilitation device for patients
suffering from jaw opening impairment due to temporomandibular joint (TMJ) dis-
order and oral fibrosis-inducing conditions. The design of the device is posed as a
mechanism synthesis problem through path generation. The path generation is for-
mulated as a multi-objective optimisation to minimise the error between the desired
and actual jaw motion profiles and maximise the mechanical advantage. An itera-
tive solution is proposed that follows the ideal jaw profile. A systematic selection of
design variables is made, followed by formulating the objective function and iden-
tifying appropriate constraints. The optimisation routine uses the steepest descent
gradient to find the feasible direction for the objective function and Lagrange mul-
tipliers for imposing constraint conditions. Limits on link lengths and coordinates
of optimised linkages are imposed based on ergonomic considerations. The paper
presents two solutions to achieve the desired objectives: a dual fourbar mechanism
covering fourteen precision points and a single fourbar mechanism covering eight
precision points. The designed mechanisms are compared for accuracy, and struc-
tural analysis is carried out to assess the strength. The solution consisting of a single
4-bar mechanism is found better from the strength and manufacturability point of
view. A set of human trials would be required to examine the efficacy of the proposed
design.
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rehabilitation · TMJ disorder
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1 Introduction

The temporomandibular joint (TMJ) acts like a sliding hinge, connecting the jawbone
to the skull, and controls the jaw movement. Injury to teeth or jaw, teeth grinding,
arthritis, gum chewing, etc., are the leading cause of TMJ disorder [1–3]. There are
some devices available for rehabilitation, as shown in Figs. 1, 2 and 3. However, these
devices have a few drawbacks making them uncomfortable for the patients to use for
a long duration. Themajor flawwith the current jaw opening devices is their inability
to follow the natural path of the human jaw, as shown in Figs. 4 and 5. Studies show
that the jaw path profile is concave inwards towards the mouth with a sharp bending
point. However, the displacement analysis of existing devices shows that their path
profiles are concave outwards in contrast. Other drawbacks of existing devices are:
(i) Loading point is too narrow for teeth placement causing concentrated stresses at
the point of contact, (ii) lack of proper scale to measure jaw opening for tracking
improvements over time, (iii) lack of locking mechanism forces patient to hold the
device at the uncomfortable position for a long time, and (iv) the devices are not
designed for gaining maximum mechanical advantage without comprising the path
precision and are also costly. So in this paper, a jaw opener as a fourbar mechanism is
proposedwith low cost and the ability to follow a profile similar to human jawmotion.

Fig. 1 Heister metal jaw
opener [4]

Fig. 2 OraStretch press
rehab system [5]
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Fig. 3 TrisMax jaw
rehabilitation tool [6]

Fig. 4 Natural path of
human jaw opening

Fig. 5 Path of existing
devices
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The process of rehabilitation of the temporomandibular joint (TMJ) disorder was
discussed in [7, 8]. For effective jaw exercises, itsmovement is needed to be traced by
a device. Dimensional synthesis is used to solve this problem.More specifically, path
generation of a linkage is employed to synthesis mechanisms to trace the desired jaw
profile through a prescribed number of precision points [9]. Fourbar mechanism is
one such widespread linkage commonly used in many applications. In the case of the
fourbar mechanism, we can get an analytical solution to the problem if the number of
precision points is less than five [10, 11]. Path generation of a fourbar mechanism to
follow five or more precision points is a computationally heavy task, and complexity
will increase with the number of precision points. Numerical methods were used to
solve such a complex problem [12, 13]. A common approach is to solve the problem
through optimisation subject to constraints [14] to find an optimal solution. There
are many methods to solve the optimisation problem, as shown in [15].

In this paper, two different mechanism solutions are proposed to trace the motion
of the human jaw profile. Design optimisation is used to obtain the solution for the
proposed mechanisms’ link lengths and relative angles. This paper is divided into
five sections. Section2 contains the design consideration for the synthesis problem.
Section3 formulates an optimisation problem to find a design solution. Results are
shown in Sect. 4, whereas the conclusion of the paper is drawn in Sect. 5.

2 Design Considerations

The main goal of the proposed work is to design a device whose opening profile
follows as closely as possible the human jaw motion profile with the minimum effort
possible. This would ensure avoiding any unnecessary constraint forces at an angle
to the jaw. We also target to develop a device that offers proper comfort to the patient
by providing damping at the contact point between teeth and the device. To avoid
continuous application of the force by the patient to hold the device, we have provided
a locking mechanism to monitor the extent of jaw opening. A proper scale is also
required in the device that would be helpful to track the patient’s health.

We propose two solutions: (i) a dual fourbar mechanism comprised of two asym-
metric fourbar mechanisms, each following different paths. Its advantage is that the
resulting path is the sum of the individual paths, hence allowing us to track more
precision points and, therefore, more accurate path. The upper fourbar follows six
points, while the lower fourbar follows eight points. One connecting link between the
two fourbars transfers the motion from the output link of one fourbar to the input link
of the other fourbar and (ii) a single fourbar mechanism following eight precision
points.

Our work is different from contemporary work by emphasising that the device’s
design follows the precise jaw path profile resulting in comfort during its usage.
Experiments have been performed to calculate the mean path profile of a healthy
human jaw, as shown in Fig. 4. Current medical devices, which do not follow precise
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path profiles, are ineffective in treating TMJ disorder. Our problem statement of
following the jaw path is formulated as a path generation. We focus primarily on the
fourbar mechanism and its novel variant dual fourbar mechanism for path generation
of desirable profiles as proposed in the paper. A point on the coupler is chosen to
follow the desired path. The link lengths and relative angles are obtained from the
solution of the optimisation problem, as mentioned in the next section.

Another feature of the proposed design is the ability to lock down the mechanism
between theminimumopening and itsmaximumopening. This is achieved by placing
a nut and bolt between the ground and the crank link. This is also used to limit the
maximum opening of the device. The design of the prototype also aims to provide
an ergonomically better holding position, as shown in the final prototype in Fig. 12.

3 Formulation of Design Solution as an Optimisation
Problem

The design of the jaw opener is posed as a design and synthesis of mechanism. The
kinematic synthesis problem of determining link lengths and starting angles of the
fourbar mechanism is converted into design optimisation. The objective function we
want to minimise is the difference between precision points on a desired and calcu-
lated motion profiles. The constraints which should be maintained while achieving
the required objective are adhering to the Grashoff condition, loop closure equation
and limiting link lengths to their maximum and minimum values.

3.1 Objective Function

The input for the problemwould be the coordinates of precision points on the required
path. Minimising the distance between precision points is the same as minimising
the square of the difference of x and y coordinates. To reduce the complexity of the
objective function, we will minimise only the y coordinates of the points while keep-
ing x coordinates equal for the given points and the optimised points. The objective
function is defined as:

F =
n⎲

i=1

(yi − Yi )
2 (1)

where yi is the discreet points on calculated curve and Yi is the precision points on the
input curve. n corresponds to the number of points optimised, e.g. for dual fourbar
n = 8 for lower fourbar and n = 6 for upper fourbar, and F is value of objective
function.
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3.2 Loop Closure Equation

Various parameters used for the fourbar mechanism are shown in Fig. 6. The first
equality constrained equation would be writing coupler endpoint vector r in terms
of link vectors Z6, Z2 and Z5 and the second equation would be to force Z1, Z2, Z3

and Z4 to form a closed fourbar.

r = Z6 + Z2 + Z5 (2)

Z1 + Z4 = Z2 + Z3 (3)

Rewriting vector equations into scalar form, one obtains:

Xi − Z6 cosα − Z2 cos γi − Z5 cos(∠Z3i + λ) = 0 (4)

yi − Z6 sin α − Z2 sin γi − Z5 sin(∠Z3i + λ) = 0 (5)

Z1 cosβ + Z4 cos(∠Z4i ) − Z3 cos(∠Z3i ) − Z2 cos∠γi = 0 (6)

Z1 sin β + Z4 sin(∠Z4i ) − Z3 sin(∠Z3i ) − Z2 sin∠γi = 0 (7)

Each of the above four equations corresponds to the single point on the curve for
i = 1, 2, . . . , n; hence for 14 points, we would have 4 × 14 = 56 equality constraint
equations.

3.3 Limiting Values of Design Variables

The device’s manufacturing requirements and ergonomics aspect would require the
link lengths to be greater than a certain value and smaller than the certain maximum
value. Hence, the inequality constraint equations are introduced as:

K1 ≥ Z1 ≥ min; K2 ≥ Z2 ≥ min; K3 ≥ Z3 ≥ min (8)

K4 ≥ Z4 ≥ min; K5 ≥ Z5 ≥ min; K6 ≥ Z6 ≥ min (9)

Here, Ki , where i = 1, 2, . . . , 6, are the upper values of link lengths and min is
the lower value of link lengths, which is different for different links. In order to avoid
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Fig. 6 Definition of various
parameters of a fourbar
mechanism

overlapping of successive crank angle obtained from optimisation, there should be a
minimum amount of angle difference, K7, between them, as shown below:

γi+1 − γi ≥ K7 (10)

where i = 1, 2, . . . , n − 1 for discreet points. The other inequality constraint is
required to ensure minimum starting angular difference, K8, between ground (β)
and crank (γ ). The maximum size of the device would give us another inequality
between angles of vectors Z6 and r as follows:

γi − β ≥ K8 (11)

θi − α ≥ K9 (12)

The design variables Z1, Z2, Z3, Z4, Z5, Z6, α, β, λ, yi , γi , ∠Z3i ,∠Z4i can be
varied to satisfy the above-mentioned equalities and inequalities while minimising
the objective function. So,wehave 9 × 1 + 4 × 14 = 65design variableswhich need
to be optimised. The input variables are the constants Ki , where i = 1, 2, . . . , 9, and
the coordinates of the required curve Xi ,Yi where i = 1, 2, . . . , n and n is the number
of precision points on the required curve.

Themathematical solver known as fmincon is used to solve the nonlinear objective
function with equality and inequality constraints. The solver works by calculating
the hessian and gradient of the objective function at numerous points and directing
the solution to the minimum value of the objective function at each step. The iterative
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process stops when the objective function reaches a specific minimum value given
by the user at the beginning of the programme. fmincon starts the calculation from
an initial point, and the convergence time and value are heavily dependent on the
starting point. So to provide a better starting point, we used another linear solver
linprog with the value of the objective function as zero while forcing the design
variables as mentioned above equality and inequality constraints. Due to the linear
nature of the solver, it does not require the user to give an initial point.

4 Results and Discussion

Results of optimisation are presented in this section in the form of two design solu-
tions. Both solutions have been compared from the point of view of strength and
accuracy.

4.1 Design 1: Dual Fourbar Mechanism

The dual fourbar mechanism is comprised of two asymmetric fourbar mechanisms,
each following two different paths. The upper fourbar follows six precision points,
while the lower fourbar follows eight precision points. One connecting link between
the two fourbars transfers the motion from the output link of one fourbar to the input
link of the other fourbar. The solution of optimisation gives us values of the design
variables. The link lengths and initial angles are extracted from the solution to form
a dual fourbar linkage.

Figure7 depicts the length of links obtained through optimisation. The values of
the objective functions for the upper and lower fourbar are given by Fupper = 0.0121
and Flower = 0.00027 at the end of optimisation. Figure8 shows the conceptualised
prototype, the dual fourbar, with a connecting link. Despite providing a higher path
accuracy, dual fourbar fails to withstand jaw forces for a long duration of time, as
seen in Fig. 9. This is mainly due to the mechanism’s complexity resulting in smaller
and thinner links and joints. It was also observed that the resulting design is also
challenging from the point of view of manufacturability. Figure10 show the path
traced by the fourbar, which is the same as the required path shown in Fig. 7 in red
dots.

4.2 Design 2: Single Fourbar Mechanism

The single fourbar mechanism-based device traces eight points. Figure11 shows link
lengths of optimised fourbar. The value of objective function is F = 0.2946 at the
end. Figure12 shows the conceptualised prototype of a single fourbar mechanism.
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Fig. 7 Optimised link
lengths of dual fourbar
mechanism

Fig. 8 Prototype of dual
fourbar mechanism

The lower mouthpiece is connected to the coupler, which traces the jaw path, while
the upper mouthpiece is connected to the ground. The larger link lengths also help
in achieving a bigger mechanical advantage. The mechanical advantage increases
with increasing crank angle, making it easier to hold the device during the maximum
opening condition. The locking and scaling system can be easily integrated into the
proposed design. The single fourbar allows us to have a larger link lengthwith a fewer
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Fig. 9 Torsion failure of 3D
printed prototype of dual
fourbar

Fig. 10 Path traced by
single and dual fourbar
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Fig. 11 Optimised link
lengths of single fourbar
mechanism

Fig. 12 Prototype of single
fourbar mechanism
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Fig. 13 Stress analysis of dual and single fourbar mechanisms

number of links. However, it will induce an error of 0.71 cm2 from its natural path
(Fig. 10). This error can be compensated by the fact that each person has different jaw
paths; hence, a small error can be average out over large people. The single fourbar
mechanism-based design was also found to be easier and cheaper to manufacture.

Structural analysis of both designs in Fig. 13 shows that stresses induced in a
single fourbar are much less than dual fourbar mechanism. This indicates that the
single fourbar outperforms from the strength point of view of strength. The larger
link lengths in the single fourbar also enable us to use metallic pins instead of ABS
pins, unlike the dual fourbar.

5 Conclusion

Two novel designs of jaw openers are proposed in this work for a patient suffer-
ing from TMJ disorder. Both designs can trace human jaw motion profiles. We also
investigated the accuracy and strength of both designs as a trade-off. With the help of
the dual fourbar mechanism, it was possible to trace higher precision points resulting
in better accuracy. However, it required smaller and thinner links that could not with-
stand the jaw forces, resulting in lower strength. The single fourbar-basedmechanism
helped increase the strength of the device considerably while slightly compromising
the path’s accuracy. This is not of significant concern because it is averaged out by
variations in the jaw motion profile from one person to another. In future, systematic
human trials will be performed to make more improvements based on the feedback
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received from patients. Further, five or more links mechanisms will be explored for
the design of the Jaw opener.
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Design and Development of Double Air
Suction Resuscitation Device Using
Scotch Yoke Mechanism

Shivdayal Patel and Tanuja Sheorey

Abstract Aim was to make a low cost, lightweight, portable, automated cardiopul-
monary resuscitation (CPR) device, which can be used while shifting patients, or
emergency situation and cater to patient’s breathing requirement. Looking at the
situations likes Covid-19 or natural disaster, two point air supplies to cater to two
patients simultaneously is planned. Proposed design will provide customized air
supply with variation in pressure as well as volume of air for maintaining breathing
comfort of different age group of patients. The device will be fabricated mainly in
three parts, namely actuating mechanism, arrangement for variable air supply pres-
sure, andflowvolume and feedback control loop for automated customized operation.
ScotchYokemechanism has been used to convert rotarymotion ofDCmotor to linear
motion. One-point rotary motion is converted to two-point linear motion. Hence, the
devicemay be used to provide CPR to two patient’s simultaneously. Variable speed is
attained through PWM that may change current supply which in turn gets stabilized
via inbuilt switching IC. The hardware has been incorporated. Similarly, to control
flow volume, position of crank pin will be altered by using guide ways via feedback
control.

Keywords Resuscitation device · Scotch Yoke mechanism · Ambu-bag · Sensor

1 Introduction

Aim was to make a low cost, lightweight, portable, automated CPR device, which
can be used while shifting patients, or emergency situation and cater to patient’s
breathing requirement. Looking at the situations likes Covid-19 or natural disaster,
two point air supplies to cater to two patients simultaneously is planned. Proposed
designwill provide customized air supplywith variation in pressure aswell as volume
of air for maintaining breathing comfort of different age group of patients. Double
air suction resuscitation device can be used in all Govt. PHC’s (especially villages)
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to cater at the time of need patient such as snake bite, shifting patient from PHC to
referral hospital, at the time of natural disaster, Covid-19 patients, operation theaters
of hospitals: During the operation, oxygen supply is required. The device can be
used in ambulances and all the residential educational institutions, etc. In 1940–
1950, positive pressure device only controlled the volume. Soar et al. [1] developed
the modified CPR device which had reduced complications that can lead to further
negative outcomes after ROSC. The resuscitation-related rib and sternum injure are
the most common complications; almost, 60% of patients sustain rib fractures during
M-CPR. Lee et al. [2] developed the CPR device for clinically vulnerable people such
as pregnant women and infants. Maternal cardiac arrest remains a concern as very
little has been done toward this problem and can be devastating, often resulting in the
death of the mother. Tan et al. [3] investigated the modified CPR system to increase
the efficiency of CPR system. A chest compression test is used to minimize the risk
of the patient during an oxygen supply. This system is involving a boar model, an
end-tidal CO2-guided computerized robot CPR system.Maertens et al. [4] developed
the mechanical chest compressor cardiopulmonary resuscitation system to recover
the cardiac arrest patients. This CPR device is basically used for the survival and
neurological recovery, but this device was not used for the pregnant women or infants
[3–6].

The basic aim was to develop a low cost, lightweight, portable, automated CPR
device, which can be used while shifting patients, or emergency situation and cater
to patient’s breathing requirement. Scotch Yoke mechanism has been used to convert
rotary motion to linear motion. One-point rotary motion is converted to two-point
linear motion. Hence, the device may be used to provide CPR to two patient’s
simultaneously.

2 Methodology of Double Air Suction Resuscitation Device

Devices available in this category internationally have also used Ambu-bag for air
supply. However, different mechanisms are used for conversion of rotary motion of
a motor to linear or oscillatory motion required for compression. Some devices have
incorporated built-in air flowmeter for air supply pressure and volume measurement
with analog indicators for display. For changing supply parameters, microcontroller,
variable resistor, etc., have been used.

2.1 Actuating Mechanism

Four bar mechanism, i.e., rotary to oscillatory motion, slider crank, rack and pinion,
and cam follower mechanism have been used to get desirable motion to operate
Ambu-bag with respect to pressure and suction creation. In our proposed device,
Scotch Yoke mechanism has been used to convert rotary motion of DC motor to
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linear motion. One-point rotary motion is converted to two-point linear motion.
Hence, the device may be used to provide CPR to two patient’s simultaneously.

2.2 Variable Air Supply Pressure and Flow Volume

In order to have customized air supply as per the patient’s need, variable motor speed
and voltage is required. Techniques used in other such devices are variable resistor to
sense position of pressing arm, variable voltage supply, etc. Similarly, to get variable
flow volume, different controls have been used to vary the angle by which oscillatory
motion is performed to press Ambu-bag. In our proposed device, variable speed is
attained through PWM that may change current supply which in turn gets stabilized
via inbuilt switching IC. The hardware has been incorporated. Similarly, to control
flow volume, position of crank pin will be altered by using guide ways via feedback
control.

2.3 Feedback Control Loop

In the absence of expert technician, it is difficult to know how much and at what rate
the air supply need of the patient is. So far, we didn’t get this feature in the available
devices under our category. They are being operated manually to bring any change.
In our proposed design, automation of air supply pressure and volume would be
achieved based on feedback control. Motor speed and oxymeter reading is fed to the
control loop, providing correction in either of the air supply pressure or volume or
both. The same will be displayed on screen attached to the device.

2.4 Principle or Operation

Scotch Yoke mechanism is a very basic mechanism used to convert rotary motion to
linear motion as shown in Fig. 1. A simple DC motor may be used for the purpose.
With the additional link, rotary motion is converted to two-point linear motion, 180°
apart, i.e., opposite to each other.

3 Working of Double Air Suction Resuscitation Device

For varying volume and supply pressure of air through the device, as per the need to
the patient, simple two-knob arrangements are provided that can be handled by any
person. The device can provide air–oxygen mixture at high, intermediate, and low
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Fig. 1 Prototype model of
double air suction
resuscitation device

Fig. 2 Flowchart of the
double air suction
resuscitation device

volume. Similarly, it can provide the mixture at low, intermediate, and high pres-
sure. At the time of emergency situation like natural disaster and gas leak, the device
caters to two patients simultaneously. Pressure sensor and display LED are used to
measure the air pressure inside resuscitator bag and display volume values, respec-
tively, as shown in Fig. 2. Developed prototype provides customized air supply with
variation in pressure as well as volume of air for maintaining breathing comfort of
different age group of patients. The variation in these parameters is brought by simple
knob arrangement. Attached LCD screen provides the supply parameter values for
monitoring purpose.

4 Conclusions

Scotch Yoke mechanism has been used to convert rotary motion to linear motion.
One-point rotary motion is converted to two-point linear motion. Hence, the device
may be used to provide CPR to two patient’s simultaneously. For varying volume
and supply pressure of air through the device, as per the need to the patient, simple
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two-knob arrangements are provided that can be handled by any person. The device
can provide air–oxygen mixture at high, intermediate, and low volume. Similarly,
it can provide the mixture at low, intermediate, and high pressure. At the time of
emergency situation like natural disaster gas leak, the device caters to two patients
simultaneously. Pressure sensor and display LED are used tomeasure the air pressure
inside resuscitator bag and display volume values, respectively.
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Design of Mechanism for Actuating
Piezoelectric-Based Sector Micropump

Bittu Kumar Singh, Tanuja Sheorey, and Vijay Kumar Gupta

Abstract In recent years, themicropump has been investigated bymany researchers
as drug delivery and disease diagnostic device. These micropumps are designed to
control a small, specified amount of fluid. Piezoelectric-based micropump is one of
these devices which is used to collect the required amount of blood from the human
body for diagnostic. As the size of these devices is very small, therefore, handling
and controlling these devices are a challenging task.

One such device has been designed byHaldkar et al. (JMech Sci Technol 31(6):1–
9 (2017)). The device consists of seven micropumps, each of 45° circular sectors,
arranged circularly with separate microneedles attached to them. For collecting the
blood sample, the microneedle needs to be pressed down by 1 mm so that it can
penetrate human skin and extract blood for testing. This work aims to design a
mechanism as an integral part of the wearable device, to operate the piezoelectric-
based micropump. The cam-follower mechanism has been used for pressing the
microneedle and pulling back after blood extraction. This paper discusses the design
and analysis of the mechanism.

Keywords Cam ·Micropump ·Microneedle · Gear

1 Introduction

A number of microdevices have been developed for various applications. Some of
the applications includemedical devices, biochemical analysis, andmicroelectronics
cooling systems [1–3]. In the biomedical field, these micropumps have been used for
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blood testing to detect various diseases or as drug delivery systems [4–6]. According
to the available literature, modeling and flow analysis of a piezoelectric-based sector
micropump has been done by Haldkar et al. [7]. The micropump geometry is a 45°
sector with a 6 mm radius. The purpose of the development of this micropump is to
use it as a glucometer for the measurement of glucose level present in the blood of a
diabetic patient. Amicroneedle extracts blood from the body of a patient and collects
it in a pump chamber. It eventually comes in contact with the biosensor placed inside
the pump chamber. After diagnostic, the biosensor shows the reading of glucose
level. For proper suction, the microneedle needs to be inserted in the human skin and
to be held for some time and pull back. In this paper, a mechanism for pushing and
timing of the microneedle inside the skin is proposed.

1.1 Micropump

Themicropump developed by [7, 8] is shown in Fig. 1. It consists of a pump chamber,
piezoelectric bimorph, and a microneedle. A piezoelectric bimorph is attached at the
top of the micropump with a diaphragm. A microneedle is attached at the base of the
micropump for the suction of blood from the human body.When a sinusoidal voltage
is applied across the piezoelectric, bimorph oscillates creating suction inside the
pump chamber, and blood is sucked through the microneedle. A biosensor is placed
at a specified location from the microneedle as shown. The blood sucked through
the microneedle is collected at the biosensor for diagnosis. A circular section of
device consists of seven such sectors as shown in Fig. 2. An angular space of 6.42°
is provided between two micropumps to avoid frictional resistance at the time of
operation. At the time of operation, only, one micropump gets operated. Figure 3
shows the single pump (sector) with microneedle and follower mechanism used for
timing.

Fig. 1 Micropump model by Haldkar et al. [7]
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Fig. 2 Top view of 7-sector
micropump [9]

Fig. 3 Single-sector micropump with follower at the top

The dimensions of the micropump are considered the same as taken by Haldkar
et al. [7] and are summarized in Table 1.

2 Micropump Timer Mechanism

For the blood extraction, following sequence of operations are performed:

a. First, the pump along with microneedle is moved downward by 1 mm so that
needle is inserted inside the skin to extract blood.
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Table 1 Dimensions of micropump [7]

Parameters Dimension

Radius of the micropump, R 6 mm

Height of the micropump, h 2 mm

Angular space between two micropumps, θ2 6.42°

Diameter of the microneedle, d 60 μm

Length of the microneedle, l 1.8 mm

Thickness of the piezo-bimorph, t1 0.562 mm

Base thickness of the pump chamber, t2 0.50 mm

Inside height of the pump chamber, t3 1 mm

Thickness of the cover plate on the top surface of the pump chamber, t4 0.5 mm

The total outside thickness of the pump chamber 2.56 mm

b. After pressing to required depth, the needle is held inside the skin for 3 s while
pump is extracting the blood [9].

c. Next, the micropump along with microneedle is to be pulled back.

To perform the operations manually, as per the need of the timing of the blood
sampling, cam and followermechanism has been considered as one of the alternative.
The cam rotation is controlled by a knobmounted outside the circle as shown inFig. 4.
A gear arrangement is used to transfer the rotation of the knob shaft to the camshaft.
The knob is used to control twomotions, (i) rotation of the sector micropump and (ii)
pulling and pushing of micropumpwith the microneedle. The knob has two positions
to perform the tasks which can be set by pushing and pulling the knob. For the current

Fig. 4 Knob arrangement for the microneedle operation
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timer motion, the knob is pulled outside as shown in Fig. 4. In this position of the
knob, the spur gear-2 engages with crown gear-2; therefore, the rotational motion of
the knob gets transmitted to the camshaft.

When the crown gear mounted on the knob is in mesh with the spur gear mounted
on the compound gear shaft, the rotation of the sectors is achieved by the rotation of
the knob. The gear ratio between the crown gear and the compound spur gear is two;
therefore, when the micropump is required to rotate by a certain angle of rotation,
the knob is required to rotate by twice the angle of rotation of the micro-pump.When
the rotation of the micropump is done, the next sector micropump is placed at the
location to conduct the next testing.

In this work, it has been assumed that a human can rotate the knob at a speed of
15 rpm approximately.

2.1 Cam Design

For conducting test, cam needs to be operated through the knob, so the knob shaft is
pulled back to engage the wormwheel with a worm gear to transfer rotational motion
between the knob shaft and camshaft. The total operation needs to be completed in
4 s with one revolution.

Based on the requirement of the micropump, the cam can be divided in the
following intervals:

(a) Rise interval: During this interval, the microneedle is pressed down and pene-
trates the human skin. The rise angle is very low; therefore, the time taken by
the needle to penetrate the skin is very less. The angle is selected as 45° so that
penetration completed in 0.5 s (1/8th of total cycle).

(b) Dwell interval: During this interval, the microneedle does not move and stays
stationary in the penetrated condition, and suction of blood takes place through
the microneedle. The interval is chosen as 270° (3/4th of the total duration).
The microneedle will remain penetrated for 3 s.

(c) Return interval:During this interval, themicroneedlemoves back to the original
position. The return motion is completed in 0.5 s (1/8th of total cycle).

The camdesign parameters are summarized in Table 2, and designed cam is shown
in Fig. 5.

2.2 Theoretical Calculations

Input rotational speed applied to the knob, N1=15 rpm.
The rotational speed of cam, N2 = 15 rpm = 15

60 = 0.25 rps (revolution per
seconds),
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Table 2 Cam design
parameters

Parameters Values

Cam maximum radius, r1 2 mm

Cam minimum radius, r2 1 mm

Cam thickness, t 0.2 mm

Follower stroke-length, x 1 mm

Outward angle, θrise 45°

Return angle, θreturn 45°

Dwell angle, θdwell 270°

Fig. 5 Cam model its not looking circular

For a blood sample test, the cam needs to rotate about its axis by 360° or one
revolution.

So, the time required for cam to complete one revolution,

t = Number of revolution required

Rotational speed of cam (N2)

t = 1

0.25
= 4 s

2.3 Simulation Results from Solidworks

The whole cam along with the gear mechanism is modeled in Solidworks for further
analysis and simulated. Figure 6 shows the initial condition of the micropump; the
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Fig. 6 Initial condition of micropump (at 0 s)

knob is engaged to the cam with the help of crown gear arrangement. Figure 7 shows
the pressed condition of the micropump, and the microneedle can be seen to be
pressed down. During the rise angle, micropump is pressed down, and the needle
penetrates the skin. During the dwell time, the pump is operated, and the suction
of blood takes place. During the fall angle, microneedle comes out to its original
position. The total cycle time of 4 s can be seen clearly in Fig. 8.

Fig. 7 Pressed condition of micropump (at 2 s)
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Fig. 8 Final condition of micropump (at 4 s)

3 Cam and Follower Analysis Using ADAMS Analysis
Software

To find the displacement, velocity, and acceleration variation of microneedle during
cam rotation in timer mechanism, cam and follower simulation has been carried out
using ADAMS. 2D model of cam and follower mechanism as designed in ADAMS
is shown in Fig. 9. The profile of the cam is developed using multiple B-spline in
ADAMSC.

Figure 10a, b shows the profile of the cam as generated in ADAMS and Solid-
works. The cam designed in ADAMS is irregular in shape compared to the cam
designed in Solidworks because B-spline has been used to draw the curve of cam

Fig. 9 2D-model of cam and follower drawn in ADAMS
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(a) Irregular cam surface 

(b) Smooth cam surface 

Fig. 10 Comparison of surface of cam model drawn in ADAMS and Solidworks. a Irregular cam
surface, b smooth cam surface

profile in ADAMS. From the figures, it is clear that the cammodel designed in Solid-
works has smooth surfaces without any sharp corners or irregularities; therefore, it
can be assumed that the motion of the microneedle is smooth and constant without
any acceleration or jerk.

3.1 Results and Discussion

Figure 11 shows the displacement, velocity, and acceleration profile for the follower
motion as simulated in ADAMS. It can be seen that the follower takes 0.5 s to
rise linearly during cam rotation, and for the next 3 s follower, displacement is
approximately constant, while cam rotates, then for the last 0.5 s, the follower returns
linearly to its initial position.
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Fig. 11 Variation of displacement, velocity, and acceleration of follower

The displacement pattern of the follower in the graph is observed to be irregular.
This irregularity can be attributed to the irregular surface of the cam profile drawn
in ADAMS. The acceleration of the follower has some peak points during the rise
and return states of the follower. These peak points have occurred due to some sharp
corners in the cam profile. From the graph, it has been observed that the acceleration
is minimum during constant displacement time. When the cam starts rotating, the
velocity of the follower linearly increases and decreases with time during the rise
and return stroke of the follower. The velocity of the follower is zero during the rise
condition of the follower as shown in the graph.

4 Stress Analysis of Gear and Shaft

This device is designed to operate a micropump to extract blood from human skin.
When the cam rotates with the help of a knob, it presses the needle down and forces
the microneedle to penetrate the human skin. Ramasubramanian et al. [10] have
investigated that when a microneedle of diameter equals to labium of a mosquito is
penetrated inside human skin then 14.7 mN (milli-newton) force is required. Due to
this force, gears and shafts of the actuating mechanism are subjected to stresses. The
stresses are calculated in this section to ensure that the device can operate without
failure.
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5 Torque and moment calculations

Force applied on the circumference of the cam during penetration of microneedle
inside human skin,

F = 14.7 mN = (14.7× 10−3) N,

The radius of cam, R = 2 mm,
From the definition of torque, torque applied on camshaft is given by,
T = (F * R) Nm.
Therefore, T = (14.7× 10−3) × (2× 10−3) = (29.4× 10−6)Nm.

So, the torque (T ) is required to apply at the knob shaft to penetrate the
microneedle inside human skin, and the same is used to calculate the stress condition
of components.

(a) Stress analysis of knob shaft

The stress analysis of the knob shaft is performed on SOLIDWORKS by applying
the input torque value obtained from theoretical calculations.

Torque applied on the shaft, T = (29.4× 10−6) Nm,
Diameter of knob shaft, d = 0.2 mm,
Length of knob shaft, l = 3.5 mm,
Here, polyethylene terephthalate (PET) material has been considered to design

shaft and gear components; properties of the material have given below:
Tensile strength, σt = 61.67 MPa,
Compressive strength, σc = 92.9 MPa,
The stress and strain condition of the knob shaft is shown in Figs. 12 and 13 and

summarized in Table 3.

Fig. 12 Stress analysis of shaft
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Fig. 13 Strain analysis of shaft

Table 3 Results of stress
analysis of shaft

Parameters Values

Maximum stress induced in the shaft, σ 20.81 MPa

Yield stress of shaft material, σy 61.67 MPa

Maximum strain induced in the shaft, ε 5.961e–03

From Table 3, it is clear that the stress induced in the shaft is less than the yield
strength of the material; therefore, shaft design is safe and can be operated for infinite
times.

(b) Stress analysis of spur gear-2

A small spur gear is used to transmit motion from the input shaft to the camshaft
with the help of a crown gear mounted on the camshaft. As the dimensions of the
small spur gear and crown gear are the same; therefore, torque andmotion transmitted
by both the gears are the same.

Torque applied on the gear, T = 29.4e–06 Nm. The stress and strain condition of
the spur gear-2 is shown in Figs. 14 and 15 and summarized in Table 4.

From Table 4, it is clear that the maximum stress induced in the small spur gear is
less than the yield strength of the material; therefore, this gear can be used to operate
this mechanism for infinite cycles.
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Fig. 14 Result of stress analysis of spur gear-2

Fig. 15 Result of strain analysis of spur gear-2

Table 4 Results of stress
analysis of spur gear-2

Parameters Values

Maximum stress induced in gear, σ 13.66 MPa

Yield stress of gear material, σy 61.67 MPa

Maximum strain induced in gear, ε 3.699e–03

6 Conclusions

In this work, actuating mechanisms for a piezoelectric-based micropump have been
developed and analyzed. Spur gear and crown gear have been used to transmit motion
and torque between two perpendicular shafts. To operate a micropump, a cam has
been designed.
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Based on the results obtained for both the mechanisms, the following conclusions
may be drawn.

● The designed timer mechanism can be used to time the blood sampling in 4 s.
The simulation result matches with the theoretical calculations without any error.

● The designed cam-follower mechanism is capable of providing required displace-
ment of 1 mm for 3 s of the follower.

● The actuating mechanism is not subjected to jerk at any instant of time during
operation of the cam-follower.

● The stresses developed in knob gear and shafts are within the allowable value.
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An Optimization-Based Design
of Open-Chain Manipulator Arm:
Incorporating Dimensional Uncertainty

Saurabh Chaudhary , Virendra Kumar, and Soumen Sen

Abstract We present an approach to design an open-chain manipulator arm
(OCMA) addressing dimensional uncertainty. A constrained design optimization
problem (DOP) is framed, in that design parameters (DP) and constraints cast in
the interval domain. The design of the OCMA addresses the criteria that the arm
achieves high dynamic manipulability with maximized reachable space. Hence,
a multi-objective (MO) DOP is formulated considering two objective functions,
namely Global Dynamic Manipulability and the Kinematic Workspace. It considers
the inertial and geometric properties of the links. Optimization of the interval domain
provides a solution in terms of a nominal value of the DP with a so-called tolerance.
The design constraints are imposed on the maximum allowable tool-point deflec-
tion and maximum developed stress. A 2R OCMA moving under gravity and with a
payload is considered to show the method’s effectiveness, giving rise to a tolerance
design of the manipulator.

Keywords Robot design · Interval method · Dynamic manipulability

1 Introduction

A manipulator is designed to an assured performance, quantified through some
performance metrics. Generally, a design optimization problem is formulated using
the performance criteria. This is associated with several design constraints, including
strength and allowable deflection, joint range, and some feasible limits for the dimen-
sions of the link geometries. A conventional design can only result in nominal values
of the design parameters. However, unmodeled uncertainties in designing and manu-
facturing the components and their assemblies (including off-the-shelf components)
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are always associated with variations or tolerances. These variations result in devi-
ations of performance from the desired one. A preferred approach to deal with the
uncertainties is to bring in the tolerable perturbations in performance as the system’s
specification at the design level itself and obtain the variations in design parameters
(such as dimensions) as design tolerances. The interval method offers a powerful
tool to deal with these parameter and performance uncertainties and is efficiently
used in the design optimization of different machines and their parts, considering
the uncertainties in the system. A design parameter has a nominal center value and
a radius (tolerance) in the interval method [1].

In the robotics literature, there are instances of interval methods used to analyze
robot workspace, robot design, and inverse kinematics. The interval Newton method
[2, 3, 5, 6] and Krawczyk method [4] perform the inverse kinetics redundant manipu-
lator. The optimum dimensions of the manipulator have been found in [7], where the
robot has to reach some predefined configurations. A parallel manipulator robot’s
design is optimized in [8], and tolerances in the design parameters of Stanford’s
arm are determined in [9]. On another side, various works in literature are present
in which performance measures are used to design manipulators. Several perfor-
mance metrics were presented in the literature and showed their effectiveness in
the designing of manipulators. A few performance measures such as manipulability,
dynamic manipulability, isotropy, conditioning index, and generalized inertia ellip-
soids keep the manipulator away from singular configurations. The manipulability
measure proposed in [10] presents an ability to maneuver the manipulator uniformly
within its workspace. Dynamic manipulability [11] is an addition to manipulability,
where the inertia of themanipulator is considered in this performancemeasure which
gives the ability to accelerate uniformly. Normalized Jacobian’s condition number,
i.e., isotropy, is used to examine the conditioning (ill-conditioned or not) of the Jaco-
bianmatrix,which also inspects howequally the joint rates contribute to the tool-point
velocity. Generalized inertia ellipsoid is discussed in [12], which measures the task
space inertia of the manipulator. Global conditioning index (GCI) [13] is defined as
the weighted average of the inverse of the condition number of the Jacobian matrix
computed over the entire robot. Using GCI, Kumar. V et al. [14] found the optimum
link lengths of a serial link redundant manipulator. Three performance measures,
i.e., structural length index, global conditioning index, and modified dynamic condi-
tioning index [15], are used to find the optimal length of a 7-DOF serial link manip-
ulator. A multi-objective optimization approach [16] is used to find the optimal link
lengths.

The studies cited above use performance measures in manipulator design, but the
consequence of uncertainties was not effectively attended. In reality, the existence of
integral uncertainties causes deviation of the performance of the robot manipulator
from the designed desired performance. In this article, an approach is presented,
which considers the uncertainties present in the geometry of the links. The proposed
approach uses the manipulator’s dynamic manipulability and workspace area as the
objective function in global and some primary constraints for the multi-objective
optimization problem. One of the constraints enforces a condition on developed
stress so that it is always kept below the allowable strength of the chosen material.
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The second constraint considers the deflection at the tip of the end effector (in worst-
case configuration), which should be kept within a specified tolerable value. The
optimization is formulated by taking design parameters and constraints in the interval
(mid-value and radius). The interval form results gives the output nominal values and
the design parameters’ tolerances as radii of the intervals. A 2ROCMAmoving under
gravity and with a payload is considered to show the method’s effectiveness, giving
rise to a tolerance design of the manipulator.

2 Interval Method and Manipulator Performance Metric

The fundamental principles and the laws of interval methods used in this work are
presented [1].An interval A iswritten as (i) using lower and upper bound A = ⎡

A, A
⎤

and (ii) by specifying the center and its radius A = {<x, y>} where A is lower and A
is upper bound, and x = center and y = radius. Two objective functions are chosen
to formulate the design optimization problem, namely the dynamic manipulability
and the workspace area are discussed below.

2.1 Dynamic Manipulability

Dynamicmanipulability (DM) characterizes themaneuverability of the robot manip-
ulator taking into account the arm kinematics and dynamics. It deals with the degree
to which a manipulator can modify the end-effector acceleration in all directions for
a given joint torque constraint. The dynamic manipulability [11] is described

ηd =
/
det

(
J
(
MTM

)−1
JT

)
(1)

where M = M(θ) is mass inertia matrix (configuration dependent), J (θ) is the
Jacobian matrix. If the manipulator is non-redundant, then the DM shrinks to

ηd = det(J )

det(M)
(2)

DM of a 2R OCMA shown in Fig. 1 is defined by Eq. (2), and the elements of the
mass inertia and Jacobian matrix are.

J =
⎡−L1S1 − L2S12 −L2S12

L1C1 + L2S12 L2C12

⎤

M



490 S. Chaudhary et al.

Fig. 1 a Schematic diagram, b cross-sectional view of 2D of manipulator

=
⎡

⎣
IZ Z1 + I

'
Z Z2 + m1C

2
m1 + m

'
2

(
L21 + C

'2
m2 + L1Cm

'
2C2

)
I
'
Z Z2 + m

'
2

(
C

'2
m2 + L1C

'
m2C2

)

I
'
Z Z2 + m

'
2

(
C

'2
m2 + L1C

'
m2C2

)
I
'
Z Z2 + m

'
2C

'2
m2

⎤

⎦

where C1, C12, S1, S12 are cos(θ1), cos(θ1 + θ2), sin(θ1) and sin(θ1 + θ2),
L1, L2, m1, m

'
2, θ1 and θ2 are the lengths, mass, and joint angles of the first link

and second link (mass with payload), Cm1 and Cm
'
2 are center of mass first and

the second link (with payload), Izz1 and I
'
zz2 are the mass moment of inertia of the

first link and the second link (with payload). The above-defined DM is configuration
dependent and known as a local performance measure. The global variant of the DM
is obtained by taking the average over the entire workspace and given as.

ηdg =
(
w

ηddw(
w
dw (3)

where
(
w
dw is the volumeof the entireworkspace.Numerically, for the global variant

of DM computation, the whole workspace is distributed into several points (scattered
over the grid). If N is the total points on the grid, ηdi is the DM (configuration
dependent); at any point, DM is defined as

ηdg = 1
N

N∑

i=1
ηdi (4)
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2.2 Workspace Area

The second objective function is chosen as the robot manipulator’s workspace area.
The shape of the workspace of the 2R OCMA is not entirely circular, but it is an
annular shape. The outer radius A2

r1 of the annular workspace is equal to the sum of
the link lengths, and the inner radius A2

r2 is equal to the difference in the link lengths.
The area is given as

WA = π A2
r1 − π A2

r2
(5)

3 Problem Formulation

A multi-objective maximization optimization problem has been framed for 2R
OCMA, moving vertically against gravity and with a payload at the end effector. The
problem is formulated using two objective functions, namely global dynamic manip-
ulability and the workspace area, as defined in Sect. 2. Objective functions determine
link geometries (length and radius) under certain structural strength constraints. A
hollow right circular cylinder has been considered the links, parametrized by outer
radius and wall thickness. The structural strength constraints are imposed by keeping
the maximum bending stress developed below the allowable material strength (with
a factor of safety) and maintain the maximum deviation at the end effector within a
specified limit in the worst-case configuration possible. Moreover, the end effector
is required to reach all points distributed across a predefined grid in the workspace
into this optimization problem. With a specified tolerance, the end effector should
reach inside the predefined grid area. The inverse kinematics of the manipulator
examines the possibility of reaching a point taking into account the median point of
the link lengths and grid points. The forward kinematics of the manipulator checks
the tolerance at grid points by taking the link lengths (in interval form). As a design
parameter, the link length ratio is considered to reduce the degree of complexity of the
problem. The optimization problem is cast in the interval domain by considering the
design variables and other constant material factors as intervals. The objective func-
tion and the constraint relations are also expressed and are computed in the intervals.
The multi-objective optimization problem 2R OCMA is framed by merging both the
objective functions by taking a weighted sum. To cope with the unit mismatch issue,
the objective metrics are normalized in formulating the multi-objective function. The
optimization problem is thus framed as.

Cost Function:

maximize
ηdg ,WA

f = ω1 × ηdg + ω2 × WA
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Subjected to

ρmin ≤ ρ ≤ ρmax

δend - effector < δallow

σi ≤ σallow

θi ≤ θi ≤ θimax

Rimin ≤ Ri ≤ Rimax

∈imin≤∈i≤∈imax

rimin ≤ ri ≤ rimax

where i = 1, 2 ω1, ω2 are the weighting factor, ρ is the link length ratio
(
ρ = L1

L2

)
,

σi , and σallow are the maximum bending stress at each joint and allowable bending
stress of the material (yield stress with FOS), δend - effector and δallowable are end-
effector’s deflection and maximum allowable end-effector’s deflection, Ri is the
link radius of each link, ∈i and ri are the tolerance in each link length and radii,
respectively. In this optimization, problem aluminum is taken as the material of the
links. The properties of the aluminum are taken in the interval domain, i.e., density is
[2640, 2810] kg/m3, Young’s modulus of elasticity is [68.7, 70] N/m2, yield strength
of the material is 240 × 106 N/m2 with FOS as 2. The manipulator’s parameters
are also taken in the interval domain, i.e., g is [9.8, 9.81] m/s2, link thickness t is
[1.75, 2.25] mm, the payload is [4.9, 5.1] kg, δallow is 2 mm, end-effector tolerance
is ±5 mm, and total length is 1 m. The ρ is varied from 0.2 to 2; tolerances in length
are varied from 50 µm to 6 mm; link radii and tolerances are varied from 10 mm to
50 mm and 10 µm to 50 µm, respectively; the joint angles vary from 0 to π rad; the
manipulator is operating only in the first two quadrants. The optimization is solved
using the grid search method, and the steps are given below. In which, the objective
functions and the constraints are expressed in intervals.

(i) Initialize with material properties, and constraints, geometric parameters.
(ii) Set the bounds (lower and upper) of design parameters.
(iii) Start the iteration from the lower to the upper bound of the chosen DP and

check the constraints.
(iv) If all the constraints are satisfied, calculate the objective function.
(v) Change the design value and repeat the step (iii) and (iv) until the upper bound

of the design variables is reached.
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Table 1 Optimized design parameters with varying weights

Weights Optimized design variables

ω1 ω2 ρ ∈1 (mm) R1 (mm) R2 (mm) ∈2 (µm)

0.1 0.9 1 2.7 36.7 18.9 50

0.2 0.8 1.2 2.7 36.7 18.9 50

0.3 0.7 1.2 2.7 36.7 18.9 50

0.4 0.6 1.4 3.4 36.7 18.9 50

0.5 0.5 1.4 3.4 36.7 18.9 50

0.6 0.4 1.4 3.4 36.7 18.9 50

0.7 0.3 0.2 3.4 36.7 27.8 50

0.8 0.2 0.2 3.4 36.7 27.8 50

0.9 0.1 0.2 3.4 36.7 27.8 50

(vi) Find the maximum objective function value.
(vii) Select the optimum design parameters corresponding to the maximum

objective function.

4 Results and Discussion

The formulated problem is numerically solved through the algorithm in Sect. 3. The
solution provides the optimum link length ratio and link radii of the manipulator with
tolerances. The multi-objective optimization problem is formulated by combining
the objective functions in a single objective function using a weighted sum of the
normalized individual functions. The objective function is normalized as fnormal =

f
mid( fmax)−mid( fmin)

and calculated in the interval domain, and mid( fmax) and mid( fmin)

are the midpoint of the maximum and minimum interval values of the objective
function, respectively. The optimization problem is solved in two parts. In the first
part, equal weights are used, and in the second part, different weights are used such
that their sum is always equal to 1. When the weights are equal, the optimal link
length ratio is 1.4, the tolerance in link length is±3.4 mm; the link radii are 36.7 and
18.9 mm, respectively, with tolerance as ±50 µm. The optimized design variables
using different weights are arranged in Table 1, and values are not rounded off. All
the calculations are performed on MATLAB© using INTLAB© [17].

5 Conclusion

The article presents an interval mathematics-based method for designing OCMA,
providing results in interval valued design parameters (nominal values and toler-
ances). The proposed methodology addresses the inherent uncertainties (errors due
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to manufacturing and other errors) in designing an OCMA. The problem is formu-
lated in a multi-objective optimization framework, and the solution is obtained by
the nterval method. The proposed optimization method in the interval domain is
applied to design a 2R OCMA, moving vertically under gravity. Global dynamic
manipulability and workspace area are chosen as the objective function and solved
in the interval domain. This leads to a tolerance design of the links for given varia-
tions in performance. Future work will focus on the algorithm part of the proposed
methodology and explore an improved algorithm than a basic grid search method.
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Optimum-Blended Trajectory
Generation of ABB SCARA Robot
to Minimize Travel Time and Jerk
with Dynamic Motion Analysis

Kaustav Ghar , Bhaskar Guin , Nipu Modak ,
and Tarun Kanti Naskar

Abstract The ABB SCARA robot is widely used in industries as an assembly-line
robot. This paper aims at presenting an optimized trajectory so that robotic manip-
ulation can be achieved in minimum time while ensuring adequate motion smooth-
ness, i.e., minimizing jerk. Joint trajectories can be interpolated using polynomial
and trigonometric blending functions. This paper uses two types of blending trajec-
tories—a linear segment with parabolic blends (LSPBs) and a linear segment with
sinusoidal blends (LSSBs).Anoptimization problem is formulated tominimize travel
time and jerk using G.A. The maximum tool center point (TCP) velocity and accel-
eration are considered optimization constraints. Graded weight functions are intro-
duced that facilitate converting a multi-objective optimization problem into a single-
objective optimization one. Lagrangian mechanics is used for dynamic analysis. The
validation of the work is done using SolidWorks®.

Keywords Optimum joint trajectory · LSPB · LSSB · GA · TCP · Minimum
travel time · Minimum jerk · Lagrangian dynamics

1 Introduction

Since the development of the first industrial robot in 1959, there has been continuous
development in the field of robotics [1]. Robots are now equipped with advanced
microcontrollers that enable humans to control a robot’s motion using software
[2]. SCARA robot is one of the most commonly used assembly-line robots [3].
Recently, a modular design of a traditional SCARA robot, namely M-SCARA, has
been presented in [4]. Reducing the joint jerk is desired for smooth performance. The
lower is the jerk greater is the degree of smoothness of its motion. The jerk of a joint
depends on the type of polynomial used as trajectory. Joint jerk minimization using
G.A. has been presented in [5]. It uses joint angle, velocity, angular acceleration, and
torque as optimization constraints. A smooth trajectory has been generated using
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the parametric NURBS curve [6]. The approach uses gradient-based optimization
to minimize the jerk. A time-optimal smooth joint path planning is presented in [7],
where piecewise cubic and B-spline polynomial curves are used for trajectory. A
smooth trajectory planning is presented in [8] using a fifth-order B-spline.

The paper aims at presenting a smooth trajectory of the ABB SCARA robot for
minimum possible travel time, which would be beneficial for industrial application.
Different polynomial and trigonometric joint interpolation functions are constructed
keeping in view the workspace. The effect of minimizing the jerk and travel time has
been compared using MATLAB®. The kinematic and dynamic models of the robot
are validated for those trajectories using Solidworks® motion analysis.

2 Mathematical Modeling

The ABB SCARA robot is a 4-axis R-R-P-R robot. The moment of inertia of a body
about the longitudinal axis is less than any other axis. Hence, the torque required for
roll motion of the end effector is negligible compared to other joints. That is why it
is not considered in the analysis.

The forward kinematic analysis obtains theworkspace. The trajectory in theCarte-
sian space is chosen such that it lies within the reachable workspace. Three precision
points define the trajectory—start (A), stop (C), and via point (B), as shown in Fig. 1a.
The joint actuation required to allow the end effector to trace the trajectory is obtained
through the inverse kinematic model.

Fig. 1 a End-effector trajectory in Cartesian space, b variation of θ1, θ2, and d3
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2.1 Inverse Kinematics Model

The variation of the joint actuation has been computed using inverse kinematics [9].
Coordinates at any point on the trajectory are defined by [xe, ye, ze]T in Cartesian
space. The actuation parametersθ1, θ2, and d3 can be obtained as shown in Eq. 1,

⎧
⎪⎪⎨

⎪⎪⎩

θ2 = ± cos−1
(
x2e +y2e −L2

1−L2
2

2L1L2

)

θ1 = tan−1
(−(L2 sin θ2)xe+(L1+L2 cos θ2)ye

(L1+L2 cos θ2)xe+(L2 sin θ2)ye

)

d3 = L01 − Ze

(1)

where L1, L2 be the lengths of link 1 and link 2, respectively. L01 is the offset distance
between link 1 and link 2. The quadrant correction has to be implemented to select
the desired value of the joint actuation after inversion; for this purpose, the multiple
solutions obtained in the current step can be compared with the value of the previous
step to obtain the required solution.

2.2 Joint Trajectory Interpolation

From the variations of the joint actuation, it has been observed that there may be a
point in the joint trajectory at which the actuator reverses the direction of its motion.
This point is termed the reversal point. The reversal point divides the joint trajectory
into two segments. Depending on its position, the knot point may lie in the 1st or
2nd segment, or it may coincide with the reversal point. If the knot point coincides
with the reversal point, then it is treated as a reversal point. So, apart from the start
and endpoint, the trajectory has a knot point and sometimes a reversal point.

The joint trajectory can be interpolated using a linear segment with polyno-
mial [10] or trigonometric blends. The general equation of a linear segment with
a polynomial blend is represented in Eq. 2.

θ(t) =

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

n1∑

i=0
Ai t i ; 0 ≤ t ≤ ta

n2∑

i=0
Bi t i ; ta ≤ t ≤ td

n3∑

i=0
Ci t i ; td ≤ t ≤ t f

(2)

where ta and td are the blend times for acceleration and deceleration, respectively. If
the knot point lies in the 1st blend segment, then n1 = n + 1, n2 = 1, n3 = n. If the
knot point lies in the 2nd blend segment, then n1 = n, n2 = 1, n3 = n+1. If the knot
point lies in the linear segment, then n1 = n, n2 = 2, n3 = n. Here, n= 2 for a linear



498 K. Ghar et al.

segment with parabolic blends (LSPB). A linear joint trajectory can also be blended
using sinusoidal segments [11]. The normalized equation for a linear segment with
sinusoidal blends is shown in Eq. 3.

θ(t) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

2ta
π

(
sin

(
π t
2ta

− π
2

)
+1

)

f 0 ≤ t ≤ ta
2ta
π

+t−ta
f ta ≤ t ≤ td

2ta
π

+td−ta+ 2(1−td)
π

sin
(

π(t−td)
2(1−td)

)

f td ≤ t ≤ 1

(3)

where f = 2ta
π

+ td− ta+ 2(1−td)
π

and ta, td are normalized blend times for acceleration
and deceleration, respectively. θ(t) is the normalized joint displacement.

LSPB and LSSB trajectories with or without reversal points can be constructed
usingEqs. 2 and 3, respectively. TheLSSB trajectory is interpolated such that the knot
point always lies in the linear segment since constructing a cycloid profile passing
through three assumed points is a complexmathematical procedure. However, for the
LSPB trajectory, if the knot point lies in any segment, the corresponding segment is
interpolated using a polynomial of the next higher order. The joint temporal behavior
includes joint velocity θ̇ , acceleration θ̈ , and jerk

...
θ computed using the central

difference method [12].

2.3 Joint Dynamic Behavior

The dynamic equation of a robotic manipulator consists of inertia, centrifugal, Cori-
olis, friction, and gravity terms. Lagrangian dynamic formulation [13] has been used
to formulate the dynamic equation of the robotic manipulator. Equation 4 shows the
generalized equation of motion for a robotic manipulator:

M(q){q̈} + H(q, q̇) + F(q̇) + G(q) = τ (4)

where q is the joint variable, q̇ is the generalized velocity, q̈ is the generalized
acceleration, and τ is the generalized torque vector. M is the inertia terms; H is the
Coriolis and centripetal force terms; F is the viscous and Coulomb friction force
term, and G is the gravity term. The inverse dynamics [14] approach has been used
to compute the joint torques from their respective temporal behavior.

2.4 Optimization

Minimum travel time
The objective of this problem is to minimize the travel time. The constraints taken

into consideration aremaximumallowable velocity and acceleration of the tool center
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point (TCP). A constant value of blending time is considered for constructing the
LSPB and LSSB joint trajectories. The total travel time is reduced at each iteration
until constraints are violated. Hence, minimum travel time for a particular blend time
can be obtained.

Jerk minimization for constant travel time

In this problem, the travel time is assumed to be constant, while the jerk for each
joint trajectory segment is minimized. The joint jerk is a function of the blend times;
hence, the blending time for each joint trajectory is considered as the optimization
variable. The constraints are similar to those used previously for minimizing travel
time. As the joints are actuated simultaneously, the overlapping joint segments must
also be optimized simultaneously, considering it a problem of multi-objective opti-
mization. Such problems are faster and more efficient to be solved by converting
them to a single-objective problem by adding the objective functions pre-multiplied
by weight functions. In the case of robotic manipulators, joints are coupled, and
hence, a concept of graded weight function is introduced. Graded weight functions
mimic the joint coupling and temporal behavior of respective joints. The nature and
process of selection of the graded weight functions are discussed below:

Selection of weights based on the degree of joint coupling (kdi )

More weight is given to that joint of the robot whose degree of coupling is higher,
i.e., whose actuation has a significant effect on the overall kinematic and dynamics
of the robot. The weights of this category are designated as kdi , where i is the joint
number of the robot. In this problem, joint 3 can be considered to be independent of
joint 1 and joint 2, and so, it carries the least weightage, whereas joint 1 is highly
coupled and therefore allotted the highest weightage. So, the weight functions are
graded based on the degree of joint coupling.

Selection of weights based on the time duration of each segment (ktj )

The smaller the travel time, the greater is the expected joint jerk; hence, more weigh-
tage is given to that segment of the joint trajectory which has a smaller duration of
travel time. The weights of this category are designated as k tj , where j is the segment
number of the robot joint trajectory.

Overall graded weight factor (koj )

The overall weights for each joint trajectory segment are the products of kdi and
k tj . The overall graded weight factor koj is shown in Eq. 5. The overall joint jerk is
the sum of the maximum jerk for each joint trajectory segment multiplied by its
corresponding graded weight factor as shown in Eq. 6.

koj = kdi ∗ k tj (5)

J =
n∑

j=0

koj ∗ max
∣
∣jerk j

∣
∣ (6)
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where n is the no. of segments in the joint trajectory, j is the segment of the joint trajec-
tory, and J is the peak joint jerk. For such an optimization problem, the following
can be defined:

• Objective function: minimize peak joint jerk (J ).
• Optimization variable: blending time ta and td. For simplification, td = (1 − ta),

i.e., equal blend times for acceleration and deceleration.
• Constraints: Limiting values of tool center point (TCP) velocity and acceleration

denoted by vlimit, alimit, respectively.
• Constants: ttraj (total time taken to traverse the trajectory)

Thus, the optimization problem can be stated as:

Minimize J (t)

Subject to : v ≤ vlimit and a ≤ alimit

Theoptimizationhas been carried out usingMATLAB® optimization toolbox.The
solver selected for this purpose is the genetic algorithm (GA) which can minimize
constrained, nonlinear, single-objectivemultivariable problems. Hence, the optimum
blend times for each segment can be obtained.

Combined travel time and jerk minimization

In this problem, the travel time is minimized along with joint jerk. The optimization
problem remains the same as in the case of jerk minimization for constant travel
time, discussed previously. However, the travel time ttraj, is not constant but reduced
at each iteration as long as the constraints are satisfied. Hence, it is possible to
minimize the combined travel time and joint jerk.

3 Results and Discussion

Based on the problem description, the mathematical model was developed and simu-
lated by programming in MATLAB® software. The kinematic and dynamic equa-
tions are solved, and validation of joint torques has been done using SolidWorks®

motion simulation. The details are enumerated below. The desired trajectory of the
end effector is constructed within the workspace region of the robot through three
precision points A (−0.3248, −0.3059, −0.18) m, B (0.1131, −0.3195, −0.058) m,
and C (0.3794, 0.05048, −0.18) m as shown in Fig. 1a. These points have been
interpolated in the x–y and x–z planes using parabolic curves as shown in Fig. 2.

Since joint trajectories are interpolated using different polynomials, a deviation
inevitably occurs at points other than A, B, and C. The combined plot of the desired
trajectory and interpolated end-effector trajectory forLSPBandLSSB joint trajectory
having minimized travel time and jerk along with its validation with SolidWorks®
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Fig. 2 Projection of end-effector trajectory for LSPB and LSSB in a x–y plane, b x–z plane

motion analysis has been shown in Fig. 2. The robot end effector gripped with a 3 kg
payload is moved along the desired trajectory from start to end through the point
(knot point) as shown in Fig. 1a.

Using the inverse kinematics model, the variation of θ1, θ2, and d3 has been
obtained as shown in Fig. 1b. It has been found that the joint variable θ1 did not
have a reversal point, while θ2 and d3 have a reversal point. The reversal point in d3
coincides with the knot point; hence, the knot point is treated as the reversal point
in this case. Initially, a total travel time (ttraj) is assumed to be 10 s, and normalized
blend time ta = 0.2 has been considered to interpolate the LSPB and LSSB joint
trajectories for each joint; thereafter, optimization is performed to minimize the total
travel time and jerk.

3.1 Effect of Blend Times on Actuator Jerk and Torque/Force

Based on the simulation results, a comparison is made for LSPB and LSSB joint
trajectories for different cases.

• Case A—constant travel time and assumed blend time (variable jerk).
• Case B—constant travel time and minimized jerk.
• Case C—minimized travel time and assumed blend time (variable jerk).
• Case D—minimized travel time and minimized jerk.

Table 1 shows the variation of jerk and torques for LSPB and LSSB joint trajec-
tories for case A and case B as obtained from simulation. The results of jerk mini-
mization show that there has been a decrease in the R.M.S. value of jerk and also
a reduction in the R.M.S. value of joint torques for each joint trajectory segment
as compared to the non-optimized case (Case A). This is because minimizing the
jerk smoothens the joint motion for a particular joint trajectory; hence, load on the
actuator also decreases.
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Here, B.T., R.J., T/F represent normalized blend time, R.M.S. value of jerk, and
R.M.S. values of joint torques or forces, respectively. The unit of R.J. for joints 1
and 2 is degree/s3, while for joint 3, its unit is m/s3. The unit of T/F for joints 1 and 2
is Nm, while for joint 3, its unit is N CM_TCP Vel is the calculated maximum TCP
velocity in m/s CM_TCP Acc is the calculated maximum TCP acceleration in m/s2.

Table 2 shows the variation of jerk and torques for LSPB and LSSB joint trajec-
tories for case C and case D. It has been observed that minimizing the total travel
time increases the jerk. For combined travel time and jerk minimization (case D),
lowering the jerk lowers the peak acceleration and velocity for a given travel time,
so it is possible to reduce the travel time further. Hence, the optimum travel time
obtained in this case is even lower than that in case C. The R.M.S. value of jerk is
higher in this case as the travel time and jerk are two mutually conflicting optimiza-
tion parameters. This high value of jerk would ideally not affect the system as the
velocity and acceleration constraints are within limits. However, there is a devia-
tion observed in torque of joint 2 for case D where the LSPB joint trajectory has a
higher R.M.S. value of joint torque than the LSSB joint trajectory. Since joint 3 is
independent, the force required for its actuation remains constant for all cases.

3.2 Effect of Joint Jerk Minimization

Figure 3 shows the variation of jerk of joint 1 for LSPB and jerk of joint 3 for LSSB
joint trajectories. It has been observed that LSSB trajectories have a smoother jerk
profile as it has continuous higher-order derivatives; however, the torque required is
also higher thanLSPB formost cases. Since sinusoidal curves are infinitely derivable,
the jerk at start and end is always zero in the case of the LSSB trajectory. This is the
advantage of using a sinusoidal blend as compared to polynomial blends, making it
the ideal choice for use in high-speed applications.

3.3 Variation of Joint Torques Due to Minimization
of the Joint Jerk

Figure 4 shows the plot of torque of joint 1 for LSPB and force of joint 3 for LSSB
joint trajectories. It has been observed that the torque of joint 1 has more fluctuations,
whereas the force of joint 3 is more uniform. This is because there exists a coupling
between joint 1 and joint 2. Also, the torque/force required to actuate a joint inter-
polated with an LSSB is higher than that of an LSSB. For a constant travel time,
minimizing the jerk reduces the joint torques/forces for each type of joint trajectories.
The torque of joint 1 is higher for the combined minimum jerk and travel time except
for joint 3 in the case of LSSB, where there is no significant increase in actuator
force.
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Fig. 3 Joint jerk for blended joint trajectory polynomial, a jerk of joint 1 for LSPB, b jerk of joint
3 for LSSB

Fig. 4 Joint torques/forces for blended joint trajectory polynomial, a troque of joint 1 for LSPB,
b force of joint 3 for LSSB

The validation of the joint torque and forces is done using SolidWorks® motion
analysis. The initial positionwas set such that the end effector is located at positionA;
then, the joint trajectories are fed to the joints such that it may trace the path fromA to
C via B. Various kinematics and dynamic parameters such as velocity, acceleration,
joint torque/force, and the trace of end-effector trajectory were obtained as a result of
themotion simulation. It has been observed that theMATLAB® results are compliant
with the results obtained fromSolidWorks®, the former being conservative compared
to the latter.
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Fig. 5 Variation of,aminimum travel time,bTCP jerk,with blending time forLSPB joint trajectory

3.4 Effect of Combined TCP Jerk and Travel Time
Minimization

An algorithm similar to joint jerk minimization has been followed to minimize the
TCP jerk for an LSPB joint trajectory. Figure 5a, b shows the variation of minimum
travel time and TCP jerk for different combinations of blend times, respectively. It is
observed that the two surfaces are complementary, i.e., with the gradual decrease in
minimum travel time; the TCP jerk increases, and there occurs an overall maximum
peak jerk corresponding to the overall minimized travel time. Similar results can also
be obtained in the case of LSSB joint trajectory.

4 Conclusion

In this paper, the objective of obtaining the optimal trajectory has been successfully
obtained by minimizing jerk and travel time both independently and simultaneously
using G.A. A realistic approach has been used to develop the mathematical model
for the ABB SCARA robot. The paper’s novelty is the use of graded weight func-
tions, which ensure fast convergence of multi-objective optimization problems. It
can be concluded that it is possible to further lower the minimum travel time by
simultaneous optimization of jerk and travel time. For a particular joint trajectory,
minimizing the jerk also reduces the torque/force required for its actuation, while
independent minimization of travel time increases the jerk and also torque/force. The
effect of using LSPB and LSSB joint trajectories has been explored. The variation
of joint jerk and force is smoother for LSSB joint trajectory, and hence, it is recom-
mended for all practical applications. The success of the proposed model has been
ensured by comparing the calculated results with the dynamic response obtained
from SolidWorks® motion simulation.
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Tension Adjustment in Cable-Driven
Robots Used for MIS

Amanpreet Singh and Jitendra P. Khatait

Abstract Nowadays, robotic manipulators act as the essential members in various
domains to perform a wide range of tasks. In medical/surgical domain, integration
of minimally invasive surgery (MIS) and robotic manipulators has given significant
benefits to both, surgeons as well as to patients. In literature, notable contributions
have been reported by various researchers for the design and development of MIS
robots. For the transmission design of thesemanipulators, cables are the key elements.
Being unilateral elements, they work in tension only. Therefore, for their efficient
operation, pre-tension is the prerequisite. To achieve the same, different ways have
been introduced in past. However, in the current work, it is noticed that design of
such manipulators needs to be refined further. In this direction, current work intro-
duces a novel tension adjustment mechanism for cable-driven robotic manipulator
and presents its kinematic and force analyses. Further, various kinematic parameters
and forces characterizing the proposed concept are plotted in the MATLAB environ-
ment. From these plots, it is learnt that derived formulation is in good agreement with
physical behavior of the devisedmechanism. To demonstrate the introduced concept,
it is proposed to implement the same to a double-parallelogram-based RCMmecha-
nism. Typically, this mechanism is used for MIS applications. For the realization of
the embodiment, development of a prototype is in progress. Moreover, the proposed
mechanism has potential to provide precise and accurate cable tension with mere
standard manufacturing tolerances and assembly methods.

Keywords Tension adjustment · Cable-driven robot · Surgical robot · RCM
mechanism · MIS · Pre-tension

1 Introduction

Mechanisms play a vital role in the wide range of applications. Broadly speaking,
these include defense, space, underwater exploration and medical/surgical-related
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applications. In literature, a variety of motion/power transmission methods exist for
the actuation of various DOFs of a given mechanism [1]. Mainly, they are of two
types. First method includes diverse forms of gear drives and trains, bar linkages,
etc. Second method presents the variety of tendon-drives. The implementation of
the former method may degrade the system dynamics. Due to this, base-mounted
actuation is preferred over joint mounted actuation [1–3]. Such actuation employs
tendons and pulleys as the main transmission members. Lee [4] and Camarillo [5]
have studied the mechanics and control of tendon-drives. The key demand of a
tendon-drive is to have adequate initial tension as a tendon element works in tension
only.Madhani et al [6] have developed an 8-DOFs cable-drivenRCMmanipulator for
MIS applications. The required initial tension was adjusted with provision of pulley
movement. On the basis of this system, Intuitive Surgical Inc. [7] has introduced
state-of-the-art da Vinci Surgical System. Another 8-DOFs robotic manipulator has
been reported by Chen et al [8]. The developed system was equipped with force-
feedback and employs cables to drive its arm mechanism. Further, to address the
limitation (large foot-print) of mechanical RCM mechanisms for MIS, Liu et al
[9] have introduced a cable-based RCM linkage. The cable tension was determined
using a novel methodology which was based on constraints analysis. Cavusoglu et al
[10] have proposed a telerobotic surgical workstation for suturing and knot tying. The
patient-sidemanipulator was actuated using DC servomotors via cable transmission.
The RAVEN a 7-DOFs cable-driven robot was presented by King et al [11, 12].
Later, Hannaford et al. [13] presented the second version of this system, denoted as
RAVEN-II, which has improved cable-routing, geometry, and tension adjustment.
Another MIS robot has been reported by Li et al [14]. In the proposed system, the
RCM feature based on double-parallelogram mechanism was realized using cable-
pulley arrangement. A tendon-driven wearable exoskeleton for elderly and patients
has been introduced by Kong and Jeon [15]. To achieve required tendon tension,
springs were employed in the tendon loops. Basile and Haase [16] have presented a
system for tension compensation inmechanical control cables. The proposed concept
used springs for intended purpose. Segreti et al [17] have described a technique to
approximate tendon length in an underactuated snake-like manipulator. Li et al [2]
have proposed a novel RCMmechanism. The other tendon-driven systems have been
reported in [18–20].

Several techniques of tension adjustment have been presented in past. This paper
introduces a novel tension adjustment mechanism for cable-driven robots used for
MIS. The proposed concept offers the better features as compared to the existing
tension adjustmentmethods. The organization of thismanuscript is as follows. Sect. 2
describes the proposed mechanism. Sects. 3 and 4 present its kinematic and force
analyses, respectively. Sect. 5 develops the relation between input and output vari-
ables, and Sect. 6 discusses the variation of various mechanism parameters against
the applied input. Thereafter, based upon the current findings, conclusion is drawn.
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2 Mechanism Description

This section describes the devised tension adjustmentmechanism (TAM) (seeFig. 1a)
for cable-driven robotic manipulators. It comprised of a base link, a lever, cables
and pulleys, etc. An extension spring is used to generate the pre-tension force. In
addition, it compensates for the variation in tension either due to the manufacturing
or assembly errors, or both. Depending upon the spring characteristics, a dash-pot
mechanism may be employed. In this paper, the embodiment of the TAM is coined
as primary mechanism while, TAM itself is called as secondary mechanism. On the
similar basis, each of pulleys and cables utilized in these mechanisms is prefixed
by words “primary” and “secondary”, respectively. Figure 1a describes the different
members of the TAM, whereas Fig. 1b represents the preferred embodiment of the
same. It is a double-parallelogram RCM mechanism which is commonly used for
MIS applications.

Fig. 1 Schematics of a concept of tension adjustment mechanism (TAM) and b preferred
embodiment of TAM



512 A. Singh and J. P. Khatait

3 Kinematic Analysis

This section derives the kinematic formulation of the proposed TAM. It is character-
ized by the primary cable angles (β and γ ), secondary cable angle (α), lever angle
(φ), and mechanism geometric attributes. The secondary cable angle denotes the
assumed revolute joint between secondary cable and lever pin. It is formulated as a
function of lever angle (φ), pulley radius (rp), radius of rotation of lever (ri ), and d12
which is the distance between points O1 and O2. Figure 2 represents the two poses
of TAM, first, when there is no input and second (in dashed line), after some input
displacement (d) is given. In this paper, planer case is considered. All the parameters
of interest are referenced with respect to frame (x, y). Further, the expression for
angle α is given by Eq. (1a). To obtain the expression for initial value of this angle,
i.e. αi , put φ = φi .

α = 2 tan−1

⎧
⎪⎨

⎪⎩

(
2

/(
d2
12 − 2rid12 sin(φ) + r2i − r2p

) + ri cos(φ)
)

(
d12 − rp − ri sin(φ)

)

⎫
⎪⎬

⎪⎭
(1a)

Next task is to derive the formulation for the primary cable angles β and γ . As
stated earlier for the initial value of secondary cable angle (α), βi , and γi corresponds
to the initial values of primary cable angles. Figures 3a through c depict the initial
and changed geometry of the primary cable, when some input is given. The current
analysis assumed that primary cable, at point TP , is tangent to the pulley P3. The

Fig. 2 Schematic representation of angles αi , α and φ
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distance d14 is expressed in terms of geometric properties to construct Eq. (2a). Put
φ = φi to obtain βi .

2 tan−1

⎧
⎪⎨

⎪⎩

(
d14 + rocos(ψ) +

/(
d2
14 + r2o − 4r2p + 2d14rocos(ψ)

))

(
2rp − rosin(ψ)

)

⎫
⎪⎬

⎪⎭
(2a)

where ψ = (φ + θl).

Now, the formula of second primary cable angle γ is to be obtained (see Figs. 3a
through d). In Fig. 3a, it is noticed that angles (π − βi ) and (2π − γi ) are alternate

Fig. 3 Schematic representation of a lever, primary cable, pulley P3, and associated geometry
when d = 0, b lever, primary cable, pulley P3, and associated geometry when d > 0, c magnified
view of pulleys P1 and P3, d magnified view of pulley P2
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when there is no input. Therefore, angle γi is obtained following Eq. (2a) as well.
The pulley P2 is magnified (see Fig. 3d). After analyzing these figures, implementing
mathematical identities and necessary rearrangements, Eq. (3a) is developed which
provides the expression of angle γ . In addition to Eq. (2a), the Eq. (3a) is utilized,
by substituting φ = φi , to get the expression of γi .

γ = 2π −
(

tan−1

(
(r0sin(ψ))

(d15 − r0cos(ψ))

))

(3a)

4 Force Analysis

This segment deals with force analysis of the presented TAM. As the input displace-
ment d is applied, the force Fi at point A' becomes nonzero and the same is trans-
mitted to primary cable through lever-pulley (P3) arrangement (see Fig. 4a). After
this force transmission, primary cable is no more tangent to the pulleyP3, rather,
have some nonzero wrap of primary cable. Further, T1 and T2 are the primary cable
tensions developed by the force F0. Figure 4b depicts the force triangle of these
forces, at point G '. In this analysis, it is assumed that pulleys are friction-free, and
power remains same at input and output. The following Eqs. (4a) through (4d) are
formulated. It is clear from Eq. (4d) that both tensions are equal (say T ). The tension
(T ) is obtained from tension–deformation relation of the primary cable, as given by
Eq. (5a) To account for both, initial tension (T0), if any, and tension (Ts) generated
due to implementation of TAM, Eq. (5b) should be used.

T1cos(β) + T2cos(γ ) = F0 cos (η) (4a)

T1sin(β) + T2sin(γ ) = F0 sin (η) (4b)

T2rp − T1rp = 0 (4c)

T1 = T2 = T (4d)

Ts =
(
EpcApc

(
δpc(φ)

)

Li
pc

)

(5a)

T = T0 + Ts (5b)
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Fig. 4 a Schematic of principal forces on primary cable at point G ' in TAM, b Force triangle at
point G ', c Forces, Fi and Fo, at points A' and O

'
3 of lever O

'
3O1A

'
, d force triangle at point PF

Next objective is to derive the formulation of input and spring forces which
are assumed to be equal in magnitude. These are derived in terms of primary and
secondary cables angles, lever angle, output tension, and other geometric properties.
Further, force Fi is resolved at point of its action which is A (see Fig. 4c). The
expression of force Fi (φ) is obtained by taking moment balance about z-axis at O1

and after suitable rearrangements, it is presented in Eq. (10).

Fi =
((

T0 + EpcApc
(
δpc(φ)

)

Li
pc

)
(cos(γ ) + cos(β))(sin(ψ − η))

cos(η) sin(α − φ)

(
ro
ri

))

(6)

5 Input Displacement and Lever Angle

This section relates the input displacement (d) and lever angle (φ) of the proposed
mechanism. Here, the objective is to determine angle φ which denotes the rotation
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of lever when some input is given by means of a screw arrangement, however, not
restricted to. The prescribed tangent constraint and included angle of the lever (θl)are
used to calculate its initial value. On the other hand, it may be set as a constant design
parameter of the lever while retaining the stated tangent constraint and, therefore,
obtaining included angle of lever. In this work, φi is taken as zero. As of now,
variables characterizing the proposed concept are expressed as a function of angle φ.
After deriving the required relations and performing simplification, the Eq. (7) gives
the required relation between input displacement and lever angle. To obtain φ, this
problem is produced in MATLAB environment. The f solve subroutine is utilized to
minimize f (φ). Once φ is obtained, thereafter, it is substituted back into the derived
formulation to obtain different variables of the TAM.

f (φ) =
((

Fs

ksp
+ rp(αi − α + tan(α) − tan(αi )) + x '

cos(α)
− x

cos(αi )

)

− d

)

(7)

6 Discussion

The kinematics proposed in Sect. 3 are verified by considering cables as rigid links.
The function formulated in Sect. 5 isminimized, by dropping the force term, to obtain
lever angle (φ). To achieve it, required data is presented in Table 1. Thereafter,
substituting for φ in the presented kinematics. The geometrical configuration of
proposedmechanism, corresponding to each value of lever angle, is produced in solid
works environment fromwhere primary and secondary cables angles aremeasured. It
has been noticed that both results are in good concurrence with each other. Figures 5a
through Fig. 5d present the plots of the angles φ, α, β, and γ , respectively. It is noted
that lever angle is surging right from the starting while the secondary cable angle
initially rises, however, falls later on. Both are in good agreement with motion of
the proposed mechanism. Further, angle β declines first, however, rises afterward
while angle γ surges right from the beginning. The variation of these angles is in
accordance with the motion of TAM. Furthermore, Fig. 6 shows the limiting cases
of TAM, first with no input and second at limiting values of previously mentioned
four angles.

Now, to investigate the dependence of primary cable tension on various angles
and forces of the devised TAM, spring deflection is accounted for as given in Eq. (7)
and it is minimized again to find out φ. The variation of force (Fi ) at point A and
primary cable tension (T ) is plotted (see Figs. 7a and b) as the input displacement
is increased from 0 to 15 mm at step-size of 0.1 mm. It is noticed that Fi is zero
when d = 0, whereas tension T is not zero. It is the initial tension (T0) prior to the
application of TAM to primarymechanism. As d turns out to be nonzero, Fi becomes
nonzero which in turn increases the tension. Furthermore, the surge in this force and
generated tension are primarily restricted by TAMparameters which include the load
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Table 1 Details of the parameters for the implementation of TAM

S. No. Parameter Value S. No. Parameter Value

1 d12 (mm) 75 10 Epc

(
N/

mm2
)

187.5×103

2 d14 75 11 ksp
(
N/

mm

)
20.1

3 d15 150 12 φi (rad) 0

4 d45 225 13 θl (rad) 2.58

5 d26 150 14 T0(N) 25

6 ro 40 15 Fpc
br (N) 544

7 ri 40 16 δ
sp
max (mm) 8.3

8 rp 12.885 17 dmax(mm) 60

9 dpc 0.813

Fig. 5 (left to right) plots of angles φ, α, β, and γ , respectively against input d

Fig. 6 Schematics of proposed TAM a initial pose and b limiting case
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Fig. 7 Plots of a force Fi and b tension (T ) generated in primary cable against input d

carrying capacities of primary and secondary cables, accessible input d, peak spring
deformation, and lever angle (φlim). It is worth to add, the energy required to pre-
tension primary cable is reduced notably by choosing the ratio of radii of rotation of
lever appropriately. In turn, it will significantly lower the related cost. In this work,
this ratio is taken as one. The proposed concept is applicable in several configurations
to provide tension adjustment which are under study, and a provisional patent has
been filed for TAM.

7 Conclusion

This paper introduced a novel tension adjustmentmechanism for cable-driven robotic
manipulator for MIS. The mathematical formulation has been derived for kinematic
and force analyses. The proposed mechanism takes care for the variation in cable
tension due to manufacturing and assembly inaccuracies. It does not demand precise
and accurate installation of associated elements such as spring and cables. In addition,
it offers precise tension adjustment according to the need of a given drive. The
current version of the devised mechanism operates as per screw motion of input
device which gives quite precise and accurate force regulation in the absence of any
electronic force sensor for surgical applications. Further, the rotating lever delivers
mechanical advantage which considerably decreases the specifications of springs
and other required components. Also, instead of pre-stressed cables, standard cables
are used which are relatively cheaper. It is due to the fact that effect of constructional
stretch, presents in the standard cables, is eliminated through the adjustment offered
by the proposed concept. Moreover, during assembly of mechanism it does not need
any actuator, to stretch/release spring, and provides better safety to surrounding
occupants. Thus, presented mechanism offers an economic and safe design.
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Kinematic and Dynamic Analysis
of a Six-Bar Aerial Gripper Mechanism

V. S. Rajashekhar and Debasish Ghose

Abstract Unmanned aerial vehicles (UAV) are being used for commercial and res-
cue operations. A gripper attached to the UAV would help in grasping, holding and
placing the object of interest during these operations. In this work, we propose and
analyze one degree of freedom gripper mechanism that has six links and seven revo-
lute joints. The kinematic analysis is done by treating the gripper mechanism as two
four-bar mechanisms that form two loops. A two-stage vector loop method is used
to determine the joint angles. In order to statically balance the gripper mechanism,
the coordinates of all the joints in the mechanism at various positions of the links
are found out. The method of principal vectors is used for the complete balancing
of the mechanism. In this method, each vector is directed along with one of the
links, and the position of the center of mass of the entire mechanism is given by
the addition of these vectors in series. The coefficients of these principal vectors are
determined by summing the mass-weighted position vector of every center of mass
of the link. Counterweights are added to the links for statico-dynamic balancing of
the gripper mechanism. The dynamic analysis is done using the Newtonian solution
method. There are 15 equations with 15 unknown contact forces and torque acting in
the gripper mechanism. Solving these equations, we obtain the forces acting on the
links, and torque required for driving the grippermechanism. The grippermechanism
was then modeled using a CAD software. It was fabricated by 3D printing the parts
and assembling them together. The gripper was finally mounted below a hexacopter
and tested in the outdoor environment by carrying and dropping a spherical object.
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1 Introduction

Unmanned aerial vehicles (UAV) are being used for grasping, transporting and plac-
ing payloads for commercial purposes [13]. To conduct this operation, the UAV
platforms are installed with gripper and manipulator mechanisms [16]. A gripper is
usually light in weight and is installed near the center of mass of the overall system
in order to easily grasp objects. The task of grasping, transporting and placing can
be effectively achieved using the two main states in a gripper mechanism: grasp
and release. The UAV dynamics have limited impacts when grippers are used (in
contrast to the manipulators) since there is no relative motion of the payload after
being grasped. However, the grippers have to be designed for a specific purpose
based on the properties of the payload. A survey on aerial manipulation [17] shows
the following types of aerial grippers that exist in the literature: impactive grip-
per, ingressive gripper, mechanical compliant gripper, magnetic gripper and vacuum
gripper. Among them, mechanical grippers offer a high shape compatibility with-
out any material restriction. It grasps a target object by holding it without causing
any destruction to it. A survey on payload transportation using UAVs [24] shows
that grasping is recommended for individual object transportation in any environ-
ment (cluttered or uncluttered) where the maneuverability is less and payload is low.
The survey also recommends grasping for cooperative transportation in uncluttered
environments where the maneuverability is medium and the payload is heavy. This
was the motivation for proposing a mechanical gripper to grasp an object moving in
space.

The need for multiple kinematic loop mechanisms arises when the operating
workspace is small and the actuator needs to be positioned far away from theoperating
workspace. They are also used in applications where there is a need for high mobility
and speed, high stiffness, high load carrying capacity and precise positioning [5].
This scenario is common for grippers and manipulators used in unmanned aerial
vehicles (UAVs). The more number of links in a mechanism leads to more possible
trajectories, but it would cause linkage interference [28]. When compared to the
four-bar mechanism which is often used in gripping applications [18], the chosen
six-bar mechanism also has one degree of freedom but offers better grasping using
two jaws [12].

Grippers that use six-bar mechanisms offer the advantage of aligning and re-
orienting objects [4]. Six-barmechanisms are commonly used in various applications
such as positioning and orientating bottles from one conveyor to another [4], leg
mechanisms in bio-inspired robots like biped walking [6], biped robot running on
water surface [27], locust inspired jumping robot [29], bionic leg mechanism [26],
hand rehabilitation [7], walking machine [23], sewing machine [20], computing
apparatus [1], flapping wing mechanism [2, 9, 25], knee-ankle-foot orthosis [8]
and mobility assistance device [21].

In this work, we present the kinematic and dynamic analysis of a six-bar aerial
gripper mechanism that was synthesized earlier [12]. Section2 explains the gripper
mechanism design and working principle along with the link dimensions. In Sect. 3,
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kinematic analysis along with a numerical example is presented. Section4 presents
the balancing of the mechanism using the method of principal vectors. Section5
presents the dynamic analysis of the mechanism using the Newtonian solution
method. The fabrication and testing of the mechanism is presented in Sect. 6 before
the concluding remarks given in Sect. 7.

2 The Gripper Mechanism

2.1 Mechanism Design

A 1-DoF aerial gripper mechanism was dimensionally synthesized [12]. Figure1
shows the development of the gripper. In Fig. 1a, a four-bar mechanism is formed.
In Fig. 1b, a six-bar gripper mechanism is formed by adding two binary links to the
four-bar mechanism. In this mechanism, there are six links (four are binary and two
are ternary) and seven revolute joints (joints 1, 3 and 5 are binary; joints 2 and 4 are
ternary). The fixed link is between the joints 1 and 4.

2.2 Working Principle

The working of the gripper mechanism is shown in Fig. 2. In Fig. 2a, the gripper is in
open position. In Fig. 2b, the gripper is in close position. When the UAV is searching
for the target object, the gripper would be in open position. Once the target object
is reached and comes with in the workspace of the gripper, it would grasp and be in
the close position.

2.3 Dimensions of the Links

The dimensional synthesis of the gripper mechanism was done using geometric
programming [22] and is presented in Laishram et al. [12]. The dimensions of the

Fig. 1 Development of the mechanism. a A four-bar mechanism is formed. b A six-bar gripper
mechanism is formed by adding two binary links
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Fig. 2 The working of gripper mechanism a open state, b close state

Fig. 3 The notations used to
represent the dimensions of
the gripper mechanism

Table 1 The dimensions of links in the gripper mechanism

Link Length (in mm) Width (in mm) Thickness (in mm)

a 100 26.66 27.47

b 396 26.66 15.84

c 20 26.66 12.58

d 300 26.66 17.70

e 396 26.66 15.84

f 20 26.66 12.58

links are found out by predetermining the ratio of the actuated angle θ2 to the half
grasping angle θ4. The results are briefly presented here for the sake of ease of
understanding the proposedmechanism. Figure3 shows the simplified representation
of the gripper mechanism.

The length, width and thickness of the links in the gripper mechanism, found
using geometric programming, are presented in Table1.

After deriving the kinematic and dynamic equations for the gripper mechanism,
the numerical solutions are obtained using the values presented in Table 1.
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3 Kinematic Analysis of the Mechanism

The kinematic analysis is done by treating themechanism as two four-barmechanism
forming two loops. The vector loop equations are formed and solved for various
angles as mentioned in Norton [19].

The two loops in the gripper mechanism is shown in Fig. 4.
The vector loop diagram of the gripper used for aerial grasping is shown in Fig. 5.
The two vector loop equations are as follows:

R2 + R3 − R4 − R1 = 0 (1)

R2 + R5 − R6 − R1 = 0 (2)

Fig. 4 The vector loop
diagram of the gripper
mechanism. Loop 1:
O2–A–B–O4–O2; loop 2:
O2–A–C–O4–O2

Fig. 5 The vector loop
diagram of the gripper
mechanism with angles and
scalar notations labeled
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Here, θ2 is the input angle and θ4 and θ6 are the output angles. The other unknown
angles are θ3 and θ5. In loop 1,

θ4 = 2 arctan

(
−B + √

B2 − 4AC

2A

)
(3)

θ3 = 2 arctan

(
−E − √

E2 − 4DF

2D

)
(4)

where,
A = cos θ2 − d

a − d cos θ2
c + a2+c2+d2−b2

2ac
B = −2 sin θ2
C = d

a − ( dc + 1) cos θ2 + a2+c2+d2−b2

2ac

D = cos θ2 − d
a − d cos θ2

b + c2−d2−a2−b2

2ab
E = −2 sin θ2
F = d

a − ( db + 1) cos θ2 + c2−d2−a2−b2

2ab .

In the loop 2,

θ6 = 2 arctan

(
−H − √

H 2 − 4GI

2G

)
(5)

θ5 = 2 arctan

(
−K − √

K 2 − 4J L

2J

)
(6)

where
G = cos θ2 − d

a − d cos θ2
f + a2+ f 2+d2−e2

2ac
H = −2 sin θ2
I = d

a − ( d
f + 1) cos θ2 + a2+ f 2+d2−e2

2a f

J = cos θ2 − d
a − d cos θ2

e + f 2−d2−a2−e2

2ae
K = −2 sin θ2
L = d

a − ( de + 1) cos θ2 + f 2−d2−a2−e2

2ae .

A Numerical Example The lengths of the links that were presented in Table1 were
substituted from (3) to (6). The graph showing the values of θ3 and θ5 with reference
to the driver θ2 is shown in Fig. 6a. The graph showing the values of θ4 and θ6 for a
particular θ2 is as shown in Fig. 6b.
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Fig. 6 a θ3 and θ5 with reference to the driver θ2, b θ4 and θ6 with reference to the driver θ2

Fig. 7 The joint and coupler
positions of the gripper
represented as points

3.1 Position of Joints and Couplers

The various joint and coupler positions of the gripper mechanism are represented as
points in Fig. 7.

The coordinates of all the joints and the coupler points present in the gripper
mechanism is as mentioned in the equations below.

(
x0
y0

)
=

(
0
0

)
(7)

(
x1
y1

)
=

(
l1 cosπ

l1 sin π

)
(8)

(
x2
y2

)
=

(
x1 + l2 cos θ2
y1 + l2 sin θ2

)
(9)
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(
x3
y3

)
=

(
l3 cos θ4
l3 sin θ4

)
(10)

(
x4
y4

)
=

(
x3 + l4 cos(θ4 − π/4)
y3 + l4 sin(θ4 − π/4)

)
(11)

(
x5
y5

)
=

(
l5 cos θ6
l5 sin θ6

)
(12)

(
x6
y6

)
=

(
x5 + l6 cos(θ6 + π/4)
y5 + l6 sin(θ6 + π/4)

)
(13)

4 Balancing of the Mechanism

The mechanism has to be balanced so that it does not cause any disturbance to the
drone during the period of flight. For a planar six-bar mechanism, genetic algorithm
is used for optimal balancing to minimize the variations in shaking force and shaking
moment [3]. However, a survey on balancing of linkages [14] show that there are five
methods for complete balancing of the mechanism. Among them, for our proposed
mechanism, the method of principal vectors [15] is chosen since it is efficient and
simple to implement. In this method, each vector is directed along one of the links
and the position of the center of mass of the entire mechanism is given by the addition
of the vectors in series. The coefficients of these principal vectors are determined by
summing the mass-weighted position vector of every center of mass of the link. The
parameters of the mechanism used for analysis is shown in Fig. 8.

The position of the center of mass of the mechanism is given by the following
equation.

−→rs = 1

μ
(m1

−→rs1 + m2
−→rs2 + m3

−→rs3 + m4
−→rs4 + m5

−→rs5) (14)

Fig. 8 The balancing of the
mechanism with clearances
considered at joints
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where,
μ—the total mass of the moving links
mi—the mass of the individual links
rsi—the vector which describes the position of center of mass of the link
ni—the unit vector of the link.

The position vectors of the link centers of mass is given as follows,

−→rs1 = b1
−→n1

−→rs2 = a1
−→n1 + b2

−→n2
−→rs3 = a1

−→n1 + a2
−→n2 + b3

−→n3
−→rs4 = a1

−→n1 + b4
−→n4

−→rs5 = a1
−→n1 + a4

−→n4 + b5
−→n5

(15)

Substituting (15) in (14), the following is obtained.

−→rs = 1

μ
(m1b1

−→n1 + m2a1
−→n1 + m2b2

−→n2 + m3a1
−→n1 + m3a2

−→n2 + m3b3
−→n3

+m4a1
−→n1 + m4b4

−→n4 + m5a1
−→n1 + m5a4

−→n4 + m5b5
−→n5 )

(16)

From the above equation, the grouping is done as follows.

h1 = 1

μ
(m1b1 + m2a1 + m3a1 + m4a1 + m5a1)

h2 = 1

μ
(m2b2 + m3a2)

h3 = 1

μ
(m3b3)

h4 = 1

μ
(m4b4 + m5a4)

h5 = 1

μ
(m5b5)

(17)

Equation (16) can be written as,

−→rs = h1
−→n1 + h2

−→n2 + h3
−→n3 + h4

−→n4 + h5
−→n5 (18)

or, alternatively, as
−→rs = −→

h1 + −→
h2 + −→

h3 + −→
h4 + −→

h5 (19)

where,
−→
hi is the principal vector.
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Table 2 The numerical values considered for balancing of mechanism

Link h m (g) a (cm) b (cm)

1 8.1818 30 10 5

2 12.0871 80 39.6 19.8

3 0.1224 20 2 1

4 12.0871 80 39.6 19.8

5 0.1224 20 2 1

Fig. 9 The results of dynamic balancing where the θ2 ranges between 150◦ and 180◦

A Numerical Example A numerical example is shown for the manipulator that was
manufactured and mounted on the drone. The values of h, m, a and b are given in
Table2. The values of θ2 ranges from 150 to 180◦. The values of θ2, θ3, θ4 and θ5
were taken from the kinematic analysis. The equations were framed taking the above
conditions into account and graph as shown in Fig. 9 was obtained. The graph shows
the variation of the center of mass with respect to the change in value of θ2.

4.1 Addition of Counter Weights for Statico-Dynamic
Balancing

The static, dynamic and statico-dynamic balancing of a four-bar mechanism are
discussed in Kamenskii [11]. By observing the symmetry along the horizontal plane
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Fig. 10 a Stage 1 of dynamic balancing where the mechanism is balanced completely. b Stage 2
of dynamic balancing where the center of gravity is bought to the back

in the gripper during the initial position of θ2 (180◦ of the crank), it can be concluded
that the center of mass lies on the fixed link and is statically balanced.When θ2 moves
to 150◦, the gripper is in closed position. There is an imbalance in the mechanism
which makes the center of mass to go off the fixed link. This creates a dynamic
balancing problem. This problem is solved in two stages.

In the first stage, as done in Kamenskii [10], a counter mass is fixed to the crank
at the bottom as shown in Fig. 10a. This makes the center of mass to lie on the fixed
link throughout the period of motion of the crank.

In the second stage, the center of mass is brought back near the crank so that the
entire center of mass is always below the drone and not offset from it. It is as shown
in Fig. 10b. Hence the gripper mechanism is statico-dynamically balanced.

5 Dynamic Analysis of the Mechanism

The Newtonian solution method is used to perform the dynamic analysis of the
mechanism. The dynamic analysis is done using Newtonian solution method as
mentioned in Norton [19]. The contact forces and torque (T12) are represented in the
free body diagram which is shown in Fig. 11.
Link 2:

F42x + F12x + F32x = m2aG2x

F42y + F12y + F32y = m2aG2y

T12 + (R12x F12y − R12y F12x ) + (R32x F32y − R32y F32x )

+ (R42x F42y − R42y F42x ) = IG2α2

(20)

Link 3:
F53x − F32x = m3aG3x

F53y − F32y = m3aG3y

(R53x F53y − R53y F53x ) − (R23x F32y − R23y F32x ) = IG3α3

(21)
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Link 4:
F64x − F42x = m4aG4x

F64y − F42y = m4aG4y

(R64x F64y − R64y F64x ) − (R42x F42y − R42y F42x ) = IG4α4

(22)

Link 5:
F15x − F53x = m5aG5x

F15y − F53y = m5aG5y

(R15x F15y − R15y F15x ) − (R53x F53y − R53y F53x ) = IG5α5

(23)

Link 6:
F16x − F64x = m6aG6x

F16y − F64y = m6aG6y

(R16x F16y − R16y F16x ) − (R64x F64y − R64y F64x ) = IG6α6

(24)

Equations (20) to (24) can be converted into a matrix form Ab = c, where A is a
15 × 15 matrix containing the known perpendicular distances and b is 15 × 1 vector
containing the unknown forces and torque. The vector b is found out by b = A−1c.

Fig. 11 The free body diagram used for the dynamic analysis of the gripper mechanism
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5.1 A Numerical Example

The objective of the numerical analysis is to compute the forces at the joints and the
torque required to drive the mechanism. The mechanism without the actuator is as
shown in Fig. 12 and is considered for the numerical analysis.

The values of the lengths of the links are as follows: L1 = 300mm, L2 = 100mm,
L3 = 396mm, L4 = 396mm, L5 = 20mm and L6 = 20mm. The mass of the links
are as follows: m2 = 0.011kg, m3 = 0.064kg, m4 = 0.064kg, m5 = 0.045kg, m6 =
0.045kg.

Based on the kinematic analysis presented in Sect. 3, the vectors of the link are
R32 = R12 = 50mm @ 165◦, R53 = R23 = 198mm @ −1.25◦, R64 = R24 = 198mm
@ −6◦, R46 = R16 = 10mm @ −125◦, R15 = R35 = 10mm @ 125◦.

The mass moment of inertia values of the links is as follows: IG2 = 1.343kg mm2,
IG3 = 4.635kg mm2, IG4 = 4.635kg mm2, IG5 = 3.606kg mm2 and IG6 = 3.606kg
mm2. The angular acceleration values of the links are as follows: α2 = 2.0944 rad/s2,
α3 = 1.0472 rad/s2, α4 = 1.0472 rad/s2, α5 = 3.49066 rad/s2 and α6 = 3.49066 rad/s2.
The acceleration of the center of mass of all the links is taken to be 1mm/s2. The
above values are substituted in the matrix formed by Eqs. (20) to (24).

Solving b = A−1c, we get the unknown forces (N) and torque (Nm) as follows:
F12x = −1.8375N, F12y = 0.1529N, F32x = −0.6148N, F32y = −0.0011N, F42x =
2.4524N, F42y =−0.1517N, F53x =−0.6147N, F53y =−0.0011N, F64x = 2.4524N,
F64y = −0.1516N, F15x = −0.6147N, F15y = −0.0011N, F16x = 2.4525N, F16y =
−0.1516N, T12 = 0.1125 Nm.

The magnitude of these forces is used to determine the size of the links and pivot
pins, and selection of pivot bearings. The driving torque is used to select the motor
needed to actuate the mechanism. These forces and torques are also used as a basis
for calculating stress limits in order to prevent failure during the required operating
life. Although the sizes of the links and pivot pins were determined previously using
geometric programming [12] and presented in Table1, it is the Newtonian solution
method that provides a good estimate of the torque acting in the mechanism.

Fig. 12 The prototype of the
gripper mechanism without
the actuator
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6 Fabrication and Testing the Mechanism

6.1 Modeling and Fabrication of the Gripper Mechanism

Based on the obtained driving torque, aDCmotorwith encoderwas chosen. The parts
of the gripper mechanism were modeled and assembled in a computer-aided design
(CAD) software as shown in Fig. 13a. The parts were 3D printed and assembled with
the DC motor as shown in Fig. 13b. The fixed link of the gripper mechanism was
then mounted on a carbon fiber rod (about 1m length). The carbon fiber rod had a
rack and pinion mechanism that enabled the gripper to move front and back in case
the target object is slightly out of reach. This setup was fixed below a hexacopter. It
is shown in Fig. 14a.

Fig. 13 The aerial grippermechanism. a The computer-aided design of the gripper. bThe prototype
of the gripper with synthesized dimensions

Fig. 14 The gripper mechanism mounted on the UAV and tested without and with the payload. a
The gripper mechanism mounted on the UAV. b The UAV in flight without payload. c The UAV in
flight with a payload
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6.2 Testing Conditions

The opening and closing of the gripper mechanismwas done before and after mount-
ing on the hexacopter. The experiments were carried out in the outdoor environ-
ment. The signal to the DC motor was given through the Arduino Nano Microcon-
troller which received commands from the NVIDIA Jetson TX2 Development board
mounted on the drone. This board received open and close commands for the gripper
from the Robot Operating System (ROS) that was installed in a off-board computer.
The hexacopter was initially flown without payload to check the working of the grip-
per mechanism. It is shown in Fig. 14b. Then it was flown with a spherical object of
mass 0.15kg and 150mm in diameter. It is shown in Fig. 14c. It was observed that
system was stable in both the conditions.

7 Conclusions

In this work, a six-bar aerial gripper mechanism was proposed and analyzed. The
kinematic analysis using a two-stage vector loop method was done for the gripper
mechanism. The statico-dynamic balancing of the gripper mechanism was done to
maintain stability during operation. The Newtonian solution method was used for
dynamic analysis, which yielded the forces acting on the links and torque required
for driving the mechanism. The claw of the gripper was designed in order to grasp
a spherical object. The mechanism was fabricated and tested on a hexacopter in an
outdoor environment. The analysis presented in this work will be used for controller
design.
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Bond Graph Modelling and Simulation
of Pneumatic Soft Actuator

Garima Bhandari , Pushparaj Mani Pathak , and Jung-Min Yang

Abstract This paper presents the design and dynamicmodelling of a soft pneumatic
actuator that can be used to mimic snake or worm-like locomotion. The bond graph
technique is used to derive the dynamics of the actuator. To validate the accuracy of
the derived dynamic model, we conduct numerical simulations using 20-sim® soft-
ware. Experimental results demonstrate that the soft actuator achieves bidirectional
bending and linear displacement, which is essential for mimicking snake or worm-
like locomotion.

Keywords Bond graph · Control · Dynamics · Snake robots · Soft robots
Nomenclature

μ Transformer coefficient in bond graph model
ρ Density of air supplied by air pump
ω Angular frequency for desired extension/contraction
A Area of elastic packet
Cd Orifice coefficient of discharge
D Diameter of orifice in elastic packet for air supply/removal
k Stiffness of elastic packet
kd Derivative gain constant
kp Proportional gain constant
m Mass of elastic packet
R Gas constant
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Rb Damping in elastic packet
T Temperature of air supplied
x Amplitude of desired reference trajectory

1 Introduction

In nature, many limbless reptiles with slender bodies use their body’s flexibility and
frictional properties to move around and overcome obstacles in environment. This
has inspired new field of soft robots which mimic the motions of natural creatures
like a snake, elephant trunk, etc. The rigid robots will require an infinite number of
joints to realize the flexibility to mimic the behaviour of snake locomotion, which is
not an energy-efficient solution. Whereas soft robots have an infinite passive degree
of freedom (DoFs), enabling them to be passively deformed when interacting with
environments under simple actuation. Another advantage of soft robots over conven-
tional rigid robots is safe interaction with humans and adaptability to complex and
uncertain environment at low cost [15].

Several soft robots perform various movements as bending, rotation, extend-
ing/contracting, and twisting using multiple techniques and materials, including
shape memory alloys, shape morphing polymers, dielectric elastomers, tendon drive,
piezoelectric actuation, and fluid power [1, 8, 9, 23]. Amongst these, pneumatically
driven is found most advantageous because of their large deformation/force, good
power-to-weight ratio, and lowmanufacturing cost [18]. They have gained popularity
as a fibre-reinforced soft bending actuator (FRSBA) [6], but the use of viscoelas-
tic material makes soft robots a highly nonlinear system. The nonlinearity of the
dynamics of the soft robots increases the complexity of control [3], due to which
most control strategies are open-loop in the case of soft robots [13].

Few studies have attempted to implement close loop control by dynamically con-
trolling the fluid pressure or mass inside the robot body [7, 11]. Some have ignored
dynamics completely and tried model-free control methods or training methods [19,
22].But ignoringdynamics does not guarantee accurate control performance. Further,
few studies implemented theoretical kinematics and dynamics models for controller
design. These studies included various approaches, including finite element method
(FEM), constant curvature method, concentrated mass method, and Euler–Lagrange
method [10, 17, 21]. The dynamics provided by before mentioned methods are
ambiguous, complex, and difficult to analyse, thus making controller design diffi-
cult. Further, few studies implemented empirical methods such as Jacobian method
[16], visual servo control [12], neural network, sliding mode control, and adaptive
control [14, 20]. These studies provide a simpler approach towards systemmodelling
and controller design than the strategies involving more complex theoretical models.
However, the nonlinear behaviours are not perfectly described, and the validities are
limited to the specified experimental conditions [4].

The paper presents a simple soft actuator design based on bidirectional bending
and stretching/contracting capabilities due to which it can have snake or worm-like
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Fig. 1 Schematic representation of working concept

movements. The actuator can be used in various applications as a manipulator or
mobile robot. Further, a dynamic model of the soft actuator has been derived from
the bond graph modelling approach. The proposed modelling formalism can accom-
modatemajor dynamic parameters of the soft actuator and system nonlinearities. The
robot has been controlled using PD controller. The performance of the soft actuator
modelling is validated through numerical simulations, where the soft robot emulates
bidirectional bending and extension/contraction as desired by the controller input.

The rest of this paper is structured as follows. Section2 presents the design and
modelling of a soft actuator in framework of bond graph technique. Section3 presents
detailed numerical simulation results to validate proposed dynamics with close loop
PD control implemented. Finally, Sect. 4 concludes the paper.

2 Dynamic Modelling

We will discuss the dynamics of the soft actuator in this section. To understand the
dynamics, it is important to understand the working and design of the soft actuator.
The following sections explain in detail the design and bond graph modelling of the
actuator.

2.1 Design of Soft Actuator

The design of the soft actuator is bellow-like. The soft actuator has packets made of
elastic material joined together, as shown in Fig. 1.
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Fig. 2 Soft actuator’s a solid model and b pictorial representation of its working concept

The elastic packets inflate and deflate like balloonswhen air is supplied or removed
from them. The two-way air pump can supply and remove air; the connection of air
pump to soft actuator is as shown in Fig. 1. The bidirectional bending is emulated
by alternating supplying and removing air from each side of the soft actuator. The
actuator bends in the direction of the side from where the pump removes air.

The microcontroller controls the alternating air supply and removal of air for bidi-
rectional bending. We can attach various sensors to the soft actuator to measure the
pressure, extension, and bending angle and employ them to control the soft actua-
tor. Figure2a, b shows solid model and the pictorial representation of the working
concept of the soft actuator. Now, with a clear understanding of working and control
of soft actuator, we will model the bond graph to derive the dynamics in the next
section.

2.2 Bond Graph Modelling of Soft Actuator

The bond graph modelling technique reduces mathematical complexities related to
highly nonlinear system, such as soft actuator presented in this paper. Since our
actuator design is bellow-like, so we model each elastic packet as a bellow. For the
basic understanding of bond graph model, we explain Fig. 3 in detail.

The source of effort element (SE) is the pressure (P1) supplied to the elastic packet
from the air pump. The resistance element (R) is the resistance the pneumatic flow
faces when it enters through the orifice in the elastic packet. We calculate value of
resistance as:

R =
√
P1 − P2
CdD

(1)

where Cd is the orifice coefficient of discharge and D is diameter of orifice.
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Fig. 3 Bond graph of the bellow

We have assumed extension and contraction of soft actuator synonymouswith that
of spring for the ease of modelling; with this assumption, we infer that the effort from
the pneumatic domain is causing displacement in themechanical part.We use C-field
element (CC) in cases like thesewhere the efforts and displacements are in a different
domain but interrelated. Thus, we have two capacitance values in this system, C1,
due to change in volume of the elastic packet and C2 due to compressibility of air
[2]. We can calculate their value as follows:

C1 = A2

k

C2 = Ax

ρRT
(2)

whereA and k are the area and stiffness of elastic packet respectively, x is the extension
in the elastic packet after air supply, ρ is the density of air, R is gas constant, and T
is the temperature of air supplied.

The resistance element (R) represented as Rb is damping in elastic packet and
inductance element (I) is its mass (m). The dynamic equations we get after bond
graph modelling are:

R(C1 + C2)
dP2
dt

+ P2 = P1 (3)

mẍ + Rb ẋ + kx = P2A (4)

where P2 is the pneumatic pressure inside the elastic packet, which is given by effort
in bond number 3 in Fig. 3.

The bond graph model of elastic packet is then used to make the both sides of the
actuator as shown in Fig. 4. We have implemented half car model for bidirectional
bending of the actuator. Since we want to alternately supply and remove air from
each side of actuator, the pressure P1 is provides as:
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Fig. 4 Bond graph of the actuator

Left side of actuator

P1 = kp(xLref − xL) + kd(ẋLref − ẋL)

where, xLref = x sin(wt)
(5)

Right side of actuator

P1 = kp(xRref − xR) + kd(ẋRref − ẋR)

where, xRref = x sin(wt + π)

(6)

kp and kd are proportional and derivative control gains, whereas xL and xR are actual
extension or contraction of left and right side of the actuator.

FromEqs. 5–6,we infer thatwe alternately supply air to the left side of the actuator
and remove air from its right side, thus making it bend in both directions. We can
also achieve simple extension and contraction by providing air supply as in Eq.5 on
both sides of the actuator.

3 Numerical Simulations

After creating bond graph model of actuator, we conduct numerical simulations to
validate its accuracy in the framework of 20-sim® (ver. 4.7) [5]. Table1 summarizes
the system parameters of actuator used in the numerical experiment.

Table 1 System parameters used in numerical experiment

Parameter Value Parameter Value

m 0.015kg x 0.3m

Rb 0.4kg/s ρ 1.225kg/m3

k 350N/m R 8.31451J/Kmol

Cd 0.8 T 300K

D 0.008m kp 40

A 0.0096m2 kd 10

μ 2.5 ω 1 rad/s
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Fig. 5 Behaviour of actuator when a air is removed and supplied alternately, b rotation and exten-
sion due to alternate air supply, c air is removed and supplied simultaneously, and d rotation and
extension due to simultaneous air supply

Figure5a, b shows results for bidirectional bending of actuator. We can see in,
Fig. 5a, each side of actuator extends and contracts alternately according to xref for
each side. Figure5b shows the result for bidirectional bending and rotation angle
achieved. We can see there is no linear displacement in this case.

The extension and contraction of both sides of the actuator for linear displace-
ment of the actuator are drawn in Fig. 5c. In this case, we can see both sides of
the actuator are expanding and contracting simultaneously. Figure5d demonstrates
that the actuator has only linear displacement when each side expands and contracts
simultaneously.

As explained in Sect. 2.2, controller output is pressure, P1, supplied to actuator
(see Eqs. 5–6). Figure6 shows the results for rotation angle, linear displacement, and
torque generated by actuator for the controlled pressure supply.
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Fig. 6 Performance of actuator in terms of a rotation, b linear displacement, and c torque obtained
for the controlled output

4 Conclusion

The paper presented a design and dynamic modelling of the soft actuator, which
can be used in the varied application. The dynamics developed in this paper will be
the basis for the complete dynamic modelling of the manipulator or robot created
using our actuator. The conventional PD control is used in this paper, but we can
use superior control methods since we have an accurate dynamic model. It would
be interesting for future studies to achieve other important objectives such as path
planning and obstacle avoidance for a soft robot made from the soft actuator.
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Design of Pneumatically Actuated Soft
Robotic Gripper for Gripping
Cylindrical Objects of Varying Diameters

Monalisa Sharma and Shubhashis Sanyal

Abstract Soft robotic grippers enable safe interactions with objects due to excel-
lent compliance and ability to absorb energy arising in case of sudden impact, unlike
their rigid counterparts. To effectuate an automated laboratory enabling remote exper-
imentations without risking human operators, a soft robotic gripper is designed for
handling fragile and delicate laboratory equipment. Constant curvature kinematics
have been explored, proposing two types of gripping mechanisms for cylindrical
objects-planar gripping mechanism and coiled gripping mechanism. The range of
object diameters that a given gripper can handle has been obtained based on the
choice of gripping mechanism.

Keywords Soft robotic gripper · Constant curvature kinematics · Gripping
mechanism

1 Introduction

For several years, the field of robotics has been dominated by robots made of rigid
links, joints and actuators, showing remarkable speed, accuracy and heavy load
handling capacity. However, they become quite inadequate and unsafe in real-life
scenarios like an unknown surrounding consisting of damageable goods as well as
people in the vicinity.

Recently, scientists have begun exploring bio-inspired robotic architectures
predominantly composed of soft materials, like elastomers, to impart compliance
and adaptability to robots. These are called soft robots. From initial hyper redun-
dant and hard continuum structures [1, 2], to soft universal gripper [3] or multi-
functional tentacles [4, 5], soft robots have achieved hitherto unrealistic movements
like stretching, twisting, multidirectional bending, squeezing, coiling, etc. They have
diverse methods of actuation like use of pressurized air (or fluid) [5, 6], controlling
cable lengths [1, 7], use of electroactive polymers which show deformation upon
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voltage supply, shape memory alloys which can deform and then revert back to its
original shape upon heating, electrorheological or magnetorheological fluids which
undergo stiffness variation when subjected to electric or magnetic fields, principle
of particle jamming [3], etc.

Since soft materials can conform to the shape of an object and enable a smooth
jerk-free contact, they are the most suitable candidates for grasping delicate objects
or sensitive equipment. Particularly when handling apparatus containing infectious
or hazardous samples, soft grippers are far more potent than traditional hard grip-
pers. They can manipulate safely in an unspecified environment and pose no risk to
humans. Automated laboratories are the need of the hour, which could enable remote
experimentations involving infectious samples, without endangering human opera-
tors. Seeking for effective grippers to aid in this purpose, a soft gripper is designed
with novel channel structure, and gripping mechanisms are proposed for cylindrical
objects of varying diameters, since commonly used laboratory equipment like glass
vials, beakers, flasks, test tubes, etc., are cylindrical in shape. This gripper is designed
using a fluidic elastomer actuator [4, 8], actuated through pressurized air. The novelty
of this work lies in the proposed soft gripper design and kinematic analysis of two
different types of gripping mechanisms specific to cylindrical objects.

Gripper’s design is described in Sect. 2. Section 3 introduces kinematics for a
bending soft robot, while in Sect. 4, these kinematic calculations are implemented
in the proposed gripper with two types of gripping methods for handling cylindrical
objects of varying diameters. The range of object diameters that a specified gripper
length can handle has been identified as per the gripping mechanism, which is a
uniqueness of this work.

2 Gripper Design

Soft pneumatically actuated gripper designs span from simple two-fingered grip-
pers [6] to six-membered starfish shaped gripper [9], from tentacle-inspired gripping
structures [4, 5] to anthropomorphic grippers [10]. Most of these designs combine an
expanding elastomer with an inextensible strain-limiting layer, resulting in a bending
motion [5, 6, 8, 9, 11, 12]. The proposed gripper design is unique as it is a homoge-
neous elastomeric single-finger design whose bending relies on the channel’s design.
This design is mechanically simple and easy to manufacture, as shown in Fig. 1. The
choice of dimensions was based on multiple trials and is given in Table 1.

The compliant elastomer body contains four hollow longitudinal channels shaped
like a quadrant of a circle. When a channel is pressurized with compressed air, the
thin outer walls being the least stiff region expand easily, while the thick inner walls
acting as chamber separations aremore resistant and remain comparatively unaltered.
This variation in dimensions causes the structure to bend.

Some distinguishable features of this design are described here, which make
the proposed gripper stand out amongst others. While some morphologies utilize
thread windings to prevent excessive radial expansion of the channels, the thick



Design of Pneumatically Actuated Soft Robotic Gripper … 549

Fig. 1 Single-finger gripper model. a gripper model is closed at both ends with endcaps. b the
top end is open. c gripper cross-section d actuated gripper’s bent shape obtained from ANSYS
simulation at 45 kPa pressure

Table 1 Gripper dimensions Parameter Dimensions (mm)

Outer Diameter, D 50

Chamber Radius, r 23

Thickness of vertical chamber
separation, V

6

Thickness of horizontal chamber
separation, H

6

Length of Gripper, L 200

Thickness of end-caps, t 3

compartmental separations in this design keep the transverse expansion in check.
Being composed of a single elastomer material, this design can be moulded using
3D printed moulds, in a single step, minimizing its overall fabrication time. This also
eliminates any risk of delamination of separate material layers at higher pressures.
Provision of a rotating base plate will enable rotating the gripper and allow it to bend
along any angular direction. The gripper surface is enhanced with gecko adhesive
[6] to provide a firm grasp.

2.1 Bending Capabilities of Proposed Gripper

This gripper is capable of bending in four planes—two orthogonal planes and
two diagonal planes, attaining both positive and negative curvatures in each plane.
Single chamber actuation results in diagonal bending, such that the plane containing
gripper’s curved configuration lies at an angle of∅ = ±45◦ with respect to the vertical
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Fig. 2 Position of actuated chamber and resultant plane of arc for a single chamber actuation, and
b two adjacent chamber actuation. Here, the blue curve represents the soft gripper and shows its
bending direction

plane. Pressurizing two adjacent chambers causes bending in two orthogonal planes,
i.e. vertical or horizontal planes.

Figure 2 depicts bending caused by single chamber and dual chamber actuation,
respectively. Single actuated chamber results in bending of gripper along a plane
making 45° with the vertical plane. Two adjacent actuated chambers cause bending
of gripper in the vertical plane. Thus, the choice of actuated chamber decides the
bending plane and curvature direction.

The nature of bending of the gripper has been verified through simulations in
ANSYS software as shown in Fig. 1d. A hyperelastic incompressible Yeoh material
model, with two parameters, was used to capture the nonlinear material behaviour
of hyperelastic material of the gripper.

C1 = 0.11MPa

C2 = 0.02MPa

D1 = 0

D2 = 0

These coefficients fit the soft material Elastosil and are taken from [12]. The bent
configuration obtained from simulations at different supply pressure helps to obtain
various arc parameters required for kinematic analysis discussed in the following
sections.
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3 Constant Curvature Kinematics

Kinematics enables us to control and predict the robot’s motion for practical appli-
cations. Due to the bending behaviour of our gripper, conventional DH parameters
valid for rigid link robots become ineffectual. Instead, constant curvature kinematic
formulations [1, 2, 7, 13] are used. These formulations treat a bending-type robot
as a series of constant curvature arcs joined together such that they have a common
tangent at their joints. The curves formed by bending soft robots are described by its
curvature (κ), angle of plane containing the arc, or plane angle (Ø) and arc length l
(or s ∈ [0, l], where s is the arc length at any point lying along the curve), as shown
in Fig. 3a. Bending angle θ is related to arc length and curvature as: θ = κl.

3.1 Forward Kinematics

Forward kinematics is the process to obtain the position (x, y and z) and orientation of
the curve tip (or any other point located along the curve) in the base frame, when arc
parameters, κ, Ø and l, are given. Several literature resources are available detailing
the forward kinematic calculations. The resultant transformation matrix varies with
the choice of coordinate frames, hence, it is important to follow the same rules of
frame assignment at each step. It has been shown that multiple approaches essentially
produce the same results [2].

Frame Assignment and Transformation Matrix: For the base frame, positive Z-
axis is assigned to the tangent at the base of arc as shown in Fig. 3. Positive Y-axis
is the direction about which the arc bends when Ø = 0. Positive X-axis is the final
position taken by the arc if bending angle is assumed to be 180°, as shown in Fig. 3.

Fig. 3 Forward and inverse kinematic relations between a arc parameters (κ, Ø, l) and b position
coordinates (x, y, z) in reference frame for a single segment constant curvature robot
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T =

⎡
⎢⎢⎢⎢⎣

cos(∅) cos(κl) − sin(∅) cos(∅) sin(κl) cos ∅
(
1−cos(κl

κ

)

sin(∅) sin(κl) cos(∅) sin(∅) sin(κl) sin ∅
(
1−cos(κl)

κ

)

− sin(κl) 0 cos(κl) 1
κ
sin(κl)

0 0 0 1

⎤
⎥⎥⎥⎥⎦

(1)

Equation (1) gives the transformation matrix. Here, the end frame is aligned such
that its Z-axis is tangent to the curve and X-axis points towards the centre of the
curve. The position coordinates of the curve tip (l) or any desired point on curve
(s ∈ [0, l]), with respect to base frame, are given by first three elements of column
4. The first three elements of column 1 are unit vectors giving the principal direction
of the X-axis of the tip frame described with respect to the base frame.

→X tip = {cos(∅) cos(κl)}î + {sin(∅) sin(κl)} ĵ + {− sin(κl)}k̂ (2)

Similarly, the unit vectors giving principal directions of Y-axis and Z-axis of tip
frame are given by first three elements of column 2 and 3, respectively. The above
matrix can be used for a planar curve by putting plane angle Ø = 0.

3.2 Derivation of Inverse Kinematics from Forward
Kinematics

Inverse kinematics involves calculating the arc parameters (κ, Ø and l) required to
position the curve tip at a specified location (x, y and z) in the base frame. Although
inverse kinematic formulae have been derived geometrically [14], in thiswork analyt-
ical calculations have been used, similar to conventional method of deriving inverse
kinematics from forward kinematic transformation matrix obtained from DH tables.
This derivation is presented below. Substituting κ = 1/r and κl = θ in the position
coordinates of the curve tip obtained from Eq. (1),

x = r cos ∅(1 − cos θ) (3)

y = r sin ∅(1 − cos θ) (4)

z = r sin θ (5)

Squaring, adding and rearranging these equations,

(1 − cos θ) = 2
(
x2 + y2

)
x2 + y2 + z2

= x2 + y2 + z2

2r2
(6)



Design of Pneumatically Actuated Soft Robotic Gripper … 553

By rearranging Eq. (6) to get an expression for r, curvature is obtained as

κ = ± 2
√
x2 + y2

x2 + y2 + z2
(7)

Substituting the value of r in Eq. (5) to get sin θ , and by taking the value of cos θ

from Eq. (6), bending angle is obtained as

θ = tan−1

(
2z

√
x2 + y2

z2 − x2 − y2

)
(8)

From Eqs. (4) by (3), plane angle Ø is obtained as

∅ = tan−1
( y

x

)
(9)

And, arc length can be obtained using, l = θ/κ .

4 Gripping Mechanism and Parameterization

Two types of gripping mechanisms have been proposed for cylindrical objects which
are distinctive to this work-planar gripping and coiled gripping, with elaborated
kinematics shown through a case study. For a chosen mechanism, the range of object
diameters possible to handle can be identified which is another unique contribution
of this work.

4.1 Planar Gripping Mechanism

In this method, the gripper surrounds a cylindrical object in a circular grip, contacting
the object along its entire length. For this type of grip, gripper’s curvature is equal
to the object’s curvature. To form a grip, it is assumed the gripper must encircle at
least 2/3rd of the object circumference, i.e. the circular arc subtends a bending angle
of 240°. Clearly, the maximum extent of this grip is when the gripper completely
surrounds the circumference of the object.

An intuitive assumption has been made regarding the angle subtended by the
gripper for gripping the object because the main aim here is to develop a gripping
mechanism and incorporate continuum kinematics. Further study needs to be done
in order to validate the gripping angle for a sturdy grip. The angle will depend on the
gripper material as well as the material being gripped. Force analysis was beyond the
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Fig. 4 aGripper surrounding an object in planar grip, bminimum and maximum angles subtended
by gripper (blue) surrounding an object (grey) in a planar grip

scope of this work which mainly intends to elaborate kinematics of gripping; hence,
the angle values are suggested on the assumption that frictional forces will be able
to hold the object. These values are neither fixed nor final (Fig. 4)

Fixed Gripper Length: This is a commonly encountered case where gripper has a
fixed length l, while the cylindrical objects vary in size, like small test tubes, large
beakers, glass vials, etc. Using κl = θ , the range of possible gripper curvatures is

κmin = θmin/ l = 4π/3l and rmax = 1/κmin (10)

κmax = θmax/ l = 2π/ l and rmin = 1/κmax (11)

Here, rmin and rmax are the minimum and maximum object radius, respectively, that
a gripper can handle using planar gripping mechanism.

Fixed Object Radius: This is a special case where a gripper is designed in accor-
dance with the object’s size. Say, the object radius is r. Then gripper should have a
curvature of κ = 1/r . The range of gripper length required to encompass at least
2/3rd of object circumference and at most the full circumference is estimated using
l = θ/κ ,

lmin = (4π/3)/κ (12)

lmax = 2π/κ (13)
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Fig. 5 a Coiled gripping mechanism by a two-segment gripper, b Segment-1 (blue) forms semi-
circle at angle α along plane OA, and segment-2 (yellow) forms planar grip along plane AB and c
geometric parameters for coiled grip are shown in a line diagram

4.2 Coiled Gripping Mechanism

Coiling is natural phenomenon found in plants and even used by some animals in
nature to form a grip. This mechanism tries to mimic the natural coiling in order to
get more contact area and thus improve the load bearing capacity of the gripper. A
rotating base plate attached at the base of each gripper segment enables it to bend
along a plane lying at any angle Ø. It is proposed to form a coil using two gripper
segments per coil winding, as shown in Fig. 5a. Multiple gripper segments can be
joined to obtain desired number of coil windings.

Segment 1 (blue) forms a semicircular arc along plane OA, but the cylinder’s
surface profile along plane OA is elliptical. Hence, it contacts the object only at
points O and A. Segment 2 (yellow) bends in plane AB parallel to the cylinder’s
base surface, forming a planar grip with full contact along entire gripper length. This
gripping mechanism is explained using a case study.

Case Study: Each gripper segment is of length 20 cm. A single-winding coiled grip
is desired around an object of diameter 10 cm.

Target object diameter= d = 10 cm, gripper segment length= l= 20 cm, segment
1 forms a semicircle with diameter D, therefore bending angle θ1 = 180◦. This arc’s
plane is rotated at an angle α i.e. ∅1 = α.

From geometry in Fig. 5c, D = OA = d/cosα. Therefore, curvature of arc-1 is

κ1 = 2

D
= 2 cosα

d
= θ1

l
(14)

The value of α can vary from 0° to 45°. The maximum limit is 45°, beyond this
value the gripper won’t reach around the cylindrical object, but intersect the object at
some point on the front face itself. So, this becomes the deciding factor in determining
range of objects. From Eq. (14), d = (2 cosα)l/θ . Substituting the limits of α, range
of object diameters is obtained as
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dmax = (2 cos 0◦)l/θ = 2l/π (15)

dmin = (2 cos 45◦)l/θ = (√
2l

)
/π (16)

By substituting l = 20 cm in Eqs. (15) and (16), object diameter lies in the range
of dmin = 9.003 cm and dmax = 12.732 cm. Therefore, this gripper can form a coil
around an object with d = 10 cm.

Since θ and l are known, curvature of segment-1, is

κ1 = θ/ l = π/20 = 0.157

Value of α is obtained from Eq. (14) as, α = 38.24°. Substituting these curve
parameters in Eq. (1), transformation matrix for segment 1 is obtained as

0T1 =

⎡
⎢⎢⎣

−0.7854 −0.6189 0 10.0054
−0.6189 0.7854 0 7.8848

0 0 −1 0
0 0 0 1

⎤
⎥⎥⎦

Column 3 gives position coordinates of tip of segment-1. This tip frame {1} has its
Z-axis tangent to the curve, X-axis pointing towards the centre of the curve. This tip
frame is the base frame for segment 2.

Arc parameters for Segment 2: For planar grip, gripper’s curvature = curvature of
object, i.e.

κ2 = 2/d = 0.2

Plane angle with respect to segment 1 is, ∅2 = α = 38.24◦, arc length l is same as
before. Bending angle is θ2 = κ2l = 0.2 × 20 = 4 rad = 229.183◦. Substituting
these in Eq. (1), transformation matrix for segment 2 is obtained as

1T2 =

⎡
⎢⎢⎣

−0.5133 −0.6189 −0.5944 6.4940
−0.4684 0.7854 −0.4684 5.1176
0.7568 0 −0.6536 −3.7840

0 0 0 1

⎤
⎥⎥⎦

Total transformation for coil’s tip with respect to the absolute reference frame {0}
located at base of gripper segment 1, is obtained as

0T2 =0 T1
1T2 (17)
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0T2 =

⎡
⎢⎢⎣

0.6930 0 0.7567 1.7377
−0.0501 0.9998 0.0000 7.8850
−0.7568 0 0.6536 3.784

0 0 0 1

⎤
⎥⎥⎦

This case study gives a method for precise positioning and manipulating of
a soft gripper. Position coordinates obtained above agree with the geometrically
obtained position. Thus, two gripping mechanisms with predictable positioning for
soft grippers have been presented.

5 Conclusion

The unparalleled compliance and shape adaptability enable soft grippers to be used
for grasping objects based on operator’s intuition instead of depending on complex
positioning algorithms. However, in certain applications, prediction of exact position
is important, as described in the present work. The proposed gripping mechanisms
mainly elaborate the kinematics involved in predicting the gripper’s position. Their
implementation and application require further experimentation and consideration
of force analysis which gives scope for more research.

Due to complete contact between the gripper and object, planar grip is very firm
and secure, which makes handling delicate test tubes containing contagious samples
extremely safe. To grip heavier loads, coiled grip can be usedwithmultiple windings.

Though the range of object size that can be handled by a gripper of fixed length
is very small, the benefits of soft robotics outweigh these limitations and encourage
seeking for methods of improvement. There is much scope for exploring new gripper
capabilities. Instead of searching for abilities to suit an application, applications that
can benefit from a certain ability should be sought to make soft robots a part and
parcel of our daily life.
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Estimation of Internal Joint Forces
and Resisting Torques for Impact
of Walking Robot Model

K. Ramachandra and Sourav Rakshit

Abstract Quadruped motion in legged locomotion provides an outlook to explore
both static and dynamic gaits. The leg contact of the quadruped with the environ-
ment is an impulsive contact with a non-smooth interaction. This impulsive force is
resisted by the torques applied at the leg joints of the model, and hence, the realistic
estimate of these resisting torques is vital for the stable operation of the robot. In the
current study, the dynamic model of a planar two-legged mobile robot is formulated
for an impact problem by utilizing the external impact model as proposed by Lee et
al. (Modeling and analysis of internal impact for general classes of robotic mecha-
nisms. In: Proceedings. IEEE/RSJ international conference on intelligent robots and
systems, vol. 3, pp. 1955–1962, 2000 [1]). The impulse encountered during contact
of the leg foot with the ground is utilized as the basis to compute the resisting forces
at the joints in the model. These resisting joint forces due to impact can be used to
decide the configuration of mobile robot leg during landing on the ground. From the
simulation, it is established that the impact force on the joints is greatest when the
orientation of the lower link of the leg is perpendicular to the contact environment.

Keywords Impact model · Legged robot · Unilateral contact

1 Introduction

Quadrupedmotionwhich is amajor area in legged locomotion provides an outlook to
explore both static and dynamic locomotion. The leg contact of the quadruped with
the ground/external obstacle constrains the allowable motion of the body. Further,
this contact is an impulsive contact with a non-smooth interaction and hence is one
of the sources of energy loss during locomotion. During contact, the impulsive force
acting on the body would be resisted by the torques applied at the leg joints of the
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model, and hence, a realistic estimate of these resisting torques is vital for the stable
dynamic operation of the robot. The impact effect encountered during an unilateral
contact of a floating body with the ground includes several factors such as the elastic
properties of both bodies, velocities during contact, and direction of impact.

The robot performing a dynamic gait, when comes in contact with the ground
experiences external impact force at the leg foot and in turn, propagates as internal
impulsive forces on the joints of the robot. The external impulsemodel for estimation
of impulse for a serial type of robot was introduced by Walker [2], where he also
proposed a method to reduce it by self-motion in case of a redundant manipulator.
Zheng and Hemami [3] derived the internal impulse model at the joints, but their
model was confined to the serial-type manipulators. Lee et al. [1] extended the study
of the internal impulsemodel to a general class ofmechanismby usingNewton–Euler
method to obtain the internal impulsive forces. Lee et al. [4] suggested an external
impulse model and an internal impulse measure for sawing task to show its efficiency
by using a dual-arm. Bowling [5] utilized the impact model to determine the effect of
impact forces on legged robot agility, wherein he computes the performance curves
describing how well the legged system can use the impact forces to accelerate itself.
Karssen et al. [6] suggested the swing-leg retraction model to improve the distur-
bance rejection and reduce impact energy loss during contact. He further describes
the effect of horizontal velocity of leg on the optimal swing-leg retraction.

In the current study, a planar two-legged mobile robot was formulated and sub-
jected to external impulsive contact with the ground. The impulsive force obtained
during contact of the leg foot with the ground was utilized as the basis to compute
the resisting forces on the leg joints of the model. This computation of contact forces
requires only the state of the robot before impact. The resisting torques on the leg
joints obtained due to external impact together with the internal resisting joint forces
can be utilized as a factor to decide the configuration of the robot for minimal impact
during contact on the ground.

2 Dynamic Model of Planar Robot

In this section, the dynamic model of a planar two-legged mobile robot is formulated
using augmented Lagrangian formulation by considering the joint constraints in the
model. The planar robot configuration as shown in Fig. 1 consists of two legs, each
with two degrees of freedom (DoF) links and a floating base to which these legs
are connected. The system is represented by seven independent system coordinates
given as qi = [x1, y1, θ1, θ2, θ3, θ4, θ5]T. Of these seven system coordinates, three sys-
tem coordinates (x1, y1, θ1) are of the under-actuated base and the four coordinates
(θ2, θ3, θ4, θ5) are of the actuated revolute joints. In a planar formulation, each revo-
lute joint imposes two translation constraints, one in horizontal and the other in the
vertical direction of the links connected to the joint. Thus, the four joints of the system
impose eight joint constraints, which show up as internal resisting forces acting on
the joints in the inertial coordinate frame. The coordinates of these eight constraints
form the dependent coordinates given as: qd = [x2, y2, x3, y3, x4, y4, x5, y5]T.
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Fig. 1 Schematic of planar robot

In Fig. 1, xi and yi (i varies from 1 to 5) are x- and y-components of position
vectors locating the center of mass (CoM) of link-i with respect to inertial frame.
The angles, θ2 to θ5 are orientation of link-2 to link-5, respectively, with respect to
the previous link. Further, n1 = (nx1, ny1) indicates the unit normal vectors at the
contact point of leg-1 with the ground.

2.1 Joint Constraint Equations

The system consists of four actuated revolute joints. Each revolute joint of system
imposes two constraints in translation between the two connected links and is given
by Eq. (1) as:

J x12 = x1 + R2 cos(δ2 + θ1) − r2 cos(θ1 + θ2 + π) − x2 = 0

J y12 = y1 + R2 sin(δ2 + θ1) − r2 sin(θ1 + θ2 + π) − y2 = 0

J x23 = x2 + (L2 − r2) cos(θ1 + θ2) − r3 cos(θ1 + θ2 + θ3 + π) − x3 = 0

J y23 = y2 + (L2 − r2) sin(θ1 + θ2) − r3 sin(θ1 + θ2 + θ3 + π) − y3 = 0

J x14 = x1 + R4 cos(δ4 + θ1) − r4 cos(θ1 + θ4 + π) − x4 = 0

J y14 = y1 + R4 sin(δ4 + θ1) − r4 sin(θ1 + θ4 + π) − y4 = 0

J x45 = x4 + (L4 − r4) cos(θ1 + θ4) − r5 cos(θ1 + θ4 + θ5 + π) − x5 = 0

J y45 = y4 + (L4 − r4) sin(θ1 + θ4) − r5 sin(θ1 + θ4 + θ5 + π) − y5 = 0

(1)
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In Eq. (1), considering J x12 and J y12, the subscript indicates that the constraints
are applied in x- and y-directions on the joint formed by link-1 and link-2. The above
eight constraint equations are differentiated twice with respect to time and written
in matrix1 form as Eq. (2):

Cqq̈ + (Cqq̇)qq̇ = 0 (2)

Here, Cq is 8 × 15 matrix, known as the Joint Constraint Matrix and (Cqq̇)qq̇ is
15 × 1 vector containing the terms of system velocity coordinates.

2.2 Contact Constraint Equations

In the current study, the floating body comes in contact with the ground at only one
leg tip as shown in Fig. 1. The constraint is modeled as a rigid kinematic constraint
which ensures non-penetration in the ground. Considering a friction-less surface, the
constraint is imposed in the normal direction of contact. The constraint is computed
as a dot product of the position vector from inertial frame to the leg tip contact point
with the unit contact normal (n1) and given as:

Lpn1 = nx1(x1 + R2 cos(δ2 + θ1) + L2 cos(θ1 + θ2) + L3 cos(θ1 + θ2 + θ3))

+ ny1(y1 + R2 sin(δ2 + θ1) + L2 sin(θ1 + θ2) + L3 sin(θ1 + θ2 + θ3))

(3)
The ground is considered as a flat surface with the inertial frame on top of the

surface. In Eq. (3), the loop value of Lpn1 would be zero whenever the kinematic
constraint is imposed, which thereby indicates the contact of leg tip with the ground.
Writing the statement as Eq. (4):

Lpn1 ≤ 0 −→ Gln1 is True (4)

Here Gln1 is the variable indicating contact of leg-1 with ground if condition
is true. To obtain the contact constraints consistent with the acceleration of system
coordinates, the above constraints are differentiated twice with respect to time to
obtain the equation2 as Eq. (5):

Jaq̈ + (Jaq̇)qq̇ = 0 (5)

Here, Ja is 1 × 15 matrix, known as the the Contact Jacobian matrix and (Jaq̇)qq̇
is 1 × 1 matrix containing the terms of system velocity coordinates.

1 The details of matrices for Cq and (Cqq̇)qq̇ are given in Appendix.
2 The matrix obtained is given in Appendix.
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2.3 System Lagrangian Formulation

The system Lagrangian formed is summation of kinetic energy, potential energy,
joint constraints, and contact constraints in the system and is given as Eq. (6).

Lag = KE − PE + (J x12λx12 + J y12λy12 + J x23λx23 + J y23λy23
+ J x14λx14 + J y14λy14 + J x45λx45 + J y45λy45) + (Lpn1λn1)

(6)

Here, KE and PE are the summation of kinetic and potential energy of each link in
the model, λn1 is Lagrange multiplier representing the contact force generated due to
the kinematic constraint of the leg-1 tip with the ground during contact in the normal
direction, λxi j and λyi j are the Lagrange multipliers indicating the internal joint
forces in x- and y-directions, respectively, at the joint formed by i th and j th link.

The equation of motion for the system3 is:

Mq̈ + Gq − CT
qλij − JTa λn1 = τ (7)

Here,M is the mass matrix of the system,Gq is vector of gravity terms, Cq is the
JointConstraintMatrix, as obtained inEq. (2), τ is vector of actuator joint torques and
λi j is vector ofLagrangemultipliers i.e.,λij = [λx12; λy12; λx23; λy23; λx14; λy14; λx45;
λy45]. Augmenting Eq. (7) with joint and contact constraint matrices (Eqs. 2 and 5)
and writing the equations in matrix form as:

⎡
⎣
M −CT

q −JTa
Cq 0 0
Ja 0 0

⎤
⎦

⎡
⎣

q̈
λij

λn1

⎤
⎦ =

⎡
⎣

τ − Gq

−(Cqq̇)qq̇
−(Jaq̇)qq̇

⎤
⎦ (8)

Here the terms Cq, Ja and Gq are function of time.

3 External Impact Force on System

Considering the collision of the rigid body against a fixed surface, wherein the colli-
sion is partially elastic, the change in velocity of the rigid body normal to the surface
of contact is given by:

(v1 + Δv1)n = −e(v1)n (9)

Here v1 is the velocity vector of the body before the collision, Δv1 is the vector
of velocity increment of the rigid body due to collision, n is the unit vector normal to
the surface of contact, and e is coefficient of restitution indicating a partially elastic
collision ranging from 0 < e < 1. Rearranging Eq. (9) in terms of velocity increment
of the rigid body:

3 The details of the matrices,M and Gq obtained are given in Appendix.
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(Δv1)n = −(1 − e)(v1)n (10)

Writing Eq. (10) in terms of velocity increment normal to the surface of collision:

Δvn1 = −(1 − e)vn1 (11)

where vn1 = (v1)n and Δvn1 = (Δv1)n.
To evaluate the magnitude of external impulse on the system, consider leg-1 of

the planar robot coming in contact with the ground and is subjected to impact due to
the kinematic constraints with the surface. Leg-2 is in the air during this impact. The
equation of motion of the system Eq. (7) during this instant is modified as proposed
by Lee et al. [1] as:

τ = Mq̈ + Gq − CT
qλij − JTa Fn1 (12)

Here Fn1 is the external impulsive force experienced at contact point in normal
direction of contact, Gq is vector of gravity terms, Ja is the contact Jacobian matrix
detailed in Eq. (5).

In order to find a relation between the external impulse acting on the system to
the velocity increment during impact, Eq. (12) is integrated over the time interval (t0
and t0 + Δt) of contact. Since position, velocities and actuation torque are finite all
the time during impact, the non-impulsive terms such asCq,Gq and τ drop out from
Eq. (12). The resulting equation is:

M(q̇(t0 + Δt) − q̇(t0)) = JTa Pcn1 (13)

Here, q̇(t0 + Δt) − q̇(t0) is the velocity increment of joint variables due to impact,
Pcn1 is the external impulse at contact point in the normal direction of contact, given
as Pcn1 = ( t0+Δt

t0
Fn1 dt . Rearranging Eq. (13) in terms of velocity increments:

Δq̇ = M−1JTa Pcn1 (14)

where, Δq̇ = q̇(t0 + Δt) − q̇(t0) is the velocity increment due to impact. The incre-
mental velocity of leg tip before contact, normal to the contact surface is given as:

Δvn1 = JaΔq̇ (15)

Substituting for Δvn1 and Δq̇ from Eqs. (11) and (14), respectively, in Eq. (15)
as:

− (1 − e)vn1 = JaM−1JTa Pcn1 (16)

Rearranging Eq. (16) in terms of Pcn1, the magnitude of external impulse on the
foot due to the impact is given as:
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Pcn1 = −(1 + e)vn1
(JaM−1JTa )

(17)

With the external impulse of contact (Pcn1) value known for leg-1, the ground
contact force normal to the ground is given as:

λn1 = Pcn1/Δt (18)

where Δt is the time step of numerical iteration. In the current model, a time step of
0.0001s is used for numerical iteration. The actuator wrench acting on the joints of
leg due to ground contact force is given as:

τreact = (JaTλn1) (19)

To evaluate the generated impulsive force due to contact, the planar model is
subjected to gravity free-fall along various touchdown4 angles of link-3 (lower link
of the leg-1). A typical configuration of the planar robot with indication of the
touchdown angle is shown in Fig. 2. The magnitude of the external impulsive force
for various touchdown angles is plotted in Fig. 3. It is seen from the plot that link-3 is
subjected to maximum impact force when the orientation of link-3 is perpendicular
to the ground. The link parameters considered for the evaluation of the system from
link-1 to link-5 as shown in Fig. 1 are with mass of [8.5, 1.12, 1.17, 1.12, 1.17] kg
and with link lengths of [0.8, 0.4, 0.4, 0.4, 0.4] m, respectively.

4 Internal Impact Forces on Joints

Due to impact of the leg foot with the ground, internal impulsive forces act on
each joint of the leg. This impulsive forces acting on each joint provide scope of
orientation of leg links during impact to minimize the effect of impact forces. To
obtain an equation to evaluate the internal impulsive forces, from Eq. (2),

Cqq̈ = Qc where Qc = −(Cqq̇)qq̇ (20)

and from Eq. (7),
Mq̈ + Gq − CT

qλij − JTa λn1 = τ

Rearranging Eq. (7), in terms of q̈ as:

q̈ = M−1(τ + CT
qλij + JTa λn1 − Gq) (21)

4 Touchdown angle is the angle formed between the lower link of the leg (link-3) with reference to
inertial frame during contact.
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Fig. 2 Typical configuration
of planar robot indicating the
touchdown angle of link-3
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Substituting Eq. (21) in terms of q̈ in Eq. (20),

CqM−1(τ + CT
qλij + JTa λn1 − Gq) = Qc (22)

Rearranging the terms:

CqM−1(τ + JTa λn1 − Gq) + CqM−1CT
qλij = Qc
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Shifting the term CqM−1(τ + JTa λn1 − Gq) to RHS of the equation:

CqM−1CT
qλij = Qc − CqM−1(τ + JTa λn1 − Gq) (23)

Rearranging the terms in Eq. (23) to obtain the vector of joint resisting forces:

λij = (CqM−1CT
q )−1(Qc − CqM−1(τ + JaTλn1 − Gq)) (24)

To evaluate themodel, the planarmodel with leg links having constant joint angles
was subjected to free fall under gravity for varying orientation of link-3 (lower link
of leg-1). Figure4 shows the configuration of the system at varying orientation of
link-3 impacting the ground. The velocity of the model in the vertical direction was
held constant (at 3 m/s in the simulation) during the impact of model with ground
for all orientation of link-3. The magnitude of impulsive force at various touchdown
angles of link-3 and its resisting forces at Joint-2 and Joint-3 were computed using
Eq. (24) and were plotted as in Fig. 5. The orientation of the body was inclined
by 5◦ and the upper link of leg-1 was at 220◦ to the body. During the simulation,
the contact happened only at leg-1. It can be observed from the plot that the internal
impact forces were high when the orientation of link-3 is perpendicular to the surface
of contact. Further, Fig. 6 shows the reaction joint torques at the instant of impact
for various touchdown angle of link-3. It is seen from the figure that the reaction
torque at Joint-3 of leg-1 is zero when the link-3 is perpendicular to the ground and
increases when moved away from this orientation, whereas the reaction joint torque
in upper joint (Joint-2) reduces as the angle orienting the link-3 increases.

Fig. 4 Configuration of
planar robot at various
touchdown angle of link-3 BODY

LEG-1

LEG-1

θ3 = 325°

GROUND
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5 Comparison with Simulation Results Obtained from
Multi-body Dynamics Software

To compare the results obtained from the equations of resisting joint forces, Fig. 5 and
joint reaction torques, Fig. 6, the robot model parameters were utilized to construct a
simulation model in ADAMS software with identical masses and dimensions. Using
the restitution model with a penalty factor of 1E4, the coefficient of restitution as 0.8
and with no friction acting at the contact point with ground was used as a contact
model in the simulation. The simulation was performed using a WSTIFF integrator,
with a time step of 0.001 s. The model was simulated for a gravity fall, with a vertical
velocity of 3m/s at the instance of impact with the ground. The resisting joint forces
and reactive joint torques obtained were plotted in Figs. 7 and 8, respectively, for
various touchdown angles of link-3.

Comparing the plots of resisting joint forces from Figs. 5 and 7, the plot obtained
from Adams software simulation shows a gradual decrease in impulsive force from
touchdown angle of 230 to 320◦, whereas the simulation plot from the current algo-
rithm shows that the impulsive force at leg tip is highest when the orientation of link-3
is normal to the ground. Further from Figs. 6 and 8, when comparing the reactive
joint torques due to impulse, the plot for reaction torque of joint-3 from the current
algorithm has zero magnitude when the touchdown angle is 270◦, whereas it has
finite value in the plot obtained from Adams simulation.

Fig. 7 Internal impulsive
forces at joints at various
touchdown angles of link-3
obtained from simulation in
Adams software
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Fig. 8 Magnitude of reaction torque at joints against various touchdown angle of link-3 obtained
from simulation in Adams software

JOINT-2

JOINT-3

LEG CONTACT 
POINT

Fig. 9 Torque acting at joint-3 and at the leg contact point inAdams simulationwhen the touchdown
angle is normal to ground

Figure9 shows the simulation model at the instance of impact where the touch-
down angle is normal to the ground with the condition of no friction at the contact.
At this instance, the plot of joint torque at joint-3 indicates a torque of 1043 Nm.
Since, being a friction-less surface and link-3 being normal to the ground, the hori-
zontal component of joint impulsive force at joint-3 is zero, the torque at this joint
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Fig. 10 Touchdown angle
during impact to minimize
impulse force on joints

Leg-1

Orientation of 
Link-3

Link-2

Link-3

should have been zero. Further, when measured, there also exists torque at the point
of contact of the leg tip (Fig. 9) with the ground even though being a friction-less
surface.

6 Conclusion and Future Work

In this work, first the floating body dynamic model of planar robot was formulated
including the kinematic constraint of the leg with the ground, then the external
impulse model was applied to obtain the impact force on one leg when in contact
with the ground. Further, the internal joint impulsive model was formulated using the
joint constraint equations of the system. It is observed from Fig. 3 that the external
impulsive force plot and shows high value of impact force when the orientation of
link-3 is normal to the ground. From Fig. 5, it is seen that the internal joint resisting
forces plot, joint-2 and joint-3 show high value of force when the orientation of link-3
is beyond normal to the ground. Also from Fig. 6 of reaction torques, it is observed
that the effect of impulse forces on joints can be reduced and also the torque required
be minimized by orienting link-3 beyond 280◦ with respect to the inertial frame as
shown in Fig. 10 at the instance of impact.

This formulation currently worked on a planar case is proposed to be extended
on a full 3D quadruped robot model wherein multiple legs come in contact with the
environment.
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Appendix

Joint Constraint Equations

The joint constraint equations for the system (described in Fig. 1) as given in Eq. (1)
and are written in matrix form as:

Cqq̈ + (Cqq̇)qq̇ = 0

where

Cq =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 0 Cq13 Cq14 0 0 0 −1 0 0 0 0 0 0 0
0 1 Cq23 Cq24 0 0 0 0 −1 0 0 0 0 0 0
0 0 Cq33 Cq34 Cq35 0 0 1 0 −1 0 0 0 0 0
0 0 Cq43 Cq44 Cq45 0 0 0 1 0 −1 0 0 0 0
1 0 Cq53 0 0 Cq56 0 0 0 0 0 −1 0 0 0
0 1 Cq63 0 0 Cq66 0 0 0 0 0 0 −1 0 0
0 0 Cq73 0 0 Cq76 Cq77 0 0 0 0 1 0 −1 0
0 0 Cq83 0 0 Cq86 Cq87 0 0 0 0 0 1 0 −1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

here,
Cq13 : − sin(θ1 + θ2)r2 − sin(δ2 + θ1)R2

Cq14 : − sin(θ1 + θ2)r2
Cq23 : cos(θ1 + θ2)r2 + cos(δ2 + θ1)R2

Cq24 : cos(θ1 + θ2)r2
Cq33 : − sin(θ1 + θ2)(L2 − r2) − sin(θ1 + θ2 + θ3)r3
Cq34 : − sin(θ1 + θ2)(L2 − r2) − sin(θ1 + θ2 + θ3)r3
Cq35 : − sin(θ1 + θ2 + θ3)r3
Cq43 : cos(θ1 + θ2)(L2 − r2) + cos(θ1 + θ2 + θ3)r3
Cq44 : cos(θ1 + θ2)(L2 − r2) + cos(θ1 + θ2 + θ3)r3
Cq45 : cos(θ1 + θ2 + θ3)r3
Cq53 : − sin(θ1 + θ4)r4 − sin(δ4 + θ1)R4

Cq56 : − sin(θ1 + θ4)r4
Cq63 : cos(θ1 + θ4)r4 + cos(δ4 + θ1)R4

Cq66 : cos(θ1 + θ4)r4
Cq73 : − sin(θ1 + θ4)(L4 − r4) − sin(θ1 + θ4 + θ5)r5
Cq76 : − sin(θ1 + θ4)(L4 − r4) − sin(θ1 + θ4 + θ5)r5
Cq77 : − sin(θ1 + θ4 + θ5)r5
Cq83 : cos(θ1 + θ4)(L4 − r4) + cos(θ1 + θ4 + θ5)r5
Cq86 : cos(θ1 + θ4)(L4 − r4) + cos(θ1 + θ4 + θ5)r5
Cq87 : cos(θ1 + θ4 + θ5)r5
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and

(Cqq̇)qq̇ =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

r2(ω1 + ω2)
2 cos(θ1 + θ2) + R2ω

2
1 cos(δ2 + θ1)

r2(ω1 + ω2)
2 sin(θ1 + θ2) + R2ω

2
1 sin(δ2 + θ1)

(ω1 + ω2)
2 cos(θ1 + θ2)(L2 − r2) + r3(ω1 + ω2 + ω3)

2 cos(θ1 + θ2 + θ3)

(ω1 + ω2)
2 sin(θ1 + θ2)(L2 − r2) + r3(ω1 + ω2 + ω3)

2 sin(θ1 + θ2 + θ3)

r4(ω1 + ω4)
2 cos(θ1 + θ4) + R4ω

2
1 cos(δ4 + θ1)

r4(ω1 + ω4)
2 sin(θ1 + θ4) + R4ω

2
1 sin(δ4 + θ1)

(ω1 + ω4)
2 cos(θ1 + θ4)(L4 − r4) + r5(ω1 + ω4 + ω5)

2 cos(θ1 + θ4 + θ5)

(ω1 + ω4)
2 sin(θ1 + θ4)(L4 − r4) + r5(ω1 + ω4 + ω5)

2 sin(θ1 + θ4 + θ5)

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

Contact Constraint Equation

The loop equation, Eq. (3) is differentiated twice with respect to time to obtain the
equation in matrix form as:

Jaq̈ + (Jaq̇)qq̇ = 0

where Ja is given as:

Ja = ⎡
nx1, ny1, Ja13, Ja14, Ja15, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0

⎤

here,

Ja13 = (− sin(θ1 + θ2)L2 − sin(θ1 + θ2 + θ3)L3 − sin(δ2 + θ1)R2)nx1
+ (cos(θ1 + θ2)L2 + cos(θ1 + θ2 + θ3)L3 + cos(δ2 + θ1)R2)ny1

Ja14 = (cos(θ1 + θ2)L2 + cos(θ1 + θ2 + θ3)L3)ny1 − (sin(θ1 + θ2)L2

+ sin(θ1 + θ2 + θ3)L3)nx1
Ja15 = cos(θ1 + θ2 + θ3)L3ny1 − sin(θ1 + θ2 + θ3)L3nx1

and ((Jaq̇)qq̇) is given by:

(Jaq̇)qq̇ = −L2nx1(ω1 + ω2)
2 cos(θ1 + θ2) − L3nx1(ω1 + ω2 + ω3)

2

cos(θ1 + θ2 + θ3) − L2ny1(ω1 + ω2)
2 sin(θ1 + θ2)

− L3ny1(ω1 + ω2 + ω3)
2 sin(θ1 + θ2 + θ3)

+ nx1R2ω
2
1(− cos(δ2 + θ1)) − ny1R2ω

2
1 sin(δ2 + θ1)

System Lagrangian Equations

The system Lagrangian formed is summation of kinetic energy, potential energy,
joint constraints, and contact constraints in the system. The kinetic energy (KE) of
the system is determined as a summation of KE of each body in the model, given by:
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KE = K1 + K2 + K3 + K4 + K5

where:
K1 to K5: Kinetic energy of Link-1 to Link-5 respectively given as

K1 = 0.5m1(ẋ21 + ẏ21 ) + 0.5MI1ω2
1

K2 = 0.5m2(ẋ22 + ẏ22 ) + 0.5MI2(ω1 + ω2)
2

K3 = 0.5m3(ẋ23 + ẏ23 ) + 0.5MI3(ω1 + ω2 + ω3)
2

K4 = 0.5m4(ẋ24 + ẏ24 ) + 0.5MI4(ω1 + ω4)
2

K5 = 0.5m5(ẋ25 + ẏ25 ) + 0.5MI5(ω1 + ω4 + ω5)
2

Here m1–m5 indicates the masses of link-1 to link-5, respectively, as shown in
Fig. 1, MI1 to MI5 are the moment of inertia about the CoM of link-1 to link-5,
respectively, ω1 to ω5 are the angular velocities of link-1 to link-5, respectively. The
potential energy (PE) of the system is given by:

PE = gm1y1 + gm2y2 + gm3y3 + gm4y4 + gm5y5

The Lagrangian obtained for the system is given as Eq. (6). The Lagrangian thus
obtained is evaluated for each system coordinates. The equation of motion for the
system is obtained as:

Mq̈ + Gq − CT
qλij − JTa λi = τ

Here, mass matrix (M) is a square positive definite matrix obtained as:

M =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

m1 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 m1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 M33 M34 M35 M36 M37 0 0 0 0 0 0 0 0
0 0 M34 M34 M35 0 0 0 0 0 0 0 0 0 0
0 0 M35 M35 M35 0 0 0 0 0 0 0 0 0 0
0 0 M36 0 0 M36 M37 0 0 0 0 0 0 0 0
0 0 M37 0 0 M37 M37 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 m2 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 m2 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 m3 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 m3 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 m4 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 m4 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 m5 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 m5

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

where
M33 = MI1 + MI2 + MI3 + MI4 + MI5
M34 = MI2 + MI3
M35 = MI3
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M36 = MI4 + MI5
M37 = MI5
and Gq is a vector containing the gravity terms with respect to each system coordi-
nates and is given as:

Gq = ⎡
0, gm1, 0, 0, 0, 0, 0, 0, gm2, 0, gm3, 0, gm4, 0, gm5

⎤T
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Motion Planning and Control of Two
Quadcopters with Cable-Suspended
Point Mass Payload

Pratik Prajapati and Vineet Vashista

Abstract Considering the low payload carrying capacity for a single quadcopter,
one option to increase the payload carrying capacity is the use of more than one
quadcopter. This work focuses on trajectory planning and control of two quadcopters
with a cable-suspended point mass payload system using a leader–follower scheme.
For safe and stable transportation of suspended payload, the quadcopters should be
controlled to not lead to cable slackness. Accordingly, wrench closure analysis is
carried out for the follower quadcopter with respect to the leader quadcopter, which
helps design desired trajectory generation for the quadcopters. The performance
of the proposed motion planning strategy is verified by conducting simulation in
SIMSCAPE multibody package in MATLAB.

Keywords Aerial transportation · Multiple quadcopters · Cable-suspended
payload · Wrench closure workspace

1 Introduction

Quadcopters have a wide range of applications in the both military and civil sectors,
because of which they have been a subject of research for many research groups.
Some of the applications are aerial photography, agriculture use, aerial surveillance,
humanitarian operations in disaster situations, etc. In many of these applications, the
quadcopter is required to carry some specific type of payload.

Various methodologies are presented in the literature to transport payloads from
one place to another, for example, using robotic arms/grippers [1–3] or by sus-
pending the payload using cables [4–11] or direct attachment to the chassis [12,
13]. However, the agility of the quadcopter retains while transporting payload by
suspending it through cables because it decouples the attitude dynamics of the quad-
copters. To increase the payload carrying capacity, one has to increase the capacity
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of motors and need to change the overall structure of the chassis. On the other hand,
another alternative to increase the payload carrying capacity is by using multiple
quadcopters.

A motion planning approach using a transition-based rapidly exploring random
tree algorithmwas implemented in [14] for the systemconsisting of three aerial robots
transporting a rigid payload to ensure the wrench-feasibility constraint in the cables.
A wrench set analysis technique from the cable-driven parallel robots (CDPR) was
implemented in [15] for aerial cable towed system (ACTS) consisting of the quad-
copters which can be used for the cable-tension distribution and motion planning. In
[16], cooperative transportation of a cable-suspended payload using multiple quad-
copters was demonstrated in which reconfigurable parallel robot techniques were
used to avoid specifying the prior forces in the cables and get rid of the tension
distribution algorithms. Geometric nonlinear control for the multiple quadcopters
with cable-suspended payload system was implemented in the [17] by simulations
and experiments. All of these methods are subjected to higher computational costs
to run trajectory planning and control algorithms. Moreover, some methods cannot
be directly implementable in outdoor environment settings.

The present work focuses on trajectory planning and control for cable-suspended
point mass payload using two quadcopters. The governing dynamical equation of
motion of the system is derived using the Newton–Euler equation, considering cable
remains taut during transportation. A leader–follower scheme is considered in which
the leader quadcopter is autonomously controlled to direct the motion of the entire
system, and the follower quadcopter is commanded for safe and stable transportation
of the payload while keeping positive tension in the cables. Accordingly, wrench clo-
sure workspace analysis is carried out for the follower quadcopter, ensuring positive
tension in the cables. This workspace analysis is further extended for trajectory gen-
eration for the follower quadcopter, which results in tracking the prescribed trajectory
of the payload. Finally, the SIMSCAPE multibody dynamic toolbox of SIMULINK
(in MATLAB) is used to check the performance of the developed motion planning
and control strategy.

2 Method

The line diagram of two quadcopters with a cable-suspended point mass payload
system is shown in Fig. 1. The inertial frame of reference, {I }, is represented as three
orthonormal vectors [a1, a2, a3]T where a3 is taken in the vertically upward direction.
Body frame of reference to each quadcopter {Bi }, where i = {1, 2} is considered
using three orthogonal unit vectors, [b1i , b2i , b3i ]T where i = {1, 2}, attached to its
center of gravity (CG) where first body axis, i.e., b1i , is pointed toward the middle
of first and second motors as shown in Fig. 1, and third axis, i.e., b3i , is pointed
perpendicular to plane of the quadcopter. The mass and moment of inertia about CG
of i th quadcopter are denoted as mi , Ji respectively. It is assumed that point mass
payload, m0, is suspended using inextensible cables to the quadcopter’s CG.
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Fig. 1 Line diagram of the
two quadcopters with a
cable-suspended point mass
payload system
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The translational position of the payload is denoted as X0 ∈ R
3. The length of the

cable from the quadcopter 1 and 2 to payload is denoted as l1 and l2, respectively.
The translational position and attitude of the quadcopter in frame {I } are denoted
as Xi = [xi , yi , zi ]T ∈ R

3 and Ri ∈ SO(3), respectively. Standard ZXY Euler angle
parameterization is used to represent the attitude of the quadcopters given as in
Eq. (1), where (φi , θi , ψi ) represents roll, pitch, and yaw angle of the quadcopter
[18]. The angular position of each cable is measured from a1 and a2 axes denoted
as φpi and θpi , respectively, which also can be represented in two sphere as qi =
{a ∈ R

3 : ||a|| = 1}. Corresponding expression for qi is given in Eq. (2). The body
angular velocity of ith quadcopter is denoted as ωi = [ω1i , ω2i , ω3i ]T.

Ri =
⎡
⎣
cψi cθi − sφi sψi sθi −cφi sψi cψi sθi + cθi sφi sψi

sψi cθi + cψi sφi sθi cφi cψi sψi sθi − cθi sφi cψi

−sθi cφi sφi cφi cθi

⎤
⎦ (1)

qi =
⎡
⎣

cθpi 0 sθpi
sφpi sθpi cφpi −cθpi sφpi

−cφpi sθpi sφpi cφpi cθpi

⎤
⎦ (2)

where c(·) = cos(·), s(·) = sin(·). Using Newton–Euler equations, the equation of
motion for two quadcopters with cable-suspended point mass payload system con-
sidering the cable remains taut is given in Eqs. (3)–(5) as derived in [19].

mi Ẍi = fi Ria3 − miga3 + Tiqi (3)

Ji ω̇i + ωi × Jiωi = Mi (4)

m0 Ẍ0 = −
⎲

Tiqi − m0ga3 (5)
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where, fi , Mi is the thrust force and moment generated by i th quadcopter respec-
tively. Ti represents tension in the i th cable.

2.1 Wrench Closure Workspace Analysis

This work considers a leader–follower scheme where one quadcopter is considered
a leader quadcopter autonomously controlled to direct the system’s motion. Another
quadcopter, follower quadcopter, is commanded such that it tracks desired trajectory
of the payload while keeping the cable taut. As preliminary work, a wrench closure
workspace (WCW) analysis is carried out for the follower quadcopter (indicated
as 2) when leader quadcopter (indicated as 1) is fixed at the origin. Further, static
equilibrium configuration (SEC) is considered for WCW analysis. At SEC, follower
quadcopter hovers at a particular point in space with zero linear and rotational veloc-
ities. From Eqs. (3)–(5), at SEC, the attitude of quadcopter, forces, and tension in
each cable can be found using Eqs. (6)–(8).

f1R1a3 = m1ga3 − T1q1 (6)

f2R2a3 = m2ga3 − T2q2 (7)

T1q1 + T2q2 = −m0ga3 (8)

Using parameter values given in Table1, wrench closure workspace for follower
quadcopter is shown in Fig. 2a and corresponding cross-sectional view of WCW
from YZ plane passing through origin O is shown in Fig. 2b.

The volume contained by the magenta sphere 1 with the volume subtracted from
the other twomagenta spheres (2 and 3) in Fig. 2a indicateswrench closureworkspace
for the follower quadcopter. WCW indicates the region in which the cable tension
remains positive all the time. The surface of blue sphere 4 indicates a possible region
for the payload position. As shown in Fig. 2b, an instance when cable 1 is at an angle
of α from the Y -axis is shown, and the highlighted arc shows the corresponding
allowable position for follower quadcopter. Further, at every angular position of cable
1, i.e., from 0 to 360◦ corresponding allowable position for the follower quadcopter
is shown by colored arcs. Using wrench closure workspace analysis, the following
two corollaries are extracted at SEC.

Table 1 Parameters used for simulation

Description Notation Value

Mass of follower quadcopter m2 1.2 kg

MOI of follower quadcopter J2 diag(0.016, 0.017, 0.032) kgm2

Mass of payload m0 0.5 kg

Length of cables l1, l2 1m
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Fig. 2 a Staticwrench closureworkspace for follower quadcopterwith respect to leader quadcopter.
b Cross-sectional view of WCW from Y Z plane passing through origin O

1. If the translational position of the follower quadcopter is known with respect to
leader quadcopter, then there exists only one feasible solution for the position of
payload.

2. For the given angular position of the leader quadcopter’s cable, we require only
one parameter to define the system configuration completely. (This one parameter
could be the translational position of the follower quadcopter or angular position
of the follower quadcopter’s cable.)

The trajectory for the follower quadcopter can be planned using the above corol-
laries to track the desired payload’s trajectory. As the trajectory is planned based on
the WCW, the resulting motion of the quadcopter ensures the positive tension in the
cables.

2.2 Controller Design for Follower Quadcopter

Consider a casewhen the leader quadcopter is fixed at origin, andwewant to track the
desired trajectory for payload denoted as X pd . Using WCW analysis, we can define
the corresponding trajectory for the follower quadcopter, which lets the payload
track desired trajectory, X pd , while making sure the cables not get slacked. From
the desired trajectory of the payload, cable 1’s angular position can be found out,
i.e., q1d = X pd/ l1. Using, WCW and corollary 2 if we know the angular position of
the cable 2, i.e., q2d corresponding to q1d , we can calculate the desired position for
follower quadcopter as given in Eq. (9).

X2d = l1q1d − l2q2d (9)



582 P. Prajapati and V. Vashista

To track the desired position for the follower quadcopter, a linear controller as
described in [20] is used in this work. The follower quadcopter has to orient at a
specific attitude and generate corresponding thrust force to balance its own weight
and payload’s weight at desired position X2d . Using Eqs. (6)–(8), the attitude of the
quadcopter and thrust force at SEC can be found which is denoted as φ2e , θ2e , and f2e ,
respectively. The moment M2 is calculated using PID controller as given in Eq. (10)
and desired roll and pitch angle, i.e., φ2d , θ2d are calculated using Eqs. (11)–(12). In
this work, the desired yaw angle is taken as zero, i.e., ψ2d = 0. The thrust force f2
is calculated using Eq. (13) which controls the desired altitude z2d .

M2 =
⎡
⎣

kPφ
(φ2d − φ2) + kIφ

(
(φ2d − φ2)dt + kDφ

(φ̇2d − φ̇2)

kPθ
(θ2d − θ2) + kIθ

(
(θ2d − θ2)dt + kDθ

(θ̇di − θ̇2)

kPψ
(ψ2d − ψ2) + kIψ

(
(ψ2d − ψ2)dt + kDψ

(ψ̇2d − ψ̇2)

⎤
⎦ (10)

φ2d = φ2e + −1

g
(ÿ2d − Kẏ2(ẏ2 − ẏ2d) − Ky2(y2 − y2d)) (11)

θ2d = θ2e + 1

g
(ẍ2d − Kẋ2(ẋ2 − ẋ2d) − Kx2(x2 − x2d)) (12)

f2 = f2e + m2(z̈2d − Kż2(ż2 − ż2d) − Kzi (z2 − z2d)) (13)

3 Results and Discussion

The performance of the proposed motion planning and control strategy is simulated
using SIMSCAPE multibody dynamics software in SIMULINK. The parameters
used to conduct simulations are listed in Table1. Initially, both the cables are kept
inclined at 45◦ from vertical plane. Hence, the angular position of the cables’ are
q10 = [−0.707, 1,−0.707]T, q20 = [0.707, 1,−0.707]. For the initial three seconds,
the system reaches to static equilibrium configuration from the defined initial config-
uration. After that, two different cases are considered for desired payload trajectory
as given below.

1. Case-1: Horizontal payload trajectory
xpd(t) = −0.5 cos( t−3

2 )m, ypd(t) = 0.5 sin( t−3
2 )m, z pd(t) = −0.866m

2. Case-2: Vertical payload trajectory
xpd(t) = −0.866m, ypd(t) = 0.5 sin( t−3

2 )m, z pd(t) = −0.5 cos( t−3
2 )m

Payload’s desired and simulated translational position and follower quadcopter’s
desired and simulated translational position for tracking of 0.5m horizontal circular
payload trajectory is shown in Fig. 3 and for tracking of 0.5m vertical circular tra-
jectory is shown in Fig. 4. For the first three seconds, the system converges to SEC.
After the third second, the follower quadcopter is commanded to track the desired
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quadcopter
 trajectory

(a) (b)

Fig. 3 Simulation results to track 0.5m horizontal payload trajectory. a 3D plots for payload and
follower quadcopter trajectory. b Translational position of payload and follower quadcopter. Sky
blue color plot shows the desired trajectory, and orange color plots show simulated trajectory

desired simulation

(a) (b)

payload
 trajectory

follower 
quadcopter
 trajectory

O

Fig. 4 Simulation results to track 0.5m vertical payload trajectory. a 3D plots for payload and
follower quadcopter trajectory. b Translational position of payload and follower quadcopter. Sky
blue color plot shows the desired trajectory, and orange color plots show simulated trajectory

trajectory X2d according to track the payload desired trajectory up to 30 s. Sky blue
color plots show the desired trajectory to be tracked, and orange color plots show
simulated trajectories.

In case 1, root mean square (RMS) and standard deviation (STD) of error between
desired and simulated trajectory for quadcopter’s translational position are (0.1514
0.1514m, 0.1563 ± 0.1559m, 0.0461 ± 0.0456m)

±
and for payload’s translational

position are (0.0557 ± 0.0556m, 0.0565 ± 0.0563m, 0.0101 ± 0.0101m) along x,
y, z-axes, respectively. In case 2, RMS and STD of error between desired and sim-
ulated trajectory for quadcopter’s translational position are (0.0870 0.0543m,

0.0939 ± 0. ,

±
0899m 0.1231 0.1078m) and for payload’s translational position are

(0.0551 ± 0.0543m, .

±
0 0649 ± 0.0632m, 0.1097 ± 0.1032m) along x, y, z-axes,

respectively. The small values of the STD in payload and follower quadcopter indi-
cate the presented controlled tracks the desired trajectory accurately.

The developed controller requires feedback of follower quadcopter’s position
with respect to leader quadcopter; by placing onboard cable attitude measurement
devices as demonstrated in [21], the presented control strategy can be extended for the
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outdoor experiments easily. From the qualitative analysis, it is inferred that themotion
of the follower quadcopter did not lead to accurate tracking of the desired position of
the payload. It is because of oscillations of the payloadwhile the transportation gener-
ates disturbances. However, as demonstrated in the literature [22, 23], the controller
can be modified to incorporate minimization of the payload oscillations. Dynamic
wrench closure workspace analysis will be carried out in the future work from which
agile transportation can be possible without slacking cables. Furthermore, outdoor
experiments will be conducted to check the feasibility of the presented motion plan-
ning control strategy.

4 Conclusion

This work focuses on motion planning and control of two quadcopters with a point
mass cable-suspended payload. The leader–follower scheme is considered to control
the motion of the payload where one quadcopter is considered as leader quadcopter,
which directs the motion of the system, whereas another quadcopter, follower quad-
copter, is commanded such that it tracks desired trajectory of the payload. Further,
static wrench closure workspace analysis is carried out for follower quadcopter when
leader quadcopter is fixed while helping to generate slackness-free trajectories for
the follower quadcopter. The proposed motion planning modality is simulated using
SIMSCAPE multibody dynamics software to check its performance. The simula-
tion results demonstrated the feasibility of the proposed methodology in enabling
slackness-free motion of the payload. The trajectory generation in this work is less
computational costly.
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SERB India.
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Robust Path Following Control of
Autonomous Underwater Vehicle Using
Combined Time Delay Estimation and
Backstepping Method

Diwakar Gurung, C. S. Kumar, and Vishwanath Nagarajan

Abstract The present work addresses the nonlinear control problem for the path
following of an autonomous underwater vehicle (AUV) by using the combined back-
stepping method and time delay estimation (TDE). The proposed controller guides
the AUV along a predefined geometric path whilst handling the modelling uncertain-
ties and external disturbances. The control system is developed at two stages: kine-
matic and dynamic level. At a kinematic level, path following errors are formulated
using the path frame, and the desired reference velocities are derived to reduce these
errors. At the dynamic level, the actual control force and the moment are obtained to
track the desired AUV velocities. The dynamic controller incorporates the time delay
estimation method to estimate the unmodelled dynamics and external disturbances.
Using Lyapunov stability analysis, the proposed control architecture is proven to be
stable, and all the control loop signals are shown to be uniformly ultimately bounded.
Finally, numerical simulations are presented to exhibit the controller performance in
the face of disturbances and model inconsistencies. The proposed controller perfor-
mance is compared with the traditional feedback linearisation (FL) control design
which lacks robustness property.

Keywords Autonomous underwater vehicle · Time delay estimation · Path
following

1 Introduction

In recent times, underwater vehicles have become an important subject of research
because of their broad usage in the military, oil and gas industries and many more.
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Many underwater tasks like surveying and seafloor mapping demand the robust path
following capabilities of the AUV with effective control and guidance strategies. A
typical path following problem deals with the development of a robust control law for
anAUV to reach and follow the predefinedpathwithout any temporal constraints. The
AUV dynamics is highly nonlinear, and the dynamic model parameters like added
mass and hydrodynamic damping coefficients are not precisely known. Moreover,
the AUV is also subjected to external disturbances like ocean waves and currents. To
address the path following problem, several seminal control and guidance techniques
have been proposed and implemented. These methods include model-based PID and
backstepping control [1–4], adaptive/sliding mode control [5–10], intelligent-based
control [11–15] and many more. The methods have their own set of advantages and
drawbacks. In the recent past, several efforts have been made to design the partially
model-free robust control scheme. Active disturbance rejection control (ADRC),
being one of effective choices, has been successfully implemented in [16, 17]. In
the ADRCmethod, an observer is designed to estimate the hydrodynamic uncertain-
ties and disturbances online and is compensated in the existing control law. Another
method for estimating unknown systems is the time delay estimation method and is
effectively used for the robot manipulator in [18–20]. The TDE technique is sim-
ple and uses only the previous system input and output information to estimate the
unknown dynamics. The concept has been used for the AUV trajectory tracking
problem as mentioned in [21–23]. In this paper, a control law based on the backstep-
ping and TDE method is designed for the path following of an underactuated AUV
subjected to parameter perturbation and disturbances. The stability of the control
law is proven using Lyapunov stability criteria, and the boundedness of TDE error
is proven. In this work, only, the AUV motion in a horizontal plane is considered,
and the AUV kinematics and dynamics are described in the next section.

2 Kinematics and Dynamics

Considering Fig. 2, the body frame {b} with axes (x̂b, ŷb, ẑb) is attached with the
AUV at point O . The body frame axes coincide with the AUV principal axes with
ẑb pointing into the page. The kinematic model of an AUV motion in a horizontal
plane is represented by the following equation:

[ẋ, ẏ, ψ̇]T = Rb
i [u, v, r ]T (1)

Rb
i =

⎡
⎣
cos(ψ) − sin(ψ) 0
sin(ψ) cos(ψ) 0

0 0 1

⎤
⎦ (2)

where (x, y, ψ) designates the AUV positions and orientation (yaw angle) in the
inertial frame {i}, (u, v) are the AUV surge and sway velocities, and r is the vehicle
yaw rate, and Rb

i is the rotation matrix from frame {b} to {i}. The dynamics of an
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Fig. 1 AUV thruster distribution

underactuated AUV is represented as follows:

u̇ = 1

(m − Xu̇)

⎡−X |u|u |u|u − (Yu̇ − m)vr + τu + Xext
⎤

(3a)

v̇ = 1

(m − Yv̇)

⎡−Y|v|v|v|v − Y|r |r |r |r − (m − Xu̇)ur + Yext
⎤

(3b)

ṙ = 1

(Iz − Nṙ )

⎡−N|v|v|v|v − N|r |r |r |r − (Xu̇ − Yv̇)uv + τr + Next
⎤

(3c)

Here, m is the AUV mass; Iz is the inertia of AUV about vertical axis; Xu̇ , Yv̇

and Nṙ are the added masses, and Xu|u|, Yv|v|, Yr |r |, Nv|v|, Nr |r | are the hydrodynamic
damping coefficient. τu and τr denote control inputs, i.e. surge force and yawmoment,
respectively, and Xext, Yext and Next represent external disturbances acting on the
AUV. The AUV dynamics doesn’t have control input in the sway direction which
makes the AUV underactuated.

In the present study, the model of the AUV-Test bed developed by IIT-Kharagpur
is used for the study [24]. The AUV is entirely thruster driven and is primarily used
for slow-speed manoeuvring. The underwater vehicle has five thrusters (developed
by Tecnadyne) that are arranged to generate the necessary forces/moment. The dis-
tribution of these thrusters is shown in Fig. 1. Two thrusters TH1 and TH2 generate
the moment τr responsible for heading or yaw motion. Besides these thrusters, the
AUV also has another two thrusters TV 1 and TV 2 for heave motion. Tsurge is the main
thruster generating surge force τu for the forward motion.
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Fig. 2 Path following of
AUV

3 Problem Formulation

To address the path following control problem, the kinematics of AUV is derived
in the Serret–Frenet (S-F) frame assigned to a virtual moving point in the desired
spatial path [1]. As depicted in Fig. 2, the AUV must follows the virtual target point
P that moves on a geometric path parameterized by a path variable s. Here, s is the
curvilinear abscissa of the moving point on the path. To represent the virtual point
movement, a Serret–Frenet frame { f } is attached with the target point P with its
x-axis (x̂f) pointed towards the path tangent. The inertial position of P is given by
[xf(s), yf(s)]T and the S-F frame orientation is given byψf with respect to the inertial
frame {i}. Let [xe, ye]T be the distance between the AUV point O and the path point
P defined in the frame { f } and is expressed by the following relation:

[xe, ye]T = Ri
f [(x − xf(s)), (y − yf(s))]T (4)

Ri
f =

⎡
cos(ψf) sin(ψf)

− sin(ψf) cos(ψf)

⎤
(5)

xe and ye are known as along-track and cross-track error. Here, Ri
f is the rotation

matrix, mapping the frame {i} to { f } parameterised by the S-F frame orientation ψf.
Where,

ψf = arctan

(
y

'
f(s)

x
'
f(s)

)
(6)
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Let c(s) be the path curvature, vt = √
u2 + v2 be the vehicle total velocity, and

β = arctan(v/u) be the side slip angle. Recalling ψ̇f = c(s)ṡ, the error dynamics is
given by:

ẋe = −ṡ(1 − c(s)ye) + vt cosψe (7a)

ẏe = −ṡc(s)xe + vt sinψe (7b)

where ψe = ψ + β − ψf. The rate of evolution of the variable s will be derived in
the controller design section. The path following problem for an underactuated AUV
in a horizontal plane can be described as follows:

Given a geometric path parameterised by the virtual target point P and the Serret–
Frenet frame { f } attached with the point, develop robust control laws (surge force τu
and yaw moment τu) for an underactuated AUV to reduce the along-track (xe) and
cross-track (ye) errors to a small neighbourhood of zero, whilst its surge velocity
is regulated to the desired speed and the total velocity vector aligns with the path
tangent.

4 Controller Design

The overall architecture of the proposed controller is shown in Fig. 3. Since the
underactuated AUVs are highly nonlinear and are also subjected to disturbances
and modelling uncertainties, the combined backstepping and TDE-based nonlinear
control method is adopted to address the path following control problem. The control
design aims to reduce the path following error, i.e. the cross-track and along-track
error whose dynamics is given by Eq. (7).

4.1 Kinematic Controller

To start off with the control formulation, consider the following Lyapunov candidate
function:

Fig. 3 AUV controller



592 D. Gurung et al.

V1 = 1

2
x2e + 1

2
y2e (8)

Differentiating (8) along the equation of ẋe and ẏe in (7):

V̇1 = xe ẋe + ye ẏe = xe(−ṡ(1 − c(s)ye) + vt cosψe) + ye(−ṡc(s)xe + vt sinψe)

(9)
To get the above Lyapunov function derivative to be negative definite, the variable

ψe and ṡ is selected as:

⎧⎨
⎩

ψe = ψLOS = − sin−1

(
ye√

y2e +△2
ye

)

ṡ = vt cos(ψe) + k1xe

(10)

The Lyapunov function derivative in (9) becomes:

V̇1 = −k1x
2
e − yevt/

△2
ye + y2e

(11)

where△ye > 0 and k1 > 0 are the kinematic control parameter. Assuming the perfect
heading tracking, i.e.ψe = ψLOS and surge speed u ≥ umin > 0 making vt > 0, Lya-
punov function derivative V̇1 will be negative definite, and the position error (xe, ye)
will converge to zero.

To regulate the heading error ψ̃e = ψe − ψLOS to near zero, another Lyapunov
function is considered as follows:

V2 = 1

2
ψ̃2

e (12)

The time derivative of V2 becomes:

V̇2 = ˙̃
ψe(r + β̇ − c(s)ṡ − ψ̇LOS) (13)

Thus, the desired yaw velocity to regulated the heading error is given as:

rd = −k2(ψ̃e) − β̇ + c(s)ṡ + ψ̇LOS (14)

where k2 > 0 is the control gain and thus making V̇2 = −k2(ψ̃e)
2 ≤ 0. This implies

that the heading error is Lyapunov stable. In the present work, the control law gains
(k1, k2) are selected arbitrarily although the stability criterion of the Lyapunov anal-
ysis needs to be verified whilst using the selected gains. Further, analysis on the
gain selection can be done using some optimisation techniques based on some cost
functions and the vehicle state constraints. It is also to be noted that the gain △ye is
the line of sight distance and is taken to be twice the length of the AUV [4]. Small
△ye value makes the kinematic control law aggressive generating larger yaw angle
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command. Thus, the effect of the selected control parameter on the vehicle state has
to be evaluated and analysed during the overall manoeuvring process in simulation
study.

4.2 Dynamic Controller

As shown in Fig. 3, the kinematic controller serves as a reference subsystem, provid-
ing the command velocity signal to the dynamic controller. Using the backstepping
method, the command velocity signals can be extended to the AUV dynamics and
derive the actual control surge force and yaw moment.

Consider the desired constant surge velocity ud and the reference yaw rate rd, the
dynamic control is designed to regulate the AUV surge and yaw rate (u, r ) to the
desired values by following steps:

The dynamic equation of surge and yaw rate (3a) and (3c) can be simplified as:

(
muu̇ = Nu + τu + Du

mrṙ = Nr + τr + Dr
(15)

where, mu = m − Xu̇,mr = m − Xṙ , Nu = −X |u|u |u|u − (Yu̇ − m)vr and
Nr = −N|v|v|v|v − N|r |r |r |r − (Xu̇ − Yv̇)uv denote the known dynamic quantities.
Du and Dr define the unknown dynamics and external disturbances. Again, rearrang-
ing the simplified dynamic equation (15) as:

(
m̄uu̇ = Nu + hu + τu

m̄rṙ = Nr + hr + τr
(16)

where m̄u and m̄r are the inertial gains to be used in the dynamic control law.
hu = −muu̇ − m̄uu̇ + Du and hr = −mrṙ − m̄rṙ + Dr are the nonlinear termswhich
incorporate the lumped dynamic disturbances. Consider the velocity tracking error
as:

ũ = ud − u, r̃ = rd − r (17)

The time derivative of velocity errors ũ and r̃ is given by:

( ˙̃u = u̇d − hu
m̄u

− Nu
m̄u

− τu
m̄u˙̃r = ṙd − hr

m̄r
− Nr

m̄r
− τr

m̄r

(18)

To regulate the velocity errors, the actual dynamic control input is selected as:

(
τu = Nu + ĥu + m̄uξu

τr = Nr + ĥr + m̄rξr
(19)
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where ξu = k3ũ and ξr = k4r̃ + ṙd and k3 > 0 and k4 > 0 are the control gain. ĥu
and ĥr are the estimated value of hu and hr obtained by using the TDE method.
TDE concept is based on the assumption that a continuous signal or variation of
dynamics is negligible during a small time period, and a control action can estimate
the unknown dynamics based on past observations of system dynamics [19, 20].
Using Eq. (16), the estimated values are obtained as follows:

ĥu = hu(t−△t) = −τu(t−△t) + m̄uu̇(t−△t) − Nu(t−△t) (20)

ĥr = hr(t−△t) = −τr(t−△t) + m̄rṙ(t−△t) − Nr(t−△t) (21)

where△t denotes delay and is set as the sampling time and the quantitywith subscript
(.)(t−△t) is the previous time value.Using the control efforts (19) complimented by the
estimated value (20) and (21), the velocity error dynamics reduces to the following:

˙̃u = −k3ũ + εhu (22)

˙̃r = −k4r̃ + εhr (23)

where εhu = ĥu
m̄u

− hu
m̄u

and εhr = ĥr
m̄r

− hr
m̄r

represents the estimation error in the esti-

mates ĥu and ĥr. The estimation errors εhu and εhr at time t are given by

εhu(t) = (1 − m̄um
−1
u(t))εhu(t−△t) + Γhu1(t) + Γhu2(t) (24)

where,Γhu1(t) = (1 − m̄um
−1
u(t))(ξu(t) − ξu(t−△t)) andΓhu2(t) = m−1

u(t)[Nu(t) − Nu(t−△t) +
(mu(t) − mu(t−△t))u̇(t−△t)]
and,

εhr(t) = (1 − m̄rm
−1
r(t))εhr(t−△t) + Γhr1(t) + Γhr2(t) (25)

where Γhr1(t) = (1 − m̄rm
−1
r(t))(ξr(t) − ξr(t−△t)) and Γhr2(t) = m−1

r(t)[Nr(t) − Nr(t−△t) +
(mr(t) − mr(t−△t))ṙ(t−△t)].

Since the velocity error dynamics is stimulated by the estimation errors, the
dynamic control stability is proven through boundedness of the estimation error sig-
nals. AssumingΓhu1(t),Γhu2(t),Γhr1(t) andΓhr2(t) to be the bounded forcing functions,
the error signals are proven to be bounded by satisfying the following conditions:

|1 − m̄um
−1
u(t)| < 1, |1 − m̄rm

−1
r(t)| < 1 (26)

To satisfy the above stability criterion, the inertial gains m̄u and m̄r are selected
as 0 < m̄u < 2mu(t) and 0 < m̄r < 2mr(t). Selecting the inertial gain value as the
vehicle rigid body inertia term will satisfy the stability criterion of the time delay
control [22].
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5 Simulation Study and Comparative Assessment

A numerical simulation is performed to verify the proposed controller’s performance
in the face of external disturbances and model uncertainties. The TDE-based con-
troller is evaluatedwith traditional feedback linearisation control at the dynamic level
as follows: (

τu = Nu + m̄uξu

τr = Nr + m̄rξr
(27)

The circular path, parameterised by ω(s), is considered for the simulation test as
follows:

xf(ω) = 70 + 50 sinω; yf(ω) = 70 − 50 cosω (28)

where ω is estimated by ω̇ = ṡ√
[x '

f (ω)]2+[y'
f (ω)]2 . The starting point of the target point

on the circular is (xf(0), yf(0)) at ω = 0.
The AUV model parameters for the simulation are provided in Table 1. The

AUV initial position and orientation and the control gains are provided in Table 2.
The desired surge speed is ud = 1.5 m/s, and the disturbances of du(t) = −5(1 +
sin(0.1t)) and dr(t) = −5(1 + sin(0.1t)) are applied in surge and yaw directions,
respectively. For the model inconsistency, the dynamic model parameter in Table 1
is reduced by 30%. As shown in Fig. 4, the AUV with TDE control law follows
the circular path precisely, whilst the feedback linearisation controller produces the
undulating path trajectory. The cross-track and along-track error reduces to zero in
around 25s for TDE-based controller. However, for the FL controller, the path error
doesn’t reduce to zero and takes a long time to follow the path orientation as shown
in Fig. 5. For speed regulation, the TDE-based control design achieves the desired
surge speed of 1.5m/s whilst the other controller produces some steady error. The
irregularities found in the FL controller are due to its inability to compensate for the

Table 1 AUV parameters

m = 66 kg Length = 1.77 m

Xu̇ = 2.43 kg Yu̇ = 61.25 kg

Nṙ = 8.60 kg m2/rad X |u|u = 2.43 kg/m

Y|v|v = 245.59 kg/m Y|r |r = −7.25 kg m/rad2

N|v|v = −14.50 kg N|r |r = 33 kg m2/rad2

Table 2 Control parameters

k1 = 1, k2 = 0.5, k3 = 4, k4 = 3

△ye = 2 × length of AUV, m̄u = 80, m̄r = 50

x(0) = 70, y(0) = 0, ψ(0) = 0
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Fig. 4 AUV trajectory

Fig. 5 Path error and yaw response
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Fig. 6 AUV velocities

Fig. 7 Surge force and yaw moment

Fig. 8 Serret Frenet frame trajectory
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external disturbances and model uncertainties. Sway velocity and yaw rate response
are also provided in Fig. 6. The control efforts, i.e. the surge force and the yaw
moment are shown in Fig. 7 respectively. Initially, the control efforts are high due
to large path errors and reduce to small value as the vehicle steers towards the path.
Both controllers exert almost equivalent control efforts. The Serret–Frenet frame
motion characterised by the path orientation and the rate of path length ṡ is provided
in Fig. 8.

6 Conclusion

The paper describes the implementation of a combined backstepping and time delay
estimation-based control strategy for the path following operation of an underac-
tuated AUV in a horizontal plane. The control strategy aims at reducing the path
following errors; generating the desired vehicle velocities and the dynamic control
law is obtained to regulate the vehicle velocities to the desired ones. The convergence
of the AUV to the desired path has been illustrated in detail, and all the closed-loop
feedback signals in the control structure are proven to be bounded. The simulation
test results are obtained using the parameters of the AUV testbed to follow the geo-
metric path with the proposed control strategy and show satisfactory performance.
The TDE-based controller performs well, attaining the desired velocities values even
in the face of external disturbance and AUV uncertainties. The performance of the
proposed control strategy compared with the feedback linearization control design.
Future work will extend the derived control law for the 3D path following control
with experimental validations.

References

1. Lapierre L, Soetanto D (2007) Nonlinear path-following control of an AUV. Ocean Eng 34(11–
12):1734–1744

2. Maurya P, Desa E, Pascoal A, Barros E, Navelkar G, Madhan R, Mascarenhas AAMQ, Prab-
hudesai S, Afzulpurkar S, Gouveia A et al (2006) Control of the Maya AUV in the vertical and
horizontal planes: theory and practical results. In: Proceedings of the 7th IFAC conference on
manoeuvring and control of marine craft, pp 20–22

3. Duc Do K, Pan J, Jiang Z-P (2004) Robust and adaptive path following for underactuated
autonomous underwater vehicles. Ocean Eng 31(16):1967–1997

4. Xiang X, Lapierre L, Jouvencel B (2015) Smooth transition of AUV motion control: from
fully-actuated to under-actuated configuration. Robot Auton Syst 67:14–22

5. Lapierre L, Jouvencel B (2008) Robust nonlinear path-following control of an AUV. IEEE J
Ocean Eng 33(2):89–102

6. Zeng J, Wan L, Li Y, Dong Z, Zhang Y (2017) Adaptive line-of-sight path following control
for underactuated autonomous underwater vehicles in the presence of ocean currents. Int J Adv
Robot Syst 14(6):1729881417748127



Robust Path Following Control of Autonomous Underwater Vehicle … 599

7. Borhaug E, Pettersen KY (2005) Adaptive way-point tracking control for underactuated
autonomous vehicles. In: Proceedings of the 44th IEEE conference on decision and control.
IEEE, pp 4028–4034

8. Yoerger D, Slotine J (1985) Robust trajectory control of underwater vehicles. IEEE J Ocean
Eng 10(4):462–470

9. Ruiz-Duarte JE, Loukianov AG (2015) Higher order sliding mode control for autonomous
underwater vehicles in the diving plane. IFAC-PapersOnLine 48(16):49–54

10. ElmokademT,ZribiM,Youcef-ToumiK (2017)Terminal slidingmode control for the trajectory
tracking of underactuated autonomous underwater vehicles. Ocean Eng 129:613–625

11. Xiang X, Caoyang Y, Zhang Q (2017) Robust fuzzy 3D path following for autonomous under-
water vehicle subject to uncertainties. Comput Oper Res 84:165–177

12. Loebis D, Naeem W, Sutton R, Chudley J, Tetlow S (2007) Soft computing techniques in the
design of a navigation, guidance and control system for an autonomous underwater vehicle.
Int J Adapt Control Signal Process 21(2–3):205–236

13. Bian X, Zhou J, Yan Z, Jia H (2012) Adaptive neural network control system of path following
for AUVs. In: 2012 proceedings of IEEE SoutheastCon. IEEE, pp 1–5

14. Guo J, Chiu F-C, Huang C-C (2003) Design of a sliding mode fuzzy controller for the guidance
and control of an autonomous underwater vehicle. Ocean Eng 30(16):2137–2155

15. Zhang J, Xiang X, Zhang Q, Li W (2020) Neural network-based adaptive trajectory tracking
control of underactuated AUVs with unknown asymmetrical actuator saturation and unknown
dynamics. Ocean Eng 218:108193

16. Miao J, Wang S, Zhao Z, Li Y, Tomovic MM (2017) Spatial curvilinear path following control
of underactuated AUV with multiple uncertainties. ISA Trans 67:107–130

17. Yan Z, Liu Y, Zhou J, Wu D (2014) Path following control of an AUV under the current using
the SVR-ADRC. J Appl Math 2014

18. Youcef-Toumi K, Ito O (1990) A time delay controller for systems with unknown dynamics
19. Cho GR, Chang PH, Park SH, Jin M (2009) Robust tracking under nonlinear friction using

time-delay control with internal model. IEEE Trans Control Syst Technol 17(6):1406–1414
20. Hsia TC, Gao LS (1990) Robot manipulator control using decentralized linear time-invariant

time-delayed joint controllers. In: Proceedings. IEEE international conference on robotics and
automation. IEEE, pp 2070–2075

21. Cho GR, Li J-H, Park D, Jung JH (2020) Robust trajectory tracking of autonomous underwater
vehicles using back-stepping control and time delay estimation. Ocean Eng 201:107131

22. Prasanth Kumar R, Dasgupta A, Kumar CS (2007) Robust trajectory control of underwater
vehicles using time delay control law. Ocean Eng 34(5–6):842–849

23. KumarRP,KumarCS, SenD,DasguptaA (2009)Discrete time-delay control of an autonomous
underwater vehicle: theory and experimental results. Ocean Eng 36(1):74–81

24. Prasanth Kumar R, Sarath Babu S, Srilekha Y, Kumar CS, Sen D, Dasgupta A (2006) Test-bed
for navigation and control of a thruster based AUV. In: OCEANS 2006-Asia Pacific. IEEE, pp
1–4



Effect of Passive Springs on Taskspace
Stiffness of a Cable-Driven Serial Chain
Manipulator

N. S. S. Sanjeevi and Vineet Vashista

Abstract Understanding the end-effector stiffness of a manipulator is an effective
tool to interpret manipulators’ interaction capabilities in the taskspace environment.
A manipulator having the ability to alter its stiffness characteristics provides an
advantage to make it suitable for versatile applications. Recently, cable-driven serial
chain manipulators, CDSMs, have emerged as an important robotic architecture for
various applications due to their promising features, such as low moving inertia,
large payload handling capacity, and flexibility in altering its system architecture.
Owing to the unidirectional force application property of cables, these systems are
redundantly actuated. The flexibility in architecture modulation within a CDSM
implies the possibility of varying system performance. Accordingly, system parame-
ters of CDSM can be altered to modulate the stiffness behavior of the manipulator. In
this work, we attempt to modify the stiffness characteristics of CDSMs through the
addition of passive springs. Two different modalities of passive spring attachments
were considered, and preliminary results on their effect on taskspace stiffness are
presented.

Keywords Cable-driven systems · Taskspace stiffness · Passive stiffness

1 Introduction

Cable-driven manipulators (CDMs) are robots where motor-actuated cables apply
external forces on links to control the end-effectormotion. They inherit the advantage
of a high load capacity, small inertia and ability to alter the workspace through
varying system parameters [1, 2]. Accordingly, they show a great attraction for
various applications, such as camera systems [3], cargo handling [4, 5], rehabilitation
[6, 7], and radio telescopes [8]. Since actuators are fixed on the base, and the weight
of cables is almost negligible, the motion inertia is reduced significantly. However,
for CDMs, a critical issue is the unidirectional nature of forces exerted by cables and
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should remain in tension while performing tasks that demand actuation redundancy.
Thus, in order to fully control a CDMwith n degrees-of-freedom (DOF), a minimum
of n + 1 cables are needed.

Manipulators with serial chain architecture have been widely used in the robotics
community due to their unique properties such as high repeatability, largeworkspace,
and ease of control. Historically, their usage has beenmainly in industrial operations,
such as pick-and-place, painting, and welding [9, 10]. Recently, cable-driven serial
chain manipulators, CDSMs, have emerged as an important robotic platform due
to their unique properties of low moving inertia and flexibility in altering system
architecture. Among the various performance measures of a robotic manipulator,
stiffness plays a vital role in robustly and safely interacting with unknown envi-
ronments, including industrial and human-in-the-loop applications. A manipulator’s
stiffness regulates its rigidity, positioning, and trajectory tracking accuracy during
any physical interaction task. Notably, CDSMs, providing flexibility in altering the
system architecture, present an advantage in stiffness modulation. Accordingly, the
literature on cable-drivenmanipulators has reportedworks on understanding stiffness
and modulating it by changing various CDM system parameters like cable stiffness
[11, 12], actuator locations [13].

The literature shows that cable tensions are used to regulate the stiffness of CDMs
when cables with linear stiffness springs are used. Yu et al. [14] performed stiffness
control on CDMs by optimizing the tension distribution of the cables. The stiffness
of the end-effector is controlled to enhance the accuracy of trajectory tracking and
disturbance rejection performance. Changes in the stiffness of the CDMs through
varying stiffness across cables and cable tensions are reported in [15]. Cables with
nonlinear stiffness characteristics are used to achieve changes in the stiffness of the
CDM when manipulating the cable tensions in [16]. Osada et al. [17] employed a
series of fixed and movable pulleys to produce devices with nonlinear stiffness char-
acteristics. Another way to alter the stiffness is by adding passive stiffness elements
to the manipulator, which is explored in this work.

Notably, usage of passive springs to alter themanipulator performance of CDMs is
reported in the literature. Usage of the passive springs to alter the performance of the
system is reported in the literature. Intuitively, springsmaykeep cables in tensionwith
properly chosen placement parameters.ACDMtoperform sub-millimeter operations
where a compression spring was used to keep cables in tension is presented in [18].
A planar translational cable direct driven robot (CDDR) with a linkage mechanism
was tensioned with two torque springs to prevent slack in the cables [19]. The intro-
duction of springs to alter the workspace of single or multi-body cable-driven robots
is presented in [20–22].

Accordingly, this work presents some preliminary analysis on the effect of passive
springs on the taskspace stiffness characteristics of CDSMs. Two differentmodalities
of passive spring attachments were considered. Firstly, passive springs are attached
to the links from different ground points. Secondly, passive springs are routed across
the pulleys positioned over the joints of the manipulator. Thus, it varies stiffness
across that joint. Finally, stiffness indices were used to analyze the resulting stiffness
changes in the CDSM.
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Fig. 1 Illustration of the considered 2 DOF CDSM model and respective cable configuration. O
represents origin, and Mi represents motor positions w.r.t O. Ti and li represents cable tension and
cable length. Di represents link lengths, ri and hi represent cable attachment points and offset
position on links, and their respective values are given in Table. 1. τi denotes joint torques

2 Architecture

In this work, a planar two-link cable-driven serial chain manipulator (CDSM) is
considered for analysis. Figure1 shows the schematic of the CDSM, where the rigid
links are connectedwith revolute joints andmotor actuated cables are connected to the
links to apply external forces on the links to generate the required motion. However,
as a cable can only apply a pulling force, actuator redundancy is required to control
a CDSM [20]. Specifically, a minimum of three cables is required to control the
considered two degrees-of-freedom (DOF) manipulator. In this work, four actuated
cables, i.e., two actuators redundancy, are considered as it facilitates largerworkspace
[2, 23]. The link lengths are denoted as Di , and the generalized position and force
coordinates of the single DOF revolute joint as θi and τi , respectively. The cable
attachment point on each link is at a distance ai from the joint center and at an offset
hi from the link axis, and Mi denotes the corresponding motor position from O.

The dynamic model of the considered two DOFs serial chain manipulator can be
formulated using Lagrange’s method. With L, the Lagrangian and θi and τi being
the generalized joint variable and joint torque values, respectively, the equations of
motion can be written as presented in Eq. (1).

d

dt

(
∂L

∂θ̇ i

)
− ∂L

∂θi
= τi , i = 1, 2 (1)

In the current work, the actuated cables is modeled as a source of pure force at the
attachment point on the links to generate the joint torques. In general for a n DOFs
system with m actuated cables, the joint torques can be expressed as τi = τ c

i .
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τ c
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(3)

Accordingly, torque contribution at both the joints, due to all cables, is modeled.
Further, rearranging all these expressions in matrix from results in Eq. (3). Here,
A ∈ R

2×4 denotes the structure matrix which represents the linear mapping. The
parameters ri and li in A are vectors defining cable attachment points on the links and
actuated cable directions, respectively, as shown in Fig. 1. Essentially, the mapping A
is a function of system geometry and captures the effect of cable routing architecture
of a CDSM.

3 Stiffness Formulation

Stiffness is defined as the amount of resistance to an unit deformation. In particular,
taskspace stiffness implies the manipulator’s resistance to unit deformations in the
end-effector’s positions for unit force. For a multi-DOFs system, it is formulated
mathematically using a matrix. It can be interpreted using stiffness ellipsoids where
ellipsoids shape, axes direction, and radii magnitude is used to perform the stiffness
analysis.

3.1 Taskspace Stiffness

Taskspace stiffness for a planar manipulator can be interpreted as the resistance
offered by a manipulator for a small change in position for a unit force applied to
end-effector at a quasi-static condition. For small forces, δF ∈ R

2×1, changes in
position, δX ∈ R

2×1, are evaluated using taskspace stiffness matrix,KX ∈ R
2×2.

δF = KXδX (4)

Using the principle of virtual work and the definition of the Jacobian, the relationship
between the joint torques and the force applied on the end-effector can be written as
in Eq. (5).

τ = J T F (5)

δτ = (δ J T )F + J T (δF) (6)
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Similar to unit forces in taskspace, at a quasi-static condition, for small joint torques,
δτ ∈ R

2×1, variations in the joint variables, δθ ∈ R
2×1, are computed using the joint

space stiffness matrix, Kθ ∈ R
2×2, as presented in Eq. (7).

δτ = Kθ δθ (7)

Kθ = δ J T

δθ
F + J TKX

δX

δθ
(8)

Replace the torque and force expression in terms of joint space and taskspace stiffness
matrices. Also, the manipulator Jacobian matrix, J, relates the differential joint dis-
placements to infinitesimal movement of the end-effector, i.e., δX = Jδθ . Notably,
Jacobian, J, is a function ofmanipulators link length parameters and joint angles.Not-
ing the joint space stiffness relation, Eq. (7) and the kinematic relationship between
taskspace and joint space, the expression for KX is written in Eq. (9).

KX = (J T )−1

⎡
⎢⎢⎣Kθ − δ J T

δθ
F⏟ ⏟⏟ ⏟

Kg

⎤
⎥⎥⎦ (J−1) (9)

KX = (J T )−1Kθ (J
−1) (10)

Kθ = δA

δθ
T − Akc A

T (11)

The term Kg represents the effect of differential Jacobian under an applied external
loadF. Accordingly, under no load condition, Eq. (9) reduces to Eq. (10). For CDSM,
joint space stiffness, Kθ is dependent on cable tension distribution, cable routing,
i.e., system architecture and cable stiffness as presented in Eq. (11) [24].

4 Stiffness Alteration

Equation (9) establishes the dependency of manipulators taskspace stiffness,KX , on
joint space stiffness, Kθ which is dependent on system architecture, A, and cable
stiffness, kc. Thus, any structural alterations of CDSM by adding passive stiffness
elements alter the joint space stiffness, thus overall taskspace stiffness behavior. In
particular, two different modalities of passive spring attachments were considered in
this work.
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Fig. 2 Passive stiffness configurations a Springs attached to distal link b springs routed along joint
2 through pulley to provide external joint stiffness only at joint 2

4.1 Passive Springs Attached to Links

In this case, one end of the passive spring is connected to the links, while the other
end is connected to a fixed ground point, shown in Fig. 2a. Essentially, these springs
generate resisting or assisting forces on the links when CDSM moves along the
trajectory in accordance with their ground and cable attachment positions. Notably,
the addition of springs alters the torque-tension mapping, Eq. (12). Here, τPS is the
torque generated due to the external forces on the links generated through the passive
spring attachments. It can lead to assisting or resisting torque. Thus, to generate the
desired torque, τdes, the torque τCDSM, that should be generated by CDSM, will vary
accordingly. Further, suppose the linear springs are elongated and are in tension. In
that case, they will act as extra cables in the cable-driven system, which are to be
modeled through structure matrix, APS, using the formulation presented in Sect. 2.
The contribution of the additional springs to the overall joint stiffness is presented
in Eq. (13). Now, using this updated KθNew , one can calculate the taskspace stiffness
matrix, KX , using Eq. (10). Notably, any changes in the passive spring stiffness and
their attachment positions will alter the taskspace stiffness characteristics.

τdes = τCDSM + τPS (12)

τdes = AT⏟⏟⏟⏟
CDSM

+ APSTS⏟ ⏟⏟ ⏟
PS

KθNew = KθCDSM + KθPS (13)

4.2 Passive Spring Routed Across Joint

In this case, passive springs were positioned on the links and routed along the joint
through a pulley mechanism as shown in Fig. 2b. Essentially, these springs create
additional joint stiffness on the joint, which is joint 2 in Fig. 2b. Accordingly, this
alters the joint stiffness characteristics as presented in Eq. (14). Here, the additional
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Fig. 3 a Stiffness ellipse b chosen taskspace trajectories to alter stiffness, circular and human ankle
trajectory

passive joint stiffness, kθPS = 2r2p kps [25], is a function of passive spring stiffness, kps
and the radius of the pulley, rp; it is routed across on the joint. Further, the taskspace
stiffness matrix, KX , using Eq. (10).

KθNew =
(
kθ11 kθ12

kθ21 kθ22

)
⏟ ⏟⏟ ⏟

CDSM

+
(
0 0
0 kθPS

)
⏟ ⏟⏟ ⏟

PS

(14)

Performance Parameters: To analyze the stiffness behavior of a cable-driven system,
typically indices based on eigen values ofKX are used [24]. Condition number (CN)
is one such index which is the ratio of on the maximum and minimum eigenvalues.
CN value is always equal or greater than 1, where CN = 1 denotes an isotropic
stiffness behavior.

CN = λmax

λmin

Further, a stiffness ellipse can be defined for the KX . Here, the eigenvectors of the
stiffness matrix, KX , are directed along the axes of the ellipse such that the minor
axis of the stiffness ellipse is directed along the eigen vector with larger eigenvalue.
Similarly, the major axis of the ellipse is directed along the eigen vector with smaller
eigenvalue. Essentiallymajor axis of ellipse implies direction ofmaximum resistance
to disturbance and minor axis implies least resistance. Figure3a shows a stiffness
ellipse at a point on the trajectory. The knowledge of minor axis orientation can be
used to examine the robot trajectory tracking performance. In particular, angle β is
defined to record the orientation of minor axis with the slope of taskspace trajectory
such that when a CDSM is used a zero value of angle β represents a case where the
end-effector experience least stiffness along the taskspace trajectory. In this work, all
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Table 1 System parameters of CDSM. Both the links are assumed to be of equal lengths of 50cm

Motor Positions
Mi = [Xi , Yi ] (in M)

Attachment Positions (in cm)

CDSM M1 = [0.175, 0.02]
M2 = [0.25, −0.02]
M3 = [−0.25, −0.02]
M4 = [−0.175, 0.02]

a1 = a4 = 34 a2 = a3 = 34
h1 = h4 = 6.25
h2 = h3 = 6.25

these indices, CN, stiffness ellipse and orientation angle, were used for the stiffness
analysis.

5 Results and Discussion

This section presents the simulation results for taskspace stiffness analysis of two
DOFs, two redundancy CDSMs. Link lengths (Di ) are assumed to be of 50 cms. Fur-
ther, the CDSM system parameters, namely motor positions (Mi ) and cable attach-
ment positions (ai ) and (hi ) used for this analysis, are listed in Table1. Stiffness
across all the cables, kci , is assumed to be of 1500N/m. For the stiffness analysis,
two different trajectories are chosen in the taskspace as shown in Fig. 3b. A circular
trajectory considers CDSM as an industrial manipulator, and a human ankle trajec-
tory considers CDSM as lower-limb exoskeleton assisting the human lower-limb
motion. Further, stiffness indices were evaluated and compared for CDSMwith both
the considered passive spring attachment modalities.

For a CDSM, end-effector stiffness characteristics that resist deflections from the
trajectory path due to undesired external forces are desired. The prospect of stiff-
ness index β can be interpreted as its value along the trajectory should be minimum.
Essentially, the minimum value of β means the manipulator will not resist deflec-
tions along the trajectory. Froma stiffness ellipse perspective, the ellipse’sminor axis,
which represents the least resistance to external forces, should be oriented along the
trajectory. Under such conditions, manipulator resits deflections in all other direc-
tions, with maximum resistance being offered along the direction perpendicular to
the trajectory. Further, CN should be small, as higher CN represents skewed ellipse
which means resistance is maximum only in one direction. Thus, optimal index val-
ues would be smaller β and CN and the minor axis of the ellipse oriented along the
trajectory.

Figure4a–c presents the orientation angle, β, CN, and stiffness ellipse variations
across the circular trajectory for the three cases, without passive spring, with passive
springs, and torsional spring at joint 2. These indices which were evaluated using
the taskspace stiffness matrix are computed from Eq. (10). All three cases reported
significant variations of stiffness indices along the trajectory. From the stiffness
ellipse orientation, it is observed that the major axis is oriented closely toward the
y-axis. It means the manipulator resists deflection along y-direction compared to
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Fig. 4 Variation of a orientation angle (β) bCN and c stiffness ellipses along the circular trajectory
in taskspace for different passive spring attachment conditions

x-direction for most of the trajectory. Notably, adding a torsional spring at joint two
resulted in a reduction in theβ valuewhen comparedwith the other two cases, Fig. 4a.
But, it made stiffness ellipse skewed as reflected in Fig. 4c and also can be inferred
from an increase in the CN values, Fig. 4b. Adding external passive springs to the
links did not have much effect on β and orientation of ellipses but reduced the CN
values. Further, stiffness ellipse for external passive springs case encompassed the
ellipse of no springs cases. It essentially means the stiffness of the system is larger.
It is intuitive, as the addition of springs increases stiffness. Further, the addition
of torsional spring resulted in an increase in the stiffness along the y-direction in
taskspace as reflected in ellipses from Fig. 4c.
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Fig. 5 Variation of a orientation angle (β) b CN and c stiffness ellipses along the ankle trajectory
in taskspace for different passive spring attachment conditions

Figure5a–c presents the orientation angle, β, CN, and stiffness ellipse variations
across the human ankle trajectory. Here, CDSM is considered a lower-limb exoskele-
ton that assists the lower limb in executing the human anklemotion. Exoskeletons are
devices that assist the motion and provide rehabilitation training. For an exoskeleton
to provide effective rehabilitation, it should facilitate the wearer to move along the
desired trajectory and resist deviations from the desired ankle trajectory. Thus, the
desired indices would be minimal beta, the minor axis of stiffness ellipse along the
ankle trajectory, and smaller CN. A minimum value of β represents a case where the
exoskeleton imposes minimum stiffness along the desired ankle trajectory. Having
minimum stiffness along the trajectory means the ankle gets a resistance to deviate
from the desired trajectory.

Stiffness indices were computed for all three modalities. Orientation angle, β, is
minimum along major portions of the ankle trajectory, except for 50–75%, Fig. 5a.
CN value is larger for the without and with passive spring cases, Fig. 5b. Notably,CN



Effect of Passive Springs on Taskspace Stiffness … 611

values reduced significantly for the torsional spring case. It is also reflected in the
stiffness ellipses, as they are less skewed compared to other cases Fig. 5c. Notably,
the addition of torsional spring improved the β value too to some extent during 50–
75% of ankle trajectory. However, it resulted in the reduction of the overall stiffness
magnitude. It can be inferred from stiffness ellipseswhere ellipses for torsional spring
case become smaller. However, this behavior can be changed by changing the spring
stiffness values. Notably, for the presented analysis, the spring positions and lengths
were chosen so that they were elongated throughout the trajectory. However, one
can optimize their ground positions so that springs will activate only during some
portions of the trajectory.

Overall, these preliminary results highlight that the changes result from the addi-
tion of external passive springs on the stiffness characteristics of the manipulator.
For the presented results, passive spring stiffness values and their initial positions
were chosen randomly. However, one can formulate the optimization schemes based
on these indices that solve for optimal stiffness and mounting positions of passive
springs to achieve the desired stiffness characteristics along the desired trajectory.

6 Conclusion

This work presents some preliminary analysis of passive springs’ effect on the
taskspace stiffness characteristics of cable-driven serial chainmanipulators, CDSMs.
Two different modalities of passive spring attachments, where passive springs are
attached to the links from different ground points and passive springs are routed
through the pulleys positioned over the joints of the manipulator, were considered
for the analysis. The resulting changes in the stiffness characteristics were analyzed
through stiffness indices, namely stiffness ellipse and condition number. Simulation
results emphasize that the addition of passive springs results in significant alter-
ations in the stiffness characteristics of CDSMs. Future work would be to develop
optimization schemes based on stiffness indices to identify optimal passive spring
stiffness andmounting positions that provide desirable stiffness characteristics along
the planned trajectory.
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Design and Development of Multi-crop
Fibre Extracting Machine

Deepak Mahapatra and Jagpal Singh Bal

Abstract Design and development ofmachinery for handicraft products is generally
doneby the artisan himself basedonhis/her experience, intuition and experimentation
mostly by trial and error process. Growing demand for products like handloom-based
textiles has created a requirement of production in large quantities which has gener-
ated demand for raw materials such as yarn of different types. Application of natural
fibre derived from biomass is increasing in handloom-based textile processing. This
has created a need for fibre extraction from biomass and several machines are devel-
oped in different parts of the world. A review of existing machinery and associated
mechanisms is presented in this paper to address the need for research in develop-
ment of sustainable support systems to handloom-based artisans. A human powered
mechanism is suggested for extraction of fibre from biomass.

Keywords Fibre crops · Extraction machines · Sisal fibre · Flax fibre · Banana
fibre

1 Introduction

In the recent past the demand for natural fibres has grown steadily for the textile
industry as well as for their use in the form of additives to make natural composites.
The reason for this rise in demand owe to the fact that natural polymers are low
cost, biodegradable, ease of availability and also are human friendly thus leading
to sustainable development. The rise in demand accounts for steady increase in
production of natural fibres and hence search for newer and efficient methods of
extraction of natural fibres has been attracting the researchers in a global platform.
Extraction and processing of traditional natural fibres like cotton, jute, etc. has been
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sufficiently researched and the government is promoting new diversified innovations
in obtaining fibres from other sources as well [1].

Handicraft industry has been primarily based on traditional methods of extraction
of fibres as most of the artisans belong to the marginal to cottage level. They are
financially weak as well as ignorant to technological developments. Hence they are
not able to sustain competition to the textile requirements of the country. However,
to view the other way round, it is also observed that the machinery that they use
have evolved out of their years of experience, and experimentation and intuition that
they have developed in course of time. Most of their machinery is low cost manually
operated devices that come up with gradual trial and error approaches.

It can also be noticed that the handloom industry has survived and continues to
show its existence despite the tough environment framed by the textile giants. It is
largely felt that there is a need to bring forward the traditional experiences of the
handloom artisans and assimilate them with new innovative ideas so as to develop
simple, cost effective natural fibre extraction and processing machines.

Growing demand for products like handloom-based textiles has created a require-
ment of production in large quantities which has generated demand for rawmaterials
such as yarn of different types. Application of natural fibre derived from biomass is
increasing in handloom-based textile processing. This has created a need for fibre
extraction from biomass and several machines are developed in different parts of the
world. The present report is an attempt to review the existing machinery and associ-
ated mechanisms so as to address the need for research in development of sustainable
support systems to handloom-based artisans. The conclusion of the reviewmust pave
the way for developing a low cost manually operated multi-crop fibre extraction unit.

2 Review of Machinery for Plant Fibre Extraction

Natural fibres are seen as alternatives for catering the needs of the industry in future as
they can be used in textile industry, composites as well as medical and biotech indus-
tries as well. In the present era, natural fibres have definitely been looked forward to
for their degradable nature and more importantly they are also renewable.

A number of varieties of biomass exist in nature which contains fibres that can be
used for various applications. There are thousands of species of plants that can yield
natural fibres and in India itselfwe have around 800fibre yielding plants [2]. However
the potential for commercial utilization in terms of their availability, fibre properties,
etc. of natural fibres exist in only a few particular varieties. The most important types
of fibre yielding varieties are sisal, banana, flax, kenaf, hemp, pineapple leaf, ramie,
etc. Fibre is extracted from a particular part of the plant for example the leaves of
sisal, pine apple, palm, etc. are used whilst skin of banana, hemp, jute are found
suitable for extraction; similarly stem of banana, coconut, bamboo, etc. are utilized
for fibre extraction, whereas fruits of cotton plant yield fibre.

Apart from the industrial use, the above fibre plants are also looked forward to
by the handloom sector so that obtained fibres may be utilized in single form or in
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union with other established fibres like jute and cotton [3]. For obtaining suitable
quality of the yarn (single or in union) it is necessary to know the properties of the
fibres and fibre yielding plants, however this is a herculean task as the properties
of plants vary according to geographical and climatic conditions. Still any relevant
information will help in improvising the state of art techniques of fibre extraction.

Hence a compilation of the works related to the extraction techniques of natural
fibres is necessary. In the present paper review has beenmade to compare the existing
methods of fibre extraction with an insight of the traditional knowledge in the hand-
loom sector. In the successive paragraphs a brief discussion on the various machines
and related mechanisms of fibre extraction from biomass is discussed. The intention
is to develop manually operated low cost machinery for fibre extraction suitable for
handloomartisans and also to create awareness for exploring the possible commercial
applications of other available bio-vegetation.

2.1 Brief History of Machinery Related to Fibre Extraction

Yusof and Adam [4] have reported that inventions of machines for natural fibre
extraction date back to the 1900s with names like decorticator, abstractor, defibrator,
etc. And according to published review, the inventions and patents corresponding to
the fibre extraction were in large numbers in the first half of the twentieth century.
However after 1950, the corresponding number of publications has been decreasing
till 2000, probably due to the growth in the utilization of synthetic fibres. With the
emerging area of natural composites the fibre extraction and processing techniques
have rejuvenated in the research.

An exhaustive review on the variety of fibre extracting machines developed in the
time span of 1920–2012 has been reported in [4]. It is remarked that in most of the
machines the extraction is accompanied by scratching the plant material with sharp
tools like knife, blade, shredder after which a few include crushing and bending.
According to Gardener, [5] that crushing and crumping leads to clogging of the
decorticated material leading to separating problems which was the reason for not
including crushing in his design. Whilst not many agree on the verdict of Gardener
and have the opinion that crushing breaks the rubbery waxy layer thus making it
easier to extract the fibre [6]. The idea behind is that by providing a pre-crushing
action on the leaves of the plant using a series of rollers accompanied by washing
leads to less stressing of fibres, eventually leads to lesser damage. In 1998, Leduc
et al. [7] came up with a design that contained only rollers and did not contain
any type of blade or knives as an extracting tool (Fig. 1). In a slightly different
design Cook [8] has used the fluid power to rotate the crushing and grinding wheels
and in addition fluidwashes the fibres and tool also. The variousmachinery andmech-
anisms relevant to the natural fibre extraction in global platforms may be referred
from Table 1.

An excellent overview of the available machines and currently used by small scale
artisans in India has been reported in [3]. The extraction of different fibres like Jute,
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Fig. 1 Fibre extracting
machine patented by Ludec
et al. [7]

cotton, sisal, flax, pineapple leaf and coir has been discussed in terms of capacity and
output. However the mechanism of nearly all these machines is based on scratching
through knives, with only a few machines having arrangements for pre-crushing of
plants.

2.2 Traditional Methods of Fibre Extraction

Before proceeding this topic one must know the steps to be followed in extraction
of the fibre. However each variety of fibre requires a specific process to be followed,
for brevity let us classify the fibres broadly into two categories-leaf fibres (sisal) and
stem or bast (flax) fibres. A flow chart of each category is shown in Fig. 2.

Retting is a traditional method of extracting the fibres by soaking it in water or
other chemicals so as to remove lignin, pectin and other substances. Retting may
also be done by keeping the plant products in atmospheric air; however this method
takes more time and is also liable to be inefficient in case of sudden changes in
environment.

Manual scratching or stripping is done with the help of a broken plate or broken
coconut shell to extract the fibre. After this the fibres are washed and dried in air.
The fibres are then coated with wax to remove any entanglements and then they are
knotted to form yarns. However this entire process takes too much time and is labour
intensive. But the quality of fibres obtained is better as compared to mechanical
methods [10].

The small scale artisans follow mostly the processes by manual techniques. Most
of the operations like harvesting of crops, retting, scotching, spinning, decortication,
etc. are carried out manually. Even if a few tools or machinery are used, then they
have been developed from intuition after years of experience gained throughworking
under challenging environments. In Figure 3 traditional methods of extraction of
fibres and crafting it into useful products has been shown.

In Chhattisgarh, the district of Janjgir-Champa is known for its skilled handicraft
art based on Kosa silk. However due to lack of availability of raw materials the local
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Table 1 Technological innovations in fibre extraction machinery in last century [4, 8]

Patent/Journal Blade/edged blade/knives/shredder Crusher/bender

Fibre removing machine for flax, hemp,
ramie and other textile plants (1925)

√ √

Fibre removing machine for flax, hemp,
ramie and other textile plants (1925)

√ √

Fibre-decorticating machine (1926)
√ √

Decorticating apparatus for treatment of
sisal and other fibrous leaves and stalks
(1927)

√ √

Decorticating and deliberating machine
(1934)

√ √

Fibre separating machine (1937)
√

–

Method of and machine for abstracting
and preparing fibres (1939)

√
–

Method and machine for the abstraction
and preparation of fibres (1939)

√ √

Decorticating machine (1940)
√

–

Apparatus for abstracting and preparing
fibres from fibre-bearing plants (1942)

–
√

Machine for cleaning and separating
flax or other fibrous plants (1948)

√ √

Apparatus for obtaining fibres from
plant leaves (1955)

√ √

Self-propelled fibre harvesting and
decorticating machine (1960)

–
√

Method for decorticating plant material
(1998)

√ √

Plant material processing system (2000)
√ √

Plant material processing system (2002)
√ √

Utilization of pineapple leaf agro waste
for extraction of fibre and the residual
biomass for Vermi-composting (2011)

√ √

Extraction device for fibre in plant
stems and leaves (2012)

√ √

artisans are looking for alternatives to get fusion with silk. It has been reported that
sisal fibre can act as a suitable match [1], hence fibre extraction techniques may be
quite relevant in this area. The local artisans in this area use customized tools for
yarn making and loom; the local crafting techniques show remarkable experience
and aptitude to carve very fine quality handloom products from natural fibres as
well. Hence it is observed that there is a big scope of intervention of mechanization
to support the local artisans to increase their productivity and in turn their living
standards.
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Fig. 2 Flow chart of fibre extraction a flax, b sisal

Fig. 3 Conceptual idea of the research work

3 Background and Motivation

It is an established fact that Agave (Sisal) fibre can be used as a replacement for the
silk fibre [1]. It is also presumed that the properties of many other natural fibres can
serve similar purposes with comparable effectiveness. In addition to this at present
most of the fibre extractionmethods are manually operated leading to low production
rates. Hence it is foreseen that this area needs to be further explored to assess the
commercial viability at regional level.

There are many factors which led us to the development of this innovative idea.
Some of these factors are listed below.

• Available methods of fibre extraction are traditional (manual).
• Manual methods of extraction lead to non-uniformity and reduced outputs in

production.
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• Higher costs of machinery (for small scale processing).
• Limited technical intervention to promote sustainable production.
• High demand of Kosa silk and other fine yarns (sisal fibre, linen).
• Presence of a large number of weavers and artisans in the region with strong

traditional weaving/handloom experience.
• There is a scope for sustainable natural fibre made finished products (handlooms

for example) to be made comparable to synthetic contemporaries.
• Studies pertinent to developing multiple fibre crop options for the local weavers

are limited in the state.

The conceptual idea has been presented in three stages as shown in Fig. 3.
It is observed that a separate study on the agricultural aspects is relevant to the

accomplishment of the above concept. The current authors are also working on the
agro-climatic study of fibre crop cultivation and its promotion amongst the rural
community. This being a slightly contrast area is not included here and a detailed
report on those observations is to be published separately.

4 Design Features of a Manually Operated Fibre Extractor

Before proceeding to the design parameters some end conditions must be fixed that
must contain the broad objectives of the idea. Some of them are listed below.

• Low cost, portable, efficient, pedal operated fibre decorticator
• Production capacity of quality fibre must be 1 kg per hour (approx.)
• Machine must run with manual/animal power only. The input power must be

minimal through suitable speed reduction.
• Weight must be low so that even women may operate it easily.
• Maintenance must be easy, which means machinery should be simple, with ease

of assembly and dismantling.
• It must have provision for incorporation of new attachments, so that possibility

of fibre extraction of a new crop may also be handled.

In this section design of a portable fibre extraction unit for (leaf fibre extraction)
is discussed briefly. As discussed in Sect. 2.1, the machinery required must contain
a blade or knife operating in cyclic operation that must scratch the waxy layer from
the top and bottom surface of the leaf. A pre-crushing arrangement must be fitted
prior to scratching to decrease the effort on the roller. The actuation of both the
rotating elements must be provided with the same input. The number of blades
may be between 12 and 16, depending on the size of the drum. A schematic of the
mechanism is shown in Fig. 4.
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Fig. 4 Schematic diagram of mechanism of fibre extracting machine

4.1 Design of a Prototype of Fibre Extractor

The primary components of the extracting unit are: a pair of crushing roller to crush
the leaf, grip it and feed it towards the rotating drum fitted with blades. The blades
scrap the crushed leaf against the static beater roller to separate the fibres from the
remaining scalp, which is then washed and dried to obtain plant fibre.

Figure 5 shows the power transmission unit for a manually operated extracting
unit. It is similar to that provided in a sewingmachine inwhich the operator ismoving
the pedal with his foot whilst in sitting position, the pedal in turn operates a belt-
pulley through a crank fitted near the pedal that ultimately drives the drum and the
crushing rollers. Hence the manual effort applied at the pedal must be sufficient to
drive the two rollers and drum, simultaneously to scrap the leaf. Let us try to assess
the power calculations for sisal fibre decortication numerically.

The Young’s modulus, E of sisal leaf is assumed to be 10 GPa. An average length
of leaf can be taken as 500 mm, whilst its cross section may be assumed as 150 mm
and a thickness of around 10 mm. (The maximum leaf thickness of sisal plant can be
even 3.5 cm [11]). Let the leaf be crushed and bend by 5 mm, then the force required
can be obtained from the following equation:

y = Fl3

48EI
(1)

which gives F = 240 N. Hence the torque required at crushing rollers will be

Tc = F × rc
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Fig. 5 a Drawing of the manual decorticator, b isometric view of assembly drawn in Creo 2.0, c
isometric view of the drum, d isometric view of the mounting table

If the diameter of the rollers is 100 mm then torque required will be 12 N m.

Let F1 be the resistance offered by the leaves for decortication at each blade in drum
then the torque required to rotate the drum will amount to T d = F1*rd. Hence if the
tearing resistance of the leaf is assumed to be 400 N and the diameter of drum is
250 mm, then the torque required will be 50 N m. Hence total torque is 62 N m.

Now let us assume that the all the rollers are rotating at 100 rpm, then the power
required can be calculated from the equation:

P = 2πNTnet

60
(2)

This gives P = 648 W.
As we have neglected friction and other effects hence a slightly higher value

of power input may be required. It can be noted that the power required is quite
appreciable if a manually operated machine is to be developed (however it is also felt
that the value of tearing resistance that is assumed above is on a higher side). Hence
it is suggested to hybrid the system with a small motor (around 1 HP) that is attached
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Fig. 6 a Prototype of sisal fibre extracting machine, b sisal fibre obtained from the developed
machine

to the pedal which will help to overcome the inertia effects and support during excess
power requirements. In [12] authors have developed portable sisal fibre extractor for
small scale farmers, however the motor used in the study is of 5HP considerably
higher than the present proposal. The other components like shafts, bearings, belt
drive, etc. can easily be designed by conventional methods in standard texts and
hence it is not discussed in this study. The design may be further optimized to reduce
the weight and cost.

Further modifications and innovative designs may be successively thought off to
promote the above concept.Apart fromextraction of fibre, portable units tomake yarn
from fibre, mechanization of the loom, etc. may be further explored. New research in
collaboration between the agriculture sector and engineering sector must come up to
provide sustainable solutions to the rural community in developing wider livelihood
opportunities.

In Fig. 6a, a prototype of the manual sisal fibre extracting machine is presented.
It can be observed that the frame of a sewing machine is utilized for providing the
thrust. The operator will use his feet to provide the required torque. In Fig. 6b corre-
sponding fibre obtained from the machine is shown. The design is further subjected
to improvisations for better output.

5 Conclusions

Review of research in the field of natural fibre extraction and associated machinery
is presented. A flow chart of the fibre extraction process is prepared and technical
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intervention needed to support artisans is discussed. Idea of a human powered mech-
anism suitable for natural fibre extraction from different biomass is coined. Prelim-
inary design of mechanism is presented. Development of a prototype is carried out
and tested with different types of fibres. Results are encouraging.

The research and development in this direction may also lead to sustainable
handicraft product innovation.
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Design Modification in Transplanting
Mechanism of a Manual Rice
Transplanter for Improved Performance

Deepak Mahapatra, Vikky Kumhar, and Manoj Verma

Abstract An improvement in the transplanting mechanism is suggested to reduce
losses of the seedlings during the operation. A four bar mechanism incorporated with
slight modification so as to control the speed in an appropriate way leading to better
control and stability.

Keywords Rice transplanter · Four bar mechanism ·Manually operated

Abbreviations

CFB Mechanism Conventional four bar mechanism
QR Mechanism Quick return mechanism
L1–L4 Link lengths of CFB mechanism
LP, ψ Coupler length parameters of CFB
L0, δ Parameters for QR
θ0, θ2 Input angles for CFB and QR respectively
ω0, ω2 Angular velocities of CFB and QR

1 Introduction

Agriculture is the backbone of Indian economy. In terms of timely farm operations,
reduced losses and better management of inputs, agricultural mechanization holds
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the key to sustainable growth. However, there is a large gap in actual utilization of the
available mechanization techniques only to a small fraction of farming community.
One of the reasons is the poor living standards of farmers who cannot afford costlier
equipment’s and other, lack of awareness in using available techniques. A large part
of the farming community still uses manual or animal power in farm mechanization
and hence improved techniques of manual or animal power techniques are required
to be developed.

Rice cultivation is a major portion of agricultural production andmost of the asso-
ciated processes are labor oriented. Depending on the availability of water, sowing of
paddy/rice can be done directly or by using transplanting. Seeds are spread directly to
awet or dry field in direct seeding technique; however, seedlings are first cultivated in
a seeded nursery and uprooted for transplantation either manually or automatically in
transplantingmethod. In direct sowingmethod, the weeds are controlled by chemical
application however mechanical techniques can be used in transplanting approach.
The author deliberates a number of advantages of the transplanting approach [1].

2 Review of Literature

Mechanical rice transplantation goes back to 1955, when Taiwan created and tested
a gravity type-hand type operational transplanter. In 1956, China tested the first
manually controlled six row transplanter. Despite the fact that these robots produced
roughly twice as much as manual transplanting, they failed owing to uneven planting
and a high labor need [2]. Miura [3] has reported the development of rice trans-
planters in Japan. In the early seventies, a manual rice transplanter with trade name,
‘Annapoorna’ was developed. It had 10 rows and root washed seedlings were used.
This machine can cover about 0.16 h/day [4].

Kohli andAgrawal [4] offered an article for the optimization and dynamic analysis
of transplanting unit of a paddy transplanter. Two types of mechanisms are worth
noting in order to acquire a cycle of planting operation while keeping in mind the
needed route and simplification of themechanism: a four barmechanismand a six-bar
mechanism, which is amodified version of the four bar itself. The six-bar mechanism
has one link that acts as a pusher and is best suited for mat seedlings. However, no
grasping was supplied for traditional type seedlings; therefore this mechanism is
frequently dismissed.

According to Anonymous [2] and Thomas [5], the majority of power controlled
transplanter planting devices is four bar linkage crank and rocker mechanisms. The
seedlings are picked from tray by a planting finger and sowed in the soil in an
upright position. To place the seedlings efficiently in position it is necessary to guide
the finger through a desired path (optimized path of finger) in a cyclic manner so that
it must not disturb the seedlings while return. Hence a detailed kinematic analysis
of the planting mechanisms will be worth in improving the new designs.

The design synthesis of mechanism of rice transplanter must include the deter-
mination of link lengths, coupler extension and orientation of finger and fixed link.
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In [5] Thomas has synthesized a mechanism for transplanter by assessing numerous
trial values for the various parameters to arrive at optimized path required for trans-
planting operation. However, it is assessed that the velocity and acceleration compo-
nents (point no. iii, v and ix in [4]) are not addressed satisfactorily in the reports [4, 5].
The present work is an effort to bridge this gap by introducing a quick return mech-
anism for the input crank so as to regulate the speed in the forward and backward
motions of the finger in the mechanism.

3 Materials and Methods

A cycle of planting operation includes picking of a desired number of seedlings from
a tray by mechanical fingers then sowing them into a puddled field planting them hill
to hill and row to row in precision spacing at a predetermined depth and nearly upright
position, subsequently the finger must return to its original path without effecting
the tray of other seedlings, thus completing the cycle. A machine fitted with such
mechanismmay be move continuously or intermittently, depending on its design and
requirement [6].

In conventional transplanter design a planar four bar linkage owing to its
simplicity, is used for obtaining the desired path of the finger as discussed above. The
input is given to the crank in a continuous and rotational manner through a wheel.
As a result, the mechanism has one degree of freedom, and a coupler point capable
of constructing a loop can be included. The coupler point will be where the planting
finger will be connected. A detailed study of working procedure may be found in
[4, 5].

The present work study assumes summation of two linkages, the conventional
four bar (CFB) mechanism [5] and a quick return (QR) mechanism (which is also
an inversion of the four bar linkage) that are connected in such a way that the QR
mechanism’s output becomes input to the CFBmechanism bymaking the CFB crank
a slotted link (Fig. 1). Thus the angular velocity of the crank of CFB is controlled
using a constant angular velocity input to the QR mechanism. The parameters that
define the CFB mechanism are selected from [5] while the additional parameters for
QR mechanism are:

Parameters for QR mechanism (Fig. 1).

● Length of crank, L0
● Position of the axis of rotation of crank, δ
● Angular velocity of crank, ω0

Initially the speed of travel is neglected as it is assumed to be very small as
compared to planting velocity. The angle of inclination of the fixed link is also
assumed to be zero initially. For brevity, the synthesis of CFB mechanism has been
adopted and the values of parameters L1–L4 and LF and the extension angle (ψ) has
been considered from the literature [5]. The angular velocity of the crank of CFB
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Fig. 1 A quick return
mechanism provides input to
four bar mechanism in rice
transplanter mechanism

mechanism (ω1) is a variable that needs to be calculated with respect to the input
angular velocity (ω0) of the QR mechanism.

A Matlab code has been developed to simulate and plot the path of the coupler
pointP and subsequently its velocity in case ofCFBMechanism. Figure 2a represents
the simulation of the CFB mechanism while Fig. 2b shows the coupler curve of the
finger with the velocity of finger at given points. It can be observed that the velocity
of the finger in the forward motion, when it picks the seedling, is very high resulting
in severe losses.

Here it is proposed to introduce a quick return mechanism as shown in Fig. 3 to
regulate the speed of the finger during planting operation and also increase the speed

)b()a(

Fig. 2 a Simulation of CFB mechanism in Matlab, b coupler curve of the path of finger with
instantaneous velocit
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a) b)

Fig. 3 a Simulation of modified mechanism in Matlab, b Coupler curve of the path of finger with
instantaneous velocity

when it return back to complete the cycle. The crank of CFB mechanism is replaced
with a slotted link of same dimension.

The length of the slot is kept constant as 80% of the length of the link. A slider is
made to slide on this slotted link whose movement is thus governed by the crank of
QR mechanism. Mathematically the angular velocity of crank of CFB can be related
easily with the angular velocity of the QR crank. After knowing variation of the
angular velocity of CFB crank, the velocity of the finger attached to it can be easily
calculated. The composite mechanism and resultant velocity of finger are shown in
Fig. 3a and b.

4 Results and Discussion

It can be observed by comparingFig. 3bwith Fig. 2b that the speed of the finger before
catching the seedling has been considerably reduced in the modified transplanting
mechanism.

Figure 4 shows the tip velocity with crank angle as input for CFB mechanism and
modified mechanism with QR input. It can be observed from the figure that using the
QR input, the transplanting speed during the downward movement is reduced appre-
ciably and it is increased during the return motion. This improvement will certainly
aid in reducing the seedling loss and increase the efficiency of the transplanter mech-
anism. In this context the appropriate size of the link lengths of QR mechanism
(crank and its axis with respect to the axis of the crank of CFB mechanism) must be
calculated in an optimum way. The optimum dimensions of the QR mechanism can
be synthesized using a trial and errormethod however that discussion is not described
here for brevity.
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Fig. 4 Tip velocity (finger
velocity) with respect to
crank rotation

A prototype of the above modified form of transplanting mechanism to obtain
smooth transmission of seedlings was fabricated to test the effectiveness of the theo-
retical study. It was then tested in laboratory and then in farm of BRSM CAET and
RS, IGKV, Mungeli CG (Fig. 5).

5 Conclusions

In this work it is proposed to include a quick return input link that may control the
speed of the crank of the transplanter thereby regulating the speed of the finger. The
crank of transplanter machine is slotted so as to contain the slider of quick return
input.

It is observed that using an additional link to regulate the speed has shown remark-
able control in speed of the finger. The speed of finger is considerably reduced during
the downward motion of transplanting operation while at the same time it return with
a high speed to the initial position. In this process a synthesis of the new links is also
approached by trial and error method. A relationship between the input crack speed
and finger speed has also been developed.

As a future scope the following points can be suggested. Optimum synthesis
using precision techniques may be undertaken to calculate the link parameters of
quick return input mechanism. An elaborate evaluation of the performance in real
field conditions with a sturdy/ rigid transplanter is also needed in future to validate
the results obtain in this work with respect to efficiency in handling the seedlings.
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(a) 

(b)

Fig. 5 a Prototype of modified transplanter, b testing in real field conditions
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Gear Meshing Visualization for Effective
Education Using MechAnalyzer Software

Nilabro Saha , Rajeevlochana G. Chittawadigi , and Subir Kumar Saha

Abstract Teaching and learning of Theory of Machines can be made more effective
with the usage of physical or virtual models of mechanical components. Physical
models require material, manufacturing, and assembly, etc., whereas virtual models
only require a software to visualize themodel.Animation of the samewill improve the
understanding further. Out of the many such visualization software, the second and
third authors have been involved with the development of MechAnalyzer software.
Many of the existing modules in the software have already been reported in the
literature elsewhere. In this paper, the new developments related to the drawing of
gear tooth profiles, the animationofmeshing and an interface to solve typical textbook
problems have been reported. In addition, implementation of gears with complicated
working principles, such as bevel gears, planetary gears, gear trains, etc. is also
reported. All these have easy to use interface which allows teachers and students to
vary their input parameters and observe the model and the animation of its working.

Keywords Gears · Animation · Education · Mechanisms · Bevel gears · Gear
tooth profile

1 Introduction

A comprehensive understanding of different mechanisms and linkages in a theory of
machines course is the foundation for advanced subjects. However, in a classroom
setting, it is difficult for teachers to convey a visual understanding of the motions
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of different mechanisms to the students. Such classroom teaching can be enhanced
by the use of computer simulations. Several such software have been reviewed and
compared withMechAnalyzer, a software developed by the second and third authors,
earlier versions of which have been reported in [1].

MechAnalyzer (hereon referred to asMA) is a 3Dmodel-based learning software,
developed as a Windows desktop application, with 5 modules: the Core Module
contains 16 pre-loaded mechanisms with variable input parameters, animation, and
kinematic analysis plots; the velocity and acceleration diagram (VAD), instantaneous
center (IC), and static force analysis (SFA)modules cater to kinematic analysis using
graphical methods; the Cam Module focuses on the cam-follower mechanism; the
Gear Profile Module is to learn about gear profile curves; and the Gear Meshing
Module allows the user to animate mating involute gears and solve basic textbook
problems in the software.

There exist commercial programs for simulation and analysis of gear trains, e.g.,
KISSsoft [6], GearTeq and GearTrax [5], and Gears App [4]. Other programs with
noteworthy teaching value include Gear Template Generator Program [3], Gear
Generator [2], and Planet Gear Simulator [8]. In MA, the newly added simple and
compound gear trains, the planetary gearset, the standard open differential gearset,
and the Gear Meshing Module show the novelty of MA more on the educational
value than in the research content.

2 The Simple and Compound Gear Trains

A parallel shaft gear train comprises meshing gears mounted on multiple parallel
shafts. Here in MA, helical gears have been implemented. A 0◦ helix angle cor-
responds to a spur gear. The GearMechanism interface is shown in Fig. 1i–iv. In
the simple gear train (loaded by default), the intermediate gears (idler gears) only
determine the distance through which motion is transmitted (observe by tweaking
the number of teeth), or change the direction of output motion. In MA, the two idler
gears ensure that the sense of output motion is always opposite to the input. The com-
pound train in MA has the two intermediate gears which are mounted on a single
shaft. Their effect is easily seen by varying their teeth count.

3 The Planetary Gearset

The planetary gearset in MA aims for an understanding of the planetary gear unit in
an automatic transmission system. It has four components: a sun gear, a ring gear, a
planet gear, and a planet carrier. The user can vary the number of teeth in the planets
and the sun. A particular velocity ratio may be obtained by designating one of the
components as input and one as output, while fixing a third. Four modes of operation
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Fig. 1 New gear trains and the new gear meshing module in MA

are possible: neutral, reduction drive, overdrive, and reverse drive. Figure1viii shows
the MA window with the planetary gearset loaded. The angular velocities of the
components about their own axes is governed by the Willis equation [7].
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4 The Standard or Open Differential

A differential gearbox lets the driving wheels rotate at different angular velocities
while delivering power to both. The ordinary automotive differential with straight
tooth bevel is presented in Fig. 1v–vii. The angular velocities of the left and right
side gears are given by ωl = −2λωc and ωr = 2(1 − λ)ωc, where ωc is the angular
velocity of the crown gear, and λ is the turn direction parameter which is available
as user input. λ = 0, 0.5, and 1 correspond to a sharp left turn, forward motion,
and a sharp right turn, respectively. The angular velocity of the spider gears is ωs =
(2λ − 1)ωc. The kinematic parameters of each component can be plotted in MA for
different input motion types, and these plots can also be exported in the required
format.

5 The Gear Meshing Module

The gear meshing module (reported earlier in [1]) is a tool to demonstrate the proper-
ties of involute gears. The data obtained from its three side-pane tabs and the plotting
section can be put to numerous uses. With the new feature additions in MA Version
6, a few ways to use this module have been highlighted here.

Being able to animate and to change the input parameters quickly makes it con-
venient to demonstrate how the features shown in Fig. 1i behave when one or more
inputs change. In Fig. 1ii, the point of contact is tracked through one engagement
period. It moves along the path of contact, as is expected. Interference can be demon-
strated in MA, as shown in Fig. 1iii. The methods to remedy it can also be demon-
strated thus:

– By increasing the pressure angle and noting the values in the Results tab, it can
be shown how this method relieves interference.

– Given themaximumallowable addendum in theResults tab, the suitable addendum
coefficient to prevent interference can be calculated. Reducing the addendum is
known as stubbing.

– Increasing the number of teeth can decrease interference. That the contact ratio
also increases is an added advantage and can be shown in this module.

6 Conclusion

Earlier papers in the literature have elucidated how MA has been designed with the
goal of aiding in a holistic study of theory ofmachines. In this paper,MA’s application
in learning about gears and gear trains—machine components that are ubiquitous in
this field—has been highlighted. The MA gear meshing module and the gear trains
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in MA core module have been designed to aid in an in-depth study of the subject.
It is hoped that a skilled teacher and an inquisitive student can draw far more value
from MechAnalyzer than has been described in this paper.

References

1. DikshithaaR, JainS, Swaminathan J,ChittawadigiRG,SahaSK (2018)MechAnalyzer: software
to teach kinematics concepts related to cams, gears, and instantaneous center. In: Mechanism
and machine science. Springer, pp 135–149

2. Gear generator. Available: https://geargenerator.com/
3. Gear template generator program. Available: https://woodgears.ca/gear/
4. Gears app by drivetrain hub. Available: https://drivetrainhub.com/gears/
5. Geartrax. Available: https://camnetics.com/geartrax/index.htm
6. Kisssoft. Available: https://www.kisssoft.com/en
7. Muller HW, Mannhardt WG, Glover JH (1982) Epicyclic drive trains: analysis, synthesis, and

applications. Wayne State University Press
8. Planet gear simulator. Available: http://www.thecatalystis.com/gears/

https://geargenerator.com/
 9309 13145 a 9309 13145 a
 
https://geargenerator.com/
https://woodgears.ca/gear/
 16259 14252 a 16259 14252 a
 
https://woodgears.ca/gear/
https://drivetrainhub.com/gears/
 14173 15359 a 14173 15359 a
 
https://drivetrainhub.com/gears/
https://camnetics.com/geartrax/index.htm
 7036 16466 a 7036 16466 a
 
https://camnetics.com/geartrax/index.htm
https://www.kisssoft.com/en
 6829 17573 a 6829 17573 a
 
https://www.kisssoft.com/en
http://www.thecatalystis.com/gears/
 11689 20894 a 11689
20894 a
 
http://www.thecatalystis.com/gears/


Role of Profile Parameters
on the Sensitivity of Cantilever Sensor:
A Numerical Analysis

Shivanku Chauhan and Mohd. Zahid Ansari

Abstract Presented work is an effort to find the effective way to improve the sensi-
tivity of the cantilever sensing devices utilizing different profile modification tech-
nique. The effect of size scaling, mass reduction holes (MRH), and stepping the
profile is observed on the sensitivity of the cantilever sensor. A rectangular profile
of the cantilever is used to analyze the three effects on the resonant frequency of the
cantilever. The numerical simulation is performed to ascertain the optimum number
of MRH and optimized position of them with respect to the maximum resonant
frequency of the cantilever. The analysis of size scaling,MRHsize effect, and stepped
profile effect shows that these techniques proved beneficial to enhance the sensitivity
of the cantilever sensor. The size scaling technique is found more effective than the
two other.

Keywords Cantilever · Sensitivity · Size scaling · Mass reduction holes

1 Introduction

Cantilever sensing devices has the plenty scope in the various field such as mass
sensing, detection of explosive, chemicals, myopathy, and other online monitoring
application [1–5]. The cantilever sensor can be operated in the static and dynamic
mode basically. For sensing, the static mode of operation employs its deflection
because of the differential surface stresses while the dynamic mode of operation
employs the change in its resonant frequency because of some external means.
Dynamic mode of operation of the cantilever sensor is extensively used in the online
monitoring [6–9]. The mass sensing can be done by a cantilever sensor by detecting
its resonant frequency shift with and without the mass applied on it. Many efforts
have been made to enhance the sensitivity and limit of detection of these cantilever
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sensors. Aboelkassem et al. [10] did the effort for sensitivity enhancement of a bio-
mass cantilever sensor by utilizing the higher mode of its vibration. An impedance-
based model of piezoelectric cantilever sensor connected with an impedance circuit
was proposed by Zhao et al. [11]. It is an effective way for the sensitivity enhance-
ment.Weigert et al. [12] showed the effect of dimensions of cantilever on its resonant
frequency which directly affects its sensing abilities. Canavese et al. [13] developed
a more sensitive design of a cantilever sensor by making a hole at its free end. This
model significantly improved the resonant frequencyof the cantilever compared to the
basemodel and hence provided the higher sensitivity. Zhao et al. [14] found the effect
of the shape of the cantilever and the mode of vibration on the accuracy of the fluid
property measurement. For the sensitivity improvement Gao et al. [15] suggested an
optimized profile cantilever sensor in which the profile of the cantilever was made
stepped. This is an effective method for the sensitivity enhancement without using
the cantilever sensor at higher mode of vibration.

Thus the cantilever design should have good deflection abilities (decreased
bending stiffness) with sufficient frequency characteristics and the geometric dimen-
sion reduction and configuration modification is a promising sensitivity improving
method. This presented work provides an effective mean to improve the sensitivity of
the cantilever sensor by different profile modification. Size scaling, mass reduction
holes and stepping method are analyzed to maximize the resonant frequency of the
cantilever which directly affects its sensitivity.

2 Numerical Modeling and Analysis

The numerical modeling and analysis in this work is done in two sections basi-
cally. The modeling is inspired from the fact that the hole at the free end of a
cantilever reduced the vibrating mass of the cantilever and in turns enhanced its
resonant frequency. The model analysis is performed in Ansys Workbench 18.1 and
all the cantilevers are discretized using solid 45 type of elements. As the cantilevers
profile is symmetric and straight, so the simple line meshing is done for all the
models. Also, the mesh convergence test is performed by successively refining the
mesh. This convergence test confirms the accuracy of the used numerical model. In
the first analysis a simple steel cantilever of dimensions 25 mm × 5 mm × 1 mm is
modeled and analyzed while in the second analysis a steel cantilever with the piezo-
electric patch is modeled with different dimension as given in the Fig. 2. Both the
steel and PZT-5H are considered linear isotropic in the modeling and the properties
of these material utilize in the modeling and analyses are given in the Table 1. The
material damping is ignored in all the cantilever models for the simplicity of the
analysis and it does not affect the intended purpose of the work presented.

The numerical modal analysis can provide the Eigen frequencies of the particular
structure corresponding to the different mode of vibration. In the presented work, the
resonant frequencies corresponding to the first six mode of the vibration are obtained
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Table 1 Material Properties Materials Density (kg/m3) Young’s
modulus (MPa)

Poisson’s ratio

Steel 7800 2 × 105 0.31

PZT-5H 7500 6.4 × 104 0.30

Fig. 1 Rectangular cantilever profiles with different number of MRH at different position

through the model analysis and the first mode of the vibration is used here for the
study.

2.1 Analysis-I

In thefirst analyses, 1–4mass reductionhole (MRH) are providedover the rectangular
profile of the cantilever during the modeling of the sensor and the numerical simula-
tion is performed to discover the optimum number of holes and optimized position
of the MRH with respect to the maximum resonant frequency of the cantilever. The
diameter of each MRH is kept 3 mm. Figure 1 shows the models of the cantilever
with different number of MRH over their profile.

2.2 Analysis-II

In the second phase of the numerical analyses, the steel-piezo cantilever is modeled
and simulated involving the piezo patch stacked over it. For the interfacing between
the PZT-5H patch and steel plate, perfectly bonded connection is provided at the
contact region of both the material. This study analyzes three different methods of
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Fig. 2 Steel-piezo rectangular (1–6) and stepped-rectangular (7–12) cantilever profiles with size
scaling and MRH

the resonant frequency increment of the model named as; (1) The size scaling effect
on the fundamental resonant frequency of the cantilever, (2) Steeping effect on the
fundamental resonant frequency of the cantilever, and (3) The MRH effect on the
fundamental resonant frequency of the cantilever. Total 12 profile of the cantilever
are modeled shown in Fig. 2.

3 Results and Discussion

The measurement sensitivity of a cantilever sensor generally improves on its funda-
mental resonant frequency increment. The higher resonant frequency of the cantilever
improves its signal to noise ratio which directly improves the sensitivity. So, it
is important to design a cantilever sensor with the higher resonant frequency and
without affecting its deflection abilities so much. This study is an effort to improve
the sensitivity of the cantilever sensor and the two finite element analyses are done
to get the higher sensitivity model of the cantilever sensor.

3.1 Analysis-I

The optimum number ofMRH holes and their optimized positions with respect to the
maximum resonant frequency of the rectangular cantilever are found in this analysis.
The result obtained from the model analysis for the different model of the cantilever
is shown in the Table 2.

It is clear from the Fig. 3 that the MRH near to the fixed end of the cantilever
results in the decrement in the resonant frequency because of the stiffness decrement.
Although, the hole also reduces the mass of the cantilever but the overall ratio of
the stiffness and mass decreases which in-turn decreased the resonant frequency of
the cantilever. This analysis suggests to provide the MRH near to the free end of the
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Table 2 Modal analysis
results for rectangular profile
cantilevers with different
MRHs on profile

Model Dimensions (L × B ×
T ) mm

Number of MRH and
position

f (Hz)

S1 25 × 5 × 1 1-Near far end 1405

S2 25 × 5 × 1 1-Near fixed end 1131

S3 25 × 5 × 1 2-Near far end 1416

S4 25 × 5 × 1 2-Near fixed end 1080

S5 25 × 5 × 1 3-Near far end 1330

S6 25 × 5 × 1 3-Near fixed end 1092

S7 25 × 5 × 1 4-Throughout span 1168

Fig. 3 Comparison of the resonant frequency of the different MRHs cantilever

cantilever because this design increase the overall ratio of stiffness to mass hence
enhanced the resonant frequency. Further, 2 MRH at the free end side are optimum
for the maximum resonant frequency in the present model and more increment in
the number of MRH decreases the resonant frequency.

3.2 Analysis-II

The results of analysis-1 show that the optimum position of MRH is at the free of the
cantilever. Considering this fact, further investigation is done about the effect of size
scaling, steeping and the MRH size on the fundamental resonant frequency of the
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Table 3 Modal analysis results for Steel-piezo cantilever sensor

Model Dimensions (L × B × T )
mm

MRH diameter (mm) Step dimension (L × T )
mm

f (Hz)

S1 24 × 5 × 1 – – 1691

S2 12 × 2.5 × 1 – – 6628

S3 24 × 5 × 1 ϕ3 – 1824

S4 12 × 2.5 × 1 ϕ1 – 6845

S5 24 × 5 × 1 ϕ1.5 – 1721

S6 12 × 2.5 × 1 ϕ0.5 – 6679

S7 24 × 5 × 1 – 12 × 0.5 1886

S8 12 × 2.5 × 1 – 6 × 0.5 7330

S9 24 × 5 × 1 ϕ3 12 × 0.5 2032

S10 12 × 2.5 × 1 ϕ1 6 × 0.5 7578

S11 24 × 5 × 1 ϕ1.5 12 × 0.5 1925

S12 12 × 2.5 × 1 ϕ0.5 6 × 0.5 7405

cantilever.Model analysis is done for the total 12profile of the cantilever involving the
three effects mentioned previously. The fundamental resonant frequencies obtained
for all the models of cantilever are shown in Table 3.

Size Scaling Effect
Cantilever model S1 and S7 are two models which are scale down to model S2 and
S8, respectively, by 0.5%. Scale down the cantilever size by half (scaling factor =
0.5) shows a huge increment in the resonant frequency of the model. For a simple
rectangular profile cantilever this scale down has increased the resonant frequency
by 292% approximately (S1–S2). Similarly the resonant frequency has increase by
289% approximately in case of stepped profile cantilever (S7–S8). Figure 4 shows
the size scaling effect on the resonant frequency of the cantilever.

Steeping Effect
The six different profiles of the cantilever S1, S2, S3, S4, S5, and S6 are made
stepped to S6, S7, S8, S9, S10, S11, and S12, respectively. This Steeping of the
cantilever profile also increased the resonant frequency of the cantilever models but
the increment is lesser compared to the scaling effect. This increment in the resonant
frequency of the models because of the steeping the profile is approximately 10–11%
for each model. Figure 5 shows the stepping effect on the resonant frequency of the
cantilever.
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Fig. 4 Size scaling effect on the fundamental resonant frequency of the steel-piezo cantilever

Fig. 5 Steeping effect on the fundamental resonant frequency of the steel-piezo cantilever
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Fig. 6 MRH effect on the fundamental resonant frequency of the steel-piezo cantilever

The increment in the resonant frequency is observed because of the steeping effect
is; S1 → S7 = 11.53%, S2 → S8 = 10.59%, S3 → S9 = 11.39%, S4 → S10 =
10.71%, S5 → S11 = 11.86%, S6 → S12 = 10.86%.

MRH Effect
The effect of MRH is already analyzed in the Analysis-I which suggested to provide
the MRH at free end of the cantilever. Here basically different MRH are modeled
at the free end of different profile of the cantilever. The resonant frequency is also
increasing when the MRH is provided near to the free end of the cantilever. The
increment on providing the MRH at the free end of the cantilevers is as; S1 → S5 =
1.8, S2 → S6 = 0.8, S7 → S11 = 2.1, S8 → S12 = 1.0%. Further, the increment
in the diameter of the MRH by two times again increases the resonant frequency of
the each model. This increment is as; S5 → S3 = 5.9, S6 → S4 = 2.4, S11 → S9
= 5.5, S12 → S10 = 2.3%. The increment in the resonant frequency because of the
MRH effect is as follows and is shown in Fig. 6.

4 Conclusion

The role of the profile parameters to decide the resonant frequency of the cantilever
sensor is studied in the work. The resonant frequency of the cantilever is directly
related to its sensitivity. Providing MRH near to the free end of the cantilever is
proved beneficial in respect to the resonant frequency increment and the 2-MRH at
the free end are found optimum in the presented model. Scaling down the cantilever
size by a factor of 0.5 increases the resonant frequency by 292% and 289% for the
steel-piezo rectangular and stepped-rectangular cantilever, respectively. Stepping the
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cantilever profile has not much affect the resonant frequency compared to the scaling
effect and the increment in the resonant frequency is only 10 to 11%. Increasing the
MRH size improves the resonant frequency of each model a bit more.

References

1. Zhao J, Zhang Y, Gao R, Liu S (2015) A new sensitivity improving approach for mass
sensors through integrated optimization of both cantilever surface profile and cross section.
SensActuators B Chem 206:343–350

2. Korayem AK, Taghizade M, Korayem MH (2018) Sensitivity analysis of surface topography
using the submerged non uniform piezoelectric micro cantilever in liquid by considering inter
atomic force interaction. J Mech Sci Technol 32(5):2201–2207

3. Park Y, Kim S, Park J (2018) Mass measurement method based on resonance frequency of the
capacitive thin membrane sensor. J Mech Sci Technol 32(7):3263–3271

4. Na Y, Lee H, Park J (2018) A study on piezoelectric energy harvester using kinetic energy of
ocean. J Mech Sci Technol 32(10):4747–4755

5. Johnson BN, Mutharasan R (2012) Biosensing using dynamic-mode cantilever sensors: a
review. Biosens Bioelectron 32(1):1–18

6. Chauhan S, Ansari MZ, Sahu S, Husain A (2021) sensitivity improvement of piezoelectric
mass sensing cantilevers through profile optimization. Adv Manuf Ind Eng 1007–1014

7. Gruszkiewicz MS, Rother G, Wesolowski DJ, Cole DR, Wallacher D (2012) Direct measure-
ments of pore fluid density by vibrating tube densimetry. Langmuir 28:5070–5078

8. Khan MF, Schmid S, Larsen PE, Davis ZJ, Yan W, Stenby EH, Boisen A (2013) Online
measurement of mass density and viscosity of pL fluid samples with suspended microchannel
resonator. Sens Actuat B Chem 185:456–461

9. Burg TP, Manalis SR (2003) Suspended microchannel resonators for biomolecular detection.
Appl Phys Lett 83:2698–2700

10. Aboelkassem Y, Nayfeh AH, Ghommem M (2010) Bio-mass sensor using an electrostatically
actuated microcantilever in a vacuum microchannel. Microsyst Technol 16(10):1749–1755

11. Zhao J, Liu S,HuangY,GaoR (2017)Anew impedance based sensitivitymodel of piezoelectric
resonant cantilever sensor.World congress on advances in structural engineering andmechanics
(ASME17). Korea

12. Weigert S, Dreier M, Hegner M (1996) Frequency shifts of cantilevers vibrating in various
media. Appl Phys Lett 69(19):2834–2836

13. Canavese G, Ricci A, Gazzadi GC, Ferrante I, Mura A, Marasso SL, Ricciardi C (2016)
Resonating behaviour of nanomachined holed microcantilevers. Sci Rep 5:17837

14. Zhao L, Hu Y, Wang T, Ding J, Liu X, Zhao Y, Jiang Z (2016) A MEMS resonant sensor
to measure fluid density and viscosity under flexural and torsional vibrating modes. Sensors
16(830):1–15

15. Gao R, Huang Y, Wen X, Zhao J, Liu S (2017) Method to further improve sensitivity for high
order vibration mode mass sensors with stepped cantilevers. Sensors 17(14):4405–4411



Position Control Using a Physics-Based
Model for Biomimetic Underwater
Propulsor Actuated by IPMC

Ankur Gupta , Satyendra K. Prajapati, and Sujoy Mukherjee

Abstract In this paper, an effort is made to provide a better position control model
using the physics-basedmodel for biomimetic underwater propulsor actuatedby ionic
polymer-metal composite (IPMC). The biomimetic underwater propulsor consid-
ering the body caudal fin-type locomotion is undertaken where the oscillating fin tail
of the original fish is replaced by a fin tail comprising an active IPMC beam. The
supported cantilevered IPMC beammodel is analyzed and the relations for displace-
ment and velocity are studied using physics-basedmodeling in a fluidic environment.
The robotic swimming velocity response due to the active IPMC tail fin deflection
under applied electric potential has been observed. Considering the Laplace trans-
form of the mathematical model, the transfer function relating the tail tip deflection
and input voltage has been generated and proportional, integral and derivative (PID)
closed-loop controller has been developed to control the deflection from IPMC in an
underwater environment. The controlled and efficient desired displacement response
of 1 mm through simulations was achieved. The PID gains are tuned using the
Ziegler–Nichols tuning method to make the output response quick and robust.

Keywords Position control · Physics-based model · PID control · IPMC ·
Underwater propulsor

1 Introduction

In the fast-growing field of biomimetic underwater swimming robots, the overview
of fish swimming [1] with a variety of morphological and structural features for
underwater propulsionwith efficiency andmaneuverability has been presented. After
many years of evolution, the aquatic animals mainly the fish are considered to be
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the best underwater swimmers [2] and based on biomimetics the aquatic robots
are developed and their kinematics and hydrodynamics have been studied. Many
underwater swimming robots have been developed using motors as actuators but
are heavier in size, noisy and need large power so, in recent years researchers are
working on small size underwater robots actuated by smart materials. Ionic polymer–
metal composite (IPMC) is the smart material that comes under the category of
flexible electroactive polymers (EAP) which shows actuation characteristics under
a low applied voltage and can be used as artificial muscle for underwater robotics
[3]. The working principle of IPMC is described as, when a voltage is applied to
the material there is the movement of water molecules with hydrated cations and the
associated electromechanical interaction causes the bending effect which is explored
as actuator and reported as IPMC-based underwater robotic fish by various groups
[4–6]. Most of the work [7–11] investigated the bending response of IPMC through
Euler Bernoulli beam modeling, fabrication of IPMC-based underwater robot for
generating complex flapping motion, molding IPMC actuator into boot material to
get complex deformation and the ability of IPMC to generate various locomotion
types for biomimetic robots but the fundamental physics of IPMCbending that covers
the movement of ions and also the investigation on free-swimming robot actuated
by IPMC based on physics model is missing.

The ionic polymer–metal composite as an actuator has been used by various
researchers for various applications like microgrippers, manipulators, propulsors,
etc. [12–15] and its control model also has been developed [16–18]. The control of
the IPMC-based underwater swimmer has been developed [19]. The position control
of IPMC-based underwater biomimetic propulsor has been developed using the Euler
Bernoulli beam theory dynamic equation [20]. But, the control of IPMC actuated
underwater biomimetic swimmer based on the physics-based model has very limited
literature. A dedicated model is desirable for an ideal design and control of the
biomimetic underwater robotic swimmer actuated by IPMC. A physics-based model
for biomimetic underwater robotic fish actuated by IPMC [21] acting as caudal fin
has been explored for actuation characteristics.

In this paper, we provide a better position control model using the physics-
based model for biomimetic underwater propulsor actuated by ionic polymer–metal
composite (IPMC). The biomimetic underwater propulsor considering the body
caudal fin-type locomotion is undertaken where the oscillating fin tail of the orig-
inal fish is replaced by a fin tail comprising of an active IPMC beam. The supported
cantilevered IPMCbeammodelwith actuation dynamics is analyzed and the relations
for displacement and velocity are studied using a physics-based model in a fluidic
environment. The robotic swimming velocity response due to the active IPMC tail
fin deflection under applied electric potential has been observed. Considering the
Laplace transform of the mathematical model, the transfer function relating the tail
tip deflection and input voltage has been generated and proportional, integral and
derivative (PID) closed-loop controller has been developed to control the deflec-
tion from IPMC in an underwater environment to get the controlled and efficient
output response through MATLAB Simulink tool. The PID gains are tuned using
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the Ziegler–Nichols tuning method to make the output response quick and robust. A
more detailed account of the approach follows.

2 Mathematical Model

The mathematical model for the biomimetic underwater swimmer actuated by IPMC
consists of two parts firstly, the slender body propulsion theory inwhich the swimmer
body is considered as a slender bodymeans the cross-section area of the body changes
with length. Secondly, the underwater robotic fish actuated by IPMC acting as the
caudal fin is modeled considering the physics behind the material actuation.

2.1 Slender Body Propulsion

Lighthill’s slender body propulsion theory [21] is considered for thrust as the robotic
structure considered to have an slender body and the relation is shown below:

T =
⎡
m

2

((
δw(x, t)

δt

)2

− V 2

(
δw(x, t)

δx

)2
)⎤

x = L

(1)

where x = L denotes the end of the tail. We are considering the mean value of thrust,
m denotes the virtual mass density at the tail tip.

m = 1

4
πW 2ρβ (2)

Here, W is the width of the tail at the end, ρ is the density of the fluid and β is a
non-dimensional parameter close to 1 [15].

F = CρV 2A

2
(3)

where A is the wetted surface area, C is the drag coefficient. The mean thrust calcu-
lated is balanced by the drag force at the steady-state, from which the cruising speed
V can be written as

V =

⎡
⎢⎢⎣

⎡IIII√ m
(

δw(x,t)
δt

)2

CρA + m
(

δw(x,t)
δx

)2

⎤
⎥⎥⎦

x=L

(4)
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2.2 Model of Robotic Fish Motion with IPMC Tail
as a Caudal Fin

Considering Fig. 1, which shows a bending deflection of an IPMC beam in a
cantilevered configuration under the application of applied electric potential. The
transfer function relating deflection w(x, s) and applied electric potential ϕ(s)
obtained by Laplace transformation is shown as a product of the bending moment
dynamicsM(x, s) and theviscoelastic dynamics of the IPMCbeam D(s) as presented
in [22]:

T F(x, s) = w(x, s)

ϕ(s)
= M(x, s).D(s) (5)

The bending moment M(x, s) is expressed as shown in [23]

M(x, s) = αWKk(γ − 1)

Eq I (γ s + K )

(
X(x, s)

1+ r2θ(s)

)
(6)

where α is the stress charge coupling constant, W is the width of IPMC, k is the
dielectric constant of the base polymer, I = 2Wh3

3 is an inertial moment and r2 is
electrode resistance per unit length.

Eq is the equivalent Young’s modulus of IPMC in the fluid [22] and expressed as

Eq = E(
1+ πρW

8ρIPMCh

) (7)

where ρIPMC is the density of IPMC, E is Young’s modulus of IPMC in air. K and γ

are constant terms expressed as

Fig. 1 IPMC beam as a
caudal tail fin in a
cantilevered configuration
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K = F2dC−

kRT

(
1− C−△v

)
and γ =

/
K

d
h (8)

where F is the Faraday’s constant, d denotes ionic diffusivity, C− denotes anion
concentration, R is the gas constant, T denotes absolute temperature and△v denotes
volumetric change.

The functions defined in the above equation can be defined as:

θ(s) = Wksγ (s + K )

h(sγ + K )
(9)

X(x, s) = 1+ (sinh(B(s)x) − B(s)x) tanh(B(s)L) − cosh(B(s)x)

B(s)2
(10)

B(s) =
/
r1

(
θ(s)

(1+ r2θ(s))
+ 2

Rp

)
(11)

where r1 denotes electrode resistance per unit length and Rp denotes polymer
resistance.

The relative low actuation bandwidth of IPMC cause viscoelastic dynamics and can
be expressed as:

D(s) = ω2
n

s2 + 2ξωn + ω2
n

(12)

where ωn denotes the natural frequency of IPMC in fluid and ξ denotes damping
ratio.

The natural frequency ωn in terms of beam dimensions and mechanical properties
can be expressed as [22]:

ωn = C2
1

L2

/
Eq I

2ρIPMCWh
(13)

where C1 denotes the constant associated with beam oscillation.

Now to couple viscoelastic dynamics to hydrodynamics, a transfer function is
generated relating the slope of the beam to the input electric potential.

TFc(x, s) =
δw(x,s)

δx

ϕ(s)
= Mc(x, s)D(s) (14)
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Mc(x, s) = ψsW Kk(γ − 1)

Eq I (γ s + K )

(cosh(B(s)x) − 1) tanh(B(s)L) − sinh(B(s)x)

B(s)(1+ r2θ(s))
(15)

The input electric potential ϕ(t) = Asin(ωt), the displacement and the slope of
the IPMC beam at the end can be expressed as:

w(L , t) = A|T F(L , jω)| sin(ωt + phase angle)

δw(L , t)

δx
= A|T Fc(L , jω)| sin(ωt + phase angle) (16)

The cruising speed can be rewritten with respect to deflection and slope under the
applied electric potential as

V =
/

mA2ω2|TF(L , jω)|2
2Cρ A +mA2|TFc(L , jω)|2 (17)

The various parameter values used for evaluating velocity of robotic swimmer,
tail tip deflection and solving transfer function is given in Table 1.

Table 1 Various parameter values for dynamic model [22]

Parameters Definition Value Unit

F Faraday’s constant 96,487 C/mol

R Gas constant 8.31431 J/mol·K2

T Absolute temperature 297 K

Rp Through-polymer resistance per unit 34 Ω/m

E Young’s modulus of IPMC 571 MPa

r1 Resistance per unit lenght in x direction 2219 Ω/m

r2 Resistance per unit length in y direction 8.2–3 Ω/m

d Ionic diffusivity 3.08 × 10–7 m2/s

C− Anion concentration 1091 mol/m3

κ Effective dielectric constant 1.48 × 10–6 F/m

α Coupling constant 0.05 J/C

C1 First mode oscillation constant 1.8751

ρ Water density 1000 kg/m3

ξ Damping ratio 0.225

ρIPMC IPMC density 1600 kg/m3

L IPMC tail length 33 mm

W Width of IPMC 14.7 mm

h height 175 μm
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3 Results

The numerical actuation model is explored through simulations for the first mode of
bending for the IPMC under the applied electric potential using parametric values
given inTable 1. The transfer function considering the displacement and input electric
potential has been used to plot the Bode plot as shown in Fig. 2, which suggests the
system cut-off frequency at around 3.8 Hz.

Figure 3, shows the swimming velocity of the underwater biomimetic robot actu-
ated by IPMC and suggests that the swimming speed is related to the actuation
frequency. Also, there is one optimal frequency at which the swimming speed attains
the highest speed which depends on the dimension of the IPMC strip.

Fig. 2 Bode plot for IPMC tail fin showing cut-off frequency

Fig. 3 Velocity versus time of the biomimetic robotic fish
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Fig. 4 Open-loop response of IPMC underwater actuation

3.1 Open-Loop Response

The transfer function relating IPMC bending and applied electric potential have been
used and the simulated open-loop response under the step electric potential applied
to the actuation model is shown in Fig. 3.

Figure 4, suggests that the system has a cut-off frequency of 3.8 Hz as suggested
in the Bode plot as shown in Fig. 2. Also, the natural frequency in water conditions
is identified to be ω1 = 23.8 rad/s.

3.2 Closed-Loop PID Control Response

The control of a system is necessary in order to get desired response from the system
for a particular application. The closed-loop control is used to get the desired response
with the error signal adjusting the input electric potential. The proportional, integral
and derivative (PID) control has been applied to the transfer function relating the
IPMC displacement and applied electric potential as shown in Fig. 5. As the name
suggests each term plays its role in controlling the output response like Proportional
term means the control response is proportional to the error signal so if an error is
large the control response is also large. The integral term integrates the past error
values to diminish the residual error and the derivative term anticipates the current
trend of error so as to give a better control effect to achieve the desired response [24].

Figure 6, suggests that the closed-loopmodel can achieve the desired displacement
of 1 mm after the observation made through an open-loop response.
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Fig. 5 Block diagram of closed-loop position control

Fig. 6 Closed-loop controlled response for desired 1 mm displacement

4 Conclusion

In this paper, physics-based modeling of the steady-state forward locomotion was
explored for an underwater robotic structure actuated by an ionic polymer-metal
composite. The model considers the physics behind the IPMC actuation dynamics
and also the hydrodynamics related to the active IPMC beam interacting with the
fluidic environment. The biomimetic underwater propulsor considering the body
caudal fin-type locomotion is undertaken where the oscillating fin tail of the original
fish is replaced by a fin tail comprising an active IPMCbeam. The cruising velocity of
the robotic swimmer and the open-loop deflection of the active IPMC beam has been
plottedwhich suggests the robotic forward locomotion and also the natural frequency
of IPMC beam in the fluidic environment has been identified as 23.8 rad/s. Consid-
ering the Laplace transform of the mathematical model, the transfer function relating
the deflection and input voltage has been generated and proportional, integral and
derivative (PID) closed-loop controller has been developed to control the deflec-
tion from IPMC in an underwater environment. The controlled and efficient desired
displacement response of 1 mm through simulations was achieved. The controlled
model has been provided to make the output response quick and robust. This work
will help researchers inmodeling a biomimetic underwater robotic swimmer actuated
by an IPMC beam as an active caudal fin tail.
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Effect of Interface on Elastic Properties
and Vibration Characteristics
of CNT-Reinforced Composites

Surendra Kumar, Saurabh Mishra, and Amit Kumar

Abstract Interface between embedded carbon nanotube (CNT) and its surrounding
matrix has an important role in predicting efficiency of CNT as reinforcement in
CNT-reinforced polymer nanocomposites (CNTRCs). This paper presents effect of
interface on the effective elastic properties and vibration characteristics of CNTRCs
using an analytical model and finite element method. The effective elastic properties
(elastic moduli and Poisson’s ratios) of the CNTRCs in the presence of an interface
are predicted using finite element modeling of a three-dimensional representative
volume element. Parametric studies are carried out to investigate the effects of elastic
properties and the thickness of the interface on the effective elastic properties of
these composites. Interphase is also characterized to have a varied modulus through
its thickness. Subsequently, the vibration frequencies of these composites having
different interface characteristics are predicted using an analytical (closed form)
model developed based on first order shear deformation theory of laminated plate
and also using a finite element modal analysis.

Keywords CNT · Nanocomposites ·Mechanical properties · Finite element
method · Vibration

1 Introduction

Carbon nanotubes (CNTs), because of their unprecedented mechanical properties,
have become favorable and extensively used nanofillers for polymer composites
for structural applications. Despite ample revelations in form of improvement in
the mechanical properties and many experimental and theoretical studies made to
characterize and quantify the functionality of the nanocomposites, there are several
limitations that are being investigated and need to be resolved.

The load transfer between matrix and CNTs is not only characterized by atomic
structure at nano scale but also rely upon the interfacial region, thus impacting the
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effective mechanical properties of nanocomposites. Han and Elliot [1] have shown
that interfacial effects cannot be ignored while predicting the effective properties of
CNTRCs having strong interfacial interactions, and thus the general macroscopic
rule of mixtures, which is mainly based on the CNT volume fraction, does not
satisfactorily predict composite modulus.Wan et al. [2] studied the effect of length of
SWCNTswith hard and soft interphase inside thematrix and reported that the critical
fiber length was reduced up to 46% by the existence of hard interphase, however
the effective moduli was insensitive to interphase. Hammerand et al. [3] performed
analysis of hollow fiber nanocomposites by assuming an interphase layer between
the fiber and the matrix. Simulation using finite element method (FEM) showed
that in presence of a hard interphase (having Young’s modulus ten times that of the
polymer) with 10% volume fractions of fiber and interphase each, effective axial
modulus had increased about 3.75%. In order to investigate the influence of interface
at nanoscale in CNT-Polyethylene (PE) nanocomposites, Li and Seidel [4] carried out
parametric studies based on molecular dynamics (MD) simulation and characterized
the non-functionalized interface in terms of length and numbers of polymer chains,
grip position, and temperature dependency. Rafiee et al. [5] studied influence of
the interphase resembling normal CNTs and functionalized CNTs nanocomposites
and reported that the functionalization had reduced the Young’s modulus of RVE in
nanoscale but also predicted that it could be improved in meso scale due to good
quality of dispersion resulting from cross-linked covalent bonds between the CNTs
and the polymer. Banerjee et al. [6] studied the role of interphase on mechanical
properties of SWCNT composites using FEM. They reported that the matrix/CNT
interphase can be characterized in terms of a weak boundary layer (WBL) and low
value of fracture stress at WBL is the main reason for real-time low value of elastic
moduli of CNT-reinforced composites.

Choi et al. [7] used MD-FEM linked multiscale model of SWNT-epoxy based
nanocomposites to evaluate mechanical properties and their dependence on CNT
size. During this study, a thin but highly concentrated deformation energy region was
found around the CNT, identified as the ductile/soft interfacial region, responsible
for inefficient load transfer and weakened interfacial properties. Results revealed
rise in interface stiffness with decrease in the diameter of CNT. Malagù et al. [8]
proposed a computational methodology on the basis of MD simulations and equiv-
alent continuum mechanics model to estimate size effects in non-functionalized
SWCNT polymer composites. MD simulations had revealed that solely interphase is
responsible for the mechanical response of nanocomposites. Maghsoudlou et al. [9]
conducted finite element analysis on the CNT-epoxy nanocomposites for different
cylindrical RVEs by incorporating curvature, interfacial interaction, and agglomera-
tion effects. By incorporating the interfacial effects, the discrepancy between numer-
ically and experimentally obtained moduli was only 8.4%, and later, accounting
the agglomeration with interphase, it was reduced to 6.8% at 0.1 wt% of SWCNT.
Amraei et al. [10] proposed a closed-form mathematical model to predict the trans-
verse isotropic elastic properties of interphase by assuming the interfacial elastic
properties varying radially. The developed three-phase micromechanical model was
found to be accurate in prediction of longitudinal elastic modulus for 4 vol% (8, 8)
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SWCNT/polycarbonate nanocomposite with only 0.5% deviation as compared to the
prediction of MD simulation.

Most studies in the literature onCNTRCshave concentratedon theirmaterial prop-
erties. So far as study of structural responses (vibration, etc.) of the actual structural
bodies made of CNTRC materials is concerned, different computational mechanics
approaches have been used to determine the vibration responses ofCNTRCstructures
and functionally graded CNTRC structures in the form of beams [11], plates [12–
16], and shells [17, 18]. However, to the best of authors’ knowledge, the influence
of interphase characteristics on the vibration responses of CNTRCs is not reported
in literature.

The present study is thus intended to analyze the effect of interfacial region on the
effective elastic properties as well as vibration characteristics of the CNTRCs using
an analytical model and finite element method. A continuummechanics based three-
dimensional finite element analysis is performed on a three-phase representative
volume element (RVE) comprising embedded CNT, interphase and the polymer
matrix. Parametric analyzes are carried out by changing the thickness and elastic
modulus of the interphase. Subsequently, vibration responses of the CNTRCs having
different interfacial characteristics are predicted using an analytical (closed form)
model developed based on first order shear deformation theory (FSDT) of laminated
plate. A finite element modal analysis of the CNTRC plate is also carried out for the
sake of comparison. The novelty of this paper is reflected in the study of the effect
of interface having a varied modulus (ranging from that of CNT to that of polymer)
through its thickness.

2 Elastic Properties of a Three-Phase CNTRC

The approach used to predict effective elastic properties of CNTRCs is based on a
so-called representative volume element (RVE) of square cross section. The RVE
based modeling reduces the complexity in nanoscale structures and computational
efforts. In three-phase composite model, it consists of three components: (a) carbon
nanotubes, (b) interfacial region, and (c) surrounding polymer matrix. In this work,
the non-functionalized SWCNT is converted into an equivalent solid fiber having
diameter same as the outer diameter of the SWCNT, and the interphase is converted
into either a single-layer or a multilayer concentric cylindrical shell surrounding
the SWCNT. The schematic of the three-phase composite model subjected to a
longitudinal strain is shown in Fig. 1.

Thematerial system taken is (10, 10) SWCNT havingmean diameter as 1.356 nm,
thickness (tCNT) as 0.34 nm and length (LCNT) as 10 nm embedded in polymethyl
methacrylate (PMMA) polymer matrix. Interphase of varied thickness from 0.5 tCNT
to 2.0 tCNT, i.e. from 0.17–0.68 nm is considered for parametric analyzes. Due to
its ambiguous structure, dimensional properties of interphase are still unclear, but
literature has suggested that the thickness of interphase particularly lies in this range.
Dimensions of the RVE are calculated based on the volume fractions of different
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Fig. 1 Schematic of a three-phase composite model subjected to a longitudinal strain

phases. The corresponding volume fractions of the three phases are calculated by
Eq. (1)

V nt = πR2
CNT

a2
, V int = π

(
R2
i − R2

CNT

)

a2
and Vm = 1− V nt − V int (1)

in which RCNT is the radius of the equivalent solid CNT, Ri the outer radius of the
interphase, and a the side length of the square RVE.

2.1 Finite Element Modeling

A three-dimensional finite element (FE) model of the three-phase RVE was gener-
ated in ANSYS software by discretizing the CAD model into high order structured
hexahedral elements optimally. In order to obtain five independent elastic constants
(elastic moduli and Poisson’s ratios) of the CNTRC, the FE model of the RVE is
subjected to certain loads and boundary conditions. These loading conditions are
categorized as uniaxial tension, lateral uniform tension, and shear loading, and are
depicted in Fig. 2.

(a) (b) (c)

Fig. 2 RVE loading conditions: a uniaxial tension, b lateral uniform tension, and c shear loading
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A symmetrical quarter FE model is considered for axial and lateral loadings
by taking advantages of symmetry, whereas shear loading is performed on a full
FE model. In case of uniaxial tension, the RVE is subjected to 1% longitudinal
strain as displacement boundary condition on one end and is restrained on the other
end. Uniform lateral loading and shear loading have similarly been implemented.
Appropriate symmetrical boundary conditions were applied on symmetric surfaces.

The average stress and strains corresponding to different boundary conditions are
computed at the middle section of the RVE model. Since the CNT is aligned and
continuous along the x-direction inside the polymer matrix, the resulting nanocom-
posite will have transversely isotropic elastic properties having strain–stress relations
given by Eq. (2) from which the five independent elastic constants can be evaluated.
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3 Vibration Analysis of the CNTRC

An analytical (closed-form) model based on FSDT of a laminated plate is developed
to predict free vibrational characteristics of a CNTRC rectangular plate embedded
with uniformly distributed, aligned, and straight CNTs (Fig. 3). The effect of inter-
phase is included in the model by assigning material properties obtained from the
three-phase RVE analysis to the CNTRC plate.

The equations of motion for the CNTRC plate can be found using Hamilton’s
principle as in Eq. (3).

Fig. 3 Configuration of a
CNTRC plate with
uniformly distributed CNTs
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In Eq. (3), Nx , Ny and Nxy are in-plane (membrane) stress resultants (membrane
forces per unit length); Mx , My and Mxy are moment resultants (moments per unit
length); and Qy and Qx are transverse shear stress resultants (shear forces per unit
length). These are defined by Eq. (4).
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In Eq. (3), (I1, I2, I3) =
h/2(

−h/2
ρ
(
1, z, z2

)
dz, ρ being the density of the CNTRC

plate. In Eq. (4), u0(x, y) and v0(x, y) are the mid-surface in-plane displacements,
andw0(x, y) is the mid-surface transverse displacement.ψx andψy are the rotations
of a line normal to the mid-surface. In Eq. (4), the reduced stiffnesses Ci j are given
as
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On expanding the equations of motion (Eq. (3)) using Eq. (4), we get Eq. (5) in which
t is the time.
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For the simply-supported CNTRC plate, the boundary conditions are given by

w0 = ∂ψx

∂x
= 0 at x = 0, a and w0 = ∂ψy

∂y
= 0 at y = 0, b (6)

The solutions to these governing equations are determined by using appropriate
Fourier series expansions for the loads, displacements, and rotations. Fourier series
expansions that satisfy the boundary conditions, are given by
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and the load function is represented by q(x, y, t) = ∑
m

∑

n
Qmn(t) sin mπx

a sin nπy
b .

Neglecting the rotary inertia, the governing equations (Eq. 5) can be simplified using
the fourier series expansions for each set of integers m and n into
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The elements of the symmetric matrix Hi j are
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Substitution of first and second equations of Eq. (8) into its last (third) equation
results in Eq. (10)

(H13KA + H23KB + H33)Wmn(t) = 12

h3
(
Qmn(t) + ρhω2

mnWmn(t)
)
, (10)
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in which KA = H12H23−H13H22

H11H22−H 2
12

and KB = H12H13−H11H23

H11H22−H 2
12

. For free vibrations, the
loading is zero. Thus, we have

ω2
mn =

h2(H13KA + H23KB + H33)

12ρ
. (11)

Square root of Eq. (11) gives the fundamental frequencies of the CNTRC plate.

4 Results and Discussion

To study the influence of the interphase on the elastic properties and the vibration
response of the CNTRC, the analyzes are performed for different interface thick-
nesses as well as different elastic moduli of the interphase categorized into soft and
stiff interphases. Soft interphase refers to the interphase having elastic modulus less
than that of the polymer, while a stiff interphase has elastic modulus higher than
that of the polymer. Interphase is also modeled to have a varied modulus through
its thickness, whose value ranges from a high value equal to the CNT modulus at
the CNT-interphase junction to a low value equal to the polymer modulus at the
interphase-polymer junction. Although any kind of variation can be considered, a
linear variation with respect to the interphase thickness is used here. The material
properties of the equivalent SWCNT and PMMAmatrix are taken as reported in [1],
and the interphase is assigned varied elastic properties. These properties are listed in
Table 1. In this work, the volume fraction of CNT (V nt) is kept constant at 12%.

4.1 Prediction of Elastic Properties

Finite element analysis is performed for the CNT/PMMA nanocomposite having
interfacial regions of different elastic and geometrical properties. Two types of inter-
phases (a) soft interphase (E int = 0.1Em) and (b) stiff interphase (E int = 10Em),
both having thicknesses as 0.17, 0.34, 0.51, and 0.68 nm, are taken.

Table 1 Material properties
of different phases of the RVE

Phase Young’s
modulus (GPa)

Poisson’s ratio Density (kg/m3)

CNT Ent
L = 600

(longitudinal),

Ent
T = 10

(transverse)

νnt = 0.175 1400

Matrix Em = 2.5 νm = 0.34 1150

Interphase E int =
0.1 Em , 10 Em

νint = 0.34 1150
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Table 2 Mesh sensitivity
analysis for the prediction of
elastic properties of the
CNTRC having hard
interphase (ti = 2 tCNT)

Mesh element size
(nm)

Number of
elements

Longitudinal
modulus (GPa)

0.25 3440 80.115

0.1 50,200 80.27

0.07 143,572 80.285

0.045 536,984 80.295

0.038 876,744 80.30

0.032 1,464,214 80.30

The analysis is conducted on a three-phase RVE discretized into high-order struc-
tured hexahedral elements optimally. As a first step, mesh sensitivity analysis is also
performed. For a typical case of the three-phase FE model having hard interphase
with thickness ti = 2tCNT, the convergence of results (in the form of effective longitu-
dinal modulus) with mesh refinement is depicted in Table 2. The comparative results
of different elastic moduli of CNT/PMMA with different moduli and thicknesses of
interphase are depicted in Table 3, along with the results predicted using two-phase
model without consideration of any interphase. It can be observed from the table
that the presence of interphase has significantly influenced the elastic properties of
the CNT/PMMA nanocomposite. Soft interphase region has weakening effect on the
elastic modulus and increase in its thickness causes decrease in the elastic modulus
of the composite; however, opposite trend is observed in case of the stiff interphase.
Moreover, the soft interphase has very small influence on the longitudinal elastic
modulus as compared to the stiff interphase. Effects of interphase thickness on the
longitudinal and transverse moduli of the nanocomposite are plotted in Figs. 4a and b
for the two types of interphase. Shown in this figure is also the longitudinal modulus
of the nanocomposite predicted using a three-phase rule of mixtures (ROM) as given
by Eq. (12). ROM prediction for longitudinal modulus is in consistent with the finite
element result.

Ex = V ntEnt + V intE int + VmEm (12)

Table 3 Effective material constants of CNTRC with and without interphase

Material
constants

Two-phase
model

Effect of interphase

Soft (E int = 0.25 GPa) Stiff (E int = 25 GPa)

(ti = 0.17 nm) (ti = 0.68 nm) (ti = 0.17 nm) (ti = 0.68 nm)

Ex (GPa) 74.2 74.1 73.6 75.4 80.3

Ey (GPa) 3.13 2.43 1.23 3.34 4.42

νxy 0.31 0.32 0.33 0.32 0.33

Gxy (GPa) 1.19 0.84 0.54 1.30 1.94
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Fig. 4 Effect of interphase on elastic moduli (longitudinal and transverse) of the CNTRC: a soft
interphase (E int = 0.25 GPa) and b stiff interphase (E int = 25GPa)

In case of the stiff interphase, the increase in effective longitudinal modulus has
improved from 1.6 to 8.2% with increase in thickness from 0.17 to 0.68 nm. A
significant rise is also observed for the effective transverse elastic modulus from
6.6 to 41% with increase in thickness. On the other hand, increasing the interphase
thickness from 0.17 to 0.68 nm in case of the soft interphase, a drastic decrease in
effective transverse elastic modulus takes place spanning from 22 to 61%.

The effective elastic properties of the CNTRC having interphase with varied
modulus through its thickness for different thicknesses of the interphase are depicted
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Table 4 Predicted elastic properties of CNT/PMMA composite having interphase with varied
modulus and comparison with MD simulation results [1]

Interphase thickness (nm) Material constants

Ex (GPa) Ey (GPa) νxy Gxy (GPa)

0.17 89.5 3.41 0.34 1.27

0.25 97.3 3.52 0.34 1.35

0.34 106.5 3.66 0.34 1.42

MD simulation [1] 94.6 2.9 – –

in Table 4. Table 4 also compares the predicted results with MD simulation results
reported in [1]. A comparison of MD simulation result with the result listed
in Table 3 depicts that the two-phase RVE model underestimates the longitudinal
modulus of the nanocomposite by about 22%, while incorporation of the interphase
(with varied modulus and having a thickness in the range of CNT thickness) has a
stiffening effect on the nanocomposite and results in a much lesser deviation from
the MD prediction.

4.2 Prediction of Fundamental Frequencies

Effect of interphase on the free vibration response of a CNT/PMMA nanocomposite
plate is investigated using the developed analytical model. A square plate of side a=
20mm and thickness h= 2mm and subjected to a simply-supported boundary condi-
tion is considered, and fundamental frequencies are predicted. The analytical results
for the two-phase RVEmodel (without consideration of the interphase) are validated
using results available in literature. For each case, a finite element modal analysis is
also done in ANSYS software, and the results are compared. The frequencies calcu-
lated are non-dimensionalized (ω) for the sake of comparison using the following

formula: ω = ω
(
a2

h

)/
ρm

Em . The dimensionless frequencies for the simply-supported

nanocomposite plate with and without interphase are summarized in Table 5.
The analytical results match with those reported in [12, 17] as well as those

calculated by finite element method, indicating that the proposed analytical model
can quickly provide closed-form solutions for vibration frequencies of CNTRCs.
Effects of interphases with two different moduli and various thicknesses on the first
six dimensionless frequencies of the CNTRC plate subjected to simply-supported
boundary condition are plotted in Fig. 5.

It can be deduced from the results that the interphase has also significant influ-
ence over the vibrational response of the CNTRC plate. Presence of stiff interphase
considerably enhances the frequencies of vibration and the increase in frequencies
is more prominent for higher modes of vibration. In contrast, soft interphase, partic-
ularly that with higher thickness of interfacial region, reduces the frequencies of
vibration of the CNTRC.
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Table 5 Effect of interphase on dimensionless frequencies of the simply-supported CNT/PMMA
nanocomposite plate

Interphase properties Mode Dimensionless frequency

Analytical FEM Wang et. al. [12] Aragh et. al. [17]

Two-phase model (1, 1) 12.68 12.50 12.27 12.26

(1, 2) 17.96 17.17 16.81 16.70

(2, 1) 32.06 32.13 29.44 29.42

Soft interphase (ti =
0.17 nm)

(1, 1) 11.95 11.89 – –

(1, 2) 16.45 16.18 – –

(2, 1) 29.35 29.69 – –

Soft interphase (ti =
0.68 nm)

(1, 1) 10.47 10.37 – –

(1, 2) 13.98 12.99 – –

(2, 1) 24.42 24.79 – –

Stiff interphase (ti =
0.17 nm)

(1, 1) 13.40 13.27 – –

(1, 2) 19.19 18.68 – –

(2, 1) 34.69 34.88 – –

Stiff interphase (ti =
0.68 nm)

(1, 1) 14.79 14.70 – –

(1, 2) 21.22 21.32 – –

(2, 1) 40.06 40.22 – –

The first six dimensionless frequencies of the CNTRC having interphase with
varied modulus through its thickness, and subjected to simply-supported boundary
condition are plotted in Fig. 6 for different thicknesses of the interphase. It can be
observed that the incorporation of the interphase (with varied modulus and having a
thickness in the range of CNT thickness) results in a considerable enhancement in
the frequencies of vibration of the CNTRC plate.

5 Concluding Remarks

This paper presents the influence of interphase (interfacial region between CNT
and polymer) on the effective elastic properties and vibration characteristics of a
CNT-reinforced PMMA polymer nanocomposite (CNTRC). Continuum mechanics
based finite element analysis is performed on a three-phase RVE for evaluating
effective elastic properties of theCNTRChaving an interphase.Vibration frequencies
of the three-phase CNTRC are calculated using an analytical (closed form) model
developed based on first order shear deformation theory for a laminated plate, and
the results obtained are also compared with those calculated using a finite element
modal analysis of the CNTRC plate. Parametric analyzes are carried out by changing
the thickness as well as elastic modulus of the interphase. The interphase is found
to significantly influence the elastic properties of the CNTRC. Stiff interphase has
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Fig. 5 Effect of interphase
on the dimensionless
frequencies of the CNTRC
plate: a soft interphase (E int

= 0.25 GPa) and b stiff
interphase (E int = 25 GPa)

strengthening effect on the effective elastic modulus of the CNTRC and increase
in its thickness causes increase in the elastic modulus; however, opposite trend is
observed in case of the soft interphase. The soft interphase has very small influence
on the longitudinal elastic modulus as compared to the stiff interphase. However,
both have significant influences on the transverse elastic modulus of the CNTRC.

The developed analytical (closed form) model was found to quickly and accu-
rately determine vibration frequencies of the CNTRC plates. It was found that the
interphase has significant influence over the vibrational response of the CNTRC as
well. Presence of stiff interphase considerably enhances the frequencies of vibration,
and the increase in frequencies is more pronounced for higher modes of vibration. In
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Fig. 6 Dimensionless
frequencies of the CNTRC
plate having interphase with
varied modulus through its
thickness, and subjected to a
simply-supported boundary
condition

contrast, soft interphase, particularly that with higher thickness, drastically reduces
the frequencies of vibration of the CNTRC.

A significant finding is observed by the incorporation of an interphase having
varied modulus through its thickness and having a thickness in the range of the CNT
thickness. This interphase is observed to have a stiffening effect on the nanocomposite
and resulted in a considerable increase in effective elastic properties of the CNTRC
when compared with those predicted using two-phase RVE model consisting of
only CNT and the matrix. Moreover, a significant decrease in deviation of the FEM
prediction for the effective elastic properties was found when compared with theMD
simulation result. This kind of interphase is also observed to appreciably enhance
the frequencies of vibration of the CNTRC plate.

References

1. Han Y, Elliott J (2007) Molecular dynamics simulations of the elastic properties of
polymer/carbon nanotube composites. Comput Mater Sci 39(2):315–323

2. Wan H, Delale F, Shen L (2005) Effect of CNT length and CNT-matrix interphase in carbon
nanotube (CNT) reinforced composites. Mech Res Commun 32(5):481–489

3. Hammerand DC, Seidel GD, Lagoudas DC (2007) Computational micromechanics of clus-
tering and interphase effects in carbon nanotube composites. Mech Adv Mater Struct
14(4):277–294

4. Li Y, Seidel GD (2014) Multiscale modeling of the effects of nanoscale load transfer on the
effective elastic properties of unfunctionalized carbon nanotube-polyethylene nanocomposites.
Model Simulation in Mater Sci Eng 22(2)

5. Rafiee R, Pourazizi R (2015) Influence of CNT functionalization on the interphase region
between CNT and polymer. Comput Mater Sci 96:573–578

6. Banerjee D, Nguyen T, Chuang TJ (2016) Mechanical properties of single-walled carbon
nanotube reinforced polymer composites with varied interphase’s modulus and thickness: a
finite element analysis study. Comput Mater Sci 114:209–218



Effect of Interface on Elastic Properties … 681

7. Choi J, Shin H, Cho M (2016) A multiscale mechanical model for the effective interphase of
SWNT/epoxy nanocomposite. Polymer 89:159–171

8. Malagù M, Goudarzi M, Lyulin A, Benvenuti E, Simone A (2017) Diameter-dependent elastic
properties of carbon nanotube-polymer composites: emergence of size effects from atomistic-
scale simulations. Compos B Eng 131:260–281

9. Maghsoudlou MA, Isfahani RB, Saber-Samandari S, Sadighi M (2019) Effect of inter-
phase, curvature and agglomeration of SWCNTs on mechanical properties of polymer-
based nanocomposites: experimental and numerical investigations. Compos Part B: Eng
175(12):107–119

10. Amraei J, Jam JE, Arab B, FirouzAbadi RD (2019) Modeling the interphase region in carbon
nanotube-reinforced polymer nanocomposites. Polym Compos 40(S2):E1219–E1234

11. Ke LL, Yang J, Kitipornchai S (2010) Nonlinear free vibration of functionally graded carbon
nanotube-reinforced composite beams. Compos Struct 92(3):676–683

12. Wang Z, Shen HS (2011) Nonlinear vibration of nanotube-reinforced composite plates in
thermal environment. Comput Mater Sci 50:2319–2330

13. Zhu P, Lei Z, Liew K (2012) Static and free vibration analyses of carbon nanotube-reinforced
composite plates using finite element method with first order shear deformation plate theory.
Compos Struct 94(4):1450–1460

14. HuangB,GuoY,Wang J,Du J,QianZ,MaT,YiL (2017)Bending and free vibration analyses of
antisymmetrically laminated carbon nanotube-reinforced functionally graded plates. J Compos
Mater 51:3111–3125

15. Ahmadi M, Ansari R, Rouhi H (2018) Free vibration analysis of carbon fiber-carbon nanotube
polymer matrix composite plates by a finite element-based multiscale modeling approach. J
Multiscale Model 9(2):1850(002)

16. Safaei B, Ahmed N, Fattahi A (2019) Free vibration analysis of polyethylene/CNT plates. Eur
Phys J Plus 134(271)

17. Aragh BS, Barati A, Hedayati H (2012) Eshelby-Mori-Tanaka approach for vibrational
behavior of continuously graded carbon nanotube-reinforced cylindrical panels. Compos B
Eng 43(4):1943–1954

18. Pouresmaeeli S, Fazelzadeh S (2016) Frequency analysis of doubly curved functionally graded
carbon nanotube-reinforced composite panels. Acta Mech 227:2765–2794



A Review on Recent Techniques
and Current Challenges in Identifying
Defects in Additively Manufactured
Metal Components

Vivek V. Bhandarkar and Puneet Tandon

Abstract Additive manufacturing (AM) or 3D printing is a process of successively
joining layers of materials to fabricate a replica of a 3D CAD model. Capability to
manufacture complex geometries and reduced material wastage are some of the key
advantages of the 3D printing process over conventional subtractive manufacturing
technologies. The technology is being evolved across most of the industrial sectors
like biomedical, aerospace, and construction. However, the process is not as much
extensively adopted as the traditional manufacturing techniques due to certain flaws
and defects that are associated with the parts being fabricated. The defects like
porosity, balling, cracking, and residual stresses in the partmay hinder the application
of a 3D printed part in a device or machine. The defective parts sometimes may lead
to the failure of the machine. Hence, it becomes very crucial to identify such defects
in real-time while the part is being fabricated and analyze the defect causing process
parameters so that they can be eliminated in the final part. A comprehensive review
of various types of defects in additively manufactured metal parts, possible defect
causing process parameters, and the recent techniques to identify those defects is
carried out in this study. In addition, the paper investigates several challenges being
faced by researchers in implementing the defect identifying techniques for various
3D printing processes.

Keywords Additive manufacturing · 3D printing · Defects · Defects identification
techniques

1 Introduction

Additive manufacturing (AM) creates physical objects from virtual 3D models by
depositing material in a layer-by-layer manner with the help of digitally controlled
tools. The layer-wise manufacturing approach can produce precise objects with
complex geometries that are impossible to produce by conventional manufacturing
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processes [1]. AM was first introduced in 1987 by the name Rapid Prototyping
(RP) with Stereo lithography (SL) technology for prototyping non-metallic objects.
SL involves the joining of thin layers of liquid polymers with the help of a laser
source. A generalized flow process of AM involves creating a desired 3D CAD
model, converting the CAD model into STL file format, G-code generation by
slicing the 3D object and communicating the codes from the computer to the 3D
printer [2]. American Society for Testing and Materials (ASTM) standard classifies
AM processes into seven broad categories: Binder Jetting, Material Extrusion, VAT
Photopolymerization, Material Jetting, sheet lamination, directed energy deposition
(DED), and powder bed fusion (PBF). These broad categories are further classified
into various sub-categories that can print a wide range of materials like polymers,
metals, ceramics, and composites [3]. The innovative applications of AM are persis-
tently being developed for the past couple of decades for the manufacturing of direct
parts in the major industrial sectors like aerospace, automotive, military, medical,
architectural, electronics, and various other areas. However, the sectors like automo-
tive, aerospace, and industrial machines use these processes mainly for fabricating
metallic products [4]. Binder Jetting, Sheet Lamination, PBF, and DED can produce
metallic parts along with other innovative materials parts [5]. Nowadays, most indus-
trial applications rely on the precision of mechanical properties and surface finish of
the additively manufactured products, but AM alone is not capable of printing parts
within the acceptable tolerances because of the occurrence of certain internal defects
while printing [6, 7]. In the case of Selective Laser Melting (SLM), a lot of internal
defects like balling, porosity, cracks, powder accumulation, powder vaporization,
and thermal stresses occur while the part is being printed. These defects eventually
influence the mechanical properties and quality of the final additively manufactured
products [8]. AlthoughAM technology is successfully adopted in almost every sector
as compared to the traditional manufacturing methods, defects and flaws hinder its
application in the functioning machinery. Therefore, certain techniques have been
widely evolved in recent years to identify the defects and flaws in the additively
manufactured components to improve their geometrical accuracy and mechanical
properties. These techniques detect a particular defect and obtain the information
related to the defect like its type, depth, contour, and size [9]. Low cost, real-time
detection, capable of detecting different defects, detecting defects in complex geome-
tries are some of the key prerequisites for advanced defects identification techniques
in AM [10]. Identification of defects in real-time in AM facilitates modification in
its parameters to eliminate the defects or stop the process to reduce material wastage
and time. Defects identifying techniques in AM are classified into two groups, i.e.,
traditional techniques which are non-destructive, and techniques based on machine
learning and deep learning [11].

The proposed study reviews the various categories of defects that occur in addi-
tively manufactured metallic components and encapsulates the techniques for iden-
tifying the associated defects. The study is divided into six modules: Section 1
provides brief introduction of the study. Section 2 summarizes the various kinds
of defects in metal AM. Section 3 illustrates traditional methods of defects identifi-
cation in AM. The defects identifying techniques in AM with the help of machine
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learning and deep learning technology are depicted in Sect. 4, while Sect. 5 discusses
different challenges for implementing the advanced defects identifying techniques.
At last, Sect. 6 discusses the conclusion.

2 Types of Defects in Metal Additive Manufacturing
(MAM)

A lot of research is carried out in metal additive manufacturing (MAM) over recent
years; however, it is still in the developing stage. Several process parameters can
be optimized for minimizing discontinuity in printing materials. Defects in AM
parts can take place due to non-optimized process parameters and these defects
leads to the failure of parts that hinder its application in various industries. Despite
many advantages of AM, the defects restrict the process in real-life usage due to
unacceptable accuracy and mechanical properties. This study reviews the widely
occurring defects in the case of MAM. The most common defects in the parts being
printed in case of MAM are porosity, balling, cracking, and residual stresses [12].

2.1 Porosity

In MAM techniques like powder bed fusion (PBF) and directed energy deposition
(DED), porosity occurs very frequently. Pores introduced due to a lack of powder
particles fusion and confined gases that affect the density and mechanical properties
of the fabricated parts [13]. Although there are some applications where controlled
porosity is maintained to achieve desired properties of the parts like for scaffolds
fabrication in biomedical applications [14], porosity is considered as a defect in
most industrial applications.Hence it becomes essential to develop certain techniques
to overcome porosity by reducing the pores. Günther et al. studied the defects on
titanium alloy Ti-6Al-4 V in two different methods of MAM: Electron beammelting
(EBM) and selective laser sintering (SLS) [15]. Figure 1 illustrates the scanning
electron microscopic (SEM) images of porosity defects in these twoMAMmethods.

Fig. 1 a-b Porosity defects in SLM process, c-d porosity defects in EBM process (reproduced with
permission from [15] Copyright Elsevier, 2017)
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Fig. 2 Optical images of balling phenomenon on alumina material in SLM with different hatch
spaces: a 0.15 mm; b 0.10 mm; c 0.05 mm (reproduced with permission from [17] Copyright
Elsevier, 2020)

2.2 Balling

Balling defects are nothing but the formation of melt metal balls in the case of MAM
which ariseswhen the solidification ofmoltenmetal takes place in the formof spheres
instead of the desired solidified layers. This defect is responsible for the improper
interconnection of the subsequent layers that eventually leads to the geometrical
inaccuracy, undesired surface roughness, and unacceptable mechanical properties of
the final part [16]. Qiu et al. conducted SLM on alumina and probed the various
defects including the balling defect that occurred during the process [17]. Figure 2
illustrates the optical images of balling occurrence in the AM parts.

2.3 Cracking

Cracks are commonly occurring defects in the parts manufactured by most of the
metalAMprocesses. These cracks are originated primarily due to the thermal stresses
and suppress the quality and mechanical properties of the parts [18]. Gao et al.
investigated the crack growth rates, surface microstructures, and fracture mecha-
nisms of TC4-DT alloy components produced by wire-arc additive manufacturing
[19]. Figure 3 shows the propagation of cracks in wire-arc additively manufactured
components on TC4-DT alloy once it originates on its grain boundaries.

2.4 Residual Stresses

The presence of residual stresses in a manufactured part is one of the critical condi-
tions in most of industrial sectors. In additive manufacturing processes, residual
stresses occur due to varying temperature fields and trapped thermal stresses in the
fabricated parts. When the confined stresses within the part are rescued suddenly,
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Fig. 3 SEM images of cracking phenomenon and its growth in TC4-DT alloy parts fabricated by
wire-arc additive manufacturing. (reproduced with permission from [19] Copyright Elsevier, 2021)

warpage and cracking occur on the part surface or inside the surface that directly
deforms the part geometry and affects the part quality [20].

3 Traditional Techniques of Defects Identification in AM

The traditional techniques of identifying or detecting defects in AM are non-
destructive in nature and the most used such techniques are ultrasonic defects
identification, penetration defects identification, defects identification using infrared
imaging, and with the help of eddy current.

3.1 Ultrasonic Defects Identification Technique

Ultrasonic waves are used in this technique for identifying the internal defects in the
metal parts with the help of a transmitting probe that releases the waves toward the
surface of the metallic component and then inside the component. Based on these
propagated waves, the probe gets back the signals reflected from different interfaces
of the component and identifies the defect by comparing the time difference between
these reflected signals. The defect characteristics like its size, position, and nature
are evaluated by analyzing the height and position of the reflected signals on the
display screen [21]. Millon et al. used a pulsed laser to emit ultrasonic waves on the
additively manufactured part surface for detecting cracks in the part [22].
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3.2 Penetration Defects Identification Technique

It is a non-destructive inspecting technique that uses a capillary concept for iden-
tifying the defects on the additively manufactured parts. Here, a penetrant is used
for applying fluorescent or colored agents to the part surface. The penetrant then
penetrates and settles into the defects on surfaces with the help of the capillary
phenomenon. Finally, the effect of the light source is used to identify the associ-
ated surface defects. Performance of penetrant, fluorescent agents and the associated
defects are the factors that decide the sensitivity of this technique. Glenn Research
Center of NASA utilizes this technique to investigate the parts of rocket engine that
are fabricated by SLM and EBM processes [23]. The limitation of this technique is
that it is not suitable for the porous parts manufactured by AM.

3.3 Defects Identification Using Infrared Imaging

This technique uses the intensity of thermal radiations of the additively manufac-
tured parts to identify the shape and contour of defects. The infrared images depict
defects by analyzing the difference of thermal radiations between the defects and
the neighboring materials. Thermal imaging cameras are generally used in this tech-
nique to inspect the temperature of the surfaces of additively manufactured parts
for analyzing the thermal behavior and identification of defects location. Schwerdt-
feger et al. identified the positions of defects based on the intensity of radiations
by conducting layer-wise infrared imaging in the electron beam selective melting
process and found that the defects possess higher radiation intensity [24].

3.4 Defects Identification Using Eddy Current

The principle of electromagnetic induction works in this non-destructive testing
technique to identify defects in additively manufactured conductive material parts
by analyzing the changes in induced eddy currents. The technique conveys acceptable
results for the defects like cracks and non-fusion pores. Du et al. investigated the eddy
current defects identifying technique on 3D printed parts of composites [25].

4 Machine Learning and Deep Learning-Based Defects
Identification Techniques

Of late, machine learning (ML) technology is used by most of the scholars for
identifying defects in 3D printed parts due to the numerous benefits it offers over
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traditional techniques. Some of such benefits include the technique being highly
automated and better detection rate and accuracy. These technologies use a neural
network consisting of numerous convolutional layers which are used to learn and
provide precise output features. Then the data is classified based on the extracted
output features through its powerful learning capability. ML and deep learning (DL)-
based techniques are carried out in two steps. The first step involves capturing and
collecting the images of AM parts and in the second step, defects are detected by
analyzing various features. The most widely used such techniques are discussed in
this section.

4.1 Defects Identification Using Convolutional Neural
Network (CNN)

CNN-based defect identification technique involves creating a complicated CNN
structure with different layers and then identifying image-based defects through
end-to-end training of the obtained image data features from various layers [26].
The biggest benefit of CNN for defects identification is that it can provide high
level abstract image data features by learning from large input data. However, the
computational complexity of CNN increases as the depth of the network increases.
Using a reasonable camera system, AM process images are captured as raw data in
this technique. Then the image data is subsequently utilized to train several CNN
architectures for defect classification, resulting in the development of an automated
process assessment and documentation system.Westphal and Sietz offer complicated
transfer learning (TL) techniques based onCNNfor automatically classifying powder
bed defects in the SLS process utilizing relatively little datasets [27].

4.2 Defects Identification Using Autoencoder Network
Method

A feedforward networkwith one ormore linked hidden layers is known as anAutoen-
coder neural network architecture. It employs a nonlinear mapping function to trans-
form the original data into learnt characteristics by encoding and decoding the fully
interconnected neurons. Encoding and decoding are the two steps involving in this
technique. In the first step, features are extracted from the input data by converting
them into encoded signals. Then in the second step (i.e., decoding step), reconstructed
signals are obtained from the extracted features by adjusting weight and offset with
a minimum or negligible error [28]. Defects in additively manufactured components
are then identified based on these reconstructed signals. The Autoencoder network
maps between the input space and feature space for reducing reconstruction error
from the extracted features and identifies the associated defect [29].
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4.3 Defects Identification Using Deep Residual Neural
Network

Residual neural network (ResNet) uses skip connections (also known as shortcut
connections) to link input from one layer to the next without modifying the input.
We deliberately allow stacked layers to fit a residual mapping rather than connecting
them to match a chosen underlying mapping. It is feasible to have a deeper network
and gain greater performance by skipping the connection. In this technique of
defects identification, the residual optimization phenomenon is used to increase the
number of network layers in a continuousmannerwhen network structure complexity
increases giving the convolutional layer output in residual unit with the same dimen-
sions as the input data [30]. This technique enhances the performance of classifi-
cation by lowering the convergence and preventing over-fitting and hence it can be
used for identifying defects in additively manufactured parts through part images
classification [31].

4.4 Defects Identification Using Recurrent Neural Network
(RNN)

A typical CNN framework uses convolution and pooling tasks to extract features
from input layers of test data. Whereas RNN framework extract input data layer
features by performing the recurrent operation and hence it eliminates the pooling
task. Hence, this technique can be applied for extracting essential features where the
input sample testing data is limited. This technique minimizes the loss of data in the
pooling operation. The limitation of this technique is that theRNNmodelmay exhibit
over-fitted behavior when the number of iterations during network training increases
[32]. In this technique, a dataset of additively manufactured components images is
generated which is then divided into training set and testing set. Depending on the
image features, the RNNmodel classifies the images with defects. For instance, void
defect exists on an image as black areas and the existence of more than expected
black color in the image shows a deviation and this deviation is marked by RNN
model as a defect.

5 Challenges for Implementing Advanced Defects
Identifying Techniques

Many research scholars have concluded that machine learning-based defects identi-
fication techniques are more suitable as compared to the traditional techniques in the
case of additivelymanufactured components due to their ability to adapt complex data
structures and conduct efficient feature extraction. Koeppe and Hernandez Padilla
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performed prediction of stress in lattice structures with the help of a trained ML
framework and found that the framework took only 0.47 s whereas finite element
method (FEM) simulation takes 5–10 h to complete the prediction [33]. However,
processing and training a large amount of AM data can be time-consuming, costly,
and challenging. The absence of accurate, accessible, and comprehensive datasets
on AM processes, products, and materials is a key challenge to the development of
implementing ML-based defects identification techniques in AM. While each build
of a part in AM process might create terabytes of data, there are no standard proce-
dures for dealing with high-volume, high-velocity information in real-time. Rich,
multidimensional, data-driven analysis is impossible without a consistent data struc-
ture and standard procedures for data integration and fusion. Furthermore, obtaining
optimal data through testing is difficult and costly. Even if data is accessible, its
low-quality renders it unsuitable for machine learning algorithms [34]. This makes
feature selection for machine learning systems more difficult.

It is essential and challenging to develop a standard of qualification for sharing
huge AM dataset required for ML model that will facilitate data sharing among AM
community with any available ML frameworks in the market like Pytorch, Tensor-
flow, and Caffe for encouraging collaboration among them [35]. Defects identifica-
tion in layer-wise manner using an optical or thermal camera is an expensive tech-
nique and can identify defects only on the surface of the AM part but the technique is
not suitable for identifying defects within the part. Expensive and time-consumingX-
ray methodologies like X-ray phase-contrast imaging (XPCI) and computed tomog-
raphy (CT) can identify internal defects but clubbing them with ML models for
real-time monitoring and defects detection in AM is a challenge [36].

6 Conclusion

AM is being used in many industrial sectors including aerospace and defense
where geometry complexity, customization and near-net-shape fabrication are the
key requirements. However, certain defects in additively manufactured components
like porosity, balling, cracking, and residual stresses limit the realization of the full
potential of 3Dprinted components as the defects directly affect themechanical prop-
erties and may lead to its failure in near future. Therefore, researchers around the
world have come up with advanced defect identification techniques in the AM sector.
The widely used techniques have been reviewed in this study. Besides, the study
also highlights some of the major challenges in implementing advanced machine
learning-based defect identification techniques. For applying deep learning tech-
nique to AM, enormous data related to AM parts like angles, size, shape, position,
and other relevant information is needed. Machine learning and deep learning-based
techniques for identifying defects have both benefits and limitations but designing a
ubiquitous deep learning or machine learning framework for identifying defects in
AM is a challenging job and therefore researchers must study on this area in near
future. Currently practiced defect identification techniques mainly detect the surface
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defects like scratches that are two dimensional. An inspection system with multiple
cameras can be incorporated for probing and identifying defects in all three dimen-
sions of additively manufactured components by improving their accuracy. More-
over, various advanced smart sensors and embedded systems can be interfaced with
machine learning techniques to help evolve online and real-time defects identification
techniques for AM.
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Design and Development
of Heterogeneous Porous
Scaffold—A Review

Anand Prakash Mall and Puneet Tandon

Abstract This paper presents a review of the strategies for the design and devel-
opment of heterogeneous porous scaffolds. Once the lattice structure (scaffold) is
designed with the help of computer-aided design (CAD) software, analysis is done
to investigate its compressive response with finite element analysis (FEA). The stiff-
ness of the scaffold is calculated and compared with that of a compact bone and
validated experimentally with the help of 3D printing of the scaffold. Heterogeneity
of both types, i.e. structural and material, helps mimic the structure of human bones
as human bones are porous, heterogeneous and anisotropic. Topology optimization
of lattice structure is performed to achieve a high surface area to volume ratio of
the scaffold so that cell proliferation and vascularization can be increased. Porosity,
pore interconnectivity and pore size are varied to achieve the desired properties in
the scaffold to match the stiffness of the scaffold with that of humane bone. Metallic
biomedicalmaterials that are investigated in the reportedworks include stainless steel
SS 316L (~210GPa), Co–29Cr–6Moalloy (~210GPa), Ti–6Al–4Valloy (~110GPa)
and Mg alloy (~45 GPa). All the above materials have stiffness greater than that of
the cancellous bone (0.02–2 GPa) and the cortical bone (3–30 GPa) which creates
a stress shielding effect after implantation in the bone. To avoid the stress shielding
problem, these materials are made porous to decrease the stiffness of the solid mate-
rial. Porosity is not only used for reducing the stress shielding effect but is also used
for cell proliferation and vascularization. The objective of this review is to reflect
on the heterogeneous porous scaffold design process detailing various phases like
material and structural heterogeneity. The current literature on the design of hetero-
geneous porous scaffold is mainly focused on discussing structural heterogeneity
and not much focused on material heterogeneity and there is very little work that
reports both structural and material heterogeneity. Thus, there is a clear lack of a
comprehensive view. This paper acts as a bridge among the main research outcomes
available in the literature related to the design optimization and modelling of the
heterogeneous porous scaffolds.
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1 Introduction

Biomedical materials are classified into two categories, e.g. implanted biomate-
rials and non-implanted materials. Implanted biomaterials are further classified as
synthetic biomaterials and biological biomaterials. Metals that are used in biomed-
ical engineering are broadly classified into four main categories, i.e. stainless steel,
Co-based alloys, Ti-based alloys and miscellaneous, i.e. NiTi, Mg, Ta, etc. Ti-alloy,
e.g. Ti–6Al–4V comes under the category of synthetic biomaterials. We are now
in the third generation of biomaterials, where biodegradation and tissue regenera-
tion are given importance, e.g. magnesium alloys and degradable polymers. In the
first generation of biomaterials, importance was given to biologically inert materials
which do not harm tissues, e.g. Co-alloys. In the second generation of biomaterials,
importance was given to surface erosion and tissue bonding, e.g. titanium alloys
and hydroxylapatite [1]. Tissues are mainly of two types, e.g. hard tissue and soft
tissue. Bones come under the category of hard tissue while muscle, ligament, tendon
and cartilages come under the category of soft tissue. The scaffold has a main role
in tissue engineering, which is a branch of biomedical engineering. A scaffold is a
three-dimensional (3D) lattice structure that is required for tissue repair when the
size of the tissue defect is above a certain limit and it cannot be repaired on its own
[2]. Tissue engineering has three important constituents, which are known as tissue
engineering triad, i.e. scaffolds, cells and signals. Orthopaedic is a branch of medical
science which deals with the study of bones. Human bones consist of two regions,
e.g. the inner core is called cancellous bone and the outer peripheral region is called
cortical bone. The compressive strength of the cortical bone is 130–290MPa,whereas
its tensile strength is 90–190 MPa. The compressive strength of cancellous bone is
02–38 MPa [3]. The segmental bone defect is a major problem in the orthopaedic.
In large-size bone defect, the bones are separated by a large gap. The main cause of
this type of defect is high energy impact and/or disease. The two separated bones
can be repaired by a bone plate if the gap is not large. A scaffold is required when
the gap between the two bones are not small. There are two types of scaffolds, e.g.
natural scaffold and synthetic scaffold. The natural scaffold can be further classified
as autograft and allograft. In the autograft, a graft of tissue is taken from one part of
the body of a person and put at another body point of the same person. In allograft,
a graft of tissue is taken from a donor and put on the recipient of the same species.
In autograft, the harvesting process has been associated with preoperative and post-
operative problems. Viral disease transmission and bacterial infection are the major
risks in the allograft. These restrictions limit the use of autograft and allograft in
orthopaedic. This is the reason for the use of synthetic scaffold nowadays.
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1.1 Introduction to Scaffold

Ascaffold is used to provide temporary initial structural support and it should degrade
during organ tissue regeneration [4]. Any porous structure cannot be considered as
a scaffold unless it is biodegradable. The rate of degradation of the scaffold should
match the rate of regeneration of tissue. The scaffold has a conflicting requirement of
porosity and mechanical strength. Mechanical strength of scaffold decreases when
porosity increases. Three things need to be considered in the biomimetic design for
load-bearing tissue scaffolds, i.e. biological requirement, mechanical requirement
and anatomical requirement. The scaffold should have the following desired prop-
erties which are (i) support and deliver cells, (ii) induce, differentiate and channel
tissue growth, (iii) target cell adhesion substrates, (iv) stimulate cellular responses,
(v) biocompatible and biodegradable, (vi) large surface/volume ratio, (vii) mechani-
cally strong and structurally stable, (viii) processable and malleable and (ix) steriliz-
able [5]. The traditional methods of scaffold preparations are (i) solvent casting and
particulate leaching (SC/PL), (ii) electrospinning (ES), which includes (a) solution
electrospinning and (b) melt electrospinning, (iii) emulsion freeze-drying, (iv) ther-
mally induced phase separation (TIPS), (v)meltmoulding and (vi) three-dimensional
printing (3DP). Ti–alloy, e.g. Ti–6Al–4V scaffold can be fabricated by three addi-
tive manufacturing methods, namely selecting laser melting (SLM), electron beam
melting (EBM) and laser engineering net shaping (LENS). EBM uses an electron
beamas an energy source,while SLMuses a laser beamas an energy source. EBMcan
only process conductive metals, while SLM can process metals, polymers, ceramics
and composites. As EBM has more diffuse energy, so it results in a larger heat
affected zone and minimum feature size larger than that of SLM. Scaffolds, which
are made by Ti–6Al–4V show very good biocompatibility, corrosion resistance and
low density. Ti–6Al–4V alloy of Ti is very popular in bioimplant but it has one
issue of short lifespan due to erosion of vanadium (V) and aluminium (Al) in the
body fluid. Maximum acceptable corrosion rate for bioimplant is 0.13 mm/year [6].
Release of aluminium (Al) up to a certain limit in the body fluid is not found to have
any carcinogenic effect on the body but release of vanadium (V) in the body fluid has
bad effect on human health. So it is required to have an alternative element in place of
vanadium (V) so that the properties of material will remain same or improve. Co-Cr
alloy is used as a bioimplant for its good wear resistance property. So cobalt (Co)
can be an alternative of vanadium (V). So Ti–6Al–2Co alloy can be an alternative
of Ti–6Al–4V alloy. Singh et al. [6], Abhash et al. [7] and Jain et al. [8] have done
good work on synthesis of Ti-alloy (Ti–6Al–2Co) by using space holder particle
in powder metallurgy technique. It is observed that Ti-foam at room and low temp
(200 °C) shows brittle behaviour and Ti-foam at higher temp (400–600 °C) shows
ductile behaviour [8].
Heterogeneity: Heterogeneity in a material can be defined based on the properties
that are different in all directions at any two points in thematerial, whereas anisotropy
in thematerial can be defined as properties that are different in different directions at a
point. Heterogeneity in scaffold or lattice structure can be of two types, e.g. structural
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Fig.1 a Human femur bone, b cross section of the bone, c cancellous and cortical (Reproduced
with permission from [10] Copyright Elsevier, 2016)

heterogeneity and material heterogeneity [9]. Human bones are heterogeneous, i.e.
cancellous bone is the inner core of the bone which is more porous than the cortical
bone which is the outer peripheral region of the bone (see Fig. 1).

Heterogeneous Porous Scaffold: Heterogeneous porous scaffold can best mimic the
properties of human bone. Structural heterogeneity can be produced by using honey-
comb geometry. Gupta and Tandon [11, 12] unfolded the development of a stand-
alone convolution surface-based modelling approach for complex heterogeneous
objects with the varied material distribution.

2 Design and Development

The major challenges in the design of the scaffolds include the selection of biocom-
patiblematerial, need formetallic scaffold, controlled porosity, compressive strength,
heterogeneous lattice structures, patient-specific implant designs and the complexity
of manufacturing and cost of manufacturing. Design parameters that are used in the
manufacturing of scaffold or lattice structure are (i) pore size, porosity and pore
interconnectivity, (ii) ratio of surface area to volume and (iii) mechanical strength.
The difference of stiffness of bone and implant gives rise to a new term known as
the stress shielding effect. Implant and bone act as a composite bar. The implant has
a higher stiffness due to which the load shared by the implant is higher than that of
the bone which causes stress shielding. Stress shielding means the load shared by
the bone after implantation is less than that of before implantation [13]. The cause
of aseptic loosening is stress shielding. Aseptic loosening causes micro-motion of
the implant which is not only painful to the patient but it can lead to failure of the
implant also. If a force is applied on the composite bar which consists of implant and
bone, and if we apply the equality of strain criteria in both the bars and Hooke’s law,
then the load which is shared by the implant and bone can be separately obtained by
using the following equation [14]:

Fi = AiEiF

AiEi + AbEb
Fb = AbEbF

AiEi + AbEb
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In the above equation, F is the force applied to the composite which consists of
bone and implant. E is the stiffness of the material and the cross-sectional area of
composite is denoted as A. Subscript i denotes the implant and b denotes the bone.
Then,

Fi

Fnormal
= AiEi

AiEi + AbEb

Mi

Mbending
= IiEi

IiEi + IbEb

In the literature survey, it can be found that porous biomaterials are mostly
homogeneous in terms of pore size, porosity, composition and mechanical property.
However, we can find some literature on porous biomaterials which are heteroge-
neous in terms of pore size and composition. These parameters, e.g. porosity, pore
size, composition and mechanical property can be graded or gradient to get the
heterogeneous porous scaffold. Graded means step-wise change, while the gradient
means continuous change [15, 16].

2.1 Stiffness Measurements for Scaffold

Scaffolds have reduced stiffness and density due to porous structure. Gibson and
Ashby have described it in the form:

E = E0

┌
ρ

ρ0

┓n

where E is the scaffold stiffness which is having a density ρ, whereas E0 and ρ0 are
stiffness and density of fully dense material, respectively. Ti-based alloy (Ti–6Al–
4V) has stiffness (E0) and density (ρ0) as 110 GPa and 4.43 g/cm3, respectively.
Co-based alloy (Co–29Cr–6Mo) has stiffness (E0) and density (ρ0) of 210 GPa and
8.44 g/cm3, respectively. The exponent n varies from ~ 1.8 to 2.2 for aluminium and
aluminium alloy scaffolds. The exponent n varies from ~ 2.0 to 2.3 for metals and
metal alloys, e.g. Ti-based alloy (Ti–6Al–4V), Cu and Co-based alloy (Co–29Cr–
6Mo). The value of exponent n has been assumed as 2. Systematic tapping of an
optimum specimen size results in resonant frequency or vibration which is used in
the measurement of dynamic stiffness in non-destructive testing according to the
expression:

E = ςmf 2r

where E is the stiffness of the scaffold, ς: scaffold shape factor, m: scaffold mass
and f r frequency of resonance.

The structural stiffness Es of the scaffolds is calculated using the linear elastic
response of the load–displacement relation according to the following equation:
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Es = FR.l0
A.△l

where FR is the applied load to compress the scaffolds, lo is the initial length of
the scaffold, Δl is the shortening of the scaffold and A is the bottom surface of the
scaffold.

Relative density of the lattice structure (scaffold): Relative density is defined as
the ratio of density of the lattice structure (ρ) to density of the solidmaterial (ρ0) with
which lattice structure is made. Relative density is very important parameter for the
lattice structure because it is the main parameter for controlling the mechanical prop-
erties of the lattice structure like elastic modulus, yield strength and Poisson’s ratio.
Relative density differs with different morphology of a unit cell and with different
cross sections of the strut like circular, square and triangular. Relative density calcu-
lated for a unit cell can be considered as the relative density of the lattice structure
since a unit cell is the smallest representative unit of the lattice structure. Method of
calculating relative density has been discussed for a particular morphology of a unit
cell with struts of circular cross section (see Fig. 2). Unit cell shape parameters are
length (a), breadth (b) and depth (d), whereas the radius and length of the strut of
the unit cell are r and L, respectively.

ρ

ρ0
= Density of the cellular structure

Density of the solid that encloses it

Cuboid Unit Cell

ρ

ρ0
=

(
π.r2

)
.

(√
a2+b2+d2

)
2 .8

a.b.d

Cubic Unit Cell

ρ

ρ0
=

(
π.4.

√
3
)
.
(r
l

)2

Porosity and Pore Interconnectivity: Pores can be of two types, i.e. closed pores and
open pores. Closed pores are not connected, while open pores are connected. In the
manufacturing of scaffold, pore interconnectivity is a very important parameter that
is responsible for cell proliferation and vascularization. Scaffolds are made porous
not only for reducing the stress shielding effect since porosity reduces stiffness but
also for biological requirements (see Fig. 3).
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(a) 

(b  (c) 

Fig.2 a Lattice structure, b cubic unit cell geometry (cubic with a = b = d = l), c cuboid unit cell
geometry (cuboid with a /= b /= d) (Reproduced with permission from [17] Copyright John Wiley
and Sons, 2012)

Fig.3 a Closed pores, open pores and pore interconnectivity [18], b three possible strut inclination
angles, blue 00, green 35.30, yellow 450 and red 900 (Reproduced with permission from [19]
Copyright Elsevier, 2016)
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Porosity =
(
1 − Vstrut

Vunit cell

)
=

(
1 − ρunit cell

ρsolid material

)

Porosity = (1 − Relative density)

Pore interconnectivity is defined as the ratio of open pore volume to total pore
volume. Open porosity is defined as the ratio of open pore volume to bulk volume,
while total porosity is defined as the ratio of total pore volume to bulk volume.

Pore interconnectivity = Open pore volume

(Open pore volume + Closed pore volume)

Open porosity = Open pore volume

Bulk volume

Total porosity = (Open pore volume + Closed pore volume )

Bulk volume

Thus, pore interconnectivity can also be defined as:

Pore interconnectivity = Open porosity

Total porosity

3 Discussions

Figure 4 shows the method of designing and analysis of scaffolds for tissue engi-
neering. Scaffold must be biodegradable otherwise it will be called an implant. A
combination of scaffolds, cells and signals is called a prosthesis. This is also known
as the tissue engineering triad. The rate of degradation of the scaffold should fit
the rate of regeneration of the tissue. The scaffold is a temporary three-dimensional
structure for initial support. The material of the scaffold should be such that it will
cause no harm to the human body after degradation and the degraded material should
either absorb in the body or excreted from the body. Vascularization of tissue means
developing a capillary network that is capable of delivering nutrients to the cells.
The surface area to volume ratio is an important parameter for the vascularization of
tissue in the scaffold. The materials of the struts of a scaffold are selected by genetic
algorithm in such a way that the curve of degradation of the scaffold should fit with
the desired curve of degradation which is determined by the tissue regeneration rate
in the scaffold.
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Fig.4 Current trends in the design of tissue engineering scaffolds (Reproduced with permission
from [20] Copyright Elsevier, 2014)

4 Concluding Remarks

A scaffold can be made of different unit cells and the position of unit cells in a
scaffold should be such that the scaffold stiffness value should come close to the
stiffness of the bone in the case of a bone scaffold. The selection of scaffold material
should be such that it should be biodegradable. A polymeric scaffold is a very good
choice. The selection of strut material in scaffold should be such that it should
degrade in such a way that the resultant stiffness of the degraded scaffold should be
the same as required at that point of time during tissue regeneration in the scaffold.
Manufacturing of scaffold by using different unit cells may cause the problem of
stress concentration which results in low fatigue strength. In the literature, it can
be found that graded or gradient porosity in a scaffold results in a reduction in
fatigue life but it is good from the biological point of view since a particular pore
size is responsible for particular tissue growth. There is an optimum pore size for
the growth of each tissue. The heterogeneous porous scaffold can help in growing
more than one type of tissue if required. Triply periodic minimal surfaces (TPMS)
is a mathematical tool for generating smooth surface. TPMS-derived scaffolds are
good in fatigue strength because of less stress concentration due to smooth surfaces.
Degradation rate of a scaffold can be controlled by controlling its porosity because
increase of porosity in the scaffold will increase its corrosion rate (degradation rate)
due to increase of more number of micro pores in the surfaces which increases the
scaffold effective surface area.
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Polypropylene Filaments
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Abstract Polypropylene (PP) is a widely used engineering plastic material that
has lightweight and excellent stiffness, but low load-carrying capacity. In order to
enhance the load-carrying capacity of pure PP, different types of metallic and non-
metallic particles can be added as reinforcement. In fact, mixing and uniform distri-
bution of reinforcing particles in a matrix polymer is a major challenge. Therefore,
effective control of fillers and matrix polymer mixing is essential to obtain a better
PP composite. In present work, the PP granules are cryogenically grounded into
PP powder and mixed with 4, 8, and 12 wt.% of alumina (Al2O3) micro-particles
using ball milling process. The single-screw extruder was used to manufacture PP
composite filaments of cylindrical cross-section. To examine the distribution of
Al2O3 particles on PP, the SEM analysis was conducted which shows that 8 wt.%
of Al2O3 got uniformly mixed with PP powders. In addition, tensile test results
confirmed that filament having8wt.%ofAl2O3 holds 34.3% improvement in ultimate
tensile strength and 5.8% improvement in break strain.
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1 Introduction

Polypropylene (PP) is a multipurpose-type thermoplastic polymer and having many
essential properties, namely low water absorption, good chemical resistance, higher
service temperature, and resistance against bending crack. Consequently, it is widely
used in applications like households, packaging of goods, appliances, water and cold
drink bottles, and automotive uses such as dome lights, kick panels, car battery cases,
and washing machine parts [1]. Engineering applications especially polymer gear
in power transmission require adequate load-carrying capacity and wear resistance
to increase the gear life [2]. To enhance load-carrying capacity and reduced wear
in pure PP, different types of metallic and non-metallic particles can be added as
reinforcement. These fillers improvemechanical, thermal, and tribological properties
of PP [3]. The fillers are either added inmolten or in solid state of thematrix polymer.
However, uniform mixing of these fillers in PP polymer is a challenge.

Extensive research is required to be conducted to uniformly distribute the rein-
forcing fillers, namely aluminum oxide (Al2O3), carbon fiber, graphite [4, 5] carbon
nanotube [2, 6], and nano-magnesium oxide [7] in PP matrix. The twin-screw extru-
sion process is vastly used to homogeneously add reinforcing fillers with powder
or granule of matrix polymer to get the composite filament. These filaments can
be used in fused deposition modeling (FDM) [8], and their granule form can be
used in injection molding machines [9]. In extrusion spheronization process, fila-
ment cross-section depends upon end shape and size of extruder nozzle. Preferably,
nozzle is made of cylindrical cross-section in which end diameter varies from 0.5
to 7 mm [10]. During this process, critical solid volume concentration has vital
role as it decides the ideal polymer filler mixture [11]. To date, mostly, twin-screw
extruders have been used to mix matrix polymer and filler and extrude the composite
filament, which ensure the uniform mixing of filler in the polymer was a vital chal-
lenge. In the present study, an effort has been made to uniformly mix the PP powder
and Al2O3 micro-particle to get composite powder. Further, composite powder was
used to manufacture the filament using single-screw extruder. In addition, the study
aimed to analyze tensile and morphological properties of PP-Al2O3 composite fila-
ment. Some insights into extrusion spheronization of composite filaments are also
discussed.

2 Experimental Methodology and Methods

2.1 Material

The polypropylene (Halen—P M108) with the solid density of 0.9 g/cc and MFI of
8 g/10 min (measured at 230 °C and 2.16 kg load) is acquired from Haldia petro-
chemical Ltd., India, to use as the matrix polymer [12]. The average diameter of the
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(a) (b)

(c) (d)

Fig. 1 a PP granule, b dry ice, c in-house grinding d PP powder

granules (Fig. 1a) was 3.5 mm. The Al2O3 was used as filler material with average
particle size of 44 µm.

2.2 Preparation of Powders

The PP pellets were grounded with the help of dry ice (Fig. 1b using a home grinding
machine (Fig. 1c), which converted PP pellets into a fine powder. In the first phase of
grinding, the size of the pellets was reduced by 400%. These small size granules were
further grounded with dry ice to get the finer powder. This powder was a mixture
of micro-particles of different sizes. Next, three-step sieving was carried out with
different sieves for maintaining the final size of the PP powder particle to 210 µm.
Fine and uniform size particles help in even mixing of matrix and reinforcement,
which may enhance the properties of the composite. Figure 1d shows grounded PP
powder.
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(a) (b)

Fig. 2 Shows rotary ball mill a machine, b steel balls

2.3 Mixing and Characterization of Powders

The mixing of powders plays a decisive role in the uniform distribution of the Al2O3

reinforcement particles on PP matrix powder that helps in enhancing the properties
of a composite. In the present work, rotary ball milling (Fig. 2a) was used to mix the
Al2O3 micro-particles and PP powder. TheAl2O3 wt.% of 0–12was chosen tomake a
balance among themechanical, thermal, and tribological properties of the composite.
These powders with different weight percentages were filled in a cylindrical rotary
jar made of steel. Powder mixing was done at 150 RPM with the help of spherical
steel balls having diameters between 5 and 10 mm as shown in Fig. 2b. The weight
of “balls to powder” ratio is a crucial factor in the mixing and grinding of powders
[13]. A 2:1 ratio was chosen to mix for three hours to achieve uniform mixing. The
morphological characterization was conducted to study the distribution of Al2O3 in
PP powder. Figure 3a, b, c, d shows SEM images of PP-Al2O3 composite powder
with various combinations. Figure 3a clearly shows flakes in pure Al2O3 structure.
Figure 3b shows non-uniform mixing of Al2O3. With increase in reinforcement
particle concentration, Al2O3 particles can be seenwell dispersed around PP particles
as shown in Fig. 3c, while Fig. 3d shows agglomeration and entrapment of Al2O3

due to cold welding. It can be concluded here that 8wt.% of Al2O3 composite powder
provides uniform mixing.

2.4 Extrusion of Filament

To manufacture virgin PP and PP-Al2O3 composite filament, an in-house developed
extrusion spheronizationmachinewas used. The powderwas fed intomachine hopper
which then passes through lead screw and nozzle to get desired shape. The lead screw
was surrounded by a barrel through which controlled heating was given to melt
polymer using four-band heaters. The temperatures of band heaters were controlled
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(c) (d)

(a) (b)

Fig. 3 SEM image of a Al2O3 powder, b 96 wt.% PP + 4 wt.% Al2O3, c 92 wt.% PP + 8 wt.%
Al2O3, d 88 wt.% PP + 12 wt.% Al2O3

by PID controller so that themolten polymerwhen reaches near the nozzle it becomes
semi-solid. The molten polymer moves ahead with the lead screw by 16 mm per
revolution and passes through the nozzle to get filament of cylindrical cross-section.
Figure 4a, b, c, d shows the extruded filaments with various combinations of PP and
reinforcement.

3 Testing and Characterization Methods

To analyze the mechanical and morphological properties of PP and PP-Al2O3

composite, different testing are performed.
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(a) (b)

(c) (d)

Fig. 4 Pictorial view of extruded filament a Virgin PP, b 96 wt.% PP + 4 wt.% Al2O3, c 92 wt.%
PP + 8 wt.% Al2O3, d 88 wt.% PP + 12 wt.% Al2O3

3.1 Tensile Testing

The tensile test was performed to analyze the effect of Al2O3 content on mechanical
properties, namely yield strength, ultimate strength, break strength, and respective
strains of manufactured filaments. For the same, 3-mm-diameter filament of 90 mm
length was taken as tensile test sample. The Tinus Olsen Universal testing machine
was used for testing. After fixing the tensile test specimen in the holding jaws,
diameter and length of the specimen and ram speed of 5 mm per minute were set in
the machine software. With the help of these parameters, stress and strain developed
in the specimen were determined.

3.2 SEM Analysis

To analyze the reinforcing Al2O3 particles distribution in PP matrix, SEM morpho-
logical test was conducted using FEI Quanta 200 machine. The fractured filament
obtained from tensile testing was taken as a sample for this study. This filament has
diameter of 3 mm and length of 5 m. The fractured surface was directly used in
the SEM study without any further modification, and the images were captured at
voltage of 2 kV and at magnification of 50 µm.

4 Results and Discussion

4.1 Tensile Testing

Figures 5a, b, c, d show stress–strain curve of different filaments. It was observed that
as long as Al2O3 was added from 0 to 8 wt.% in PP matrix, the ultimate tensile stress
of filament increased from 23.3 to 30.6 MPa (Fig. 6). However, addition of Al2O3

with 12 wt.% causes reduction in tensile strength to 24.4 MPa. Similar variation in
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yield stress was also observed and maximum yield stress of 30.5 MPa was recorded
at wt.% of Al2O3 loading. This may be due to the fact that the addition of Al2O3 up to
8 wt.% gets uniformly distributed in PPmatrix, which in turn resists the applied load.
The addition of Al2O3 more than 8 wt.% may be promoting agglomeration of Al2O3

particles (as seen in case of 12 wt.%) which increases brittleness of the composite
filament at specific locations and reduces tensile load-bearing capacity. Similarly,
maximum yield strain of 51.1% was found in the filament having 8 wt.% of Al2O3.

However, ultimate tensile strain continuously increased from51.1 to 54.3%by adding
0 to 12 wt.% Al2O3 with PP (Fig. 7). This may be caused by instantaneous slipping
of Al2O3 particle from PP lattice at yield point and thereafter again entrapment of
same Al2O3 particles in PP lattice that enhanced load-bearing capacity. It was also
observed that 8 wt.% of Al2O3 brings only 0.1 MPa difference in yield strength and
ultimate strength and 2.9% difference in yield strain and ultimate strain which is
considered to be better for tensile loading. It signified minimum strain hardening
zone. 8 wt.% Al2O3 showed maximum working strength below which loading could
be given without deformation. Hence, PP containing 8 wt.% of Al2O3 was found
to be the best composite filament to fabricate polymer granules as it shows 34.3%
improvement in ultimate tensile strength and 5.8% improvement in break strain.

Fig. 5 Showing stress versus strain graph of aVirgin PP, b 96 wt.% PP+ 4 wt.%Al2O3, c 92 wt.%
PP + 8 wt.% Al2O3, d 88 wt.% PP + 12 wt. % Al2O3
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Fig. 6 Showing the strength with respect to various wt.% of Al2O3
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Fig. 7 Showing the strain with respect to various wt.% of Al2O3

4.2 SEM Characterization

Figure 8a, b, c shows SEM micrograph of fractured surface of PP-Al2O3 composite
filament. From Fig. 8a, it can be observed that fractured surface of filament has
some voids which were shown by red circle. These locations indicate void spaces
created in place of Al2O3 particles in PP matrix during fracture. This may be due
to weak bonding between 96 PP and 4 wt.% Al2O3 particles. However, fractured
surface of filament containing 92 PP and 8 wt.% Al2O3 has flat surfaces without
voids (Fig. 8b). It may be caused by uniform mixing and fine bonding between
matrix and reinforcement particles. Furthermore, it was observed from Fig. 8c that
filament containing 88 PP and 12 wt. % Al2O3 has many voids, a direct consequence
of agglomeration of reinforcement particles that weakens the filament against tensile
loading.
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(a) (b)

(c)

Fig. 8 SEM image of extruded filament of a 96 wt.% PP+ 4 wt.% Al2O3, b 92 wt.% PP+ 8 wt.%
Al2O3, c 88 wt.% PP + 12 wt.% Al2O3

5 Conclusions

The present experimental work was undertaken with the objective of achieving
uniform distribution of reinforcement particles in PPmatrix for enhancement of load-
carrying capacity and service life of the product. Fabrication and characterization of
aluminum oxide-based polypropylene filaments have been conducted on in-house
available facilities. The following conclusions may be drawn from the present work:

● PP powder with 8 wt.% of Al2O3 powder provides uniform mixing of reinforce-
ment particles.

● Tensile strength of PP can be improved by adding reinforcement material, namely
Al2O3 particles in appropriate proportion.
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● Filament containing 92 of PP and 8 wt.% of Al2O3 was found to be the best
composite filament to fabricate polymer granules as it shows 34.3% improvement
in ultimate tensile strength and 5.8% improvement in break strain.
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Ballistic Impact Behavior of 3D Hybrid
Composite Laminates

Roopendra Kumar Pathak, Shivdayal Patel, and Vijay Kumar Gupta

Abstract This paper presents a numerical study of damages of hybrid basalt/Kevlar
polypropylene composites under high velocity impact. The numerical results are
carried out using the user-defined subroutine (VUMAT) to predict the residual
velocity of the different composite laminates (K3H3, H3K3, H3-16 and K3-16)
with different lay-ups of plies. The comparison has been done on 3D basalt/Kevlar
woven fiber hybridization and Kevlar/polypropylene laminates impacted with 9 mm
full metal jacket bullet. The energy absorbing capacity and ballistic limit velocity of
the composite panels have been evaluated at different velocities. The high velocity
impact with different circumstances is numerically simulated and reliability of the
model is verified. The results are compared with the literature results presenting
good agreements. As hybridization of basalt with Kevlar fibers, the ballistic limit
impacting with 9 mm FMJ is not enhanced if compared to pure Kevlar laminates, but
natural fibers over synthetic fibers have found better response due to less expensive
and better mechanical properties in the field of research.

Keywords Basalt fiber composites · Kevlar fiber composites · High velocity
impact · Finite element method

1 Introduction

Numerous studies have been done for finding the resistance against low, medium and
high velocity impact of composites in the field of engineering. High specific stiffness
and high specific strength are the key factors of composite structure in many applica-
tions. Ignatova et al. [1] found that the ballistic performance increased by coating of
polyvinyl acetate on the surface of composite laminate. Gilson et al. [2] studied about
kinetic energy of projectile after impact, displacement of laminas, failure phenomena
of fibers were influenced by projectile geometry and material. Wei et al. [3] reported
three-dimensional woven fiber ballistic performance was evaluated in the form of
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residual velocity, damage distribution area and energy absorption mechanisms. Liu
et al. [4] compared deformation and energy absorption of multi-phase of STF with
graphene oxide, carbon nanotubes and found that graphene oxide additives gave
better results. Patel et al. [5] determined the crashworthiness analysis for homo-
geneous and heterogeneous composites under axial and oblique impact. Pundhir
et al. [6] determined residual velocity of UHMWPE/alumina composite gave lower
residual velocity if projectile impacts on UHMWPE side plate. Chen and Yang [7]
investigated that yarn crimp affected the ballistic performance of multi-layer lami-
nate and energy absorption of layers increased of low crimp fabrics compared to high
crimp fabrics. Patel and Guedes Soares [8, 9] successfully reported the uncertainty
of material properties and initial velocity for composite laminate under low velocity
impact. Patel and Guedes Soares [9] compared the probabilistic design optimization
for body armors. Patel et al. [10] suggested that anti-symmetric cross-ply ismore reli-
able than symmetric cross, symmetric angle and anti-symmetric angle plies. Soutis
and Shi [11] investigated dynamic and static properties of carbon/basalt composite in
intercalated. 3D fibers composite had higher nonlinearity than the 2D fiber compos-
ites [12]. Symmetric lay-ups gave better ballistic limit than non-symmetric lay-ups
[13]. Chakrabarti and Ansari [14] studied the damage pattern in the composite
panel and projectile, failure in thickness direction, deflection, front and back surface
damaged area and effects of length, width and thickness of layers on ballistic limit
velocity. Behavior of damage phenomena and erosion of impactor analyzed under
high velocity impact for spherical projectile, FSP and FMJ projectile strike theKevlar
composite helmet with different impact velocities [15]. Rahman et al. [16] compared
the FE models for 7.62 mm armor piercing projectile for ballistic limit velocity of
different layered configuration. Ahmad and Bandaru [17] have been carried out the
results in the field of simulation with cohesive elements exhibit better delamination
progression in reduced integration and full integration hexahedra elements. Børvik
et al. [18] studied the penetration and perforation for granular materials. Ballistic
limit of E-glass/phenolic composite laminate if influenced by the thickness of lami-
nate [19]. Stress-based failure criterion [20] and energy-based criteria were used
to classify the damage initiation and propagation as intra and inter-laminar failure
(delamination). Punch shear and crushing of fibers are the modified damage modes
in composites [21]. Less work on ballistic was reported, and the recent study by
Bandaru et al. has been done the characterization of Kevlar/basalt fiber composite.

In this study, woven 3DBasalt/Kevlar/polypropylene composite panels have been
compared with different stacking sequences. The focus of this study is to observe the
damage phenomena at different time intervals of 3D basalt/Kevlar woven fibers. In
the present study, the strain-based Yen failure criteria are used to predict the failure
initiation and propagation failure behavior of the hybrid composites. Presently, 3D
fiber damage analysis of hybrid laminates with deformable impactor has been done.
There are limited study presented on measurement of ballistic velocity on natural
fibers. Basalt is an economically good replacement of synthetic fiber to improve the
ballistic performance.
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2 Numerical and Material Modeling

K3H3, H3K3, H3-16 and K3-16 were hybrid composite panels impacted with 9 mm
FMJ projectile. Individual ply dimension is of 300 × 300 × 2 mm. Ply was meshed
with SC8R (8-node quadrilateral) elements. There were 16 plies used in this model.
Finite element mesh of a 9 mm FMJ bullet (mass = 8.2 g) made of copper cover
with lead core [19]. Meshing for brass cover (shell thickness = 0.25 mm) and lead
core (diameter of core = 8.5 mm) were used S4R (0.001 m) and C3D8R (0.001 m),
respectively (Table 1).

2.1 Material Damage Constitutive Models for Composite
Laminate and Projectile

The response of basalt/Kevlar woven hybrid panels analyzed by user-defined subrou-
tine. Continuum damagemechanics approach was used to analyze the propagation of
damage by reducing the material stiffness and quadratic interaction between strains.
Fiber tension, fiber compression, punch shear, crushing, in-plane shear and delamina-
tion were themajor modes of failures. Yen [21] used the damage initiation criteria for
composite laminates. The copper jacket material is modeled by the Johnson–Cook
(J-C) model and lead was assumed as elastic with using Steinberg–Guinan [15].

Table 1 Nomenclature used for different plies and stacking sequences

K3H3 Eight 3D Kevlar laminas and eight 3D
hybrid laminas

K3D 3D woven Kevlar lamina

H3K3 Eight 3D hybrid laminas and eight 3D
Kevlar laminas

H3D 3D woven hybrid lamina

H3-16 16 hybrid laminas KPL 2D plane Kevlar

K3-16 16 Kevlar laminas BPL 2D plane basalt

B3D 3D woven basalt lamina HPL 2D hybrid lamina

Fig. 1 a Top view and b side view of numerical model
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Fig. 2 Response of
composite panel
[B3D/BPL2/H3D/HPL2/K3D/KPL]s
impacting with FMJ
projectile of Impact velocity
versus residual velocity

3 Numerical Results and Discussion

3.1 Validation

The impact velocity versus residual velocity plot is shown in Fig. 2. It can be seen that
the results of present study are in closematchwith Bandaru et al. [13]. Figure 2 shows
velocity versus time for [B3D/BPL2/H3D/HPL2/K3D/KPL]s stacking sequence
composite laminate.

3.2 Change in Residual Velocity and Energy Absorption

Finite element analysis was carried out for the K3H3, H3K3, H3-16 and K3-16
laminates subjected to the ballistic impact of 9 mm FMJ projectile. The panel and
projectile stored total internal energy. Another important observation was that H3K3
panel absorbed the 82.14% of the total internal energy at its ballistic limit velocity
while K3-16, K3H3 and H3-16 absorbed 78.75%, 75%, 71.33%, respectively of
the total internal energy at their ballistic limit velocity. During the ballistic impact,
composite laminate absorbed kinetic energy also from the bullet and spread to all
area resulting as failure of the laminate. It was observed among the four different
composite panels with deformable FMJ projectile, K3-16 absorbed the maximum
kinetic energy because of its high ballistic limit velocity. Impact velocity of the
impactor was varied from 250 to 520 m/s and the numerical simulation also carried
out in the same velocity range. Figure 3 shows velocity–time plots of FMJ impactor
with strike velocity 450 m/s, 360 m/s, 350 m/s and 250 m/s impacting K3-16, K3H3,
H3K3 and H3-16, respectively, the respective residual velocity approaches to zero.
The ballistic limit velocity of K3-16 obtained 450 m/s which is more than 20%,
22.22% and 44.44% of K3H3, H3K3 and H3-16, respectively. Ballistic limit velocity
of K3-16 among different laminate for FMJ projectile was found higher than other
panels.
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Fig. 3 Velocity versus time plots for a K3H3, b H3K3, c H3-16 and d K3-16

3.3 Failure Behavior of Laminate and Projectile

Four composite laminates with different arrangement of lamina have been impacted
by FMJ impactor to study the impact resistance. The numerical model predicted
perforation of laminate and residual velocity, when strike velocity reaches at the
ballistic limit velocity, the effect of impact becomes very sensitive to impact speed,
material defects and angle. Basalt laminate promotes natural fibers backing with
Kevlar fibers and shows good agreement of damage tolerance compared to other
laminates. Erosion of the materials started at the projectile front face and progressed
the laminas. Flattened and mushroomed shape of impactor after impact occurred
due to dissipation of kinetic energy. When projectile leaves the laminate contact, the
laminate continuous to deform.

Numerical simulation results of ballistic limit velocity ofK3H3,H3K3,H3-16 and
K3-16 were shown in Fig. 4. The projectile impacts the front surface of the laminate
and initiates Damage modes occurred in the form of matrix cracking, delamination,
fiber failure, fiber crushing and internal energy (IE) of whole model and bullet are
shown in Fig. 5 and Table 2 respectively. Extensive displacement of back side was
observeddue to delamination and stretchingoffibers.Delaminationwas a dominating
mode of back side deformation of fibers. In plane and out of plane compressive forces
were found in the formof inter-laminar stresses. Projectile travel distance after hitting
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Table 2 Ballistic impact performance for different four composite laminates

S. No. Type of
laminate

Impact
velocity
(m/s)

Residual
velocity
(m/s)

IE of whole
model (J)

IE of bullet
(J)

IE of panel
(J)

1 K3H3 340 0 280 60 220

350 0 285 64 221

360 0 300 75 225

370 95 315 82 233

380 110 325 88 237

2 H3K3 300 0 215 40 175

320 0 257 45 212

350 2 280 50 230

400 158 285 52 233

500 320 322 60 262

3 H3-16 250 0 157 45 112

260 104 128 22 106

290 175 128 24 104

300 194 118 20 98

350 257 129 22 107

4 K3-16 320 0 270 72 198

450 0 480 102 378

460 100 490 104 386

470 118 490 109 381

520 230 520 117 403

was approximatelymore for B3K3 panel compared to others. Front basalt fiber layers
absorb more energy due to more damages of the fibers. Characteristic length is the
ratio of the fracture energy (G) of the element to the specific energy (g) in failed
element [17, 21].

The thickness view of all panels subjected to ballistic limit velocity. The damage
modes like matrix failure at front face, tensile failure in yarns and delamination can
be seen. It is evident from figure that damage zone area along thickness direction
maximum for K3-16 at middle layers. Larger volume of fibers interaction increases
the contact time of projectile and laminate. It happens because of extra thickening of
laminate due to elongation of fibers and delamination. One important observation is
also found that the delamination increased with lowering the velocity. At the lower
range of ballistic limit, delamination observed more than above the ballistic limit.
A considerable amount of impact energy also consumed in the form of projectile
deformation with changing the impact velocity (Table 3).
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Fig. 4 Impact velocity versus residual velocity for different panel

(a) Front face shear damage of K3H3 composite

(b) Back face shear damage of K3H3 composite

(c) Front face shear damage of H3K3 composite

(d) Back face shear damage of H3K3 composite

Fig. 5 Front and back face shear damage of K3H3 and H3K3 composite laminates
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Table 3 Shear failure mechanisms of different laminates for FMJ impactor

Laminate t = 7.5e–5 s t = 1.5e–4 s t = 5e–4 s

K3H3 (v
=
360 m/s)

H3K3 (v
=
350 m/s)

H3-16 (v
=
250 m/s)

K3-16 (v
=
450 m/s)

4 Conclusions

Ballistic impact behavior has been compared for different four (K3-16, K3H3,H3K3,
H3-16) arrangement of the composite laminates. Basalt has good toughness prop-
erty, the effect of higher toughness at the interfaces of layers gives more resistance
and the efficient response to ballistic impact. The K3-16 finds suitable combination
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of dynamic and static properties but the highest fraction of expensive Kevlar rein-
forcement while basalt promotes the natural fibers with approximately same impact
resistance. Numerical simulations extracted the results in the form of energy absorp-
tion, damage area and ballistic limit for K3H3, H3K3, H3-16 and K3-16 composite
panels. It can be seen that ballistic limit increases with increasing the Kevlar layers.
Strain rate effect of H3-16 composite panel easily penetrated due to less resistive
forces at the interfaces while higher resistive forces observed at the interfaces of K3-
16 composite panel. For hybrid layers with Kevlar layers combination (K3H3 and
H3K3) with 9 mm FMJ impactor have not been much affected in the form of ballistic
limit. Interaction of projectile with layers of composite panel can be understood. The
behavior of damage pattern has been studied for hybrid Kevlar/basalt composites. It
has been concluded that ballistic performance of Kevlar and basalt woven form in a
single lamina (H3) is not better than pure Kevlar lamina (K3-16) while hybrid form
of these laminas have been given a good agreement for replacing the synthetic fibers
from natural fibers.
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Numerical Analysis on Hexagonal
Honeycomb Sandwich Structure Under
Air-Blast Loading

Murlidhar Patel and Shivdayal Patel

Abstract Sandwich constructions with a honeycomb core have recently become
popular for high strength and dynamic load. The purpose of this study is to look
at the shock wave resistance performance of two distinct types of honeycomb core
sandwich structures in terms of face plate deflection and energy absorption when
subjected to a blast load. This study employed square and hexagonal honeycomb
core structures to determine the minimal face deflection under blast conditions. The
honeycomb sandwich panel is composed of steel that is very ductile. In the sand-
wich construction, both the front and rear plates are solid, and the core structure is
of the shell type. To administer the air-blast loads of 1, 2, and 3 kg TNT, a 10-cm
stand-off distance is used from the front face. The dynamic response of the sand-
wich constructions is determined using the ABAQUS/explicit finite element method
(FEM).For both square honeycombandhexagonal honeycombcore sandwichpanels,
the front and rear face plate deflections were measured. Under comparable blast
loading circumstances, the front and rear plates of the hexagonal sandwich panel
showed less deformation than the square honeycomb core sandwich panel.

Keywords Blast · Deflection · Hexagonal honeycomb · Sandwich

1 Introduction

The sandwich structure can be used as a protective cover against the high-intensity
shockwaves to provide the targetwith safety and reliability. The high-pressure energy
dissipated from the blast causes the inelastic deformation and the shear deformation
of the plate and core, respectively. In recent times, landmines and bomb blasts have
been used by terrorists to harm human lives, public properties, and army vehicles.
Hence, the safety and reliability analysis of the structural health condition shows
that the sandwich panel design is necessary to achieve the target protection level
of the structures. Some research work is also going on the sandwich structures to
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improve the blast-resistance characteristics. Zhu and Lu [1] provided a brief review
of the dynamic blast load and the failure behavior of sandwich structures. They
concluded that, due to the blast wave, the sandwich structure was subjected to high
elastic deformation, transverse, and shear tearing failure nearer to the supports. The
researchers used ABAQUS and LSDYNA software for finite element (FE) modeling
and finite element analysis (FEA) of the sandwich structures [1–4]. Dharmasena et al.
[2] studied the blast load experiment on the metallic sandwich structure incorporated
with a square honeycomb core. They analyzed the deformation of the face plates
under the blasting of 1–3 kg TNT. They reported that the metallic sandwich structure
has more blast resistance than a solid plate of the same mass. Patel and Patel [3]
numerically analyzed the blast behavior of honeycomb steel sandwich panels. They
noted that the use of different types of honeycombcoreswith varying thickness affects
the blast resistance properties of the sandwich structures. Rathbun et al. [4], Fleck
and Deshpande [5] also presented the dynamic behavior of the metallic honeycomb
sandwich structures under the air-blast andwater-blast load. They observed that sand-
wich structures subjected to water blasts have very good blast resistance properties.
Nahshon et al. [6], Murugesan and Jung [7], Turkmen and Mecitoglu [8] compared
the dynamic response under explosive load with and without a stiffened composite
plate. They also determined the Johnson–Cook as well as strain hardening parame-
ters to analyze the plastic behavior of AISI-1045 sandwich panel. Dear et al. [9] and
Kelly et al. [10] reported the dynamic response of the composite sandwich structures
under the shock waves. The sandwich panel with different polymeric foam cores
and the face sheet which is subjected to air as well as underwater blasts is studied.
They used 100 kg of TNT and a stand-off distance of 15 m, and concluded that
the styrene acrylonitrile foam as a core has a minimum deflection. Wang et al. [11]
investigated the ballistic performance of different honeycombs in out-of-plane. They
used triangular, hexagonal, square, reentrant, and circular honeycomb panels with
identical mass and thickness. They noted that the square, reentrant, and triangular
honeycombs absorb less kinetic energy as compared to hexagonal honeycomb.

Now, the whole blast phenomenon is classified into three phases. In the first
phase, the incident of the blast wave on the front surface provides momentum. In
the second phase, the blast wave moves downward, and at the same time, the core
resists the motion of the front plate. During this phase, the core cruses and also
minimizes energy. In the third phase, if the blast wave has high intensity, then the
back plate will also bend due to the high impulse generated. Now, the basic aim of
this paper is to mitigate the high intensity of the blast load with a sandwich panel
made up of high-ductility stainless steel alloy. The front as well as back faces and
cores (square/hexagonal) structure of the sandwich panel is modeled by the solid
element and the shell element, respectively, using FEA to study the plastic behavior
of the sandwich panel.

In this analysis, the blast source of three different masses of 1, 2, and 3 kg of TNT
is placed at a stand-off distance of 10 cm from the center of the front face of the
sandwich structure. This study was performed by using ConWep in-built blast load
simulation in ABAQUS/explicit. The focus of this study is to minimize the deflection
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Fig. 1 Variation of pressure
during blast

tA       tA+tD

PE

PP

of both the front and bottom face plates by considering the different core structures
(square and hexagonal) of the sandwich subjected to the blast load.

2 Numerical Modeling

2.1 Air-Blast Shock Wave

The high intensity of the shock wave generated by the bomb blast in the air
compressed the atmospheric air molecules due to the high pressure and the high
temperature in the surroundings, which may have caused damage to structures. This
characteristic of the air blast can be understood by Fig. 1. In this figure, PE is the
environmental pressure, and PP is the peak generated during the blast. Suddenly,
increase in the pressure from PE to PP after the arrival time tA, and then, this pres-
sure decays to the environmental pressure for tD duration. After that, this positive
pressure further decays to a negative pressure. The modification of the Friedlander
equation for the response of the pressure with respect to time is represented by

P(t) = (PP − PE)

[
1− t − tA

tD

]
e−

(t−tA)
λ

Here, λ is time decay constant.

2.2 Finite Element Modeling of Sandwich Structures

Dharmasena et al. [2] have investigated the air-blast resistance of a high-ductility
steel square honeycomb sandwich panel. An air-blast load is applied at the center
point of a sandwich structure having a 6% relative density. The dimensions of the
sandwich panel are 610 mm× 610 mmwith the thickness of the face plates and core
height being 5 mm and 51 mm, respectively. The wall thickness is 0.76 mm. These
dimensions were also shown in Fig. 2. The charges of 1–3 kg TNT explosives are
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Fig. 2 Dimensions of the sandwich structure parts [2]

used for a 100 mm constant stand-off distance to perform the air-blast experiment.
In the present study, to simulate the Dharmasena et al. [2] experimental results of
front face plate deflections at 1, 2, and 3 kg TNT, a numerical analysis has been done
using ABAQUS/explicit finite element calculations. All dimensions of the modeled
square honeycomb sandwich structure are the same as those of Dharmasena et al. [2]
fabricated sandwich panels. Because of the symmetry of the structure with respect
to both the X–Z and Z–Y planes, only, a quarter part of the sandwich panel needs
to be modeled to avoid complexity in numerical analysis. Through the X–Z and Y–Z
planes, a fixed boundary condition is applied. The other two faces in the direction
of the thickness of the sandwich panel are defined with the X-SYMM and Y-SYMM
boundary conditions individually.

The numerical predicted results at 1, 2, and 3 kgTNTblast load are firstly validated
to find the best performance of the honeycomb sandwich panels. After that, the FE
modeling of the hexagonal honeycomb core used in sandwich structures was also
modeled to investigate the effect of different metallic honeycomb cores on the blast
resistance at 1, 2, and 3 kg TNT with a 100 mm stand-off distance. These FE models
were prepared by using ABAQUS/CAE (version 6.14). Figure 3 shows the 1/4th FE
models of square and hexagonal honeycomb core used sandwich structures. All FE-
modeled sandwich panels (length = width = 305 mm) have a 51-mm honeycomb
core height and a 30.5-mm cell wall spacing with a wall thickness of 0.76 mm.
The thickness of each face sheet is 5 mm. The AL6XN highly ductile steel with the
same composition as the material used by Dharmasena et al. [2] has been assigned
to the metallic honeycomb core and face plates. The AL6XN steel properties with
Johnson–Cookmodel parameters are listed in Table 1. The plastic deformation effect
at elevated temperatures of the materials is modeled by using the Johnson–Cook
model [7].

The node to surface tie constrains were used between the contact surfaces of the
face plates and the core. The C3D8R element type is assigned to the solid plates,
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Fig. 3 1/4th FE models (without front face) of a hexagonal and b square honeycomb core used
sandwich structure

Table 1 Assigned properties
with the parameters of
Johnson–Cook model [3, 12]

Properties Symbol Values

Yield stress A 400 MPa

Strain hardening constant B 1500 MPa

Strengthening coefficient of strain rate C 0.045

Young’s modulus E 161 GPa

Poisson’s ratio υ 0.35

Density ρ 7850 kg/m3

Strain hardening coefficient n 0.4

Thermal softening coefficient m 1.2

Strain rate š0 0.001

Melting temperature Tm 1800 K

Transition temperature T tran 293 K

and the S4R element type is assigned to the honeycomb core structures. Each honey-
comb sandwich structure undergoes three air-blast loadings, and after each explosion,
deflections of both the front and back plates of the sandwich structure are recorded for
comparison of results. The sandwich structures with lower face deflection withstand
the high explosive load intensity easily. The results obtained by simulation of the
square honeycomb sandwich were compared with Dharmasena et al. [2] published
experimental results of the square honeycomb panel.
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3 Results and Discussion

After stand-off distance specification with the target surface and the explosive charge
definition, the modeled sandwich structure undergoes the ConWep air-blast load.
The face deflection experimental results available in the literature [2] for the square
honeycomb sandwich structure are validated with the present simulation results for
the same square honeycomb sandwich structure. The deformed shapes during blast
loading are shown in Fig. 4. The Fig. 4a, b, c illustrated the deformations of the
square honeycomb sandwich structure at 1 kg, 2 kg, and 3 kg TNT, respectively.
These numerically modeled deformation shapes were approximately similar to the
experimentally deformed sandwiches. From Fig. 4a, b, c, it can be noted that at 1 kg
TNT, the buckling as well as inelastic deformation of core; at 2 kg TNT, the shear
deformation of core with stretching of faces, and at 3 kg TNT, core crushing with
large bent in faces are predominant, respectively. The simulation results are also
approximately matched with the experimental results, but in the case of the 3 kg
TNT blast, the simulation shows small variations in the deflections. The difference
in deflections at 3 kg TNT air-blast load could be due to the larger separation of
the front plate from the webs of the core. The quarter modal is analyzed in FE
simulation to also save the computational time. Figure 5 represents the validation
of the present simulation results of front face plate deflections with experimental
deflections results for the square honeycomb sandwich structure at different air-blast
loading conditions such as 1 kg, 2 kg, and 3 kg TNT, respectively. Figure 6 showed
the crushing behavior of the square honeycomb core used sandwich structure under
the blast loads of 1 kg TNT, 2 kg TNT, and 3 kg TNT. The hexagonal honeycomb
core used sandwich structure (Fig. 7) is also subjected to the same air-blast load (1,
2, and 3 TNT). Figure 8 showed the crushing behavior of the hexagonal honeycomb
core used sandwich structure under the blast loads of 1, 2, and 3 kg TNT. From
Figs. 6 and 8, it can be observed that the hexagonal honeycomb core used in the
sandwich structure shows less deformation than the square honeycomb core used in
the sandwich structure for the same blast load.

Therefore, the hexagonal core used in the sandwich structure shows better protec-
tion against shock waves as compared to the square honeycomb core used in the
sandwich structure. The hexagonal sandwich structure has less springback effect in
comparison with the square sandwich structure on both the front and back faces.

The face deflections of the hexagonal sandwich structure at 3, 2, and 1 kg TNT
are plotted in Fig. 9. The center point of the front face deflections are 110 mm,
85 mm, and 38 mm at 3 kg, 2 kg, and 1 kg TNT blast load, respectively. Similarly,
the center point deflections of the back face of the hexagonal sandwich structure
for the same blast loads are 75 mm, 55 mm, and 20 mm, respectively. The front
face deflections of the hexagonal honeycomb core used in the sandwich structure for
different air-blast loadings of 3 kg, 2 kg, and 1 kg TNT are 21.4%, 12.4%, and 15.5%,
respectively, lower than the square honeycomb core used in the sandwich structure. In
the case of back face plate deflections, the hexagonal honeycomb sandwich structure
shows 28.6, 9.09, and 10% lower than the square honeycomb sandwich structure.
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Experimental deformation structures [2] Numerical deformation structures

Fig. 4 Deformations of square honeycomb sandwich structure at a 1 kg, b 2 kg, c 3 kg TNT.
Experimental deformation structures [2]. Numerical deformation structures

Fig. 5 Validation of Dharmasena et al. [2] experimental results with present simulation results for
front face deflections of square honeycomb sandwich structure
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Fig. 6 Square honeycomb core crushing at a 1 kg, b 2 kg, c 3 kg TNT blast load

Fig. 7 Deformed shapes of hexagon honeycomb core used sandwich structure at a 1 kg, b 2 kg, c
3 kg TNT blast load

Fig. 8 Hexagonal honeycomb core crushing at a 1 kg, b 2 kg, c 3 kg TNT blast load

From Fig. 10, it can be observed that the honeycomb cores are subjected to higher
stresses as compared to their face plates due to their crushing deformation phenomena
during the blast load. It can also be observed that at all blast loading conditions, the
hexagonal honeycomb sandwich structure shows lower peak values of stresses as
compared to the square honeycomb sandwich structure because of their high blast
resistance property.

4 Conclusions

The present numerical analysis deals with the comparison of both front and back face
deflections of the quarter FE models of a square and a hexagonal honeycomb core
used sandwich structures. Both the models were subjected to the ConWep air-blast
load in ABAQUS/explicit. From the current analysis, it is concluded that the front
and back face deflections of the hexagonal honeycomb sandwich structure are less
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Fig. 9 Deflection versus distance graphs for a front face and b back face at 1, 2, and 3 kg TNT
blast load

Square Honeycomb Sandwich Structure Hexagonal Honeycomb Sandwich Structure

1kg 
TNT 

2kg 
TNT 

3kg 
TNT 

Fig. 10 Stress distribution in the modeled sandwich structures at 1, 2, and 3 kg TNT blast loads

in comparison with the square honeycomb sandwich structure for the three different
air-blast loads of 3, 2, and 1 kg TNT. The hexagonal honeycomb sandwich structure
is the better candidate for protection against the blast load, and it can be used for the
naval industries and for making military vehicles.
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Experimental Data-Based Model
of Fracture of Adhesive Joint for a Link
of Mechanism Made from Bamboo

S. M. Gondane, P. N. Belkhode, M. P. Joshi, P. B. Maheshwary,
and J. P. Modak

Abstract Development of bamboo product is playing the significant role in the
market due to easy availability at lower cost and environmental friendly. Apart from
the traditional uses, now, bamboo is used in the building construction and mecha-
nism. Bamboo development and enhancement benefit the rural people to start their
own setup generate the employability and sustainable livelihoods in rural communi-
ties. In view, above stated is to lay an emphasis on developing appropriate adhesives
for joinery of structural members made for chemically appropriated treated bamboo.
Anyone would say that the prerequisite for this would be decide proper chemicals
which would enhance mechanical strength (elevation of tensile strength, compres-
sive strength and shear strength). However, the literature indicated that this has been
already achieve to great extent by proper treatment of raw bamboo with borax chem-
ical. Paper details the formulation of mathematical model of the sic chain mechanism
with bamboo linkage and bamboo joint with appropriate adhesives in the bamboo
joints. In our life, we come across very many activities. These activities have some
environmental system inwhich these activities take place. The environment or system
can be specified in terms of its parameters some of which are always constant in their
magnitudes, whereas some are variable. The activities are set in action by some
parameters which are considered as causes. These causes interact with parameters of
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the system; as a result of this interaction, some effects are produced. To investigate
the shear strength of the bamboo joints in terms of length, weight, cross-section and
speed. The investigated result predicts the performance of four-bar mechanism to
replace the existing material with bamboo.

Keywords Bamboo · Adhesive · Mechanism · Mathematical modeling · Joinery

1 Introduction

Appropriately treated bamboo will have immense impact resistance, strength, or
resilience. Treated bamboo can be suitable structural member having very high
impact resistance strength; it should be tried as material substitute for steel in the
design and development of process machines of low capacity. The proposed power
range is process machines up to 10 HP capacities. Further, in a view this property
of bamboo, it is proposed that the frames of such machines be replaced by bamboo
material.

The steel is replaced by bamboo because the values of tensile, compressive,
bending, shearing are very closer to mechanical properties of steel; several samples
of bamboo and steel were tested, and steel was tested and analyzed to examine
their tensile properties. This test was carried out on sic chain mechanism in which
bamboo linkages with the adhesive joint are used to investigate the performance
at varying load with different speed. The mathematical model is formulated based
on the observed reading to know the behavior of dependent variable shear strength
related to various independent pie terms involved in the experimentation such as
weight applied, operational speed, link length, adhesive applied, and cross-sectional
area. The indices of each pie term indicate the influence of corresponding pie term
on the output variable to determine the performance of bamboo.

2 Mathematical Model

2.1 Identification of Variables

Identification of experimental variable is the important step to investigate the perfor-
mance of the experimental setup. Identified variables correlate to formulate the
mathematical model. The identification of the variables is:

(1) Independent variables
Independent variables can be defined as nay experimental variable that influ-
ences the test and can be changed or altered independently of the other test
variables.

(2) Dependent variables
The variables which change due to the change in the values of the independent
variables are called the response or the dependent variables.
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(3) Extraneous variables
An extraneous variable influences the process, but it cannot be changed or altered
at our level examples such as pressure, effect of humidity, and human effects.

(4) Controlled variables
Controlled variables are basically fundamental or independent variables, but
due to practical reasons, they are not altered, or it is not possible to alter them
examples such as acceleration due to gravity.

2.2 Dimensional Analysis

The dimensional analysis was rightly to reduce the number of experimental vari-
ables then mainly applied to the fluid mechanics and heat transfer for almost all
the experiments. Dimensional analysis technique is making experimentation shorter.
Fundamental dimensions (Fixed dimensions or fixed quantity) mass (M), length (L),
and time (T ) are three fixed dimensions. If heat is involved, then temperature (θ ) is
also taken as fixed dimensions.

2.3 Dimension Equation

If in an equation containing physic quantity, each quantity is represented by its
dimensional formula; the resulting equation is known as dimensional equation.

Kinetic energy = 1/2 mv2

Here, m is the mass of the body; v is velocity. Writing the formula for kinetic energy
in the dimensional equation form, we have

[M] × ⎡
MLT−1

⎤2 = ⎡
ML2T−2

⎤

Rayleigh’s method.
Let Y be an independent variable which depends on x1, x2, x3, x4, etc. According

to Rayleigh’s method, Y is a function of x1, x2, x3, x4… ,etc., and mathematically,
it can be written as

Y = f (x1, x2, x3, x4)

Equation can be written as follows

Y = k x1a, x2 b, x3 c, x4 d
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where k is constant and a, b, c, and d are arbitrarily powers. The values of a, b, c, and
d are obtained by comparing the powers of the fundamental dimension on both side.

Buckingham pi theorem method. This theorem can be used for reducing number
of variable affecting the process. In this method, m numbers of repeated variables are
selected and dimension-less groups obtained by each one of the remaining variables
one at a time.

2.4 Significance of Dimension Equation

Dimensional analysis is selected for three prominent reasons: (1). Dimensional anal-
ysis is used to check the consistency of the equation; (2). Dimensional analysis is used
to form the relation between physical quantities involved in the experimentation, and
(3). Dimensional analysis is used to change the units from one system to another. As
it become very difficult to evolve logic-based design data for such a machine system.
Hence, only approach left over was to generate experimental data-based design data.
In this approach, all the independent quantities should be experimentally varied over
widest possible range collect the response data and based on this collected data
to formulate. “Experimental data Based Mathematical Models.” Obviously, these
mathematical models can new work as design data for such systems. The approach
of experimental data-based modeling is deduced based on application of approach
proposed in the book Theories of Engineering Experimentation.

3 Experimental Setup

3.1 Proposed Mechanism

It is evident from the schematics of the experimental setup that amechanical hardware
as described in Fig. 1 comprises of:

Fig. 1 Six chain mechanism
with bamboo links
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Electric motor and associated of crank-rocker six-link chain O1ABO2CO3 loaded
with a band brake. It is well known in machine dynamic that a points O1, O2, and O3

time variation forces will be exerted by a six chain bar chain. These time variation
forces act as impact loading on the frame of the bar chain. The various structural
members of the frame are proposed to be varied (a) Material wise (of course, basic
material is various species of bamboo appropriately chemically treated) (b) Dimen-
sion wise; (c) Type of cross-section wise. These structural members are proposed to
be joined investigation in the domain of chemistry part of this research.

The experimental parametric variations are proposed to be in the context of
(a) Different adhesives (b) Different geometry of the frame structure and (c)
Different impact loading on the frame. Thus, this time investigation is most likely to
generate huge experimental data. Based on which, the experimental finding would
be formulated by mathematical modeling.

3.2 Establishment of Dimensionless Group of π Terms

The appropriateness of replacement of steel/plastic by properly chemically treated
bamboo and compatible adhesives for bamboo structural members joinery so as to
replace mainly steel as a material for the stationary frames of process machines
in the horsepower range 0–10 hp. This is under the presumption that the frames are
subjected to transient/at times random loading including severe unpredictable random
vibrations in the frame structure. This is so because the end result of the investigation
is to indicate appropriate resilient strength of properly chemically treated bamboo
frame structure manufactured using such a chemically treated bamboo raw material
and compatible adhesives.

The variables affecting the effectiveness of the phenomenon under consideration
are interacting physical system. The dependent or the response variables are the ratio
of shear stress to tensile yield strength (Table 1).

3.3 Establishment of Dimensionless Group of π Terms

Total seventeen independent terms were analyzed which is involved in this experi-
mental analysis. As it is difficult to handle the total seventeen independent variables,
therefore, these seventeen variables were grouped to the four numbers of independent
variables which are dependent on one variable.

The dependent and independent variables are formulating in Tables 2 and 3.
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Table 1 Independent and dependent variables

S. No. Description Variables Symbol Dimension

1 Link length O1O3 Independent L1 [M0 L1 T0]

2 Link length O1A Independent L2 [M0 L1 T0]

3 Link length AB Independent L3 [M0 L1 T0]

4 Link length O2B Independent L4 [M0 L1 T0]

5 Link length BC Independent L5 [M0 L1 T0]

6 Link length O3C Independent L6 [M0 L1 T0]

7 Adhesive layer depth Independent D [M0 L1 T0]

8 Adhesive layer thickness Independent T [M0 L1 T0]

9 Adhesive layer length Independent L [M0 L1 T0]

10 Elasticity adhesive Independent Eadh [M1 L1 T−2]

11 Elasticity bamboo Independent Eb [M1 L1 T−2]

12 Weight applied Independent W [M1 L1 T−2]

13 Mass of adhesive Independent Madh [M1 L0 T0]

14 Oscillating angle Independent B [M0 L0 T0]

15 Instant force of breaking Independent F65 [M1 L1 T−2]

16 Shear stress Independent S [M1 L−1 T−2]

17 Tensile yield strength Independent Ss [M1 L−1 T−2]

18 Ratio of shear stress to tensile yield strength Dependent PiD [M0 L0 T0]

Table 2 Independent dimensionless π terms

Sr. No. Independent dimensionless ratios Nature of basic
physical quantities

01 π1 =
[(L2/L1)(L3/L1)(L4/L1)(L5/L1)(L6/L1)(D/t)(l/L1)]

Pie term related to
linkages length

02 π2 = [EADH/EB ] Pie related to
elasticity

03 π3 = [(T ∗ L)/
(
Mass(adhesive) ∗ L1

⎤
Pie term related to
overlapping area of
adhesive

04 π4 = [β ∗ (P/180)] Pie term related to
oscillating angle

Table 3 Dependent dimensionless π terms

Sr. No. Dependent dimensionless ratios or π terms Nature of basic physical quantities

01 Z1 = [S/Ss] Ratio of shear stress to tensile yield
strength
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3.4 Formulation of Field Data-Based Model

Four independent π terms (π1, π2, π3, π4) and one dependentπ terms (Z1) have been
identified for model formulation.

Z1 = function of (∏1, ∏2, ∏3, ∏4)

where

Z1 = ∏D1,First dependent π term = S/Ss

(Z) = K ∗ [(L2/L1)(L3/L1)(L4/L1)(L5/L1)(L6/L1)(D/t)(l/L1)]
a

, [EADH/EB]
b,

⎡
(T ∗ L) /

(
Mass(adhesive) ∗ L1

⎤c
,

⎡
β ∗ (∏/180)]d (1)

(Z1) = K1 ∗ [(π1)
a1 ∗ (π2)

b1 ∗ (π3)
c1 ∗ (π4)

d1] (2)

To find the values of a1, b1, c1, and d1, Eq. 2 is presented as follows:

SZ1 = nK1 + a1 ∗ SA + b1 ∗ SB + c1 ∗ SC + d1 ∗ SD

SZ1 ∗ A = K1 ∗ SA + a1 ∗ SA ∗ A + b1 ∗ SB ∗ A + c1 ∗ SC ∗ A

+ d1 ∗ SD ∗ A

SZ1 ∗ B = K1 ∗ SB + a1 ∗ SA ∗ B + b1 ∗ SB ∗ B + c1 ∗ SC ∗ B

+ d1 ∗ SD ∗ B

SZ1 ∗ C = K1 ∗ SC + a1 ∗ SA ∗ C + b1 ∗ SB ∗ C + c1 ∗ SC ∗ C

+ d1 ∗ SD ∗ C

SZ1 ∗ D = K1 ∗ SD + a1 ∗ SA ∗ D + b1 ∗ SB ∗ D + c1 ∗ SC ∗ D

+ d1 ∗ SD ∗ D

The above equations are tabulated in the matrix form

X1 = inv (W ) x P1

W is the matrix with constant K1, a1, b1, c1, and d1.

P1 is the matrix on L H S and.
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X1 is the matrix of values of K1, a1, b1, c1, and d1.
Then, the matrix obtained is given by,
Matrix

z1 x

⎡

⎢
⎢⎢⎢⎢
⎣

1
A
B
C
D

⎤

⎥
⎥⎥⎥⎥
⎦

=

⎡

⎢
⎢⎢⎢⎢
⎣

n A B C D
A A2 BA CA DA
B AB B2 CB DB
C AC BC C2 DC
D AD BD CD D2

⎤

⎥
⎥⎥⎥⎥
⎦
x

⎡

⎢
⎢⎢⎢⎢
⎣

K1

a1
b1
c1
d1

⎤

⎥
⎥⎥⎥⎥
⎦

After solving the matrix, the unknown is find out which can be expressed as

(Z1) = k1 ∗ [(π1)
a1 ∗ (π2)

b1 ∗ (π3)
c1 ∗ (π4)

d1] (5)

To determine the values of a1, b1, c1, and d1 and to arrive at the regression
hyper-plane, the above equations are presented as follows:

SZ1 = nK1 + a1 ∗ SA + b1 ∗ SB + c1 ∗ SC + d1 ∗ SD

SZ1 ∗ A = K1 ∗ SA + a1 ∗ SA ∗ A + b1 ∗ SB ∗ A + c1 ∗ SC ∗ A

+ d1 ∗ SD ∗ A

SZ1 ∗ B = K1 ∗ SB + a1 ∗ SA ∗ B + b1 ∗ SB ∗ B + c1 ∗ SC ∗ B

+ d1 ∗ SD ∗ B

SZ1 ∗ C = K1 ∗ SC + a1 ∗ SA ∗ C + b1 ∗ SB ∗ C + c1 ∗ SC ∗ C

+ d1 ∗ SD ∗ C

SZ1 ∗ D = K1 ∗ SD + a1 ∗ SA ∗ D + b1 ∗ SB ∗ D + c1 ∗ SC ∗ D

+ d1 ∗ SD ∗ D

Above equations is expressed as

Z1 = W1x X1

Here,

W is the matrix with constant K1, a1, b1, c1, and d1.

P1 is the matrix on L H S and.

X1 is the matrix of values of K1, a1, b1, c1, and d1.
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Then, the matrix obtained is given by,
Matrix

z1 x

⎡

⎢⎢⎢
⎢⎢
⎣

1
A
B
C
D

⎤

⎥⎥⎥
⎥⎥
⎦

=

⎡

⎢⎢⎢
⎢⎢
⎣

n A B C D
A A2 BA CA DA
B AB B2 CB DB
C AC BC C2 DC
D AD BD CD D2

⎤

⎥⎥⎥
⎥⎥
⎦
x

⎡

⎢⎢⎢
⎢⎢
⎣

K1

a1
b1
c1
d1

⎤

⎥⎥⎥
⎥⎥
⎦

In the above equations, n is the number of sets of readings;A,B,C, andD represent
the independent π terms π1, π2, π3, and π4, while Z1 matrix represents dependent
π term.

Substituting the values of A, A2, BA, CA…up to D2 in the above matrix value of
constant K1 and indices a1, b1, c1 and d1 are evaluated.

K1 = 0.1764, a1 = 2.9810, b1 = −1.7182, c1 = 0.8010 and d1 = 2.9245.
The exact form of model obtained is as under:

(Z1) = 0.1764 ∗ (π1)
2.9810 ∗ (π2)

−1.7182 ∗ (π3)
0.8010 ∗ (π4)

2.9245

4 Analysis of the Model for Dependent π Term Z1

1. The absolute index of π1 is the highest, viz., 2.9810. Thus, the term related to
the specification of the mechanism of linkages involved the most influencing π

term in this model. The value of this index is positive indicating that the ratio
of shear stress (Z1) is directly proportional to term related to the specification
of stirrer linkage is involved, i.e., π4 indicates that more the length of linkage
length, the cross-section of the linkage, material selected for the linkage, and
weight of the link. Suggesting that high process parameters such as the length of
the links increase the shear stress increased.

2. The absolute index of π3 is the lowest, viz., 0.8010. Thus, the term related is
the effect influencing π term in this model. The value of this index is positive
indicating that the ratio of shear stress (Z1) is directly proportional to the term
related to linkage [π1]. The linkages increases as [π1] increases on the effect
of predetermining parameter. Suggestions regarding approval of link length will
reduce the shear strength.

3. 3. The sequence of influence of another independent π terms present on this
model is π1, π2, and π4 having absolute indices as 2.9810, 0.8010, and 2.9245
in the order, respectively.



744 S. M. Gondane et al.

5 Conclusion

Accuracy of models is dependent on magnitude of curve fitting constants K. Ideally,
if these are numerically 1, then the model very rightly simulates the man machine
system. If it is too low, the causes are over estimated; if it is too high, the causes
are under estimated. This would decide when to repeat the investigation again or
to refine the approach in subsequent attempts. The magnitude of exponents of the
causes, i.e., of quantities on right hand side of equations indicates the degree of
influences of these causes on the specific response. The ratio of indices indicates the
relative influences of causes are more influential than that of quality of tools used.

A six-link compound chain is fabricated from timber bamboo species appro-
priately joined by specially developed synthesized adhesive. The compound chain
brings about rotary to oscillatory motion transformation in the stages that is partly
with crank rocker converting rotary to oscillatory motion of 43° and in series is a
double-lever four-bar mechanism converting 43°–52°. The output link is sustaining
load torque organized by a dead weightW, pulley P, and a rope R around the pulley.
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