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Preface

The Korea Institute for Advanced Study (KIAS) organized the Quadranscentennial
KIAS Lectures for her 25th anniversary and KIAS Expositions Lectures in 2021.
KIAS Expositions contains the expository articles that formed these lectures. The
first volume of KIAS Expositions contains four expository articles and one research
paper in essential areas of mathematics such as algebraic geometry, topology, partial
differential equations, Riemannian geometry, and harmonic analysis. These articles
present not only the authors’ current research but also explore the history of the
current problems and conjecture their future directions.

The KIAS Expositions was launched early in 2021 as an official journal of the
KIAS. It was designed for high-quality expository articles in all areas of mathematics.
Soon after its launch, KIAS and Springer agreed to turn the KIAS Expositions into
the KIAS Springer Series in Mathematics to expand the journal into a book series.
The Series will publish original contents in the form of high-level research mono-
graphs, lecture notes, proceedings, contributed volumes, and advanced textbooks in
any field of Pure and Applied Mathematics. Thus, the first volume of KIAS Exposi-
tions became the first volume of the KIAS Springer Series. This volume includes the
expository articles by Young-Hoon Kiem, Dongho Chae, Simon Brendle, Hyeonbae
Kang, and the research paper by Danny Calegari.

In his expository paper “Enumerative geometry, before and after string theory,”
Young-Hoon Kiem offers a glimpse into this story about enumerative geometry and
string theory. In around 1990, a group of string theorists applied the mirror symmetry
in string theory to enumerative geometry problems in algebraic geometry. For three
decades since then, one of the most fruitful interactions between mathematicians and
physicists has happened in enumerative geometry. Kiem discusses classical enumer-
ative geometry before string theory and improvements after string theory, as well as
some recent advances in quantum singularity theory: Donaldson—-Thomas theory for
Calabi—Yau 4-folds and Vafa—Witten invariant.

In this expository article “On the singularity problem for the Euler equations” by
Dongho Chae, the author discusses the finite-time singularity problem for the three-
dimensional incompressible Euler equation. Solutions with initial data in H*(R?)
with k > 5/2 are well-posed local in time. However, it is a wide-open problem if
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a smooth solution develops singularities. The author reviews the blow-up criterion
by Beale—Kato—Majda, and results related to the Type I blow-up. He also addresses
the two-dimensional Boussinesq equation, which is a good model problem for the
axisymmetric three-dimensional incompressible Euler equation.

In the survey paper “Singularity models in the three-dimensional Ricci flow” by
Simon Brendle, the author addresses a complete classification of all the singularity
models of the Ricci flow on three-dimensional manifolds. The author discusses the
recent development in the study of noncollapsed ancient solutions, with an emphasis
on steady gradient Ricci solitons. By using recently established theorems, the author
provides an alternative proof for the uniqueness of noncollapsed steady gradient Ricci
solitons in dimension three, which was originally proved by the author in 2012.

In his expository article “Spectral geometry and analysis of the Neumann—
Poincaré operator, a review,” Hyeonbae Kang reviews some of the recent devel-
opment in the spectral theory of Neumann—Poincaré (NP) operator. As an integral
operator on the boundary of a domain in Euclidean space, the NP operator was intro-
duced to solve Dirichlet or Neumann boundary value problems. Hyeonbae Kang
discusses the visibility and invisibility of the NP operator via polarization tensors,
the decay rate of eigenvalues and the surface localization of plasmon, the singular
geometry and spectrum on polygonal domains, the analysis of stress using the spectral
theory, and the structure of elastic NP operator.

In his research paper “Sausages and butcher paper,” Danny Calegari presents two
novel ways to understand the structure of the shift locus, which is defined as the
space of normalized complex polynomials with a certain degree whose restrictions
on the Julia sets are conjugate to shifts on finite alphabets. Those are combinatorial
on one side and algebro-geometric on the other side. As a consequence, the author
can realize the shift locus as a complex of spaces over a contractible Ay_, building.

Seoul, Korea (Republic of) Jaigyoung Choe
May 2022 Kyeongsu Choi
Nam-Gyu Kang
Sang-hyun Kim
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Enumerative Geometry, Before and After = m)
String Theory oo

Young-Hoon Kiem

Abstract Throughout its long history, algebraic geometry has been enriched by the
influences of invariant theory, abstract algebra, number theory, topology, complex
analysis, symplectic geometry, category theory and so on. One of the most recent
influences came from string theory circa 1990 when a group of string theorists applied
the mirror symmetry in string theory to enumerative geometry problems in algebraic
geometry. During the past three decades, we have witnessed one of the most fruitful
interactions between mathematicians and physicists in enumerative geometry. In
this informal expository article, I would like to offer a glimpse into this story about
enumerative geometry and string theory.

Keywords Enumerative geometry

1 Introduction

According to Hermann Schubert in 1874, enumerative geometry is the study about
questions like

Question 1 How many geometric figures of fixed type satisfy certain given condi-
tions? (]

It is one of the oldest branches of mathematics and dates back to at least 200 BCE
when Apollonius raised the question:

Question 2 How many circles in plane are tangent to three given circles? [

To simplify, let us assume that the disks bounded by the three circles are disjoint from
one another. If a circle X is tangent to the given three circles A, A,, A3, then each

This article was written in June 2020.
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2 Y.-H. Kiem

of the three circles may lie inside or outside of X, and hence there are 8 possibilities.
Obviously X is determined by three numbers, namely the coordinates (a, b) of the
center and the radius r. The tangency conditions for the three circles give us three
quadratic equations,

(@a—a)’+b-0b)Y=0xr)? i=1273 (1)

where (a;, b;) is the center and r; is the radius of A;. The sign in the right hand side
is determined by the choice among eight possibilities of lying inside or outside. It is
easy to solve (1) and see that the answer to Apollonius problem is 8. Of course, one
may solve this problem by plane geometry without the help of algebra, starting with
the fact that the locus' of centers of circles tangent to two given circles is a hyperbola
and Apollonius asks you to look for the intersection of three hyperbolas.

A circle is the zero locus in plane of a quadratic polynomial of the form x> + y* +

- where - - - means lower order terms. More generally, the zero locus in plane of
any quadratic polynomial is called a conic (curve) because they are obtained by
intersecting a circular cone with planes.”> A moment’s thought may convince the
reader that it requires 5 numbers to determine a conic. For instance, to determine an
ellipse, we need to know its center, the lengths of long and short axes and the slope
of the long (or short) axis. So we need five equations to determine these numbers
(because we may delete one variable by using one equation) and an equation for
the defining parameters usually comes from a geometric constraint like tangency.
In 1848, J. Steiner thought about a seemingly naive generalization of Apollonius’
question.
Question 3 How many conics in plane are tangent to five given conics? ([
Steiner correctly argued that the set of conics tangent to a given conic is the zero
locus of degree 6 (sextic) polynomial in 5 variables® and thus we are looking for the
number of solutions of a system of 5 sextic equations in 5 variables. So Steiner’s
problem is related to the algebraic question:
Question 4 Given a system of 5 general® sextic polynomial equations in 5 variables,
how many solutions are there? More generally, given a system of r polynomial

I The meaning of locus is the same as set, often with a touch of geometric flavor (sometimes
subvarieties, subschemes or substacks). The zero locus of polynomials f1, - - - , f, means the set of
points p whose coordinates satisfy all the polynomial equations f1(p) =0, ---, f,(p) =0.

2 A more appropriate term for a conic from the perspective of modern algebraic geometry is a
quadratic curve.

3 It suffices to consider a pencil {X,},cpi of conics and find the number of conics in this pencil
which are tangent to a given smooth conic C. Here a curve is smooth if and only if the tangent space
at each point is 1-dimensional. In particular, a plane curve C defined by a polynomial f is smooth
if and only if the gradient vector of f at every point in C is nonzero. The intersection X; N C is a
divisor of degree 4 in C = P! and hence gives us a a degree 4 map C — P!. There are precisely
6 ramification points by the Hurwitz formula (6 = 2 - 4 — 2). Hence the pencil intersects with the
locus of conics tangent to C at 6 points.

4We want to avoid extreme cases which behave badly, like the case where there are infinitely
many solutions. The word general means that we are excluding such unfortunate possibilities.
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equations of degrees dy, - - - , d, respectively, in r variables, how many solutions are
there? O

For an insight, it is always a good idea to consider a simplified version of a difficult
problem.

Question 5 If you have 2 general polynomial equations of degrees m, n in 2 vari-
ables, how many common solutions do they have? (I

Geometrically speaking, two general curves of degrees m, n in plane meet at mn
points.> Why? Since the coordinates of intersection points are the solutions of poly-
nomial equations which vary continuously as we vary the coefficients of the polyno-
mials, the number of intersection points remains constant as we vary the coefficients
continuously and hence we can deform the equations continuously until we reach

[]e-b. J]To-» @)

0<i<m 0<j<n

without changing the number of intersection points. Obviously the number of inter-
section points of the curves defined by (2) is mn. This method of deforming or
degenerating into simple cases is one of the most important techniques in mathemat-
ics and in fact, a huge part of geometry and topology is based on this single technique
of stability under degeneration or deformation.®

The above geometric argument looks simple but actually requires many pages of
justification to make it precise. Can you prove it algebraically? The starting point
is the simple observation that a polynomial factorizes into a product of irreducible
polynomials.” If two polynomials

FX) =apx™ +ax™ Vo F a1 x + ap, (3)
g(x) = box" +b1x" "'+ +b,_1x + b,

in one variable of degrees m, n share aroot, then they have acommon factor and hence
their least common multiple has degree less than mn. So we can find polynomials &, k
with degh < n,degk < m such that if + kg = 0. If we think of the coefficients of
h, k as variables and write the equation i f + kg = 0 as a system of linear equations
in the coefficients, we obtain an (m + n) X (m + n) matrix

Mathematically, it means that we are choosing the parameters (coefficients of the equations in this
case) in an open dense subset (in the Zariski topology).

3 The degree of a plane curve is the degree of the defining polynomial.
6 The idea is the same but their names may vary in different branches of mathematics.

7 For afield F, a nonzero polynomial with coefficients in F is the product of irreducible polynomials
in a unique way up to the order of multiplication and units.
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ap ay ax --- a, 0 0 O
0 ay a; ---apy—1a, 0 0
0 0 oo 0 ag - Ap—1 n
bo by b - by 0 0 0 @)
0 by by -+~ b1 b, 0 0
0 0 ---0 by - byy by

whose determinant is called the resultant of f, g and denoted by R(f, g). The two
polynomials f, g have a common root if and only if 2f + kg = 0 for some nonzero
polynomials &, k withdegh < n, deg k < m, which is equivalent to saying that their
resultant R( f, g) is zero.®

Now if f(x, y) and g(x, y) are polynomials in two variables, we may write them
as (3) witha;, b; being polynomials in y of degrees < i and < j respectively. Itis not
hard to see that the resultant R( f, g) isapolynomial in y of degree mn for general f, g.
In the general case where two curves defined by f and g intersect only at finitely many
points, we may pick the coordinate system so that the y coordinates of the intersection
points are all distinct, which means that the system f(x, y) = 0 = g(x, y) has atmost
one solution if y is fixed. For the real numbers, the only conclusion we can draw
is that there are at most mn solutions to the system f(x, y) = 0 = g(x, y) because
R(f, g) = 0 has at most mn solutions.

We can do much better with complex numbers. As there is a solution for any
polynomial equation in one variable, the system f(x, y) = 0 = g(x, y) has exactly
one solution of the form (x, y), for each (simple) root yg of R(f, g) = 0. Thus if
R(f, g) = 0 has £k solutions, then so does the system f(x, y) =0 = g(x, y). More-
over, if we use complex numbers, for general f, g, we can see that R(f, g) =0
has exactly mn distinct solutions and hence the system f(x, y) = 0 = g(x, y) has
exactly mn solutions. Therefore the answer to Question 5 is mn over C.

Remark As you can see, for a consistent theory, it is much better to use the complex
number field C (or an algebraically closed field) instead of real numbers. So from
now on, we will always use complex numbers® as our scalars. |

Motivated by our answer to Question 5, you may expect that general polyno-
mial equations f; = --- = f, = 0 of degrees d, - - - , d, in r variables should have
[T:_, d: solutions over C. Indeed this is true although it requires a more sophisticated

8 In fact, R(f, g) is a constant multiple of ]—Ii'j(a,- — Bj) where {a; }1<i<m (resp. {Bj}1<j<n) are
the roots of f = 0 (resp. g = 0).

9 For real numbers, one can first look for complex solutions and see which of them are invariant
under conjugation.
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proof.'% In particular, 5 general sextic polynomial equations in 5 variables should
have 6° = 7776 solutions and this number is Steiner’s answer to Question 3.

It turned out that 7776 is the correct answer to Question 4 but not to Question 3.
Why? The problem is that the 5 sextic polynomials for the tangency of 5 given
conics are never general. The correct answer to Question 3 was found to be 3264
by Chasles in 1864 but a mathematically rigorous proof was provided by Fulton and
MacPherson, only in 1978! It took more than a century to settle such a naive looking
problem.

Why 3264 instead of 7776? In the space of all conics, namely in the space of all
quadratic polynomials in two variables up to constant, there is a subspace of double
lines, namely the set of squares of linear polynomials. Double lines are tangent to any
conic although we are not interested in them. So in the space of conics, the subset
Z of conics tangent to the 5 given conics consists of 3264 honest smooth conics
and also infinitely many double lines. If we deform the defining equations of the 5
sextic polynomials defining the subset Z, extra 4512 intersection points arise from
the locus of double lines which we do not want to consider.'!

10 By Hilbert’s Nullstellensatz, the number of solutions is the same as the dimension

dim Clxy, -+, x: 1/ (f1, - o fr)-

To compute this dimension, by adding an extra variable xp, homogenize fi, - - , f, into homoge-
neous polynomials Fi, - - - , F,. of degrees dy, - - - , d,. For £ large enough, we have an isomorphism

Clxr, -, x 1/(f1, -+, fr) EClxo, - -+, X 1e/{F1, -+, Fr)e

where the subscript £ stands for the degree £ homogeneous part. The dimension of the right hand
side can be computed by the Koszul complex

(Fi

s Fr)
0 «— Clxg, -+, x:1¢/{F1,--- , Fr)g <— Clxo, -+, x:]e <= @1<i<r Clxo, -, % ]e—g;

«— ®i<i<j<=rClxo, -, X le—gj—a; <— -+ <— Clxo, -+ , ¢ l¢—dj—mq, <— 0

together with the identity

! d . +0—dj ——dj
d; = (_1)1 (r J1 J’).
[la=ggo 2 :

1<ji<--<ji<r

11 To remove the contribution from the locus of double lines, we blow up the space of conics along
the locus of double lines (Veronese surface) and then compute the intersection number (6H —
2E)> = 3264 where H is the hyperplane class and E is the exceptional divisor. The space of conics
P is the moduli space of ideal sheaves (Hilbert scheme) and hence Steiner’s answer 7776 is a
Donaldson-Thomas (DT) invariant in algebraic geometry or BPS state counting in physics terms.
The blowup of P> along the Veronese surface is the moduli space of stable maps to P2 of degree
2 and hence Chasles’s answer 3264 is the Gromov-Witten (GW) invariant in modern terms. The
GW/DT correspondence, or the MNOP conjecture, claims that the GW invariants have the same
amount of information on enumerative geometry of curves as the DT invariants. It is remarkable that
the first nontrivial case of the GW/DT correspondence or the gauge/string duality already appeared
in mathematics, 150 years before string theory.
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Enumerative geometry is about natural questions on curves and surfaces etc but
solving such problems often requires an immense amount of technical training and
ingenuities.

In his book What is mathematics?, Richard Courant wrote:

Understanding of mathematics cannot be transmitted by painless entertainment any
more than education in music can be brought by the most brilliant journalism to
those who never have listened intensively. Actual contact with the content of living
mathematics is necessary.

I agree that the best way to appreciate mathematics is walking through carefully
selected problems. In this note, I will try to convey the ideas in enumerative geometry
through explicit examples as much as possible. If you enjoyed so far, you will find
more interesting stories below.

In the subsequent sections, we will see more of classical enumerative geometry
problems, its connection with string theory and recent developments. Everything in
this note was taken from books, papers and memories. No part of this note is original.

2 C(lassical Enumerative Geometry

It is great fun to play with enumerative geometry problems.

2.1 Schubert Calculus

Schubert calculus is the enumerative geometry of lines, planes and more generally
geometric figures defined by linear equations and sometimes quadratic polynomial
equations. For instance, a single linear equation in 3 variables defines a plane while
two linear equations usually define a line. Let us consider the following question
which you may find in a standard undergraduate algebraic geometry textbook.

Question 6 How many lines in 3 dimensional space meet 4 given general lines? [J

A line in space {(x, v, z) | x, y, z scalars} is the intersection of two planes
ax+by+cz+d=0, ex+ fy+gz+h=0,

(a,b,c) [t (e, f, ).

Since the equations are determined by the coefficients, we may just record them in
the matrix form
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bed .
A:(Zf;h>eM224 (5)

where M>** denotes the set of 2 x 4 matrices and the subscript 2 denotes the open
subset of matrices of rank 2. It is easy to see that two such 2 x 4 matrices A and
A’ represent the same line if and only if A’ = gA for an invertible 2 x 2 matrix
g € GL,.

We denote by G L, the set of invertible n x n matrices. The identity matrix / lies in
GL,andif£,& € GL,,then£~' €&’ € GL,,i.e. GL, is a group. The closed subset
of n x n matrices £ with determinant 1 is denoted by SL, which is a subgroup of
G L, because the determinant is multiplicative. Constant multiples of / form another
subgroup Z of GL, which is complementary to SL,.">

For A € My theset {§A | £ € GL,} is called the orbit of A and the set of orbits
in M2** is denoted by

GL\MP* =: Gr(2,4).
Therefore the set X of lines in space is an open subset of Gr (2, 4), namely the set of
orbits of matrices whose left 2 x 3 submatrix has rank 2. What is the geometry of X
and Gr(2, 4), the orbit spaces by the action of GL,? Let us first consider the orbits

by SL, and later by Z. By the multiplicative property det(£§£’) = det(§) det(§'), we
have a map

®: SL\M;™ — C°, A > (Prp, @i3, i, Doz, Pos, Pag)
whose coordinates are the 2 x 2 minor determinants!3
®1p(A) =af —be, P;3(A) =ag—ce, DPiu(A) =ah—de, (6)

®3(A) = bg —cf, DPu(A) =bh —df, P3u(A)=ch—gd

12To be precise, GL, = SL,, X, Z = SL, X Z/ [y, where u, = {¢ |{" = 1}.

13 An affine variety (a subset of a vector space defined as the zero locus of a finitely many poly-
nomials) is entirely determined by its coordinate ring of polynomial functions (functions given by
polynomials) up to isomorphism. The coordinate ring for the quotient SLy\M?** is the ring of
polynomial functions on the vector space M>** which are invariant under the action of SL;. In
the 19th century, one of the most intensively studied branches of mathematics is Invariant Theory
whose goal is to find the ring of polynomials invariant under a group action. Many branches in
current mathematics arose from invariant theory, such as linear algebra, algebraic group theory,
representation theory, geometric invariant theory and more. Also the influence of invariant theory
on quantum physics is pervasive and evident. The fundamental theorems in invariant theory for
SL, tell us that the ring of S L,-invariant polynomial functions on M2** is generated by the 2 x 2
minor determinants (6) with the Plucker relation (7).
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of the 2 x 4 matrix (5). The six polynomials satisfy only one algebraic relation

DpP3y — P3Py + D14Po3 =0. @)
It is easy to see that the map @ is injective and hence the set of SL, orbits in M22 x4
is a quadric hypersurface

Q ={(z1,--- ., 26) | 2126 — 2225 + 2324 = 0, not all z; are 0} C C° — {0}

and the set X of lines in C? is identified with the open subset of the quadric hypersur-
face Q, defined by (z1, 22, z4) # (0, 0, 0). Here a hypersurface means the zero set
of a single polynomial. A hyperplane will mean a hypersurface defined by a linear
polynomial.

Let us now consider the action of the center Z = {¢t1 |t € C*}. We see that
®(tA) = t>?®(A) and hence we have to consider the orbit space

CH\(C® — {0} =: P°

where the constants ¢ € C* act on C® — {0} by scalar multiplication. This orbit space

is called the 5 dimensional projective space and let us denote by [z, - - - , z¢] the
orbit of (z1, -+, z¢) € C° — {0}.1* We call z1, - - - , 26 homogeneous coordinates of
P3.

Combining the discussions above, we find that the space X of all lines in space is
the open subset in the quadric hypersurface

Gr(2,4) ={lz1, -, z6] € P° | 2126 — 2225 + 2324 = 0} C P,

14 The projective space P° is a smooth manifold of (complex) dimension 5 with the quotient topology
by the map
€ —{0) » C\(C® —(0) = P°, (z1.--- . 26) +> [21. -+ . 26].

IP5 is compact as there is a surjective continuous map $° C C® — {0} — P5 from the unit sphere
in C® which is a closed and bounded subset. Recall that given a surjective map f : X — Y froma
topological space X to a set Y, the quotient topology of Y is obtained by declaring that a subset U of

Y is open if and only if f~!(U) is open. All orbits of points (z1, - - - , z6) with z; % 0in C® — {0}
meet the hyperplane z; = 1 at a unique point and we may identify this open subset U; = (z1 # 0)
of P> with C3 = {(1, z2, - - , z6) | zi € C}. Ignoring z1, we find that its complement (z; = 0) is

P3 — U, = C*\(C° — {0}) =: P*.
By induction, we thus find that
P=CuP=CuCuP=...=CucC*u---uCupr.

Hence the projective space P is a compactification of C°, meaning that it is a compact space
containing C3 as a dense open subset. The open subsets U; = (z; # 0) are charts of P> which make
IP5 a smooth manifold.
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defined by (z1, 22, z4) # (0, 0, 0)." It is a 4 dimensional space as you can expect.'®
This wraps up our description of the space X of all lines in space.
Given a line

X—p _y-q_z—r

= 8
L m n ®)
in space, a line determined by (5) meets (8) if and only if
tp
deta|™ 9] =o. )
nr
01

It is easy to see that (9) equals
g — pm)P1p + (Ur — pn)® 13 + LDy + (mr — gn)Py3 + mPyy + nd34 =0,

a linear combination of {®;;}. So we see that the set of lines meeting (8) is a hyper-
plane in P> defined by

(Lq — pm)zy + (br — pn)zp 4+ €z3 + (mr — qn)z4 +mzs +nze =0.  (10)

For instance, consider the 4 lines given by

¢ p 00\ /10 00 11
mq| _|oof| [oo 1 o]l [-10 1
nor tof lool |-t1]'| ool

01 01/ \o1 01 01

Then (10) gives us
Z6=m3=z24+25—26=21+23— 25 =0.

Together with the quadratic equation z;z¢ — 2225 + 2324 = 0, we find that there are
exactly two solutions

[z1,---,26] =[1,0,0,—1,1,0],[0,1,0,0,0,0] € X C Gr(2,4) C P°.
So the set of lines meeting all 4 given lines is the intersection of the 4 hyperplanes

(of lines meeting each of the given 4 lines) with X in P3. For a general choice of 4
hyperplanes Hj, - - - , Hy of IP°, the intersection

15 The set of lines in a 3-dimensional vector space is thus a rank 2 vector bundle over P2

16 To specify a line L, we only need 2 parameters for the direction (namely a point in P?) of L and
2 parameters for the intersection point of L with the plane orthogonal to L and passing through the
origin (rank 2 bundle).
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Gr2, 9N H N---NHy (12)

is disjoint from the lower dimensional subvarieties Gr(2,4) — X and (z; =0) =
P> — C. Hence finding the set (12) amounts to solving a system of 4 linear equations
and 1 quadratic equation in 5 variables. By eliminating one variable by using one
equation at a time (or by Question 4), we find that (12) consists of precisely 2 points
and equals X " Hy N --- N Hy.

As we’ve seen an example where there are exactly 2 lines meeting all 4 given
lines,'” we conclude that the answer to Question 6 is 2.

Is there an easier way to see it? Once again, try to convince yourself that if you
vary your 4 given lines Ly, --- , L4 continuously, the lines L meeting all of them
will vary continuously. So we may consider a special configuration of lines. For
instance, suppose Ly N Ly = {pp} # & and L3 N Ly = {p34} # @. Let P, (resp.
P34) denote the unique plane containing L and L, (resp. L3 and Ly4). Then it is easy
to see that the line Pj; N P34 and the line joining py, and p34 are the only two lines
meeting all 4 lines {L;}. In fact, (11) is an example of such a configuration.

2.2 Enumerating Rational Curves in Plane

As we saw above, P" is a compactification of the vector space C" and a curve in
C" is compactified in P" by taking the closure. If one is interested in finding curves
in plane C2, it makes sense to find compact curves in P2. In this subsection, we
enumerate curves in the projective plane P> which are the images of polynomial
maps f : P! — P2,

An irreducible rational curve in P* of degree d > 1 is the image f(P') of a
polynomial map"®

fiP P f((t, s = Lfolt,s), -+, fult, $)] (13)

for homogeneous polynomials'® fy, --- , f, € C[t, s]s of degree d (without a com-
mon factor), which is generically injective, i.e. there exists a finite set A C f(P!)
such that f is injective on P! — f~1(A).

A curve in P? of degree 1 is a line P' and hence an irreducible rational curve.
A conic is defined by a homogeneous quadratic polynomial in zg, z1, z2 and hence

17 The Grassmannian is irreducible and the condition that (12) avoid Gr(2,4) — X and (z; = 0) is
open.

18 A polynomial map is more often called a regular map or a morphism in algebraic geometry.

19 A homogeneous polynomial is a polynomial whose nonzero monomials have the same degree.
A polynomial f € Cl[xy,---, x,] is homogeneous of degree d if and only if f(txy, - ,tx,) =
14 f(xy,---,x.) for r € C*. The vector space of homogeneous polynomials of degree d in the
polynomial ring C[xy, - - - , x,] together with O is denoted by C[x1, - - - , x]4.



Enumerative Geometry, Before and After String Theory 11
a symmetric 3 x 3 matrix. By linear algebra, we can find a coordinate system such
that the conic is isomorphic to

1. z(z) = 0 (rank 1, double line), or
2. zoz1 = 0 (rank 2, two lines), or
3. 2022 = z% (rank 3, smooth).

The last case is the image of the polynomial map
P' — P?, [z, s] — [tz, ts, sz].

Therefore any smooth curve in P2 of degree < 2 is irreducible rational.
By definition, a polynomial map f : P! — P" of degree d is determined by a

choice of n + 1 homogeneous polynomials fo, - - -, f, € C[t, s]4. Writing
fis) =Y ats (14)
0<i<d

we obtain a (d 4+ 1) x (n 4 1) matrix

A= (a;) € M@HDx@+D) _ @+t

whose C*-orbit [A] € PUFD@+D=1 determines f. The image f(P') does not change
even if f is composed with a fractional linear transformation 7 : P' — P'.2° Hence
the set R;(IP") of all irreducible rational curves in P of degree d is an open subset
in the orbit space

SL2\[EDM(¢1+I)X(11+1) — SLZ\P(d+l)(n+1)_1 (15)

whose dimension is (d + 1)(n 4+ 1) — 4. In particular, when n = 2, the dimension
of the space of all irreducible rational plane curves of degree d is 3d — 1.

Given a collection of objects and an equivalence relation, their moduli space is
the set of equivalence classes of objects in the collection. For example, the moduli
space of circles in R? is R?> x R.o where R? parameterizes the center and R.
parameterizes the radius. The moduli space of rectangles in R? up to translation and
rotation s {(a, b) € Rio | a > b}. Often moduli spaces come with natural topologies
and even algebraic structures if the collection consists of algebraic objects.

Now a curve in IP? of degree d is defined as the zero locus

{[z0, 21, 22] € P*| £ (20, 21, 22) = O} (16)

20 The automorphism group PGLy = SLy/{#1} of P! acts on PM@+Dx+D 45 C[t, 514 is an
irreducible representation of SL; of dimension d + 1.
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of a nonzero homogeneous polynomial f(zo, z1, 22) € Clzo, 21, 22]¢ Which is
uniquely determined by the curve up to constant. Hence the moduli space of all
plane curves of degree d is

C*\(Clzo, 21, 22]a — 0) = P72,

For a nonzero homogeneous polynomial f(zo, z1, z2), we can detect its degree by
restricting it to a general line in P? and then finding the number of zeros. The irre-
ducible rational curve in P? of degree d defined by a polynomial map (13) forn = 2
intersects with a line at d points obviously and hence the moduli space R;(P?) of
all irreducible rational curves is a subset of the space P?(+3/2 of all plane curves of
degree d. In this section, a rational curve in P? of degree d is defined as a curve in P2
of degree d in the closure R, (P?) in P4@+3/2 of R,;(IP?). In other words, a rational
plane curve of degree d is a limit of irreducible rational curves of degree d in IP?. For
instance, all plane curves of degree d < 2 are rational curves and we will see that a
plane curve of degree 3 is rational if and only if it is singular.

A plane curve (16) passes through a point [z, z1, 22] € P? if and only if
f(z0, 21, 22) = 0, which is a linear equation in the coefficients a;; of

i J k
f (20,21, 22) = Z aijk207123-
i+j+k=d

Hence, the set of plane curves of degree d passing through a given point is a hyper-
plane. As the moduli space of rational curves of degree d in plane is 3d — 1 dimen-
sional, we may expect that there are only finitely many rational curves in P? of degree
d passing through 3d — 1 points.>! So we may ask the following.

Question 7 How many rational curves in plane of degree d pass through given
3d — 1 general points? (I

Let us denote the answer by N, for d > 1. For d = 1, we are looking for lines
through 2 given distinct points. Of course the number is N; = 1. For d = 2, we are
looking for conics through 5 general points. The space of conics in IP? is the space
of coefficients

P* = {[ap, a1, -~ , as])

of quadratic polynomials

aozﬁ + a12021 + a2z} + a3z072 + asz122 + asz3 (17)
in the homogeneous coordinates zg, z1, z of P2, up to constant. The locus of conics
through a given point is given by a linear polynomial in ay, - - - , as. Hence the locus

of conics through 5 general points is the intersection of 5 hyperplanes in P3. For
example, we find that there is precisely one conic (z3 + z? = z3) passing through

21 In algebraic terms, we are asking for the degree of the projective variety Ry (P?) in P4(d+3)/2,
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[17 Oy 1]7 [05 17 1]7 [17 07 _1]5 [07 1’ _1]7 [17 Vv _1’ O]

by plugging in these coordinates to (17). By Question 4, we find that N, = 1.
Ford = 3, itis an elementary exercise®> to show that any irreducible homogeneous
cubic polynomial in zg = x, z; = y, 2o = z is transformed to

¥z =x(x —pu2)(x —rz), A, pueC (18)

by a linear change of coordinates, i.e z; = Zj ajjzj foran A = (a;;) € GL3. Itis
easy to see that the cubic curve defined by (18) is smooth if and only if A, , 0 are
all distinct, in which case the cubic curve is not rational.>*

When singular, a plane cubic defined by (18) is transformed to either yzz =X
(cusp) or y2z = x2(x — z) (node) by a linear change of coordinates. In both cases,
the singular cubic is a rational curve because it is the image of the polynomial map

3

P! - P?, [1,s] [t?s,1°, 5] (cusp), or
P! > P2, [1,s]— [s(> +5%),t(t> +5%),5°] (node).

Moreover, all reducible cubic polynomials define rational curves. Therefore an irre-
ducible plane cubic curve is rational if and only if it is singular. Hence, Question 7
for d = 3 is the same as the following.

Question 8 How many singular cubic curves in P? pass through 8 given general
points? (]

The locus of cubics passing through a point is a hyperplane in the moduli space
IP? of all plane cubic curves. Hence the locus of cubics passing through 8 general
points is a line P! = {[¢, s]}, which means that we have two cubic polynomials
F, G € Cl[zo, z1, z2]3 such that a cubic curve passing through 8 general points is
the zero locus Cy; i) of tF + sG for some [, 5] € P'. A singular point of Cy; g is
characterized by the vanishing of the three partial derivatives

JIF n G oF n G oF n G (19)
_— S—, b S —, a_ S,
920 920 9z1 971 02 022

22 An irreducible cubic curve C = (f(x, y,z) = 0) has at most one singular point because if there
are two, the line joining them meets the cubic curve at two points with multiplicity > 2, which is
impossible. A point [xg, yo, zo] € C is an inflection point of C if the Hessian determinant of f at
(x0, Y0, z0) is zero. As the Hessian is a polynomial of degree 3, there are 9 inflection points and we
may pick a smooth inflection point. By a coordinate change, we may assume the inflection point is
[0, 1, 0]. By simple algebra, we can choose coordinates such that the irreducible cubic polynomial
f is of the form (18).

23 The smooth cubic plane curve defined by (18) is a double cover of P! branched at 4 points. Hence
it is topologically a torus S x S! which does not allow a ramified covering by P!, homeomorphic
to S2, by the Hurwitz formula.
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which are homogeneous of degree 1 in ¢, s and of degree 2 in z¢, z1, Z2. Such a system
of three equations has 12 common solutions.>* For example, let

F(x,y,2) =y z—x>+x*z2, G(x,y,2)=x"+y>+2°,

with x = zg, y = 271, z = 22, whose zero loci are denoted by C and C’ respectively.
Then one can check by hand that C N C’ consists of 9 distinct points and a cubic
curve passing through 8 points among C N C’ is the zero locus Cy; ;) of t F + sG for
some [z, s] € P!, It is straightforward to check from the vanishing of (19) that there
are exactly 12 singular curves C|; 5 in this family, each of which contains exactly
one singular point. Hence the answer to Question 8 is N3 = 12, as was computed by
Steiner in 1848.

How about N, for d > 3? The cubic case was considerably more difficult than
d <2 and you may expect that the problem will become much more difficult as
d increases. In fact, between 1848 and 1993 CE, only N4 = 620 and N5 = 87304
were computed. So it was taken as a complete surprise when Kontsevich proved the

formula 34 3 4
Ny = Ny Nud?d> | d ) —d B 20
d Z 4, d212<2<3d1_2> 1<3d1—1>> (20)
di+dry=d

in 1994. With the input N; = N, = 1, (20) enables us to compute all N, inductively.
In 1990s, string theory, especially the mirror symmetry, challenged mathemati-
cians with conjectures on enumeration of curves and Kontsevich formulated the
notion of stable maps for a mathematical theory of the Gromov-Witten invariant.
Actually, once equipped with the notion of stable maps, Question 7 is not so hard
any more. The formula (20) is the first major success story in enumerative geometry
motivated by string theory, and we will see a sketchy proof of (20) in Sect. 4.1.

24 Each of the three partial derivatives is a section of the line bundle &pi,p2(1,2) over P! x P2.
Their common zero locus has 12 points by

/] L 1Op1,p2(12)° = (p+20° = p* +6p*L +12p0* + 07 = 12p€? = 12 € Hy (' x P?)
P! xP

where ¢ is the class of a line in P? and p is the class of a point in P! since p2 = 0, 3 = 0. As there
are 12 singular points in

{(t, 51, [z0, 21, 22]) € P! x P? |1 F (20, 21, 22) + 5G (20, 21, 22) = O},

there are 12 singular curves for general choices of 8 points, as one can check with explicit examples.
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2.3 Enumerating Rational Curves in Hypersurfaces

Another classical enumerative geometry problem is about rational curves in hyper-
surfaces. Let Y C P" be a smooth hypersurface® defined by the vanishing of a
homogeneous polynomial F(zo, - - - , z,) of degree k.

A polynomial map (13) is a map to Y if and only if

F(f()(ta S), fl(tv S)s Tt fn([,S)) = O € (C[ta s]dk~ (21)

By (14), we find that (21) is equivalent to the vanishing of dk 4+ 1 homogeneous
polynomials in the coefficients a;;. Let W be the subvariety of M @+D*"+1 defined
by the vanishing of these dk + 1 homogeneous polynomials, whose expected dimen-
sionis (d + 1)(n + 1) — dk — 1. Then the moduli space R;(Y) of irreducible rational
curves of degree d in Y is an open subset in the orbit space

SLy\PW C SLy\PM@+Dx@+D
whose expected dimension is
d+ 1D +1)—dk —5. o)

It is easy to see that the actual dimension is not smaller than the expected dimension
because an equation can drop the dimension by at most 1.

Let us enumerate lines in Y first. As d = 1, the expected dimension is 2n —
3 — k and hence if k < 2n — 3, we find that there are infinitely many lines in the
hypersurface Y of degree k. For k > 2n — 3, no lines are expected in Y because the
expected dimension is negative. So we ask the following.

Question 9 How many lines lie in a smooth hypersurface Y of degree 2n — 3 in P
forn > 27

For n = 2, the answer is 1 obviously. Forn = 3,2n — 3 = 3 and Y is a cubic surface
in P3. The following is a beautiful result which you can find in an undergraduate
textbook on algebraic geometry.

Theorem 1 Every smooth cubic surface in P? has exactly 27 lines.
There are many ways to prove this theorem as follows:

1. Check that the number of lines is independent of the cubic surface and enumerate
lines in a special cubic surface like the Fermat cubic

25 A hypersurface ¥ defined by a polynomial F € C[zg, - - ,z,] is smooth if and only if the

differential
oF oF
dF = “—dzo+ -+ ~—dz,
920 0Zn

is nonzero at every point of Y.
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B+ +n+23=0
explicitly. For instance, the line defined by zo + eznTﬁ z1 =0 =z, + z3 is con-
tained in the Fermat cubic surface. Did you get 277

2. Show that every smooth cubic surface is the blowup of P? at 6 points g, - - - , g¢.2°
The lines in Y are obtained from 15 lines in P? through 2 points among {g;}, 6
conics in P? through 5 points among {g;} and 6 exceptional divisors. Hence
27 =15+ 6 + 6 lines.

3. Show that the lines in Y are all rigid, i.e. they do not deform in Y. As (21) is
a section of the vector bundle E = 7, Opy(3) of rank 4 over the Grassmannian
Gr(2,4) of lines in IP3, the number of points in its vanishing locus is computed by
the Euler class?’ of E, where U/ is the universal rank 2 bundle over Gr(2, 4) and
7w : PU — Gr(2,4) is the bundle projection. By Poincaré-Hopf and Riemann-
Roch, we find the number of lines in Y to be

/ et Opy (3)) = 21,
Gr(2,4)

More details of the proofs and related geometry can be found in most textbooks on
algebraic geometry.

The next case for Question 9 is when n = 4 and hence k = 2n — 3 = 5. This case
is quite special in that the expected dimension (22) vanishes for all d. So we expect
a finite number of rational curves of degree d in a smooth quintic hypersurface in P*
for any d > 0. Therefore a complementary question to Question 9 is the following.

26 The linear system 3H — E| — - -- — Eg gives an embedding of the blowup of P? at 6 points
into P? as a cubic surface, where E; are the exceptional divisors. The moduli of cubic surfaces
is 4 = (2) — 42 dimensional while the choice of 6 points modulo automorphism of P? has 4 =
6-2 — (32 — 1) moduli. One can further compare the deformation theories.

27 A complex vector bundle E of rank r over a topological space X is a continuous map 7 :
E — X of topological spaces such that there is an open cover X = U, X, with a homeomorphism
0o 1 TN (Xg) = Xo x C for each a such that

©p O(pa_l Xy NXE) xC" = (Xg NXp) xC", (x,0) = (x, g(x)(v))

for a continuous g : X, N Xg — GL,(C). A section of the vector bundle 7 : E — X is a con-
tinuous map s : X — E satisfying 7 o s = idy. For all x € X, 7~!(x) is a vector space and the
assignment x > 0 € 7! (x) is a continuous map 0 : X — E satisfying 7 o 0 = idy, called the
zero section. It is obvious that the zero section is a homeomorphism onto its image and hence we
can think of X as a subspace of E by the inclusion 0 : X — E. Under reasonable assumptions like
X being a CW complex, it is not hard to see that for any cycle £ in X we have a (perturbed zero)
section which is transversal to £. The Euler class of E is a homomorphism

e/ (E) 2 Hy(X) —> Hyopp(X), &> ¢, (E)NE = / ¢ (E)
3

sending & to the intersection of £ with a section of E, transversal to &. If X is a complex manifold,
¢, (E) is represented by a differential form of degree 2r, supported in a small neighborhood of the
zero section.
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Question 10 How many rational curves of degree d > 1 lie in a smooth quintic
3-fold Y in P4? O

To answer this question, one first proves that rational curves in Y are rigid.?® As in
the case of cubic surfaces, for d = 1, by Poincaré-Hopf, the answer to Question 10
is the integral

/ ot Ors(5)) (23)
Gr(2,5)

of the Euler class of the rank 6 vector bundle 7, Opy,(5) over the Grassmannian
Gr(2, 5) of lines in P*. Here the notation is similar to the cubic surface case above.
Once again it is straightforward to compute (23) by Riemann-Roch. The answer for
d =11is 2875.

Similar computations with the moduli spaces of conics and twisted cubics tell
us that the answer to Question 10 is 609250 for d = 2, 317206375 for d = 3. The
integral like (23) for d > 3 is much more tricky because we need to compactify the
moduli space R, (P*) of irreducible rational curves and a natural compactification
such as the Hilbert scheme is often not smooth. So the computations were very
difficult and algebraic geometers couldn’t make much progress on Question 10.

This was more or less the state of knowledge at around 1990 when a group of string
theorists found a (conjectural) answer to Question 10 for all d. Certainly, algebraic
geometers were completely taken by surprise and this challenge by string theory has
nourished algebraic geometry enormously during the past three decades.

2.4 Moduli Space and Intersection Theory

Methods employed in Sect. 2.1 work for many problems about lines, planes and
hyperplanes. Answering enumerative geometry problems on them requires finding
intersection numbers of subsets in the corresponding moduli spaces of linear objects,
called the Grassmannians.

Schubert calculated various intersection numbers on Grassmannians, ingeniously
but sometimes not so rigorously. In 1900, Hilbert included in his famous list of 23
problems for the 20th century mathematicians the problem of providing a rigorous
foundation for Schubert’s calculus. It seems fair to say that such a foundation was
provided in 1978 by Fulton and MacPherson.

28 More precisely, we need HO(N¢ /v) = 0 for any irreducible rational curve C in Y. The rigidity
was proved by Sheldon Katz in 1986 for d < 7. Itis not so hard to see directly for d = 1. For higher
d, Katz first proves that the incidence variety of pairs (C, Y') where Y is a quintic hypersurface and
C is arational curve in Y is irreducible by regularity, for d < 7. Next he proves that there is at least
one smooth rational curve in Y of degree d which is rigid by Mori’s argument. Then one can easily
conclude that the proper subvariety of rational curves C with H(N¢ /v) # 0 is empty for general
Y.
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The keys for Fulton and MacPherson’s intersection theory are the degeneration to
normal cone® and rational equivalence.*® When intersecting a subset Y in a variety
X with another subset, we may replace X by the normal cone Cy,x up to rational
equivalence by a degeneration, i.e. a continuous family X, for r € C with X; = X
and Xo = Cy/x. If Y is a smooth subvariety so that the normal cone is in fact the
normal bundle

Ny;x = Tx|y/ Ty,

the quotient of the tangent bundle of X by the tangent bundle of Y, then the intersec-
tion of Z with Y is the result of intersecting the cone Cynz;z C Ny,x with the zero
section of Ny,x.

Intersection with the zero section of a vector bundle is taken care of by the Euler
class of the bundle, and is obtained by either (1) perturbing the zero section until
it becomes transversal to the cone Cynz;z or (2) perturbing the cone to make it
transversal to the zero section. Usually the first perturbation is preferred in topology
but in algebraic geometry the second perturbation has to be used because often the
zero section is impossible to perturb.

Even when the normal cone Cy, x is not a vector bundle, if we can embed it into a
vector bundle E, a similar argument works but then the intersection theory depends
on the embedding: : Cy,x — E.Soif youcan find E and: in a natural fashion from
geometric considerations, we can still perform intersections of subvarieties. Modern
enumerative geometry since 1995 is based on this observation, under the name of
virtual intersection theory that we will see below.

We found the answer to Question 6 in two ways and in fact these are the main
roads in enumerative geometry. Let us recapitulate them. The first way to answer
Question 1 proceeds as follows:

1. Construct the moduli space?! of all geometric figures of fixed type (like Gr (2, 4));

2. Find the loci of geometric figures satisfying the given constraints (like the hyper-
planes);

3. Find the intersection of the loci.

Itis usually impossible to find the intersection points of subsets explicitly, but in case
there are only finitely many intersection points, their number is often expressed in

29 The normal cone is obtained by considering the lowest order terms of the defining polynomials.
For instance, the normal cone of the singular cubic curve y2 = x2(x + 1) (resp. y* = x3) at the
origin is the union y> = x? of the two tangent lines (resp. the double line y> = 0).

30 Two irreducible subvarieties X, ¥ of dimension d in a variety V are rationally equivalent if there
is a d + 1 dimensional subvariety W of V and a rational function on W whose zero is X and pole
is Y. This relation gives us the rational equivalence on the free group generated by irreducible
subvarieties.

31 As we saw above, moduli spaces are often constructed as orbit spaces under group actions. The
art of finding nice orbit spaces or closest geometric objects belonged to the realm of geometric
invariant theory (GIT) but now the method of algebraic stacks is as useful as GIT. The moduli
spaces often depend on choices and they undergo suitable transformations as we vary our choices.
The changes in the answers to enumerative problems as we vary the choices are called wall crossing
terms.
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terms of cohomology pairings and hence integrals of differential forms (by Poincaré
duality). Therefore, enumerative geometry is mostly about constructing moduli
spaces and intersection theory of subvarieties.

The second way is to deform the problem continuously till you reach a more
tractable situation. But you need to prove ahead that the answer remains invariant
(unchanged) during the deformation. So it proceeds as follows:

1. Prove that the answer is deformation invariant;
2. Solve the special case.

The technique of deformation (or degeneration in case we allow singularities) is very
important in classical and modern enumerative geometry.

3 Enter String Theory

So far, we’ve seen a few snapshots of classical enumerative geometry. Throughout
history, mathematics has been enriched by interactions with other disciplines like phi-
losophy, astronomy, navigation, gambling, artillery, physics and engineering. Quite
recently, enumerative geometry has been considerably expanded by interacting with
string theory since 1990s. In this section, I want to discuss why the interaction was
possible and how it happened. But I have to keep the discussion minimal because
my knowledge is quite limited.

Newton’s mechanics was founded on Euclidean geometry. By calculus, he proved
that when dealing with a solid body in mechanics, we may assume that the object
is a point located at its center of mass. So Newton’s physics is about points and
their trajectories. Even today, the standard physics explains elementary particles as
points. To a geometer like me, string theory looks like an attempt to make physics
more interesting by adding more geometric structures to physics. Thanks to string
theory, we can now think of elementary particles as curves, surfaces and so on. The
price we pay is that to make the theory consistent with our universe, we have to
accept the assumption that the universe has extra dimensions, on top of the usual 4
dimensional space-time.

The use of extra dimension dates back to 1919 when Kaluza observed that if we
increase the dimension of the space-time R* by adding a tiny circle S', then Einstein’s
general relativity and Maxwell’s electromagnetism are amalgamated into a concise
and united theory. Around 1985, string theorists including Witten realized that the

32 Intersection theory is the study of finding the equivalence class of the intersection of suitable
subsets. Depending on the objects and the equivalence relation, there are different layers of inter-
section theories, like Chow theory, K-theory, Borel-Moore homology, algebraic cobordism, motivic
cohomology etc, and Riemann-Roch compares them.
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correct way to enlarge the space-time in string theory is to add a Calabi- Yau 3-fold.*
Perhaps the simplest example of a compact Calabi-Yau 3-fold is a smooth quintic
hypersurface in P* like the Fermat quintic

Y=(+z+ - +z=0) cP.

So now all the physics takes place in R* x ¥ for a Calabi-Yau 3-fold Y. When a
particle is a point, its trajectory is a curve. But when a particle is a string like S', its
trajectory (world sheet) is a map from a surface S' x R to R* x Y. By projecting
to Y, we obtain amap S' x R — Y. The length of the string may change from 0 to
R and then to 0. Also strings may ramify into two strings or more. Hence we think
of a world sheet as a map f : ¥ — Y from a Riemann surface . If we choose a
Lagrangian suitably, the Euler-Lagrange equation is satisfied at f if and only if f is
holomorphic, i.e. f(X) is an algebraic curve in case Y is contained in a projective
space. So enumerating curves in the Calabi-Yau 3-fold Y may be interpreted as an
integral on the critical set of the action functional, a physics quantity in string theory.
This observation connects string theory with enumerative geometry.

There are two ways to obtain Lagrangians relevant to enumerative geometry,
A-model and B-model. An interesting proposition in string theory says that for a
Calabi-Yau 3-fold Y, there is a mirror Calabi-Yau 3-fold Y such that the A-model
physics of Y (resp. Y) is equivalent to the B-model physics of Y (resp. Y). This is
called the mirror symmetry.

Around 1990, it occurred to a group of string theorists that the mirror symmetry
may be used to solve enumerative geometry problems. The A-model physics of a
quintic 3-fold Y in P* enumerates rational curves in ¥ while the B-model of the
mirror partner Y gives us an explicit (hypergeometric) series. So the physics of
mirror symmetry predicted the number of rational curves of degree d in Y for all
d. It was a huge blow to algebraic geometers because string theory provided all the
numbers while algebraic geometry was not making progress towards Question 10.
Since then, many conjectural formulas on enumerative geometry problems have
been produced by applying string theory and interesting new developments followed
through attempts to rigorously prove or disprove the conjectures in mathematics.

4 Modern Enumerative Geometry

In this section, let us take a look at new aspects of enumerative geometry since the
interaction with string theory.

As we saw in Sect. 2, a standard approach to enumerative geometry problems
consists of

33 A 3-fold is a Kahler manifold of dimension 3. A complex manifold Y of dimension r is Calabi-
Yau if there is a nowhere vanishing holomorphic r-form on Y, i.e. the canonical line bundle Ky =
det Ty = Oy is trivial.



Enumerative Geometry, Before and After String Theory 21

1. construction of a moduli space,
2. intersection theory of subvarieties and
3. checking that the numbers are actually enumerating the objects we want.

Let us not worry about the issue (3) and focus on getting a number by (1) and
(2). When the moduli space is smooth, by Poincaré duality,>* intersection theory of
subvarieties is taken care of by integrals of closed differential forms n. We call an
integral || 1 of adifferential form n (or a cohomology class) against the fundamental
class® of a moduli space X, an enumerative invariant, if the number is fixed under
deformation of the enumerative problem. As noted in Sect. 2, deformation to a simpler
case is an extremely valuable technique.

In reality, moduli spaces we will use are highly singular and an integral of the form
f 7 will never be deformation invariant, even if we could make sense of it. The way
out is to find a replacement of the fundamental class, namely a homology class of
expected dimension which is invariant under deformation. The replacement is now
called a virtual fundamental class and denoted by [X 1. So the issue (2) should be
split into two steps of finding a virtual fundamental class [X]""" and then integrating
cohomology classes against [ X]"". In summary, designing an enumerative invariant
requires three steps:

Step 1. Construct a nice moduli space X; A
Step 2.  Construct a virtual fundamental class [X ]Vfr;
Step 3.  Integrate cohomology classes against [ X]"".

Let us see how each step works through the example of Gromov-Witten invariant.
Unfortunately, the discussions from now on will get more technical, sometimes
beyond the level of undergraduate mathematics.

4.1 Step 1: Moduli Space

As we saw in Sect. 3, the motivation for modern enumerative invariants came from
the mirror symmetry. The first task was to make clear the meaning of the num-
bers calculated by the mirror symmetry. Mathematicians realized very quickly that
the numbers enumerate symplectic surfaces in the symplectic manifold underlying
the quintic 3-fold Q but not as embedded symplectic manifolds but as maps.*® In

34 The Poincaré duality identifies homology classes (submanifolds without boundary modulo homo-
logical equivalence) with cohomology classes (closed differential forms modulo exact forms).

35 The fundamental class of an oriented manifold is the whole space with the chosen orientation.
To make sense of an integral, we need an orientation and a change of orientation may change the
sign componentwisely.

36 A mathematical count of embedded symplectic surfaces % in a symplectic manifold Q is called
the Gromov invariant, which equals the Seiberg-Witten invariant when Q is a symplectic 4-manifold.
When the 4-manifold is a smooth projective surface, the Gromov/Seiberg-Witten invariant is the
virtual integral (called the Poincaré invariant) on the Hilbert scheme of curves and is equivalent to
the Donaldson invariant (after wall crossing) by Mochizuki’s formula.
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algebraic setting, the numbers from the mirror symmetry enumerate polynomial (reg-
ular) maps f : C — Q, up to automorphism, where C is a projective algebraic curve,
with at worst nodal singularities.>” Such a map f is called stable if the automorphism
group ~

Aut(f) ={p:C—Clfop=f]

of invertible polynomial maps of C preserving f is finite.

How do we construct the moduli space of stable maps to a smooth projective
variety Q? There are several approaches: One may use geometric invariant theory
starting from a big Hilbert scheme, or one may show that the moduli functor is
an algebraic stack and then prove its expected properties like projectivity. A more
down-to-earth construction due to Fulton and Pandharipande goes as follows: Let
us denote by Mg,n(Q, d) the moduli space of stable maps f : C — Q C P" from
curves C of genus g with n smooth distinct marked points such that the direct
image f.[C] of the fundamental class of C meets a general hyperplane at d points.
A polynomial map f : C — P, f(p) =[fo(p), -, fr(p)] is determined by its
component functions f;. Each polynomial function f; is determined by its d roots
up to constant. For a stable map f, we can choose a coordinate system for P such
that all these roots are distinct and away from the marked and singular points of C.
Hence the roots determine a pointed curve for which we already have a moduli space
Mg /(Sq) ! form = n +d(r + 1) whose dimension is m + 3g — 3.% The choice
of f from the roots requires r parameters>® and a fiber bundle over an open subspace
in ﬁg,m /(Sy)" ! gives us a chart of Mg,,, (P, d). Gluing these charts constructs
Mg.,,(IP”, d).** If you understand this construction, it is not hard to see that for any
projective variety O C P, the moduli space of stable maps to Q is a closed subspace

37 Here are the definitions: A projective algebraic curve is a projective variety of dimension 1.
A projective variety Q is a subset of a projective space P defined by the vanishing of some
homogeneous polynomials f, - - - , f;, in the homogeneous coordinates xg, - - - , x,. The dimension
of Q is 1 if n minus the rank of the Jacobian of (f1, - - - , fi,) is 1 atall points of Q except finitely many
points. A projective algebraic curve C has at worst nodal singularity if in an analytic neighborhood of
each point p € C, the curve is smooth or looks like the union of two lines (xy = 0). Topologically a
projective algebraic curve C with at worst nodal singularities is the union of finitely many doughnuts
possibly with any number of holes, glued at points. The genus of C is the total number of holes plus
the number of loops in the dual graph. When the genus g is zero, we say C is rational.

38 The moduli space Mg, n= Mg, »(pt, 0) of stable curves was constructed by Deligne and Mumford
in 1968. Here a stable curve means a stable map to a point. Any subgroup G of the symmetric group
S, acts on Mg,,, by permuting the marked points.

39 We have to find isomorphisms of the line bundles L; defined by the Cartier divisor zero( f;). Since
Hom(L;, L;) = H%(O¢) is 1 dimensional, the identification of line bundles Lg, - - - , L, requires
r dimensional parameter space. The cohomology H'!(€¢) = C# is the obstruction space to gluing
of line bundles and hence the expected dimension is m +3g —3+r(l —g)=n+ 3 —r)(g —
D+d@r+1).

40 The projectivity follows from Kollar’s criterion.
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Mgy, (Q,d) C My, (P, d)
which is also projective.*!
As an application of the construction of the moduli space of stable maps, let us
prove Kontsevich’s formula (20).

Proof (Sketchy proof of Kontsevich’s formula (20)) We will prove the formula for
d = 3 (Question 8) and leave the general case to the reader which is no more difficult.
Pick 7 general points g3, g4, - - - , g9 and two lines L; and L, in general position. In
the moduli space Moqg(]}pz, 3), let Y be the locus of stable maps whose first marked
point p; maps to a point in L, the second marked point p;, to a point in L, and
the jth marked point p; to g; for j > 3. The dimension of M o(P?,3) is 17 and
the requirements for p; and p, cut the dimension by 1 each while the requirement
for p;, j = 3 drops the dimension by 2 each. Hence you find that Y is a projective
curve.
Consider the composition

@0:Y C Myo(P?,3) — Moog —> Moy =P

where the first arrow forgets the map to P? and the second arrow forgets the marked
points p; for j > 4. By the Cauchy integration theorem or its algebraic counterpart,
a meromorphic function on a projective curve has the same number of zeros and
poles. Hence, ¢~'(0) and ¢~'(c0) have the same number of points. By change
of coordinates if necessary, we may say 0 € P! (resp. oo € P') represents a nodal
rational curve

C=ClUCyeMy,=P!

with two components, with py, p» € C; (resp. pi, p3 € C1) and p3, ps € C; (resp.

P2, ps € Cy).
Now let us count the number of stable maps f € ¢~'(0).

1. If the degree of f restricted to the component C; is 0, then this component
should map to L; N L, and the image of f passes through all the eight points
LiNLygqs,---,qo. Hence there are N3 such stable maps.

2. If the degree of f restricted to Cj is 1, then the other component C, has degree 2
and hence f(C,) may contain at most 3 points out of gs, - - - , g9 because f(C3)
already passes through g3 and g4. Hence f(C;) should pass through exactly 2
pointsoutofgs, - - - , go. We have (;) = 10 choices of the two points and the gluing
point of C; and C, may be mapped to one of the two points of the intersection of
the line by C; and the conic by C,. Hence there are 10 x 2 such stable maps.

3. If the degree of f restricted to C is 2, the line f(C5) has to be the line joining g3
and g4. Thus f(Cy) is the unique conic through gs, - - - , g9. As f(C;) N L, and

41 To be precise, the Fulton-Pandharipande construction gives us the Deligne-Mumford stack which
represents the natural moduli functor of stable maps whose coarse moduli space is a projective
scheme. Coarse moduli means that we are forgetting the stabilizer groups of points.
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f(Cy) N L, have two points each, there are 2 x 2 choices for f(p;) and f(p»).
As the conic f(Cj) meets the line f(C,) at two points, we have two choices for
f(C; N Cy). Hence there are 2 x 2 x 2 such stable maps.

In summary, there are N3 + 20 + 8 points in ¢~!(0).
Let us count the number of stable maps f € ¢! (00).

1. The degree of f restricted to the component C; cannot be O or 3 because g3 ¢ L,
and q4 ¢ Lz.

2. If the degree of f restricted to C; is 1, f(C;) has to be one of the five lines joining
g3 withone of gs, - - - , go while f(C») is the unique conic passing through g4 and
the remaining 4 points among gs, - - - , g9. As f(C,) meets L, at 2 points, there
are 2 choices for f(p;). As the line f(C;) meets the conic f(C,) at 2 points,
there are two choice for f(C; N C,). Hence there are 5 x 2 x 2 such stable maps.

3. If the degree of f restricted to C; is 2, the same argument tells us that there are
20 such stable maps.

In summary there are 20 + 20 = 40 points in ¢! (c0).
We thus find that N3 4+ 28 = 40 and hence N3 = 12 as we saw in Sect. 2.2. [

4.2 Step 2: Virtual Fundamental Class

To discuss anything meaningful, we absolutely need the notion of a vector bundle.
Let us begin with the tangent bundle and define a vector bundle as a generalization.
For an open U C R", tangent vectors are expressions like

0 0
a:a18—+-~-+a,, , a €R (24)

X1 Xn

and if f is a smooth function on U, its derivative in the direction of a is
af
df (a) = Z e
By the assignment a — (aj, - - ,a,) € R", you may think of U x R" as the set
of all tangent vectors on U and let pr : U x R" — U be the projection to the first
component. A vector fieldon U isthenamapa : U — U x R” whose composition
with pr is the identity map on U. Foramap 7 : X — Y, amap s : ¥ — X with
7w os = idy is often called a section of m. For instance, 0 : U — U x R", 0(p) =
(p,0)isasectionof pr: U x R" — U, called the zero section.
However this description of tangent vectors and vector fields depends on the
choice of a coordinate system. If we employ a new coordinate system {y;, - - - , y,}
instead of {xy, - - - , x,,}, then the expression (24) is transformed to
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n a n ayl
= '—, wherea = — 25
a ; a; 3y1 a; jX:l: aj 8xj ( )

Hence the identification of the set of all tangent vectors on U with U x R”" requires
the transformation

UxR'"— UxR" (p,a)+— (p,Ja)
where J = (3” ) is the Jacobian, which is a smooth map J : U — GL(n, R).
Let M be a smooth manifold of real dimension 1. Then we have an opencover M =
Uy M, together with an open embedding ¢, : M, — R". By the above paragraph, the
set of all tangent vectors on M,, can be identified with M, x R". On the intersection
My == My N Mg, we have two coordinate systems coming from ¢, and ¢g. By the
above paragraph, the identiﬁcations of the set of tangent vectors on Mg are related
by the Jacobian Jyg : Mog — GL(n, R) of pg 0 ¢ I Itis easy to see that the identity,
called the 2-cocycle condition,

]ya o Jﬁy o Jaﬂ =id

holds on M, N Mg N M, for all indices «, B, y, by the chain rule. Let us define the
tangent bundle of M to be the set of equivalence classes

Ty = l—'ot(Ma X Rn)/ ~

where (p,v) ~ (g, w) for p € M, and g € Mg if and only if p =¢ and w =
Jup(p)v. This set comes with the projection 7 : Tyy — M which equals the pro-
jection pr : M, x R" — M, over the open set M,. A vector field on M is just a
section of the tangent bundle 7 : Ty; — M. By declaring that 7 ~!(M,) is open in
Ty and the obvious map M, x R" — 7w~ !'(M,,) is a homeomorphism for every «,
the tangent bundle T); becomes a topological space and a smooth manifold.

More generally, a real vector bundle of rank r over a topological space M is a
topological space E and a continuous map 7 : E — M such that there are an open
cover M = Uy, M,,, a commutative diagram

A M) —— M, xR

N A

for each «, and a continuous map &.4 : Mg — GL(r, R) for every pair o, § of
indices, such that

Vg oWy (p,v) = (P, Eap(PV), Vp € Mog, v eR".
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If we replace continuous (resp. real) by smooth (resp. complex), we obtain a smooth
(resp. complex) vector bundle. When M is a complex manifold,*> a complex vector
bundle 7 : E — M defined by &5 : Myg — GL(r, C) is a holomorphic bundle if
&p is a holomorphic map. For a holomorphic bundle 7 : £ — M, E is a complex
manifold. A section s : U — E on an open U C M of a holomorphic bundle 7 :
E — M is holomorphic if it is a holomorphic map of complex manifolds. For a
vector bundle v : E — M and a subset N of M, 7~ !(N) is denoted by E|n and the
restriction E|y — N of 7 is a vector bundle over N.

Given a vector bundle E of rank r over M and a homomorphism p : GL(r, R) —
GL(k,R), we obtain a new vector bundle of rank k on M by the recipe

P(E) = Uy(My x RY)/ ~

where (p, v) ~ (g, w)forp € My,q € Mgifandonlyif p = gandw = p(&,(p))v.
For instance, the determinant det : GL(r, R) — GL(1, R) defines the determinant
line bundle det(FE) for a vector bundle E of rank r on M. Here a line bundle means
a vector bundle of rank 1. Moreover, given vector bundles £ and F, applying linear
algebra operations to &,4, we can generate new vector bundles E® F, E ® F, E¥,
A'E, sym’ E and so on. With a help of functional analysis, one can extend the theory
of vector bundles to infinite rank vector bundles over infinite dimensional Banach
manifolds.

Many moduli spaces in geometry are defined as the zero locus of a smooth section
s of an infinite dimensional vector bundle £ over an infinite dimensional (Banach)
manifold Y, at least locally. For instance, if we are looking for the moduli space of
holomorphic maps f : C — Q from a compact Riemann surface*> C to a smooth
projective variety Q, we consider the space ) of smoothmaps f : C — Q with fixed
f«[C] € H>(Q). By the existence and uniqueness of solutions of ordinary differential
equations, for each f € ), the tangent space to ) at f is the infinite dimensional
vector space

;Y =T(C, f*Tp)

of smooth sections of the pullback bundle

["To={(p.q) e C xTg|n(q) = f(p)} — C, (p.q)+— p,
and there is an open neighborhood of f in Y diffeomorphic to an open neighborhood
of 0in T¢). In particular, ) is an infinite dimensional smooth manifold.

The condition that the smooth map f should be holomorphic is the vanishing of
the section s = df o j — J o df of the infinite dimensional vector bundle £ whose

42 A complex manifold of complex dimension z is a smooth manifold M with an open cover
M = UyM,, a homeomorphism ¢, : My — Uy, C C" for an open set U, in C" such that the
transitions ¢g o ¢, L are holomorphic on ¢q (Myg).

43 A Riemann surface is a complex manifold of dimension 1.
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fiber** over f is the vector space I'(C, Hom(T¢, f*Tp)) of smooth sections of the
bundle Hom(T¢, f*Tp), where j (resp. J) is the complex structure on T¢ (resp.
TQ)~4S

Given an infinite dimensional manifold ) and an infinite dimensional vector
bundle £, a section s of £ is called Fredholm if the kernel and cokernel of the
differential ds : Ty — & at each p € s~'(0) are finite dimensional. In many moduli
problems in geometry, the differential ds is an elliptic differential operator and hence
Fredholm.

We are interested in the geometry of M = s~'(0) where 0 C & denotes the zero
section. For any compact subset K of M, we can find an open neighborhood ¢ in Y
of K and a subbundle F of £ |« of finite rank such that

F +im(ds) = E|u.

Then s gives a section 5 of the quotient £ = £|/ Fof& | by F whose differential
ds is surjective by our choice of F. By the implicit function theorem, ¥ = 5§~'(0)
is a finite dimensional manifold and s becomes a section of F := F |y whose zero
locus is the open subset U := U N M of M. We thus obtain a finite dimensional local
model

F (26)

)

for the zero locus M of a Fredholm section, where Y is a finite dimensional man-
ifold and F — Y is a vector bundle of finite rank. The differential ds gives us a
homomorphism

U=s"10) —-

ds
Tyly — Flu. 27)

By the implicit function theorem again, if ds is surjective over U, U is smooth of
dimension

vd(U) = dim Y — rank F = rank ker(ds|y) — rank coker(ds|y) (28)

and the tangent bundle Ty of U is the kernel of (27). As the vanishing of the cokernel
of (27) implies the smoothness of U, we call the cokernel of (27) the obstruction
sheaf*® of the local model (26) and (27) is called a tangent-obstruction complex. We
call (28) the expected dimension or the virtual dimension of U defined by the local
model (26).

44 The fiber of a vector bundle 7 : E — M over p € M is the vector space 7~ (p).

45Tf M is a complex manifold, the tangent bundle T}y is a holomorphic vector bundle obviously.
The complex structure on 7}, is the multiplication V=1:Ty = Ty by J—1.

46 If one tries to extend a map C,, — U in the mth jet of U to the m + 1st jet, there is an element
in the obstruction sheaf whose vanishing is equivalent to the existence of an extension.
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Most moduli spaces in algebraic geometry are very singular and for a finite dimen-
sional local model (26), U usually has a bigger dimension than the expected (28).
The singularity of U = s~'(0) arises if the section s is not transversal to the zero
section O of F. If we perturb s slightly to obtain a section s’ transversal to the zero
section 0, we obtain a smooth manifold U’ = s'~!(0) of expected dimension (28).
By construction, U’ is very close to U with a proper*’ map U’ — U. We wish to
use U’ instead of U to define enumerative invariants but U’ depends on the choice
of perturbation s’. To remove the dependency, we use a homology theory*® and push
down U’ to U homologically. Algebraic topology neatly summarizes this method of
perturbation of the section in terms of (refined) Euler class

s'=e(F.5) t Hi(Y) — H,,(U)
for a complex vector bundle F of rank r and a section s of F. In case Y is a complex
manifold, we obtain the virtual fundamental class by applying s' = e(F, s) to the
fundamental class* [Y] of Y, i.e.

[U]Y" := e(F,s) N [Y] = s'[Y] € Hygpw)(U).

In this way, moduli spaces M we are interested in usually admit an open cover
{M, — M} together with finite dimensional local models

Fy
Yy

where Y, is a complex manifold and F, is a holomorphic vector bundle while s, is
a holomorphic section. So we have local virtual fundamental classes

(29)

My = 571(0) ——

(M1 = 5,1 Ya] € Ho(My).
The question is then:
Can we glue [M,]'" € H,(M,)to a homology class [M]"" € H,(M)?
In other words, we want a homology class [M 1Y whose restriction to M, is [M,]"".

Of course, we cannot expect a positive answer for free. For instance, the virtual
dimensions should be independent of «.

47 A proper map is a continuous map such that the inverse image of a compact set is compact.

48 In a sense, ahomology theory is a way to identify submanifolds which does not change an integral

of a closed differential form, by Stokes’ theorem.

49 The fundamental class of a complex manifold is the whole space together with the canonical
. . n - - . .

orientation /—1 dzy Adzy A -+ ANdz, A dZ, inlocal coordinates.
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Let I, be the image of the dual s : F)Y — Oy, of the section s,.° Holomorphic
functions belonging to I, determine M,, as their common zero locus. Hence the dual
of the tangent-obstruction complex

dsg
Ty, Im, — Falm, (30)

fits into the commutative diagram

ds,)
Ffu, —— Ty Inm, (€2

S:J

d
lyly, —— Ty Im,-

For all o, the lower arrows are canonical (up to quasi-isomorphism) and always glue
to a global object, called the truncated cotangent complex L, of M. The correct
condition discovered in 1995 by Li-Tian and Behrend-Fantechi for gluing the local
virtual fundamental classes [M,]""" to a global virtual fundamental class [M VI is that
the tangent-obstruction complexes (30) glue to a complex E = [Ey — E/] of vector
bundles on M>' and (31) also glue to a morphism ¢ : EV — LL);. This complex E
together with the morphism ¢ is called a perfect obstruction theory on M.

Given a perfect obstruction theory E = [Ey — E;], the normal cones Cyy, v,
induce cones

Cwm,/v, % Eolm, /Ty, |m, C Etlnm,

which glue to a cone C C E; over M. Now the virtual fundamental class of M is
defined to be the intersection of C with a perturbation of the zero section of E; by

[M]'" = 0, [C] = e(Eylc, 7) N[C] (32)
where 7 is the tautological section ¢ — (c, ¢) of
Eilc ={(v,c) e Ey xC|n(v) =n(c)} > C, (v,c)r>c

and 7 : E; — M is the bundle projection.’?

30 A holomorphic section s : M — E of a holomorphic vector bundle 77 : E — M can be thought
of as a map 0y — E of the trivial bundle &)y = M x C into E which maps (x, 1) to As(x) for
xeM.

31 More precisely, we only need a derived category object E € D”(Coh M) whose restriction to M
is isomorphic to (30). Li-Tian’s condition is weaker than this, now called a semi-perfect obstruction
theory.

52 Nowadays, the construction of the virtual fundamental class [M]"'" requires much less assump-
tions: We don’t need a global resolution [Eg — E;] by vector bundles and we only need a derived
category object which locally is isomorphic to (30). In fact, we don’t even need a global derived
category object, just local objects (30) together with a compatibility condition on the obstruction
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Since 1995, lots of enumerative invariants have been defined by integrals of coho-
mology classes against virtual fundamental classes. Enumerative invariants defined in
this way are sometimes called virfual invariants and have been the focus of intensive
research during the past 25 years in enumerative geometry because they automatically
satisfy nice properties like deformation invariance under reasonable assumptions.

Unfortunately, it is not easy to handle the virtual fundamental classes and usually
computation of virtual invariants is extremely difficult. As far as I know, there are
only three techniques to handle virtual fundamental classes as follows.

1. Lefschetz hyperplane principle: If 1 : M < N 1is a closed immersion and the
normal cone Cy/y embeds into V|, for some holomorphic vector bundle V on
N> we can compare the virtual fundamental classes of M and N by

[MI" = [NI", .[M]™ = e(V) N [N]™ (33)

where e(V) denotes the Euler class of V.3

2. Torus localization: Let M be equipped with an action of the multiplicative group
C* and a C*-equivariant perfect obstruction theory E = [Ey — E/]. Then the
virtual fundamental class is localized to the fixed point locus M by the formula

o MC (Bl
oy = T ere eqveiny =SB0 (34)
e(N') (B[

and E; ’I’JI?C* (i = 0, 1) denotes the subbundle of E;|,c- where C* acts with non-
trivial weights.

3. Cosection localization: Let M be equipped with a perfect obstruction theory
[Ey — E;] whose cokernel Oby, admits a homomorphism ¢ : Oby; — Oy to
the trivial bundle. We call o a cosection of Oby,. Then [M]'" is localized to
a class [M]}"" supported in the zero locus of o. Often o~!(0) is much simpler
than M, sometimes just the empty set or a smooth point, and hence the cosection
localization gives us a vanishing result or simplifies the computation of a virtual

invariant.

sheaf and obstruction assignments. However, for convenience of explanation, I will assume that we
have a global resolution [Eyp — E1] of the perfect obstruction theory.

53 We further need that the perfect obstruction theories E)s and Ex for M and N fit into a commu-
tative diagram of exact triangles

VViy —— ENjlu —— Eff ——

T

VV|M — Lyl —— Ly —— .

54 There is a more general form of the (quantum) Lefschetz hyperplane principle, namely the
functoriality of virtual pullbacks.
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Often a combination of these techniques turns out to be quite powerful. For instance,
one can compute the genus 0 GW invariants of a hypersurface in a projective space
by first pushing the computation to the projective space by the Lefschetz hyperplane
principle and then localizing to the fixed point locus by the torus localization. One
way to use the torus or cosection localization is to define a virtual invariant even when
the moduli space M is not compact. In general, we cannot integrate a cohomology
class over a noncompact space. If there is a C* action on M and the fixed point set
M s compact, we can define [M ]vir by (34). If there is a cosection o of Oby,
and o~!(0) is compact, the cosection localized virtual cycle [M]¥" is compactly

loc
supported and hence we can integrate cohomology classes against [M]}7.

4.3 Step 3: Virtual Invariants

As we mentioned before, virtual invariants are integrals of cohomology classes
against virtual fundamental classes. For the moduli space Mg,n (Q, d) of stable maps
to a smooth projective variety Q in Sect. 4.1, there is a natural perfect obstruction
theory.? By the recipe of Sect. 4.2, we thus obtain the virtual fundamental class

(M, ,(0, ' € Ho (M, ,(Q, d))

and the Gromov-Witten (GW for short) invariants of Q are defined as integrals of
cohomology classes against [M en(Q, d)]"'". In particular, when Q is a Calabi-Yau
3-fold, the expected dimension of M gqo(Q d) is zero for any d € H,(Q,7Z) and
thus [M, o(Q, d)]'" € Hy(M,0(Q,d)), a linear combination of points. By taking
the sum of the coefficients, we obtain the GW invariant

GWE, = deg[M,0(Q.d)]'" € Q. (35)

When Q is a general quintic hypersurface in P4, there are only finitely many
rational curves of degree d < 7 and it is conjectured that the same should be true for
all d. Hence the count of rational curves of degree d in Q (Question 10) can be taken
care of by the GW invariant of Q if we remove contributions from multiple covers.

Let us sketch how Givental and Lian-Liu-Yau computed the genus 0 Gromov-
Witten invariant of a quintic 3-fold Q in P*. By composing any stable map to Q with
the inclusion Q C P*, we have an inclusion

X = Moo(Q,d) C Moo(P* d) =Y

into the smooth projective variety Y of dimension 5d + 1. The universal family

55 The deformation theory of a holomorphic map f : C — Q was well studied since 1960s. The
perfect obstruction theory at a point (f : C — Q) € Mg ,(Q, d) comes from the hyperext groups

Ext*([f*Qg — ngg], Oc) where Qg = TQv denotes the cotangent bundle of Q.
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of stable maps gives us a vector bundle N = m, f*Op+(5) of rank 5d + 1 and the
defining quintic polynomial of Q pulls back to a section s of N by the homomorphism

HO(P*, 05 (5)) L5 HOC, f*0oi(5)) = HO(Y, N)
so that we have a diagram

N =m f*Op(5) .

{l

X=s5s10—"——vY
By the Lefschetz hyperplane principle, we have
[XT"" = e(N,s) N [Y] € Hy(X).

The genus 0 GW invariant of Q is thus

/ 1:/e(N) €Q. (36)
[X]vir Y

So the computation of the GW invariant of Q was pushed to Y but still Y is not easy
for an explicit computation. We further push the computation to the projective space
W, = P>+ by the diagram

Mo o(P! x P4, (1,d)) —— P(HO(P!, O(d)) @ C3) = W,

J

X =Moo(Q,d) Y = Mo o(P* d)

where the vertical arrow is the composition of stable maps f : C — P! x P* with
the projection P! x P* — P* and the top horizontal arrow is obtained by allowing
the linear system to have base points and contracting components of the domain C
whose degrees are 0 in the P! direction. Except for X, the action of (C*)> by multipli-
cation on homogeneous coordinates of P* makes the diagram (C*)-equivariant. By
establishing a functorial torus localization, one can push the computation of (36) to
the projective space W, where integrals of cohomology classes are straightforward.
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In this way, the generating function of genus 0 GW invariants (35) is given by a
hypergeometric series.

A general element of W, represents a base point free linear system on P! of degree
d and thus defines a map P' — P*. A quasi-map from a curve C to P" is defined as
a line bundle L on C together with r + 1 sections sy, - - - , s, of L. In particular, W,
is the moduli space of nontrivial quasi-maps from P! to P* of degree d.

4.4 More Virtual Invariants

We’ve seen the three steps to define a virtual invariant. So if you can find a compact®®

moduli space M equipped with a perfect obstruction theory, you have a virtual invari-
ant. Nowadays, there are many virtual invariants defined in this way. Let us take a
look at a few of them related to curve counting.

So we want a compactified moduli space of curves in a smooth projective vari-
ety Q which admits a perfect obstruction theory. The moduli space Mg,n(Q, d) is
such an example. Are there any other? Let’s think about the unit circle S! in plane
centered at the origin. Probably the first definition of the unit circle S' you learned
says that it is the set of points in plane with distance 1 from the origin. A little later,
you probably learned that the unit circle is the same thing as the locus of points
in the coordinate plane whose coordinates satisfy x> + y> = 1. A projective variety
Z C P"is uniquely determined by the homogeneous ideal I = I(Z) of polynomials
vanishing on Z. Recall that an ideal 7 of a polynomial ring C[zg, - - - , z,] is homo-
geneous if it is generated by homogeneous polynomials. We may write [ = @45014
where I, = I N Clzo, - - - , z4]q and C[zg, - - - , 2,14 is the vector space spanned by
homogeneous polynomials in zg, - - - , z,, of degree d. Two homogeneous (radical)
ideals 7 and I’ in C[zg, - - - , z,,] define the same projective subvariety in P" if and
only if I; = I for d >> 0 and we write I ~ I’. So you may think of a projective
curve in P" as a homogeneous ideal I up to the equivalence ~. For any homogeneous
ideal I of Clzo, - - , z,], dim C[zo, - - - , z4]4/14 is a polynomial function of d for
d >> 0 whose defining polynomial is called the Hilbert polynomial. Grothendieck
proved that the set of homogeneous ideals I C Clzg, - - , z,] up to ~ with a fixed
Hilbert polynomial forms a projective scheme,’’ called the Hilbert scheme. From
this it is straightforward to conclude that the set of all projective subschemes with
a fixed Hilbert polynomial in a projective variety Q is a projective scheme M in a
natural way.>®

36 If the moduli space is not compact, you can still define a virtual invariant by finding a torus action
whose fixed locus is compact or by finding a cosection of the obstruction sheaf whose zero locus is
compact.

57 A projective scheme is a generalization of a projective variety, in that projective varieties in P are
in bijection with radical homogeneous ideals in C[zo, - - - , z,] up to ~ while projective schemes are
in bijection with all homogeneous ideals strictly contained in the maximal ideal (zg, z1, - , Zn)-
S8 A homogeneous ideal Ic C Clzo, - - - , z,] contains the ideal /g of Q if and only if the compo-
sition Ig < Clzo, - - - , za] = Clzo, - -+ , zx1/Ic is zero.
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Let M = Mp(Q) be the Hilbert scheme of curves (more generally projective
subschemes) with fixed Hilbert polynomial P in a Calabi-Yau 3-fold Q. Then M
admits a perfect obstruction theory”’ with expected dimension 0. We thus obtain the
virtual fundamental class [M]"" € Hy(M) whose degree®”

DTZ = deg[Mp(Q)]'™ (37)

is defined to be the Donaldson-Thomas (DT for short) invariant of Q. Usually DT is
more difficult to compute than GW. However there are many advantages of DT over
GW:

1. DT can enumerate not just curves but also projective subschemes or vector bun-
dles.

2. The perfect obstruction theory of DT is symmetric and the tangent space is dual
to the obstruction space at each point.

3. The DT moduli space is locally the critical locus of a holomorphic function on a
complex manifold.

4. DT is an integer while GW is a rational number.

As GW and DT both can enumerate curves in a smooth projective variety Q, they
should be related somehow. The Maulik-Nekrasov-Okounkov-Pandharipande con-
jecture states a precise formula for the equivalence of GW and DT after a suitable
change of coordinates and removing contributions by points floating away from
curves etc. It was proved for quintic 3-folds and some other cases.

There are still many more ways to think of a curve C in a smooth projective variety
Q. We can think of the coordinate ring Clzg, - -- , z,]/Ic of C as a homogeneous
module over C[zg, - -+ , z,1/1 Q.61 This perspective gives us another way to define a
virtual invariant enumerating curves in Q, also called the DT invariant. We can think
of a curve C in Q as a homomorphism

Og =Clzo, -+ ,zal/Ig = Clzo, - -+, zal/Ic = Oc

and this perspective gives us the virtual invariant of stable pairs, called the
Pandharipande-Thomas (PT for short) invariant. We can also think of a curve as
a quasi-map and hence construct a virtual invariant.

Any reasonably defined curve counting virtual invariant should be related with
known invariants like GW, DT and PT.

39 The tangent and obstruction spaces at I € M are the traceless ext-groups E xtiQ I, Iofori =1,2.
60 deg : Hy(M) — Hp(pt) = Q is the pushforward by the proper map M — pt. This map is
counting points with multiplicity.

61 So we can think of a curve C in Q as a coherent sheaf &¢ on Q. By GIT, we know that we have to
confine ourselves to the study of semistable sheaves and there is a projective stack M parameterizing
semistable sheaves on Q after fixing an ample line bundle. The open set of stable sheaves admits
a perfect obstruction theory (when dim Q = 3 and Ky < 0) and hence we obtain a DT invariant
when all semistable sheaves are stable. If there are semistable sheaves which is not stable, we need
to use the Hall algebra machinery or the Kirwan blowup, to obtain a generalized DT invariant.
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5 Recent Developments

To end this note, let us review some of recent developments in enumerative geometry.
Inevitably, I have to be very sketchy and cannot explain all the terms and ideas,
because each of the topics deserves an independent survey article.

5.1 Cohomological, K-Theoretic and Motivic Refinements
and Wall Crossing

For a smooth projective variety Q, the collection of all vector bundles over Q with
fixed topological type (Chern classes) is usually not compact and we need to add
coherent sheaves to compactify it. Roughly speaking, a coherent sheaf is like a
vector bundle on a subvariety with rounding off along the boundaries. The collection
of all coherent sheaves is big enough for compactification but it is not Hausdorff. So
we need to take out some undesired coherent sheaves and a criterion to determine
which sheaves to delete is called a stability condition. A most popular choice -
Gieseker stability - comes from geometric invariant theory and it is given by an
inequality of Hilbert polynomials. After fixing a stability condition, under favorable
circumstances, the collection of all stable coherent sheaves on Q forms a compact
Hausdorff space which admits a virtual fundamental class when Q is a Calabi-Yau
3-fold. So, the DT invariants of Calabi-Yau 3-folds depend on the choice of a stability
condition. A wall crossing formula records the differences of DT invariants as we
vary the stability condition.

If we choose the stability condition in a clever way, the DT invariants are easy
to compute and hence the DT invariants for arbitrary stability conditions can be
computed if we know all the wall crossings. Of course, wall crossing is really useful
and has been a key tool for at least three decades in algebraic geometry.

The DT invariants are known to be motivic which means that we can cut the
moduli space M into locally closed pieces and add the (weighted) DT invariants of
the pieces to get the DT invariant associated to M. This motivic property enables
us to employ the Hall algebra machinery and the wall crossing can be handled in a
completely systematic way. Furthermore, this Hall algebra technique enables us to
define DT invariants even when the circumstances are not favorable.%>

When Q is a Calabi-Yau 3-fold, the moduli space of stable sheaves on Q is
locally the critical locus of a regular function on a smooth variety. Using the motivic
vanishing cycles, Kontsevich and Soibelman generalized the DT invariant to amotivic
invariant which takes values in a motivic ring and studied their wall crossing.

Another refinement of DT is by K-theory. The virtual fundamental class may
be defined as a class in the K-group of coherent sheaves by taking the K-theoretic
intersection of the cone C with the zero section of E; in the notation of (32). By

621 jke when there are semistable sheaves which are not stable.
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taking the holomorphic Euler characteristic of a vector bundle twisted by the K-
theoretic virtual fundamental class, we obtain the K-theoretic DT invariant. As K-
theory is more refined than homology by (virtual) Riemann-Roch, the K-theoretic DT
invariants contain more information about the geometry of Q. Recently, interesting
links of K-theoretic DT with representation theory have been studied by Okounkov
and others.

Finally, there is a cohomological refinement of DT invariants which may produce
a correct mathematical theory of the Gopakumar-Vafa invariant or BPS invariant. The
critical locus of a regular function on a smooth variety comes with a perverse sheaf
of vanishing cycles. One can glue the locally defined perverse sheaves of vanishing
cycles to a globally defined perverse sheaf P when the moduli space M is oriented.®’
So we can consider the hypercohomology H*(M, P) of P whose Euler characteristic
is the usual DT invariant. Now if the perverse sheaf P is semisimple, as it underlies a
mixed Hodge module, the morphism to Chow scheme defines an action of s/, x sl,
on H*(M, P) by the hard Lefschetz property. The first s/, action comes from the
hard Lefschetz on the cohomology of fibers and the second sl, action comes from
the base.

Imagine a coherent sheaf is a line bundle on a subvariety and M is the space of pairs
(C, L) where C C Q is a smooth curve and L is a line bundle on C. The morphism
to Chow is the forgetful map (C, L) — C whose fiber over C is the Jacobian of C,
an abelian variety, which is topologically a product J, of g copies ellipses where g
is the genus of C. Gopakumar-Vafa’s recipe to enumerate curves of genus g in Q is
to write

H*(M, P) =P H*(J,) ® R,
8

by using the sl x s/, action and then calculate the Euler characteristic of R,. The
conjecture is that the invariants defined in this way contain equivalent information as
GW invariants. GV’s invariants are integers and supposed to be free from multiple
cover contributions - more purified curve counting invariants.

5.2 Quantum Singularity Theory

Quantum singularity theory is an attempt to enumerate curves in a smooth projective
variety by the singularity of the associated affine cone. Let me try to explain the ideas
for the case of Fermat quintic 3-fold

5
0= _x'=0)cP"
i=1

The general case is not more difficult.

63 A moduli space of stable coherent sheaves is always orientable when there is a universal family.
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Consider the quadruple (C, L, x, p) of

a projective curve C with at worst nodal singularities,

an algebraic line bundle L on C,

five sections x = (xy, --- , x5) € H'(L)® of L, and

. asection p € H'(Lw¢) where wc is the dualizing line bundle (the sheaf of
1-forms).

B

The collection of all such quadruples (C, L, x, p) forms an algebraic stack, as it is
locally the quotient of an affine scheme by a group action. Let us denote the algebraic
stack by X.

If x : 02° — L is surjective, it induces a morphism f : C — P*. Let us denote
the open substack of quadruples with x : ﬁ?‘s — L surjective by X . The moduli
space

M, ,(P* d)’ ={((C,L,x,p)|(C,L,x) e M,,(P*,d), pe H (L wc)}/ =

of stable maps to P* with p-fields is an open substack in X ..

If p: L°> — wc is surjective, it has to be an isomorphism and we say (C, L) is
a 5-spin curve. Let us denote the open substack of quadruples with p : L3 — w¢
surjective by X_. The moduli space

Sg,n = {(C’ L, P)|I7 : L5 = wc, Ce Mgn}/ =

of 5-spin curves is a compact space and hence integrals of cohomology classes are
well defined. Obviously S, , is closed in X_ and the space

Wen =1{(C,L,x,p)|(C,L,p) € Sy, x € H'(L)®}) =

isopenin X_.
Here are the key points of the quantum singularity theory for Zis=1 x:

1. Any open separated Deligne-Mumford substack U of X admits a perfect obstruc-
tion theory whose obstruction sheaf Oby admits a cosection o.

2. For ﬁg’n (P*, d)?, the cosection localized virtual fundamental class has support
in the moduli space Mg,n(Q, d) of stable maps to Q and satisfies

[Mn(Q, )™ = +[M, (B, d) 1. (38)

3. For W, ,, the cosection localized virtual fundamental class has support in the
moduli space S, ,, of 5-spin curves and hence integrating against [Wg,n]lvgg enables
us to define virtual invariants, called the Fan-Jarvis-Ruan-Witten (FJRW for short)
invariants.

4. There are ways to compare the virtual invariants by [Mg,n(P4, dy? ]{;g (i.e. the
GW invariants of Q) with the FJRW invariants.
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To be precise, we should include orbifold structures on curves for the FJRW invariants
and the complete set of FJRW invariants shares many nice properties with GW
invariants, some of which are codified in the axioms of a Cohomological Field Theory.

The comparison of GW and FJRW turned out to be a powerful new technique to
investigate the GW invariants of Calabi-Yau 3-folds and some old conjectures were
proved by this method.

5.3 Donaldon-Thomas Theory for Calabi-Yau 4-Folds

An algebraic version of the Donaldson-Floer theory is as follows:

1. For each smooth projective surface S, we have the Donaldson invariant D(S)
which enumerates stable coherent sheaves on S.

2. For each smooth projective curve C, we should have a finite dimensional vector
space H(C) with a pairing * : H(C) ® H(C) — Q and H(2) = Q.

3. For each smooth projective surface S with a smooth divisor C, we should have a
vector DF (S, C) € H(C) satisfying DF (S, @) = D(S).

4. If S degenerates into the gluing of two smooth projective surfaces S’ and S” along
the smooth divisor C, we have the gluing formula

D(S)=DF(S',C)* DF(S",C).

Intuitively, we are gluing a vector bundle F’ on S’ with a vector bundle F” on S”
by an isomorphism F’'|¢ = F”|c, to get a vector bundle on " Uc S” and deforming
it to a vector bundle on S. So far, no one knows how to make this fantastic dream
rigorous.*

More generally, one may dream about a theory which assigns a vector space H(S)
to each d dimensional smooth projective variety S and a vector D(Y, §) € H(S) to
each d + 1 dimensional smooth projective variety ¥ which contains S as a divisor.
When § = @, H(@) = Qand D(Y) = D(Y, @) € Qs an invariant of Y. Moreover
we expect a gluing formula

DY)=D(', S)*DY",S), (39)

when Y degenerates into the union of smooth projective varieties Y’ and Y” glued
along a smooth divisor S. When S is a Calabi-Yau 3-fold, we do have a vector space
H(S) = H*(M, P) by the perverse sheaf P over the moduli space of stable coherent
sheaves, mentioned above. So one may dream about an invariant of 4-folds which
may be obtained from H(S) like in the algebraic Donaldson-Floer theory.

Such an invariant for a Calabi-Yau 4-fold (DT4 for short) was conceived by
Donaldson and Thomas about 20 years ago but rigorous mathematical approaches

64 The main difficulty is that we don’t have an effective intersection theory of Artin stacks.



Enumerative Geometry, Before and After String Theory 39

were developed only recently. There are two ways: differential geometric method
by Cao-Leung, and the Kuranishi atlas method by Borisov-Joyce.®® The key point
is that the tangent-obstruction theory for the moduli space of stable sheaves on a
Calabi-Yau 4-fold is a 3-term complex of vector bundles but we can locally write it
as the sum E @ EV[—2] where E is a (real analogue of) perfect obstruction theory.
After a choice of orientation on the moduli space, the local (Kuranishi) models give
us the virtual fundamental class.
Here are some big open questions about DT4:

1. Does the cosection localization work for DT4? If so, we will get some vanishing
results for hyperkahler 4-folds. Also it will help us in computation of DT4.

2. What is the wall crossing formula for DT4? For the usual DT invariant of a Calabi-
Yau 3-fold, there is a beautiful wall crossing formula. A wall crossing for DT4
will be extremely important for computation and theory at the same time.

3. Will DT4 invariants satisfy a degeneration formula like (39) with H(S) =
H*(M, P)?

I expect that a big progress will follow from an algebraic construction of DT4. Differ-
ential geometry is intuitive and easier to grasp. However when proving a statement,
algebraic geometry is often much more reliable.

5.4 Vafa-Witten Invariant

In mid 1990s, Vafa and Witten computed the Euler numbers of moduli spaces of
semistable sheaves with fixed determinant on smooth projective surfaces, in a physi-
cal manner. In favorable circumstances, their Euler numbers coincide with the usual
Euler numbers (up to sign). But until very recently, no one could find a mathematical
theory of VW’s Euler numbers in general. When the surface S is K3, VW’s Euler
numbers gave generating series which are modular forms!

What is the Euler number of a compact smooth manifold? By Poincare-Hopf, if M
is a compact complex manifold of dimension r, then the cotangent bundle €25, = T);
is a vector bundle of rank r whose Euler class e(£2,,) gives us the Euler characteristic

X (M) = (—1 / ().
M

In particular, the number of points in the zero locus of a 1-form, if finite, is the Euler
characteristic of M up to sign. How can we generalize this formula to the case where
M is not smooth?

Let me try to convey VW’s idea from the perspective of virtual intersection the-
ory. As we saw in Sect. 4.2, the moduli spaces M we are interested in often admit
perfect obstruction theories, which means that we have the local description (29).

65 There was an announcement of a third (algebraic) approach using half-Euler class by Oh-Thomas.
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Think of the open set M, of M as the smooth manifold Y, with constraints s, = 0.
Do you remember the Lagrange multipliers method in calculus? If we want to deal
with constraints, we should not try to cut the manifold by the constraints but instead
increase the manifold by adding more variables. Geometrically, the Lagrange mul-
tipliers method says that we should embed Y, into the dual bundle F,/ of F, as the
zero section. This is exactly what we do in the Lagrange multipliers method: we add
as many variables as the constraints and pair them by the natural pairing of F;, with
F,Y. The section s, of F, gives us a holomorphic function

S 1 F) — C, &> & 54(ma(§))

where 7, : F,/ — Y, is the bundle projection.
Suppose that ds, : Ty, — F, is surjective so that M, is smooth. Then a holomor-
phic function ¢ on Y, which has discrete critical locus gives us a representative

Crit(¢|um,) = zero(de|p,)

of the Euler class of the cotangent bundle . On the other hand, 7¢ + §, is a
holomorphic function on F,” whose critical locus is a perturbation of Crit(¢|y,) by
the Lagrange multipliers method. So the critical locus Crit(w ¢ + §,), a perturbation
of Crit(§y), on F,/ gives us the Euler class of M, up to sign.

Now the interesting point is that if M admits a perfect obstruction theory with
local models (29), the critical loci {Crit(S,)} glue to an algebraic stack N" = Oby,,
called the dual obstruction cone of M. It comes with local models

quv

-

N, = (d5e) 1 (0) —— F)
and hence a symmetric (semi-perfect) obstruction theory. Therefore, we can think of
the virtual invariant
(— 1)ud WN) / 1
(A
as the Euler number of M.

Now back to VW’s Euler numbers. The moduli stack M of semistable sheaves with
fixed determinant on a smooth projective surface S has the tangent and obstruction
spaces

Twle = Exti(E, E)o, Obylr = Ext3(E, E)o

at E € M, where the subscript O denotes the traceless part. For the dual obstruction
cone V, we have to add the dual space
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~ 2
Hom(E, E ® Kg)g = Exty(E, E)g

of the obstruction space by Serre duality where Ky = A2Qg denotes the canonical
line bundle of S. A homomorphism ¢ : E — E ® Ky is called a Higgs field and
the pair (E, ¢) is called a Higgs pair.®® Hence we should consider the moduli space
N of Higgs pairs (E, ¢) on S with det E fixed and tr(¢) = 0. Tanaka and Thomas
proved that A/ admits a symmetric obstruction theory and defined the Vafa-Witten

invariant as 1
[l
lN]vir INC*] E(Nv")

by using the torus localization, where t € C* actson (E, ¢) by (E, t¢). Their calcula-
tions match with the conjectured formulas by Vafa-Witten. Thomas also constructed
a K-theoretic refinement of VW’s Euler characteristic and computed the refined
invariant in some examples.

For the case where there are strictly semistable sheaves, Tanaka-Thomas used the
Mochizuki/Joyce-Song technique of stable pairs. In a sense, adding a section to a
moduli problem is like blowing up the moduli space and hence this M/J-S technique
should be related to the singularity at strictly semistable points. It will be interesting
to find a direct way of defining the VW invariant by investigating the singularity and
of establishing the modularity.

After all these years, we still do not understand the Euler characteristic so well!

The references below are never meant to be anything close to a complete list,
which may easily take a dozen or more pages. The list below just indicates a few
starting points for further reading.
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On the Singularity Problem for the Euler )
Equations cre

Dongho Chae

Abstract In this expository article we discuss the finite time singularity prob-
lem for the three dimensional incompressible Euler equations. The local in time
well-posedness for the 3D Euler equations for initial data in the Sobolev space
HK@R3), k > 5/2 is well-known. The question of the spontaneous apparition of
singularity(blow-up), however, is a wide-open problem in the mathematical fluid
mechanics. Here we overview some of the previous results on the problem, and
present their recent updates. More specifically, after a brief review of Kato’s classi-
cal local well-posedness result, we present the celebrated Beale, Kato and Majda’s
blow-up criterion, and its recent developments. After that, we review the results
related to the Type I blow-up. Finally, we present recent studies on the singular-
ity problem for the 2D Boussinesq equations, which is regarded as a good model
problem for the axisymmetric 3D Euler equations.

1 Introduction

We consider a fluid flow with mass density p = p(x, 1), (x,1) € R3 x [0, +00),
which occupies the whole domain of R3. The two basic functions describing the
motion of the flow are the fluid velocity u = (u;, u,, u3) = u(x, t) and the pressure
p = p(x,t) The mass conservation principle applied to any fixed domain Q C R?
during the fluid flows is expressed by the following equation:

d
—/ plx, t)dx = —/ pu-vdS, (D
dr Jo 09

where v is the outward unit normal vector on 92. Indeed, the left-hand side of (1)
is the mass increasing rate in time for the fluid occupying €2, while the right-hand

Partially supported by KIAS fund.

D. Chae (X))
Department of Mathematics, Chung-Ang University, Seoul 06974, Korea
e-mail: dchae @cau.ac.kr

© The Author(s), under exclusive license to Springer Nature Singapore Pte Ltd. 2022 43
N.-G. Kang et al. (eds.), Recent Progress in Mathematics, KIAS Springer Series
in Mathematics 1, https://doi.org/10.1007/978-981-19-3708-8_2


http://crossmark.crossref.org/dialog/?doi=10.1007/978-981-19-3708-8_2&domain=pdf
mailto:dchae@cau.ac.kr
https://doi.org/10.1007/978-981-19-3708-8_2

44 D. Chae

side of (1) represents the total mass per unit time, escaping €2 through the boundary
0%, and the equality of (1) is nothing but the mass conservation for fixed domain €2.
Applying the Gauss theorem to the right-hand side of (1), we find easily

f (i + V- ()} dx =0,
Q

which holds for any domain Q2 C R3. Therefore, we have the differential form of the
mass conservation law in fluid as follows:

P+ V- (pu) = 0. @)

Next, we apply the momentum balance principle, which is Newton’s second law
of motion, to a fluid in a ball B(x,7) ={y e R*||x — y| < r}. Given ¢ > 0, let
x(t) € be the position of the fluid particle. Then, the velocity of the fluid at ¢ satisfies
df% = u(x(t), t), while the acceleration is given by

dzx(t)_d (1) [)_8u+dx(t) Vu (). 1)
az att U=y dt e,
=@+M-Vu.
ot

Therefore, the momentum of the fluid per unit volume at (x, ) is given by

) s L 3
PR g = Py TP YR

The force due to the pressure on the surface 0B(x, r) is given by

_ / »(y. S, @)
IB(x,r)

where we consider only the force resulting from the normal directional contribution
by the pressure. Actually in this consideration we use implicitly the assumption that
the fluid is ideal. In the real physical situation we need to consider also the tangential
part of the contribution of the pressure to the body force. Applying the Gauss theorem,
the surface integral of (4) is transformed into

- / Vp(y, t)dy.
B(x,r)
Hence, the force on the fluid particle at (x, t) per unit volume is given by

— lim —— Vp(y,t)Ydy = —Vp(x,t), 5)
r—0 |B(x,r)] B(x,r)
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where we denote by |A| the volume of A C R*. The momentum balance principle
ensures the quality of (3) with (5), and we obtain

Ou

o + pu-Vu =—-Vp. (6)

p
The system (2) and (6) was derived firstin 1755 by E. Euler in [38], and is called the
Euler equations. For simplicity we further assume the homogeneity of the fluid, which
means that p(x, ) = constant = 1. In this case (2) reduces to the incompressibility
condition V - u = 0, and the Euler equations become

Uy +u-Vu=—-Vp,
(E)

V.ou=0.
This is the homogeneous incompressible Euler equations for the ideal fluid. There
are many nice textbooks and survey papers on the mathematical theories on the Euler
equations [1, 3, 4, 26, 30-32, 46, 49]. In this article after brief studies of some of
the basic properties of the equations, we review some of the classical results, and
then survey recent progress on the singularity problems of the Euler equations.

Let us start by introducing the quantity w = V x u called the vorticity, which has
an important role in the incompressible fluid mechanics. Using the general vector cal-
culus identity, V(u - v) =u-Vv4+u - Vo 4+u x (Vxv) +v x (V x u), one can
deduce

1
u-Vu=—ux (qu)+§V|u|2.

Inserting this into the first equation of (E), we find a different form of the Euler
equations

1
U, —uxw=-vVo, Q=§|u|2+p. (7

The quantity Q above is called the head pressure of the fluid. According to the
Bernoulli theorem (see e.g. [29]) Q is constant along the stream lines. Taking curl of
(7), and using the identity V X (4 X w) = —u - Vw — w - Vu, which holds for V -
u = 0, we derive another form of the Euler equations, called the vorticity formulation.

®)

wy+u-Vo=w-Vu,
V-u=0, Vxu=uw.

The second line of (8) can be viewed as a linear elliptic system for given w. Formally,
itcan be solved as follows. From V - u = 0, applying the Poincaré lemma, there exists
a vector field ¢ = (1, 1, 13) such that

u=V x, V.- =0.
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The second equation is imposed to remove extra degree of freedom, which is similar
to the gauge fixing in physics. Hence, we obtain the Poisson equation for v

w=V x (Vx)=V(V ) — Ap = —Ae. 9)

Assuming sufficiently fast decay of w at spatial infinity, we can solve (9), using the
Newtonian potential,

wz—A_W:i/ —"g

dr Jps |x — yl
from which we obtain the Biot-Savart formula

1 —
M(X,Z)Z—VXA_](UZ— wd}/,

e PR

which represents the velocity in terms of the vorticity. It is also very important to
see the relation between Vu and w. Vu is a matrix valued singular integral operator,
which can be computed as follows (see [49] for more details). For & € R? we have

Vuh=-V(V x A" \w)h
_ _PV/ {w(y) xh 3 [(x=y Xw(y)]®(x—y)h}dy
e | [x—yP  4n lx —yP?
+ 5wl x b
= PV/ K(x — y)w(y)dyh + %w(x) x h, (10)
RS

where PV means the Cauchy principal value integral defined by

PV [ KG@=yfO)dy=lim [ K(x=y)fO)dy.

R~ [x—y|>¢e

The kernel K (-) in (10) is typical of the integral kernels defining singular integral
operator of the Calderon-Zygmund type, which have important roles in the harmonic
analysis (see e.g. [53]). We can therefore obtain the following closed form of the
vorticity formulation of the Euler equations

wy+u-Vo=w-Vu,

(x —y) xw(y, 1) 1D

1
ulx, 1) = — dy.

ar Jw T P

Now we discuss the Lagrangian formulation of the Euler equations. Given o € R?
and a smooth vector field u = u(x, t), let X (v, t) be the solution of the following
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ordinary differential equations:

OX(a, 1)
g =U(X(@.n.n, 1>0 (12)

X(,0) =«

The parametrized mapping a — X (a, t) is called the particle trajectory mapping
generated by u = u(x, ). When u is the velocity field, which is a solution of (E), we
say the associated X («, t) the Lagrangian coordinate, and describing the dynamics
of the fluid flows in terms of X («, ) is called the Lagrangian description. Roughly
speaking, it is a coordinate transform from a stationary observer to a moving observer
following the flows. In terms of the Lagrangian coordinate one finds immediately
that the evolution equation of (E) is written as

X (o, t)
—p = —Vp(X(a,1),1). 13)

Another important equation associated with the Lagrangian coordinates is the fol-
lowing Cauchy’s formula,

wX(a,1),1) =wpla) - VX (i, 1), (14)

where wy(a) = w(a, 0) is the initial vorticity. One can regard (14) as a translation
of the first equation of (11) into the Lagrangian coordinates. For the details of the
proof of (14) we refer [49].

Let us consider a closed curve Cy = {7(s) € R? : 5 € [0, 1], 7(0) = v(1)}. Fora
solution (u, p) of (E) and the particle trajectory mapping generated by u we define

G =X(Co, 1) ={X(7(s),1) : 5 €[0,1],7(0) =~(D}.

Then, from (12) and (13) we find

d _d (19X (y(s), 1) OX(Y(s),1)

ar C,“'dﬂ—afo o o ©

_ /1 P’X(y(s).0).1) 8X(v(s),t)ds+/1 OX(Y(9),0,1) PX(s),0)
- 0 or? Os 0 ot ot0s
! X ((s), 1) 119 |0X(y(s), 1) *
——/0 V[)(X(’y(&‘),l‘),t)-TCLS‘-I-E‘/O a T ds
[t 10X (y(s), 0\ ,

Therefore, we obtain the following Kelvin circulation theorem:
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fwdﬁ:%wdﬁ vt > 0. (15)
t CO

Let Cy be a vortex line of the initial vorticity wy = w(-, 0), defined by

d
Co = {V(S) eR’: 7,76 = AS)wo(v(s)), s €10, 1], }

for a real valued function function A(s) > O for s € [0, 1]. By reparametrization
we may assume without the loss of generality that A(s) = 1. Then, we first claim
C:=X(Co,t) = {X(y(s),t) : s €0, 1]}isavortex lineatr > 0. Indeed, from (14)
we have

IX(3(s), 1) _ dy(s)
= T VX (9.0

= wo(y(s)) - VX (7(5), 1)
= w(X(y(s), 0, 1), (16)

and the claim is proved. Using (11), (13) and (16), we deduce

g /O UK. 1. 1) - (X (1(5). 1), )
- VP (5). 1.0 - (X (50, 1), s
+f WX OE.0. 1) - @EOE. 0. -V u(X (). 1), s
= /01 2 (p(st), 0.0 = S WX 6), 1), r>|2) ds=0. (7

Therefore, we obtain the following helicity conservation along each closed vortex
line

1 1
/ WX ((s), 1), 1) - (X ((s), 1), 1)ds = / uo(1(s)) - woy(sHds  (18)
0 0

for all + > 0. This can be viewed as a localized version of the following helicity
conservation law,

H = u(x,t) -wx,t)dx = / upg(x) - wo(x)dx VvVt > 0. (19)
R R?
The proof of (19) follows easily by taking ‘il—’;', and using (E), (11), and integrating

by parts. The most important conservation law in the study of the Euler equation is
the following energy conservation
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1 2 1 2
E=- lu(x, t)|“dx = = lugl“dx Vt > 0. (20)
2 Jrs 2 Jgrs

This can be shown by multiplying (7) by u, and integrating it over R?, and integrating
by parts. The reason why the energy is important in the mathematical fluid mechanics
is that it is positive definite, while all the other conserved quantities in the 3D Euler
equations have no definite signs.

2 The Local in Time Well-Posedness

In this section we briefly review the studies on the Cauchy problem of (E). For this
we recall the notions of the Sobolev spaces. Let 2 C R” be a measurable subset of
R", and f be a measurable function on 2. We denote |A| = Lebesgue measure of
A C R". Let us define the L7-norm by

(/ |f|qu>q, if 1<q <o,
Il fllze = Q
infm : |{x e R" || ()] >m)| =0}, if ¢ =+o0.

Then, the Lebesgue space for g € [1, oo] is
L1(Q2) = {f measureable on 2 : || f|l« < +00},

Leta = (ay, -+, o) € (NU {0})" be a multi-index with |a] = g + -+ - 4+ .
Then, the Sobolev space Wka(Q)onQ Cc R"fork e N, 1 < q < +oois defined as

1
q

Wh@Q) =1 f e L) : | Y IDfllluq | = Iflw@ <+oot,
|l <k

where the derivative D® is in the sense of distribution. In the case ¢ = 2 we also
denote W52(Q) = H¥(R). In the case Q = R” we have an equivalent Sobolev norm
in H*(R") defined by the Fourier transform. Let f be the Fourier transform of f
defined by

~ 1 .
—_ —ix-&
f© = on? Jo f(x)e " dx, (21

wherei = 4/—1. The function f isrecovered from f by the inverse Fourier transform
defined by

fx) = f(©edx. (22)

2m)% Jp
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Then, f € H*(R") if and only if

1
R 2
(/ 1+ |£|2)"If(€)|2d£) = || fllme < +oo.
Rﬂ
Using this equivalent norm, one can prove the following Sobolev inequality

n
Il < Cellfllae V> 5., (23)

by a simple argument as follows.

Proof of (23): From (22) we find

IfeOl < /R | f©)ldg = fRna + 1€ML OIA + 1) 2 1dé

20k) Fren 2 : 1 >;
< (/Rn<1+|5| Fif @l d&) (/1% e

< Gell f e (24)

where we use the fact that for k > 3 the following holds

1 o0 rnfl
——dé<C ————dr < +o0.
re (14 €2 . /0 (1+r2)k

Taking the supremum of (24) over x € R”, we obtain (23). |

A fundamental local in time well-posedness result for the Cauchy problem of (E) is
the following theorem due to Kato [40].

Theorem 2.1 Let ug € H*(R?), k > % Then, there exists T = T (|lug|| gx) such
that a unique solution u € C([0, T); H*(R?) N AC(0, T; H*"'(R?)) exists with
u(-, 0+) = up, where AC(a, b; X) denotes the class of X-valued functions u such
that t — u(t) is absolutely continuous.

(Sketch of the proof) Let o = (a1, oz, a3) a multi-index. We operate D on (E), and
take L?(R?) inner product it with D®u. Then, summing over |a| < k we obtain

1 d
5l =~ Z/ {D*(u - Vut) — (u - V)Du} - D*udx
2 dt <k R3

— Z / (u-V)D% - D%udx — Z / D% - VD% pdx
R3 R3

lal<k la| <k
=L+ 5L+ (25)
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For I5 we apply the integration by parts to have

L=-%" / D*(V - u)D® pdx = 0. (26)
R3

la|<k
Similarly, we also have for I,

1 a2 1 a2
12=—EZ/R3(M.V)|D u|dx=§ZA3(V~u)|D ulPdx =0.  (27)

lol <k o] <k

Inorder to estimate I; we recall the following commutator estimate due to Klainerman
and Majda [43]

> ID(fg) — D¢l

la| <k
< CAIV I~ ID* " glir2 + IID* fllz2llgllz~} - (28)

Applying (28) to I} with f = D“u, g = Vu, we obtain, using the Cauchy-Schwartz
inequality

L <) D - Vu) — (- V)Dul 2| Dull 2
lal<k

< ClIVull o llulfp- (29)

Combining (26), (27) and (29), using (23) for k > %, we find

d
77l < ClIVullllullme < CllullF- (30)

From this differential inequality we find that

lluoll
lu@®lgr € ——F7, (3D
ST = Colluol et
and hence {
sup lullgr < 2lluollgr where T = ——. (32)
0<i<T 2Co||luoll g
From (E) we have
ou
Ha— < lu - Vullg=r + IV pllge-r := Jy + Ja. (33)
t k-1
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In order to estimate J; we recall the following product estimate of the Sobolev spaces
H™(R") (see e.g. [49])).

n
1fgllem < CnClfLllglem + gl fllam) ¥Vm > =. (34)
Applying this to J;, we find
Jo < Nl ol g 4+ I Vull o llull g < Cllullze < Clluoll, (35

where we use the Sobolev inequality (23) for k > % and (32). In order to estimate
J» we recall the method of estimating the pressure. Taking divergence of the first
equation of (E), and using the second equation of the divergence free condition, we
find

3
Ap = — Z 0;0j(u;uj),

i,j=1
and

3 3
p=— Z A’laﬁj(uiuj) = Z RiRj(’/liuj), (36)

ij=1 ij=1

where R;, j =1, 2, 3, is the Riesz transform on R3. The definition of R j 1s easily
understood via its Fourier transform,

RDE© =i o),

where i = 4/—1. The following Calderon-Zygmund type estimate [53] holds for the
Riesz transform
IR fllgm < Cllfllam Ym = 0. (37

Applying (37) to J,, we estimate

3
D <l <Y IRR (in )l < Cllu @ ul| s
ij=1
< Cllullp~llullg < Cllullzye < Clluollzpe. (38)
where we use (34) and (32). Combining (35) and (38) with (33), we obtain

Ou
HE < C””O”%—]k vt € [0, T1],

Hk-1

from which we have
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Ou(s)
Os Hk-1

< Clluglfu(tz —11) YO <t <t <T.

[5)
lu(ts) — () s < f ds

131

Namely,
2
Nl Lipo,7; me-1y < Clluoll - (39)

Once the a priori estimates (32) and (39) are obtained, the existence proof of alocal in
time solution is rather straightforward. We construct a sequence of the approximate
solutions {u,,}nen by mollification of (E) or by the Galerkin approximation. The
sequence will be shown to satisfy the uniform estimate

2
Sup |[ttm | Lo, 1; H* ®3)Lip©,T; HF-1®3) < Clluo |l -
meN

Applying the Lions-Aubin type compactness lemma (see e.g. [49]), there exist a
subsequence u,,, and the limitu € L*(0, T; HY@®R*) N Lip(0, T; H*"'(R?)) such

that u,,, — u in L*°(0, T; Hlﬁge (R3)) for all ¢ > 0. Using this strong convergence,

we find that the limit u € L0, T; H*(R?)) N Lip(0, T; H*'(R?)) satisfies (E).
We now show the uniqueness. Let u;, u, € L®(0, T; H*(R?)) satisfy (E) with the
pressure p; and p, and the initial datau; o, up0 € H kR, respectively. Then, setting
u=u; —uy, p= p1 — p2, and subtracting the equation for u, from the one for u,
we find that u satisfies

ur+uy-Vu+u-Vu, = —Vp. (40)
Taking L? inner product of (40) by u, and integrating by parts we obtain,

1

L, = \ d
EE”M”LZ—— Rs(u~ )M2~M X

< N Vua g llulla,
from which we deduce
1 t
lu@llzz < lluollrz exp (E/ IIVuz(S)llLocdS>
0
t
< luollz2 exp (C/ IIMz(S)IIdeS>
0
< lluollz2 exp (CT llua oll eds) (41)
which shows that u; = u, on R® x [0, T]if u1.9 = uz,. [ |

After the above results Kato and Ponce proved the local well-posedness in more
general Sobolev spaces W¥ 7 (R"), s > % + 1 [41]. This local well-posedness can be
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extended to exotic spaces such as the Besov space [12], and Triebel-Lizorkin spaces
[13, 28]. Recently, the spatial decay conditions of such function class have been
relaxed to allow linear growth of the velocities [20].

3 The BKM Type Blow-Up Criterion

Letu € C([0, T); H*(R3)), k > 2, be a smooth solution to (E). We say that solution
blowsup atr =T if
lim sup ||u(t) || gr = +o00. 42)

t—T

The question of finite time blow-up for (E) for a smooth initial data uy € H*(R?)
with k > % is an outstanding open problem in the mathematical fluid mechanics.
There are many survey papers [1, 4, 32], and numerical results [42, 47, 48] devoted
to this problem. We also mention that in the case where the domain of the fluid has a
singular boundary finite time blow-up is shown in [36]. Also in [27] authors proved
apparition of singularity of (E) on the boundary of a cylinder. Our main concern here
is the possibility of interior singularity in the whole domain for smooth initial data
belonging to the above Sobolev space. In this direction one of the most celebrated
results is the following theorem by Beale, Kato and Majda [2].

Theorem 3.1 (BKM criterion) Let u € C([0, T); H*(R%)), k > 3, be a local in
time smooth solution to (E). Then, the solution blows at t =T if and only if

Sy lw®lp~dt = +o0.

This theorem was later refined by Kozono and Taniuchi [45], replacing the L™
norm of w by the BMO norm. See also a geometric type blow-up criterion [33, 35],
controlling the blow-up in terms of the direction field ¢ = w/|w| of the vorticity. We
recall the notion of BMO, the class of functions with bounded mean oscillations,
which is first introduced by John and Nirenberg [39]. For f € Ll (R") let us set

loc

Sfer fdy.

N |B(x’ I‘)| B(x,r)

Then, BMO is defined by

1
BMO=!feL,(R"): sip —— [f) = frrldy =01 fllBMo < +00 .
xeR",r>0 |B(x7 r)| B(x,r)

We observe the obvious inequality, immediately from the definition

I fllsmo < 20 fllze. (43)
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Itis well-known that BMO is bounded by the mapping of the singular integral operator
‘P of the Calderon-Zygmund type

IP(Hllsmo < Clifllsmo- (44)

In particular we have
IVullsmo < Cllwlismo (45)

(see (10)). A refined version of Theorem 3.1 due to Kozono and Taniuchi [45] is the
following.

Theorem 3.2 Letu € C([0, T); HY(RY)), k > 3 be alocal in time smooth solution
to (E). Then, the solution blows att = T if and only iffOT lw@®) |l pmodt = —+o00.

(Sketch of the proof) We recall the following version of the logarithmic Sobolev
inequality in R”, which is the key inequality of the proof.

I £l < CA+Nfllamo) logle + | fllgm) Vm > % (40)

Applying (45) and (46) to the first part of the estimate (30), we find

o7l < ClIVull L llu e

CA +[Vullzmo) logle + llull a)llull ¢

<
< C + lwllpmo) log(e + [lull o) || g+

Therefore, setting a(t) = 1 + |w(t)|zmo, ¥y(t) = e + ||u(t)| g+, we obtain the dif-
ferential inequality

e )yl
< Ca ogy.
I ylogy
This can be solved to lead us to

exp(C [ a(s)ds
y(1) < ¥y (Chaatris)

Hence,
e+ @)l < (e o )R Nmoxis),

This shows that

T
lim sup [l (1) | 1 = +00 = / lo ()l suodt = +oo.
0

t—>T

On the other hand, the following inequalities
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T T
f lwllpmodt < 2/ lw@lledt 2T sup [[Vu(®)llpe < CT sup |lu(@®)ll gr,
0 0 T O<t<T

O<t<

where we use the Sobolev inequality (23) in the last step, show that

T
/ lw@®)|lamodt = +00 = limsup |[u(t)|| g« = +o0.
0

t—T

Theorem 3.1 has been localized recently in [19]. To state the result we recall the
notion of the local BMO space. For r > 0 and x € R" we denote B(x,r) = {y €
R"||x — y| <r},and B(r) = B(0, r) below. By BM O (B(r)) we denote the space
of all u € L'(B(r)) such that

1

sup —————————
ze(r 1Bz, p) N B Jpepnse
0<p<L2r

lulgmoBe) = [ — upe pnserldy < 400,

where we use the following notation for the average of u over 2 C R”.

)
Uug = — [ udx.
12 Jo

The space BM O (B(r)) will be equipped with the norm

lullsmosey = lulmomey +r " lullLisey-

Note that BM O (B(r)) is continuously embedded into L?(B(r)) for all 1 < g <
400, and it holds

lullLasery < crellullsmose-
The following is the localized version of Theorem 3.1.

Theorem 3.3 Let u € C'(B(p) x (T — p, T)) be a solution to (E) such that u €
C(T = p, T); W>4(B(p))) N L(T — p, T; L*(B(p))) for some q € (3, +00). If
u satisfies

T
/ lw(s)|BmoBpyds < +oo, 47)

T—p
then there exists no blow-up in B(p) x {t = T}, namely

lim sup ”I’t(t)”Wz"(B(r)) < 400 Vr e (0, p)
t—T
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(Idea of the Proof ) There are three key ingredients of the proof of Theorem 3.3. The
first one is the following local version of the logarithmic Sobolev inequality.
Lemma 3.4 Let B(r) be a ball in R" with the radius r > 0. For every u €
WL49(B(r)), n < g < 409, the following inequality holds true

_l4n_n
lullLoaery < CUA+ lullBMosey)) log (e + el Vullpasey + Cr~ Fa2 IIMHLZ(B(r)))
(48)
with a constant C > 0 depending only on n and q.

The second key ingredient in the proof of Theorem 3.3 is the following localized
version of the Kozono-Taniuchi inequality (see [44] for the global version).

Lemma 3.5 Let f,g € BMO(B(r))NLI(B(r)), 1 <q < +oo. Then f-g e L9
(B(r)) and it holds

I f-gllraery < C(|f|BM0(B(r))”g”L‘i(B(r)) + |g|BM0(B(r))”f”L‘I(B(r)))

_3
+Cr s ||f||Lq(B(r))||g||L4(B(r)), (49)

where the constant C > 0 depends on g only.

Using suitable sequence of cut-off functions, and using the above two lemmas one
can have an iterative sequence of infinite inequalities for derivatives of the vorticity.
In order to close this sequence of inequalities we establish the following Gronwall
type iteration lemma.

Lemma 3.6 (Iteration lemma) Let a(t) > 0 and (3, : [ty, t1] — R be a sequences
of bounded functions. Suppose there exists K (t) such that

1Bu@®| < K@®)™ ¥Vt elty,t1),¥Ym e N,

Suppose

t

Bo(t) < Cm + / a($) s (s)ds, m € NU(0}.

fo
Then the following inequality holds true for all t € [ty, t1]

p f’a(x)ds

Bo(t) < C/a(s)ds o

to



58 D. Chae

We can also establish the similar continuation criterion for solutions belonging to
the Holder spaces [21]. For the precise statement of this result let us define the
space C*(R),0 < a < 1, containing all Holder continuous and bounded functions
f:Q — R,n e N, such that

[f]a,Q = sup Uc(x)—_ij” <
wyea =y
x#y

+00

The space C*(S2) equipped by the norm | f || ca(g), = Il fllz=(@) + [fla.e becomes a
Banach space. Furthermore, by C!*(Q) we denote the space of all f € C'(Q2) with
VfeC“Q).

Theorem 3.7 Let Q C R3 beanopenset. Letu € L ([0, T); CH*(Q) N L>®(0, T;

loc
L?*(R)) be a local solution to the Euler equations. We assume that for every ball

BCQ

T
/ lw()Brmomyds < +oo. (50)
0

Then, u € L*([0, T]; C1*(K)) for every compact K C Q.

The proof is more technical than that of Theorem 3.3.

In all of the above theorems on the blow-up criterion basically the vorticity controls
the finite time blow-up for the smooth solutions. In the followings we introduce a
different type of criterion, which controls the blow-up of solutions in terms of the
Hessian of the pressure. These are recent results by Chae and Constantin [14, 15].

Theorem 3.8 Let (u, p) € C'(R? x (0, T)) be a solution of the Euler equation (E)
withu € C([0, T); W>4(R>)), for some g > 3. If

T t K
f exp (/ / ||D2p(T)||Ldeds> dt < +o0, (51)
0 0 JO

then lim sup,_,  ||u(t)|lw2e < +00.

(Sketch of the proof ) By direct computation we derive the following equation from
the vorticity formulation of the Euler equations.

D*w Df of
W:—(W-V)Vp, where D_IIEH"W' (52)

Integrating twice the above along the particle trajectory, we have
lw(X (a, 1), )| < |wo(@)] + |wo () - Vup(a)|t

+/ /J lw(X (a, 1), D||D*p(X(a, T), T)|dTds, (53)
0 Jo
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where we use the fact
0
ot t=0 =0
= wp(a) - Vup(a).

Then, we establish the following Gronwall type lemma for the double integral
inequality [15].

Lemma 3.9 Let oo = a(t) be a non-decreasing function, and 3 = [3(t) > 0 on
[a, b]. Suppose y(t) > 0 on [a, b],and satisfies

y(t) < ar) +/ /s B(T)y(r)dTds Nt € [a,b].

Then, for all t € (a, b] we have

¥(t) < alr) exp ( / t f ' 5(7)d7ds> .

Applying this lemma, we obtain
t s
lw(X (v, 1), D] < (Jwo(@)| + lwo (@) - Vg (a)]t) exp (/o /0 |D*p(X (a, 7), T)IdeS> )
and taking the supremum over o € R, and integrating it over [0, T], we find

T T t s
/0 lw@llpoedt < (lwollzoe + Tllwo(e) - Vug(a) IILOO)/0 exp (/0 /0 IIDZP(T)HLwdeS) dr.
Applying the BKM criterion, we complete the proof. ]

The following is a localized version of the above theorem.

Theorem 3.10 Let (u, p) € C'(B(xg, p) x (T — p, T)) be a solution to (E) with
u e C(T — p, T); W (B(xo, p))) N L¥(T — p, T L*(B(x0, p))) for some q €
(3, 00). If

T
/ lu (@) | L (B(xg,ppdt < +00 (54)
T

-p
and

T t K
f exp ( f / | D? p(7)||Lw(B(X0,p))drds> dt < +o0, (55)
T—p T—pJT—p

then for all r € (0, p)
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lim sup [|u(#) || w24 (B(xg,r)) < +00. (56)
t—T

The above two theorems are refined, using new kinematic relations between var-
ious quantities in the fluid mechanics. We associate to a solution (u, p) of the Euler
system (E) the R***-valued functions S = (S;;) and P = (P,;), where

1
Sij = 5(5:"41 +0jui),  Fij = 0i0;p.

For the vorticity w = V x u we define the direction vectors

E=w/lwl, ¢ =SE/ISE

In the case w(x,t) =0 we set a(x,t) = p(x,t) = 0. Note that £ is the vorticity
direction vector, while ( is the vorticity stretching direction vector. Then, we can
show that the following kinematic relations hold.

Proposition 3.11 Let (1, p) be a solution of (E), which belongs to C'(R? x (0, T)).
Then, the followings hold true on R3 x (0, T).

D;|Sw| = —( - Pw.

Using the above proposition, we can improve Theorem 3.7 as follows. Below we
also use the notations [ /], = max{f, 0} and [ f]- = max{— f, 0}.

Theorem 3.12 Let (u, p) € C'(R? x (0, T)) be a solution of the Euler equation
(E)withu € C([0, T); W24(R?)), for some q > 3. If

T t s
/ exp (/ / IIC - P§](T)||Lxd7'ds) dt < 400, 67
0 o Jo

then lim sup,_,  ||u(t)|lw2e < +00.

Comparing the above theorem with Theorem 3.8, observing the pointwise
inequality|[( - P&]_| < |P] the above theorem (and its localized version below)
improve the result of Theorem 3.8. Furthermore, the above theorem implies that the
dynamical changes of the signs of the scalar quantities ¢ - P¢ and |SE|> — 202 — p
are important in the phenomena of blow-up/regularity of the solutions to (E).

The following is a localized version of the above theorem.

Theorem 3.13 Let (u, p) € C'(B(xo, 1) x (T —r, T)) beasolutionto (E)withu €
C(T —r,T); W>4(B(xg,r))) N L®(T — r, T; L*(B(xo, r))) forsomeq € (3, 00).
We suppose

T
/ 1) 30yt < 400,
T

—r

and the following holds. Suppose
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T t s
/ exp </ / ¢ - Pf](T)”Lx(B(xo,r))deS) dt < 400,
T—r 0 Jo

Then for all € € (0, r) limsup,_, () lw24(B(xy.e)) < +00.

In the case of the Euler equations having axial symmetry there still exists the pos-
sibility of finite time blow-up. The finite time blow-up/global regularity in this case
is also a wide-open question, and there are many interesting numerical results (see
[47], and the references therein). Therefore, establishing a sharp blow-up criterion
for this special case is also important.

Let u be an axisymmetric solution of the Euler equations if u solves (E), and can
be written as

u=u"(r,x3, e, +u’(r, x3, t)eg + 1’ (r, x3, 1)e3

where

e =20, e=(2,"20, =001, r=/x+x
r r r r

are the canonical basis of the cylindrical coordinate system. The Euler equations for
an axisymmetric solution turn into the following equations

(u’)?

ou" +u o +uPdu’ = -0, p+ , (58)
r
) 0 39 0 u'u’
o’ +u 0u’ +udu’ = — , (59
r
o’ +u" 0 + udu® = —0sp, (60)
O, (ru”) + 05(ru®) = 0. (61)

Multiplying (59) by r, we see that ru” satisfies the transport equation
0, ru?y + u" 0, ru’y + w95 (ru’) = 0. (62)
For the vorticity w we get
w=uw'e +wley + e,

where
uf p
W =—05u’, =0 — o, W =—+08u’.
r

Applying 05 to (58) and applying 0, to (60), and taking the difference of the two
equations, we obtain the following equation for w’
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r, 6 0y2
O’ +u 8,0’ + P’ = e + 03 @) (63)
This leads to the equation
W oW 5 W0 D5 (u?)>
8,(7) +u 8r(7) +u 83(7) = —r2 . (64)

In the region off the axis we can have substantial improvement of the BKM criterion
as follows [23].

Theorem 3.14 Let u € C([0, T); W>4(R?) N L0, T; L>(R%)), 3 < ¢ < 400,
be an axisymmetric solution to (E) in R3 x (0, T). If the following condition is
Sulfilled

T
/(T — D lw® Il L=(B(x,, Ry dt < +00, (65)
0

for some ball B(x,, Ry) C {x € R? |xl2 + x% > 0}, where w =V X v, then for all
0 < R < Ryitholdsu € C([0, T], W>4(B(x,, R))). In particular, this implies u €
C([0, T], W2 9(T (x4, R))). Here, T(x., R) stands for the torus generated by rotation
of B(x, Ro) around the axis, i.e.

2
T(x4, R) = {x cR?: (,/xl2 +x§ — ,0*> + (x3 —x3,*)2 < Rz} ,
where p, = | /xlz,* +x3 .

The main idea in the proof of this theorem is that the Egs. (64) and (62) have a sim-
ilar structure to the 2D Boussinesq equations (see Sect. 6 below for more concrete
correspondence relations), which has a different scaling properties than the 3D Euler
equations.

As an immediate consequence of the above theorem we have substantial improve-
ment for the condition of the blow-up rate of the vorticity near the possible blow-up
time as follows [23].

Theorem 3.15 Let u € C([0, T); W>4(R?) N L>®(0, T; L>(R%)), 3 < g < 400,
be an axisymmetric solution to (E) in R? x (0, T). Suppose the following vorticity
blow-up rate condition holds
1
1 -
o+ (7)

for some o > 1 and some ball B(x, Ry) C {x € R3 : x% —i—x% > 0}. Then u €
C([0, T); W>4(T(x,, R)) forall 0 < R < R,,.

sup (T —1)? W)l 2B, Ry < +00 (66)

te(0,T)




On the Singularity Problem for the Euler Equations 63

In particular, Theorem 3.14 says that there exists no singularity at t = T in the off
the axis region if the vorticity blow-up rate satisfies

1
lw®llLoms = O <m> ) (67)

ast — T if 1 < v < 2. Due to the global BKM criterion, however, the singularity
in this case should happen only on the axis. It would be interesting to compare this
result with Tao’s construction of a singular solution (see [54, Fig. 3, p.18]) for a
modified Euler system, where v = 1 and the set of singularity is a circle around the
axis.

4 On the Type I Blow-Up

We observe that Euler system (E) has scaling property that if (u, p) is a solution,
then for any A > 0 and « € R the functions

u™(x, 1) = XuOx, X2, pMx, 1) = A2, AT (68)

are also solutions with the initial data ué’”(x) = A\upg(Ax).

The case a = 3 is important for our analysis, since in this case the energy is

2
L . . 3
scaling invariant. Indeed, by the energy conservation we have for u* = u™ 2,

I Oz = luA3 D)l = )]l 2.

Hereafter, we consider (E) in R* x (—1, 0) and ¢ = 0 is the possible first blow-up
time.

Definition 4.1 One says that a solution u of (E) is self-similar (SS) with respect to
(0, 0) if there exists & > —1 such that u(x, t) = Au(\x, \>F1¢) forall A > 1.

Definition 4.2 A solution u is discretely self-similar (DSS) with respect to (0, 0) if
there exists o > —1 such that u(x, t) = A*u(Ax, A**!¢) for some \ > 1. For more
specification we also say u is (A, a)-DSS.

Definition 4.3 We say u blows up at ¢t = 0 with Type I if

lim sup(—1)||Vu(t)|| L~ < +00. (69)

t—0
If lim sup, _, o (=) [IVu(t) ||~ = 400, then we say it is of Type IL

In order to study self-similar solutions it is convenient to make self-similar transform
from u on R? x (—1,0) to U on R? x (0, +00) defined by
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1
u(x,t) = ——U(y,s) (70)
(—[) a+1
where
X
y = ) s = —log(-1).
(—t)att

U is called the profile. Then, (E) is transformed into equations for the profile

« 1
4 Ut ——(y-V)U+ U -V)U = VP,
sspyl Ut ol T a0 WU Wy
V.U =0.

Note that a SS solution of (E) is a stationary solution of (SSE), while a DSS solution
of (E) is a time-periodic solution of (SSE),

Uy,s)=U@,s+S8), So=(a+1)logA.
A Type I solution of (E) is a global solution U of (SSE) with

lim sup(—#)||Vu () ||~ = limsup || VU (s)| L~ < +00.

t—0 §—>+00

SS and DSS obviously satisfy the above condition. Therefore, Type I blow-up sce-
nario is a natural generalization of SS or DSS blow-up. There are many previous
studies excluding SS or DSS blow-up (e.g. [5, 6, 9, 18]). Also, for the periodic solu-
tion of (SSE) one can show unique continuation type result [7].

In the case of DSS function having one point singularity one can have strong
restriction to the spatial decay of the profile function, independent of the equations.
We present it here.

Proposition 4.4 Let be a (A, a)—DSS function with A > 1, a € R\ {—1} having
one point singularity. Then
@)

FACSIES

S ————— V(. 1) €R" x (—00,0]\ {(0,0)},
(x| + Jr]=T)e

where C = C()\, ).
(i) Moreover, if

1
Lf Ce, I (x| + [t]=1)* = o(1),
1 1
as either |x| + |t|>+7 — 400 or |x| + |t|>+1 — 0, which means

. 1
lim sup [f Ce, O] (x| + [¢[=)* =0,
r—4+o0 1
e <|x|+|t|oFT <\2e”
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then
f=0 on R" x (—o0,0].

Therefore, if f %0 non trivial DSS function, then there exist {(xy, t)},
{Gik, 1)} € R x (=00, 01\ {(0, 0)} with (x, tr) — ~+00 and (X, ) — (0, 0)
as k — 400 such that

. 1,
lim sup (|xg| + [t || f Ok, £)] > 0,

k—o00

and ]
lim sup(|x| + | |=1)?| f Gk, 7)| > 0.

k—0

(Proof) Letusdefine Q| = B(0, A\) x (=A°T!,0)and Qg = B(0, 1) x (-1, 0),and
set Ay = Q1 — Qy. Foreach (x, 1) € R" x (—o0, 0] \ {(0, 0)} there exist an integer
k € Z and (z, 7) € A; such that x = Mz, t = \@+Dk7 Then, by the DSS property
of f we have

1 1

(x] + 1170 £ (x, 1) = (2] + |7]7#) N f (A, A@FDEr)
= (2] + 717" f (2, 7). (71)

For (i) we observe

=\ C
If(x,t)|=<M> 1f(z, DI < 1

T N,
x| + e[ (x| + [e[=m)

for all (x,t) € R" x (—o0, 0]\ {(0, 0)}, where we set

Ci=ess sup {2l +1717)° £ DI}

zZ,T)EA;

In order to show (ii) we see that (71) implies also

sup (el + [Tl = sup {2+ I71FD) £l

(z,7)EA;

1
e’ <|x|+|t|a+T <)\2er
from which, passing r — 400, we obtain f = 0. |

Let us consider the profile F = F(y, s) of f(x, t) defined by

FoD) = ——F(ys) with y= — s=—log(—1). (72)
(—n@ (—1)7

Then, by the similar argument to the above proof one can show the following:
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sup D™ f(x, O)|(x] + [¢] 7)) = sup | D" F(y, )| (Iy| + D™+ (73)

te(—00,0) seR

for all m € N U {0}. Following the same argument as the above proposition we have
the following.

Corollary 4.5 Let f be a (A, a)-DSS function, having one point singularity, and let
F be its profile defined by (72). Then, there exists a constant C > 0 such that

C
sup |D"F(y,s)| < ————— Vy e R". (74)
4 (vl + e

At this moment we could not exclude general Type I blow-up scenario for the
solution of (E). As we shall observe below, however, under some smallness condition,
we can remove the Type I blow-up. In this direction the following result is first derived
in [8].

Theorem 4.6 Let u € C([—1,0); H"(R?)), m > 5/2, be a solution to the Euler
equations. Suppose u satisfies the following “small Type I condition”

lim sup(—1) | Vu(t) ||~ < 1. (75)
t—0
Then,
lim sup [[u(t) || gn < +00. (76)
t—0

In other words, there exist no small Type I blow-up.

(Proof) The condition (75) implies that there exists 7y € (—1,0) and 0 < Cy < 1
such that
sup (—s)[[Vu(s)llr~ < Co.

to<s<0

We consider the particle trajectory X (a, t) generated by u = u(x, 1), i.e.
0 X(a,t) =u(X(a,t),1t), X(a,0) =a.
The vorticity form of the Euler equations
Ow+u-Vow=w-Vu
can be written as an equation along the particle trajectory
Of{w(X(a,1),t)} = (w-Vu)(X(a,1),1).

Integrating |w(X (a, t), t)| over [#y, ] along the particle trajectory, we obtain
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t
lw(X(a, 1), )| < |lw(X(a, ), fo)| exp (/ IVM(X(a,S),S)IdS> .
1o
From this we estimate
t
lw@® L= < llw(o) |l L~ exp </ IIVv(S)IILoodS)
I
’ t
< ewolto)ll o~ exp <C0 / (—s)‘ds>
fo
Co
Io
= [lw(®) |l = <?) Vi € (o, 0).

Since 0 < Cy < 1, we have f;OT lw(®)||Ldt < +00, and by the BKM criterion above
there exists no blow-up at 7'. ]

The above theorem has been localized in [24] as follows.
Theorem 4.7 Let u € L®(—1,0; L>(B(r))) N C([—1,0); W>4(B(r))) be a solu-
tion to (E) for some 3 < q < 400. Suppose there exists ry € (0, r) such that

lim sup(—=0)[|Vu(t) | =BGy < 1.

t—0

Then, lim sup, _, [u(@)llw2a(B(p)) < 00 forall p € (0, ro).

In a recent paper [14] the Type I condition of the above theorems is replaced by the
condition involving the Hessian of the pressure as follows.

Theorem 4.8 Let (u, p) € C'(R? x (—1,0)) be a solution of the Euler equation
(E) withu € C([—1, 0); W“(R3)),f0r some q > 3. If

lim sup (—1)*[| D> p(1) |1~ < 1,
t—0

then lim sup,_, [lu(t)||w24 < 400.
This is also localized in the same paper [14].

Theorem 4.9 Let (u, p) € C'(B(xo, p) x (—p,0)) be a solution to (E) with u €
C([—p, 0); W24 (B(x0, p))) N L>®0 — p, 0; L2(B(xg, p))) for some q € (3, 00). If

0
/ i (t) eyt < +00
—p

and
lim sup(—1)2| D p(0) | L (Bxo. ) < 1,

t—0
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then for all r € (0, p) we have

lim sup [|u(®) [ w2 (B(xy.r)) < +00.

t—0

The following is a refined version of the above theorems [10, 15], considering
also the sign condition for the Hessian of the pressure. We use the same notations as
Proposition 3.11.

Theorem 4.10 Let (u, p) € C'(R? x (=1, 0)) be a solution of the Euler equation
(E)withu € C([—1, 0); W24 (R3)), for some q > 3. Suppose the following holds. If
either

lim s(;lp(—t)2||[C “PE- D= < 1,

or
lim sup (—1)*||[|SE)* — 202 — ple(@)|l~ < 1,

t—0

then lim sup,_ ¢ [u(?) w24 < +00.
The following is a localized version of the above theorem.

Theorem 4.11 Let (4, p) € C'(B(xo, ) x (=r,0)) be a solution to (E) with u
C([—r, 0); W24 (B(xg, r))) N L®(=r, 0; L2(B(xg,1))) for some q € (3, 00). We
suppose

0
/ e () || Loo (B (xg.r)ydt < +00.
—r

If either
lim sup (—=)2[[[¢ - PEI- ()| L= Bxory < 1,
t—0

or
lim sup (—1)*|[|SE1* — 2% — plo (D)l =By < L,
t—0

then for all € € (0, r) limsup,_, ¢ [|u(?) | w2a(B(xy,e)) < +00-

S Type I Blow-Up and the Energy Concentrations

Although we cannot exclude the possibility of Type I blow-up, we shall show in this
section that under Type I condition the energy concentration in the form of atomic
measure cannot happen at the blow-up time. Energy concentration in atomic form
means that there exists an atomic measure / (i.e. ({x}) > 0 for some x € R?) such
that

lu(,0)’dx =~ p as t— 0
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in the sense of measure. A typical example is

lu-, O)Pdx = Cidy,.

k=1

DSS singularity in the energy conserving scale is an example of Type I blow-up with
one point energy conservation. Removing this scenario has been open. Concentration
phenomena in the other equations are well studied. For example for the nonlinear
Schédinger equations blow-up happens with L? norm concentration, while in the
chemotaxis equations the blow-up occurs with L! norm concentration.

We first remove one point energy concentration under Type I. In the case u €
L>®(—1,0; L*>(R?)), we can show that there exists a unique measure o € M (R?)
such that

lu(®)?dx — o weakly- * in M@ as t— 0. )

Here, we first consider the case o is equal to the Dirac measure Eydy for some
constant 0 < Ey < +o00. Under the Type I condition we can exclude such one-point
concentration of the energy, namely we have the following [22].

Theorem 5.1 Let u € L®(—1,0; L2(R?)) be a solution to the Euler equations. In
addition, we assume that u satisfies the Type I blow-up condition (69) and (82) with
o = Eyby for some 0 < Ey < 4+00. Thenu = 0.

In the proof of the above theorem we use several decay properties of the solution
to the Euler equations with respect to the space and time variables as we approach the
blow-up time. The decay estimate is actually obtained under following more general
condition than (69)

3
I e [-, 1) C o sup (=03 Vu()|le < oo (78)
5 1e(=1,0)

The following lemma is one of the two key decay estimates used to prove Theo-
rem 5.1.

Lemma 5.2 Letu € L*>(—o0, 0; L>(R*) N L2.([—1, 0), WL (R>)) be a solution

loc

to the Euler equations satisfying (69) and (82) with o = Edy. Then for every 0 <
(B < 5 there exists a constant C such that for every t € [—1, 0) it holds

/ lu(@)*|x|%dx < C(=1)P1=, (79)

R3

(Sketch of the Proof) We first claim the estimate

lu(@®ll = < C(—1)75. (80)
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Indeed, by the Gagliardo-Nirenberg interpolation we obtain

(=03 @) e < C=0)F @) 15 Va0 |
< CECD} (=0l Vu(D) |1~} < +oo.

We first prove the decay estimate for § = 1. We multiply (E) by u|x|ung for a
smooth cut-off iz supported on the ball Bg, and integrate both sides over R x (z, 0).
Integrating by parts, using the assumption of L?-energy concentration at x = 0 as
t — 0, we have

1 2
= | lu@®I |xInrdx
2 Jes

0 0
=/ f nR|u|2u~V|x|dxds+/ / nepit - Vx|dxds
t R3 t R3

1
+ E/ |u(0+)|2|x|anx + {terms vanishing as R — +o00}
]RS
0 0

</ / |u(s)*dx ||v(s)||L”°ds+/ / lp()lv(s)ldxds + o(1)

t JR3 r JR3

0 , 0
< CE(—1)2/ (—S)_gder/ )2 llv(s)ll2ds + o(1).
t t

For the pressure term estimate we use the Calderon-Zygmund inequality || p|| ¢ <
||u||%(,, which follows from the well-known velocity-pressure relation p = R; Ry
(u juy), and estimate

0 0
/ I p)Il2llu(s) | 2ds < c/ e ()Ml 22 lu(s) | 2ds
t t
0 0 s
< C/ ()l llu(s)172ds < C{E(—1>}2f (—s)~5ds.
t t
Passing R — o0, the lemma is proved for § = 1:
/ (@) Plxldx < C(=1).
RB

For 3 > 1 we multiply (E) by u|x|’ng, and integrate by parts as the above, and use
the induction argument. For the pressure estimate we use the following weighted
Calderon-Zygmund inequality (A, weight) [53]:

f|p(s)|2|x|"fdx < cf lu(s)[*x|"dx < C(—s)*%/|u(s)|2|x|7dx,
RS

R3 R3
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which holds true for all 0 < v < 3. |

The following is the second decay estimate for the Proof of Theorem 5.1.

Lemma 5.3 Let u € L*(—1,0; L(Z,(]R3)) NLX ([—1,0), WL2(R>) be a solution

loc

to the Euler equations satisfying (69) for some p € [%, 1) and (82) with oy = Edy.
Then for allk e NU{0} and 0 < r < +o0 it holds

2 —u _
1P N 725y < CodE (="M Vi e (=1,0),

where P, is the Helmholtz projection operator on B(r).

(Sketch of the proof of Theorem 5.1) We choose 6 small enough: 0 < 0 < % For a
solution u to the Euler equations we transform: u — w,

w(x, 1) =u((=1)"x,1).
Then, w solves the transformed Euler system,

w, +0(=)"'x - Vw + (=) (w - VIw = -V,
V.w=0.

Using the two decay lemmas above, one can show that there exists 7y € (—1, 0) such
that
Vxw()=0 on B() Vi<t <O.
Transforming back to the original vorticity, w(t) = V x u(t), we find
suppw(t) C B((—t)(’) Vip <t < 0.
Since the measure of supp w(¢) is preserved due to the Cauchy formula,

w(X(a,1),1) = Vo X(a, wo(a),

we have
meas{supp w(y)} = meas{suppw(r)} < C(—1)* - 0

ast — 0. Whence, w(ty) = 0, and u(z) is harmonic. Since u(zy) € L*(R?), we con-
clude that u(ty) = 0, and hence u = 0, which is a contradiction. Therefore, one point
energy concentration under the Type I condition is impossible. |

As an immediate corollary of the above theorem we establish the following.

Corollary 5.4 Let u € L®(—1,0; L2(R%) N L® ([—1, 0), W"2(R3)) be a DSS

loc
solution to the Euler equation, i.e. there exists A > 1 such that
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u(x, 1) = \eu(hx, \21) Y (x,1) € R3 x (—1,0).

Then u = 0.

For the proof we refer to [22].

Next, we shall use the blow-up argument to remove more general form of atomic
concentration under local Type I condition. More specifically, we have the following.

Theorem 5.5 Let u € L®(—1,0; L>(R%) N LL.([—1, 0); W °(R3)) be a solu-

loc

tion of the Euler equations satisfying the Type I condition,

sup (—=0)||Vu(t)||z~ < +o00.
te(—1,0)

Suppose there exists oy € MR3) such that
lu())?dx — oo as t — 0.

Then, oy is non-atomic.

We first recall the notion of suitable weak solution (u, p) of (E), a weak solution
satisfying the local energy inequality:

[|u<r)|2¢>dx </|u<s>|2<z>dx+/ /(|v|2+2p>u'V¢dxdr
R3 R3 T Rs

forall p € C® (R?) and for a.e. —1 <t < s < 0. Below we denote the ‘parabolic
cylinder’ consistent with the energy conserving scale by Q(R) := B(R) x (—R/?,
0). Then we establish the following criterion of energy non-concentration in terms
of a Morrey norm.

Theorem 5.6 We set the cylinder Q(R) = B(R) x (—R?,0). Letu € L*(—R3,0;
L*(B(R))) N L*(Q(R)) be a local suitable weak solution to (E) such that the local
energy inequality is satisfied. Furthermore, we assume that

-1 3 s o ] 3
sup r~||u < 400, liminfr=|u =0. 81
0<r£R ” ||L3(Q(r)) paa e ” ||L3(Q(r)) ( )

Then, there is no energy concentration at the point x = 0 ast — 0.

Remark In [52] Shvydkoy showed thatifu € L9(—1,0; L*(2)) N L*°(—1, 0; L?
(), q = %, is a suitable weak solution, then there is no atomic concentration in £2.
This actually follows from the above theorem immediately. Let Q(r) C Q x (—1, 0).
Then
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0

-1 3 -1 3

r M ullis oy =7 /;/;;()|u|dxdt
—r r

0
2 -1
S Nullzoe 1,022 " / s llll LBy dt

0 s 5
2 3
S Nl 1.0,2200 </ ; ”””Zw(B(r))d’) —0
—=r
asr — 0.

(Sketch of the proof of Theorem 5.6) We shall use the blow-up argument for the proof
of the theorem. Let us first note the following interpolation inequality,

1

2

—1y, 113 32 3
lelzs oy S CKor™2 Ml o) +CK0K (V 2”u”L2<Q(r))) (82
where we set

Ko = lu@)|lp~—rs2,0:12BR), Ki:= sup (=D)[|Vu(®)llLxmBr)),
te(=R3,0)

which are bounded constants by the hypothesis. Suppose there exists an atomic
concentration. Then Theorem 5.6, combined with the above interpolation inequality
(82) implies that there exists € > 0 and a sequence r; — 0 such that

||“”L2(Q(rk)) e VkeN

We define a (blow-up) sequence
up(x,t) = riu(rkx rg t) k eN.

Using Type I condition and the energy conservation, we can deduce the following
uniform bound for {u,},

ekl oo (—1,0;L2®3y) + ||uk||L3([_1,0);W0A3(R3)) <C

forall 0 < 0 < % Here, we use the following norm for the fractional derivatives
(Sobolev-Slobodeckij semi-norm) in R,

1f(x) = FO)I? ,
|f|W€p = (/l'{} /l; |x — |9P+3 dxdy) .

Taking the limit for a sub-sequence (by compactness lemma), one can construct a
non-trivial suitable weak solution to (E),
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u* € L®(—1,0; LERY) N L*([—1, 0); W3 (R?))

satisfying the following ‘weaker-norm version’ of local Type I condition

0
sup 11%9 / |u*(t)|€w3(3(r))dt < +o0.
reO,R) I

r

(S

Indeed, we have the following another interpolation inequality:

0

sup b / lu(0)|? dt <C sup r'u?

— 0.3 X L3

rE(0.R) 71-30 Wo3(B(r)) reO.R) Q(r))
—r

(N1

+C sup (=0’ IVu@) 3w (pry < +00

5
—R2<t<0

by (82) and the Type I condition respectively. Moreover, for such limiting solution
u* one can choose a sequence of time {#;} C [—1, 0) and a positive constant ¢y > 0
such that

lu* (x, tx)|*dx — Cody as k — +oo

in the sense of measure, namely one point concentration in R? for blow-up limiting
solution. Our previous exclusion theorem for one point energy concentration in R?
with Type I blow-up condition implies Cy = 0, namely no atomic concentration. ll

6 The Boussinesq Equations

We consider the Boussinesq equations in the space time cylinder R? x (0, 0o)

Ou—+ (u-Viu=e—Vp,
(B){0,0+ u-V)0 =0,
V.ou=0, u(x,0)=uyx), 0(x,0) =0y(x)

where u = (u;(x, 1), ur(x, 1)), (x,1) € R? x (0, +00) is the fluid velocity, while
0 = 0(x, t) represents the temperature of the fluid, and e, = (0, 1). The system (B)
is a fundamental system of equations describing the motion of atmosphere (see e.g.
[49, 50]). Besides its importance in application to the atmospheric sciences another
reason why the Boussinesq equation attracted many mathematicians is that the system
(B) has strong similarity to the 3D axisymmetric Euler equations, thus providing a
good model problem for the Euler equations. To see this resemblance between the
two equations more closely we consider the following vorticity equation, obtained



On the Singularity Problem for the Euler Equations 75
by operating V- on the first equation of (B):
Ow—+u-Vw=200, w=O0u,— dui. (83)

Setting ® = (ru’)>and W = “70, the axisymmetric Euler system (64), (62) and (61)
can be written as

1
W, +u" 0, W + W = — 5,0,

(oW WG =50 (84)
O, +u8,0+u’dz0 =0, 0,u)+d0ru’)=0.

Therefore, if we consider the system (84) off the axis region(r > 0) the system (B)
has the almost same structure as (84) with the correspondence

(X1, %2) & (1, x3), (u1,u2) & (', u’), (w,0) & (W,0).

Let us consider the particle trajectory X («, t) generated by u = u(x, t). Then, the
second equation of (B) implies the conservation

FOX(a,1),0) = fBy(a) YfeCR).

The following proposition shows that a certain quantity, which corresponds to the
Helicity of the 3D Euler equations, has localized conservation law.

Proposition 6.1 Let f be a C'(R), and (u, 9) be a smooth solution to (B), and C,,
t > 0 be a level curve of 0(-, t). Then,

% u - VJ‘f(H)ds = % ug - VJ‘f(Go)ds vVt > 0. (85)
t CO
(Proof) From the second equation of (B) we have

D
Evla =0 +u-V)Vo=vLto. vu. (86)

Let
Co={v(s) : Oo(v(s)) = A, 5 € [0, 1], 7v(0) = v(1)}

be a closed level curve for 0y. Define
C, = X(Co.t) = (X(7(s), 1) : 0 <5 < 1.

Then, for any f € C'(R), we have
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£ /0 UK. 0. 1) - T FOE ). 1. D)
o [ DL X600 - VXG0, 0.0ds
w1 | WX 0.1) - SV (6). 1), 0ds
——ro [ VP (X (6). 0.1) - VEOX (1), ). s
1w | X (9). 1), Des - VX (1(6). 1), )

1
+f'()\)/0 u(X(y(s), 1), 1) - VEOX (y(s), 1), 1) - Vu(X ((s), 1), t)d's
=K+ K> + K;.

We compute each term separately. First,

1
0
K, = —f/(>\)/0 Vp(X(y(s), 1), 1) - aX(’y(S), 1)ds

1
0
= ='W | 5 pXE).0.0ds =0.

Second,

1
= f'(MAey / wds =0.
0 s

Finally,

0
K3 = f()\)f u(X(y(s),1),1) - ( X(y(s), 1) - V) u(X(y(s), 1), t)ds

1
= Ef()‘)/ ( X(v(s), 1) - V) (X (4(s), 1), 1)*ds

_ L, o 2
=3/ (A)/O (X (1 (6), 1), D ds = 0.

Combining the calculations for K, K,, K3 above, we find that

d 1
E/o u(X (y(s), 1), 1) - V¥ fOX (y(s5), 1), 1))ds = 0.
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This completes the proof of the proposition. |

Regarding the Cauchy problem for the system (B) for the initial data in H¥(R?),
k > 2, the local-in-time existence of solution and the Beale-Kato-Majda type blow-
up criterion are first obtained in [16].

Theorem 6.2 Let (ug, ) € H*(R?), k > 2. Then, there exists T = T (||luol| .
0ol +) such that a unique solution u € C([0, T); H*(R?)) exists. Furthermore,

tim sup([lu(t) ]|zt + 10| 0) = +0o  if and only if
t—T
T
/ IVO()| ~dt = +00. (87)
0

The finite time blow-up question for the Boussinesq system with a smooth initial
data is also a wide-open problem. We mention that for domain with cusp singularity
finite time blow-up at the boundary point is obtained recently in [37], and also in [27]
the authors show singularity on the boundary point of a cylinder. Our main concern
here is the possibility of interior singularity in the whole domain of R2. It is also
worth mentioning that if we add viscosity term to either one of the velocity or the
temperature equations of (B), the finite time blow-up question was posed by Moffatt
in [51] as one of the millennium problems in the fluid mechanics, for which there
was a partial result due to Cérdoba, Fefferman and LLave in [34], removing “squirt”
singularities. The problem is fully resolved in [11], which shows that there exists no
finite time singularities in this partially viscous case.

A similar result to Theorem 6.2 in the setting of the Holder space is proved in
[17]. For the BKM type criterion an improvement of (87) has been obtained in [25]
as follows.

Theorem 6.3 Let (u, §) € C([0, T); W>4(R?)), g > 2, be a solution of (B). If
T
/(T —DIIVO@) | edt < 400, (88)
0

then there exists no blow-up att = T, and thus both u and 0 belong to C ([0, T]; w24
(R?)).

(Proof ) For convenience we shift in time so that [0, T] — [—1, O].

Step (i) We first show that

0 0
/ lw@) |l =dt +/ (=DIIVO@)||L~dt < +00 (89)
-1 ~1

implies no blow-up at = 0. Let ¢ > 2. We apply the operator J; to the vorticity
equation, multiplying the resultant equation by 0;w|Vw|?~!, and integrating it over
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R?. Then, after the integration by parts and using the Holder inequality, we are led
to

d 2

E”VW”L‘I S IVullz=lIVwllze + 1IV-0ll s

= IVull = IV@liLe + (=) (=D [IV?0]l 0. (90)
Next, we apply the operator J;0; to both sides of the ¢ equation, multiply both
sides by 0;0,0|V?6|772, and sum over i, j = 1,2, 3, and the integrate it over R?.

This, applying the integration by part and the Holder inequality, yields the following
inequality

d
S IV20lle <20Vl V20l e + V0] 1 I V2ul o O
Multiplying both sides of (91) by (—¢), we see that

d
E(—I)HVZQHM + 1V201l 1o

20 Vull = (=Yl e + (=D VOl IV ull 1o
20 Vull 1 (=D IV20l 14 + oo (=DIIVO| 1 Vel 1. (92)

NN

Now define
V() = |Vwlle + (=) IV?0| e, t € (—1,0).
Adding the last two inequalities (90) and (92), we are led to
V< (20Ul + =07+ e (=DIVI0 1~ ) . 93)

By means of the logarithmic Sobolev embedding of the Beale-Kato-Majda type,
we find

IVu@ = < C {1+ w®)llz~ logle + IIVu(@) | 10) |

C{l + llw®llL~ log(e + W (1))} . (94)

NN

Inserting (94) into (93), it follows

W <AC[1+ (w® = + (=DIIVOD) [I1=) log(e + ¥ 1)] + (=)~} W (@).
95)

Setting y(t) = log(e + W (¢)), we infer from (95) the differential inequality

Y <Cay+C(=n~",  a@®) = w®lx + (=DIVOD)ll=  (96)
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which can be solved as

y(t) =log(e + W (1))

t
< y(to)ecﬁ;a(s)ds +C /(—S)_lecf;a(T)deS. 97)

fo
Cfo a(s)ds . .
We now choose ¢t so that e’ < 2. Then, (97) implies
log(e + ¥ (1)) < Clog(e + ¥(1p)) + Clog(—1/t) Vit € (1, 0), (98)

where ¢ > 2 is another constant. From #-equation of (B) we have immediately
0
E|V€|+(H-V)|V€| < |Vul| V8. 99)

Lett € (—1, 0) be arbitrarily chosen but fixed. Let xo € R2. By X (xo, ) we denote
the trajectory of the particle which is located at xy at time ¢ = ty, defined by the
following ODE

dX (xo,t .
% =u(X(xg,1),t) in [—1,0), X(xo, ) = xo. (100)
Then, (99) can be written as

0
E|VH(X(XO’ 1), D < [Vu(X (xo, 1), DIIVO(X (xo, 1), 1), (101)

which can be integrated along the trajectories as

IVO(X (x0,1),1)| < [VO(x0)| exp (/ |VM(X(xOvS)vS)|dS> :

fo

Therefore, we estimate, using (94) as

t
IV0() 100 < IV0(10) ]| 1% exp ( / ||Vu||Loods>
0]

< 1IV8(t0) o0 exp (C /,0[ {lw()l o [log(e + W(ig)) + log(~1/s)] + 1) ds)
< IVO(10) | oo x
X exp (C {log(e + W (1)) + log(—1/1)} /’ ) loeds + e — m)) :
0 (102)
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Choosing ty € (—1,0) so that C flg lw() || Leds < %, we deduce from (102) that
IO < IVOt0) I~ (e + ¥ (1)) e (—1) ™2 Vr € (10, 0).

Therefore, fi)l VO] L~dt < +00. Applying the well-known blow-up criterion in
[5], we obtain the desired result of (89).

Step (ii) Here we show the estimate:
t t
/ lw(s)lILeds + /(—S)IIVH(S)IILmdS
—1 —1

0
< lw(=Dliz= +2/(—S)IIV9(S)|ILde < 400, (103)
21

thus finishing the proof, combining this with (89). We recall the vorticity equation
from (B).
Ow+u-Vwo=00 in R*x[-1,0), (104)

where w = Oyuy — dru;. Using the particle trajectories with X (xg, —1) = x¢ as the
above, we have from (104)

j—tlw(X(xO,t),t)I <1010(X (xo, 1), 1) in [—1,0), (105)

which implies that

§

lw)llize < llw(=Dllz= +/1 1010(T) || L~dT. (106)

Integrating both sides of (106) over [—1, 1), ¢ € (—1, 0) withrespect to s, and apply-
ing integration by parts, we get

t t N
/1 lw)lleds < (14 Dw(=DllL= +f1/1 1010(7) || L~dTds
t d s
=1+ Dllw(=Dz> +/ {;(S)/ |I319(T)||Lood7}ds
—1 N —1
t t
=+ )llw(=Dllre +/1(_5)||019(5)||L°°d5+t/] 1016(s) || L~ds

t
<ol + / ORIl ~ds.
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The above theorem has been also localized in [23] as follows.

Theorem 6.4 Let B(r) C R? be the unit ball, 2 < q < +oo, and
(u, 0) € C([0, T); W>(B(r))) x C([0, T); W>“(B(r)))
be a solution to (B). Suppose that
u e L®0,T; L>*(B(r)))
and

T T
/(T = DIVO®) || L=irydt < +00, /||M(l)||Lx(B(r))dt < +o00.
0 0

Thenu,® € C([0, T], W>4(B(p))) forall 0 < p < r.

The blow-up criterion in terms of the Hessian of the pressure is also recently obtained
as follows. For a solution (u, p, 6) of the system (B) let us introduce the R?>*2-valued
functions U = (Q;u;) and P = (0;0; p). For the vector field V40 = (=6,0, 0,0) we
define the direction vectors

¢=v4ie/|Ivie,, ¢ =UV*e/UV4).

We note that contrary to the case of Euler equations U is not the symmetric part of
the velocity gradient matrix. Then, the following blow-up criterion in terms of the
Hessian of the pressure is proved in [14].

Theorem 6.5 Let (1, p) € C'(R? x (0, T)) be a solution of the Boussinesq equa-
tion (B) withu € C([0, T); W>9(R?)), for some g > 2. Suppose the following holds.

Either ; oo
/ (T —t)exp </ / II¢ - Pf]_(T)HLoodes) dt < 400,
0 0o Jo

limsup (T — 1)*[[[¢ - PE]-(1)ll~ < 2.

t—>T

or

Then lim sup,_, ¢ |[u(t)|lw2e < +00.

Note the relaxed smallness condition for the nonexistence of Type I blow-up com-
pared to the case of 3D Euler equations. This is due to the extra factor, (T —¢) in
the integral fOT(T —)||VL0(@)||,~dt < 400 in Theorem 6.3.

(Proof of the first part of Theorem 6.5) Let (u, p, #) be a solution of (B), which
belongs to C'(R? x (0, T)). We first claim the following formula.

D, UV*0| = —¢ - PV*0. (107)
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Indeed, V on the first equation of (B), we find
DU +U?=—P + V(bey).
Taking V+ on the second equation of (B), we obtain
D, V0 = UV*e.
Let us compute

D;V*'0 = D,UV*0+UD,V*0
= —U>V+0 — PV + UV+0 + V10 - V()
= _—Pvie, (108)

where we use the fact
V40 - V(fer) = 0.

We multiply (110) by D, V=6 to have
1
|D,V+6|D,|D, V10| = EDt (ID,V*0|*) = D,V*0 - D}V
=-UV'e. Pvie. (109)
the left-hand side of which can be re written as

1
EDt|le9|2 = |UV*6| D,|UV* 0.

Hence, dividing the both sides of (109) by |UV+6|, we obtain the formula (107),
and the claim is proved.
Now, integrating (107) along the trajectory for ¢ € [0, 5], we obtain

EWLG(X(a, s),8)| < ‘gvie(X(a, $), )
Os Os
= [(D, VIO (X (v, 5), 5)| = [UVO(X (, 5), 5)]

= [So(@)wo ()] —/ ¢ POX(a, 7), D|w(X(, 7), T|dT.
0
After integrating this again with respect to s over [0, ¢], we find
IVEO(X (a, 1), )] < |VH00()] 4+ [VHbo(a) - Vug(e) |t

—l—/ /S[C - PE]_(X(a, 1), T)|IVEO(X (a0, ), T)|dTds.
0 Jo
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Thanks to Theorem 3.8 we find

IVEO(X (a0, 1), )] < (IVH0p(@)] + [V - Vug(a)|t) x

X exp (/t /J[C - PE]_(X (e, 7), T)deS) )
o Jo

Taking the supremum over a € R?, and integrating it with respect to ¢ over [0, T
after multiplying by T — ¢, we obtain

T
/ (T = DIV |Ip=dt < IV Opllzx + IVE0o - Vgl 1~T) x
0

T t K
x /0 (T—r)exp(/o fo ||[¢-P§(T)]||Lood7ds>dz.

Applying the blow-up criterion of Theorem 6.3, we obtain the desired conclusion. ll

The following is a localized version of Theorem 6.5.

Theorem 6.6 Let (u, p) € C'(B(xo,7) x (T —r, T)) be a solution to (E) withu €

C(T —r,T); W»9(B(x0, 7)) N L®(T —r, T; L>*(B(xy, 1))) forsomeq € (2, 00).

Let us assume .

f lu (@) L (Bxo,rndt < +00. (110)
T

—r

If either

T

(T = 1) exp ( / / e - Pﬂ_(r)||Lw<3<x0,,>)d7ds> dt < +oc,
0 0

T—r

or
lim sup (T — 0)*I[¢ - PE- () |2 (Bxo.ry) < 2

t—T

then for all € € (0, r) limsup,_, () | w2a(Bxy.c)) < +00.

For the proof we first show that the condition (110) implies that the mapping ¢ —
X (a,t) belongs to C([T —r, T]; R?) for all o € B(xg, r). Then, the other part of
the proof follows by applying the continuity argument. For more details we refer to
[15].
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Singularity Models in the )
Three-Dimensional Ricci Flow ey

Simon Brendle

Abstract The Ricci flow is a natural evolution equation for Riemannian metrics
on a given manifold. The main goal is to understand singularity formation. In his
spectacular 2002 breakthrough, Perelman achieved a qualitative understanding of
singularity formation in dimension 3. More precisely, Perelman showed that every
finite-time singularity to the Ricci flow in dimension 3 is modeled on an ancient
k-solution. Moreover, Perelman proved a structure theorem for ancient x-solutions
in dimension 3. In this survey, we discuss recent developments which have led to a
complete classification of all the singularity models in dimension 3. Moreover, we
give an alternative proof of the classification of noncollapsed steady gradient Ricci
solitons in dimension 3 (originally proved by the author in 2012).

Keywords Ricci flow  Ricci soliton * Ancient solution

1 Background on the Ricci Flow

Geometric evolution equations play an important role in differential geometry. The
most important such evolution equation is the Ricci flow for Riemannian metrics
which was introduced by Hamilton [21].

Definition 1.1 (R. Hamilton[21]) Let g(¢) be a one-parameter family of Riemannian
metrics on a manifold M. We say that the metrics g(¢) evolve by the Ricci flow if

B .
5780 = 2 Ricg. (1)

The author was supported by the National Science Foundation under grants DMS-1806190 and
DMS-2103573 and by the Simons Foundation.

S. Brendle (X)
Department of Mathematics, Columbia University, 2990 Broadway, New York, NY 10027, USA
e-mail: simon.brendle @columbia.edu

© The Author(s), under exclusive license to Springer Nature Singapore Pte Ltd. 2022 87
N.-G. Kang et al. (eds.), Recent Progress in Mathematics, KIAS Springer Series
in Mathematics 1, https://doi.org/10.1007/978-981-19-3708-8_3


http://crossmark.crossref.org/dialog/?doi=10.1007/978-981-19-3708-8_3&domain=pdf
mailto:simon.brendle@columbia.edu
https://doi.org/10.1007/978-981-19-3708-8_3

88 S. Brendle

In his paper [21], Hamilton established short time existence and uniqueness for
the Ricci flow.

Theorem 1.2 (R. Hamilton [21]; D. DeTurck [18]) Let g9 be a Riemannian metric
on a compact manifold M. Then there exists a unique solution g(t), t € [0, T), to
the Ricci flow with initial metric g(0) = go. Here, T is a positive real number which
depends on the initial data.

The main difficulty in proving Theorem 1.2 is that the Ricci flow is weakly, but
not strictly, parabolic. This is due to the fact that the Ricci flow is invariant under the
diffeomorphism group of M. This problem can be overcome using DeTurck’s trick
[18]. In the following, we sketch the argument (see [6] or [30] for details). Let us fix
a compact manifold M and a smooth one-parameter family of background metrics
h(t). The choice of the background metrics A (¢) is not important. In particular, we
can choose the background metrics 4 (¢) to be independent of z. For each ¢, we denote
by A, the Laplacian of a map from (M, g(1)) to (M, h(t)) (see [6], Definition
2.2). With this understood, we can define Ricci-DeTurck flow as follows:

Definition 1.3 Let g(#) be a one-parameter family of metrics on M. We say that the
metrics g(¢) evolve by the Ricci-DeTurck flow if

0 . . .
Eg(t) = —2 Ricz) — L (1)),

where the vector field & is definrd by & := Az n() 1d.

The evolution of the metric under the Ricci-DeTurck flow can be written in the
form
0

Egij =g o gij + lower order terms.

Therefore, the Ricci-DeTurck flow is strictly parabolic, and admits a unique solution
on a short time interval.

In the next step, we show that the Ricci flow is equivalent to the Ricci-DeTurck
flow in the sense that whenever we have a solution to one equation, we can convert
it into a solution of the other.

To explain this, suppose first that we are given a solution g (¢) of the Ricci-DeTurck
flow. Our goal is to produce a solution g (¢) of the Ricci flow. As above, we define &, :=
Az),h() 1d. We define a one-parameter family of diffeomorphisms ¢, by 5%90: (p) =
&tlen(py and o(p) = p. Moreover, we define a one-parameter family of metrics g(t)
by g(t) = ¢;(g(t)). Then g(¢) is a solution of the Ricci flow.

Conversely, suppose that we are given a solution g(¢) of the Ricci flow. Our goal
is to produce a solution g (¢) of the Ricci-DeTurck flow. To that end, we solve the har-
monic map heat flow a—{)tap, = Ag),h(n¢p: With initial condition ¢y = id. Moreover,
we define a one-parameter family of metrics g(¢) by ¢;(g(¢)) = g(¢). Then g(¢) is
a solution of the Ricci-DeTurck flow. This shows that the Ricci flow is equivalent to
the Ricci-DeTurck flow.
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A solution to the Ricci flow on a compact manifold can either be continued for
all time, or else the curvature must blow up in finite time:

Theorem 1.4 (R. Hamilton [21]) Let gy be a Riemannian metric on a compact
manifold M. Let g(t), t € [0, T), denote the unique maximal solution to the Ricci
flow with initial metric g(0) = go. If T < o0, then the curvature of g(t) is unbounded
ast — T.

A central problem is to understand the formation of singularities under the Ricci
flow. To that end, it is often useful to consider a special class of solutions which move
in a self-similar fashion. These are referred to as Ricci solitons:

Definition 1.5 Let (M, g) be a Riemannian manifold, and let f be a scalar function
on M. We say that (M, g, f) is a steady gradient Ricci soliton if Ric = D? f. We say
that (M, g, f) is a shrinking gradient Ricci soliton if Ric = D?f + ug for some
constant p > 0. We say that (M, g, f) is an expanding gradient Ricci soliton if
Ric = D? f + pg for some constant 1 < 0.

We next discuss the global behavior of the Ricci flow in dimension 2. Hamilton
[22] and Chow [15] showed that, for every initial metric on S 2 the Ricci flow shrinks
to a point and becomes round after rescaling:

Theorem 1.6 (R. Hamilton [22]; B. Chow [15]) Let g¢ be a Riemannian metric on
S2. Let g(®), t € [0, T), denote the unique maximal solution to the Ricci flow with
initial metric g(0) = go. Then T < 0o. Moreover, as t — T, the rescaled metrics
ﬁ g(t) converge in C* to a metric with constant Gaussian curvature 1.

Theorem 1.6 was first proved by Hamilton [22] under the additional assump-
tion that the initial metric gy has positive scalar curvature. This condition was later
removed by Chow [15]. In the following, we sketch the main ideas in Hamilton’s
proof. Full details can be found in [22] or [6], Sect. 4. Given a metric g on S? with
positive scalar curvature, Hamilton defines the entropy £(g) by

R

E(g) = /S Riog (%) @)

where A denotes the area of (52, g). The functional £(g) is invariant under scal-
ing. By the Gauss-Bonnet theorem, f o R du = 87. Hence, it follows from Jensen’s
inequality that £(g) is nonnegative. Moreover, £(g) is strictly positive unless the
scalar curvature of (52, g) is constant.

Hamilton’s key insight is that the functional £(g) is monotone decreasing under the
Ricci flow. From this, Hamilton deduced that the product AR is uniformly bounded
under the evolution. This implies that the flow converges to a shrinking gradient Ricci
soliton, up to scaling. Finally, Hamilton showed that every shrinking gradient Ricci
soliton on S? must have constant scalar curvature. This completes our discussion of
Theorem 1.6.
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In the three-dimensional case, Hamilton [21] showed that an initial metric with
positive Ricci curvature shrinks to a point in finite time and becomes round after
rescaling.

Theorem 1.7 (R.Hamilton [21]) Let gy be a Riemannian metric on a three-manifold
M with positive Ricci curvature. Let g(t), t € [0, T), denote the unique maximal
solution to the Ricci flow with initial metric g(0) = go. Then T < co. Moreover, as
t — T, the rescaled metrics ﬁ g(t) converge in C* to a metric with constant
sectional curvature 1.

The proof of Theorem 1.7 is based on a pinching estimate for the eigenvalues of
the Ricci tensor. To explain this, let \| < A, < A3 denote the eigenvalues of the tensor
R gi; — 2 Ric;;. With this understood, the scalar curvature is given by A; 4+ A\ + A3,
and the eigenvalues of the Ricci tensor are given by % A+ N3), % A3+ ), % M+
A2). In particular, the positivity of the Ricci tensor is equivalent to the inequality
A1 + A2 > 0. Hamilton proved that

0
E)\l > AN+ A+ N 3)

and 9
EAS < AX3+ /\% + A1 A2, 4)

where both inequalities are understood in the barrier sense. In the special case when
the initial metric has positive Ricci curvature, Hamilton proved a pinching estimate of
the form A3 — A\; < C (\; + X\2)' ™%, where § is a small positive constant depending
on the initial data and C is a large constant depending on the initial data. The proof
of this estimate relies on the maximum principle.

Theorem 1.7 has opened up two major lines of research. On the one hand, it is of
interest to prove similar convergence theorems in higher dimensions, under suitable
assumptions on the curvature. This direction led to the proof of the Differentiable
Sphere Theorem (see [5, 12]). On the other hand, it is important to understand the
behavior of the Ricci flow in dimension 3 for arbitrary initial metrics. In this case,
the flow will develop more complicated types of singularities, including so-called
neck-pinch singularities. In a series of breakthroughs, Perelman [27, 28] achieved a
qualitative understanding of singularity formation in dimension 3. This is sufficient
for topological conclusions, such as the Poincaré conjecture.

In this survey, we will focus on issues related to singularity formation in dimension
3. In Sect. 2, we will review the concept of an ancient solution, and explain its
relevance for the analysis of singularities. We next discuss Perelman’s noncollapsing
theorem. Moreover, we describe examples of ancient solutions to the Ricci flow
in low dimensions. In Sect. 3, we discuss the classification of ancient solutions in
dimension 2. In Sect. 4, we review results due to Perelman [27] concerning the
structure of ancient x-solutions in dimension 3. These are ancient solutions which
have bounded and nonnegative curvature and satisfy a noncollapsing condition. In
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Sect. 5, we discuss the classification of ancient x-solutions in dimension 3. In Sect. 6,
we describe a quantitative version of the fact that the Ricci flow preserves symmetry.
In Sect. 7, we discuss the Neck Improvement Theorem from [8]. This theorem asserts
that a neck becomes more symmetric under the evolution. Finally, in Sects. 8 and 9,
we give an alternative proof of the classification of noncollapsed steady gradient
Ricci solitons in dimension 3. This result was originally proved in [7]; the proof
given here relies on the Neck Improvement Theorem from [8].

2 Ancient Solutions and Noncollapsing

The notion of an ancient solution plays a fundamental role in understanding the
formation of singularities in the Ricci flow. This concept was introduced by Hamilton
[23].

Definition 2.1 An ancient solution to the Ricci flow is a solution which is defined
on the time interval (—oo, T'] for some T'.

The concept of an ancient solution to a parabolic PDE is analogous to the concept
of an entire solution to an elliptic PDE.

Ancient solutions typically arise as blow-up limits at a singularity. In the Ricci
flow, we are specifically interested in ancient solutions which satisfy a noncollapsing
condition.

Definition 2.2 (G. Perelman [27]) An ancient solution to the Ricci flow in

dimension 7 is said to be x-noncollapsed if voly)(Bgy(p,r)) = kr" whenever
2

SUP. e B, ) (p.r) R(x,1) <r—=.
Definition 2.2 is motivated by Perelman’s noncollapsing theorem for the Ricci
flow:

Theorem 2.3 (G.Perelman [27], Sect.4) Let M be a compact manifold of dimension
n, and let g(t), t € [0, T), be a solution to the Ricci flow, where T < oco. Consider
a sequence of times t; — T and a bounded sequence of radii r;. Finally, let p; be a
sequence of points in M such that

rf sup R(x,t;) < oo.
X€Byu (pjir))

Then
hm inf I‘j_” VOlg(,j>(Bg(,j)(pj, I‘j)) > O
Jj—00
Theorem 2.3 is a consequence of Perelman’s monotonicity formula for the W-
functional. In particular, Theorem 2.3 implies that every blow-up limit of the Ricci

flow at a finite-time singularity must be «-noncollapsed.
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In dimension 3, the Hamilton-Ivey estimate gives a lower bound for the sectional
curvature in terms of the scalar curvature:

Theorem 2.4 (R. Hamilton [23]; T. Ivey [25]) Let g(¢), t € [0, T), be a solution to
the Ricci flow on a compact three-manifold M. Let \| denote the smallest eigenvalue
of the tensor R g;j — 2 Ric;j. Then )\, satisfies a pointwise inequality of the form
A1 > — f(R), where the function f satisfies limg_, o, fi‘v) =0.

Theorem 2.4 implies that every blow-up limit of the Ricci flow in dimension 3
must have nonnegative sectional curvature. The proof of Theorem 2.4 relies on the
maximum principle together with the evolution equation for the Ricci tensor.

This motivates the following definition:

Definition 2.5 An ancient s-solution to the Ricci flow in dimension n € {2, 3} is a
complete, non-flat, x-noncollapsed ancient solution with bounded and nonnegative
curvature.

The notion of an ancient x-solutions plays a key role in Perelman’s theory. In
particular, Perelman showed that, if a solution to the Ricci flow in dimension 3 forms
a singularity in finite time, then the high curvature regions can be approximated by
ancient k-solutions (see [27], Sect. 12).

In the remainder of this section, we describe some of the known examples of
ancient solutions to the Ricci flow in dimension 2 and 3.

Example 2.6 Let gs> denote the standard metric on S2. Let us define a family of
metrics g(¢) on S2 by g(t) = (—2t) g5 for t € (—oo, 0). This is an ancient solution
to the Ricci flow which shrinks homothetically. It is k-noncollapsed.

Example 2.7 Let us define a one-parameter family of conformal metrics on R? by
() = —— b
8ij (1) Ll

fort € (—o0, 00). This gives a rotationally symmetric solution to the Ricci flow on
R?, which moves by dieomorphisms. It is referred to as the cigar soliton. The cigar
soliton has positive curvature and opens up like a cylinder near infinity. The cigar
soliton fails to be x-noncollapsed.

Example 2.8 Let us define a one-parameter family of conformal metrics on R? by

8 sinh(—t)
1 4 2cosh(—1) |x|> + |x|* ¥

gij(t) =

fort € (=00, 0). Foreacht € (—o00, 0), g(¢) extends to a smooth metric on S2. This
gives a rotationally symmetric solution to the Ricci flow on S2. This is referred to as
the King-Rosenau solution (cf. [26, 29]). The King-Rosenau solution is an ancient
solution to the Ricci flow with positive curvature. The King-Rosenau solution fails
to be k-noncollapsed.
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Example 2.9 Let gg: denote the standard metric on S3. Let us define a family of
metrics g(t) on 52 by g(t) = (—4t) gss for t € (—o0, 0). This is an ancient solution
to the Ricci flow which shrinks homothetically. It is k-noncollapsed.

Example 2.10 Let again gg> denote the standard metric on S2. Let us define a family
of metrics g(t) on S? x Rby g(t) = (=2¢) gs» + dz ® dz for t € (—o0, 0). This is
an ancient solution to the Ricci flow. It is x-noncollapsed.

Example 2.11 Robert Bryant [13] has constructed a steady gradient Ricci soliton
in dimension 3 which is rotationally symmetric. This can be viewed as the three-
dimensional analogue of the cigar soliton. The Bryant soliton has positive sectional
curvature and opens up like a paraboloid near infinity. Unlike the cigar soliton, the
Bryant soliton is x-noncollapsed.

Example 2.12 Perelman has constructed an ancient solution to the Ricci flow on
S3 which is rotationally symmetric. This can be viewed as the three-dimensional
analogue of the King-Rosenau solution. Perelman’s ancient solution has positive
sectional curvature. Unlike the King-Rosenau solution, Perelman’s ancient solution
is xk-noncollapsed.

The asymptotics of Perelman’s ancient solution are by now well understood; see

(2].

3 C(lassification of Ancient Solutions in Dimension 2

In this section, we discuss the main classification results for ancient solution in dimen-
sion 2. In [27], Perelman gave a classification of ancient «-solutions in dimension
2:

Theorem 3.1 (G. Perelman [27], Sect. 11) Let (M, g(t)) be an ancient k-solution
in dimension 2. Then (M, g(t)) is isometric to a family of shrinking spheres, or a
Z,-quotient thereof.

Let us sketch Perelman’s proof of Theorem 3.1. Suppose that (M, g(¢)) is an
ancient x-solution in dimension 2. After passing to a double cover if necessary, we
may assume that M is orientable. By Proposition 11.2 in [27], we can find a sequence
of times f; — —o0 and a sequence of points p; € M with the following property: if
we dilate the manifold (M, g(¢;)) around the point p; by the factor (—¢ j)’% , then the
rescaled manifolds converge in the Cheeger-Gromov sense to a non-flat shrinking
gradient Ricci soliton. Using Hamilton’s classification of shrinking gradient Ricci
solitons in dimension 2 (see [22]), we conclude that the limiting manifold must be a
round sphere. Since the limiting manifold is diffeomorphic to S2, it follows that M
is diffeomorphic to S2.

We next consider Hamilton’s entropy functional defined in (2). Since the manifolds
(M, g(t;)) converge to a round sphere after rescaling, we know that £(g(¢;)) — 0
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as j — o0o. Moreover, it follows from Hamilton’s work [22] that the function ¢ +—
E(g (1)) is monotone decreasing. Consequently, £(g(¢)) < 0 for each ¢. On the other
hand, Jensen’s inequality implies that £(g(¢)) is strictly positive unless (M, g(¢)) has
constant scalar curvature. Putting these facts together, we conclude that the scalar
curvature of (M, g(¢)) is constant for each 7. This completes our sketch of the proof
of Theorem 3.1.

Daskalopoulos, Hamilton, and Sesum were able to classify compact ancient solu-
tions in dimension 2 without noncollapsing assumptions.

Theorem 3.2 (P. Daskalopoulos, R. Hamilton, N. Sesum [17]) Let (M, g(®)) be
a compact, non-flat ancient solution to the Ricci flow in dimension 2. Then, up to
parabolic rescaling, translation in time, and diffeomorphisms, (M, g(t)) coincides
with the family of shrinking spheres, the King-Rosenau solution, or a Z;-quotient of
these.

One of the main ideas behind Theorem 3.2 is to find a quantity to which the
maximum principle can be applied and which vanishes on the King-Rosenau solution.
To explain this, suppose that (M, g(¢)) is a compact, non-flat ancient solution to the
Ricci flow in dimension 2. After passing to a double cover if necessary, we may
assume that M is orientable. Using the maximum principle, it is easy to see that
(M, g(1)) has nonnegative scalar curvature for each . Moreover, the strict maximum
principle implies that the scalar curvature of (M, g(¢)) is strictly positive. Since M
is compact and orientable, it follows that M = S2, By the uniformization theorem,
we may assume that the metrics g(¢) are conformal to the standard metric on S2.

Using the stereographic projection, we can identify R? with the complement of
the north pole in S2. Thus, we obtain a family of conformal metrics on R? which
evolve by the Ricci flow. We may write the evolving metric in the form v~ §;;, where
v satisfies the parabolic PDE

ijs
0 Av — |Vl

— UV ="V v — v

ot

on R?, where Vv and Av denote the gradient and Laplacian of v with respect to the
Euclidean metric on R2. Daskalopoulos, Hamilton, and Se§um consider the quantity

0 v Pv
=V =5 —x»
973 073
0 _1c0 _; 0 9 _ 10 4 ; 0 irti
where 5 = 5 ( o E)xz) and 7 =3 ( oo T axz) denote the usual Wirtinger

derivatives. A straightforward calculation shows that the quantity Q is invariant
under Mobius transformations. Moreover, Q satisfies the evolution equation
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P
—Q=vAQ—16v"!
gl =vag-lov @&& 9z 03
o*v v & o*v v v
~4(vaa 25 58) (0 5E T2 5 )

v Ov 3v)

oz* 9z 073

( v v 331))( v Ov 631;)

—Gv—— - — ) (v— - = —).
07307 07 073 0730z 0z 07°

The scalar curvature of the conformal metric v §; ; can be written in the form

v B ov 8v>
Y920z~ 97 02/

R=v"(Av— Vo) = 4v~" (

This gives
0
— 0 <vAQ—-4R
atQ_v Q 0

(compare [17], Sect. 5, or [16]). Here, A Q denotes the Laplacian of Q with respect
to the Euclidean metric on R?. The term v A Q can be interpreted as the Laplacian
of Q with respect to the evolving metric v=! ;.
On the King-Rosenau solution, v isza quadratic polynomial in |x|?, with coeffi-
v

cients that depend on 7. In particular, 3 vanishes identically on the King-Rosenau

solution. Therefore, O vanishes identically on the King-Rosenau solution.

4 Structure of Ancient x-Solutions in Dimension 3

In [27], Perelman proved several fundamental results concerning the structure of
ancient k-solutions in dimension 3. One of the central results is the following point-
wise estimate for the covariant derivatives of the curvature tensor.

Theorem 4.1 (G. Perelman [27], Sect. 11) Let (M, g(t)), t € (—o0, 0], be an
ancient k-solution to the Ricci flow in dimension 3. Let m be a positive integer.
Then the m-th order covariant derivatives of the curvature tensor satisfy the point-
wise bound |D™ Rm| < C R "3 where C is a positive constant that depends only on
m and K.

Another fundamental result in Perelman’s work is the following longrange cur-
vature estimate:

Theorem 4.2 (G. Perelman [27], Sect. 11) Let (M, g(t)), t € (—o0, 0], be an
ancient k-solution to the Ricci flow in dimension 3. Then there exists a function
w : [0, 00) — [0, 00) (depending on k) such that

R(y,1) < R(x, ) W(R(x, 1) dg(ry (x, ¥)?)
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forallx,y € M andallt <O0.

Perelman’s longrange curvature estimate is extremely useful, in that it allows
Perelman to take limits of sequences of ancient x-solutions. One important conse-
quence is that the space of ancient x-solutions is compact in the following sense:

Theorem 4.3 (G. Perelman [27], Sect. 11) Let (M, g (1)), t € (=00, 0], be a
sequence of ancient k-solutions in dimension 3. Moreover, suppose that p; € M/
is a sequence of points such that R(p;j,0) =1 for each j. Then, after passing to
a subsequence if necessary, the flows (MY, gD (1), p ;) converge in the Cheeger-
Gromov sense to a limit (M, g*°(t)), and this limit is again an ancient k-solution.

Corollary 4.4 (G. Perelman [27], Sect. 11) Let (M, g(t)), t € (—00, 0], be a non-
compact ancient k-solution to the Ricci flow in dimension 3 with positive sectional
curvature. Let us fix a point py in M. Let p; be a sequence of points in M such
that dg(0)(po, pj) — oo, and let rj_2 := R(pj, 0). Let us dilate the flow around the
point (p;, 0) by the factor rj_l. Then, after passing to a subsequence if necessary,
the rescaled flows converge in the Cheeger-Gromov sense to a family of shrinking
cylinders.

Let us sketch how Corollary 4.4 follows from Theorem 4.3. The longrange cur-
vature estimate gives

R(po,0) < R(pj, 0)w(R(p;,0)dg)(po, pj)*)

for each j. This implies

R(p;.0)dg)(po. pj)* — 00

as j — oo. In other words, rj_l dg0)(po, pj) — oo as j — o0o. We next consider the
rescaled metrics g (¢) := rj_2 g(rjz.t) for t € (—o0, 0]. By Theorem 4.3, the flows
(M, g(j (1), p;) converge in the Cheeger-Gromov sense to an ancient s-solution
(M, g*°(t)). Since r;l dqe0)(po, pj) — oo, the limiting flow (M, g*°(t)) must
split off a line. Using Perelman’s classification of ancient x-solutions in dimension
2 (see Theorem 3.1), it follows that the limiting flow (M*°, g°(¢)) must be a family
of shrinking cylinders or a quotient thereof. On the other hand, M is diffeomorphic
to R? by the soul theorem. In particular, M does not contain an embedded RIP?.
This implies that (M°, g°°(#)) cannot be a non-trivial quotient of the cylinder. This
completes the sketch of the proof of Corollary 4.4.

Definition 4.5 Let (M, g(¢)) be a solution to the Ricci flow in dimension 3, and let
(%, ) be a point in space-time with R(¥, f) = 2. We say that (%, 7) lies at the center
of an evolving e-neck if, after rescaling by the factor r ~!, the parabolic neighborhood

By (X, e7'r) x [f — e 'r?, f]is e-close in C'=""1 to a family of shrinking cylinders.
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The notion of a neck was introduced in Hamilton’s work [24]. In particular, Hamil-
ton showed that a neck admits a canonical foliation by constant mean curvature
(CMC) spheres.

Corollary 4.4 implies the following structure theorem for noncompact ancient
k-solutions:

Corollary 4.6 (G. Perelman [27], Sect. 11) Let (M, g(t)), t € (—00, 0], be a non-
compact ancient k-solution to the Ricci flow in dimension 3 with positive sec-
tional curvature. Moreover, let ¢ be a positive real number, and let M. denote
the set of all points x € M with the property that (x,0) does not lie at the cen-
ter of an evolving e-neck. Then M. has finite diameter. Moreover, sup .., R(x,0) <
C(k, €) infiey. R(x,0) and sup,cy R(x,0) < C(k, ) diamyy(M.)~>.

5 Classification of Ancient x-Solutions in Dimension 3

We now turn to the classification of ancient x-solutions in dimension 3. The first
major step was the classification of noncollapsed steady gradient Ricci solitons in
dimension 3.

Theorem 5.1 (S. Brendle [7]) Let (M, g) be a three-dimensional complete steady
gradient Ricci soliton which is non-flat and k-noncollapsed. Then (M, g) is rota-
tionally symmetric, and is therefore isometric to the Bryant soliton up to scaling.

More recently, we classified all noncompact ancient x-solutions in dimension 3:

Theorem 5.2 (S. Brendle [8]) Assume that (M, g(t)) is a noncompact ancient k-
solution of dimension 3. Then either (M, g(t)) is isometric to a family of shrinking
cylinders (or a quotient thereof), or (M, g(t)) is isometric to the Bryant soliton up
to scaling.

Theorem 5.2 confirms a conjecture of Perelman [27].

The proof of Theorem 5.2 consists of two main steps. In the first step, we classify
noncompact ancient x-solutions with rotational symmetry. To do that, we need pre-
cise asymptotic estimates for such solutions. In the second step, we show that every
noncompact ancient x-solution is rotationally symmetric. This second step uses the
classification of steady gradient Ricci solitons in Theorem 5.1, as well as the classi-
fication of ancient x-solutions with rotational symmetry. Another crucial ingredient
is the Neck Improvement Theorem which asserts that a neck tends to get more sym-
metric as it evolves under the Ricci flow. We will discuss the Neck Improvement
Theorem in Sect. 7 below.

The following theorem is the counterpart of Theorem 5.2 in the compact case:

Theorem 5.3 (S.Brendle, P. Daskalopoulos, N. Sesum [10]) Assume that (M, g(t))
is a compact ancient k-solution of dimension 3. Then, up to parabolic rescaling,
translation in time, and diffeomorphisms, (M, g(t)) is either a family of shrinking
spheres or Perelman’s ancient solution or a quotient of these.
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The proof of Theorem 5.3 again requires two main steps. In the first step, we
show that every compact ancient k-solution is rotationally symmetric. This step uses
the classification of noncompact ancient x-solutions in Theorem 5.2, together with
the Neck Improvement Theorem. In a second step, we classify compact ancient x-
solutions with rotational symmetry. To do that, we need to understand the asymptotic
behavior of such solutions. These asymptotic estimates are established in [2].

Similar classification results exist for convex, noncollapsed ancient solutions to
mean curvature flow in R3. We refer to [9] for the classification in the noncompact
case, and to [3] for the classification in the compact case.

6 Preservation of Symmetry Under the Ricci Flow

Let g(¢), t € [0, T), be a solution to the Ricci flow on a compact manifold M. It
follows from Hamilton’s short time uniqueness theorem that the Ricci flow pre-
serves symmetry. More precisely, every isometry of (M, g(0)) is also an isometry
of (M, g(t)) for each t > 0. Consequently, every Killing vector field of (M, g(0)) is
also a Killing vector field of (M, g(t)) for each t > 0.

In this section, we describe a quantitative version of this principle. We begin with
a definition:

Definition 6.1 "Let / be a symmetric (0; 2)-tensor. The Lichnerowicz Laplacian of
h is defined as

ALhik = Ahik + 2Rijk1hjl — RiCﬁhkl — Ricfch,'l. (5)

The Lichnerowicz Laplacian arises naturally in the study of Einstein metrics (see
[4], Eq. (1.180b)). It also comes up in connection with the evolution equation for the
Ricci tensor under the Ricci flow. Indeed, if (M, g(¢)) is a solution to the Ricci flow,
then the Ricci tensor satisfies the evolution equation

o . .
n Rice) = A gw) Ricgq)

(see [21], Corollary 7.3).
The following results play a key role in our analysis:

Proposition 6.2 Let (M, g) be a Riemannian manifold. Let V be a smooth vector
field on M, and let h := £y (g). Then

1
AV + Ric(V) = divh — 3 V(trh).

Proposition 6.3 (S. Brendle [8], Sect. 5) Let (M, g(t)) be a solution of the Ricci
flow. Let V (t) be a time-dependent vector field such that
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0
EV(t) = Ay V(1) + Ricgry(V (1)), 6)

and let h(t) := Ly )(g(t)). Then the tensor h(t) satisfies the evolution equation

0

—h(t)=A h(t). 7

By (1) L.gnyh(t) (7
Proposition 6.3 has a natural geometric interpretation in terms of the linearized

Ricci-DeTurck flow. To explain this, let us fix a solution (M, g(¢)) of the Ricci

flow. Suppose that ¢, is a one-parameter family of diffeomorphisms which solve the

harmonic map heat flow with respect to the background metrics g(¢); that is,

0

5= Agt),e)Pr- (®)

Let us define a one-parameter family of metrics g(¢) by ¢ (g(t)) = g(z). Then the
metrics g(¢) solve the Ricci-DeTurck flow with respect to the background metrics
g(t). More precisely,

0
Eé’(l) = —2 Ricz) — Z,(g(1)), )

where & = Az g¢) id. Clearly, ¢, := id is a solution of (8), and g(¢) := g(¢) is a
solution of (9).

We now linearize the Eqgs. (8) and (9) around ¢; = id and g(¢) = g(t), respec-
tively. Linearizing the harmonic map heat flow (8) around the identity, we obtain the
equation

0
EV(Z) = Ag(t)V(f) + Rng(,«)(V([))

for a vector field V (see [19], p. 11). Linearizing the Ricci-DeTurck flow (9) around
g(t) leads to the parabolic Lichnerowicz equation

3]
Eh(t) = AL,g(t)h(l‘).

This completes our discussion of Proposition 6.3.
On a steady gradient Ricci soliton, Proposition 6.3 takes the following form:

Corollary 6.4 (S. Brendle [7]) Let (M, g, f) be a steady gradient Ricci soliton,
and let X := V f. Let V be a vector field satisfying

AV + DxV =0, (10)

and let h := 2y (g). Then the tensor h satisfies the equation
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Arh + %x(h) =0. (11)

Let us sketch how Corollary 6.4 follows from Theorem 6.3. On a steady gradient
Ricci soliton, the time derivative % reduces to a Lie derivative — %% . More precisely,
let (M, g, f) be a steady gradient Ricci soliton, let X := V f, and let &, denote the
flow generated by the vector field —X. Suppose that V satisfies AV + DxV =0,
and let 1 := %y (g). Using the identity Dy X = Ric(V), we obtain AV + %xV +
Ric(V) = 0. Consequently, the vector fields ®; (V) satisfy the parabolic PDE (6)
on the evolving background (M, ®}(g)). By Theorem 6.3, the tensors ®; (/) satisfy
the parabolic PDE (7) on the evolving background (M, ®;(g)). This implies A;h +
ZLx(h) =0.

In order to apply Proposition 6.3 in practice, we need estimates for solutions of
the parabolic Lichnerowicz equation. In dimension 3, this can be accomplished by

applying the maximum principle to the quantity 'j’e—‘;:

Proposition 6.5 (G. Anderson, B. Chow [1]) Let (M, g(t)) be a solution to the
Ricci flow in dimension 3 with positive scalar curvature. Let h be a solution of the
parabolic Lichnerowicz equation %h(t) = Ap gyh(t). Then

(i) =2 () + 7 v v ()

On a steady gradient Ricci soliton, Proposition 6.5 takes the following form:

Corollary 6.6 (G. Anderson, B. Chow [1]) Let (M, g, f) be a steady gradient Ricci
soliton in dimension 3 with positive scalar curvature, and let X := V f. Let h be a
solution of the equation Aph + Lx(h) = 0. Then

(U)oU)« 2w () 0

7 Improvement of Symmetry on a Neck

In view of Proposition 6.3, it is important to understand the parabolic Lichnerowicz
equation (7) on a Ricci flow background. As a starting point, we consider the special
case when the background is given by a family of shrinking cylinders. To fix notation,
we define a family of metrics g(¢), t € (—o00, 0) on S x R by

gt) = (-2t gy +dz®dz, 1€ (—00,0).

Clearly, the metrics g(¢), t € (—00, 0), evolve by the Ricci flow.

Proposition 7.1 (S. Brendle [8], Sect. 6) Let (8% x R, g(t)) denote the fam-
ily of shrinking cylinders. Let L be a large real number. Let h(t) be a solution
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of the parabolic Lichnerowicz equation %h(r) = Ay zh(t) which is defined on

S? x [—%, L] and fort € [-%, —1]. Assume that |h(t)|zq) < 1 fort € [-%, —%],
and |h(t)|z4) < L' fort € [—%, —1]. Then we can find a rotationally invariant ten-

sor of the form &(z, t) gs» + B(z, ) dz ® dz and a scalar function 1 : S — R such
that ) lies in the span of the first spherical harmonics on S* and

() — &z, 1) g — Bz, ) dz @ dz — (—1) Y g lgy < C L7

on 8% x [—1000, 1000] and for t € [—1000, —11. Here, C is a constant which does
not depend on L.

Proposition 7.1 asserts that, given sufficient time to evolve, a solution of the
parabolic Lichnerowicz equation can be approximated by a sum of a rotationally
invariant tensor and a tensor of the form (—¢) ¥ gs», where ¥ : §> — R lies in the
span of the first spherical harmonics on S?. The tensor (—#) 1 gs» can be written as a
Lie derivative of the metric along a vector field. To see this, let us define a vector field
EonS’by g (&, ) = —i dv. Since v lies in the span of the first spherical harmonics
on §2, we obtain Ze(gs) = % 1 gs2, and consequently £z (g(1)) = (—1) ¢ gs.

To prove Proposition 7.1, we decompose the tensor /(¢) into components, and
perform a mode decomposition in spherical harmonics. This leads to a system of
linear heat equations in one space dimension.

Using Proposition 7.1, we can show that a neck becomes more symmetric as it
evolves under the Ricci flow. To state this result, we need a quantitative notion of
e-symmetry:

Definition 7.2 (S. Brendle [8], Sect. 8) Let (M, g(t)) be a solution to the Ricci flow
in dimension 3, and let (%, 7) be a point in space-time with R(x, f) = r~2. We assume
that (X, 7) lies at the center of an evolving £p-neck for some small positive number
€o. We say that (x, f) is e-symmetric if there exist smooth, time-independent vector
fields UM, U@, U® which are defined on an open set containing By, (¥, 100r)
and satisfy the following conditions:

® SUPR . (%.100r) x[—100r2,7] 212:0 Zi:l r? DN Ly (gM)I* < e

o If t €[t —100r2,7] and T C Bg(;)(i, 100r) is a leaf of the CMC foliation of
(M, g(t)), then supy, ZZ:I r 2 (U@, v)|* < €%, where v denotes the unit normal
vector to X in (M, g(1)).

o If r €[f —100r%, 7] and T C Eg(;)(i, 100r) is a leaf of the CMC foliation of
(M, g(1)), then

3
a,b=

2
dab — aIeag(r)(Z)ﬁ/ (UD, U)o dpgny| <.
)

1

With this understood, we can now state the Neck Improvement Theorem from

[8]:
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Theorem 7.3 (S. Brendle [8], Sect. 8) We can find a large constant L and small
positive constant € such that the following holds. Let (M, g(t)) be a solution of the
Ricci flow in dimension 3, and let (xy, ty) be a point in space-time which lies at the
center of an evolving ¢\-neck and satisfies R(xg, ty) = r~2. Moreover, we assume
that every point in the parabolic neighborhood By, (xo, L) X [tg — Lr?, 1) is e-
symmetric, where € < €. Then the point (xg, to) is %—symmetric.

8 Asymptotic Behavior of Noncollapsed Steady Gradient
Ricci Solitons in Dimension 3

Let (M, g, f) be a non-flat steady gradient Ricci soliton in dimension 7, so that
Ric = D2 f. For abbreviation, let X := V f. Throughout this section, we fix an
arbitrary point p € M.

Lemma 8.1 Given any point x € M, we can find a smooth function p which is

defined in an open neighborhood of x and satisfies the following conditions:

p(x) > d(p, x)* in an open neighborhood of the point X.
p(¥) = d(p, B2

|Vp|? = 4p at the point X.

Ap+ (X, Vp) < No + N1./p at the point x.

Here, Ny and N are uniform constants which do not depend on x.

Proof Let us fix a positive real number r( such that ry is strictly smaller than the
injectivity radius at p.

We first consider the case X € B(p, rp). In this case, we define a smooth function
p: B(p,ro) — Rby p(x) :=d(p, x)*. Itis easy to see that |V p|> = 4p at each point
in B(p, ryp). Moreover, at each point in B(p, ry), we have Ap + (X, Vp) < C for
some uniform constant C.

In the next step, we consider the case x € M \ B(p, ry). Letl :=d(p, X) > rp.
Moreover, let v : [0, /] — M be a unit-speed geodesic with v(0) = p and v(/) = x.
Finally, let x : [0, c0) — [0, 00) be a smooth cutoff function such that x = 0 on the
interval [0, 2] and x = 1 on the interval [ry, 00).

Let us fix a positive real number 7 such that 7 is strictly smaller than the injec-
tivity radius at x. We define a smooth function p : B(x,7) — R as follows. Given
a point x € B(x, r), there exists a unique vector w € Tz M such that |w| < 7 and
x = exp;z(w). We denote by W the unique parallel vector field along  satisfying
W () = w. We then define v/p(x) to be the length of the curve

§ > exp., (X () W(s)), s €[0,1].

Clearly,

Vo) = d(exp, o) (x(0) W(0)), exp,q, (x()) W(1))) = d(p, expz(w)) = d(p, x).
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Moreover, in the special case when x = x and w = 0, we obtain

Vo) =1=d(p, 5.

The formula for the first variation of arclength implies that V,/p = +/(/) at the point
x. In particular, |V, /p|? = 1 at the point x. Consequently, |Vp|* = 4p at the point x.
Using the formula for the second variation of arclength, we obtain

1 1
(D*/p)z(w, w) = fo X ()2 (W(s), W(s))ds — /0 X ()2 (7 (), W(s))* ds
1
- fo X()2 R(Y (), W(s), 7/ (s), W(s)) ds

for every vector w € Tz M, where W denotes the unique parallel vector field along
~ satisfying W (/) = w. Taking the trace over w gives

1 1
AYp(E) = (n—1) fo X (s)2ds — /0 x(5)? Ric(/(s), 7/ (s)) ds.

Since x = 1 on the interval [ry, /], we obtain

1
AVHE) < — / Ric(v/(s), 7/ (5))ds + C,
0

where C denotes a uniform constant that does not depend on x.
On the other hand, using the identity D? f = Ric, we obtain

d
a(vf(v(S)), 7' (9)) = Ric('(s), 7' (5)).

Integrating this identity over s € [0, [] gives

I
(VL@ ') < /0 Ric(v/(s),7'(s)) ds + C,

where C is a uniform constant that does not depend on x. Since y(I) = x andy'(I) =
V./p(x), we obtain

l
(Vf(X), Vi/p(x)) < /0 Ric(7/(s),7'(s)) ds + C,

where C is a uniform constant that does not depend on x. Putting these facts together,
we conclude that

AVpx) +(Vf(X), Vi/p(x)) = C,
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where C is a uniform constant that does not depend on x. This finally implies

Ap(xX) +(V f(X), Vp(X)) =24 Cy/p,

where C is a uniform constant that does not depend on x. This completes the proof
of Lemma 8.1.

Proposition 8.2 (B.L. Chen [14]) The manifold (M, g) has nonnegative scalar
curvature.

Proof As above, we fix an arbitrary point p € M. Let Ny and N; denote the con-
stants in Lemma 8.1. Let us fix a radius r > 0. We define a continuous function
u:B(p,r) — Rby

u(x) ;= R(x) +2n(12 + Ny + Nir)r’(r* —d(p, x)*) 2

for x € B(p, r). We claim that u(x) > O forall x € B(p, r). To prove this, we argue
by contradiction. Let x be a pointin B(p, ) where the function « attains its minimum,
and suppose that u(x) < 0. The evolution equation for the scalar curvature implies

AR + (X, VR) = —2| Ric|.
By Lemma 8.1, we can find a smooth function p which is defined in an open neigh-

borhood of x and satisfies the following conditions:

p(x) > d(p, x)* in an open neighborhood of the point .
p(X) = d(p, X)*.

|Vp|? = 4p at the point .

Ap+ (X, Vp) < No + N1,/p at the point x.

Then

R(x) +2n(12 4+ No + Nir)r* (r* — p(x)) ™% > u(x) > u(x)

in an open neighborhood of x, with equality at the point x. Consequently, the function
R +2n(12 + Ny + Nr)r’(r*> — p)~? attains a local minimum at the point x. Thus,
we conclude that

0< AR+ (X, VR)
+2n(124 No + Nir)r* [A(02 = p) ) + (X, V(¢ = p) )]
= AR+ (X, VR)
+4n(12 4+ No + Nir)r’(r* — p) 2 (Ap + (X, V)
+12n(12 + No + Nir)r*(r? — p) =4 |Vpl?
< —2|Ric]* +4n(12 + Ny + Nir)(No + N1 /p)r?(r* — p) =
+48n(12 + No + Nir)pr2(r? — p)~
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at the point x. Since u < 0 at the point x, we know that
—R >2n(12+ No + Nir)r*(r? — p) 2
at the point x. This implies
n|Ricl> > R? > 4n*(12 4+ Ny + Nir)2r* (2 — p)~*
at the point x. Putting these facts together, we obtain

0 < —2| Ric|* +4n(12 4+ No + N17)(No + Ny /p)r*(r* — p) 3
+48n(12 + No + Nir)pr*(r* — p)™*
< —8n(12 + Ny + Nlr)2r4(r2 — p)_4
+4n(12 4+ No + Nir)(No + Nir)rt (r> — p)™*
+48n(12 + No + Nir)r* (r? — p) =
= —4n(124 No + Nir)*r*(r* — p)~*

at the point x. This is a contradiction.
Thus, we conclude that

R(x) 4+ 2n(12 + Ny + Nir)r*(r> —d(p, x)») ™2 >0

for all x € B(p, r). Sending r — oo gives R(x) > 0 for each point x € M. This
completes the proof of Proposition 8.2.

Corollary 8.3 There exists a large constant C such that |V f| < C at each point on
M.

Proof Since (M, g, f) is a a steady gradient soliton, the sum R + |V f|? is constant.
Since R > 0 by Proposition 8.2, we conclude that |V f| is uniformly bounded from
above. This completes the proof of Corollary 8.3.

In the remainder of this section, we assume that M is three-dimensional. As in
Sect. 1, we denote by A\; < A\, < A3 the eigenvalues of the tensor R g;; — 2 Ric;;.
Then R = A\; + A\ + As. Since R > 0, it follows that A3 > 0 at each point on M.

Proposition 8.4 (B.L.Chen [14]) Assume thatn = 3. Then kA + 2R > O for every
nonnegative integer k.

Proof The proof is by induction on k. For k = 0, the assertion follows from Propo-
sition 8.2.

We now turn to the inductive step. Suppose thatk > 1 and (k — 1)\; + 2R > 0.
As above, we fix an arbitrary point p € M. Let Ny and N; denote the constants in
Lemma 8.1. Let us fix aradius r > 0. We define a continuous functionv : B(p,r) —
R by
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v(x) 1= kX (x) + 2R(x) + 4k(12 + Ny + N1r)r(r? — d(p, x)*) 72

for x € B(p, r). We claim that v(x) > O for all x € B(p, r). To prove this, we argue
by contradiction. Let x be a pointin B(p, r) where the function v attains its minimum,
and suppose that v(x) < 0. The evolution equation for the scalar curvature implies

AR + (X, VR) = —2| Ric|%.
The evolution equation for the Ricci tensor gives
AN+ (X, V) < —OF + \),

where the inequality is understood in the barrier sense. More precisely, we can find
a smooth function 1 which is defined in an open neighborhood of x and satisfies the
following conditions:

e (x) > A{(x) in an open neighborhood of the point x.
o P(x) = A (X).
e A+ (X, Vy) < —()\% + A23) at the point x.
For example, we may define ¥ := Ric(¢, &), where £ is a smooth unit vector field
satisfying Ric(§, &) = A atx; DE =0atx;and A§ =0 at x.

By Lemma 8.1, we can find a smooth function p which is defined in an open
neighborhood of x and satisfies the following conditions:

p(x) > d(p, x)* in an open neighborhood of the point .
p(%) = d(p, %

|Vp|? = 4p at the point .

Ap+ (X, Vp) < No + N1,/p at the point x.

Then

kip(x) + 2R(x) + 4k(12 + Ny + N17)r*(r* — p(x)) ™2 > v(x) > v(x)

in an open neighborhood of x, with equality at the point x. Consequently, the function
ki + 2R + 4k(12 + Ny + Nir)r2(r? — p)’2 attains a local minimum at the point x.
Thus, we conclude that
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0 <k (AY + (X, V) + 2(AR + (X, VR))
+4k(12 + No + Nio)r? [A? = p) ™) + (X, V(P = p) )]
=k (A + (X, Vi) + 2 (AR + (X, VR))
+8k(12 + No + Nir)r* (r* — p) 7> (Ap + (X, Vp))
+24k(12 + No + Nir)r?(r> — p)~* |V p]?
< —k (A2 + \)3) — 4] Ric|?
+ 8k(12 + No + Nir)(No + Niy/p)r* (> = p) >
+96k(12 4+ No 4+ Nir)pr(r? — p)~™*

at the point X. Since v < 0 at the point x, we know that
—(kA; 4+ 2R) > 4k(12 4 No + Nyr)r*(r? — p)~>

at the point x. Note that R > 0, (k — DA} +2R >0, kA\; +2R <0, \; <0, and
Az > 0 at the point x. This implies

k* (A 4+ X\aA3) + 4k | Ric|?

=K (O + 2003) + 2k A2+ A2+ A3+ Ao+ ods + A
= (k) + 2R)2 —2R(kA +2R) + k((k — DA +2R) )3

+ K2\ — ADA3 — kA A3 + 2k0

> (kA1 +2R)

> 16k*(12 + No + Nir)r*(r* — p)™

at the point x. Putting these facts together, we obtain

0 < —k (A} + X2A3) — 4| Ric/?
+ 8k(12 + No + Nir)(No + Ni/p)r* (> = p)
+ 96k(12 + Ny + Nlr),orz(r2 - ,0)74
< —16k(12 + No + Nir)*r*(r* — p)™*
+ 8k(12 + No + Nir)(No + Nir)rt (2 — p)™*
+96k(12 + No + Nyr)r*(r? — p)™*
= —8k(12 + Ny + Nir)*r*(r* — p)~*

at the point x. This is a contradiction.
Thus, we conclude that

kA1 (x) 4+ 2R (x) + 4k(12 + No + Nir)r2 (2 —d(p, x)) 2 >0
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for all x € B(p, r). Sending r — oo gives kA;(x) + 2R(x) > 0 for each point x €
M. This completes the proof of Proposition 8.4.

Corollary 8.5 (B.L. Chen [14]) Assume that n = 3. Then (M, g) has nonnegative
sectional curvature.

Proof Sending k — oo in Proposition 8.4 gives A\; > 0.
Corollary 8.6 Assume that n = 3. Then (M, g) has bounded curvature.

Proof Since (M, g, f) is a a steady gradient soliton, the sum R + |V f|? is constant.
Consequently, the scalar curvature is uniformly bounded from above. Hence, the
assertion follows from Corollary 8.5.

From now on, we will assume that (M, g) is k-noncollapsed. Moreover, we will
assume that (M, g, f) is normalized so that R + |V f|> = 1 at each point on M. Let
®, denote the one-parameter group of diffeomorphisms generated by the vector field
—X. It follows from Corollary 8.3 that ®, is defined for all # € (—o0, 00). In view of
Corollaries 8.5 and 8.6, the metrics ®;(g), t € (—oo, 0], form an ancient x-solution
to the Ricci flow.

Proposition 8.7 Assume thatn = 3 and (M, g) is k-noncollapsed. Then (M, g) has
positive sectional curvature.

Proof By Corollary 8.5, (M, g) has nonnegative sectional curvature. We claim that
(M, g) has strictly positive sectional curvature. Suppose this is false. By the strict
maximum principle, the universal cover of (M, g) splits off a line. Using Perelman’s
classification of ancient x-solutions in dimension 2 (see Theorem 3.1), we conclude
that the universal cover of (M, g) is isometric to a cylinder S? x R, up to scaling. In
particular, (M, g) has constant scalar curvature. This contradicts the fact that AR +
(X, VR) = —2| Ric|? at each point on M. This completes the proof of Proposition
8.7.

Proposition 8.8 Assume that n =3 and (M, g) is k-noncollapsed. Let p; be a
sequence of points going to infinity, and let rj_2 := R(pj). Let us dilate the manifold
(M, g) around the point p; by the factor rj_l. Then, after passing to a subsequence

if necessary, the rescaled manifolds converge in the Cheeger-Gromov sense to a
cylinder of radius \/2.

Proof Since (M, g) has positive sectional curvature, the assertion follows from
Corollary 4.4.

Corollary 8.9 Assume that n = 3 and (M, g) is k-noncollapsed. Then R — 0 at
infinity.

Proof Proposition 8.8 implies that R~> AR — 0 and R: |[VR| — 0O at infinity.
Since R is bounded from above, it follows that AR — 0 and |VR| — 0 at infinity.
Since |X| is bounded, we conclude that AR + (X, VR) — 0 at infinity. On the
other hand, the evolution equation for the scalar curvature gives AR + (X, VR) =
—2 | Ric|? at each pointin M. Putting these facts together, we conclude that | Ric|> —
0 at infinity. This completes the proof of Corollary 8.9.
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Corollary 8.10 Assume that n =3 and (M, g) is k-noncollapsed. Let p; be a
sequence of points going to infinity, and let rj_2 := R(p;). Let us dilate the manifold
(M, g) around the point p; by the factor rj_l. Then, after passing to a subsequence if
necessary, the rescaled manifolds converge in the Cheeger-Gromov sense to a cylin-
der of radius /2, and the rescaled vector fields r j X converge in C,. to the axial
vector field on the cylinder.

Proof The vector field X satisfies the pointwise estimates |X| < 1 and |DX| =
| Ric| < C R.Moreover, Perelman’s pointwise derivative estimate (see Theorem 4.1)
implies |[ D' X| = |D™ Ric| < C R"* for every positive integer m. Consequently,
the rescaled vector fields r; X converge in C, to a limit vector field on the cylinder.
Since |X|> = 1 — R — 1 at infinity, the limiting vector field on the cylinder has unit
length at each point. Since |[DX| < C R, the limiting vector field on the cylinder is
parallel. This completes the proof of Corollary 8.10.

Proposition 8.11 Assume that n = 3 and (M, g) is k-noncollapsed. Then the func-
tion f has a unique critical point p,, and f attains its global minimum at the
point py.

Proof In view of Corollary 8.9, there exists a point p, where the scalar curvature
is maximal. In particular, VR = 0 at the point p,. Since R + |X|? is constant, we
know that VR 4 2 Ric(X) = 0 at each point on M. Consequently, Ric(X) = 0 at
the point p,. Since (M, g) has positive Ricci curvature, it follows that X = O at the
point p,. In other words, p, is a critical point of f. Since (M, g) has positive Ricci
curvature, the function f is strictly convex. Thus, p, is the only critical point of
f,and f attains its global minimum at the point p,. This completes the proof of
Proposition 8.11.

Corollary 8.12 Assume thatn = 3 and (M, g) is k-noncollapsed. Then there exists
a positive constant C such that

1
4P x) = () = Cd(py, %)

outside some compact set.

Proof The upper bound for f follows from Corollary 8.3. The lower bound follows
from Proposition 8.11 together with the strict convexity of f.

Proposition 8.13 (H. Guo [20]) Assume thatn = 3 and (M, g) is k-noncollapsed.
Then f R — 1 at infinity.

Proof Using the evolution equation for the scalar curvature, we obtain
AR + (X, VR) = =2 | Ric|]?

at each point in M. This implies
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(X,V(R™' = f)) = =R (X, VR) — |V fI?
=R 2AR+2R72|Ric)® — |Vf]?

ateach pointin M. Using Proposition 8.8, we obtain R~> AR — Oand R~? | Ric|> —
% atinfinity. Moreover, Corollary 8.9 implies |V f|> = 1 — R — 1 atinfinity. Putting
these facts together, we conclude that

(X,V(R™' = ) >0
at infinity. Hence, if ¢ > 0 is given, then
(X, VIRT'=(1+e)/f) <0

and
(X,V(R'=(1=9)f)=0

outside a compact set. Integrating these inequalities along the integral curves of X,
we obtain

sup(R’1 —(1+4+9ef) <0

M

and
i%f(R‘l —(1—¢)f)> —o0.

Since € > 0 is arbitrary, we conclude that f R — 1 at infinity. This completes the
proof of Proposition 8.13.

In particular, if s is sufficiently large and f(x) = s, then x lies at center of a neck,
and the radius of the neck is (1 + o(1))+/2s.

9 Rotational Symmetry of Noncollapsed Steady Gradient
Ricci Solitons in Dimension 3 — The Proof of Theorem 5.1

Throughout this section, we assume that (M, g, f) is a non-flat steady gradient Ricci
soliton in dimension 3 which is xk-noncollapsed. Moreover, we assume that (M, g, f)
is normalized so that R + |V f|> = 1 at each point on M. It follows from Proposi-
tion 8.11 that f is bounded from below. After adding a constant to f if necessary,
we may assume that f is positive at each point on M. For abbreviation, we put
X := V f.Let ®, denote the one-parameter group of diffeomorphisms generated by
the vector field —X. By Corollary 8.3, @, is defined for all + € (—o0, 00). Moreover,
the metrics ®}(g), t € (—oo, 0], form an ancient x-solution to the Ricci flow.
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Let us fix a large real number L and a small positive real number ¢, so that the
conclusion of the Neck Improvement Theorem holds. In view of Proposition 8.13,
we can find a large constant A with the following properties:

e f(x)R(x,0)> > 10°L for each point x € M with f(x) > 4.

o If f(X) > 2, then (&, 0) lies at the center of an evolving af—neck.

By arepeated application of the Neck Improvement Theorem, we obtain the following
result.

Proposition 9.1 Suppose that j is a nonnegative integer and x is a point in M with
f(x) > 2% A. Then the point (x, 0) is 27/ &,-symmetric.

Proof The proof is by induction on j. For j = 0, the assertion is true by our choice
of A. Suppose next that j > 1, and the assertion is true for j — 1. Let us fix a
point x € M satisfying f(x) > 2m A, and let 72 := R(X, 0). By our choice of A,
F@E@)r~' = (&) R(%, 0)2 > 10°L. Since |V f| < 1 at each point on M, we obtain

fO) = f@ —Lr>=1—-10 f&@) > (1—10%2i A = 2% A
for each point x € Bg(x, Lr). This implies

F(@,(x) > f(x) =2 A

foreachpointx € B, (x, Lr)andeacht < 0. We now apply the induction hypothesis.
Hence, if x € B,(x, Lr) and ¢ < 0, then the point (®, (x), 0) is 27/ *! £;-symmetric.
Since we are working on a self-similar solution, the point (x, #) plays the same role
as the point (®,(x), 0). Consequently, if x € B,(x, Lr) and ¢ < 0, then the point
(x,t) is 27/*! g/-symmetric. Using the Neck Improvement Theorem, we conclude
that the point (X, 0) is 27/ £;-symmetric. This completes the proof of Proposition
9.1.

Corollary 9.2 If m is sufficiently large, then we can find smooth vector fields
udm g@m ygGm on the domain {m — 80/m < f < m + 80/m} with the fol-
lowing properties:

o > 30 m 1D Lyam (@))F < €m0,

o If X C{m—80y/m < f <m+80m} is a leaf of the CMC foliation, then
supsy, 23:1 m~ U@, 1)|> < Cm=30, where v denotes the unit normal vector
to X.

o If X C {m—80y/m < f <m+ 80/ m} is a leaf of the CMC foliation, then

3
a,b=1

2

Oab — area(E)_zf wem ygtmyqaul <m0,
p)

As explained in Sect. 7 of [8], we can glue approximate Killing vector fields on
overlapping necks. This allows us to draw the following conclusion:
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Corollary 9.3 We can find smooth vector fields UV, U®, U® such that
|Lyw (9)] = C (f +100)~"",
|D(Lyw(g))] < € (f +100)7",
|D*(Lyw ()] < C (f +100)~1%.
Finally, given any positive real number €, we have

3
a,b=1

2

<&

Sap — area(Z)_2/ (U@, u®ydy
z

whenever X is a leaf of the CMC foliation which is sufficiently far out near infinity
(depending on €).

Lemma 9.4 We have |(([U@, X], X)| < C (f + 100)~%.

Proof The vector field X satisfies | X|?> = 1 — R. Let us take the Lie derivative along
U@ on both sides. This gives

(Lyw(@N(X, X) +2(Lyw(X), X) = —Lyw(R).

Using the formula for the linearization of the scalar curvature (see [4], Theorem 1.174
(e)), we obtain

Ly (R)] = C|D*(Lyw ()| + C | Ric| | Ly ()] < C (f +100)7.
Putting these facts together, we conclude that
Ly (X), X)| < C (f +100).
This completes the proof of Lemma 9.4.

Lemma 9.5 We have |D((U@, X1)| < C (f + 100)~%.

Proof The vector field X satisfies gjx D; X J = Ricjy. Let us take the Lie derivative
along U@ on both sides. Using the formula for the linearization of the Levi-Civita
connection (see [4], Theorem 1.174 (a)), we obtain

(Lyw (@) jx DiX! + gjx Di(Lyw (X))

1 . 1 . 1 .
+ 3 Di(ZLyw(8)jx X! + 7 D (Lyw(g)ix X! — 3 Di(Lyw(8))ij X’
= (.i/ﬂ[/(a)( RiC))ik.
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The formula for the linearization of the Ricci tensor (see [4], Theorem 1.174 (d))
gives

|-Zyw (Ric)| < C |D*(Lyw (@) + C | Rm| | Lyw(g)| < C (f + 100)~%.
Putting these facts together, we conclude that
|D(ZLyw(X))| < C (f +100)~%.

This completes the proof of Lemma 9.5.
Lemma 9.6 We have |[U@, X]| < (f + 100)~2° outside a compact set.

Proof Suppose that the assertion is false. Then there exists an index a € {1, 2, 3}
and a sequence of points p; going to infinity such that

U@, X1 = (f + 100)~%°

at the point p;. Let us define s; := f(p;), and let A; denote the norm of the vector
field [U@, X] at the point p;. By assumption, A; > (s; + 100)2° for each ;. Since
|V f] < lateachpointon M, we know that 3 < f < 3% ateach pointin By(p;, ).
Using Lemmas 9.4 and 9.5, we obtain

sup [{[U“, X], X)| < C(s; +100)™* < C (s; + 100)"° A
Bg(l’/’%j)

and
sup [D(U“, X])| < C(s; +100)™* < C (s; + 100)"* A;.
Bg(l’.f-:fj)

In the next step, we integrate the bound for D([U@, X]) along geodesics emanating
from p;. If j is sufficiently large, we obtain

sup [[U“, X]| < Aj + C (s; +100) 7 < 24;.
Bx([’/"x?i)

_1
We now dilate the manifold (M, g) around the point p; by the factor s; *. By Corol-
lary 8.10, the rescaled manifolds converge in the Cheeger-Gromov sense to a cylinder

1
of radius ﬁ, and the rescaled vector fields s Jz X converge in CT;. to the axial vector

field on the cylinder. Moreover, the vector fields sj% A]Tl [U@ X] converge in C ,%oc
to a non-trivial parallel vector field on the cylinder, and this limiting vector field
is orthogonal to the axial vector field on the cylinder. This is a contradiction. This
completes the proof of Lemma 9.6.

Lemma 9.7 We have |AU@ + DxU@| < C (f + 100)~2.
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Proof Using Proposition 6.2 and Corollary 9.3, we obtain
|AU + Ric(U)| < C|D(Lyw(g))] = C (f +100)~1%.
Moreover, Lemma 9.6 gives
U@, X1l < C(f +100)%.
Using the identity

AUY + DxUW = AU + DywX — [U“, X]
= AU + Ric(U“) — [U“, X],

we conclude that
IAU@ 4+ DxyU@| < C (f + 100)~2°,

This completes the proof of Lemma 9.7.

For abbreviation, we define smooth vector fields 9V, 0@, 0® by Q@ :=
AU + DxU@.

Proposition 9.8 We can find smooth vector fields W, W® W such that |W@|
< C(f+100)8 and AW + DyW@ = Q.

Proof We consider a sequence of real numbers s; — 0o. For each j and each a €
{1, 2, 3}, we denote by W @) the solution of the elliptic PDE

AW@D 1 wa(d,j) — Q(a)

on the domain { f < s;} with Dirichlet boundary condition W) = 0 on the bound-
ary {f =s;}. This Dirichlet problem has a solution by the Fredholm alternative.
Moreover, since Q@ is smooth, it follows that W (@7 is smooth.

By Lemma 9.7, Q@ satisfies a pointwise estimate of the form

101 < K (f +100)7*,
where K is a large constant that does not depend on j. Using Kato’s inequality, we
obtain

AWED| 4+ (X, VWD) = —[Q9] = —K (f +100)7

on the set {W@J7) =£ 0}. On the other hand, using the identity Af 4+ (X, Vf) =
R + |V f|> = 1, we obtain
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A((f +100)"%) + (X, V((f + 100)"%))

= —8(f +100) " (Af + (X, V) + 72(f +100) " |V f|?
—8(f +100)™° + 72 (f + 100)~"°

—(f +100)~°.

IA I

IA

Using the maximum principle, we conclude that
W@ < K (f +100)~8

on the set { f < s;}.
We now send j — oo. After passing to a subsequence, the vector fields W (@)

converge in C$2, to a smooth vector field W@ The limiting vector field W@ satisfies

W@ < K (f +100)78

and

AW@ wa(a) — Q(a)-
This completes the proof of Proposition 9.8.
Proposition 9.9 We have |[DW@| < C (f + 100)~8.

Proof By Proposition 9.8, the vector field W@ satisfies AW@ 4+ DyW@ = Q@,
This equation can be rewrittenas AW @ + Zx(W@) 4+ Ric(W@) = Q@ . We next
consider the vector fields & (W@) on the evolving background (M, ®7(g)). These
vector fields satisfy the parabolic PDE

8 . ES a * a
Eq’f(W(‘”) = Ao @7 (W) + Ricao; ) (0] (W) — 7(Q).

The assertion follows now from interior estimates for parabolic PDE (see e.g. [11],
Proposition C.2). This completes the proof of Proposition 9.9.

We next define smooth vector fields VD, V@ V3 by V@ .= @ — w@,
Proposition 9.10 The vector field V'@ satisfies AV @ + Dx V@ = 0.
Proof This follows immediately from Proposition 9.8.
Proposition 9.11 The tensor £y w(g) vanishes identically.

Proof Recall that
AV@ 4+ DyV@ = 0.

By Corollary 6.4, the tensor 19 := %« (g) satisfies

Aph™ + Zx (') = 0.
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Hence, Corollary 6.6 implies

A 4 e v () 2 for (M) 2 0

Using the maximum principle, we obtain

|h(a) | |h(a) |
sup < su
f=s) R (f=s)

for each s. On the other hand, Corollary 9.3 and Proposition 9.9 imply
KV < |Zyw ()l + C[DW@| < C (f +100)°.
Using Proposition 8.13, we deduce that

)
R

< C(f+100)7".

In particular,
||

sup —- 0

{f=s}

as s — oo. Putting these facts together, we conclude that #® vanishes identically.
This completes the proof of Proposition 9.11.

Corollary 9.12 We have [V¥, X] =0 and (V@ , X) = 0.

Proof Note that
AV@ 4+ DyV@ =0

by Proposition 9.10. On the other hand, since V@ is a Killing vector field, we obtain
AV@ + Ric(V@) =0

by Proposition 6.2. This implies Dy V@ = Ric(V@). On the other hand, Dyw X =
Ric(V@). Consequently, [V@, X] = 0. This proves the first statement. We now
turn to the proof of the second statement. Since V@ is a Killing vector field, we
obtain

V(Z\ﬂa)(f)) = Diﬂv(a) (Vf) = D‘Zv(a)(X) = 0

Consequently, the function Zyw (f) = (V@, X) is constant. On the other hand,
by Proposition 8.11, the vector field X vanishes at some point p, € M. Thus, we
conclude that the function (V@ X) vanishes identically. This completes the proof
of Corollary 9.12.
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Corollary 9.12 implies that the vector fields V"V, V®_ V® are tangential to the
level sets of f.

Proposition 9.13 Given any positive real number €, we have
3 2
a,b=1

<&

Sap — area(Z)_Z/ (V@ yv®yay
z

whenever X is a leaf of the CMC foliation which is sufficiently far out near infinity
(depending on ¢).

Proof This follows by combining Corollary 9.3 with Proposition 9.8.

Proposition 9.13 ensures that the vector fields V", V@ V® are non-trivial near
infinity. From this, it is easy to see that (M, g) is rotationally symmetric.
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Spectral Geometry and Analysis )
of the Neumann-Poincaré Operator, ek
a Review

Hyeonbae Kang

Abstract The Neumann-Poincaré operator is an integral operator defined on the
boundary of a bounded domain. The history of research on it goes back to the era of
the mathematicians whose names appear on the name of the operator. The spectral
theory of the Neumann-Poincaré operator attracts much attention lately mainly due to
its connection to plasmon resonance and cloaking by anomalous localized resonance.
There are rapidly growing literature of research results on its spectral geometry and
analysis, and the purpose of this paper is to review some of them. Topics of review
in this paper include cloaking by anomalous localized resonance and analysis of
surface localization of plasmon, negative eigenvalues and spectrum on tori, spectrum
on polygonal domains, spectral structure of thin domains, and analysis of stress in
terms of spectral theory. These topics are chosen so that they do not overlap those
in another review paper on the same subject [22]. We also discuss some related
problems to be considered for further development.

Keywords Neumann-Poincaré operator - Spectral geometry + Spectral analysis -
Plasmon resonance - Cloaking by anomalous localized resonance + Negative
eigenvalue -+ Torus + Thin domain - Stress

1 Introduction

This paper is a survey on some of recent development on the spectral theory of the
Neumann-Poincaré (abbreviated by NP) operator. The NP operator is an integral
operator defined on the boundary of a bounded domains which appears naturally
when solving classical Dirichlet or Neumann boundary value problems using layer
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potentials. The history of research on the NP operator goes back to the era of C.
Neumann and Poincaré as the name of the operator suggests. It gave birth to the
Fredholm theory of integral equations. If the domain on which the NP operator is
defined has a corner, then it is a singular integral operator of which the theory has
been one of central themes of research of the last century. For example, its L2-
boundedness was proved in the seminal paper [29]. Lately, the spectral theory of the
NP operator attracts much attention in connection with exotic physical phenomena
such as plasmon resonance and cloaking by anomalous localized resonance.

The author has written another survey paper on the spectral theory of the NP
operator with his coauthors [22]. In this paper we omit introductory remarks and
more historical accounts leaving them to that paper. The topics of review in this
paper are chosen so that they don’t overlap those in that paper. Topics in [22] include

essential spectrum,

decay estimates of NP eigenvalues in two dimensions,

Weyl-type asymptotic formula for eigenvalues in three dimensions,
the elastic NP operator,

spectral analysis in a space with two norms.

Topics in this paper are

e NP operator and plasmon resonance,

e cloaking by anomalous localized resonance and analysis of surface localization of
plasmon,

concavity and negative eigenvalues including NP spectral structure on tori,
spectrum on polygonal domains (with emphasis on pure point spectrum),
spectral structure of thin domains,

analysis of stress in terms of the spectral theory.

These topics are complementary to each other. Be aware that the NP operator in [22]
is 2 times the NP operator of this paper.

The plan of this paper is as follows. Recent rapid growth of interest in the NP
spectrum is mainly due to its connection to plasmon resonance and cloaking by
anomalous localized resonance (abbreviated by CALR). In Sect.2 we explain plas-
mon resonance in quasi-static limit in terms of a transmission problem. The NP
operator is naturally introduced in the course of explanation. In Sect.3 we discuss
the spectral nature of CALR in terms of surface localization of plasmon and the decay
rate of NP eigenvalues (eigenvalues of the NP operator). We review CALR on ellipses
and a recent proof of non-occurrence of CALR on strictly convex three-dimensional
domains, and peculiar spectral properties on tori in relation with CALR. In Sect. 4 we
review recent results on negative NP eigenvalues and concavity in three dimensions.
We include a discussion on possible advantage of having negative eigenvalues. In
Sect.5 we review results on the NP spectrum on planar domains with corners and
discuss existence of eigenvalues in addition to continuous spectrum. In Sect.6 we
review the spectral structure of thin domains in two and three dimensions which
is related to negative eigenvalues and polygonal domains. Quantitative analysis of
the stress or field concentration in between two closely located inclusions has been
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an active area of research for last thirty years or so. In Sect.7 we review some of
important results on this subject and discuss a spectral nature of stress concentration,
especially when one inclusion is an insulator and the other is a perfect conductor. In
the course of review, proper references will be given in each corresponding section
and some related open problems are discussed. This paper ends with a conclusion.

2 NP Operator and Plasmon Resonance

In this section we discuss plasmon resonance, which occurs on meta-materials of
negative dielectric constants, as a motivation to study the NP operator and its spec-
trum. In the course of discussion, the single layer potential and the NP operator
appear naturally.

Let Q be a bounded domain in RY (d = 2, 3). The boundary 9 is allowed to
have several connected components and its connected component is assumed to
be Lipschitz continuous. Suppose that Q is immersed in the free space R? and
the dielectric constant of € is ¢, = k + id and that of the background is 1 after
normalization (k # 1); (k, 6 are real constants and ¢ is the lossy parameter tending
to 0). The constant k can be negative. A material whose dielectric constant has the
negative real part is called a meta-material. So, the distribution of the conductivity
or the dielectric constant is given by

€= ex(Q) + xR\ Q), (1)

where y denotes the indicator function of the corresponding set. We consider the

following transmission problem: for a given harmonic function / in R?
V-eVu=0 inRY,

_ 1-d (2)

u(x) —hx) = 0(x|"~%) as |x| = oo.

The solution to the problem, denoted by us, satisfies the transmission conditions
along 0Q2:
usl- = u5|+’ GC8VM,5|_ = 8Vu5|+’ 3)

which are continuity of the potential and the flux. Here and afterwards, subscripts +
and — indicate the limits (to 0€2) from outside and inside of €2, respectively, and 0,
the outward normal derivative on 02.

The solution to (2) can be represented using the single layer potential which is
defined, for ¢ € H~'/2(0Q) (H~'/?(0) is the usual Sobolev space on 92), by

Saalpl(x) :=/8 T(x — () do(y), xeR? €]
Q

where I"(x) is the fundamental solution to the Laplacian, i.e.,
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Fx)=1-" (5)

It turns out (see, for example, [ 10, 50]) that the solution s to (2) can be represented
as

15 (x) = h(x) + Soalpsl(x), x € RY, (6)
for some @5 € H, 12 (02) (the subscript O indicates that its elements are of zero
mean value). The potential function (5 is determined by the transmission condition
(3). The first condition (continuity of the potential) is automatically fulfilled since
Soalps] is continuous across 2. The second condition (continuity of the flux) takes
the following form:

Ecaust?ﬂ[@(?”f - 8y869[(p6]|+ = (1 - 66‘)811]1' (7)

For any p € H™'2(0R), 0,Ssql¢] satisfies the following well-known jump rela-
tion (see, for example, [10]):

1
0,S0alel]. ) = (£ 31 +Kig )l x € 02, ®)
where the operator Kyg is defined by

1 — A, Vy
Koalgl(v) = — /8 ) (ylx_—xyﬁ;)so(y) do(y). x €0, ©

and [C},g, is its L?-adjoint, that is,

1 - Yy Vx
K%Mkw:——/ WXV oy do(y) . x e 09 (10)
oo X —yl

Wy |

Here, w, = 27 and w3 = 47. The operator Ksq (or Kj,) is called the NP operator
on 0K2. The operator Kyg is also commonly called the double layer potential.
In view of (8), the relation (7) can be transformed to the integral equation

(5] — Khg) Ll = 8,h on 892, (11)

where

e +1 k+14+i6
s

T 2e—1)  2(k—1)+2i (12)

We will come back to the integral equation (11) after recalling some important
spectral properties of the NP operator.
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The most important spectral property of the operator K}, is that it can be realized
as a self-adjoint operator on the space H~!/2(9Q2) by introducing a new inner product
on it. Let (, ) be the usual H~/2 — H'/? duality pairing. We define (¢, 1), for
0,y € H™'2(0R) by

(@, Vs 1= —(p, Spal¥]). (13)

Note that —Spq is a non-negative operator. Since Spo maps H —-172(0Q) into
H'2(09), (p, Spalv]) is well-defined. The bilinear form ( , ), is actually an inner
product on H; 172 (0R2) in two dimensions, and on H ~'/2(02) in three dimensions.
The NP operator K}, is self-adjoint on H ~!/?(9Q) with respect to this inner product.
In fact, thanks to the relation

Soahq = KoaSaq,

which is known as the Plemelj’s symmetrization principle (also known as Calderdén’s
identity), we have

(0. Khal])s = —(p, SoaKilv]) = — (¢, KoaSsalt]) = (Kiglel, ¥).

For proofs of properties of the NP operator reviewed so far we refer to the survey
paper [22] and references therein.

Spectrum of K}, on H~'/2(0K2), which is denoted by o (K},), lies in the interval
(—1. 31. Since K}, is self-adjoint, o/(K},) consists of essential spectrum and pure
point spectrum, and essential spectrum consists of absolutely continuous spectrum,
singularly continuous spectrum, and limit points of eigenvalues (some of them can
be void), namely,

U(K:BQ) = Oegs U Opp = Oac Uog U m (14)

(see [69]). If 02 is C® for some « > 0, then Kjg is a compact operator on
H~1/2(0R). In fact, because of orthogonality of the normal vector and the surface
or the curve where the operator is defined, we have

[(x =y, V)| c

< , X,y € 02. (15)
lx — yl? |x — y|d=1-

So the singularity of the integral kernel of K}, is weaker than the critical singularity
whose order is the same as the dimension of 02 where the integral is defined. Because
of this, K}, becomes a compact operator and o (K}},) consists of eigenvalues of finite
multiplicities (except 0 which can have an infinite multiplicity if it is an eigenvalue)
accumulating to 0.

Since K%, is self-adjoint, the spectral resolution theorem holds [73], namely,
there is a family of projection operators £(t) on H~'/2(0R2), called the resolution of
identity, such that

1/2
IC;;Q:/ tdE(r). (16)
—-1/2
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This formula implies, in particular,

12
M =Ko = / ——dE). (17)
-1/2 A—t
If 02 is C1®, (16) takes the form
o0
Kia =D At ®1;, (18)
j=1
where A1, Ay, ... (JA1] = |A2] > ...) are eigenvalues of K}, counting multiplicities,
and 91, 1y, . . . are the corresponding (normalized) eigenfunctions.

The following addition formula is proved in [16]: if 9Q is C 1. then for x € Q
andz € RY\ Q

P(x—2) ==Y Soalthj1()Solt);1(x) + Saalpol 2). (19)

j=1

If Q is a ball, then Sp[1);] is a spherical harmonics. Therefore (19) is the expansion
of I'(x — z) in terms of the spherical harmonics, which is well-known (see, for
example, [51]). If Q is an ellipsoid, then Spq[1;] is an ellipsoidal harmonic (see [30,
Sect. 7.2]) and the formula (19) is due to Heine [35] (it is called the Heine expansion
formula in [30]). It is interesting to generalize, if possible, the addition formula (19)
to domains with corners. For that (16) may be useful.

We now move back to and look into the integral equation (11). Note that j;
converges to fy = 2(",::11) as § — 0. If k is positive, then py does not belong to
[—1/2,1/2], the interval where o(K},) is contained, and hence the problem (11)
is uniquely solvable. Note that the problem (2) is elliptic if k is positive. However,
if 2 is a meta-material with the negative k, then pg € (—1/2, 1/2), so it is possible
(depending on k) for 11 to belong to o (Kj,) and for the solution 5 to (11) to blow
up as § — 0. In fact, according to (18), the solution g to (11) (assuming that 92 is
C"%) is given by

_ N Ok
sﬁa—; o, U (20)

If gy = A; for some i and (0, h, 1)+ # 0, namely 0,4 has the eigen-mode of v);, then
s blow up as § — 0, and so does the solution to (2). This is the plasmon resonance
in the quasi-static limit which is one of major reasons for renewed interest in the
spectral properties of the NP operator in recent years.

We refer to [13, 14] for the connection of NP spectrum with the sub-wavelength
imaging. There asymptotic formulas of resonance frequencies near NP eigenvalues
for the Helmholtz equation and the Maxwell system are derived. Convergence of a
resonance frequency to a NP eigenvalue for the Helmholtz equation is also proved
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in [18]. If o is an eigenvalue of K}, then the corresponding & is called a plasmonic
eigenvalue and the single layer potential of the corresponding eigenfunction is called
a localized surface plasmon [33]. The formula (19) shows that Spe[1;1(z) — 0 as
J — ooforall z ¢ OS2 (see also Sect. 3). So, if j is large, then Spq[v;] is localized
near 0K2. It explains why Spqa[t);] is called a localized surface plasmon.

3 Analysis of Cloaking by Anomalous Localized Resonance

Suppose that 9Q is C'® for some a > 0 so that o(K}g) consists of eigenvalues
accumulating to 0. Consider the operator-valued function

A= (M = KCho) ™"

It is a meromorphic function in A except at A = 0. Each NP eigenvalue (other than
0 if 0 is an eigenvalue) is a pole of the function, and O is an essential singularity as
the limit point of pole. If the dielectric constant k of €2 is —1, then ps in (12) tends to
0, namely, the essential singularity. Near an essential singularity of a meromorphic
function, many strange phenomena may occur. It is no exception here. If k = —1,
then CALR (cloaking by anomalous localized resonance) occurs. We review some
recent results on CALR in this section.

Let € be the coefficient given by (1). We consider the following inhomogeneous
problem: for a given function f compactly supported in R? \ Q

2L

V.eVu = fin]Rd,
u(x) -0 as|x| — oo.

The source function f satisfies the condition

/ fdx =0,
Rd

which is the compatibility condition for existence of the solution to (21). Typically,
a dipole is chosen as a source function, that is, f(x) = a - VJ,(x), where a is a
constant vector, J, is the Dirac delta function at z. The location z is assumed to lie
outside 2.

Let u;s be the solution to the problem (21) and let

Es :=s~/ 5| Vus|? dx =/ 8| Vus|? dx (22)
R Q\D

(3 for the imaginary part). The problem of CALR is formulated as that of identifying
the sources f such that
Es — 00 asd — 0, 23)

and u; is bounded outside some radius a.
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The quantity E; approximately represents the time averaged electromagnetic
power produced by the source dissipated into heat. So, (23) implies an infinite amount
of energy dissipated per unit time in the limit § — 0 which is unphysical. If we scale
the source f by afactor of 1/+/Es, then us/+/Es approaches zero outside the radius a.
Hence, CALR occurs: the normalized source is essentially invisible from the outside.

The phenomena of anomalous resonance was first discovered in [65] and is related
to invisibility cloaking in [62] when €2 is an annulus and f = a - VJ,. We refer to the
recent survey paper [61] for physics related to CALR including superlensing and for
a comprehensive list of relevant references. In this paper we discuss the NP spectral
nature of CALR.

Let F be the Newtonian potential of f, i.e.,

Fx) = /R Py, v eR

Then, the solution us to (21) takes the form (6) with & replaced with F. There, the
potential ;s is the solution to the integral equation (11) with 9,/ replaced with 0, F,
and hence it is given analogously to (20) by

(O F, ¥))«
s = (G
; ps— X’
J_
One can see that 5 ~ 0 since k = —1. Here and throughout this paper, we write

A < B to imply that there is a constant C independent of the parameter (in this case
it is 9). The meaning of A 2 B is analogous, and A ~ B means both A < B and
A 2 B hold. Suppose that 0 is not an NP eigenvalue on Q. The CALR condition
(23) is equivalent to

aF n
E(;:(SZ 1/1 — 00 asd — 0. (24)

In this way, CALR is related to the spectral theory of the NP operator and the
result of [62] on CALR with the dipole source on an annulus is extended to more
general source f using the spectral approach [5]. Note that the circle has 0 as its NP
eigenvalue. By adding another circle the NP eigenvalues are perturbed and O is not
an NP eigenvalue but the limit point of eigenvalues on an annulus. Furthermore, NP
eigenvalues and corresponding eigenfunctions on annuli are explicitly known so that
Ejs can be computed. This is an advantage of working with annuli. Actually O is the
only NP eigenvalue, other than 1/2 which is of multiplicity 1, on a circle. There are
planar domains other than disks where 0 is an NP eigenvalue of infinite multiplicity
[52]. It is known that if the NP operator on a planar domain is of finite rank so that
the eigenvalue 0 has the finite co-multiplicity, then the domain must be a disk [71].

When f = a - V4. for some z € R? \ Q and € is an annulus, it is proved in [62]
(see also [5]) that there is a virtual radius 7, such that if |z| < r,, then (24) holds and
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CALR takes place; if |z| > ry, then Ej5 is bounded regardless of §. In fact, it is shown

that r, is given by
re =\/1r3/ri,

where r, and r; are outer and inner radii of the annulus, respectively. This result has
been extended to confocal ellipses in [28]. Since CALR is a phenomenon occurring at
the limit point of NP eigenvalues, the structure does not have to be doubly connected.
In fact, it is proved in [16] that if €2 is an ellipse, then there is an ellipse €2, confocal
to Q such that if 7 € Q, \ Q, then CALR takes place, and it does not if z ¢ Q, (see
Subsect. 3.1). On three dimensional ball or concentric balls CALR does not occur
[7, 16]; on concentric balls with folded geometry CALR may occur [6].

Let us look closely the quantity Esin (24).1tis proved in [16] thatif f = a - V{,,
then

{OLF, n)s] ~ la - VSalhn1(2)].

As a consequence, we have

~ >\ la - VSaaltha1(@)
Ey~6) Z1x :

(25)

n=1
Therefore, to investigate the property Es — 00, we need to look into the following
two questions:

(i) how fast A\, tends to O,
(i) how fast VSyq[v,1(z) tends to 0,

asn — oo. The question (i) is about the convergence rate of NP eigenvalues, and the
question (ii) is regarding the surface localization of the plasmon Syq[,]. Results
on the convergence rate of NP eigenvalues are reviewed in [22]. We recall some of
them in the following subsection for smooth discussion.

3.1 CALR in Two Dimensions

Let Q be an ellipse in R2. The elliptic coordinates x = (x;, x2) = (x(p, w),
x2(p,w)), p>0and 0 < w < 2, is given by

x1(p,w) = Rcoswcoshp, x(p,w) = Rsinw sinh p.
We denote the elliptic coordinates of x by p = p; andw = w,. Then 9 is represented
by
09 ={x eR* : p, = po} (26)

for some py > 0. The number py is called the elliptic radius of €.
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The NP eigenvalues on OS2 are

1
2e2np0’

A\, == n=12,...,

and eigenfunctions corresponding +\, and —)\, are respectively given by

Yo (w) == E(po, w) ! cos nw, P (w) == E(po, w) ! sin nw,

E = E(pg, w) := Ry/sinh? py + sin® w

(see, for example, [28]). Using these facts, it is proved in [16] that

where

52t/ log 8| if po < pr < 3po,
Es ~ {5|log 52 if p. = 3po,
5 if p, > 3po,

as § — 0, where z is the position of the source. As a consequence, the following
theorem is obtained.

Theorem 3.1 Let 02 bethe ellipse given by (26). CALR takes place if py < p, < 2po
and does not take place if p, > 2po, namely, the critical (elliptic) radius for CALR
is 2pp.

If Q is a planar domain with the real analytic boundary, then it is not known yet
if CALR takes place. One may attempt to prove the following problem:

Problem 1. Is it true that if the location z of the source is close enough to 0€2, then
CALR takes place, and if z is sufficiently away from 02, it does not take place?

In relation to this, the question (i) above has been answered in [19] (see also [22]
and references therein for related work): NP eigenvalues converge to 0 exponentially
fast and the rate is determined by the modified maximal Grauert radius of 9. The
modified maximal Grauert radius is basically the radius up to which the real analytic
defining function of O is extended as a complex analytic function (see [19] for a
precise definition). In fact, if A, is the positive NP eigenvalues on 02 enumerated in
descending order, then for any € < ¢yq there exists a constant C such that

AN < Ce®

for all n, Therefore, we obtain from (25)

~ >\ la - VSaalthnl(2)?
E6 Z’ 6 Z 52 + 67261‘1
n=1
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for any € < egq. However, it is not known whether CALR occurs or not because
of lack of knowledge on the localization of plasmon in the question (ii). In fact, to
the best of author’s knowledge, there is no result on (ii) in two dimensions except
on disks, annuli, and ellipses where NP eigenvalues and eigenfunctions are known
explicitly. This brings the following problem

Problem 2. How fast does Spq[v,](z) tend to 0 as n — oo when OS2 is real
analytic and of general shape?

3.2 CALR in Three Dimensions

Let © be a bounded domain in R? with the smooth boundary. It is proved in [63] (see
also [22]) that {\, },en asymptotically behaves like

A~ Copon™" asn — oo, (27)
in the sense that )\in — Cpq as n — o00. The constant Cyg, is given by

o _ 3WO) —2mx(99)
o= 1287

’

where W (9€2) and x(0R2), respectively, are the Willmore energy and the Euler char-
acteristic of the boundary surface 92. The Willmore energy is defined by

W(ORQ) = / H(x)%dS,
oQ

where H (x) is the mean curvature and it is known that W(92) > 4x [59] (see also
[22]). Thus we have Cyqo > 0, and hence

~ =\ Ja - VSsalth,1(2)[?
Es~6) la 52‘12[;{1]@' : (28)
n=1

The following theorem is proved in [21].

Theorem 3.2 Let Q be a strictly convex bounded domain in R? with the C*°-smooth
boundary. For any compact set K in R* \ Q and for each integers k and s there is a
constant Cy s such that

Soalvnlllckx) < Crsn™

for all sufficiently large n.

The main ingredient in proving this theorem is the fact that since 02 is C*°-
smooth, the NP operator K}, is known to be a strictly homogeneous pseudo-
differential operator of order —1 [32], and its principal symbol is positive definite
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Fig.1 The graph of ||Soq[vn ]l o <n< 450) after some normalization on the Clifford torus.
The horizontal axis represents positive eigenvalues of the NP operator enumerated in decreasing
order up to 450. The red dots indicate values drastically larger than neighboring points. They occur
at 53rd, 100th, 305th and 402nd eigenvalues. (The figure is from [21]. The region X where Spq[1y]
is computed is the rectangle-shaped cross section shown in Fig. 2 and Spq[v),] is normalized.)

if Q is strictly convex as proved in [63, 64]. Thus all eigenvalues of K%, except
possibly finitely many, are positive [64]. By altering K, on a finite dimensional
subspace if necessary, we can realize K}, as a positive definite pseudo-differential
operator of order —1. This fact together with (27) leads us to Theorem 3.2.

We infer from Theorem 3.2 and (28) that E(; < +00, and hence CALR does not
take place on three-dimensional strictly convex bounded domains.

In order to see what happens if OS2 is not convex, the first 450 plasmons, namely,
Soaltn] (1 < n < 450), corresponding to largest eigenvalues in descending order,
are computed numerically on a cross section close to 92 when Q is the Clifford
torus in [21]. To our surprise, there are four out of 450 plasmons which do not
decay fast enough (see Fig. 1). It is utterly interesting to investigate it rigorously and
explore the possible connection to CALR. We include in this paper the figures from
[21] to compare Syq[1),] of fast decay and slow decay (see Fig.2). We also include
figures of two exceptional eigenfunctions together with one non-exceptional one for
comparison. The exceptional eigenfunctions have a very interesting feature which
we discuss in the next section (see Fig. 3).

For general domains the following theorem is proved using the addition formula
(19) (we only state a special case of the theorem obtained in [21]).

Theorem 3.3 Suppose that Q2 is a bounded domain in R_3 with the C'% smooth
boundary for some o > 0. For any compact set K in R3 \ ,

ISoql¥nlllcrxy = o(n~Y?) almost surely as n — oc.

For a sequence {a,} of numbers and a non-negative number s, we say a,, = o(n™")
almost surely as n — oo if
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Fig. 2 Spqlwn] of fast decay (left) and of slow decay (right). The rectangular cross section repre-
sents the region where Spq[v),] is evaluated, and the color on it represents its value. (Figures are
from [21].)

Fig. 3 Top: exceptional eigenfunctions whose single layer potentials do not decay fast. They do
not oscillate in the toroidal direction. Bottom: a non-exceptional eigenfunction whose single layer
potential decays fast. It oscillates in the toroidal direction. (Figures are from [21].)

=0.

L t{n <N : |a,| > on—*}
lim lim sup
0 Nooo N

It is equivalent to existence of a subsequence {n,} such that a,, = o(n;*) ask — oo
and limg_ o 1 /k = 1.

4 Concavity and Negative Eigenvalues

In two dimensions the NP spectrum always appears in pairs, namely, if A € o(KC3,),
then —\ € o(K}g). This can be proved using existence of harmonic conjugates.
However, there are domains in three dimensions where the NP operators have
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only positive eigenvalues: the NP eigenvalues on a sphere are 1/(4n + 2) for
n=20,1,2 ..., and they are all positive on prolate spheroids [3]. The first exam-
ple of three-dimensional domains with a negative NP eigenvalue was found in [2]: it
is an oblate spheroid. We now know that concavity allows negative NP eigenvalues
which we review in this section.

Let us first recall the discussion in [17] on possible advantage of having negative
eigenvalues. Suppose that €. = k + i§ is the dielectric constant of €2 as before and
assume § = 0 so that e, = k. Then plasmon resonance in the quasi-static limit occurs
if

kl =\ (29)
2(k — 1)
where ) is an eigenvalue of the NP operator on 92 as mentioned at the end of Sect. 2.
The relation (29) can be achieved by a larger k (a smaller |k|) if A is negative (see
Fig.4). This may yield an advantage in practice.

4.1 A Concavity Condition for Negative Eigenvalues

Results of this subsection are from [38]. For a fixed r > 0 and p € R3, let T,:
R3\ {p} — R\ {p} be the inversion in a sphere, namely,

2

— FIRoRa2 (30)

T,x :=

Fig. 4 The curve is the A
graph of % and A, A_
are positive and negative NP
eigenvalues, respectively. A_
is attained by k whose
absolute value is smaller.

(The figure is from [17])
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For a given bounded domain € in R3, let 69; be the inversion of 012, i.e., 89; =
T,(09).
The following theorem is obtained in [38].

Theorem 4.1 Let Q be a bounded domain in R® whose boundary is Lipschitz con-
tinuous. If there are p € Q and x € OS2 such that

(x—=p)-ve<0 (31)

and OS2 is C! near x, then either o (Kjq) or 0(Kjg.) has a negative value.
p

The condition (31) indicates that €2 is concave with respect to p € Q. For exam-
ple, this condition is fulfilled if there is a point on 92 where the Gaussian curvature
is negative. Thus the following corollary is obtained.

Corollary 4.2 Suppose 02 is C? smooth. If there is a point on OS2 where the Gaus-
sian curvature is negative, then either KCjg, or Kjq,. for some p € Q has a negative
>

eigenvalue.

Let us briefly see how Theorem 4.1 is proved. Just for simplicity we assume p = 0
and denote 927, by J2*. For a function ¢ defined on 9%, define ¢ on 92" by

O |x|d *
O x) == p(x)—, x*=Tpx.
d

The following identity holds for all ¢:

* * * * y *Vy
(Koo L], ") aar + (Kiglel, paa = / T|2}|599[<P](y)|2 ds. (32)
o0
Here, (, Yoo+ and (, ¢)sq denote the inner product (13) on 9Q* and 92, respectively.
In fact, (32) is derived using the following three transformation formulas,
o4

dS(-X*) = |X|4

dS(x)
for the surface measure d S,
r

for the fundamental solution, and

t
Ve = (=1)" (1 — 2ix—)ux

x| [x]

for the normal vectors.
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If (31) holds, namely, x - v, < 0 for some x € 9%, then, since Q2 is C! near x
and Syg : H™'2(0Q) — H'?(0RQ) is invertible, we can choose p € H~!/2(9R) so
that Spql¢] is supported in a small neighborhood of x and

- Uy
f ! > ISoalel(»)]* dS < 0.
oo |yl

Thus we have
(Kha:[9"], ") aar + (Kiglel, @laa < 0. (33)

Thus, the numerical range of either K}, or K, has a negative element. The numer-
ical range of the operator T is defined to be

W(T) :=={{Tx,x); lx|| =1}

and convex (Hausdorff-Toeplitz theorem). In particular, if 7 is self-adjoint, then
W(T) is an interval and its endpoints are eigenvalues of T (see [34]). Thus Theorem
4.1 follows from (33).

4.2 NP Spectrum on Tori

We now review the results in [15] on NP spectrum on tori. We do so in some detail
having in mind the possible connection to CALR as mentioned in the previous section.

The toroidal coordinate system (&, 6, n) for the Cartesian coordinates (x1, x3, x3)
is given by

Ro/1 — &% cosn _ Roy/1 —§&2siny _ Re{sind

= 1 —&cosd 2= 1 —¢&cosf x3__1—§cos¢9'

Here, Ry =,/ rg — a? where ry and a are the major and minor radii, respectively,
of a toroidal system. The variable £ (0 < £ < 1) is similar to the minor radius, 6
(0 < 0 < 2m) is the poloidal angle, and 1 (0 < n < 27) is the toroidal angle (see
[25] for the toroidal coordinate system).

The surface £ = constant is a torus, on which (6, n) is the coordinate system. Let,
with the fixed &,

1 1
wn—n) = @ + <1 — ?) cos(n — 1)

and
x(0) :=1—CEcosb.

Then, K}, [¢] for a function ¢ on the torus can be written as
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2T 2T
Ko [1(6, ) = / f KO, 01— 1)o@ ) dOldr,
0 0

where
/ / 1- 52 X(0)1/2 1
k@,0;n— =
O =) = e 3 X OV (ul — 1) — cos(@ — )12
1—-& x(6)°2 1 —cos(n— 1)

8263 X(0)372 (u(n — 1) — cos(0 — 6'))32

Since 0 < & < 1, x is a positive smooth function. Thus any function o in H~!/2

on the torus admits the Fourier series expansion

PO, m) = X0 Y GB)e. (34)

k=—o00
We thus have -
Kialel(0,m) = Cex(0)** Y Kil@il®)e™, (39)

k=—o00
where
1-— fz
Ce=——+
8m/2€

and the operator /C; is defined by

21
KeLF10) = /O a (0,01 (0) do/

with

e—ikr/’

2
N —1
ak(@, 9) - X(Q) /0 (’u,(n/) _ COS(0 _ 0!))1/2
L[ e
€ Jo  (u() —cos(6 — 0))3>

The single layer potential also admits the decomposition

Roy/1 — &2
47r\/§

dn

dn'.

XO)'2 > S@d @)™, (36)

k=—00

Soalel@,n) =

where
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2T
SLF10) = f 50— 0)F(0)dO/
0

with

27 e*ikn’
0) := —dn.
R /o (u(n') — cos 0)1/2 1

Let H~'/2(T) be the Sobolev space of order —1/2 on the unit circle 7. If we
define (, )x by

27

(f 8k = i F(OSlgl®) do, f,ge H'X(T), (37)

then it is an inner product on H~!/2(T) for each k and the following relation holds:

R16(1-8) o . -
= = ’ ’ 38
(0, ¥) oy D (B v (38)

k=—00

where ¢ = ¢r(0) is the Fourier coefficient as defined in (34). Moreover, K is
compact and self-adjoint on H~/2(T), that is,

(Krlgil, g20x = (g1, Kilgal)k-

We infer from the relation (35) that if A is an eigenvalue of Xy and g is the
corresponding eigenfunction, then C¢ A is an eigenvalue of K%, and the corresponding
eigenfunction is given by

00, n) = x(0)*g(@)e™. (39)

Note that the function ¢ oscillates in toroidal direction if k # 0. As we saw in Fig. 3,
the exceptional eigenfunctions, whose single layer potentials (namely, plasmon) do
not decay fast, do not oscillate in the toroidal direction. On the other hand, the
non-exceptional eigenfunctions oscillate in the toroidal direction.

It is proved using the stationary phase method that forany 0 < £ < 1 there exists a
positive integer ko such that the numerical range of K has both positive and negative
values and hence K has both positive and negative eigenvalues for all k € Z with
|k| > ko. Thus we have the following theorem from Hausdorff-Toeplitz theorem
again:

Theorem 4.3 The NP operator on tori has infinitely many negative eigenvalues.

Any bounded domain with C!* boundary has infinitely many positive NP eigen-
values.

Two questions arise naturally:
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Problem 3. The exceptional eigenvalues (those NP eigenvalues such that the single
layer potentials of the corresponding eigenfunctions decay slowly as discussed in
Sect. 3) are from k = 0, namely, C¢\ where ) is an eigenvalue of Ky?

Problem 4. Is it true that all eigenfunctions of K}, are of the form (39), in partic-
ular, any eigenvalue of K}, is C¢ times an eigenvalue of Ky for some k?

4.3 Further Results

We mention general results in [64]. For more precise statements of the results and
discussions on them, we refer to [22].

Theorem 4.4 Let Q@ C R? be a bounded domain with C* boundary.

(1) If one of the principal curvatures at x € OS2 is positive, then there are infinitely
many negative NP eigenvalues.

(ii) If the principal curvatures are negative at every x € 0S2, then there are at most
finitely many negative NP eigenvalues.

In a recent paper [37] the NP spectrum on surfaces of revolution of planar curves
with a corner is considered and the continuous spectrum can be both positive or
negative depending on the angle of the corner. It is the first attempt to investigate
continuous spectrum on three-dimensional domain with corners.

5 NP Spectrum on Polygonal Domains

In order to introduce an outstanding problem on essential spectrum, we begin the
discussion in this section by briefly reviewing results on essential spectrum. For more
extensive review and interesting historical account, we refer to [22].

Let £(t) be the resolution of identity given in (16). For each p € H~!/2(0Q),
the measure pi, 1= (£(t)p, @), is called the spectral measure associated with .
According to Lebesgue decomposition theorem, H~!/2(92) can be decomposed as

Hfl/Z(aQ) — pr ® H, & H.,

where H. is the collection of all ¢ such that y,, is singularly continuous, and H,, and
H, are defined likewise. The singularly continuous oy, = 0,.(K},) is the spectrum
of K}, when restricted Hy., and 0, and o, are defined likewise. See [69].

Let © be a bounded Lipschitz domain in R? with finite number of corners whose
inner angles are o, ..., ay. Let

bus = & max ( _ ﬁ). (40)

2 1<j<N T
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It is proved in [67] that b, is a bound of 0. (K},). In [47], a lens domain (an
intersection of two disks) is considered and a complete spectral resolution of K, is
derived. It enables us to infer that

O'(K:;;Q) = o'ess(K::;Q) = O—ac(K:SQ) = [_bessv bem]'

In particular, it implies that o, (K},) and o, (K}, ) are void on a lens domain. If £
be a bounded Lipschitz domain in R? with finite number of corners, it is proved in
[68] that 055 (K}q) = [—bess, bess], and in [66] that o (K,) is void.

An interesting problem arises:

Problem 5. Find geometric conditions on 02 which guarantee o,.(K}) # @.
(Since no example of domains with nonempty singularly continuous spectrum is
known, even construction of a single example of such a domain would be interesting.)

We now review the results of [36] where the question whether o, (K%,) is void
or not. The crux of the matter is to use resonance to distinguish o, and . This
idea also appears in [16].

Let f € Hy *(0R). For t € (—=1/2,1/2) and § > 0, let ¢, 5 be the solution of
the integral equation

((t +i&I — Kjo)lersl = f on K.

By the spectral resolution (17), the solution is given by

1
= —d
o= [ o T EOL

and hence

2 _ — -
||<Pt,($||* = <<Pt.67 @t,&)* /{;(ij) (s — t)2 Ny

d(EGIS], s

If t ¢ 0(K%g,), one can immediately see from (20) that ||¢; 5|« < C for some C
regardless of 6.

If t € 0(KC},), then | 5]l may blow up as 6 — 0. The key idea is that the
blow-up rate at the eigenvalue 7 is different from that at continuous spectrum. To
see this, we recall that an eigenvalue ¢ of K%, is characterized by discontinuity
E(t+) — E(t) # 0 (and ¢ is isolated) (see [73]). So, if f satisfies

(EEPLS), e —(EDLSL [ >0, (41)

then

(EGPDLSL s = (EDLS, s

2
lorslly = 52

and hence
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2~ 52
lprslls =077

If t € 04.(K%g,), then there is f such that the spectral measure (£[f], f)« is
absolutely continuous near ¢, namely, there is € > 0 and a function p ¢ (s) which is
integrable on [t — €, t + €] such that

d(ESLSL fle = ps(s)ds, s et —et+el (42)

Then it is proved that
. ,
tim 6102 = 5 (g () + i (1-)) > 0,

and
lllll 62 2 = 0
51 0 ||<Pz,5||*

Define an indicator function orf(t) by
ap(t) = sup{ « ‘ lim sup 6%y 5]« = 00 } , te(—1/2,1/2). (43)
0—0

We see that 0 < af(¢) < 1 for all ¢. The following theorem for classification of NP
spectra of is obtained in [36].

Theorem 5.1 Let f € H, > (0).

(@) Ifap@) >0, thent € o(Kjg).
(ii) Ifas(t) = 1andt is isolated, then t € o ,,(KC}g).
(i) If1/2 < ap(t) < 1, thent € 0.4(Kjq).

The indicator function o f(¢) can be computed numerically using the following
identity:

. log llorslls
)= —1 = -
o (1) 550 log §

if the limit exists.

The source function f should satisfy (41) and (42) with pr(t+) + pp(t—) > 0.
In [36], f.(x) = v(x)-V(a-V,['(x — 7)) (a is a constant vector and z lies outside
€2) is chosen as a source function because for any ¢ € Ho_l/ 2(89), (fzs )« # O for
almost all z among several advantages. Then the indicator function is modified as

ay(t) = lgljng{afz/ )}

for some z1, ..., zn.
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This method of characterizing NP spectra has been tested for various polygonal
domains, ellipses perturbed by a corner, and so on. The computational results clearly
show effectiveness of the method in distinguishing eigenvalues from continuous
spectrum. Some results show that eigenvalues can be embedded inside the continuous
spectrum (see Fig.5). Lately, it is rigorously proved that it is possible that infinitely
many eigenvalues are embedded in the continuous spectrum [54, 55].

The computational results on rectangles are particularly interesting. We know by
(40) that if €2 is rectangle, then o, (K%,) = [—1/4, 1/4]. However, as the aspect
ratio of the rectangle gets larger, more and more eigenvalues show up (see Fig. 6).
We can formulate an interesting problem out of these numerical experiments.

Problem 6. Is it true that there is a sequence of numbers | =rg <r; <rp, < ---
such that if the aspect ratio of the rectangle lies in (ry_y, r¢), then the number of
positive NP eigenvalues is k? The first number r; seems to be around 2.201592 (see
the second figure in Fig. 6).

Figure 7 show the NP spectrum of an isosceles triangle. The interval of continuous
spectrum is determined by the smallest interior angle as explained earlier. It shows
no eigenvalue. It is not clear whether triangles have no NP eigenvalues or not and it
would be interesting to clarify this.

Problem 7. Prove or disprove that there is no NP eigenvalues on triangles.

It is also interesting to investigate the NP spectral structure on polyhedra. We
mention a recent paper [53] in this regard.

Perturbed ellipse; R = 2.4 Perturbed ellipse; R = 2.4
i ] 0.75F /\JL/\
i 1 = o5l A A

_2F 4 0

oy(t,9)

n n n n n n n -0.5 -0.25 0 0.25 0.5
-3 -2 -1 0 1 2 3 t

Fig.5 Anellipse perturbed by a corner. Two eigenvalues are embedded in the continuous spectrum.
(Figures from [36])
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Unit square; R = 0.8 Rectangle; unit area; aspect ratio 2.201592; R = 0.9
T T 040 T T D,m
T —— 5=0 extrap| T —— 50 extrap|
075 1
= =
= =
& Si

-05 -0.25 0 0.25 0.5 -05 -0.25 0 0.25 0.5
t t

Rectangle; unit area; aspect ratio 3; R = 0.98 Rectangle; unit area; aspect ratio 30; R =2.78
1t . + 1 [ TS P
0.75F 1 0.75F 1
< (\_/L_/_“ <
= o05F P 1 = o0sF
<] ]
0.251 1 0.250 U
o soextran) o ———— o s extran) ]
-05 -0.25 0.25 05 -05 -0.25 0.25 05

Fig. 6 Graphs of the indicator function o on rectangles of aspect ratios, r = 1, 2.201592, 3, 30.
When r = 2.201592, eigenvalues just about to emerge, and more and more eigenvalues emerge as
the aspect ratio increases. (Figures from [36])

Isosceles triangle; sides (1,2,2); R =1.18 Isosceles triangle; sides (1,2,2); R =1.18

05} ] 075 4

05 — (‘\J\

ay(t,6)

-0.4196 -0.2902 0.2902  0.4196

~of

-1 -0.5 0 0.5 1 15

Fig.7 NP spectrum of the isosceles triangle with sides 1, 2 and 2. There is no eigenvalue. (Figures
from [36])



142 H. Kang

6 Spectral Structure of Thin Domains

Motivated by the numerical study on the NP spectral structure on rectangles as
explained in the previous section, the spectral structure of the NP operators on thin
domains has been investigated in two dimensions [20] and in three dimensions [17].
We review those results in this section.

There is another motivation behind these works. They are motivated by observa-
tions that as the boundary 02 of the domain becomes singular in some sense, the
corresponding NP spectrum seems to approach to the bound £1/2. For example, as
we saw at the beginning of the previous section, if a planar domain has corners and
if a corner gets sharper and the domain becomes needle-like around the corner, then
the essential spectrum approaches [—1/2, 1/2]. If Q consists of two strictly convex
planar domains and boundaries get closer, then more and more eigenvalues of the cor-
responding NP operator approach +1/2 [26, 27]. This causes stress concentration in
the narrow region between two inclusions (see Sect. 7). Results to be reviewed in this
section show that as the domain gets thinner, NP spectrum approaches [—1/2, 1/2]
in two dimensions. In three dimensions, it approaches either [—1/2, 1/2] or [0, 1/2]
depending upon the kind of thinness (thin and long, or thin and flat). So, in some
case there is no negative eigenvalue.

In this section we work with Kaq, not K}, since it is more convenient. The
spectrum of Kyq on H'/2(9) is the same as the spectrum of K}, on H~1/2(9Q).

The two-dimensional thin domains considered in [20] is given as follows: For
R > 1, let Qg be a rectangle-shaped domain whose boundary consists of three parts,
say

OQpr =TF Ul UT%,

where the top and bottom are
Tz =[-R,RIx {1}, Tg=I[-R,R]lx{-1},

and the side I}, consists of the left and right sides, namely, 'y, = I'y, U ', where
Fie and I'}; are translates of curves I and I'” connecting points (0, 1) and (0, —1),
namely, Fie =T!—(R,0) and ' =T" + (R, 0). If both I'" and I'" are line seg-
ments, Qg is a rectangle. The boundary 92 is assumed to be Lipschitz continuous.
We say that the domain Qg is thin because the scaled domain R™'Qp is thin (like
a needle) and its NP spectrum is the same as that of Qz (NP spectrum is dilation
invariant).
The following theorem is the main result of [19].

Theorem 6.1 If {R;} be an increasing sequence such that R; — 0o as j — oo,
then
U?ila(lCmRi) =[-1/2,1/2]. (44)

If Qp is a rectangle, then o, (Koq,) = [—1/4, 1/4] as we discussed in Sect.5.
Theorem 6.1 says that as R increase to 0o, more and more eigenvalues appear outside
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[—1/4, 1/4] and their totality densely fills up intervals [—1/2, —1/4] U [1/4, 1/2].
This is in accordance with the computational result in [36]. What is surprising is that
(44) holds regardless of the choice of the sequence R;.

Theorem 6.1 is proved as follows. The NP operator on 92 behaves like 1/2 times
the one-dimensional Poisson integral. Since the Fourier transform of the Poisson
kernel is e2™I!, the Poisson integral has [0, 1] as its essential spectrum. Using this
fact, one can construct a function pp € H —1/2(9Qg) such that

AT = Ko ler]llx

=0 (45)
R—o0 lerll

for each X € (0, 1/2]. It implies that [0, 1/2] C Uj?ozlcr(ngQRj). In fact, if X\ ¢

U3 0(Kogy,), there is 6 > 0 such that [A — 4, A+ 4] N (U;‘;l o(Kogy,)) = 2.
Thus,
I = Ko lellls S Nl

for all , contradicting (45). Since NP spectrum on planar domain is symmetric with
respect to 0, we have (44).

The property (44) seems to be a generic property of thin planar domains. For
example, thin ellipses enjoy it. In fact, if E;, j = 1,2, ..., is the ellipse defined by
x? /ajz. + x3 /b? < 1 and Kyg; is the corresponding NP operator, where a; and b; are
positive numbers such that b; < a; forall j and b;/a; — 0 as j — oo, then

o0

JoKor,) =1-1/2,1/21. (46)

Jj=1

Since eigenvalues of KCyg; are explicitly given by £1/2(a; — b;)"/(a; +b;)",n =
1,2, ..., (see [1]), the proof of (46) is not difficult, and a short proof can be found in
[19].

Let us now move to the three-dimensional thin domains. There are two different
kinds of thinness in three dimensions: thin and long (like prolate spheroids), thin
and flat (like oblate ellipsoids). Their NP spectral structures are different as we see
below.

Let [T be the prolate spheroid defined by, for R > 1,

= .2 2 x32
Mg i= {1, 02, 03) 107 403 + 5 < 1.

Leta; (j = 1, 2) be positive numbers. Let Q2 be the oblate ellipsoid defined by

2

=1 (x1, X2, x3) : —=— 4 x; < .
k PR @ R T (@R

If a; = a,, then Qp is an oblate spheroid.
The following theorems are obtained in [17].
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Theorem 6.2 If R is asequence of numbers suchthat R; > 1forall jand R; — oo

as j — oo, then
oo

o ®Kon,,) =10, 1/21. 47)

j=1

Theorem 6.3 If R; is a sequence of positive numbers such that R; — ooas j — 00,

then
o0

o (Kag,) = [=1/2,1/21. (48)

Jj=1

Theorem 6.2 shows that totality of eigenvalues of IC(‘)HR/ is dense in [0, 1/2]
regardless of choice of the sequence R; as long as 1 < R; — 0o. As mentioned
before, it is proved in [3] that there is no negative eigenvalues on prolate spheroids.
Theorem 6.3 shows that totality of eigenvalues of s %, is dense in [—1/2, 1/2].
This is rather surprising since, as mentioned in Theorem 4. 4, Kaq %, admits at most
finitely many negative eigenvalues (since 2 is strictly convex). However (48) says
that negative eigenvalues in U 1 O'(ICdgk ) are dense in [—1/2, 0].

There are many significant works on the NP spectrum on ellipsoids, [2—4, 60, 70]
to mention a few. However, it is unlikely that Theorems 6.2 and 6.3 can be proved
using those results.

Like two-dimensional case, Theorems 6.2 and 6.3 are proved by investigating the
limiting behaviour of the NP operators as R — oo. Itis proved that the NP operator on
[Tz converges (on some test functions) to the one-dimensional convolution operator
L x f as R — oo, where

L(t) = 1 /” 1 —cosf 20
“2mJo [(2—2cos) + 1232

It is then proved that the Fourier transform of L has values in (0, 1/2] and hence the
convolution operator has continuous spectrum [0, 1/2]. Using this fact, a sequence
of functions satisfying (45) is constructed. Then the inclusion

[0, 1/21 ¢ |J o (Kon,) (49)

Jj=1

follows. The opposite inclusion is proved in [3].

The NP operator on oblate ellipsoids has two pieces defined on the upper and
lower parts of ellipsoids. It is proved that each piece converges to 1/2 times the two-
dimensional Poisson integral. The Poisson integral operator has continuous spectrum
[0, 1]. By choosing proper signs on the upper and lower parts, a sequence of functions
satisfying (45) is constructed for A € [—1/2, 1/2] (A # 0) which yields Theorem 6.3.

A natural question arises: whether Theorem 6.2 holds for cylinder-like convex
domains or even prolate ellipsoids. One can show that (49) holds for such domains.
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But we do not know if the reverse inclusion is true. We do not know negative NP
eigenvalues, if any, on prolate spheroids, disappear eventually if they become thinner.

The property (48) seems to be a generic property of thin, flat domains. To demon-
strate it, a typical thin, flat domain is considered. To define such a domain, let U be
a bounded planar domain with the Lipschitz continuous boundary QU . Let ® be the
domain in R* whose boundary consists of three pieces, namely,

ob=xtuzx Uz’

where the top and bottom are given by ¥* = U x {#1} and * is a surface con-
necting OU x {+1} and OU x {—1}. We assume that 9® is Lipschitz continuous.
For R > 0 let

®r := {(Rx1, Rxp, x3) : (x1, X2, x3) € D} (50)

The following theorem is proved in [17].

Theorem 6.4 If R; is a sequence of positive numbers such that R; — ooas j — 00,
then

oo

J o (Kowy) =1-1/2,1/2].

Jj=1

7 Analysis of Field Concentration

In a composite which consists of inclusions of different material properties and
matrix, some inclusions are located close to each other, and a strong stress may
occur in the region between closely located inclusions. During last three decades
or so, there has been significant progress in quantitative analysis of stress or field
concentration about which an extensive survey has been made and several open
problems are discussed in [42]. In this section, we briefly review some of them in
connection with the NP spectral theory.

Let us mention what the problem is with a brief review of results and how it is
related to the spectral theory of the NP operator. Let the domain 2 consist of two
closely located but disjoint domains D; and D, namely, Q2 = D; U D;. Let € be the
distance between D and D». Let k; be the conductivity of D; for j = 1, 2, while
that of RY \ (D; U D) is assumed to be 1. So the conductivity distribution for this
section is given by

€ = kiXp, + k2Xp, + Xré\(D,UD,)-

The conductivities k; and k, are different from 1 and allowed to be O or oco. The
conductivity being oo means that the inclusion is perfectly conducting, and 0 means
insulating.

We consider the problem (2). The problem is to derive estimates for Vu (and
higher order derivatives) in terms of € (and k1, k,, if possible) as € tends to 0. Another
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problem is to characterize asymptotically the singularity of Vu. The asymptotic
characterization, as e tends to 0, means a decomposition of the form

u=s++r, (28
where s is the singular part, namely, Vs carries the full information of the singularity
of Vu, while r is a regular part, namely, Vr is bounded.

When D, and D, are disks, an optimal estimate for the gradient has been derived
in [11, 12]. It is extended to higher order derivatives in [31] (see also [39]):

lullny S (ANd — 1+ /)" (52)

provided that (k; — 1)(k, — 1) > 0. Here U be a bounded set containing D U D>,
lu||,,v denotes the piecewise C” norm on U, namely,

lllnv == llullen oy + Nullenyy + luller@nes
and k41
Ni=—2t——, j=12 (53)
2(k; — 1)

If k; = kp = oo (or k; = ky = 0), then the estimate (52) yields
IVu(z)| < e ' (54)

This estimate has been extended to strictly convex inclusions in two dimensions
(more precisely, strictly convex near the unique points on dD; and 0D, of the
shortest distance) [74]. In three dimensions, the optimal estimate for Vu has been
obtained in [23]: If k; = k, = 0o and inclusions are strictly convex inclusions, then

Vu(2)| < :
€| Ine|

However, despite important progress made in [24, 57, 72, 75], the insulating case
(k;y = k = 0) in three dimensions remains unsolved.

The asymptotic characterization of the form (51) for planar strictly convex
domains has been obtained in [8, 43, 48]. Moreover, it is proved in [43] that the
regular part r converges to the touching case solution as e — 0 and the singular
part disappear as soon as the inclusions are touching, namely, ¢ = 0. The asymptotic
characterization for three-dimensional balls has been derived in [49, 56].

If (kj —1)(k, — 1) <0 and Dy, D, are disks, then the following unexpected
estimate is obtained in [39]:

lullng S (4AAa] — 1+ /6" (55)
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If ki = 0 and k, = oo (or the other way around), namely, D; is an insulator and D,
is a perfect conductor, then

1 1
Al=—=, A= 56
1 7 =3 (56)
Thus (55) yields that
lullig S €.
In particular, it implies that Vu is bounded and
—1/2

2
IVoull L= w) 5 €

Boundness of Vu has been proved in [58]. This estimate is optimal in the sense that
there are harmonic functions 4 such that the opposite inequality holds.

It is an intriguing problem is to extend the results for circular inclusions to inclu-
sions of general shape (or to prove they do not hold on inclusions of general shape). If
D is an insulator and D; is a perfect conductor, then the corresponding conductivity
problem can be expressed as follows:

Au=0 inRY\ Q,
Ou=20 on dDy,
u—==c on 8D2,

v(x) —h(x) = O(Ix|~*") as|x| — oo,

where c is a constant to be determined by the additional condition
8VM|+ =0.

The results in [39] are obtained using the spectral theory of NP operator on two
circles. It was possible since NP eigenvalues and eigenfunctions on two circles can
be computed explicitly. It may not be possible to apply the NP spectral theory to
inclusions of general shape. However, the NP spectral theory may provide some
insight to the problem.

The representation (6) of the solution takes the following form if there are two
inclusions, namely, if Q2 = D; U D;:

u(x) = h(x) + Spp, [1](x) + Sop,[2](x), x € R
The continuity of the flux along 9D; takes the following form:

k;j0y(Sop,[p1] + Sop, 2D - — 0, (Sap, [p1] + Sop, 2D+ = (1 — k;)Oyh,
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which can be written in short as

81/h|3D1] (57)

(A - K:BQ) [SD] = |:8uh|0D2

I 0
A= [ 0 Azz]

(A is defined by (53)). Here, I is the identity operator. The NP operator K}, on
02 = 0D, U 0D, is given by

where

i |:<P1]:|: Kp, 1] 5u3802[<,02]|601]
92 | ) 0,Sap,[p1llop,  Kjp,lp2]

for ¢ = (¢1, o) € H2(0Q) = H™'2(0Dy) x H™2(0Dy).

If k; = 0 and k, = o0, then
11—-10
A'_E[O 1}

by (56). The question is if the integral equation and spectral properties of K%, can
provide some insight why Vu is bounded and the second derivative (and higher order
derivatives) blows up.

‘We may be able to grasp the question better by comparing the insulator-conductor
case with the conductor-conductor case (k; = k, = 00) where the conductivity of
both inclusions is co. In that case, A in (57) is given by

110
n= 0]

Since more and more eigenvalues of K}, approach 1/2 as e (the distance between
inclusions) tends to 0 as proved in [26, 27], the solution ¢ to (57) blows up and so
does Vu as e tends to 0.

A special spectral feature of circular inclusions which enables us to solve the
integral equation (57) is that ¢ = (¢1, ¢2) and ¥ = (¢, 1,) are orthogonal to each
other if and only if they are separately orthogonal, that is, ¢; and 1); are orthogonal
to each other for j =1, 2.
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8 Conclusion

We review recent development in spectral geometry and analysis of the NP operator
in various topics including plasmon resonance and the NP spectral theory, CALR and
analysis of surface localization of plasmon, negative eigenvalues and spectrum on
tori, spectrum on polygonal domains, spectral structure of thin domains, and analysis
of stress in terms of the NP spectral theory. These topics are complementary to topics
covered in another survey paper [22].

During the course of review we discuss some problems to be solved. Among them
are

e estimates for the surface localization of the plasmon on planar domains with real
analytic boundaries and applications to CALR,

e NP spectrum on tori and possible connection to CALR,

e geometric conditions which guarantee existence of singularly continuous spectrum
(an example of a domain with non-empty singularly continuous spectrum is already
interesting),

e the question on the appearance of more and more eigenvalues on rectangles as
their aspect ratios tend to oo,

e non-existence (or existence) of an NP eigenvalue on triangles,

e an optimal gradient estimate for the insulating problem,

e derivative estimates for the insulator-conductor problem: general shape.

These problems are all quite interesting and may be quite challenging as well.

The NP operator is also used effectively for solving inverse problems, especially
in detection of small inclusions, via the notion of generalized polarization tensors.
For example, one can see from (6) and (11) that the solution to the problem (2) admits
the dipole expansion

u(x) = h(x) — MVh(Q©) - V[ (x) + O(|Ix|™), |x| = oo,

where M is a d x d matrix called the polarization matrix. It is a signature of the
inclusion €2 and can be used to reconstruct some information of Q. We refer to [9,
10, 41] for that application and some other applications of the NP operator.

If the polarization tensor of an inclusion is zero, then

u(x) = h(x) + 0(Ix|™), as|x| - oo,

which means that the inclusion is invisible or vaguely visible, and hence hard to be
detected. A inclusion whose polarization tensor is made to vanish is called a weakly
neutral inclusion (or a polarization tensor vanishing structure). A homogeneous sim-
ply connected domain cannot be weakly neutral. But, weakly neutral inclusions may
be attained by coating simply connected domains (see [44—46]). We refer to another
survey paper [40] for the study on weakly neutral inclusions (as well as neutral inclu-
sions) and related over-determined problem for confocal ellipsoids which is a quite
challenging mathematical problem.
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Abstract For each d > 1 the shift locus of degree d, denoted §,, is the space of
normalized degree d polynomials in one complex variable for which every critical
point is in the attracting basin of infinity under iteration. It is a complex analytic
manifold of complex dimension d — 1. We are able to give an explicit description
of 84 as a contractible complex of spaces, and to describe the pieces in two quite
different ways: (1) (combinatorial): in terms of dynamical extended laminations;
or (2) (algebraic): in terms of certain explicit ‘discriminant-like’ affine algebraic
varieties. From this structure one may deduce numerous facts, including that 8, has
the homotopy type of a CW complex of real dimension d — 1; and that S3 and 84 are
K (7, 1)s. The method of proof is rather interesting in its own right. In fact, along
the way we discover a new class of complex surfaces (they are complements of
certain singular curves in C2) which are homotopic to locally CAT(0) complexes; in
particular they are K (m, 1)s.

1 Introduction

Foreachd > 1 the shift locus of degree d, denoted 84, is the space of normalized (i.e.
monic with roots summing to zero) degree d polynomials in one complex variable
for which every critical point is in the attracting basin of infinity under iteration.
A polynomial in 8, is called a shift polynomial. These are the polynomials whose
dynamics are the easiest to understand; perhaps in compensation, their parameter
spaces appear to be extremely complicated. Much is known about the geometry and
topology of §; and much is still mysterious.

The main point of this paper is to describe a canonical decomposition of §; (and
some equivalent spaces) into pieces, giving S, the explicit structure of a ‘complex of
spaces’ over a rather nice space (a contractible complex which is a sort of incomplete
Ag_s building) and to give two, quite different, descriptions of the pieces.
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One description is combinatorial, in terms of certain iterated fiber bundles resp.
their orbifolded quotients that we call monkey prisms resp. monkey turnovers. In
this description, the fibers and their monodromy are encoded quite explicitly in
objects called dynamical elaminations; the word ‘elamination’ here is shorthand for
‘extended lamination’—a lamination with ‘extra’ structure. Elaminations are related
to the sorts of laminations used elsewhere in holomorphic dynamics (see e.g. [28])
but are in some ways quite different. Their definitions and basic properties are given
in Sect. 3, and they are a key tool throughout the remainder of the paper.

The other description is algebraic, in terms of certain complex affine varieties,
which arise as moduli spaces of maps between infinite nodal genus 0 surfaces called
sausages. The relationship between sausages and shift polynomials is of an essen-
tially topological nature, so that although both objects and their moduli spaces carry
natural complex analytic structures, the maps between them do not respect this struc-
ture. This seems to be unavoidable: the shift locus is a highly transcendental object,
whereas the moduli spaces we construct are algebraic.

One interesting consequence of this relationship between these two ways of seeing
the shift locus is that information which is obscure on one side can become transparent
on the other. Here is an example. In degree 3, the Shift Locus can be described (up to
homotopy) as a space obtained from the 3-sphere by drilling out a trefoil knot, and
gluing in a bundle over S' whose fiber is a disk minus a Cantor set. This Cantor set
can be thought of as an infinite nested intersection K = NE,, of subsets of the disk,
where each E,, is itself a finite union of disks. The monodromy permutes each E,,, and
it is a fact (Theorem 7.9) that the orbits of this permutation are cycles whose lengths
are powers of 2. The only proof of this that I know is to interpret the permutation
action of the monodromy as an action on the roots of a certain polynomial obtained
by iterated quadratic extensions.

The value of mathematical machinery is that it can prove theorems whose state-
ment does not mention the machinery. As a consequence of our structure theorems
we are able to deduce some facts about the topology of the shift locus, especially in
low degrees. In particular:

Homotopy Theorem S, has the homotopy type of a (d — 1)-complex (i.e. a complex
of half the real dimension of 8, as a manifold). For d = 3 or 4 it is a K (w, 1). For
d = 3 it is homotopic to a CAT(0) 2-complex.

This is an amalgamation of Theorems 7.5, 8.7 and 8.12. In fact, it is plausible that
84 is a K(m, 1) in every degree.

In degree 3 we are able to give an extremely explicit description. 83 is homeo-
morphic to a product X3 x R where X3 is a 3-manifold obtained from S* by drilling
out a right-handed trefoil, and gluing in a bundle Dy, — No — S' where each fiber
Doo(t) over t € S' is a disk minus a Cantor set. In fact, we are able to give a com-
pletely explicit description of Dy, and its monodromy in terms of an object called
the Tautological Elamination. There is one Tautological Elamination A7 (¢) for each
t. These elaminations vary continuously in the so-called collision topology (defined
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in Sect. 3.2), and the D, () are obtained by an operation called pinching. Finally, the
monodromy is completely described by the formula F, A7 (s) = Ar(s 4+ t) where
F, is an explicit flow on the space of elaminations.

In words: the monodromy on D, is the composition of infinitely many fractional
Dehn twists in a disjoint collection of circles, associated to the elamination A7 in
a concrete manner. The combinatorics of Ay is rather complicated and beautiful;
Theorem 7.9 and Sect. 9.5 describe some of its properties.

One intermediate result that we believe is interesting in its own right, is the dis-
covery of a new class of affine complex surfaces which are K (7, 1)s:

Regular Value Theorem Let Y, be the space of degree 3 polynomials z°> + pz + ¢
for which n specific complex values (e.g. the nth roots of unity) are regular values.
Then Y, is homotopic to a locally CAT(0) complex, and consequently is a K (m, 1).

Even the case n = 2 is new, so far as we know.

1.1 Apology

‘Butcher’ in the title of this paper and throughout is a rather inelegant pun on the
name Bottcher which, Curt McMullen informs me, translates to cooper in English
(i.e. a maker of casks). However etymologically misguided, I have decided to keep
‘butcher’ for the sake of the sausages.

1.2 Other Work

I would like to compare and connect the constructions and techniques in this paper
to prior and ongoing work of other mathematicians. First and foremost I would like
to emphasize the resemblance of elements of the theory of dynamical elaminations
to the DeMarco-Pilgrim theory of pictographs as explained in [22] (to the degree
that I understand them). In fact, DeMarco, sometimes in collaboration with Pilgrim
or McMullen, has developed a sophisticated and intricate picture of the shift locus
over many years and papers; e.g. [20, 21]. The fact that S, has the homotopy type of
a (d — 1)-complex follows from DeMarco’s thesis [19], where it is proved that 8, is
a Stein manifold. I wish I better understood the relationship between her work and
the point of view we develop here.

Recently, Blokh et al. [2] have developed a theory of laminations to parameterize
the pinching of components of (higher degree) Mandelbrot sets. I believe there is
a family resemblance of their laminations to the tautological elamination we intro-
duce in Sect. 7.1 and its variants and completions in higher degree, but the precise
relationship is unclear.
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The significance of configuration-space techniques (e.g. braiding of roots, attrac-
tors, etc.) to complex dynamics has been apparent at least since the work of McMullen
[25] and Goldberg—Keen [23]. This is a vast story that I only touch on briefly in
Sect. 10.

Branner—Hubbard [8], in a tour de force, found a detailed description of much of
the parameter space of degree 3 polynomials. In particular, they showed that 83 (away
from a piece with easily understood topology) has the structure of a bundle over a
circle (up to homotopy) whose fiber has free fundamental group. This is perfectly
parallel to our Theorem 7.4. However, in their theory (which is more concretely tied
to polynomials) the monodromy is completely opaque, and the culmination of their
description (in Sect. 11.4) is only meant to indicate how formidable an explicit com-
putation would be. Whereas in our theory, we have a completely explicit description
of the fiber (it is the disk obtained by pinching the tautological elamination) and the
monodromy (rotation by J;).

2 The Shift Locus

Fix an integer d > 1, and let f(z) = Y b;z¢/ be a complex polynomial of degree
d, so that by # 0. A change of variables z — «az + (§ with o € C* conjugates f to
a polynomial

b; |
f@ =3 Zlaz+pT - g = 0" boz! + a?2(dBbo + b)) -

Setting o = b(l)/(dfl) and 8 = —by/dby we can put f in normal form
f@Q=2"+az +a 7+t

There is non-uniqueness in the choice of «; different choices differ by multipli-
cation by a (d — 1)st root of unity ¢, which multiplies the coefficient a; by ¢¢=/~!.

Definition 2.1 (Shift locus) The shift locus of degree d > 2, denoted §,, is the space
of normalized degree d polynomials f for which every critical point of f is in the
attracting basin of infinity.

The critical points of f are the roots of f’. To say a point c is in the attracting
basin of infinity means that the iterates c, f(c), f2(c), - - - converge to infinity.

Note that the property of being in the shift locus is expressed in purely dynamical
terms. Thus we could define 8, to be the space of conjugacy classes of polynomials
with a certain dynamical property. The relationship between that definition and the
one we adopt comes down to an ambiguity of Z/(d — 1)Z in the representation of a
conjugacy class by a normalized polynomial.

The coefficients of a normalized degree d polynomial embed S, as a subset of
C4=!. It is clear that 8, is open, since for any polynomial f the punctured disk
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E(R) :={z:|z| > R} is in the attracting basin of infinity for sufficiently big R
(depending continuously on f), and f is in S, if and only if there is some integer n
so that f"(c) € E(R) for all critical points c.

Recall the following definition:

Definition 2.2 (Julia Set) The Julia set J; of a polynomial f is the closure of the
set of repelling periodic orbits of f.

The complement of J; in the Riemann sphere is the Fatou set 2 ¢; it is the maximal
(necessarily open) set on which f and all its iterates together form a normal family.
Actually, it is perhaps more natural to take this to be the definition of the Fatou set,
and to define the Julia set to be its complement. The Julia set and the Fatou set are
both totally invariant (i.e. f(Jy) =J; = f e ) and similarly for € ;). The Julia
set is always nonempty and perfect. See e.g. Milnor [26], Sect. 4.

Proposition 2.3 A polynomial f is in the shift locus if and only if the Julia set J ¢ is
a Cantor set on which the action of f is uniformly expanding.

Proof 1f J¢ is a Cantor set, its complement is connected and is therefore equal to the
attracting basin of infinity. If f is uniformly expanding on J then | f’| is bounded
below on J; by a positive constant, so J; can’t contain any critical points and f is
in the shift locus.

Conversely, suppose f is in the shift locus. Since oo is an attracting fixed point,
there is a connected neighborhood U of oo with f(U) C U. Because f is a poly-
nomial, co is its own unique preimage under f; it follows by induction that for
eachn,theset V, := f~"(U) is both forward-invariant and connected (because each
component contains 0o). Because f is in the shift locus, there is an n so that all the
critical points are contained in V,,. Let K be the complement of V,, so that K is a
finite union of disks.

Because all the critical points are in V,, each point in K has exactly d distinct
preimages; these vary continuously as a function of K, and since each component D
of K is simply-connected, f~'|D has d well-defined continuous branches with dis-
joint image. By the Schwarz Lemma the branches of f~! are uniformly contracting
in the hyperbolic metric on each component of K; thus the diameters of the compo-
nents of f~"(K) converge (at a geometric rate) to zero, so that A := N, f~"(K) is
totally disconnected and f is uniformly expanding on A.

Evidently the complement of A is the basin of infinity, so J; = A. Since J; is
always perfect, it is a Cantor set, and f is uniformly expanding on J, as claimed. []

Example 2.4 (Mandelbrot set) A quadratic polynomial z — z> 4 ¢ has 0 as its
unique critical point. The set of ¢ € C for which 0 is not in the basin of infinity of
7z — 2% 4 c is called the Mandelbrot set M; see Fig. 1. Thus M is the complement
of 8, in C. The connectivity of the Mandelbrot set (proved by Douady and Hubbard
[18]) is equivalent to the fact that S, is homeomorphic to an (open) annulus.
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Fig. 1 The Mandelbrot set
M (interior in white) is the
complement of §; in C

-'zc-"*h,,/'\w,{f\l-

Example 2.5 (Discriminant complement) Let f(z) be any degree d polynomial
with distinct roots (i.e. for which 0 is not a critical value). Then g(z) := A f(2) is
(conjugate to a polynomial) in the shift locus for |[A| >> 1. To see this, let U be any
neighborhood of infinity for which f(U) does not contain 0. Then for sufficiently
large |\| we have g(U) C U (so that U is contained in the attracting basin of infinity
for g). Furthermore, g and f have the same critical points, so for sufficiently large
|A| we have g(c) € U for every critical point c of g.

We can think of this as showing that near infinity, 8, is ‘nearly equal’ to the
complement of the discriminant locus C¢~! — A. We shall elaborate on this remark
in the sequel.

Example 2.6 (Cantor set Jy) In degree two, J is a Cantor set precisely when f is
in the shift locus, but for degree bigger than two it is possible for J; to be a Cantor
set for f not in the shift locus.

For example, consider the polynomial f(z) := az(z — 1)? with « real and pos-
itive. The fixed points are 0 and 8% := 1 4 /T — (o — 1)/« and the critical points
are 1/3 and 1. Since f(1) =0, the polynomial f is never in the shift locus. If
f(1/3) > B3 then f~!([0, 3*]) is real and properly contained in [0, 3], and
Jr =N, f7([0, 37]) is a totally real Cantor set. This happens for a@ > 9.

In the limiting case o = 9, the Julia set J is the real interval [0, 4/3].

Suppose f is in the shift locus, so that J; is a Cantor set, equal to the complement
of the basin of infinity. Then f has d distinct fixed points, all in J.

Because the dynamics of f on J is expanding, it is structurally stable there. So if
fi is a family of polynomials in the shift locus with Julia sets J,, there are open sets
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U () containing J;, and maps ¢; : U(0) — U (¢) conjugating f;|U(t) to fo|U (0).
In particular, we obtain a monodromy representation p from the fundamental group
m1(84) to the mapping class group of C — Cantor set. This is an example of a so-
called big mapping class group; see e.g. [30] for background and an introduction to
the theory of such groups.

The dynamics of any f on J is conjugate to the action of the shift on the space
of one-sided sequences in a d letter alphabet; this justifies the name. One way to see
this is to take a compact K containing J in its interior for which f|K has d inverse
branches fi, - -, fg, and the f;(K) are disjoint subsets of the interior of K. Then
J s is in bijection with the set of right infinite words in the { f;}.

The geometry of §, is very complicated. For d = 2 the space 8, is the complement
in C of the Mandelbrot set; showing that S, is conformal to a punctured disk is
equivalent to showing that the Mandelbrot set is connected. The main goal of this
paper is to develop tools to describe the topology of 8, for higher d.

3 Elaminations

In this section we introduce the concept of an elamination. Laminations, as introduced
by Thurston, are a key tool in low-dimensional geometry, topology and dynamics;
see e.g. [27], Sect. 8.5. The reader already familiar with laminations can think of
the term ‘elamination’ as an abbreviation for ‘extended lamination’, or ‘enhanced
lamination’—an ordinary lamination with some extra structure.

Elaminations are an essential combinatorial tool that will be used throughout the
sequel, especially beginning with Sect.4, so throughout this section we just spell
out the basic theory, deferring the connection to dynamics until the sequel. There
are some points of contact between elaminations—and in particular the ‘collision
topology’ on the space EL—to the theory partially developed by Thurston in [29];
but there are many points of difference, and it seems pointless to try to force the two
theories into a common framework.

Elaminations (and laminations for that matter) have several more-or-less equiva-
lent identities, and it is useful to be able to move back and forth between them. By
abuse of notation, we will often use the same symbol or term to refer to the underlying
abstract object or any of its equivalent manifestations.

We fix the following notation here and throughout the rest of the paper: let D
denote the closed unit disk in the complex plane C, and let E := C — D denote its
open exterior.

Definition 3.1 (Circle Lamination) A leaf is a finite subset of the unit circle of
cardinality at least 2. A leaf is simple if it consists of 2 points; a leaf of multiplicity
n consists of n + 1 points.

A circle lamination is a set of leaves, no two of which have 2 element subsets that
are linked. A circle lamination is simple if all its leaves are simple.
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Most authors require laminations to be closed in the space of finite subsets of S'
(in the Hausdorff topology), but we explicitly do not require this.

Definition 3.2 (Geodesic Lamination) A simple geodesic leafis acomplete geodesic
in D with its hyperbolic metric. A geodesic leaf of multiplicity n > 1 is an ideal
(n + 1)-gon.

A geodesic lamination is a set of geodesic leaves no two of which cross in D. A
geodesic lamination is simple if all its leaves are simple.

Every ideal (n + 1)-gon in D determines an unordered set of n + 1 endpointsin S'
and conversely. Two (n + 1)-gons in ID cross if and only if two pairs of their endpoints
link in S'. Thus there is a natural correspondence between circle laminations and
geodesic laminations.

Definition 3.3 (Elamination) For each z € E we let £(z) denote the straight line
segment from z/|z| to z. We call £(z) a radial segment. The height of the segment
£(z) is log(|z]).

An extended leaf of height h > 0 is the union of a geodesic leaf in D (the vein)
with radial segments in E (the #ips) all of height £, attached at the endpoints of the
vein. An extended leaf is simple if the vein is simple.

An extended lamination, or elamination for short, is a set of extended leaves with
the following properties:

(1) lamination: distinct leaves have distinct veins, and the set of all veins of all leaves
forms a geodesic lamination (called the vein of the elamination);

(2) properness: there are only finitely many extended leaves with height > ¢ for any
€ > 0 (thus every elamination has only countably many leaves); and

(3) saturation: to be defined below.

Let us now explain the meaning of saturation. Let A be an elamination, and let £
be a leaf with height /. Let pg be an oriented edge of £, and let L be the finite set
of leaves of A on the positive side of pg with height > h. Let L, (resp. L,) denote
the subset of L of leaves with an endpoint with the same argument as p (resp. q).
Since leaves of A do not cross, and distinct leaves have distinct veins, the leaves L,
are ordered by how they separate each other from pgq; thus if L, is nonempty there
is a closest £, € L, to pq (and similarly for L,). A leaf £, (resp. £,) if it exists, is
called an elder sibling for £ at p (resp. at q).

Saturation means the following two conditions hold for every ¢:

(1) an elder sibling of £ has height A’ strictly bigger than A; and
(2) if L, is nonempty so is L, and vice versa; and furthermore £, = ¢,.

We say that a leaf ¢ is saturated by an elder sibling. Another way to say this is that
if the vein of ¢ shares one endpoint with the vein of a taller leaf ¢’, and there are
no other £” (also taller than £) in the way, then the vein of £ actually shares two
endpoints with ¢'.
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3.1 Pinching

Let A be an elamination. We define an operation called pinching that associates to
A a Riemann surface €2 obtained from [E by suitable cut and paste along the tips of
A.

Construction 3.4 (Pinching) Let A be an elamination. For each leaf A with multi-
plicity n and with tips oy, - - - , 0, enumerated in cyclic order in S, cut open E along
the o; and glue the right side of each o; to the left side of o;_; (indices taken mod
n + 1) by a Euclidean isometry.

The resulting Riemann surface €2 is said to be obtained from A by pinching. We
also write 2 = E mod A.

Lemma 3.5 (Planar) Q2 obtained from an elamination A by pinching is planar.
Proof This is equivalent to the fact that the leaves do not cross. (]

By construction, the function log| - | : E — (0, 0co) is preserved under pinching,
and therefore descends to a well-defined proper function on €2 that we refer to as the
height function or sometimes as the Green’s function, and denote h. Furthermore,
d arg is a well-defined 1-form on €2, so the level sets of the height function are finite
unions of metric graphs. We sometimes denote d arg by df. In fact, the combination
dh +id# is just the image of dlog(z) on E, which makes sense because this 1-
form is preserved by cut-and-paste. By abuse of notation therefore we sometimes
write dh + idf = dlog(z). This 1-form has a zero of multiplicity m for each leaf of
multiplicity m.

Definition 3.6 (Monkey pants) A monkey pants is a (closed) disk with at least two
(open) subdisks removed. If P is a monkey pants, a function 7 : P — [f, fp] is
monkey Morse if it is a submersion away from finitely many points in the interior
which are all saddles or monkey saddles, and if 77! (,) is equal to a distinguished
boundary component * P (the waist) and 7w~ (¢;) is equal to the other components
0~ P (the cuffs).

Let ©2 be the Riemann surface associated to an elamination. If 0 < #; < t, are
numbers not equal to the height of any leaf, then Q2([#}, 1,]) := [, 6]l C Qis
a monkey pants, and % restricted to 2([#1, 2]) is monkey Morse. There is one sad-
dle point for each simple leaf with height in [#;, #;], and one monkey saddle with
multiplicity equal to the multiplicity of a non-simple leaf.

Suppose A is a finite elamination, which pinches E to 2. Then €2 is a plane minus
n + 1 disks, where 7 is the number of leaves of A counted with multiplicity. If ¢ is the
least height of leaves of A, then 2((0, ¢)) is a disjoint union of n + 1 annuli whose
inner ‘boundary components’ (where i — 0) can be compactified by n 4 1 circles.
We refer to this collection of circles as ' mod A. Thus: just as E is compactified
(away from oco) by S!, the surface E mod A is compactified (away from oo) by S!
mod A.
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3.2 Push over and Amalgamation

Denote the set of elaminations by £L. We would like to define a natural topology on
EL. In a nutshell, a family of elaminations A, in £L varies continuously if and only
if the Riemann surfaces 2, = E mod A, do.

Because of properness, an elamination A has only finitely many leaves of height
bigger than any positive e. When these leaves have disjoint veins, it is obvious what
it means to say that they vary continuously in a family: it just means that the heights
and arguments vary continuously.

When two leaves of different heights collide, the shorter leaf becomes saturated
by the taller (which becomes at that moment its elder sibling); if we continue the
motion in the obvious way, the shorter leaf becomes unsaturated as it moves away
from the taller leaf, and the net result is that the shorter leaf has been pushed over
the taller one. The meaning of this is illustrated in Fig. 2.

When two leaves of the same height collide, saturation dictates that they must
become amalgamated into a common leaf; see Fig. 3.

We now define a topology on EL called the collision topology.

Definition 3.7 (Collision Topology) A family of elaminations A, varies continu-
ously in EL in the collision topology if every finite subset of leaves varies contin-
uously when they are disjoint, and varies by push over or amalgamation when they
collide.

The whole point of the collision topology is that it is compatible with pinching.

D & O

Fig. 2 Pushing a shorter leaf over a taller one; at the intermediate step the shorter leaf is saturated
by the taller one

Fig. 3 When two simple
leaves of the same height
collide, they amalgamate to
form a leaf of multiplicity 2
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Lemma 3.8 (Continuous quotient) If A, varies continuously in EL then Q; vary
continuously as Riemann surfaces.

Proof The only thing to check is that push over and amalgamation are continuous
under pinching; but this is essentially by definition. O

4 Butcher Paper

4.1 Bottcher Coordinates

Let f(z) := z% + a»z9~% + - - - + a4 be a degree d polynomial in normal form. Luc-
jan Bottcher, a Polish mathematician who worked in Lvov in the beginning of the
20th century, showed [3] that f is conjugate to z — z¢ in a neighborhood of infinity:

Proposition 4.1 (Bottcher Coordinates) Let f(z) :=z% + az* >+ ---+ay be a
degree d polynomial in normal form. Then f is holomorphically conjugate to 7 — 7¢
on some neighborhood of infinity.

For a proof see e.g. Milnor [26], Theorem 9.1.

4.2 Holomorphic 1-Form

Let’s let ¢ be the holomorphic conjugacy promised by Proposition4.1 normalized
so that ¢ f¢~!(z) = z? near infinity. The map ¢ is only defined in a neighborhood
of infinity, but we can extend it inductively over larger and larger domains by using
the functional equation. Recall that [E denotes the exterior of the closed unit disk in
C; i.e. E is the basin of infinity of z — z¢. The function log z is not single-valued
on E, but its differential dz/z is. The map z — z¢ pulls back dz/z to d - dz/z (we
use the notation d- to indicate multiplication by the degree d to distinguish it from
the exterior derivative of forms). If we define o := ¢*dz/z in a neighborhood of
infinity, we can extend « uniquely to all of the Fatou set ¢ by iteratively solving
f*a =d - . Thus o is a holomorphic 1-form on €2 ; with zeroes at the critical points
of f and their preimages.

4.3 Horizontal/Vertical Foliations

The real and imaginary parts of o and dz/z give rise to foliations on 2, and on
E related by ¢ near infinity. We call these the horizontal and the vertical foliations
respectively.
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On [E these foliations are nonsingular; the horizontal leaves are the circles
|z| = constant and the vertical leaves are the rays arg(z) = constant. The corre-
sponding foliations on 2 have saddle singularities at simple critical points and
their preimages, and monkey saddle singularities at critical points (and their preim-
ages) of multiplicity bigger than one (as roots of f”). Evidently ¢ may be extended by
analytic continuation along every nonsingular vertical leaf, and along every singular
leaf from infinity until the first singularity. These singularities are critical points and
their preimages; this is a proper subset of €2 .

4.4 Construction of the Dynamical Elamination

Let Ly C Q2 be the complement of this (maximal) domain of definition of ¢, and
L C Ethecomplementof ¢(2y — L ). These subsets are both closed and backwards
invariant. The complements Q¢ — Ly and [E — L are open, simply connected, and
dense. The set L consists of a countable collection of radial segments; in the generic
case there are exactly two such segments £(g*) for each critical or pre-critical point
p. One may think of g% as the ‘image’ of p under ¢. If ¢ is a simple critical point with
image v = f(c) then ¢(v) will have d preimages under z — z¢, whereas v will only
have d — 1 preimages under f; the two of the preimages of ¢(v) that correspond to
care g* .

Example 4.2 If f has real coefficients, ¢ preserves the real axis. Thus the vertical
leaves with arg(¢(z)) € md™"Z consist of the z with f"(z) real. The polynomial
f(z) := 2% + 3z 4+ 37'/2 has critical points at +i with initial forward orbit

+i—> 37242 > —23.3732 ~ _4.42635

Figure 4 shows some vertical leaves in €2y and in [E in the preimage of the negative
real axis. Ly and L are in red. The set L y U J is a dendrite.

Note that arg(¢(f2(i))) = 7 and arg(¢( f(i))) = 7/3. The absolute value |$(i)]
is well-defined, and equal to approximately 1.18, but arg(¢(i)) is multi-valued, and
takes values 77 /9 and 7 /9.

One may repair this multi-valuedness of ¢ by doing cut-and-paste on E: cut
open E along the segments L and reglue edges in pairs, so that each copy of £(g™)
is glued to a copy of £(¢~) in the unique manner which is orientation-reversing
and compatible with the dynamics z — z¢. The result is a new Riemann surface
on which the map z — z¢ on E — L extends uniquely to a holomorphic degree d
map F : Q — Q and for which ¢ : Qy — Ly — E — L extends to a holomorphic
isomorphism ¢ : Q7 — € conjugating f to F.

Another way to say this is that L is the set of tips of a simple elamination A, with
one leaf for each pair £(g¥). And Q is precisely the Riemann surface obtained from
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Fig. 4 Vertical leaves in Q¢ and in E for f(z) := 2 +3z4+3712

A by pinching, together with the 1-form dz/z whose real and imaginary parts are
the (derivatives of) height and argument respectively.

When one talks about constructing a Riemann surface by gluing Euclidean poly-
gons, one sometimes says the Riemann surface is built ‘from paper’ (see e.g. [14]).
As a mnemonic therefore, and by abuse of homonymy, we say that €2 is built from
butcher paper.

In case some critical points are not simple, there might be three (or more) segments
in L associated to some (pre)-critical points, and some segment £(g*) associated to a
critical point ¢ might be a subsegment of some precritical £(r*) associated to another
critical point. Exactly as in the simple case, these sets form the tips of the leaves of
an elamination A (no longer simple) and 2 =E mod A.

Definition 4.3 (Dynamical Elamination) The elamination A obtained from f as
above is called the dynamical elamination associated to f.

If we need to stress the dependence of A on f we denote it A(f).

Lemma 4.4 The assignment ® : f — A(f) is a continuous function from 84 to EL
that we call the butcher map.

Proof The Fatou sets 2 ¢ together with their vertical/horizontal foliations vary con-
tinuously as a function of f. Since A(f) can be recovered from 2, under the
identification of E mod A(f) with 2, and since we defined the topology on £L
so that the inverse of pinching is continuous, the lemma follows. O
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5 Formal Shift Space

In this section we shall characterize the dynamical elaminations A (f) that arise from
shift polynomials by the construction in Sect. 4.4, and describe an inverse map. The
existence of this inverse is the Realization Theorem 5.4, due essentially to DeMarco—
McMullen, although we express things in rather different language.

In this section we use logarithmic coordinates and fix the notation log(z) = r +
i6 for z € E, so that r € R" and 6 € R/27Z, and we denote the radial segment
associated to z by £(r, 6). In (r, #) coordinates, the map z — z¢ acts as multiplication
by d. We call r the height and 6 the angle of the segment £(r, ).

5.1 Dynamical Elaminations

The geometry and combinatorics of L is best expressed in the language of elamina-
tions. Let’s fix the degree d in what follows.

Definition 5.1 (Critical data) A (degree d)critical leaf is an extended leaf whose
tips have angles that are equal mod 27d .

IfCy,---,C,is afinite set of degree d critical leaves, we say the critical multi-
plicity of C; is equal to its ordinary multiplicity, minus 1 for every C; with greater
height which shares a pair of ideal points with C;.

A (degree d) critical set is a finite elamination consisting of degree d critical
leaves Cy, - - - , C, whose critical multiplicities sum to d — 1.

The map z — z¢ acts on radial segments by £(r, ) — £(dr, df). This induces a
(partially) defined action on extended leaves, that might reduce multiplicity if distinct
tips have angles that differ by a multiple of 2rd~!. If A is a leaf for which all tips have
angles that differ by a multiple of 2rd~!, the image of \ under z — z¢ is undefined.
For instance, z — z¢ is undefined on any critical leaf. If P is a leaf, we denote its
image under z — z¢ by P<.

Definition 5.2 (Dynamical Elamination) A dynamical elamination L is an elami-
nation containing a finite subset of leaves C which is a degree d critical set, and such
that z — z% maps L — C to L in ad to 1 manner. We say L is generated by C.

Figure 5 indicates a simple dynamical elamination of degree 3.

Proposition 5.3 (Dynamical elamination) Let C be a degree d critical set. Then
there is a unique dynamical elamination L generated by C.

Proof Recall that the notation S' mod C denotes the result of pinching the unit
circle along C. From the definition of a critical set, S' mod C is the union of d
disjoint circles, each canonically isomorphic to R/%Z (with respect to the angle
coordinates it inherits from S'). Thus the map z — z¢ maps each of these circles



Sausages and Butcher Paper 169

Fig. 5 Simple dynamical
elamination of degree 3;
critical leaves are in red

isomorphically to the unit circle. An extended leaf in S' mod C canonically pulls
back to an extended leaf on the unit circle by taking the preimage of the tips to be
the tips of the preimage. We may therefore inductively construct L as the union of
L, where Ly = C and L; is obtained from L;_; by taking the preimages of L; in
S' mod C and pulling back to an elamination on S'. Uniqueness is clear. (]

We refer to the preimages of the critical leaves as precritical leaves, and we say
that the depth of a precritical leaf P is the number of iterates of the dynamical map
which take it to some C;.

5.2 Realization

Let L be a degree d dynamical elamination generated by C, and let 2 be the Rie-
mann surface obtained from L by pinching. The map z — z¢ induces a degree d
proper holomorphic map F from €2 to itself with d — 1 critical points counted with
multiplicity, which are the endpoints of the tips of the C.

The Realization Theorem says that the action of F on € is holomorphically
conjugate to the action of some (unique) shift polynomial f on its Fatou set.

Theorem 5.4 (Realization) Let C be a degree d critical set with dynamical elamina-
tion L and associated Riemann surface F : Q — Q. Then there is a unique conjugacy
class of degree d polynomial f in the shift locus for which f|Qy is holomorphically
conjugate to F|SQ.

Essentially the same theorem is proved by DeMarco—-McMullen [21], Theorem 7.1
although in different language, and with quite a different proof. One distinctive
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feature of our proof of Theorem5.4 is that it finds the desired embedding of 2
in CP! by a rapidly convergent algorithm; we expect this might be useful e.g. for
computer implementation.

Proof The Riemann surface €2 has one isolated puncture (corresponding to co) and a
Cantor set J of ends (the ‘image’ of the unit circle under iterated cut-and-paste along
0~ L). The map F extends holomorphically over the isolated puncture; we claim that
it also extends (uniquely, holomorphically) over J. The resulting extension will be
a degree d holomorphic self-map from a sphere to itself, which is conjugate to a
polynomial.

We now explain how to extend the dynamics of F' over J holomorphically. Let X
be the subset of €2 consisting of points with height < # where ¢ is less than the height
of any critical leaf, and let Y be the closure of X — F~!(X). Then Y is a (typically
disconnected) compact planar surface with outer boundary 1Y := 90X, and inner
boundary 9~Y := QY — 9TY. The map F : 9"Y — 9"Y is a d-fold covering map
for which every component maps homeomorphically to its image; thus we may define
Fi,---,F;:0tY — 97Y to be branches of F~! with disjoint images whose union
is07Y.

Suppose that 7Y = &X has e components. Let D denote the disjoint union
of e copies of the unit disk D. We would like to find a holomorphic embedding
¥ : X — D, sothat J := D —(X) is a Cantor set, and so that F (or, really, its
conjugate by 1) extends holomorphically over J.

Let T denote the Teichmiiller space of holomorphic embeddings ) : ¥ — D tak-
ing components of 7Y to components of &D, and normalized to take fixed values
on three marked points on each component. We define a skinning map o : T — T
as follows. Given 1, we cut out D — ¢(Y’) and sew in d copies of D by gluing their
boundaries to ¢ (0~ Y) along the identifications

op 2 oty Booy Loy

We then uniformize the resulting surface D’ to obtain a holomorphic identification
D’ — D, and the restriction of this uniformization to Y (which we identify with its
image in D" under ) is o(¢)). The skinning map is holomorphic, and therefore dis-
tance non-increasing in the Teichmiiller metric. In fact it is evidently strictly distance
decreasing; furthermore, orbits are easily seen to be bounded. Thus o is uniformly
strictly distance decreasing, and there is a (unique) fixed point (actually convergence
to the fixed point is easy to see directly by considering moduli of accumulating annuli
around points of J).

By construction, this fixed point gives the desired embedding of X and extension
of F. O

We denote by DL, the space of degree d dynamical elaminations, thought of as
a subspace of £L. Theorem 5.4 produces a continuous inverse to the butcher map
@ :§; — EL called the realization map ¥ : DL, — Sy; in particular, the spaces
84 and DL, are homeomorphic.
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The location of the tips of the critical leaves define local holomorphic coordinates
on DL, giving it the structure of a complex manifold. With respect to these coor-
dinates, ® and W are holomorphic; thus DL, and 8, are isomorphic as complex
manifolds.

5.3 Squeezing

There is a free proper R action on DL, which simultaneously multiplies the heights
of the critical leaves by some fixed positive real number ¢’. We call this transformation
squeezing, and refer to the R action as the squeezing flow.

Since the squeezing flow is (evidently) proper, it gives DL, the structure of a
global product:

Corollary 5.5 Each DL, is homeomorphic to a product DL, = X4 x R where X,
is a real manifold of dimension 2d — 3.

For concreteness, we may think of X, as the subspace of DL, where the largest
critical height is equal to 1.

5.4 Rotation

If P isaleafin L, we let ¢/>™ P denote the result of rotating P anticlockwise through
t, mod leaves of greater height. This makes sense unless P collides with a leaf of the
same height. If P and Q are leaves of different height, the operations of rotating P
and rotating O commute.

If L is a dynamical elamination of degree d with distinct critical leaves, let L ;
be the critical leaf C; and its preimages. Suppose no two critical leaves have heights
whose ratio is a power of d; we say L has generic heights. Then for a vector s :=
81, -+ 84— of real numbers we can simultaneously rotate all the leaves of each L
of height h through angle &s;, mod leaves of greater height; since leaves of the same
height are all rotated through the same angle, they never collide and this operation
is well-defined. Denote the result by F L := U jeiz’rhsf L;.

Lemma 5.6 (Torus orbits) If L is a degree d dynamical elamination with generic
heights h(C), then F;L € DL,. Furthermore the orbit map R4~" — DL, factors
through a torus Ty := R~/ where Ty is contained in d~"h(C)~'Z%~" for
some n.

Proof By induction, for each precritical leaf P we have (¢’ P)? = /% PY mod
leaves of greater height. Thus F; L is a degree d dynamical elamination.
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For each critical leaf C; the angles of C; vary continuously in a component of S!
mod leaves of greater height. Since the angles of these leaves of greater height all
differ by multiples of " for some fixed n, the length of this component is a multiple
of R/d~"Z. The lemma follows. O

6 Degree 2

Our goal in the sequel is to investigate the topology and combinatorics of §;. As
a warm-up, and in order to introduce the main ideas in a relatively clean context,
we describe in the next few sections the special cases of degrees 2, 3 and 4. After
developing the theory of the past few sections, the case of degree 2 is almost a
triviality.

Theorem 6.1 (Douady—-Hubbard [18]) The space 8, is holomorphically equivalent
to a punctured disk.

Proof A degree 2 dynamical elamination L is generated by a single (necessarily
simple) critical leaf C. The tips of C are of the form £(z) and £(—z) for some z € [E.
Since every other leaf of L has smaller height than C, the number 7% is a continuous
function of DL,, and conversely we can recover C and therefore L from z2. Hence
DL, is holomorphically isomorphic to the quotient of IE by +1. d

Corollary 6.2 The Mandelbrot Set M (i.e. the complement of S, in C) is connected.

7 Degree3

The classic references for the degree 3 case are Branner—Hubbard [7, 8].

7.1 The Tautological Elamination

Throughout this section we refer to the angles of a leaf P of an elamination as the
arguments of the tips divided by 2; thus angles take values in the circle S! = R/Z.

For some small ¢ > 0 and angles ¢, s € S Ulet L(z, s) be the degree 3 dynamical
elamination with simple critical leaves C;, C, where C; has height 1 and angles
{t,t + 1/3}, and C; has height 1 — € and angles {s, s 4+ 1/3}. Note that this forces
se@+1/3,t+2/3).

If we fix ¢ and vary s in (r + 1/3, ¢t + 2/3), then whenever 3"s is equal to ¢ or
t + 1/3, the leaf C, collides with a leaf P of L(t, s) which is a depth n preimage
of C;. We define an elamination A7 (¢) whose leaves are the union of the leaves P>
over all P in all L(z, s) of this kind.
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Fig. 6 P and P> (in blue)
have angles

{5/9,16/27, 8/9} and
{2/3,7/9}

Example 7.1 Lett = O0ands = 5/9. Thus C; has angles {0, 1/3} and C; has angles
{5/9, 8/9}. There is a unique leaf P with angles {s = 5/9, s’} which collides with
C, for which P° = C, and neither P nor P? crosses C; or C» (actually, because P
is saturated by C,, it has angles {s = 5/9, s, 8/9} but we ignore this point, since
the tips with angles 5/9 and 8/9 become equal in P and it is the leaf P? that is
in A7(0)). The leaf P3 has angles {3s = 2/3, 3s'}; since 95’ = 1/3 mod Z, for P>
not to cross C; or C; we must have 3s” = 7/9. Thus, in order for P not to cross C;
or C, we must have s" = 16/27. See Fig. 6.
The leaf P3 with height 1/3 and angles {2/3, 7/9} is therefore a leaf of A1 (0).

Definition 7.2 (Tautological Elamination) Fixt € S'. The tautological elamination
A7 (2) is the union of P3 over all leaves P € L(t, s) in the preimage of C; over all
values of s at which C, € L(¢, s) collides with P.

If P € L(t,s) is a depth n preimage of C; that collides with C,, we refer to its
image P3 € Ar(t) as adepth (n — 1) leaf of A7 (2).

Proposition 7.3 For all t, Ar(t) is an elamination. Furthermore, Ar(t +s) =
e’>™s A (t) for any t, s.

Proof As we vary C; fixing its height, the preimages of C| are occasionally pushed
over preimages of C, of greater height. But a depth 1 preimage P of C; has height
1/3, which is greater than the height of any preimage of C,, so P is only pushed over
C, itself. Since the angles of C, differ by 1/3, pushing P over C, does not change
its image P>. So we can simply add P3 to A7 (z).

Now imagine shrinking the height of C; to 1/3(1 — ¢€) and then varying its angles
again. The depth 1 preimages of C; pinch the unit circle into smaller circles, and
C, is confined to a single component. Since C; now has height < 1/3, the depth 2
preimages Q of C; in this component have bigger height than any preimage of C,,
so they stay fixed until they collide with C,, and we can simply add the Q@ to A7 (t).
In other words: the depth 2 leaves of A7 (¢) are the cubes of the depth 2 preimages
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(R~

Fig. 7 Tautological elaminations A7 (1/12) to depths 1, 2, 3,4 and 6
of C; in the component of S! pinched along the depth 1 preimages of C; containing
C,. It follows that these leaves are disjoint, and do not cross depth 1 leaves.
Inductively, shrink the height of C, to 37" (1 — ¢). It is confined to a component
of S! pinched along the depth < n preimages of Cj, and as it moves around this
component, it collides with some depth (n + 1) preimages R of C; and we add R*
to A7(z). It follows (as before) that these leaves are disjoint and do not cross leaves
of depth < n. This proves that A7 (¢) is an elamination.
To see how A7 (t) varies with ¢, shrink C, down to the height of a depth n preimage
P it has just collided with. Then rotate C; and simultaneously rotate C, at speed 3"
(modulo leaves of greater height) so that it continues to collide with P. (]

Figure 7 depicts subsets of the tautological elaminations up to depth six associated
to 6, = 1/12 in units where the unit circle has length 1.

7.2 Topology of S3

Let Q(r) = E mod Ar(t), and let D () be the subsurface of Q2 () of height <
3(1 — €). Then Do () is a disk minus a Cantor set, and as ¢ varies, the Do, (¢) vary
by ‘rotating’ the level sets of height 4 through angle At /3. By Proposition7.3 this
family of motions for ¢ € [0, 1] induces a mapping class ¢ of D(0) to itself. The
mapping torus Ny, of ¢ is the total space of a fiber bundle over S' whose fiber over
tis Do ().

Figure 8 shows a tautological elamination A7 (5/6) and the disk D, obtained by
pinching it (to depth 7). These pictures were generated by the program shifty [13]
which pinches elaminations recursively one leaf at a time, instead of simultaneously
pinching all leaves of fixed depth. Thus the picture of D, is only a combinatorial
approximation, and is not conformally accurate.

Theorem 7.4 (Topology of 83) The space 83 is homeomorphic to a product X3 x R
where X3 is the 3-manifold obtained from the 3-sphere S* by drilling out a neigh-
borhood of a right-handed trefoil and inserting the mapping torus N, so that the
longitude intersects the circle 0D (t) at angle t.

Proof This follows more or less directly from the definitions. Let’s examine the
subspace Y3 of X3 for which A(Cy) =1 and h(C;) < (1 — ¢). If we fix 6; and the
height 4 := h(C,) then we obtain a (1-dimensional) subspace I' (0, /) of Y3. Evi-
dently I'(6;, h) is obtained from the circle of possible 6, values [0, + 1/3, 0, +
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2/3]/endpoints by suitable cut and paste. By multiplying angles by 3 we can iden-
tify this space of 6, values with the unit circle S . so ['(4y, h) is obtained from S'
by cut and paste. We claim it is precisely equal to the result of cut and paste along
the leaves of Ar(¢) of height > h.

To see this, think about a component «y of I" (6, h); its preimage 7 in S !'is a union
of segments. The discontinuities of 6, in I' (6, k) occur precisely when C; is pushed
over a precritical leaf of C; of height > h; thus the boundary of each component of
S' — 7 is a precritical leaf P of C; so that C, collides with P in some dynamical
elamination L (6, s). But then by definition P? is a leaf of A7 (6;), and all leaves of
A7 (0)) arise this way. This proves the claim, and shows that Y3 is homeomorphic to
Noo.

It remains to show that X3 — Y3 is homeomorphic to the complement of the right
handed trefoil. For each 4 € (1/3, 1) the slice of X3 for which A(C,) = h is just a
torus 7', with coordinates #; € S! and 6, € [, + 1/3, §; + 2/3]/endpoints. When
h =1 we can no longer distinguish C; and C5, so this torus is quotiented out by
the involution switching #; and 6, coordinates; the quotient is a circle bundle over
an interval with orbifold endpoints of orders 2 and 3—see Fig.9. Thus X3 — Y3 is a
circle bundle over a disk with two orbifold points, one of order 2 and one of order 3;
this is the standard Seifert fibered structure on > — trefoil. O

Fig. 8 Tautological
elamination A7 (5/6) and the
disk obtained by pinching it

Fig. 9 Quotient of the torus
T by the involution
switching #; and 6, is a
circle bundle over an interval
with orbifold endpoints of
orders 2 and 3
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7.3  Geometry and Topology of X3

Let A7(#;,n) denote the finite elamination consisting of the leaves of A7 (6;) of
depth < n (i.e. they correspond in the construction of the tautological elamination to
depth n preimages of C).

Let €2,,(6;) be the Riemann surface obtained by pinching A7 (6, n) and let D,,(6)
be the subsurface of height 3(1 — €). Then each D, ;(0;) is obtained by pinching
D, () along the depth (n + 1) leaves, and we can think of D, () as the limit.
Likewise we can define mapping tori N,, which are D,,(6;) bundles over the 6, circle
st

Let M, denote the result of inserting N,, into the right-handed trefoil complement
in S3. Then M,, is a link complement, S 3 — K, where K| is the trefoil itself and each
K, 4+ is obtained from K, by (a rather simple) satellite of its components. The limit
K+ = §3 — X3 is a Cantor set bundle over S'; one sometimes calls such objects
Solenoids.

We now state and prove two theorems, which describe 83 in geometric resp. topo-
logical terms. The geometric statement is that 83 is homotopic to a locally CAT(0)
2-complex. This means a 2-dimensional CW complex (in the usual sense) with a
path metric of non-positive curvature; see e.g. [9] for an introduction to the theory
of CAT(0) spaces.

The most important corollary of this structure for us is that a locally CAT(0)
complex is a K (7, 1); the proof is a generalization of the usual proof of the Cartan—
Hadamard theorem for complete Riemannian manifolds of nonpositive curvature
(which are themselves examples of locally CAT(0) spaces). Thus (for example)
71(83) is torsion free, and has vanishing homology with any coefficients in dimension
greater than 2.

Theorem 7.5 (CAT(0) 2-complex) 83 is a K (w, 1) with the homotopy type of a
locally CAT(0) 2-complex.

Proof Up to homotopy, we can take M to be the spine of the trefoil complement;
this is the mapping torus of a theta graph by an order three isometry that permutes
the edges by a cyclic symmetry. It can be thickened slightly to M, by gluing on a
metric product (flat) torus times interval. Each M, has boundary a union of totally
geodesic flat tori, and each M, | is obtained by gluing a flat annulus whose boundary
components are parallel geodesics in M, (circlewise, the endpoints of a leaf of the
tautological elamination of depth (n 4+ 1)) and then gluing a flat torus times inter-
val on each resulting boundary component to thicken. The union is homeomorphic
to X3.

Simply gluing the spines at each stage without thickening gives a homotopic
complex which is evidently CAT(0). (I

Corollary 7.6 7(83) is torsion-free, and homology with any coefficients vanishes
in dimension greater than 2.
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The topological statement is that X3 is homeomorphic to a Solenoid complement
of a particularly simple kind: one obtained as an infinite increasing union of iterated
cables.

Theorem 7.7 (Link complement) The degree 3 shift locus 83 is homeomorphic to
X3 x R where X3 is S3 minus a Solenoid K, obtained as a limit of a sequence of
links K, where

(1) Ky is the right-handed trefoil; and

(2) Each component o of K,, gives rise to new components ay U o of K11, where
«y is the core of a neighborhood of « (i.e. we can think of it just as « itself) and
Q. is a finite collection of (pa, qa) cables of av, for suitable p,, q..

Proof The only thing to prove is the second bullet point. Let o be a component of
K. The boundary of a tubular neighborhood of « is the mapping torus of a finite
collection of boundary circles of D, (0) which are permuted by the monodromy ¢.
Let m be the least power of ¢ that takes one such boundary component v C 9~ D, (0)
to itself. Then ¢ acts on -y by rotation through 27 p,/q,.

The depth (n + 1) leaves of A7 on the component « form a finite elamination
permuted by ¢™. Think of this as determinining a finite geodesic lamination of D. The
complementary components are in bijection with the components v; of 9~ D,,1(0)
obtained by pinching 7, and we must understand how ¢ acts on them. A finite order
rotation of ID has a unique fixed point—the center. So there is a unique component
7o invariant under ™, and all the other components are freely permuted with period
q.- Evidently under taking mapping tori 7y is associated to the core « and the other
«y; are associated to components . which are all (p., g.) cables of cy. O

Corollary 7.8 (Homology of 83) H| and H; of 83 (and of 71(83)) is free abelian on
countably infinitely many generators. Hy = Z and H,, = 0 for all n > 2.

In fact, it is possible to get more precise information about the denominators g,
and in fact we are able to show:

Theorem 7.9 (Powers of 2) The orbit lengths under ¢ of the cuffs of D,, (and hence
all denominators q,, in Theorem7.7) are powers of 2.

In fact, the proof of Theorem7.9 goes via arithmetic, and will be given in Sect.9;
technically, the proof is a consequence of Theorem9.20 and Example 9.10. We do
not actually know a direct combinatorial proof of this theorem in terms of the com-
binatorics of the tautological elamination, and believe it would be worthwhile to try
to find one. We explore the combinatorics of the tautological elamination further in
Sect.9.5.

The tautological elamination has exactly 3"~! leaves of depth n and therefore
(3" — 1)/2 leaves of depth < n. It follows that D, is a disk with (3" 4 1)/2 holes.
However, the monodromy ¢ permutes these nontrivially, and K, has one component
for each orbit.

The links K, have 1,2, 5, 11 components for n = 0, 1, 2, 3, though the degrees
with which these components wrap around the cores of their parents are quite com-
plicated. Thickened neighborhoods of K, forn = 0, 1, 2 are depicted in Fig. 10.
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Fig. 10 Thickened neighborhoods of K; for j = 0, 1, 2. X3 is homeomorphic to 3 — Koo

8 Degree 4 and Above

8.1 Weyl Chamber

As in the case of degree 3, we set 84 = X4 x R where X4 is the quotient of 84 by
the orbits of the squeezing flow.

Order the critical heights with multiplicity so that #; > h, > h3; and define a map
p: X4 — R? with coordinates 7; := — log, & ;. If we identify X4 with the subspace
for which | = 1 then #; = 0 and the image of p is the subset of (#,, #3) € R? with
0 < 1, < t3. Another normalization is to set > _ ¢ ; = 01in which case the image of p
may be identified with the Weyl chamber W associated to the root system Aj.

Within this chamber we have a further stratification. Define t;; := t; — t; and refer
to the level sets t;; = n € Z as walls. The walls define a cell decomposition 7 of W
into right angled triangles with dual cell decomposition 7.

We shall describe a natural partition of X4 into manifolds with corners X4(v),
for vertices v of 7, where X4(v) is defined to be the preimage under p of the cell
of 7/ dual to v. These submanifolds are typically disconnected, and the way their
components are glued up in X4 will give X4 the structure of a contractible complex
of spaces, modeled on an (incomplete) A, building.

8.2 Two Partitions

Let’s suppose critical leaves are simple, and we label them C; compatibly with the
ordering on heights.

There are two combinatorially distinct ways for C; to sit in the circle: the angles
of the segments are either antipodal, or they are distance 1/4 apart (remember we
are working in units where the circle has total length 1). When h(C)) is strictly
larger than the other /(C}) the leaf C, is the unique leaf of greatest height. Thus the
difference of the angles is locally constant; it follows that the subset of X4 where
h(C3,) < 1 is disconnected. In fact, it is easy to see it has exactly two components
according to the placement of C;.
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Where C; is an antipodal leaf, it pinches the unit circle into two circles of length
1/2, each bisected by one of C, and Cs. The restriction of the dynamical elamination
in each of each of these length 1/2 circles is symmetric under the antipodal map.

When C| is not antipodal, it pinches the unit circle into circles of length 1/4
and 3/4, with C, and C; both contained in the longer circle. The leaf C, pinches
this circle into circles of length 1/2 and 1/4, and C3 divides the length 1/2 circle
antipodally.

8.3 Monkey Prisms, Monkey Turnovers

Let’s fix a generic (#,, t3) in the interior of W, so thatnone of ,, #3, 3 — 1, are integers.
Denote the fiber of p over (2, t3) by T (t2, t3). These fibers are disjoint union of 3-tori,
orbits of the R? action F; on DL, described in Lemma 5.6. These tori piece together
to form a product throughout each open triangle of 7. We let §; (taking values in R3
mod a suitable lattice) denote angle coordinates on one of these tori.

As we pass through a wall where some #;; € N, circle factors in these tori pinch
as follows. The angle coordinates # and the log height coordinates ¢ determine a
dynamical elamination. When #;; = n the circle parameterized by 0; is pinched along
the precritical leaves of C;; of depth . As we move around in the fiber, the dynamical
elamination varies by a rotation, so the way in which the 6; circle pinches depends
only on which component we are in, and the value of the local coordinates §; with
Jj < i.In other words, the structure locally is that of a certain kind of iterated fiber
bundle called a monkey bundle.

Recall from Definition 3.6 the terms monkey pants and monkey Morse functions.

Definition 8.1 (Monkey bundle) A monkey bundle of order n consists of the follow-
ing data:

(1) A finite sequence of fiber bundles Q, — E, — S'and Q; — E; — E;_; for
3 < j < n where each Q; is a monkey pants;

(2) amap 7; : E; — [0, 1] whose restriction to each 2; fiber is monkey Morse;
and such that

(3) if E := E, is the total space, and 7 : E — [0, 177! denotes the map whose
factors restrict to 7; on each E;, then for each j the image of the critical points
in the 2; fibers is a collection of affine hyperplanes.

The cube [0, 1]"~! together with the hyperplanes which are the images of fiberwise
critical points under 7 should be thought of as a graphic in the sense of Cerf theory;
see e.g. [15]. We say that a curve in [0, 1]"~! crosses a hyperplane of the graphic
positively if it corresponds to the positive direction in the factor ; : E; — [0, 1] to
which the hyperplane is associated.

Definition 8.2 (Monkey prism; monkey turnover) Suppose E is a monkey bundle
with projection 7 : E — [0, 1]"~!. Suppose A C [0, 1]"~! is a convex polyhedron
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for which there is a vertex v € A so that the ray from v to every other point in A
crosses the graphic in the positive direction. Then we call P := 7' (A) a monkey
prism.

Suppose 7 : P — A is a monkey prism, and some collection of finite groups act
on some boundary strata of P preserving 7. Then the quotient space Q of P together
with the data of its induced projection to A is called a monkey turnover.

Lemma 8.3 (Prism is K (7, 1)) A monkey prism of order n is a K (w, 1) with the
homotopy type of an n-complex. A monkey turnover of order n has the homotopy
type of an n-complex.

Proof A monkey pants is homotopic to a graph, and iterated fibrations of K (7, 1)s
are K (m, 1)s. Thus a monkey bundle is a K (m, 1) with the homotopy type of an
n-complex.

The universal cover E of a monkey bundle E is a (noncompact) manifold with
corners, and interior homeomorphic to a product R? x - - - x R? x R where each R?
factor has a singular foliation with leaf space an oriented tree.

If F C E is a monkey prism associated to a polyhedron A C [0, 1]"~! then the
preimage F C E is bounded in each R? factor by a collection of lines of the foliation,
and is homeomorphic to a disjoint union of R?s. As we move along a straight ray
in A from the distinguished vertex we might cross hyperplanes of the graphic, but
by hypothesis we only cross in the positive direction. As we cross a hyperplane, the
part of F in some R? fibers splits apart, but pieces can never recombine; thus F is
homeomorphic to R*"~! so that F is also a K (, 1) with the homotopy type of an

n-complex.
Since orbifolding is compatible with 7, a monkey turnover also has the homotopy
type of an n-complex. O

From the description of the fibers of p and how they pinch as we cross a wall, the
following is immediate:

Lemma 8.4 Let A be a cell of the dual cellulation 7'. Then p~'(A) is a disjoint
union of monkey prisms and monkey turnovers with respect to the map p.

Figure9 is a simple example of the way a fiber can be quotiented in a monkey
turnover.

There does not seem to be any obvious reason why monkey turnovers in generality
should be K (m, 1)s. However it will turn out that the turnovers that occur in the
partition of X4 are K (7, 1)s. The reason for this is subtle, and only proved in Sect. 9.

There is another natural cellulation x of W associated to the subset of walls of
the form #;; € N; i.e. the walls of the integer lattice in R?. They decompose W into
squares and right-angled triangles. Let <’ be the dual cellulation; the cells of « are
triangles, squares and rectangles, and the cells of x’ are in bijection with the cells of
7'. Since 7 and « have the same set of vertices, there is a bijection between the top
dimensional cells of 7" and "</

In the sequel it will be convenient to compare the monkey prisms and turnovers
associated to 7/ with those associated to &’
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Lemma 8.5 (Equivalent Cells) Let K and T be cells of the cellulations v’ and
7' associated to a vertex v. Then the components of p’l(K) and of p’l(T) are
homeomorphic, and are isotopic inside X,.

Proof There is an isotopy of the frontiers of the cells from one to the other which
never introduces any new tangency with the graphic. Since fibers are arranged in a
product structure away from the graphic, the lemma follows. (]

The prisms and turnovers associated to cells of " are naturally homeomorphic to
the moduli spaces introduced in Sect.9.3.

84 K(m,1)

Decompose W into cells dual to the cellulation by walls; note that typical cells (those
dual to interior vertices of W) are hexagons. The preimage under p of each of these
cells is a disjoint union of monkey prisms and monkey turnovers, and the walls in
each cell are the graphic. Thus X4 is a complex of spaces in the sense of Corson [16].
The associated complex is built from copies of cells of 7 according to the pattern
of inclusion of connected components; thus it is locally modeled on an A~2 building,
which comes with an immersion to W. See e.g. Brown [10] for an introduction to
the theory of buildings.

Theorem 8.6 (Complex of spaces) X4 is a complex of monkey prisms and monkey
turnovers over a contractible complex B.

Proof The direction of pinching is transverse to the walls, so there is a unique path
in the building from every point to the origin projecting to a ray in W. (I

In retrospect, the inductive picture of X3 we obtained in Sect. 7 as an infinite union
of knot and link complements, exhibits it as a complex of monkey prisms and monkey
turnovers (actually, only one monkey turnover) over a contractible A building (i.e.
a tree).

The next theorem is the analog in degree 3 of Theorem7.5.

Theorem 8.7 (K (w, 1)) 84 is a K (m, 1) with the homotopy type of a 3-complex.

We have already seen that the monkey prisms (and consequently also monkey
turnovers) in X4 have the homotopy type of 3-complexes. The same is therefore true
of X 4.

X, is assembled from monkey prisms and monkey turnovers associated to the
vertices of B. The edges and triangles are associated to lower dimensional monkey
prisms and turnovers included as facets in the boundary. The monkey prisms and
their boundary strata are all K (7, 1)s by Lemma 8.3, and the inclusions of boundary
strata are evidently injective at the level of 7. It remains to show that the same holds
for the monkey turnovers.

We defer the proof of this to Sect. 9, but for the moment we give some examples
to underline how complicated the monkey turnovers can be.
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Fig. 11 One of the two monkey turnovers associated to the vertex (1, 1) is a ¥> bundle over S L
where Y> is built from five pieces associated to the configurations indicated in the figure. The first
two pieces are K (B3, 1)s and the last three are K (Z?, 1)s. C; and its preimages with greater height
than C;, C3 are in red

Example 8.8 (K (B4, 1)) The turnover associated to the vertex (0, 0) homotopy
retracts onto the fiber ,0’1 (0, 0). This is the (3 real dimensional) configuration space
of degree 4 dynamical elaminations with all critical leaves of height 1. This turns out
to be a spine for the configuration space of 4 distinct unordered points in C; i.e. it is
a K (B4, 1) (an analogous statement holds in every degree). There are several ways
to see this; one elegant method is due to Thurston, and explained in [29]. We shall
see a quite different and completely transparent demonstration of this fact in Sect. 9.

Example 8.9 (Star of David) There are two monkey turnovers associated to the
vertex (1, 1) of 7 in W, corresponding to the two combinatorially distinct ways for
C; tositin S'.

When C is antipodal, the leaves C, and Cj sit on either side and do not interact
with each other. For each fixed value of C; the other two leaves vary as a product
P x P of pairs of pants. Monodromy around the C; circle switches the two factors
by an involution.

When C; is not antipodal, the leaves C, and C3 may interact, and the topology is
significantly more complicated. This component is also a bundle over S' whose fiber
is a certain 4-manifold Y, that we call the Star of David (the explanation for the name
will come in Sect. 9). It is built from five pieces; two of these pieces are homotopic to
trefoil complements (i.e. they are K (B3, 1)s). The other three pieces are homotopic
to tori, which attach to the other components along a subspace homotopic to a wedge
of two circles; in other words this decomposition does not form an injective complex
of K (m, 1)s. In fact, the fundamental group of Y, is obtained from the free product
of two Bss by adding three commutation relations. The five pieces are illustrated in
Fig.11.

8.5 Degree d

Most of what we have done in this section generalizes to degree d readily. Set §; =
X4 x R, and order critical heights with multiplicity so that 1 =h; > hy, > --- >
ha—1.Define p : X; — RY~? with coordinates?; :== —log, h;forj =2, ,d — 1.
The image of X, is the Weyl chamber W, which is partitioned by walls #;; € Z where
tij == t; — t; into the cells of a cell decomposition 7 with dual decomposition 7’. If
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we identify R?~? affinely with the subspace of RY~! with coordinates summing to
0, then 7 becomes the symplectic honeycomb; see e.g. Coxeter [17]. For example, in
degree 5 the cells of 7 are regular tetrahedra and octahedra, and the cells of 7" are
regular rhombic dodecahedra.

Let  be the cellulation defined only by the subset of walls #;; and let " be the
dual cellulation. Then we have:

Lemma 8.10 (Equivalent Cells) Let K and T be cells of the cellulations ' and
7' associated to a vertex v. Then the components of p~'(K) and of p~'(T) are
homeomorphic, and are isotopic inside X ;.

Theorem 8.11 (Complex of spaces) S, is a complex of monkey prisms and monkey
turnovers over a contractible complex locally modeled on an A _,-building.

Theorem 8.12 (Homotopy dimension) 8, has the homotopy type of a (d — 1)-
complex (i.e. a complex of half the real dimension of 8, as a manifold).

The proofs are all perfectly analogous to the proofs of Lemma 8.5, Theorem 8.6
and (the relevant part of) Theorem 8.7.

8.6 Tautological Elaminations

Itis straightforward to generalize Definition 7.2 to higher degree for the critical leaves
of least height. Fix Cy, Cy, -, Cy_» at heights hy > hy---hy_5, and let C,_; at
height h,;_, — e vary. Every time C,4_; collides with a leaf P which is a preimage of
C;for j <d—1weadd P¢ to the tautological elamination.

It is harder to decide on a definition for the other critical leaves. This is because
the elamination associated to C; depends on the fixed locations of C; with k < j
and an equivalence class of fixed locations of C; with k > j. We explain.

Definition 8.13 (Degree d Tautological Elaminations) Fix a degree d and an index
1 <i <d — 1. Fix locations of leaves C; for j # i where the C; with j < i have
heights 7y > hy > - - h;y, and the C; with j > i have height 0. We shall define the
leaves of the tautological elamination A7 (C) associatedto C := Cy, - - - é,- - Cy_y
of depth n. Insert C; somewhere at height ;| — e compatibly with the other leaves,
and construct the leaves of the dynamical elamination associated to the critical data
C U C; which are preimages of C; up to depth n. As we vary C;, the leaves C; with
J < i stay fixed but the C; with j > i are pushed over C; and over preimages of
higher depth critical leaves. Whenever C; collides with a preimage P of a higher C;
we add P to the tautological elamination.

The C; with j > i are ‘hidden parameters’; we need them to determine the location
of the preimages of greater height, but they do not themselves contribute any leaves
to Ar.
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As the angles of C;, j < i vary by a vector of parameters ¢ (and C;, j > i are
pushed over by this motion) the tautological elaminations vary by the flow J;.

Within each monkey prism the pinching is described by these tautological elam-
inations. Let’s fix a cell 7’ dual to a vertex v where f; = n; and a monkey prism
which is a component of p~ (7). The way in which the fiber ©; over C_; € E;_;
pinches depends on which component we are in; implicitly, this choice of compo-
nent determines an equivalence class of the location of C; with j > i and therefore
determines a tautological elamination. The depth < n; — n; preimages of the C; in
the tautological elamination describe the pinching of 2; as a function of C_;. The
proof is perfectly parallel to that of Theorem7.4.

8.7 Completed Tautological Elamination

Fix C:=Cy,---, éi, -+, Cy_1 as above. It is possible to define a suitable ‘com-
pletion’ of the tautological elamination A7 (C) as follows.

Definition 8.14 (Completed Tautological Elamination) Fix d and C as above. In
the construction of the tautological elamination, set the formal height of C; to be
equal to 0, and define L, to be the set of leaves of the form P where P is a depth n
preimage of C; that collides with C; itself.

Although they have height 0, the £, have a well-defined vein in D. Note that
some pairs of leaves of L, cross each other in ID. Nevertheless we can think of L,
as a closed subset of the space of geodesic leaves in D and take the lim sup Lo, :=
lim sup,_, ., £, (i.e. there is a leaf in L, for each convergent sequence of leaves in
a subsequence of the L,). Then we define the completed tautological elamination
associated to C to be A7 (C) := Ar(C) U L.

The leaves of A7(C) — A7 (C) are called flat since they have height 0, to distin-
guish them from the ordinary leaves of A7 (C).

Theorem 8.15 (Limit is lamination) The vein of A7 (C) is a geodesic lamination
(i.e. leaves of Lo, do not cross A (C) or each other).

The proof of this will appear in a forthcoming paper.

Pinching along A1 (C) is the same as pinching along A7 (C), since the flat leaves
all have height zero, so do not actually intrude into E. However, it does make sense
to pinch the closure E ¢ C U oo along A7 (C), exactly as before by cut and paste
along the tips of A7 (C), and then by quotienting the endpoints of the flat leaves to
single points. Let’s call the result Q7 (C). Because we added limits in the definition
of A7(C), Q7 (C) is Hausdorff. It is a compactification of Qr(C) away from oo, by
locally connected spaces (isolated points or monotone quotients of circles).

Notice that this construction is non-vacuous even when d = 2; it reproduces
Thurston’s quadratic geolamination [28], which is a proposed topological model
for the boundary of the Mandelbrot set (proposed, since it is famously unknown if
the Mandelbrot set is locally connected).
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Thus it seems reasonable to conjecture that the boundary components of Q7 (C)
should parameterize (modulo the question of local connectivity) the boundaries of
the components of the complement of 8, in the slice associated to C. Compare with

[2].

9 Sausages

In this section we introduce a completely new way to see the pieces in the building
decomposition of X, via algebraic geometry. It will turn out that the monkey prisms
and monkey turnovers in X, all become homeomorphic (after taking a product with
an interval) to (rather explicit) complex affine varieties—moduli spaces of certain
objects called sausage shifts.

9.1 Sausages: The Basic Idea

Everyone likes sausages. Now we will see them made. The basic idea is illustrated
in Fig. 12.

A dynamical elamination is a machine that, by a process of repeatedly pinching
leaves in order of height, extrudes a long, complicated Riemann surface €2 (a Fatou
set); by tying this Riemann surface off at periodic values of — log, &, we decompose
it into manageable genus zero chunks: sausages.

Thus the Riemann surface €2 is tied off into a tree of sausages, and the dynamics
of F on 2 decomposes into polynomial maps between the sausages, whose moduli
spaces are described by (elementary) algebraic geometry.

Fig. 12 Making sausages
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9.2 Definitions

9.2.1 Tagged Points

Let f be a holomorphic map between open subsets of C taking p to g. If f'(p) is
nonzero, df is a C-linear isomorphism from T, to 7,,. Thus after scaling by a suitable
positive real number, it induces an isometry of unit tangent circles. We denote these
unit tangent circles by U and the induced mapas Uf : U, — U,.

If p is a critical point of multiplicity m, then f maps infinitesimal round circles
centered at p to infinitesimal round circles centered at g by a degree (m + 1) cov-
ering. By abuse of notation we write U f : U, — U, for this map. In holomorphic
coordinates for which f is z — z*! this map is just multiplication by (m + 1) on
Uy (really we are using an implicit identification between the tangent space T, and
its (m 4+ 1)st tensor power).

Definition 9.1 (Tagged Point) A tagged point is a point p together with an element
u, € U,.The zerotagisthe point0 € C together with the unit vector uy € Uy tangent
to the positive real axis.

If f is a holomorphic map taking a tagged point p to a tagged point g we say it
preserves tags if Uf (u,) = u,. If f is a holomorphic function, a tagged root is a
tagged point p with f(p) = 0 for which Uf (u,) is the zero tag.

9.2.2 Sausages

Let T be alocally finite rooted tree. Every vertex v but the root has a unique parent—
the unique vertex adjacent to v on the unique embedded path in 7' from v to the root.
If w is the parent of v we say v is a child of w. Every edge of T is oriented from
child to parent.

Definition 9.2 (Bunch of sausages) Let T be a locally finite rooted tree. A bunch of
sausages over T is an infinite nodal genus 0 Riemann surface S made from a copy
of CP! for each vertex v of T (the sausages, which we denote CP!) and for each
v a finite set of marked tagged points Z,, C CP! — oo and a bijection o from the
children of v to the set Z,, so that if w is a child of v, the point oo in the sausage
CP! is attached to the point o(w) € Z, € CPL.

If T is a rooted tree, for each vertex w of T there is a rooted subtree 7, C T
with root w. If S is a bunch of sausages over T, then S,, C S denotes the bunch of
sausages associated to the subtree Ty,.

A morphism between rooted trees T, T’ is a simplicial map 7 : T — T’ taking
roots to roots, and directed edges to directed edges. Thus if w is a child of v, the
image 7(w) is a child of 7(v).

Definition 9.3 (Augmentation) If T is a rooted tree, the augmentation of T, denoted
T’, is the rooted tree obtained from T by adding a new root v" and an edge from the
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root v of T to v'. If § is a bunch of sausages over T, the augmentation of S, denoted
§’, is the bunch of sausages over 7"’ obtained by attaching (C]P’}J, along0 = Z,, to 00
inZ,.

Definition 9.4 (Polynomial) Let S be a bunch of sausages over a locally finite tree
T. A degree d polynomial p is a degree d tagged holomorphic map from S to its
augmentation S’ over a morphism 7 : T — T’. This means that for every vertex w
of T there is a polynomial map p,, : CP! — (C]P’i(w) of degree d,, in normal form
taking Z,, to Z,(y), and so that

(1) ifvistheroot, the polynomial p, has degree d and its roots are exactly Z, C CP!,
and furthermore as tagged points Z, are tagged roots of p,;

(2) the root polynomial p, has more than one root; i.e. p, is not the polynomial z¢;

(3) for every vertex w with 7(w) = u the map p,, : CP} — CP! takes Z,, to Z, as
tagged points, and Z,, is the entire preimage p,'(Z,); and

(4) if w is the child of u with c(w) =z € Z, C (C]P’; then the degree d,, of the
polynomial p,, is equal to the multiplicity of z as a preimage under p,,.

The second bullet point is a kind of nondegeneracy condition: if the root polyno-
mial p, were z¢, then S would already be the augmentation of some other sausage
polynomial.

Lemma 9.5 Let S be a bunch of sausages over T, and let p : S — S’ be a degree
d polynomial over a morphism T : T — T'. Then for every vertex w' € S’ the sum
of degrees ZT(u,):w, dy, = d, and every point in S" has exactly d preimages, counted
with multiplicity.

Proof This is true for the root vertex by bullet (1) from Definition 9.4, and by induc-
tion by bullets (3) and (4). U

This lemma justifies the terminology ‘polynomial map’.

Definition 9.6 Let S be a bunch of sausages over T, and p a polynomial map of
degree d. Let w be a vertex of T, and let ¢ € CP! — 0o be a critical point for p,,.
We say c is a genuine critical point if ¢ is not in Z,, and is false otherwise.

We say p is a degree d shift polynomial and (S, p) is a degree d sausage shift if
there are exactly d — 1 genuine critical points, counted with multiplicity.

Bullet (2) in the Definition 9.4 is equivalent to saying that the root sausage contains
at least one genuine critical point.

If p is a shift polynomial, there is a minimal finite rooted subtree U C T containing
all the genuine critical points. Thus for w € T — U, every polynomial p,, is degree
1; since it is in normal form it is the identity map p,,(z) = z.

Corollary 9.7 Let S be a bunch of sausages over T, and let p be a degree d shift
polynomial. Then the space E(T) of ends of T is a Cantor set, and the action of p on
E(T) is conjugate to the one-sided shift on right-infinite words in a d-letter alphabet.
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9.2.3 Isomorphism of Polynomials

The definition of a sausage polynomial includes data in the form of tags that is essen-
tial if we want to construct a map from sausage polynomials to shift polynomials, as
we shall do in Sect. 9.4. In order for this map to be injective we must quotient out by
a (finite) equivalence relation that we now explain.

Let S be a bunch of sausages over a tree T, and let p be a degree d polynomial as
in Definition9.4. Let u be a vertex of T, letz € Z,, C (CIP’;, and let w be the child of
u with o (w) = z. If z is a critical point of p, of multiplicity m then p,, has degree
m 4+ 1; i.e. the degree of p, near z agrees with the degree of p,, near infinity. In the
sequel we will ‘cut open” CP! at z and CP! at infinity, and sew together the two
resulting boundary circles in a dynamically compatible way, lining up the tag at z in
CP! with the positive real axis at infinity in CP..

The tag at z maps under p, to the tag at p,(z); thus given p, and the choice of
tag at p, (z) we have freedom in the choice of a compatible tag at z: different choices
differ by multiplication by an (m + 1)st root of unity (. If we multiply the tag at z
by ¢, we must at the same time change the coordinates on CP! by multiplication
by (. Changing coordinates on (C]P’}“ inductively affects the data associated to w and
the subtree T, and its preimages under p in the obvious way. For example, p,,(z) is
replaced by p,,(("'z), the marked points Z,, are replaced by their preimages (Z,,,
etc.

We say two sausage shifts are isomorphic if they are related by a finite sequence
of modifications of this sort. There are [ [, . [[.cz, (m(z) + 1) polynomials in an
isomorphism class, where m(z) is the multiplicity of z as a critical point of p,,, and
where the product is taken over all z € T,, for all w € T. Note that for a sausage
shift, this product is finite, since all but finitely many p,, have degree 1.

9.3 Moduli Spaces

For each fixed combinatorial type of degree d sausage shift, there is an associated
moduli space of isomorphism classes with the given combinatorics, parameterized
locally by the coefficients of the vertex polynomials p,, of degrees > 1. We shall
see in Theorem 9.15 that moduli spaces for sausage shifts with generic heights have
complex dimension d — 1, and in fact they have the natural structure of iterated fiber
bundles of complex affine varieties.

This is best explained by examples.

Example 9.8 (Degree 2) The root polynomial p, is of the form z*> — ¢ for some
nonzero c. Since every other polynomial has degree 1 (and is therefore the identity
function z) S is a rooted dyadic tree, where each parent has two children attached
at +./c. The moduli space of such sausages is evidently C*. This is homeomorphic
(but not holomorphically isomorphic) to 8.
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Example 9.9 (Distinct roots) The simplest case in every degree d is that the root
polynomial p, has distinct roots. Then every other polynomial has degree 1 and §
is a rooted d-adic tree, where each parent has d children attached at the roots of p,.
Thus the moduli space is a discriminant complement, and hence a K (By, 1).

Example 9.10 (Degree 3) Suppose the root polynomial p,, has two roots, so it is of
the form p, 1= (z — ¢)*(z + 2¢) = 2> — 3¢%z + 2¢? with ¢ nonzero. The root vertex
v has two children u, w where u is attached at the double root ¢ (say). Then p,, = z
and p, has degree 2. Either O is a genuine critical point for p,, or p, is of the form
72 4 ¢ or 72 — 2¢. In the latter case u has two children u’, w’ where u’ is attached at
0 and this chain of critical roots u, u’, u®, u®, ... continues until Pum = 22 4x
has a genuine critical point (or equivalently, x € C — Z, where p takes the vertex
u™ to t). The moduli space is a bundle over C* (parameterized by the choice of c)
whose fiber is C — Z;.

Notice that the points of Z, are obtained from ¢, —2c¢ by repeatedly pulling back
under double branch covers of the form 7 — 7> + ¢ ; where c; is one of the preimages
pulled back so far. The monodromy acts on each of these double branch covers either
trivially or by permuting some of the preimages in pairs. It follows that every orbit
of the monodromy on Z, has length a power of 2.

Example 9.11 (Star of David) Suppose that the root polynomial in degree 4 has one
simple root and one triple root; i.e. the root polynomial is p, := (z — ¢)3(z + 3¢)
with ¢ nonzero. The root has two children u, w where u is attached at the triple root
¢ (say). The simplest case is when ¢ and —3c are regular values for p,. Then the
moduli space is a bundle over C* whose fiber is Y», the space of degree 3 polynomials
73 + pz + q for which two specific distinct complex numbers (in this case ¢ and —3c¢)
are regular values. It turns out that this moduli space is homotopic to the monkey
turnover described in Example 8.9.

The general structure of moduli spaces should now be starting to become clear.
To make a precise statement, we introduce the notion of a Hurwitz Variety:

Definition 9.12 (Hurwitz Variety) A degree d Hurwitz variety is an affine complex
variety of the following form. Fix a finite set Q C C and a conjugacy class of repre-
sentation o from 7; (CP! — Q) to the symmetric group S,;.

The Hurwitz Variety H(Q, o, d) is the space of degree d normalized polynomials
of the form f(z) :=z¢ + ayz?~? 4+ --- 4+ a4 for which f : C — C is a degree d
branched cover whose monodromy around g is conjugate to o(q) forall g € Q.

For a permutation o let [0| = d — number of orbits. Thus |o(g)| is the multiplicity
of g as a critical value of f, foreachg € Q andeach f € H(Q, o, d). We establish
some basic properties of these varieties:

Proposition 9.13 (Basic Properties) Hurwitz varieties H(Q, o, d) satisfy the fol-
lowing basic properties:

(1) the dimension of H(Q, o,d) is equal tod — 1 — Zq lo(@)l;
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(2) H(Q,o,d) is connected if its dimension is positive;
(3) if there is a homeomorphism from CP' to CP! taking Q to Q' and conjugating
oto o then H(Q, o,d) is homeomorphic to H(Q', o', d).

Proof The first bullet (i.e. dimension count) is elementary.

If we choose a finite subset P C C — Q and extend o to P then we can build
a degree d branched cover of CP! over P U Q with monodromy o at P U Q. The
genus of this branched cover depends only on o. Thus the family of covers which
are connected and genus 0 form a bundle over the space of pairs QU P, o of a
particular combinatorial type, and it is an exercise in finite group theory to show that
these fibers are connected when they have positive dimension. Each H(Q, o, d) is
a finite branched cover of the associated fiber (the Riemann surface determines the
polynomial up to finite ambiguity); this proves the second bullet.

To prove the third bullet, let’s modify our homeomorphism ¢ : CP! — CP! by
an isotopy so that it is equal to the identity in a neighborhood of oo, and is K-
quasiconformal for some K. Foreach f € H(Q, o, d) we can pull back the Beltrami
differential 1 := dp/dpto f*pandlet ¢ : CP! — CP' uniquely solve the Beltrami
equation for f*u, normalized to be tangent to the identity at infinity to second
order. Then 9(f) := ¢ f¢~' is a normalized polynomial, and by construction it is
in H(Q',0',d). Letting f range over H(Q, o, d) defines a homeomorphism 1 :
H(Q,0,d) — H(Q',0,d) as desired. O

Example 9.14 (Discriminant Variety) If we set Q = {0} and ¢ the map to the identity
element, then H ({0}, id, d) is the space of degree d polynomials in normal form with
simple roots. In other words, H ({0}, 0, d) is the complement of the discriminant
variety, and is a K (By, 1).

Theorem 9.15 (Moduli spaces) Every moduli space of a degree d sausage shift of
a fixed combinatorial type is an algebraic variety over C which has the structure of
an iterated bundle whose base and fibers are all Hurwitz varieties. Furthermore, it
has dimension d — 1.

Proof Consider a vertex w with parent # and image v = 7(w). There is a polynomial
pw : CPL — CP! whose degree is equal to the multiplicity of u as a preimage under
pu- The points Z,, are the preimages of Z, under p,,, and the number and multiplicity
of these points depends on the monodromy of p, as a branched cover around Z,.
Thus for a fixed combinatorial type, the polynomials p,, vary in a Hurwitz Variety
whose data is determined by the polynomials in vertices above w. Changing a tag
changes the coordinates on the Hurwitz variety by a (finite) automorphism. Thus the
moduli space is an iterated bundle as claimed. (I

931 K(m,1)s

Hurwitz varieties can apparently be quite complicated, topologically. But at least in
low degree we have the following theorem, which is by no means obvious, and which
I personally find rather startling:
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Theorem 9.16 (CAT(0) 2-complex) Every connected Hurwitz variety H(Q, o, 3)
is a K (m, 1) with the homotopy type of a locally CAT(0) 2-complex.

Proof 1If any point in Q is a critical value the dimension is 1 or 0 and H is either
homotopic to a graph or to a finite set of points. So the only interesting case is when
Q is a finite set and o is the constant map to the identity permutation. In other words,
if |Q] = n, then H(Q, id, 3) is the (two complex dimensional) space Y,, of degree
3 polynomials z* + pz + ¢ for which the points in Q are regular values. We show
these have the homotopy type of locally CAT(0) 2-complexes (and are therefore
K (m, 1)s).

First we describe the topology. By the third bullet of Proposition9.13 we can take
Q to be the set of nth roots of unity. Then ¥, = C> — V, where V is the hyperplane
in C* with coordinates p, g for which [];(=4p* —27(g — ¢/)*) = 0. By a linear
change of coordinates, we can replace this hyperplane by [ | j - -=-hH) =0.

V intersects the plane x = 0 in exactly the nth roots of unity. We foliate the
complement of this plane by (real 3-dimensional) open solid tori S' x C thought of
as a bundle over the circle |x| = ¢, and let V, denote the intersection with V. If we
cutoff |y| at some big T, then we get another solid torus |y| = T, |x| < ¢ and the
union is an S*. When |x| = e is small and positive, V, splits into a union of n trefoils
T/ (in this S°), each obtained as a narrow cable of the circle y = ¢/. The part of ¥,
in the domain |x| < e is homotopic to a wedge of n copies of a K (B3, 1), one for
each trefoil.

When 2|x|3? = |¢/ — ¢¥| the trefoils T/ and T* intersect at three points, and when
|x| increases past this value, they become linked. There are no other intersections.
The link of a crossing (in C?) is a Hopf link, and the result of pushing across each such
crossing attaches a space to Y,,, homotopic to a 2-torus, attached along a subspace
homotopic to a wedge of two circles. In other words, it attaches a 2-cell, whose
boundary kills the relator which is the commutator of two meridian circles linking
the trefoils at the point of intersection.

For each pair of trefoils 7/, T*, we may choose Garside generators for 7 (S* —
T/) corresponding to these meridian circles (the Garside presentation for Bj is of
the form (a, b, ¢ | ab = bc = ca)). Thus each pair of trefoils contributes a subgroup
of m(Y,) of the form

(a,b,c,x,y,zlab=bc =ca,xy=yz=2zx,la,x]=1[b,yl=[c,z] =1)

However if we follow this chain of relations around a sequence of three trefoils
T7, T*, T' for which j, k, I are positively oriented in Z mod 7 (say), the intersection
points of each pair of trefoils is successively displaced by a rotation so that the
holonomy of this chain of displacements rotates one third of the way around. Thus
for a triple of trefoils with Garside generators (a, b, ¢), (n, m, 0) and (x, y, z), the
commutation relations take the form

la, n], [b, m], [c, 0], [n, x], [m, 1, lo, 2], [x, ], [y, cl, [z, a]
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Fig. 13 K is obtained from
this complex by gluing free
edges with the same colors in
pairs

Here is another way of packaging the same information. Build a graph with ver-
tices at the 3nth roots of unity, and with edges straight line segments between each
pair of roots whose ratio is a 3rd root of unity. Then 7 (Y,,) is generated by the edges
of this graph, with relations that each triple of edges that form a (n equilateral) triangle
are Garside generators for a B3, and each pair of disjoint edges commutes. Further-
more, Y, is homotopic to the presentation 2-complex associated to this presentation.
We shall show this 2-complex (or: a closely related and homotopic complex) can be
given a CAT(0) structure.

Actually, there is a beautiful trick, that I learned from Jon McCammond, arising
from his work with Tom Brady [5] on the construction of CAT(0) orthoscheme com-
plexes for (certain) braid groups. First replace each Garside presentation
{(a, b, c | ab = bc = ca) by a presentation of the form (a, b, ¢, d | ab = bc = ca =
d). A presentation complex can be built from three triangles with edges abd ™! etc.
The trick is to make these right angled regular Euclidean triangles—i.e. to set the
lengths of a, b, ¢ to be 1, and the length of d to be +/2. Let K denote the resulting
complex (see Fig. 13), and let K’ be the complex built from n copies of K (one for
each Bj3) and one Euclidean square with edge length 1 for each commutation relation
as above. We claim the resulting complex is CAT(0).

Let’s see why. The complex K (and K’ for that matter) has one vertex; since these
complexes are 2-dimensional and Euclidean, we just need to check that the link of
the vertex has no loop of length < 27. The link L of the vertex of K is a theta graph,
with three edges of length 7. The intersections with the long edge d are the vertices
of the theta graph, and the intersections with the edges a, b, ¢ give rise to six points
(let’s call these short points), each at distance 7 /4 from some vertex.

The link L’ of K’ is obtained from n disjoint copies of L by gluing a 4-cycle
with edges of length 7/2 for each commutation relation. Each such 4-cycle can be
thought of as a complete bipartite graph on two sets of two points, and each pair of
points is attached to distinct short points in a copy of L. Since short points in L are all
distance 7 apart, no cycle in the graph associated to two Bss and their commutators
has length < 27. By the way, this shows that 7 (Y3) is CAT(0).
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There is a simplicial map from L’ to the complete graph K, with edges all of length
7/2 which just collapses each copy of L to a point, and identifies edges between the
same pair of copies of L. A loop y in L' of length < 27 would project to a (possibly
immersed) simplicial ‘loop’ in K,, of simplicial length at most 3. If the projection
has simplicial length O then + is contained in a copy of L which we already know
has no loops of length < 27. Simplicial length 1 is impossible. If the projection of
v has simplicial length 2 in K, then +y is contained in a subgraph formed from a pair
of copies of L which (as we have just discussed) has no loops of length < 2. If the
projection of ~ has simplicial length 3 then it passes through a cycle of three Ls, and
because of the holonomy described above, a length 377 /2 path in « has endpoints on
the same copy of L but at different short points. Thus ~ has length at least 27 and
we are done. O

Together with Theorem 9.15 this immediately implies:
Corollary 9.17 Every moduli space in degree 4 is a K (m, 1).

Theorem 9.18 Is every Hurwitz Variety a K (w, 1) ? Is every Hurwitz Variety homo-
topic to a CAT(0) complex?

9.4 The Sausage Map

Let éd be the subspace of &, for whichlog,(h,) € (—1/2, 1/2), where h, is the great-
est critical height, and log, denotes log to the base d. This space is homeomorphic
to X4 x (—1/2, 1/2), which is to say it is homeomorphic to 8 itself.

For f € Sd let L € DL, be the dynamical elamination associated to f by the
butcher map, and let 2 be the Riemann surface obtained by pinching L (so that €2 is
canonically isomorphic to the Fatou set of f).

Let  be the subspace of €2 with log,(h) < 1/2 and let S be the quotient space of
€2 obtained by collapsing each component with log,(h) € 1/2 4 Z to a point (which
we call a node).

Each component V of S minus its nodes can be given a (branched) Euclidean
structure with horizontal coordinate 6 and vertical coordinate v(h), where v : R* —
d'>*Z — R is a function that stretches each interval (d"~'/2,d"*1/?) to R by a
homeomorphism (depending on n) in such a way that the map z — z¢ on Q is
conformal in the new coordinates.

Let’s explain this in terms of E. In logarithmic coordinates 4, 8 we can think
of [E as a half-open Euclidean cylinder which is the product of the unit circle with
the positive real numbers. The map z — z¢ becomes multiplication by d, which we
denote xd. For each integer n let I, denote the open interval (d"~'/2, d"+'/?) and
let A, be the annulus in [E where i € I,,, and let A := U,A, C E. Thus E — A is
a countable set of circles with log,(h) € 1/2 + Z. Thus xd takes A, to A,y for
each n.
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Choose (arbitrarily) an orientation-preserving diffeomorphism vy : Ip — R and
for each n define v, : I, > R by v,(h) :=d"vy(d "h). Thus, by induction,
Vny1(dh) = dv,(h) for all n and all h € I,. Then define ;1 : A — S' x R by
w(@, h) = (0, v,(h)) for (0, h) € A,. Thus p semi-conjugates xd on A to xd on
S! x R. If we identify S! x R conformally with C* by exponentiating, then  semi-
conjugates xd on A to z — z¢ on C*. If we keep a separate ‘copy’ C} := (A,) for
each n, then we could say that ; conjugates xd on A to the self-map of U,C that
sends each C; to C!_, by z — z%.

The components of S minus its nodes are obtained from the A, by cut and paste
along segments of L, an operation which respects the Euclidean structure both in
h, 6 and v(h), 0 coordinates

With respect to this branched Euclidean structure, the closure of each V (i.e.
putting the nodes back in) is a compact Riemann surface; in fact, it is isomorphic
to CP!, and it is natural to choose co to be the (unique) node of greatest height.
Thus S becomes an infinite nodal genus 0 Riemann surface. Furthermore although
the quotient map from Qto S is very far from being holomorphic, the map z — z¢
on 2 does descends to a holomorphic map p from § to its augmentation giving S the
structure of a bunch of sausages, and p the structure of a degree d shift polynomial.
Notice that the images of the critical points are precisely the genuine critical points
of the sausage polynomial.

Tags are defined at the nodes by identifying the unit tangent bundle at each node
with a circle in €2, and inductively pulling back tags compatibly with the dynamics of
7z — z¢ so that the tag at the unique node in the root of the augmentation corresponds
to the argument § = O (this is well-defined, since § takes values in R/Z in the subspace
of  with i greater than any critical height).

Theorem 9.19 (Sausage map) The sausage map is surjective, and is 1-1 on the
subspace of 8 for which no critical leaf C; has log,(h;) € 1/2 4 Z. This subspace
maps bijectively to the set of isomorphism classes of degree d sausage shifts.

Proof 1t suffices to define a (continuous) inverse. Here is the construction. Cut open
a bunch of sausages along its set of nodes and sew in a copy of the unit tangent circle
U at each point. Reparameterize the vertical coordinate on each component by the
inverse of 1 (here we must choose the correct branch depending on the combinatorial
distance to the root). Each component becomes in this way a bordered Riemann
surface. The point oo in each CP! gets a canonical tag, namely the vector associated
to the positive real axis. Thus we obtain a collection of bordered surfaces, so that each
border is a round circle with a tag, and we glue these up respecting arguments and
tags. By the definition of isomorphism, the gluing is well-defined on an isomorphism
class of sausage shift. The result is a complete planar Riemann surface 2 with one
punctured end, and the sausage polynomial descends to a degree d self-map on €2 with
(d — 1) critical points, counted with multiplicity. By the Realization Theorem 5.4 this
is the Fatou set of a unique shift polynomial. (]

Theorem 9.20 (Monkey pieces are moduli spaces) The sausage map induces home-
omorphisms from (—1/2, 1/2) times the open monkey prisms and monkey turnovers
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arising in the decomposition in Theorem8.11 to the moduli spaces of degree d
sausage shifts of each fixed combinatorial type.

Proof The factor of (—1/2, 1/2) comes from the difference between Sd and X, via
orbits of the squeezing flow.

This is a consequence of Theorem9.19 and Lemma 8.10. Explicitly: the compo-
nents of the images of the sausage map are (up to this factor of (—1/2, 1/2)) both
the subspaces of p~! (W) in the preimage of the cells ', and at the same time they
are (by definition) the moduli spaces of generic degree d sausage shifts. (I

Together with Corollary9.17 and the discussion in Sect. 8.4 this completes the
proof of Theorem8.7. Moreover, together with Example 9.10, this completes the
proof of Theorem 7.9.

9.5 Sausages and Combinatorics of the Tautological
Elamination

We have already seen (Example 9.10) that moduli spaces reveal nontrivial informa-
tion about the tautological elamination. Let A7 denote the (depth 3) tautological
elamination for some fixed 6;, and let A7, denote the subset of leaves of depth < n.
We have seen that monodromy permutes the components of S' mod A7, in such a
way that the orbits have length a power of 2.

We claim that these components all have lengths of the form 2" /3" for various
m. Fix a sausage polynomial as in Example9.10 where the root vertex v has Z, =
¢, —2c, and where there is a chain of vertices uy, - - - , u, mapping to vertices v =
t1,t, -+ , 1, by polynomials p; := z> + ¢; so that 0 is a fake critical point for each
Jj <n(ie.c; € Z;) and a genuine one for j = n (¢, is notin Z; ).

The components of S' mod A7, associated to sausages of this combinatorial
form are in bijection with the points of Z,. Each w € Z, maps by a succession
of polynomials of degrees 1 or 2 until it reaches ¢ or —2¢ (which themselves are
mapped to 0 by p,). The length of a component is multiplied by 1/3 when we pull
back a regular value, and is multiplied by 2/3 when we pull back a critical value.
This proves the claim.

Table 1 shows the number of components of length £/3" at each depth n (omitted
entries are zeroes).

Note that there is a unique component with £ = 2" for each n; this corresponds
to the sausages for whicht; = u;_y, p,, = 722+ cand Du; = 22forl < j <n.The
next biggest components have length 21*/21 /3",

The (n, £) entry in this table is the number of components of length £/3" at depth
n. If we denote this entry N (n, £) then

Y N@m.)y=@3"+1)/2and Y N(n,)-£=3"
14

14



196 D. Calegari

Table 1 Number of components of length £/3" at depth n

n\e| 1 2 22 23 24 25 (26 |27 |28 |29 [210 211|212
0 1

1 1 1

2 3 1 1

3 7 6 0 1

4 21 16 3 0 1

5 57 51 13 0 0 1

6 171 149 39 5 0| o1

7 499 454 117 23 o 0/ 01

8 1497 1348 360 66 9| o0/ 00 |1

9 4449 4083 | 1061 207 41 0/ 0o [0 |1

10 | 13347 | 12191 | 3252 591 126 | 17/ 0 |0 |0 |0 |1

11 | 39927 | 36658 | 9738 | 1799 370 | 81/ 0 |0 |0 |0 |0 |1
12 | 119781 | 109898 | 29292 | 5351 | 1125 [240(33 [0 [0 |0 |0 |0 |1

Example 9.21 (Recurrence) Eric Rains observed the recurrence relation in the first
column that

NQn,1)=3-NQn—1,)and Nen+1,1) =3-NQ2n, 1) =2 - N(n, 1)

(asimilar recurrence holds in higher degree). The proof of this is surprisingly delicate,
and will appear in a forthcoming paper [12].

Example 9.22 (Short € sequences) One reason to be interested in the lengths of
components of S' mod Ay, is that it gives us insight into the geometry of the
complement of 83. Actually, it is easy enough to describe the picture in arbitrary
degree.

For each degree d the shift complement is C4~' — 8,. When critical points
are simple, order them by height A > hy > --- hy_1, and define a butcher’s slice
B(Cy,---,C4_») to be the subset of §; with Cy, --- , Cy_, fixed and hy_1 < hy_s.
There is a tautological elamination A7 (Cy, - - - , C4—3) (see Sect. 8.6), and the result
of pinching gives a Riemann surface Q7 for which the subset of height < h,_5 is
holomorphically equivalent to B.

For the sake of simplicity, let’s suppose | = h; = hy = - - - hy_; so that the leaves
of At of depth n all have height d . A chain of successive components of S' mod
A7, with lengths ¢, - d7" determines a system of disjoint annuli in the butcher’s
slice with moduli 1/¢,. So if ), 1/¢, diverges (for instance, if the sequence ¢, is
bounded), the modulus goes to infinity and the end of B converges to an isolated
point in the complement of the shift locus. Call such an end of B a small end. All
but countably many of the (uncountable) ends of B are small.

As we exit a small end of B, points in the Julia set collide in the limit to give
rise to a non-shift Cantor Julia set (c.f. Example2.6; also compare with Branner
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[6]). The local path component of the shift complement containing this limit point
has complex dimension d — 2, and is parameterized by the escaping critical points.
There are uncountably many of these local path components, parameterized locally
by the small ends of B.

Dragging critical points off to the (Cantor) Julia set one by one defines a nested
sequence of holomorphic submanifolds of the shift complement, each parameterized
by the remaining escaping critical points. When C,; - -- C4_> have been dragged
off to J¢, we can define a butcher’s slice by fixing Cy, - - - , C;_; and letting C; vary;
this slice is the subset of height < /;_; in the Riemann surface Q7(C) associated
to the tautological elamination A7 (C) with critical data C := Cy, - - -, o) o Camt
for a suitable equivalence class of Cj,y, -, Cy— (see Sect.8.6). Small ends of
these butcher’s slices locally parameterize the space of these (j — 1)-dimensional
submanifolds.

10 Fundamental Groups

10.1 Braid Groups

Let Ay C C4~! be the discriminant variety, parameterizing degree d polynomials in
normal form z¢ 4 a,z?~2 + - - - a4 with multiple roots. The group w1 (C?~! — A,)
acts as permutations of these roots; the permutation representation is a surjective
map from 7 (C4~! — A,) to the symmetric group Sy.

This map is very far from being injective. A loop in C¢~! — A, defines not just a
permutation of roots, but a braid: the mapping class represented by the combinatorial
manner in which the points move around each other. In other words, there is a
monodromy representation Mon : m(C¢ = Ay) — B, where B, is Artin’s braid
group on d strands. Forgetting the braiding determines a surjection Art : By — S,.

Thus we obtain a factorization

M€ —An 25 B, B s,

where the first map is an isomorphism, and the second indicates that B is functorially
obtained from S, by the algebraic process of Artinization.

10.2  Shift Automorphisms

Let ¥, denote the space of right-infinite words on a d letter alphabet; i.e. X, :=
{1,---,d}". Thisis a Cantor set in the product topology, and the shift o acts as
a d to 1 expanding map. Let S; denote the group S, := Aut(X,, 0); i.e. the group
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of homeomorphisms of the Cantor set commuting with the shift. See e.g. [4] for
background.

In [1], Blanchard-Devaney—Keen showed that the natural map m(84) — S‘d is
surjective, in every degree d. As before, this is very far from being injective (as we
shall shortly see).

Monodromy defines a representation Mon : 7 (8;) — Mod(C — Cantor set), but
this map is certainly not an isomorphism, since 7;(8;) is countable whereas
Mod(C — Cantor set) has the cardinality of the continuum. Actually, the image can
be lifted to Mod(Disk — Cantor set), since all shift polynomials (in normal form) are
tangent to second order near infinity. Let’s denote the image by By.

Forgetting the braiding defines a surjective homomorphism A : Mod(Disk —
Cantor set) — Aut(Cantor set), and the image of Bd is Sd I proved (see [1 1]) that
Mod(Disk — Cantor set) is left-orderable, and therefore torsion-free, whereas Sd is
generated by torsion.

In any case we have a factorization of the Blanchard—Devaney—Keen map as

7T1(Sd) m éd i) S‘d

Neither map seems easy to understand. On the other hand, with Juliette Bavard and
Yan Mary He we were able to show:

Theorem 10.1 (Bavard—Calegari—He) In degree 3 the map Mon : 71(83) — 5’3 is
an isomorphism.

The proof of this theorem shall (hopefully!) appear in a forthcoming paper. The
most optimistic conjecture I can make is:

Conjecture 10.2 (Monodromy Conjecture) The map Mod : m1(8,4) — éd is an iso-
morphism in every degree.

The only real evidence I have in favor of this conjecture is that it is not obviously
falsified by the simplest cases I was able to fully analyze.

IfY = H(Q, o, e) is a Hurwitz variety, the preimage of Q under f € Y is a finite
subset of C whose cardinality is constant as a function of f, and therefore we obtain
amonodromy map M : w(Y) — B, for suitable n depending on Y. If Y is a Hurwitz
variety that arises as a fiber of a moduli space, the image of 7 (Y) — 7(84) — 1§3
factors through this B,,, so the monodromy conjecture implies that the maps M are
injective. In fact, at least in low dimensions, the monodromy conjecture is equivalent
to injectivity on these pieces, since both 7 (S,) and By are built up in understandable
ways from these pieces (this is how Theorem 10.1 is proved).

In any case, this is something we can test, since the groups m;(Y) and B, are
rather explicit, especially in low degree.

Example 10.3 (Star of David) The ‘hard’ pieces in degree 4 are the Star of David
and its generalizations as discussed in Theorem9.16.
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Recall the moduli space Y, from Example9.11, and the description of its
fundamental group in Theorem9.16. This fundamental group (let’s call it G) has
a presentation

G:=(a,b,c,x,y,z|ab=bc=ca,xy=yz=1zx,la,x]=1[b,y]=[c,z] =1)

The monodromy map to By arises by thinking of the generators as the edges of a Star
of David in the plane, and taking each generator to the braid that cycles the endpoints
of the edge around each other in a narrow ellipse contained in a neighborhood of the
edge.

There is an isometric embedding from the CAT(0) complex for G described in
Theorem9.16 to the Brady—McCammond complex for Bg, which has been shown
to be CAT(0) by Haettel-Kielak—Schwer [24]. If the image is totally geodesic, this
would imply that G — By is injective. This seems quite plausible, but we have not
checked it.
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