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Nomenclature 

c Speed of sound 
cs SPEED of sound in solid (m/s) 
Es Youngs modulus (GPa) 
P Pressure (GPa) 
v0 Impact velocity (m/s) 

Greek Symbols 

ρ Density (kg/m3) 
Ψ Stream function (m2/s) 
σ Stress (N/m2) 
∑ Non-dimensional stress 

1 Introduction 

Steam turbine blades are prone to be eroded by the water droplets that are formed by 
the condensation of steam at the final stages of the stator blades. The water droplets 
that are deposited are dragged along with the steam flow towards the trailing edge 
where it gets collected to form larger droplets. These droplets can have the diameter

N. V. Anirudh (B) · V. M. Patel 
Mechanical Engineering Department, Sardar Vallabhbhai National Institute of Technology Surat, 
Gujarat 395 007, India 
e-mail: p19tm011@med.svnit.ac.in 

© The Author(s), under exclusive license to Springer Nature Singapore Pte Ltd. 2023 
J. Banerjee et al. (eds.), Recent Advances in Fluid Dynamics, Lecture Notes in Mechanical 
Engineering, https://doi.org/10.1007/978-981-19-3379-0_5 

43

http://crossmark.crossref.org/dialog/?doi=10.1007/978-981-19-3379-0_5\&domain=pdf
mailto:p19tm011@med.svnit.ac.in
https://doi.org/10.1007/978-981-19-3379-0_5


44 N. V. Anirudh and V. M. Patel

Fig. 1 Schematic of 
development of shock wave 

up to 1 mm. When these droplets are torn by the trailing edge, they get scattered and 
broken into smaller droplets. As the steam expands below saturation line in different 
stages, it condenses into little droplets of water which lead to nucleation making 
these water droplets bigger. These water droplets impact the turbine blades at high 
speeds and cause erosion onto the blade damaging it and lowering its performance 
over time. Due to this impact, a pressure wave is produced inside the water droplet. 
This pressure wave inside the water droplet propagates back and forth inside the 
droplet itself at the speed of sound. If the contact velocity is higher than the velocity 
of the shock wave inside the water, this wave remains in contact with the solid surface 
as shown in Fig. 1. 

As the shockwave propagates through the water droplet at the speed of sound, 
the pressure inside it keeps increasing until the edge of the shockwave detaches the 
surface of the solid. This is the point where lateral jetting occurs and is the point where 
the maximum pressure inside the water droplet is seen. This pressure is higher than 
the water hammer pressure and depends on the velocity of impact. Since the water 
droplets impact the surface of the material at high impact velocities, compression 
and non-uniform distribution pressure distribution inside the water droplet occurs. 
This pressure is what we call water hammer pressure. 

p = ρ × c × v (1) 

As  shown in Fig.  2, since the volume of the water is highest at the centre of the 
surface where the water hits the surface of the material, the maximum pressure is 
generated at this point of the surface. The water droplet oscillates back and forth 
inside the droplet itself resisting the change of shape before it performs a radial flow 
while still in the collision of the surface of the material. This resistance is directly 
proportional to the impact velocity of the water droplet causing water hammer effect 
onto the surface of the material. As the shockwave of the pressure wave fronts detach 
from the contact surface during the radial flow, lateral jetting is produced within the 
water droplet with the velocities higher than the initial velocity of impact. During 
the lateral jetting, the pressures inside the water droplet reach its maximum which 
is much higher than the water hammer pressure of the droplet. This pressure is the
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Fig. 2 Stages of droplet impact on solid surface [1] 

most dangerous of all the other pressures as the lateral jetting pressures may reach 
up to three times more than that of the water hammer pressures. 

As the blade surface gets constantly shot on by the water droplets at high speeds, 
the stresses induced onto the surface of the blade by these droplets are high which 
causes water droplet erosion. To reduce these stresses, metal coating is done on the 
surface of the blade. Coating for water droplet erosion is done with the metal that 
has a lower Young’s modulus in order to reduce stress. 

In the past couple of decades, several efforts have been made to quantify the 
water droplet erosion. Naib [1] did numerical analysis on water droplet erosion 
(WDE) for two different metals and compared them. It is seen that the titanium 
alloy had a better resistance towards WDE when compared to the steel alloy. It is 
also seen that the impact velocity, impact diameter and impact angle play a major 
role in determining WDE. Ahmad et al. [2] performed an experimental analysis on 
the water droplet erosion and observed that the impact velocity is the main factor 
for determining the peak pressure and stress while Chidambaram et al. [3] carried 
out three-dimensional numerical analysis of the water droplet erosion and came out 
with the same conclusion as observed by Ahmad et al. [2]. Li et al. [4] performed 
one-dimensional numerical analysis of water droplet erosion mechanism and their 
results showed that the higher the impact velocity results into greater peak pressure 
and higher stress on the blade. Marzbali [5] in his thesis performed two-dimensional 
numerical analysis to determine the peak pressures and stresses on the blade and 
found that the peak pressure occurs not at the instant of impact but after a brief 
moment and the peak pressure occurs inside the droplet and not at the interface. 
Huang et al. [6] did a numerical analysis on a 2D axisymmetric model of the water 
droplet erosion and compared the maximum stresses and pressures for different 
coating thicknesses. It is seen that the pressures and stresses on the blade are higher 
for a non-coated blade when compared to a coated blade. 

In the present work, a one-dimensional numerical model is developed to study 
water droplet erosion. This work mainly focuses on comparing the pressure and stress 
curves of the rigid blade impact model with the elastic blade impact model. Moreover, 
pressure and stress curves of the blade material 1Cr13 (which has a Young’s modulus 
of 200 GPa) and a coated blade (which has a Young’s modulus of 100 GPa) are 
compared to appreciate the effect of coating of steam turbine blade.
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2 Problem Description 

In the present work, a one-dimensional numerical analysis is carried out on the water 
droplet erosion over the turbine blade to obtain the pressure curves inside the liquid 
droplet and stress curves over the surface of the blade. The governing equations 
consist of two parts one of liquid regime and the other of solid regime. Both are 
done for linear and nonlinear model. These governing equations are derived from 
the famous Navier–Stokes equations. 
Governing equations. To simplify the Navier–stokes equations to arrive at the 
governing equations for the present problem, the momentum and viscosity terms 
are removed. This can be justified by the following reasons. (i) Since, the order of 
magnitude of the shear viscosity coefficient is low when compared to the density, the 
viscosity force tensor can be ignored. (ii) Since the shockwave travels at the speed 
of sound, the momentum cannot travel faster than the shockwave and hence can also 
be ignored. 

Applying these conditions to the Navier–stokes equations, they can be simplified 
to the following equations. 

∂∆ρ 
∂t 

+ ∇.(ρV ) = 0 (2)  

∂ρV 

∂t 
+ ∇.(∆pI  ) = 0 (3)  

For a fluid, ∆ρ can be written as 

∆ρ = 
∂ρ 
∂p 

∆p = 
1 

c2 
∆p (4) 

Substituting Eq. 4 in Eqs. (2) and (3), the following equations can be obtained. 

∇2 (p) = 
1 

c2 
∂2(p) 
∂t2 

(5) 

∇2 (V ) = 
1 

c2 
∂2(V ) 
∂t2 

(6) 

By introducing the stream function into the equations, Eqs. (5) and (6) can be 
merged into one equation using the following equations. 

V = ∇ψ (7) 

p = −ρ 
∂(Ψ   ) 
∂t 

(8)
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The merged Eq. (9) represents a wave equation for the liquid regime. 

∇2 ψ = 
1 

c2 
∂2(ψ) 
∂t2 

(9) 

The speed of sound in equation will determine the linearity of the equations. If 
the value of ‘c’ is taken constant throughout the process, the equation will be turned 
into a linear partial differential equation. 

The equations used for calculating pressure, density and speed of sound are as 
follows. 

p = −ρ 
∂(Ψ   ) 
∂t 

(10) 

p = Aρη−B (11) 

c =
/

η 
p + B 

ρ 
(12) 

Equation (11) is known as Tait equation of state of water where A, B and η are 
constants with values being A = 1.0147663 × 10–19, B = 2.858987 × 108, η = 7.15 
[7]. 

To obtain the linear peak pressures and stresses, Eq. (12) is to be omitted from 
the set of equations meaning, the speed of sound throughout the water droplet is 
constant. 

If the blade is taken as an elastic blade, the governing equation for solid regime 
is also added with the liquid regime. Under 1D coordinate system, the elastic solid 
also obeys the wave equation: 

∇2 Us = 
1 

c2 s 

∂2(Us) 
∂t2 

(13) 

Boundary conditions. At the interface, the pressure that is induced by the droplet is 
absorbed by the blade in terms of stress so by equating these two terms, a boundary 
condition for the solid regime can be obtained as shown in Eq. (14). 

∂(Us) 
∂x 

|x=0 = 
ps|x=0 

Es 
= −  

ρ 
Es 

∂ψ 
∂t 

|x=0 (14) 

For the elastic blade model, the deformation velocity is to be incorporated to the 
liquid regime boundary condition which is Eq. (7). By doing so, the same transforms 
into Eq. (15).



48 N. V. Anirudh and V. M. Patel

Table 1 Boundary 
conditions Coupled equations Liquid ∂2(Ψ   ) 

∂ x2 = 1 
c2 

∂2(Ψ   ) 
∂t2

Ψ   |t=0 = 0 
∂Ψ   
∂x |x=0 = v0 − ∂Us 

∂t |x=0 

Solid ∂2(Us) 
∂ x2 = 1 

c2 s 

∂2(Us) 
∂t2 

Us|t=0 = 0 
∂(Us ) 
∂ x |x=0 = −  ρ 

Es 

∂ψ 
∂t |x=0 

∂Ψ   

∂x 
|x=0 = v0 − 

∂Us 

∂t 
|x=0 (15) 

Initialization of the problem solution is done by substituting the initial values of 
stream function and deformation to be zero. Table 1 gives a general idea of all the 
boundary conditions and governing equations that are used to analyse the problem. 

These boundary conditions are used to get the pressure curves inside the water 
droplet and stress curves on the surface of the blade using FDM discretization. 

The discretization is done using 2nd order central difference method with 1st 
degree accuracy. 

∂2∅ 
∂x2 

= 
∅n 
i+1 − 2 × ∅n 

i + ∅n 
i−1 

∆x2 
(16) 

∂2∅ 
∂t2 

= 
∅n−1 
i − 2 × ∅n 

i + ∅n+1 
i 

∆t2 
(17) 

The discretized forms of the wave equations are as follows. 

ψn+1 
i = c2 × ∆t2 ×

(
ψn 
i−1 − 2 × ψn 

i + ψn 
i+1 

∆x2

)
− (

ψn−1 
i − 2 × ψn 

i

)
(18) 

Un+1 
i = c2 S × ∆t2 ×

(
Un 

i−1 − 2 × Un 
i + Un 

i+1 

∆x2

)
− (

Un−1 
i − 2 × Un 

i

)
(19) 

Methodology. The following steps are followed to construct a code for the problem 
at hand. 

1. The initial values of pressure and displacement are given zero as the water 
droplet is yet to be disturbed by the impact with the surface. 

2. The density and sound speed are to be calculated from Eqs. (11) and (12), 
respectively. (For linear wave model, speed of sound is to be omitted out of the 
calculations as it is to be kept constant in the stream function wave equation.) 

3. Stream function (ψ) is to be calculated using the wave Eq. (18) which can be 
discretized using Eqs. (16) and (17) over the grid using the value of c obtained 
from the previous step.
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4. Pressure is to be calculated from Eq. (10) using the density and stream function 
obtained from the previous steps. (For rigid, stop the 1st time step here and 
go to the next time step and redo the steps 1 to 4 until the pressure difference 
between consecutive time steps reach specific threshold.) 

5. The pressure at this time step is to be taken as the boundary condition for the 
solid region as in Eq. (14). 

6. Using these values of displacement (U), the displacements at the next time 
step are to be calculated using the displacement wave Eq. (19) 

7. This displacement is to be used to calculate the velocity at which the 
deformation occurs at the interface 

8. This velocity is used as the boundary condition of the liquid region (15). 
9. Move to the next time step. 
10. These steps 2–9 are to be repeated until the desired threshold pressure 

difference between the consecutive time steps is reached. 

The solution methodology adopted in the present work is summarized in the 
flowchart, as shown in Fig. 3. 

The schematic of the blade and the surroundings are shown in Fig. 4. 

3 Results and Discussions 

When the water droplet hits the surface of the blade, it creates a shockwave that 
travels at the speed of sound inside the water droplet. The incoming shockwave 
when breaks, creates a pressure that is more than the water hammer pressure due to 
the lateral jetting. The pressure at the interface has a different value when compared 
to the pressure at inside the droplet. As the time progresses, wave propagates into 
the droplet while varying the pressure inside it. This can be seen in Fig. 5a, b. 

The peak pressures obtained for rigid impacts at two different velocities, namely 
10 m/s and 100 m/s are compared with the work of Li et al. [4] and the corresponding 
plots are shown in Figs. 6 and 7, respectively. 

Figure 8a, b shows the variation of the pressures and stresses against time on 
the interface for all the models for the impact velocities of 10 m/s and 100 m/s, 
respectively 

From Fig. 8a, b, it is seen that all the peak pressures for the linear model are lower 
than that of the nonlinear model. This can be attributed to the fact that in the nonlinear 
model, the compressibility of the liquid causes the liquid to get harder which intern 
induces higher pressure onto the surface of the blade. All the peak pressures on the 
interface of the blade are higher for the rigid blade when compared to the elastic 
blade as the blade gets deformed with a deformation speed vs which cushions the 
relative velocity of impact which leads to lower pressure action on the surface. 

The peak pressure occurs at the time period of 0.2 nanoseconds at the interface 
and then decreases in an ever-damping wave pattern as shown in Figs. 4 and 5. This  
phenomenon is also seen in the finding of Marzbali [5].
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Fig. 3 Methodology flowchart
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Fig. 4 Schematic of the blade domain 

(a) (b) 

Fig. 5 Pressure distributions inside the liquid droplet at different time steps for the impact velocities 
of 10 m/s (a) and 100 m/s (b) for the nonlinear wave model 

Fig. 6 Change in 
non-dimensional pressure 
with respect to the time at 
the interface for the impact 
velocity of 10 m/s obtained 
from a nonlinear wave model
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Fig. 7 Change in non-dimensional pressure with respect to the time at the interface for the impact 
velocity of 100 m/s obtained from a nonlinear wave model 

(a) (b) 

Fig. 8 Variation of impact pressure and stress on the interface w.r.t time period for the impact 
velocity of 10 m/s (a) and 100 m/s (b) 

The effect of erosion has also seemed to have increased with increase in the 
impact velocity in the experimental results done by Ahmad [2] and numerical results 
obtained by Chidambaram [3].

By comparing the steady state pressures from Tables 2 and 3, it can be said that as 
the impact velocity increases, the effect of nonlinearity also increases as the liquid 
compression is greater with a higher impact speed. The peak pressure ratio between 
the nonlinear and linear models for rigid model at 10 m/s impact speed is 1.040 and 
for the 100 m/s of impact speed is 1.150. The same for elastic model at 10 m/s of 
impact speed is 1.0357; whereas, for 100 m/s of impact speed, the ratio turns out 
to be 1.1487. In both rigid and elastic model, it is seen that the ratio of pressures is 
greater in the impact speeds of 100 m/s when compared to 10 m/s.
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Table 2 Results of the linear solid–liquid impact model 

Model of solid Rigid Elastic 

Impact velocity (m/s) 10 100 10 100 

Deformation speed (vs) 0 0 0.438 4.547 

Peak pressure at the interface (P*) 1.112 1.302 1.072 1.251 

Peak stress at the interface (∑) 0 0 1.051 1.148 

Steady state pressure (P*) 1.042 1.192 1.021 1.124 

Steady state stress (∑) 0 0 1.018 1.064 

Table 3 Results of the nonlinear solid–liquid impact model 

Model of solid Rigid Elastic 

Impact velocity (m/s) 10 100 10 100 

Deformation speed (vs) 0 0 0.423 4.235 

Peak pressure at the interface (P*) 1.069 1.132 1.035 1.089 

Peak stress at the interface (∑) 0 0 1.031 1.061 

Steady state pressure (P*) 0.989 1.057 0.972 1.023 

Steady state stress (∑) 0 0 0.985 1.011 

At higher impact speeds, the pressure at the interface is higher which causes 
the deformation velocity to increase making the blade’s elasticity become more 
significant. From Table 2, it is observed that for the nonlinear model, at an impact 
velocity 10 m/s, the ratio between the deformation velocity vs and the impact velocity 
v0 (vs/v0) = 0.0438 and at 100 m/s, the ratio turns out to be 0.04547. This proves that 
the deformation effect is higher at higher impact speeds. 
Coated blade. Figure 9a, b shows the results of the non-dimensional pressure and 
stress progression with respect to time for the metal coated elastic blade with the 
Young’s modulus of 100 GPa [8]. 

It can be seen that the peak pressure and peak stress at the interface for the coated 
blade surface are lower than that of the uncoated blade surface. Young’s modulus of

(a) (b) 

Fig. 9 Pressure and stress variations w.r.t time period for the coated blade with Young’s modulus 
of 100 GPa for impact speeds of 10 m/s (a) and 100 m/s (b)
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Table 4 Percentage change 
in pressure and stress in all 
scenarios for coated blade 

Model Velocity (m/s) Pressure (%) Stress (%) 

Linear 10 1.98 1.54 

100 3.184 3.002 

Nonlinear 10 2.144 2.015 

100 3.845 3.452 

the coated surface changes the elasticity of the blade surface which in turn changes 
the amount of deformation that occurs in it. This causes the relative impact velocity 
to be lowered even further which causes the decrease in peak pressure and stress at 
the surface of the blade.

As seen in Table 4, the variation in both pressure and stress is higher for the 
higher impact speeds. This is because the property of elasticity highly affects the 
pressure and with the increase in velocity, the pressure difference is much higher as 
the deformation speed is more for lower Young’s modulus material. 

4 Conclusions 

In this work, the one-dimensional numerical simulation of erosion of the steam 
turbine blade due to the condensed water droplets is carried out. For this, a nonlinear 
acoustic wave equation for the liquid phase is coupled with the elastic solid wave 
equation for solid phase. Since the viscous forces is insignificantly less, its effect is 
completely ignored. The key observations made during this work are as follows. 

1. The nonlinear wave model has a high-steady state and peak pressures which 
signifies the importance of the nonlinear property which is the variation of 
speed of sound. 

2. This work also simulates the shockwave travel inside the droplet while also 
showing that the elasticity of the solid affects the pressure and stress acted in 
the liquid droplet and the solid, respectively. 

3. The analysis is done on the 1Cr13 material turbine blade and a coated turbine 
blade there by comparing these two results to accurately show the significance 
of erosion resistance coating onto the blade. This work mainly focuses on the 
pressure inside the water droplet and the stress induced due to that pressure on 
the turbine blade while changing the droplet impact speed. 

4. This work also proves that the impact velocity plays a major role in determining 
the impact pressure of the water droplet onto the surface of the blade.
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