Chapter 3 ®)
3D R From Quantized Coordinate Ring Guca i

of Type A

Abstract Letgbeaclassical simple Lie algebraand U, (g) be the quantized universal
enveloping algebra of g. There is a Hopf algebra dual to U, (g) which corresponds to
a g deformation of the algebra of functions on the Lie group of g. It will be called the
quantized coordinate ring and denoted by A, (g) in this book. We assume that g is
generic throughout. In this chapter, A, (g) for g of type A is treated based on a concrete
realization by generators and relations, deferring a more universal formulation to
Sect. 10.2. It turns out that an intertwiner of certain A, (g) modules leadstoa3D R, a
solution of the tetrahedron equation. It has set-theoretical and birational counterparts
which satisfy the tetrahedron equation in the respective setting. The birational case
admits bilinearization in terms of tau functions.

3.1 Quantized Coordinate Ring A, (A,_1)

Let n > 2 be an integer. This chapter is devoted to the type A case g = A,_;.!
The quantized coordinate ring A,(A,_;) is a Hopf algebra [1] with n? generators
(tij)1<i, j<n- In terms of the n by n matrix T = (;;), their relations are presented in
the so-called RTT = TT R form and the unit quantum determinant condition:

D Ribptmktor = ) tiptin Ry} (3.1
m,p m,p

Z (_q)l(a)tlal T tmr,, = 1. (32)
eSS,

The former is called the RT T relation. The symbol &, denotes the symmetric group
of degree n and (o) is the length of the permutation o. The structure constant R,
is specified by

! Although, Theorem 3.3 is valid for general classical simple Lie algebra g.
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22 3 3D R From Quantized Coordinate Ring of Type A

Z R/ijllEik ®Ej; = quii ® Ej; +2Eii ®Ej+(q —CI_I)ZEU ® Eji,

ijkd i ij i>j
(3.3)
where the indices are summed over {1, 2, ..., n}, and E;; is a matrix unit. The matrix
(3.3) is extracted as
> Ry Ein ® Ej=q lim x™' R(x)|j—g (3.4)
X—> 00

i,j,m,l

from the quantum R matrix R(x) for the vector representation of Uq(Aflll 1) given
in [64, Eq. (3.5)].2 Explicitly, the relation (3.1) reads as

0 (i<j,k=>0D,
[tix, tji] = i T
(g —qg Dty (G < j k<), (3.5)

tiktix = qtjetix (0 < J), ity = qigit @ < J).

The coproduct or co-multiplication is given by

Atj) = Zt,‘k ® tj. (3.6)
k

We will use the same symbol A flexibly to also mean the multiple coproducts like
(A®1)oA=(1® A)oA,etc. The antipode S and the counit € are given by

St =(q) 7 Y (=)t it i (3.7)

UEGn,l

E(lij) = (S,‘j. (3.8)

The sum in (3.7) is the quantum minor which extends over permutations of

(..., n}\ {i}.

Example 3.1 The simplest case n = 2 is A,(A}). It is generated by #,y, t12, t21, 122
with the relations

hihi = qiati,  tiohn = qinty, titiy = qtphy, hiln = qinhi,

3.9)
[t2. t11=0, [ti, o] =(q —q Dtutn, titn — gtk = 1.

The quantum determinant ¢1t; — qt12t>; appearing in (3.9) is central. The rule (3.6)
implies that the coproduct A is obtained by formally replacing the product in matrix
multiplication by ® as

2 In Chaps. 3, 5, 6 and 8, the quantum R matrices and their elements Rir{l appear only as the structure
constant in the RT T relation. They should not be confused with those of the 3D R.
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(ln l12) A (ln QU +112Qh 1@ +112Q® tzz) (3.10)

11 1o 1@ +in®h H Ol +1nln

The multiple coproduct is similar. It is easy to check that A is an algebra homo-
morphism, for example, A(t;) A(t1) = g A(t21)A(t1) by using (3.9) and (3.10). A
defining axiom m o (1 ® S) o A =1 o € for example,? is checked as

01 @ty + 10 ® (—qta) 11 ® (—q '112) + 1o ® 1

_ g
Ry Il — gzl 61_]l11!12 + tiaty _ 10 ' G.11)
hihy — qipnh) —q~ bt + it 01

(3.10) 1gs (fll Q1+t Q (—qhy) 111 @ (—q ') + 12 ® 111>

A sketch of “derivation” of the relations (3.9) from the dual U, (sl) is available in
Example 10.2.

Remark 3.2 Themapt; — & ;1§kz ik with non-zero parameters &y, . . ., §, isaHopf
algebra automorphism. ‘

3.2 Representation Theory

Let Osc, = (a*,a™, k, k') be the g-oscillator algebra, i.e. an associative algebra
with the relations

kat =ga'k, ka =g 'a’k, aat=1-¢%%% afa =1-k> (3.12)

and those following from the obvious ones k k! = k~'k = 1. It has an irreducible
representation on the Fock space 7, = P, C(q)|m):

kim) = g"|m), a*lm)=|m+1), a"|jm)=(1—-g"")|m—1). (3.13)
In particular a=|0) = 0. The generators a* and k*! will be identified with the ele-
ments of End(¥,) defined by (3.13) unless otherwise stated. We will also use the

diagonal operators h and D, such that

h|m) = m|m), (3.14)
Dylm) = (gH)nm). (3.15)

Thus we may identify k as k = ¢". An eigenvalue of h will be referred to as a mode
of the g-oscillator. For the notation (g2),, = (¢%; ¢*)m, see (3.65).

3 { and m are the unit and the multiplication of the Hopf algebra A4 (A1) under consideration.
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We will also be concerned with the dual Fock space 7 = P,,..c C(¢) {m| whose
pairing with ¥ is specified by

(mlm') = (@) (3.16)
The g-oscillators act on ¥/ as
(mlk = (mlg", (mla® = (m—1](1—¢*"), (mla” = (m+1]| (3.17)

and (m|h = (m|m. In particular (O]a™ = 0. They satisfy ((m|X)|m’) = (m|(X|m’))
and

(m|Xy - Xjlm'y = (m'|X; - Xi|m), (3.18)

where (- - -) is defined by a* = a¥, k =k and h = h.
The algebra A,(A;) in Example 3.1 has the irreducible representation 7 on %,
depending on a non-zero parameter u as follows:

Hi tin a-  puk
: — _ . 3.19
d <121 fzz) <—61M 'k a+> ( )

For A, (A,—_1), there are similar representations
it Ag(Apm1) = End(F,) (1 <i<n-1). (3.20)

It contains a non-zero parameter p; and factors through (3.19) via the surjective
map A, (A,—1) — A,(sly;). Here, sl,; denotes the A; = slp-subalgebra of A,_;
associated with i. It is given by

11 tin 1

ti—1,i—1 1
tii i+l a~ 1 ik (3.21)
fit1,i tiglitl —qu; k at '

tit2,i+2 1

In1 Inn 1

where all the blanks on the RHS are to be understood as 0. It is easy to see that
i, ..., T,— are all inequivalent and irreducible. Starting from them, one can con-
struct tensor product representations 7; ® --- ® 7w, : Ag(A,—1) — End(?—'f’) via
[ (i, ®- - ®m;,)(A(f)) using the multiple coproduct A obtained by iterating
(3.6)1 — 1 times. A natural question at this stage is, what is the totality of irreducible
representations up to equivalence and how they can be realized. The answer has been
known for A, (g) associated with any classical simple Lie algebra g.
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Theorem 3.3 (i) For each vertex i of the Dynkin diagram of g, A,(@) has an

irreducible representation w; factoring through (3.19) via A, (g) — Ay, (sla;).

(ii) Irreducible representations of A,(g) up to equivalence are in one-to-one cor-
respondence with the elements of the Weyl group W of g.

(iii) Let w =s;, ---5;, € W be a reduced expression in terms of the simple reflec-
tions. Then the irreducible representation corresponding to w is isomorphic to
T[il ®®T[11

In(i),q; = q“*)/2, where ; is a simple root.* The assertions (ii) and (iii) actually
hold up to the degrees of freedom of the parameters as p; in (3.19). See [138, 139,
146] for the detail. We call w; (i = 1, ..., rank g) the fundamental representations.
We will often denote 7;, ® - - - ® m;, by 7, ;, for short.

Returning tothe g = A, _ case, the representations ry, . . ., m,_; definedin (3.21)
are the fundamental representations of A, (A,_;) in the above sense. The Weyl group
W(A,-1) = (s1,...,8,—1) is generated by the simple reflections sy, .. ., s,—1 obey-
ing the Coxeter relations

s2=1, sisp=sj8 (i —jl=2), sisjsi =s;85; (i —jl=1). (3.22)
From the second relation here and Theorem 3.3 (iii) it follows that m; @ m; ~ 7; ®
m; for |i — j| > 2. This isomorphism is simply provided as the transposition of
components:

Px®y)=yQ®x. (3.23)
In order to show this, one should check that

P @ mj)(A(f) = (; @ m)(A(fNP  (li —j|=2) (3.24)

holds for any f € A;(A,—1). Since A is an algebra homomorphism, it suffices to
consider the f = 1, case:

P(X i) @ 7)) = (Y7 @ miln) )P for Ji = jl =2, (3.25)
1 l

which is equivalent to

> wim) @ mitn) = Y 7 (t) @ mit)  for i —jl =2 (3.26)
! !

This indeed holds thanks to the simple and sparse structure of (3.21).

Remark 3.4 Not only for A,_; but for general g, the equivalence of 7; ® 7; ~
7; ® m; for i, j such that s;5; = s;5; is always assured by the transposition P in
(3.23).

4 We normalize the simple root so that ¢; = g when g is simply-laced or ; is short.
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By virtue of Remark 3.2, all the parameters wur, ..., i, in the fundamental
representations 7y, . .., 7,—; are removed by the choice &; = ]_[,J{;; . Henceforth
weset 4] = --- = u,—1 = | in the rest of the chapter without loss of generality.

3.3 Intertwiner for Cubic Coxeter Relation

The isomorphism of the two irreducible representations will be called the intertwiner.
By Schur’s lemma, it is unique up to the overall normalization. The transposition P
in (3.23) is the intertwiner corresponding to the quadratic Coxeter relation.

Let us proceed to the cubic one. In view of the structure (3.21), it suffices to
consider A, (A,) and the equivalence 1y 2 7,1, reflecting the Coxeter relation
$15281 = $25152. Let

O F,@F QT — Fu®@F, ®F, (3.27)
be the associated intertwiner. It is characterized by the relations:

P o1 (A(f)) = mn2(A(f)) o @ (Vf € Ay(Ar)), (3.28)
(10) ® 10) ® [0)) = [0) ® |0) ® |0). (3.29)

The latter just fixes the normalization. The absence of terms other than |0) ® |0) & |0)
in its RHS is assured by the weight conservation. See (3.48), (3.47) and (3.30).
It is convenient to work with R defined by

R=®P;3: FF;0F; — F, F, ®F,. (3.30)

Here P;3 is the interchanger of the first and the third components defined before
(2.20). We also call R the intertwiner. It will be shown to satisfy the tetrahedron
equations of type RRRR = RRRR in Theorem 3.20 (and also RLLL = LLLR in
Theorem 3.21), therefore R is a 3D R in the sense of Sect. 2.1. From (3.28) and
(3.29), R is characterized by

Romin(A(f)) =mnn(A(f) o R (Vf € A (Ar)), (3.31)
R(10) ® [0) ® |0)) = [0) ® |0) ® |0), (3.32)

where A(f) = Pi3(A(f)) Pi3. From (3.6) we have

A(tj) = Z ti, ® th, ® 1, At) = Z i ®t, ®tiy,.  (3.33)

1<l,hb<3 1<l,,L<3

According to (3.21), the image of the 9 generators T = (%;;)1<;, j<3 by the fundamen-
tal representations reads as
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a= kO 10 0
(T = | —gkat 0|, m@=|02a k|. (3.34)
0 01 0 —gk at

From (3.33), w121 (A(T)) is expressed as

a ®l®a —¢gk®a ®k k®a ®a'+a ®1®k kQk®l
—g(a"®a k+k®1®a) at®a ®a" —gk®1®k atk® 1
’1k®k —gl®k®a" Iat®1

(3.35)

121 (A(T)) is given by reversing the order of the tensor product as
2 ®I®a —¢gk®a ®k a"®a ®k+k®1®a 1Qk®k
—gk®a ®at+a ®1Qk at®a ®at-¢gk®1®k 19k®a’
’kk®1 —gatk®1 Ipat®1
(3.36)

1712 (A(T)) takes the form

I®a~ ®1 I®k®a~ I9k®k
—ga ®k®l a ®ata —¢k®1®k a atk+k®l®at |.
’kek®1 —gk®at®a +at®1®k) at®l®at —gk®at @k
(3.37)
Thus the intertwining relation (3.31) reads as
1 R@ ®1l®a —gk®a k)=(1®a Q1)R, (3.38)
t: R@a™"®@a ®@k+k®1®a)=(19k®a )R, (3.39)
f3: RO®k®K) = (1 @k ®K)R, (3.40)
mn: Rk®a ®a"+a 1@k =@ ®k® DR, (3.41)
tn: R@A"®a ®at —¢k®1®k =@ ®at®a —¢gk®1®K)R,
(3.42)
tn: RORk®a) =@ @at®k+k®1Q®a")R, (3.43)
f1: REQk®1) =k®k® DR, (3.44)
tn: R@T®k®1)=k®a"®a +a" ® 1 ®Kk)R, (3.45)
f: RO®a™T @) =@"Q@1®a" —gk®a" ®Kk)R, (3.46)

where the left column specifies the choice of f in (3.31).



28 3 3D R From Quantized Coordinate Ring of Type A

The intertwiner R is regarded as a matrix R = (R{j) acting on F,®* as

RN ® /) ® k) = > R¥la) ® 1b) ® [c). (3.47)

a,b,c

The normalization condition (3.29) becomes R3SS = 838585. The simplest equations
(3.40) and (3.44) imply

RYE =0 unless (@a+b.b+c)=(i+j.j+k. (3.48)

This property will be referred to as the weight conservation. It may also be rephrased
as

R,"®"®1]1=[R,197"®" =0, (3.49)

where h is the number operator (3.14) and z is a non-zero parameter. The other
equations lead to recursion relations of the matrix elements as follows:

t1: g T A=PDRE L+ =g PRI = A=g?) (1= RNy (3.50)

i,j.k

21 ¢ (1= RN+ A=aPOREE = ¢" A= PRI (3.51)
D10 q (A= R oy + ¢ A=PDREN = " (1=g* )R] T, (3.52)
t: q(qa+c_qi+k)RZ}gfkc + (l—qzj)Riairbf,cj—l,kH _ (1_q20+2)(1_q25+2)R2;}6,b—1,c+1’

(3.53)
3! ROVE, = q RO — g (A =g* PRI =0, (3.54)
2t g R — g RENG  +q (1= g PHRED T =0, (3.55)
t33: qa+c+1Ricf,jl?k—l.c _ Rﬁ;llc.b,c—l + R;z]b_;lk —0. (356)

The relations (3.54), (3.55) and (3.56) can be used to reduce k, i and j, respectively.

Consequently, an arbitrary Ry satisfying (3.48) is attributed to R0 = 1. Thus R is
determined only by these relations. Since the intertwiner exists, compatibility of the
reduction procedure and validity of the other relations is guaranteed. The resulting
explicit formula will be presented in (3.67).

Lemma 3.5 Set X;; = (—q)"—f'(S(t4_j,4_,~)|qﬂq_1)’ € Ag(A2) (1 <i, j <3), where S
is the antipode (3.7) and the prime reverses the order of product of generators. Explicitly we
have

X11 =t —q it X12 = ¢ (131112 — qt30t11),
X13 = q (=312 + q13121), X21 = n1113 — g3,
X =t33t11 —q” 131113, X23 = q 2131123 — q133121),
X31 = q(—m2113 +q13112), X3 = 132113 — q133112,

-1
X33 = 13310 —q~ 132023.
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Then the following relations are valid:
12 (AXij) = w121 (A7), m212(AXi))) = w121 (A;)))- 3.57)

Proof The two relations are equivalent by the conjugation by Py3. Let us illus-
trate a direct check of 7,12 (A(X23) = 7121 (A(t23)). The LHS is q_27T212(A(l31t23 —
qt33t21)). Substituting (3.36) and (3.37), we find that the relation to be shown is given
by

kk® D@ ®atk+k®l®a")
+@RIRa—gk®a"kl(a k® ) =19k®a™ .
To check this by (3.12) is straightforward. The other cases are similar. (]

By definition, the transpose 'Y of an operator ¥ € End(¥,) is specified by
Yim)y =Y, c"|m') for Yim) =3, " |m’). Similar notations will be used also
for operators on the tensor product of Fock spaces.

Set

Dy =D, ®D, ® Dy, (3.58)

where D, is defined by (3.15).
Lemma 3.6 The transposed representations are related to the original ones as
"(12(A 1)) = Damtin (Altji) Dy
"1 (A))) = Damaa(Atji)) D!
fori, j €{l,2,3}, wherei’ =4 —1i.
Proof The two relations are equivalent. See (3.33). From (3.13) and (3.15), we see
'(a*) = D,a* D, ' and 'k = D,kD; . They lead to
"71(1;j) = Dyma(tyi) D', "o (tiz) = Dy (1) Dy
for the fundamental representations (3.34). The assertion is a corollary of this prop-

erty. (I

Proposition 3.7 The intertwiner R has the following properties concerning the con-
jugation by P3, the inverse R™" and the transpose 'R:

R = P;3RPi3, (3.59)

R~ ' =R, (3.60)
R = DsRD;". (3.61)
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Proof These properties are proved by invoking the uniqueness of the intertwiner
satisfying (3.31) and (3.32). To show (3.59), it suffices to recognize that the set of
relations (3.38)—(3.46) are invariant under the conjugation by P3.

Next we show (3.60). Comparison of the two choices f =1¢; and f = X;; in
(3.31) using Lemma 3.5 shows that R and R~' satisfy the same set of intertwining
relations. The normalization condition (3.32) is also invariant under the exchange
R <> R7!, hence (3.60) follows.

Finally, we show (3.61). Take the transpose of (3.31). From Lemma 3.6 we find
that DZI’RZ)A again satisfies (3.31). The normalization condition (3.32) is also
invariant under the exchange R < Z);“RZ)A, hence (3.61) follows. ([l

In terms of the matrix elements, the properties (3.59) and (3.61) are rephrased as

Rg]_f;{c — Rliiyla’ (362)
Rabe _ (@i (g RiK

ave _ -~ 727 I T 7 . 3.63
i D@ (@) (5.63)

Remark 3.8 One may introduce another parameter v by replacing the latter two
formulas in (3.13) by a*|m) = v|m + 1), a~|m) = v~ (1 — ¢*")|m — 1) keeping
(3.12) invariant. It corresponds to changing the normalization of |m) depending on
m. The resulting 3D Ris (1 @ V" @ DRI @ v " ® 1).

Remark 3.9 If one switches fromk to k := ¢'/?k including the zero point energy of
the g-oscillator (see (3.13)), all the “non-autonomous” g’s in (3.38)—(3.46) disappear.

It opens an avenue toward another class of 3D R associated with the so-called modular
double of g and g-oscillators. This topic is not covered in this book. See [97]. The
same feature will be observed for the 3D K in Remark 5.5.

Remark 3.10 From (3.16), (3.47) and (3.63), the 3D R acts on the dual Fock space
as

(i1 ® (1 ® kDR = R (al ® (bl ® (cl. (3.64)

a,b,c

3.4 Explicit Formula for 3D R

In this section we present explicit formulas of the matrix elements Rf’j’}f (3.47) of the
intertwiner R characterized by (3.31) and (3.32).
We assume that g is generic and use the notation
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@GO =[]0=2¢". @ =G Dn,

j=1

[Tiei (@),
{rl,--wrm} _ m Vri, si € Lo, (3.65)
S1sev58n )y 0 otherwise,

(), =("0) = L,

Unless stated otherwise, the abbreviation (¢),, = (¢; )., will be used also for (¢),,
with k € Z. Thus (g?),, for instance means (¢%; ¢2),,. The two-storied symbol
in the second line will be used without assuming a “well-poisedness” constraint
Yo ri =Y si. The non-vanishing condition Vr;, s; € Z=¢ is quite important
and will impose non-trivial constraints on the summation variables in what follows.
Jin
JlseeesJn q
particular the n = 2 case in the third line is called the ¢g-binomial.

The Kronecker delta will be written either as 8,5 or §;. We will also use the
notation

The special case { } is a g-multinomial coefficient belonging to Zxo[g]. In

(x)+ = max(x,0) = x —min(x,0) (x € R). (3.66)
Theorem 3.11
2 . .
Rebe — satbghre ™ (L pyrgitempyiter it e (’ ) (J > . (3.67)
jk i+j Y j+k Aéb q (qz)c m " A -

where the sum is over A, (L € Zxq such that A + . = b. (Thus (3.67) is actually a
single sum over (b — i)+ < A <min(b, j) or (b — j)+ < u <min(b,i).)

Proof The prefactor Sﬁ;’SﬁZ represents the weight conservation (3.48). The recur-
sion relations (3.55) and (3.56) can be iterated m times to reduce i and j indices as

m 2
Rabe 3a+b5b+]€ Zq(mfr)(cfj)er(a*j*err) (G)c+r <m> R b=t
e
r=0 q

ijk = Oitj @). \r) i—m,j.k )

m
m .
abc __ qa+b ob+c _ 1\, (a+c—=2m+2r+1) a—m+r,b—r,c—m+r
Riji =858k § :( Dq R; i omk .
r 2
r=0 q

By combining them, general elements are reduced to Rgg,’j. The relation (3.54) shows

that Rgg,f = R)% = 1. The result of these reductions is given by (3.67). (]
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abc

Example 3.12 The following is the list of all the non-zero R;.

R = =1 —gH(1 — %1 — g%,

Ry =0-¢"10-¢0—-q*—q°—q"—q'"",
R3 =q*(1 + )1 +¢H (1 = ¢®)(1 —¢° — ¢,
R;lli — q6(1 +q2 +6]4 _q8 _qlo _ q12 _ q14)’

R405

_ 12
314 =94 -

Remark 3.13 From (3.67) we have

b bc
(=D’ Ri lg—g-
_ sutbghte Z i == DP4220 )2 (qz)cw(i) (J) (3.68)
i+j 2 j+ 2 :
Nyt (@He \W/ 2 \1/ 2

From (qz)chH/(qz)c = (q>*%; qz)u, it follows that (—l)bRi“j’}f > 0 in the regime
qg > 1.

Remark 3.14 Set R(x,y) = (1 ®x"® DR(1 ® y " ® 1), where x, y are non-
zero parameters and h is defined by (3.14). Thanks to the weight conservation
(3.49), R(x, y) also satisfies the tetrahedron equation R4 (x, ¥) Ri35(x, ¥) Raze(x, ¥)
Rius6(x, y) = Ruse(x, y) Raze(x, ¥) Ri35(x, y) Ri24(x, y). In particular, R(—1, 1) has
the elements (—1)le‘.’j}}f. Thus Remark 3.13 shows that R(—1, 1) is a 3D R whose
elements are all non-negative for g > 1.

Example 3.15
Rqoc — ikéfl 5C flbc — qac (qz)i(qz)k {H‘h b+c
ijk i+j%j+k> i0k (qz)a (qz)b(qz)c i k>

i 2
. J bob . icewn @k b
R = (—1)b61b(k+1)<b) 8PN, RUE = (—1)qu(c+1)( 5 80, 80t
q* q-)c
Riji =1-(+4)q™.
It is an easy exercise to deduce a formula for the operator Rl.“].” € End(¥,) in the

general scheme (2.4) by comparing it with (2.2) and using Theorem 3.11. The result
reads as’

leljb :(Si“j;’ Z (_I)Aqk-ﬁ-/ﬂ_ib(;) (]) (a")"(at) kit (3.69)
q* q*

A
ru=b

5 This Rl‘.‘j[7 is not the structure constants in (3.1)—(3.4).
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where the sum extends over A, i € Zs such that A + . = b. As a consequence of
the weight conservation (3.49), Rl?’jb is homogeneous in the sense that

PRI = R (3.70)
Example 3.16
R3O0 RYY RYG RYY 10 0 0
Roo Roi Rig Ry | [0 —gk a= 0 a7
RY RY RIY R 0 at k 0 ’ ’
Ry RY RI R/ N0 00 aat ok

Except for the bottom right element, this coincides with the corresponding matrix
from of the 3D L in (11.14)|,—;. Its consequence will be mentioned in Example 13.1.

R R R 9’k —a'k (@)’
R} R RY [ =] —-q(+¢Ha'k aa® -k ¢7'(I+4¢Pak]|. (372)
R R R3) (at)? atk 'S

Reversing the order of the columns of this matrix coincides with the central three-
by-three block in (8.8) up to coefficients.

Example 3.17 The following formulas will be used in Example 13.1:

m+ 1
q

m,1

m
Rm+1,0 — a+km’ RZII — q1m<< ) afaJr _ k2>km71-
’ 1 q’)
Let us present another formula in terms of the g-hypergeometric function [50]:

a, B (@; @)n(B; @n
i q, = — I I wn, 3.73
24)1( 14 1 w) nzzo(y;q)n(q;q)nw (0.73)

Theorem 3.18
be _ qatbshre 497D 2% 2 2k
R =018 ((]pr(‘l g g™, (3.74)

—2b 2-2b
_ q 7,94 yz
Py(x,y,2) = (@* "2 ¢)p a2t ( R q’, q2x> : (3.75)
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du  (—q* 2 xyzu; %) oo(— 15 ¢%)oo
2riub !t (—xu; %) oo(—2U; ¢2)oo

Py(x.y.2) = q"’“’—”(q%bf . (3.76)

where the integral encircles u = 0 anti-clockwise picking up the residue.

Proof From (3.39)and R=R 'wehave RI®k®a ) =(k®1l®a +at ®
a~ ® k)R. In terms of matrix elements it reads as

q/(l _qZk)RZf}Ccfl — qa(l _q26+2)RiH’,ﬁ;{C+1 + qC(l _q2b+2)Rz;’}c,b+l,C- (377)

Substituting (3.74) into (3.77) and (3.50), we get the recursion relations

(1= 2)Py(x, 3, 22) = q Px(1 — g 22 y2) Pp(x, v, 2) + Poy1(x, ¥, 2), (3.78)

G P xz(1 =) Py(x, g2y, ) + Py (x, v, 2) = (1 —x)(1 — 2) Pp(g ~2x, y, ¢ 22).

(3.79)
The initial condition should be set as Py(x, y, z) = 1 since Ri“j(}f = 5?+ jS; +kq"k from
(3.67). Obviously, both formulas (3.75) and (3.76) satisfy the initial condition. The
remaining task is to show that they satisfy either one of the above recursion relations.
It is straightforward to check that (3.75) satisfies (3.78) by comparing coefficients of
the powers of x. To show (3.76), substitute it into (3.79) and replace u by gu in the
RHS. Then the relation to be shown becomes

X =0,

?{ du(—q~*xyzu; g% oo(—q*u; %o
U2 (—=xu; g)oo (—21; 4o
X =xz(1—u(l+u)— (1 —x)A —2u~+ (1 —¢g**">)(1 +u).

By setting f (1) = (—q¢ 222 xyzu; Yoo (—t; ¢%)oo/ ((—x1; §*) oo (—2t; %) oo, this
is identified with the identity ¢ 4% (f(¢%u) — ¢***? f (u)) = 0. O

Note that (3.75) is a terminating series due to the entry q‘z” .Infact, Py(x, y, ) is
a polynomial belonging to ¢ ~?*®~VZ[4?, x, v, z] with the symmetry P,(x, y, z) =
Py(z, v, x) reflecting (3.59).

Example 3.19

Py(x,y,2) =1, Pi(x,y,2)=1—-x—z+xyz,
q*Py(x,y,2) =x*y’2" — (1 + ¢P)xyz(—=1 +x +2)
+¢%(@* —x — g’ x +x* —z—q* 2+ xz+ ¢ xz + 77,
R = Rt g, R = TN ORGS0,
1-gq? (I —=¢>1 —g%

This agrees with Example 3.12.
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The formula (3.76) is also presented in terms of the generating series:

bb—1),.b
q""Vu _
@ Py(x,q* %y, 2) =
bmo d7)b

(—xyzut; %) oo(—t; ¥ oo
(—=xu; ¢®)oo(—2U; ¢¥) oo

(3.80)

Due to (3.76), matrix elements of the 3D R are expressed as

Rabe _ gatbgbc jik+h du  (—q" " u; g)oo(—q 7 u: g oo (3.81)
ijk — Yi+j j+kq 27-[iub+l (_qa—cu;qZ)oo(_qc—au;qZ)OO . :

Note that the ratio of the four infinite products equals (—g~ %u;q?);/
(—q“~“u; g*)441 because of a — ¢ = i — k. By means of the identity

(zX; Ploo C
(2 Poo g o

(3.82)

it is expanded as

A+ a) . MH)>
E (—u)'q
(Azo < A q*

Collecting the coefficients of u?, one gets

> (’) gtk | (3.83)
qZ

o<p<i W

X . . , A ]
R =gty 3 gt (H0) (1)
Atu=b a g\ g2

summed over A, u € Zso under the constraint A + p = b. Thus it is actually the
single sum over (b — i) <X <bor0 < u < min(b, i).

Both formulas (3.67) and (3.84) show that Rf]i” is a Laurent polynomial of g with
integer coefficients. On the other hand, Example 3.12 suggests that it is actually a
polynomial in q. In Lemma 3.29, a stronger claim identifying the constant term of
the polynomial will be presented which will lead to further aspects.

One can express (3.84) in terms of the terminating ¢-hypergeometric as

) ) » a+b q—2b’ q—2i 3
Ry = 8717875 (=D ’*”( . )22¢1( g A
q

(3.85)
which is a different formula from (3.74)—(3.75). It manifests the symmetry
abe L @i@D; e @
Rijl; =(-q)" LR = (—q)" 2 Ok gha (3.86)

(@2)a(qDs @». '’
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where the second equality is due to (3.63). In Chap. 13 we will use

2
R = 81l g e O
c

2o +b—p J
— Mgt n—=2c Hé ,
X Z (=D"q ( b )

0<p<min(a, j)

(3.87)

which is derived from (3.84) by applying the latter transformation in (3.86).

3.5 Solution to the Tetrahedron Equations

Recall that we have characterized R as the intertwiner of A, (A;) modules in (3.31)
and (3.32). Various explicit formulas for it are presented in the previous section. Now
we proceed to the proof of the tetrahedron equations.

351 RRRR = RRRR Type

Theorem 3.20 The intertwiner R satisfies the tetrahedron equation of RRRR =
RRRR type in (2.6).

Proof Consider A;(A3) and let 7y, 72, 73 be the fundamental representations given
in (3.21). The Weyl group W (Aj3) is generated by simple reflections sy, 57, s3 with
the relations

si2 =1, 5153 = 5351, S15251 = 525152, 525350 = $35253. (3.88)
According to Theorem 3.3, the equivalence of the tensor product representations
T3 2 W3y, W21 22 w212 and mwo3p 2 mwap3 are valid. (., is a shorthand for m;, ®
-+ ® m;, as mentioned after Theorem 3.3.) By Remark 3.4, the intertwiner for w3
731 is just the transposition of the components. Let @ and ®® be the intertwiners
for the latter two, i.e.

Y o a1 (A(S)) = maa(A(f)) 0 DD,

3.89
PP 0 13 (A(f)) = m33(A(f)) 0 PP B89

for any f € A,(A3). By inspection of (3.21), they are both given by the same & as
the A, (A») case characterized in (3.27)—(3.29). Therefore from (3.30) we get

oV = RP;;, % =RP;, (3.90)
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which means that they are the copies of the same operator acting on the respective
spaces.
Let wy € W(Aj3) be the longest element. We pick two reduced expressions, say,

Wo = 5152515352851 = 535251535283, (391)

where the two sides are interchanged by replacing s; by s4_; and reversing the order.
According to Theorem 3.3, we have the equivalence of the two irreducible represen-
tations of A, (A3):

121321 2 321323 (3.92)
Let P;; and GDS,)C, QDZ(IZ,){ be the transposition P (3.23) and the intertwiners @,
that act on the tensor components specified by the indices. These components must
be adjacent (i.e. j —i = k — j = 1) to make the relations (3.25) and (3.89) work.
With this guideline, one can construct the intertwiners for (3.92) by following the
transformation of the reduced expressions by the Coxeter relations (3.88). There are
two ways to achieve this. In terms of the indices, they look as follows:

121321 @) 121321 Py

212321 @) 123121 @2

213231 Py Psg 123212 @),

231213 @Y, 132312 Py Pys

232123 @'Y 312132 @Y,

323123 Py 321232 @

321323 321323 (3.93)

The underlines indicate the components to which the intertwiners given on the right
are to be applied. (Note that they are completely parallel with those in (2.22)—(2.23).)
Thus the following intertwining relations are valid for any f € A,(A3):

2 1 2 1
Py @3, @45 Pys Psg @ s m11321 (A(f))

= m321323(A(f)) P34CD§22)3 CDSL)S P»3 Psg <I>§i)5 ‘13512)3 (3.94)
DD DN, Py Pis @, DL Payriniang (A(S))
= 7T321323(A(f))q)4(125)6(1)§13>4 P13 Pys CD%)A‘CD%L P34. (3.95)

Since the representation (3.92) is irreducible, the intertwiner is unique up to an overall
constant factor. The factor is one because both constructions send |0)®° to itself by
the normalization (3.29). Therefore we have

2) g @2 50D _ 5@ 5D 2) 5D
P3g @153 P35 Po3 Pso P3y5 P13 = Pyse Posy Pro Pus Pz Pyse Paa- (3.96)
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¢ and ©)

In the current setting, (3.90) implies that both ®@;;; ijk

leading to

are equal to R;jx Py,

P34 R 123 P13 R345 P35 Py3 Psg R3a5 P3s R123 P3
= Rus6 Pag R234 P24 P12 Pas Ry34 P24 Ryse Pag Paa.

Sending all the P;;’s to the right by using P34 R123 = Ry24 P34, €tc., we find
Ri124R135 Ry36 Rase0 = RuseRozeRi3s R1240”,

where o = P34P13P35P23P56P35P13 and o' = P46P24P12P45P24P46P34. One can
check that o = o/, which gives the reverse ordering of the components |m) ® - - - ®
|meg) > |me) @ - - - ® |m1). Thus they can be canceled, completing the proof of The-
orem 3.20. O

In terms of the 3D R, the intertwining relations (3.94) and (3.95) take the form:

R124R135 Rz Rase 121321 (A(f)) = 7321323 (A(f)) Riaa Rizs Rass Rase,  (3.97)
Russ Ra36 R135 R12am121321 (A(f)) = 7321323 (A(f)) Rass Razs R13s Rina,  (3.98)

where A(f) = o o A(f) o o. For a generator f = t;; it reads as

At = Dty ® ks ® iy ® tioky ® gk, @ i, - (3.99)
1<ky, . ks <4

‘We have started from the two particular reduced expressions of the longest element
in (3.91). One can play the same game for any pair of the “most distant” reduced
expressions which are related by s; — s4—; and the reverse ordering. The result can
always be brought to the form (2.6) by using (3.59) and (3.60).

In general for A;(A,—;) with n > 5, similar compatibility conditions on the
intertwiners can be derived from reduced expressions of the longest element of
W (A,_1) along the transformation s;, - - - 5;, = §,—;, - - - S4—;, by the Coxeter rela-
tions (3.22), where [ = n(n — 1)/2. Since any reduced expression is transformed to
any of the others by the Coxeter relations [119], the compatibility conditions for any
S$j,+++8j = Sp—j, - -+ Sp—j, are equivalent to each other by a conjugation.

As an illustration, consider the n = 5 case. The longest element of W (A4) has
length 10 and the compatibility for 71234123121 = 74342341234 leads to

R123 R145 R246R356R178 R279 R389R470R580R690 = pl‘OdUCt in reverse order. (3100)

This can be derived by using the original tetrahedron equation (2.6) five times in
addition to the trivial commutativity as
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R123 R145 Ro46 R356 R178 R279 R3go Ra70 R0 Reoo

= R356 Ro46 R145R123 R178 Ra79 R389 Ra70 R5g0 Reoo

= R356 Ro46 R145 R389 R279 R178 R123 R470 R3580 Reoo
= R356 R246 R389 R279 R145 R178 R470 R580 Reoo R123
= R356 Ro46 R389 R279 R580 R470 R178 R145 Reoo R123 (3.101)

= R356 R389 R530 Ro46 Ro79 Ra70 Reoo R178 R145 R123

= R3s6 R389 Rsg0 Reoo Ra70 R279 Ro46 R178 R145 R123

= Reoo Rs580 R389 R356 Ra470 R279 R246 R178 R145 R123
= Re90 Rs580 R470 R389 R279 R178 R356 R246 R145 R123,

where the underlines indicate the places to which the tetrahedron equation is applied.
The first and the last expressions in (3.101) fit the geometric interpretation as the
transformations between the 5-line diagrams in Fig. 3.1 in the same manner as in
Fig. 2.2.

For general n, the compatibility condition arising from m;,
allows a similar geometric interpretation in terms of generic positioned n-line dia-
grams withn(n — 1) /2 vertices. They are all reducible to the the tetrahedron equation.
This last claim follows from [126, Theorem 2.17], which states that any non-trivial
loop in a reduced expression (rex) graph (see Sect. 9.2) is generated from the loops
in the one for the longest element in the parabolic subgroups of rank 3, hence A; in
the present case.

. ~ . .
i = Tn—ij,...n—i

352 RLLL = LLLR Type

Let us introduce the operator L along the scheme (2.12). In (2.11), we choose V =
Cvo® Cv; and F = F, = @,,-, C(g)|m) which is the Fock space introduced in
(3.13) as an irreducible module over the g-oscillator algebra (3.12). Then L = (L?jh )
is specified for a, b, i, j = 0, 1 as

Fig. 3.1 The 5-line diagrams connected by (3.101) in the same manner as Fig. 2.2
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b 0 1 0 1 0 1
i—T—»a 0—T—>0 1—T—>1 1—T—>1 0—T—>O O—T—»l 1—T—>0
J 0 1 0 1 1 0
L;’j” 1 1 k —gk a* a”

Fig. 3.2 3D L as an Osc,-valued six-vertex model. The last two relations in (3.12) corresponds to
a quantization of the so-called free Fermion condition [10, Fig. 10.1, Eq. (10.16.4)|;=ws=0]

L =0 if a+b#i+) (3.102)
Lig=Lii=1 Lig=k, Lj=-qgk Lyj=a", L)yj=a. (3.103)

The property
hi{} = L{(h+a—1i) (3.104)

is valid, where h is the number operator (3.14). From (3.13) and (2.13), non-trivial
matrix elements L{7¢ read as

c k+1

0,0,c _ yllc 1,0,¢ 0,1,c __
Lyok =Lyt =6, LlOk—‘Sk‘lv Loy =—84"",

1,0, 0,1 2k
L012_8k+1’ LIO;_Sk 1(1_ )

1
: (3.105)

The operator L may be regarded as an Osc,-valued six-vertex model [10, Sect. 8] as
in Fig. 3.2.

Theorem 3.21 The intertwiner R and the above L satisfy the tetrahedron equation
of RLLL = LLLR typein (2.15).

Proof The equations (2.18) coincide with the intertwining relations (3.38)—(3.46)
for R and R~! = R. (See (3.60).) This is shown more concretely in Lemma 3.22
below. ([l

Let us write the quantized Yang—Baxter equation (2.18) as

RLE = LUCR, (3.106)

L=l oLy L)), (3.107)
a,By

L= oL L), (3.108)
a,By

The objects Lfﬂf and Z?f,f are End(?—'q®3)-valued quantized three-body scattering
amplitudes. They are non-vanishing only whena + b + ¢ =i + j 4+ kdueto(3.102)
andnon-trivialonlywhena + b +c =i+ j + k = 1, 2dueto (3.103). For example,
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L =LYe LYo L +L)e Lo L)l=a @182 —gk®a 8k,
7001 00 01 00 _

Liog=Lpy®Ljp®Lyy=1®a" ®1.

Observe that these operators are exactly those appearing in the intertwining relation
(3.38). This happens generally. One can directly check:

Lemma 3.22 The quantized three-body scattering amplitudes Lfﬁf and Z?f’k” with
a+b+c=i+j+k=1,2 coincide with the representations (3.36)—(3.37) of
A, (Az) as follows:

T (A)) = I = (—q) Lo, (3.109)
T (Aty)) = Le = (—q) /L. (3.110)

Here e;, €; are arrays of 0, 1 with length three specified by

e¢=0,...,0,1,0,...,0, ¢=1,...,1,0,1,..., 1. (3.111)

From (3.109) and (3.110), the intertwining relation (3.31) and the tetrahedron
equation (2.15) are identified.

Remark 3.23 As an equation for R, the tetrahedron equation RLLL = LLLR
(3.1006) is invariant under the change Lf;’ — ) Lf;’ by a parameter « by virtue of

(3.102).

Remark 3.24 Let L, = (o / L?;’ ) be the 3D L in Remark 3.23 including a param-
eter «. It is invertible with the inverse

(Ly) ' = Ly, (3.112)

This is easily verified by means of (3.12).

As an application of Theorem 3.21, let us present another proof of Theorem
3.20,i.e. RRRR = RRRR. We invoke the argument in Sect. 2.5 which establishes
RRRR = RRRR by using RLLL = LLLR up to the irreducibility. For the 3D L

under consideration, we can make the irreducibility argument precise. Recall the
6 5 4 3 2 1 1 2 4 3 5 6
initial and final elements L., L,cLpcLogLpgLeg and Loy LpgLpe LogLae Loy in (2.22)

and (2.23), which are linear operators on

a b c d 1 2 3 4 5 6
VRVRVAVRF,RF,0F,0F,0F, O F,.
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Let us call their matrix elements for the transition v;, ® v;, ® vg, @ v, > v, ®

v, ® v, ® vy, as Lﬁ?ﬁ%‘]‘ and Li?j‘]‘/g“lf respectively. Then (2.22) and (2.23) are the

totality of the relations

kel k
Ri24R35 R236R456£i‘:]]f;:[: = L;TﬁkjffR124R125R236R456y (3.113)
kel k
Rus6 Ro36 R135 R124£,Tﬁkjfl‘ = Lifﬁkfff Rus6 Ro36 R135 R124 (3.114)
for iy, ..., 14 =0, 1. Here we have substituted S = R for our 3D R according to

the comment after (2.20). The matrix elements L’T’Tllzj‘]‘ nd L;“‘j“llz‘f‘l‘ are End (7—"]@6)
valued and, from the diagrams (2.21) and (2.14), they are given by

l4j4k4l4 kals jz 3 1214 Jaks izky iaja
L =Y L@ L @ LY @ Ly ® L ® Ly, (3.115)
t4]4k4l4 k4l4 JAlz 1412 Jaks izks i2jo
L =) Ly Ly oL @ L @ L ® LY, (3.116)

where the sums are taken over i,, j., k,, [, = 0, 1 forr = 1, 2. These are depicted as
follows:

J . J1oo.
ki 1 ki |
I
I 2 -1 i
k2 J2
J3 13 ko
ja| \ks
l -
/ 1/ 15 I3 \ 4
i4 . ks s ' ky
Ja Ja

By substituting (3.102), (3.103) and using (3.99), (3.21), one can directly check

Ta1321 (A (L)) = (—Q)i_jfg;j, m31323(A())) = (—q)"‘-"ZS;ﬂ. (I<i,j<4),
(3.117)

where €; is length four array given by (3.111). Since the representations 3, and
31323 are irreducible by Theorem 3.3, and the relations (3.97)—(3.98) with gen-
erators f = f;j are reproduced, the equality R124R135R36 R4s6 = Rus6R236R135R 124
follows.
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353 MMLL = LLMM Type

Let us present a solution to the tetrahedron equation of type MM LL = LLMM in
Sect. 2.6. We take V = Cyy @ Cvy, ¥ = ¥, in the setting therein and consider a
slight generalization of (2.24)—(2.25) including a spectral parameter:

L) = Y Eu® Ey,® L@, (3.118)
a,b,i,j

M@) = Y Eu® Ey @ M), (3.119)
a,b,i,j

where the sums extend over {0, 1}* and both belong to End(V ® V ® ¥Fq)- The

operators L(z)fjb, M (z)j’;’ € End(¥,), which are nonzero only whena +b =i + j,
are specified by
b 0 1 0 1 0 1
ita oto 1t b oteo ot 1t
j 0 1 0 1 1 0
L)t 1 1 pk  —guT'k  za® z 'a”
M ()5 1 1 vk gv'k za® z 'a”

(3.120)
Here a*, k are g-oscillators in (3.13), and k is k with q replaced by —q, i.e.
kjm) = (=¢)"|m). (3.121)

See (3.13). In (3.120), u, v are fixed parameters and suppressed in the notation. On
the other hand, z will play a similar role to the spectral parameter below. We note a
simple relation M (z) = L(2)|g——g,ju—v-

Theorem 3.25 For any w,v, the operators L(z) and M(z) defined in (3.118)—
(3.121) satisfy the tetrahedron equation of type MMLL = LLMM in End(V®* ®
77q®2) as

M 126(212) M346(234) L135(213) L24s (224)

(3.122)
= L245(224) L135(213) M346(234) M 126(212)

where Zij = Zi/Zj-

See Fig. 2.5 for a graphical representation.
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5 6
Proof A direct calculation. As an illustration, let us compare X € End(¥, ® F,)
occurring in (LHSor RHS)(vg @ vy ®@ v @i @1 ® 1) =11 Q vo @ vp @ v1 ®
X + ---.The X is given by

L2130 L(224) 80 @ M (212)8 M (234) 0% 4 L(213)e L(22)9} ® M (212)19M (234))!
= —gp'z3(kkat @ ata” +gatk 9 k?)

for the LHS and
L(zaa)0 L(213)8) ® M (z34) 11 M(212)00 = —qu ' z13ka™ @ 1

for the RHS. Their difference is proportional toka™ ® ata™ + ga'k ® k? — kat ®
1, which is zero due to (3.12), (3.13) and (3.121). O
Theorem 3.25 will be utilized for A, (B,) in Chap. 6 and for multispecies TASEP
in Chap. 18.
The solution in Theorem 3.25 consists of the 3D L and its slight variant M. There
is a parallel solution consisting of the 3D R and its variant, which we write as S
below.® Set

R()i3 =2 ™Rin™ =M Risz™, S@1s =27 ™Rozz™ = M Roiaz ™,
(3.123)
where h is defined in (3.14), and the second equalities are due to the weight conser-

1 2 3
vation (3.49). The indices 1, 2, 3 specify the components in ¥, ® ¥, ® F,. In the
notation (3.47), they are described as

R@U) ®1j) ® k) = Y /"R la) @ ) & o), (3.124)
a,b,c

S @ 1)) ® k) =Y 2" Rila) ® [b) ® e). (3.125)
a,b,c

Theorem 3.26 R(z) and S(z) satisfy the tetrahedron equation of type MMLL =
LLMM in End(?—'q®6) as

S(z12)1265(234)346 R(213) 135 R (224) 245

(3.126)
= R(224)245 R(213)1355(234)346 S (212) 126,

where Zij = Zi/Zj.

Proof By substituting (3.123) into (3.126) and applying (3.49), one finds that the
similarity transformation z,3" 2,3 zh4(3.126) 2", 2% 232 removes the z-dependence,
completely reducing it t0 Ry16R436 R135 Ro4s = Ra4s R135 Ra36 R216. Exchanging the

6 This S will not be used elsewhere. It is different from the one in (2.20).
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indices as 1 < 5, 2«4 gives R456R23()R53] R421 = R42] R531 R236R45(). From (359)
this is equivalent to R456R236R135R124 = R124R135R236R45(,, which is indeed valid
due to Theorem 3.20. (]

3.6 Further Aspects of 3D R

Let us quote (3.38)—(3.46) in the form of the adjoint action of the 3D R:

R 'k,af R = ksaf + kjaja7, (3.127)

R7'aFR = afaf — gk ksaF, (3.128)

R™'k,af R = kjaf + kjafa7, (3.129)

R™'(afaTa; — gkks)R = aFaral — gkks, (3.130)
Rk R =kiky, R 'kk3R = koks. (3.131)

The fact that R = R~! (3.60) has been taken into account. We have written at ®
k ® 1 askoa] for example. Thus the g-oscillator operators with different indices are
commutative.

3.6.1 Boundary Vector

We define
|m) |2m)
= , = , 3.132
m) m%o: oo m{o: e (3.132)
(m| 2m|
— - = - 3.133
(m] 2 (m2] mEZO @ ( )

and call them boundary vectors. They will play an important role in the reduction
procedure in Chaps. 12-17. They actually belong to a completion of ¥, and ¥/
since infinite sums are involved. Nonetheless, we will refer to them as |7,) € ¥, and
(ns| € ¥, for simplicity.

Lemma 3.27 Up to normalization, the boundary vector |n,) is characterized by any
one of the following three equivalent conditions:

(@a* —1+Kk)n) =0, (3.134)
(@ —1—qk)|m) =0, (3.135)
(a +qat —1—q)|n) =0. (3.136)
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Similarly, the boundary vector |n,) is characterized, up to normalization, by
(@a”—a)n) =0. (3.137)

Proof Substituting |n,) = ), ¢,|m) into these conditions and using (3.13), one can
check that ¢,, /¢y is determined uniquely as in (3.132). (]

A linear combination of (3.134) and (3.135) leads to (3.136). However, the lemma
includes a less trivial reverse that (3.136) implies the preceding two.
From (3.17) the dual boundary vectors (3.133) have similar characterizations:

(ml@™ —1+k) =0, (3.138)
(ml@* —1-gk) =0, (3.139)
(ml@@*+qga~ —1-¢) =0, (3.140)
(m]@@~ —at) =0. (3.141)

Proposition 3.28 The 3D R and the boundary vectors satisfy the following relations:

((ns] & (051 @ (MsDR = (s ® (ms| @ (ms| (s =1,2), (3.142)
R(Ins) & Ing) @ In)) = Ins) @ Ins) @ Ing) (s =1,2). (3.143)

Proof From Remark 3.10, it suffices to prove (3.143). First we consider the case
s = 1. By Lemma 3.27, it suffices to check

(@, +qa; —1—q)R|n)® =0, (3.144)
(@] — 1 +k)DR[n)® = (af — 1 +ky)Rn)® =0. (3.145)

To show (3.144), we multiply R~ from the left and apply (3.128) to convert the LHS
into

(ara; — gkiksa, +g(afal — gkiksay) — 1 —q)|n)®>. (3.146)

From (3.134) and (3.135), one may set a;r =1-k; and a; =1+ gk; here. The
resulting polynomial in Kk, K,, k3 vanishes identically, proving (3.144). By Lemma
3.27, it follows that (a;r — 14 ky)R[7;)® = 0 has also been proved. Multiplying
R~ again by it and applying (3.128), (3.134), (3.135), we get

(ki — ks + (1 — @kiks + gk koks + k5)[n)®* = 0, (3.147)

where k), = R™'k, R. This enables us to show (3.145). In fact, by multiplying R ™'k
by the first relation, its LHS becomes (kgafL + kla;ag — k), + kiko)|m )®3 owing to
(3.127). Substitution of a;“ =1-—k;anda; = 1+ gk; leads to the same expression
as (3.147), hence zero. The second relation in (3.145) can be verified in the same
manner.
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Next we consider the case s = 2. From Lemma 3.27, it suffices to check k, (afr —
a,-_)Rlnz)@’3 =0@G=1,3) and (a;r - az_)R|772)®3 = 0. The proof is similar to the
s = 1 case and actually simpler in that an intermediate identity like (3.147) need not
be prepared. So we demonstrate the last identity only. By multiplying R~! and using
(3.128), its LHS becomes

((ajaf — gkiksa)) — (aj a5 — gkiksay))|n)®.

From (3.137), we may set a;” = a; here. O

3.6.2 Combinatorial and Birational Counterparts

As remarked after (3.84), we know R?ib,f € Zlq, q']. Actually a stronger property
holds. ‘

Lemma 3.29 Rf‘jl}f is a polynomial in q with the constant term given by

bc ijk b .
Rz{ljkc g=0 = Ry |q=0 = 8?+(i7k)+8min(i,k)8;+(k7i)+' (3.148)

See (3.66) for the definition of the symbol (x).

Proof First we show Rfjljf € Z[q]. Let A be aring of rational functions of g regular

at ¢ = 0. In view of Z[q, g~ '] N A = Z[q], it suffices to show le‘ji" € A. From
(3.50) we have Rl’.‘j’;f IS ARf”jb:ll",f + AR;’;bl’_jlq’k‘; - By induction on b, this attributes

the claim to R;’j’,?’c € A for arbitrary a, c, i, j, k. But this is obviously true since

R3¢ = 8¢, ;8¢,,q'™ cither from (3.67) or (3.74).
Next we show (3.148). The first equality is due to (3.63). Setting ¢ = 0 in (3.50)
and (3.56), we get

a,b,c _ pab+lc a—1,b,c—1 _ pabc
Ri—l,j,kfl |q:0 - Ri.j,k |q=0 ’ Ri.j,k |q=0 = Ri,j+1,k |q=0 . (3.149)

From the symmetry (3.62), it suffices to verify the i < k case. Then the first relation
shows that R% |,—o = 0if b > i.Forb < i,wehave RY¢ |,—o = RS, |4=0 =

877087 5q = ® = | ,_o . This is non-vanishing only if b = i because otherwise b <
i < k. Thus we conclude RS |,—o = 87851780 = 898785, _,. O

Lemma 3.29 shows that 3D R at ¢ = 0 maps a monomial to another monomial
as R |4=0 (1) ® 1) ® k) = |j + (i —k)4) ® [min(i, k) ® |j + (k —i)+). Moti-
vated by this fact, we define the combinatorial 3D R to be a map on (Z=()> given
by

Rcombinatorial : (@, b, ¢) = (b + (a — ¢)4, min(a, ¢), b+ (c —a)4). (3.150)
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Corollary 3.30 The combinatorial 3D R (3.150) is an involution on (Zzo)3. It sat-
isfies the tetrahedron equation of type RRRR = RRRR on (Z=¢)®.

Proof The assertions follow from (3.60) and Theorem 3.20 by setting ¢ = 0 and
using Lemma 3.29. ]

Example 3.31 An example of the tetrahedron equation (2.6) for the combinatorial
3D R. The map R here denotes Rcombinatorial i (3.150). The first SW arrow Rjyq4 is
due to Reombinatorial : (3, 1,4) — (1, 3, 2), which can be seen in Example 3.12.

(315416)
Ry v/ N Ruase
(135216) (315143)
Rizs | J Ra36
(531256) (351147)
Ry | { Rizs
(513254) (153127)
Rase v Ri
(513527)

Letus proceed to the third 3D R. Regarding a, b, c as indeterminates, we introduce
the map

P ab bc
Ryirational : (@, b, ¢) = (a, b, ¢) = (—, a+ec, —) (3.151)
a+c a-+c

We called it the birational 3D R in the current context. The combinatorial 3D R
(3.150) is reproduced from it by the tropical variable change

ab — a+b, %—)cz—b, a + b — min(a, b), (3.152)

which keeps the distributive law since a(b + ¢) = ab + ac is replaced by a +
min(b, ¢) = min(a + b, a + ¢). One way to materialize (3.152) is a transformation
to logarithmic variables via

- limoslog(e’%e%) =azxb,
s o, (3.153)

— lililoslog(e’? + e ¢) = min(a, b),
£—

supposing a, b € R. In this context, (3.152) is also called the ultradiscretization
(UD).
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Set
Zi(x) =1+ xE;q1, (3.154)
where x is a parameter and E; ; is the n-by-n matrix unit whose only non-zero element
is 1 at the ith row and the jth column. Z; (x) is a generator of the unipotent subgroup
of SL(n). The birational 3D R (3.151) is characterized as the unique solution to the
matrix equation

Zi@Z;(h)Zi(c) = Z; O Zi(b)Z;j@) (i —jl=1). (3.155)

It essentially reduces to the n = 3, (i, j) = (1, 2) case:

1a0\ /100\ /1cO 100\ /150\ /100
o1o0llo1n|lo1o]l=|o1c]lo10|]o14a]. (3.156)
001/ \oo1/ \oo1 001/ \oo1/ \oo1

The Rpirational 18 birational due to RI;rlational = Rbpirational- It preserves ab and bc.

The intertwining relation (3.28) is a quantization of (3.155) (with (i, j) = (1, 2)).
Note that Z;(a)Z;(b) = Z;(b)Z;(a) for |i — j| > 1 also holds analogously to the
Coxeter relations.

Given a Weyl group element w € W(A,_;) (not necessarily longest), assign
a matrix M = Z; (x1)---Z; (x,) to a reduced expression w =s;, ---s;,. Then
to any reduced expression w = s, ---s; one can assign the expression M =
Z; (x1) -+ Zj (x,), where x; is determined independently of the intermediate steps
applying (3.155). This property is the source of the tetrahedron equation for Rpirational
and forms a birational counterpart of the previous calculation (3.93). In fact, the
uniqueness of the map (a, b, ¢, d, e, f) — (a, 15, c, c?, e, f) defined by

Z\(a)Z2(b) Z1 () Z3(d) Z2(e) Z1 (f) = Z3(f) Z2(8) Z1(d) Z3(8) Z2(b) Z3()
(3.157)
implies the tetrahedron equation of type RRRR = RRRR for Ryjirationa- TO summa-
rize, we have:

Proposition 3.32 The birational 3D R (3.151) is an involutive map on the ring of
rational functions of three variables. It satisfies the tetrahedron equation of type
RRRR = RRRR.

Let us denote the 3D R detailed in Sects. 3.3 and 3.4 by Rguanwum- Then we have
the triad of the 3D R’s whose relation is summarized as

q—0 UD
unantum — Rcombinatorial < Rbirational- (3158)

Reombinatorial a0d Rpirationa (and R* below) are typical set-theoretical solutions to the
tetrahedron equation.
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Remark 3.33 Define a map R” involving a parameter A by

b b
a a+ c+ labc, —c) (3.159)

R*:(a,b,¢c) > | ———MM—,
a—+c+ labc a—+c+ labe

The birational 3D R (3.151) corresponds to A = 0 or equivalently infinitesimal
a, b, c. Then the inversion relation R* = (R*)~! and the tetrahedron equation

Ri\24Ri\35 R%36R256 = R256R§36R%35Ri\24 (3160)

are valid.

3.6.3 Bilinearization and Geometric Interpretation

The map (3.159) is bilinearized in the following sense. Parameterize a, b, ¢ in terms
of “tau functions” as
712 7123 TT23

a=——, b= , = ——, (3.161)
1T T12723 7273

where indices signify the shifts of independent variables of the tau functions in
the respective directions., say, T = 7(X), 712 = T(X + €| + e;) etc. Suppose the tau
function satisfies the bilinear equation

T1T3 — ToT13 + T3T12 + ATT03 = 0. (3.162)

Then the image (a’, b, ¢’) = R*((a, b, ¢)) in the RHS of (3.159) is expressed in the
same format as (3.161) as follows:
, 737123 ;T3 / T17123

a = , b=—— (= . (3.163)
T13723 7173 T12713

The change (a, b, ¢) — (d’, b’, ") corresponds to the shift (+3, —2, +1) of the argu-
ment of the tau functions. It is interpreted as a transformation of the three back faces
of a cube to the front ones as in Fig. 3.3.

The tetrahedron equation (3.160) is bilinearized by using tau functions living
on a four-dimensional cube. We prepare 7; with I running over the power set of
{1, 2, 3, 4}. They are supposed to obey

TiTjk — TjTik + Tk Tij + )\T‘Eijk = O, (3164)
TuTin — TjiTikl + TaTiji + AT Tiu =0, (3.165)
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T12 T12

7123 7123 71

23

3 3

Fig. 3.3 Birational 3D R corresponds to a transformation generating a cube

where {i, j, k,1} = {1, 2, 3, 4} The latter is a translation of the former in the [
direction.

Now the LHS of the tetrahedron equation (3.160) is described as the successive
transformations

( TTi2 T2Ti23 72371234 TT23 T37234 T34 )

9 9 9 9 9
T1T2 T12T23 T123T234 T2T3 123734 T3T4
Riss ( TTi2 T2Ti23 12371234 T4T234 TTo4 T2T234 )

9 9 9 9 9

TIT2 Ti2723 T1237234 T24T34 T2T4 123724
g (e o f o

TIT2 T1247234 Ti12T24 T24T34 T2T4 T123T124
Riss [ TaTi24 T24T1234 TTi4 T4T234 T1T124 T12T1234
> 5 s T 3 )

T14T24 T124T234 Ti1T4 T24T34 T12T14 T123T124
Rin (T34‘51234 T4T134 TT14 T14T1234 T1T124 1'12?1234)

TTi2 T24T1234 ToTioa T4T3a TTo4 112T1234> (3.166)

b b 9 9 9
T134T234 T14T34 T1T4 Ti24Ti34 Ti12T14 T123T124

Similarly, the RHS of (3.160) is realized as

( TTi2 T2Ti23 12371234 TT23 137234 TT34 )

9 9 9 9 9
T1T2 T12T23 T123T234 T2T3 123734 T3T4
Ry ( T3T123 TT13 712371234 T1Ti123 T3T234 TT34 )
_ | —, — —_—

9 9 9 9 9
T13T23 T1T3 T123T234 T12T13 123734 1374

Ri%s T34T1234 TT13 T3Ti34 T1T123 T137T1234 T34
(2 (3.167)

T134T234 T1T3 T13T34 T12T13 T123T134 1374
R ( T34T1234 T4T134 TTi4 T1T123 T13T1234 T1T134 )

b b 9 9 9
T134T234 T14T34 T1T4 T12T13 T123T134 T137T14
Riss [ T34T1234 T4T134 TTi4 T14T1234 T1T124 T12T1234
[ — 5 s T 3 3 .
T134T234 T14T34 T1T4 T124T134 T12T14 T1237T124

7 1; is supposed to be independent of the ordering of the indices in 1.
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The initial and the final six components correspond to the faces 12, 13, 14, 23, 24, 34
of the 4D cube up to translation. Their tau functions are simply related by the inter-
change t; <> 7(1,2,34)\s. It means that the two sides of the tetrahedron equation
represent transformations of the “back” six faces of a 4D cube to the “front” ones as
compositions of elementary transformations associated with the 3D cube in Fig. 3.3.
This 4D picture is rather transparent. On the other hand, one can also describe it in 3D
space as a dissection of a rhombic dodecahedron into four quadrilatelal hexahedra.
After all, the 3D R in this chapter provides a quantization of the transformation of
the geometric data associated with such objects.

3.7 Bibliographical Notes and Comments

The RTT realization of the quantized coordinate rings has been presented in many
publications. See for example [43, 127] and [29, Chap. 7]. The fundamental Theorem
3.3 on the representations of A, (g) was obtained in [138, 139, 146]. Its application
to the tetrahedron equation was found in [77]. In fact, Sect. 3.3, Theorems 3.11 and
3.5 form an exposition of it along [93, Sect. 2]. In particular, the formula (3.67) is a
correction of that for S;‘jbkc on [77, p. 194] which contained an unfortunate misprint.
The solution of the tetrahedron equation of type RRRR = RRRR was derived later
also from a quantum geometry consideration [16, 18]. It was shown to coincide
with the 3D R in [77] (with the correction of the misprint) at [93, Eq. (2.29)].
The operator version Rl‘?j}’ (3.69) of the 3D R was introduced in [84, Eq. (8)]. A
similar operator with respect to the second component of the 3D R is given in [86,
Egs. (2.68) and (2.70)]. The integral formula (3.76) and Theorem 3.21 are due to
[18, 132], respectively. The solution to the tetrahedron equation of type MM LL =
LLMM (Theorem 3.25) is due to [90, Theorem 3.4] and [18, Eq. (34)] with some
conventional adjustment. Theorem 3.26 is taken from [92, Theorem 3.1]. They have
applications to the multispecies totally asymmetric simple exclusion process (Chap.
18) and multispecies totally asymmetric zero rage process. More comments on them
are available in Sect. 18.6. Proposition 3.28 for the boundary vector was obtained in
[107, Proposition 4.1].

As for the birational and combinatorial 3D R, there are many relevant publications.
The map (3.151) is a member of a wider list in [70, 71, 130]. It has also appeared in
[112, Proposition 2.5] and [21, Theorem 3.1] for example. It is characterized as the
transition map of parameterizations of the totally positive part of the special linear
group SL(3). Such transition maps have been described explicitly for any semisimple
Lie groups, and they all admit the combinatorial counterparts via the tropical variable
change [22, 113]. The deformation (3.159) involving a cubic term (see [69]) has been
linked to “electrical” Lie groups [110]. Sect. 3.6.3 is an exposition of the classical
geometry aspects with an additional perspective concerning tau functions. For related
topics, see [16, 24, 69, 78] and the references therein.
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