Chapter 17 ®)
Reductions of Quantized G, Reflection Gouck ko
Equation

Abstract Spectral parameters in the Yang—Baxter and the reflection equations cor-
respond to the positive roots of A, and B,/ C,, respectively. They appear as angles,
or relative rapidity, of the world lines of particles that undergo factorized scattering in
integrable (1 4 1)D quantum field theories in the bulk and at the boundary. There is
an analogous equation associated with G,, which we call the G, reflection equation
in this book. It describes the three-body scattering related to the geometry of the
Desargues—Pappus theorem. In addition to the usual two-body collision in the bulk,
it involves the special three-particle event in which a two-body collision takes place
at exactly the same instant as the boundary reflection of the third particle. In this
chapter we construct infinite families of trigonometric solutions to the G, reflection
equation by the 3D approach parallel with Chaps. 11-16. We start from the quantized
G, reflection equation and its solution in Theorem 8.6, and perform the trace and
the boundary vector reductions. The resulting solutions to the G, reflection equation
involve quantum R matrices of Aill_)l and ij: 1» and they are coupled with the scat-
tering amplitude of the special three-particle event expressed by a matrix product
formula.

17.1 Introduction

Thus far we have presented a 3D approach to the Yang—Baxter and the reflection
equations, which are presented in terms of additive spectral parameters as

Rip(a) Rz + az) Roz(az) = Roz(az) Riz(aq + o) Ria(ay), (17.1)
Ria(o) Ko (o + o) Ry (o + 200) Ky (e)
= Ki(2) Riz(ay + 202) Ko (a1 + a2) Rop (). (17.2)

They are spectral parameter dependent versions (sometimes referred to as Yang—
Baxterizations) of the cubic and the quartic Coxeter relations for the simple reflections
s1, 52 of the root systems of A, and B,/ C3:
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$18281 = $285152, Ay = {ag, a) +az, az},

51525182 = 52518281, Ay = {og, a1 + a2, o1 + 200, az}.

Here o, ay are the simple roots and A denotes the set of positive roots which

formally correspond to the spectral parameters. They are so ordered that the kth one

from the leftis s;, - - - s, , (o, ) with iy = 1 (k: odd) and iy = 2 (k: even). See (10.3).
In this chapter we consider a natural G, analogue of them as

Rip(o) X32(0tr + 02) Rp3 (2ory + 3002) Xo13 (g + 2002) Rz (g + 3002) X301 (02)

= Xo31(@2) Riz (o + 3o2) X123(@1 + 200) R3p 2y + 300) X312(aty + a2) Rpp (),
(17.3)

which we call the G, reflection equation. Based on the results on A, (G») in Chap. 8,
we construct infinite families of solutions by extending the 3D approach further. The
basic ingredient is the quantized G, reflection equation (8.2):

(L12J132L23a13L31J321) F = F(Ja31 L13J123L32J312L21). (17.4)
It is a generalization of the constant G, reflection equation Rj» X3, R23X213R31
X321 = X231R13 X123 R32X312R21 to a conjugacy equivalence by the intertwiner F'.

The contents are parallel with those for the Yang—Baxter and the reflection equations
in Chaps. 11-16.

17.2 The G, Reflection Equation

Let V be a vector space and consider the operators
R(z) € End(V®YV), X(z) €eEnd(VRV®Y) (17.5)

depending on the spectral parameter z. We assume that R (z) satisfies the Yang—Baxter
equation by itself:

Ri2(x)Ri3(xy)Ro3(y) = Rp3(y)Ri3(xy)R12(x) €e End(V®V®YV). (17.6)

We consider the G, reflection equationin End(V ® V ® V) with multiplicative spec-
tral parameters: '

R12() X 132(xy) Ros (x%y) X213 (xyH) R31 (xy®) X321 (1)
= X231 () Ri3(xy*) X123 (xy?) R32(x*y*) X312(xy) Ry (x). (17.7)

In the solutions that we will obtain later, V has the structure V = V®"_ hence bold font will be
used there for the indices.
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Fig. 17.1 Scattering diagram for the RHS of (17.7)

To clarify the notation, write temporarily as R(z) = Zrl(l) ® rl(z) and X(z) =
> x,(l) ® xl(z) ® xl(3) in terms of sums over [.> Then

Rix(2) = Zrl(l) ® r,(z) ®1, Ryz) = Zrl(z) ® rl(l) ® 1.
Ri3(z) = Zrl(l) ®1®r7, Ri() = Zrl(Z) 1",
Ry3(2) = Z 10" ®@r?, Ru(k) = Z 1@r®er®,
Xijk(Z) = le(i) ®xl(j) ® x,(k). (17.8)

Let us illustrate the special three-particle scattering diagram corresponding to the
G, reflection equation. Consider the three particles 1,2,3 coming from A;,A;,A;3
and being reflected by the boundary at O;, O,, O3, respectively. See Fig. 17.1. The
bottom horizontal line is the boundary which may also be viewed as the time axis.
The vertical direction corresponds to the 1D space. Each arrow carries V which
specifies internal degrees of the freedom of a particle. So a three-particle state at a
time is described by an elementinV® V® V.

One can arrange the three particle world lines so that the two-particle scattering
Py, P, P; happens exactly at the same instant as the boundary reflection Oy, O,,
O3 of the other particle, respectively. This is non-trivial. For instance, suppose there
were only particles 2 and 3. They already determine the reflecting points O,, O3 and
the intersection P; (and Q;) and its projection O; onto the boundary. Let P, P3 be
the points on the world lines of particles 3 and 2 whose projection are O, and O3,
respectively. In order to be able to draw the world line for the last particle 1, the three
points P, P3 and O; must be collinear. This is guaranteed by a special case of the
Pappus theorem from the fourth century.

2 Although these expansions do not specify rl(i) ,xl(i) uniquely, it suffices to make (17.8)

unambiguous.
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One can state it more symmetrically just by starting from Py, P, and their projection
O, O onto the boundary. Let P}, P} be the mirror image of Py, P, with respect to the
boundary. Then the three intersections PO, N O P, PP, N P{P, and O,P, N P{O,
are collinear; in fact they are P3, O3 and the mirror image of P3.

Let us call the so arranged scattering diagram a Pappus configuration. The reflec-
tion at O; with the simultaneous two-particle scattering at P; will be referred to as a
special three-particle event (i = 1, 2, 3). Up to translation in the horizontal direction
and the overall scale a Pappus configuration is parameterized by two real numbers,
for instance, by the reflection angles /P3;0,03; and ZP;0,05. Set

u = ZP30203, w = ZP20302, V= ZP30103,
01 = ZAQ3A1, Oy = ZA3P2 A, 03 = ZA3Q10;,
04 = LA P30y, 05 = ZA1Q,03, 6 = Z0,P0s. (17.9)
Then it is elementary to see
tanw = tanu + tan v, (17.10)
Oh=u—v, bhb=w—v, B3=u+t+w, OG4=u+v, 5=v+w, 6g=w—u.

(17.11)

We formally consider the infinitesimal angles, hence replace (17.10) by w = u + v.
By a further substitution u = o 4+ «; and v = a», (17.11) becomes

01 =a1, b =0a1+ar, 63 =201+30y, 04 =a)+2a, 05 =ay+302, 0= .
(17.12)

Regard the symbols «, o, formally as the simple roots of G,. They are transformed
by the simple reflections sy, s, of the Weyl group W(G>) as

si(ar) = —ay, si(a2) = o1 +aa, s2(01) =1 + 30, s2(x2) = —a2.
(17.13)
Thus we find
Ok = si, -+ i, (@), (i1, i2, i3, I4, 15, 0¢) = (1,2,1,2,1,2), (17.14)
and {6, ..., 66} yields the set of the positive roots of G,.

The RHS of the G, reflection equation (17.7) is obtained by attaching R(e%) to
the two particle scattering at Q; and G (e’) to the special three particle event at P; O;
if it is the kth event starting from the left in Fig. 17.1. Setting e*' = x and e** =y,
the assignment reads as
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Fig. 17.2 Scattering diagram for the LHS of (17.7)

Ry (x) : two-particle scattering at Qs,
X312(xy) : special three-particle event at P,O,,

Ry (x%y%): two-particle scattering at Qy,
Xio3(x y2) : special three-particle event at P;Os3,

Ri3(xy?): two-particle scattering at Q,,
X»31(y): special three-particle event at P;O;.

The indices for each operator correspond to the ordering of the relevant particles
before the process. For instance, just before the special three-particle event at P,O,,
the incoming particles are 3,1,2 from the top to the bottom, which is encoded in
X312(xy). The LHS of the G, reflection equation (17.7) represents the Pappus con-
figuration in which the time ordering of the processes are reversed. See Fig. 17.2.

Applications of the G, reflection equation to integrable systems are yet to be
explored.

17.3 Quantized G, Reflection Equation

Letusrecall the quantized G, reflection equation and its solution obtained in Sect. 8.5.
The quantized G, reflection equation (8.50) is

L124J1325L236 J2137L318 J3219 F456780 = Fas6789J2319L 138 J1237 L3026 J3125L214-
(17.15)
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12 3 4 5 6 7
It is an equality of linear operators on V@V VI F;3 F, @ Fp3 @ F; ®

8 9
Fp®F,.

Let us recall L, J and F appearing here. First, L € End(V ® V ® F,3) is the 3D
L in (8.32)—(8.33) depicted as

b 0 1 | 0 0 1
14»(1 04—»0 14»1 ojLo 14»1 04—»1 14—»0
0 1 1 0 1 0
LJE?" ! ! K K A AT (17.16)

A* and K are g>-oscillators (8.7) including the zero point energy as in (8.13). This
L is precisely equal to ((11.14)]|y—g12) |44

Second, J € End(V ® V ® V ® F,) is the quantized G, scattering operator. It
is a collection of the operators Ji‘J’.ZC € End(F,) expressed by g-oscillators with zero
point energy as (8.40)—(8.44). The quantized amplitude Jijf,;c is depicted by the dia-
gram which corresponds to the 90° rotation of the special three-particle events in
Figs. 17.1 and 17.2:

b a c
e 59
bk (17.17)

Finally, F € End(F; @ F, ® F» @ F, ® F;» ® F,) is the intertwiner of the
A,(G2) modules detailed in Sect. 8.4.
17.4 Reduction of the Quantized G, Reflection Equation

Starting from the quantized G, reflection equation (17.15), one can perform two
kinds of reductions to construct solutions to the G, reflection equation (17.7) in the
matrix product form.

17.4.1 Concatenation of Quantized G, Reflection Equation

Consider n copies of (17.15) in which the spaces labeled with 1, 2, 3 are replaced by
l,‘,2[,3,’ withi = 1,2, (B
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(L1,2,491,3:2:5L2;3,6 J2:1,3,7L.3, 1,8 J3,2:1,9) Fase780
= Fus6780(J2,3,1,0L1,3,8J1,2,3,7L3,2:6 I3, 1,25 L2,1,4) - (17.18)

Write this as Z; F45§7g2 = F4§67892,~. Then repeated use of it leads to Z;Z, - --
Z, Fyse780 = Fuse78021Z5 - - - Z,,, namely,

(L1,2,4J1,3,2,5L2,3,692,1,3,7L3,1,8J3,2,1,9) - - -
- (L1,2,4J1,3,2,5L2,3,642,1,3,7L3,1,8J3,2,1,9) Fa56789
= Fus6789(J2,3,1,9L1,3,871,2,3,7L3,2,6 /3, 1,2,5L2,1,4) - - -
< (So,3,1,9L1,3,871,2,3,7L3,2,643,1,2,5L2,1,4)- (17.19)

This can be rearranged without changing the order of operators sharing common
labels as

(L1214 L1,2,4) (J1,3,2,5 - J1,3,2,5) (L2316 -+ - L2,3,6)
X (J21,3,7 21,3, (L3148 -+ L3,1,8) (J3,2,1,9 -+ J3,2,1,9) Faserso
= Fuser80(J2,3,1,9 -+ 2,3,1,9) (L1,3,8 - - L1,3,8) (J1,2,3,7 - J1,2,3,7)
X (L3,2,6 L3,2,6)(J3,1,2,5 -+ J3,1,2,5) (Lo 1,4 - Lo, 1,4). (17.20)

Now we utilize the weight conservation (8.21) of F in the form

Fisazsox™ ()™ (x2y ) (ey?)" Gy eyt

= " )™ @y (2P (ey) Mo Fisgrg,. (17.21)
Multiply it by (17.20) side by side from the left. The result reads as

Fisgrso(X™L12a -+ L1,2,) ()™ J13,2,5 - J1,3,2,5)
x ((®y)Loz6 - Loyae) (YD) Doy1,3,7 -+ Jou1,3,7)
x ((ey )™ L3 Lai,s) (0™ 21,0 -+ J3,2,1,9) Faserso
= (Y™ 31,0 J2,3,1,0) (Y™ Ly Li3,s)
x (Y J12,3,7+ J1,2,3,7) (2 Lani6 -+ L3,o,6)
X (™ J3100,5 0+ J3,1,2,5) (K™ Loy1,a -+ Loy i,4). (17.22)
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17.4.2 Trace Reduction

4 5 6 7 8 9
Taking the trace of (17.22) over F s ® F, @ F s ® Fy ® F 3 ® F, we obtain
Tr4(xh4L11214 s L1"2"4)Tf5((x)’)h5 Jizizs e Jln3n2n5)
x Tre((2y ) La36 -+ La,3,6) Trr (03D D137 -+ Jou1,3,7)
x Trg((xy*)™ L3, 1,8 -+ L3,1,8) Tro (3™ J3,2,1,0 + - J3,2,1,9)
= Tro(y™ J2,3,1,0 - - J2,3,1,9) Trs ((xy )™ L1358 - - Ly, 3,8)
x Tr7 ()™ J1,203,7 - J1,2,3,7) Tre((2y )™ L3 06 -+ L3,2,6)
x Trs((x))™ J3,1,2,5 -+ S3,1,205) Tra(x™ Loy 1,4+ - Lo, 1,4)- (17.23)
Here Trg(-- ), Trg(- - - ), Trg(- - - ) involving the 3D L are identified with
§%(z) == (5™ (2) in (11.26))] ;43 (17.24)
up to a scalar multiple. The replacement ¢ — ¢° takes into account the comment
after (17.16). It satisfies the Yang—Baxter equation (11.24) and is identified with
the quantum R matrix of U_,-3 (Aflljl) for the anti-symmetric tensor representations

according to (Theorem 11.3)[,_ 4.
The other factors emerging from J have the form

1 2 3
Xia(2) = Tra™ 12,300+ J1,2,3,0) € End(VRV V), (17.25)

k k ky a
where V = \} ® - -QV >~ (C>»® fork = 1,2, 3. The trace is taken over F, and
evaluated by means of (3.12) and (11.27). Now the relation (17.23) is rephrased as

St (0) X155 (1) 853 (x% ) X513 ey ®) S5, (xy) X 55, ()

= X33 (NS0 X3 (xy) 85 (6 y) X1 (1) S35 (x). (17.26)
Thus the pair (S (z), X'"(z)) yields a solution to the G, reflection equation (17.7)
for any n > 1. Elements of X (z) are rational functions of ¢'/? and z.
17.4.3 Boundary Vector Reduction
Recall the boundary vectors in (8.60) and (8.61):
=3y =y (17.27)
=0 Dm =0 @
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€= =y (17.28)

P — -
m=0 (G )m m=0 (@ )m

4 6 8
Sandwich the relation (17.22) between (£] ® (7751| REl® (7771| R (¢l® (1791| and

4 5 6 7 8 9 . . .
1€) ® [71) ® &) ® |n1) ® |&) ® |n1). Assuming Conjecture 8.9 and using F = F~!
(8.22), we get

(EIxX™ Ly 200+ L1,o,al&) 1)) J13,205 - Ji3,0,5101)
x (E](x2y Y Los6 - -+ Lo,3,618) 11y Joy1,3,7 -+ - Joy1,3,71m)
8 § o 9
x (Ely )™ Ly is - La, 1,818 m1y™ 32,100 - - J3,o,1,0101)
9 o 8 8
=m0 sl ENY )Ly 38 Ly,s,81€)
7 7.6 6
< il ey 12,37+ J1,2,3,7 M) ENGY ) Lane - - La,o,61)
5 hs 5 4 hy 4
X (Nilxy) P 31,205 - J3, 12,5100 E1x ™ Loy 1,4 -+ - Lo, 1,418). (17.29)

The operators arising from (£|(---)|§) involving L are identified, up to a scalar
multiple, with

§(2) := (S"1(2) in (12.9) [ g2 (17.30)

where the superscript “bv” indicates the boundary vector reduction. The relation of
the boundary vectors (17.28) = (12.3)|,—1 443 has also been used for the identifica-
tion. The result (12.7)|,—,—; shows that S®(z) satisfies the Yang—Baxter equation.
It is identified with the quantum R matrix of U p(D;(12+)1) for the spin representation
at p = —g 3 according to Theorem 12.2.

The other factors emerging from J have the form

a a 1 2 3
XDa(2) = €™ @M1 Ti23,a - 1,235,401 € End(VRV®YV),  (17.31)
(Z; Q)oo

bv _
= (=92 Qoo

(17.32)

where the normalization factor «¥(z) is introduced to make elements of X®'(z)
rational functions of ¢'/? and z. Now the relation (17.29) is rephrased as

RY (X)X Py, (xy) R3y (x*y) Xy (xyH) RSy (xy*) X3y ()
= X551 ()R (xy?) X33 (xyP) RYy (2 y7) X3y, (xy) Ry (x). (17.33)
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Thus the pair (R (z), X®(z)) provides another solution to the G reflection equation
(17.7) for any n > 1 provided that Conjecture 8.9 holds.

17.5 Properties of X' (z) and X"V (z)

We use notations likes = {0, 1}*,a = (a1, ...,a,), e, |lal|=a;+---+a,,va €V
and V; C Vintroduced in (11.1)—(11.7). The construction (17.25) and (17.31) imply
the matrix product formula for the elements as

X@)i Qv Q) = Z X(z)?}’,ﬁ Va ®Up Que (X = X", XY), (17.34)

a,b,ces
XU =T T, (17.35)
b, s bn s Cn
X (@) = ™ @ | T ) (17.36)

in terms of J;;Z" specified in (8.39)—(8.44). They are rational functions of z and ¢!/ 2,

From (8.46) and (8.47), X'"(z) has the selection rule
X"(z)?}“ﬁ =0 unless a+b=i+jeZ" and n+ |j| — |k| = |b| + |¢|] (17.37)

or equivalently the direct sum decomposition:

X"@) = P X" @1

1,m,k
X" @mk :Vi® Vi ® Vi > D Viskswn @ Vik i @ Vie,  (17.38)
k!

where the sums extend over [, m, k, k' € [0, n] such that the indices | +k + k" —n
and m — k — k' 4+ n also belong to [0, n].
Similarly, (8.46) leads to the selection rule of X b (z) as

X" (@)% =0 unless a+b=i+jeZ" (17.39)

Example 17.1 We temporarily write v, as |a) to magnify the array a. We sete; ,,) =
e; + -+ e,. In particular, [0) = |0, ...,0) and 1) = |e;1 ) = |1, ..., 1).

X" () (lef1,) @ lefim) @ 10))

(q%)m—l-}—n
= 1_Z(]T,Jrnk?[l,l]) R lem) @ 1) +--- ( =m), (17.40)
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X"(2)(lepr.n) ® lefrmy) ® 1))
(_q%)l—m-i—n
- 1 — qufern

X™ (@) (lepn) ® lefr ) @ 0))

ler,n) ® lefm) ®10) +--- (I =m), (17.41)

mtin (Z: @m—14n

=q 7 — " ey ) ® lepm) @)+ (I <m), (17.42)
(_qz, q)m—H—n
X (@) () @ leprm) ® 1))
s\l—m+n 5 —
= (—q7)\"* Mwn,m@ lefm) @10) + - (I >m). (17.43)
(—CIZ, q)lfm+n

Example 17.2 Letus present examples of X" (z). We temporarily write v, ® vp ® v
as |a, b, ¢) for short. For n = 1, X" (z) acts on V&3 = V®3 a5

1 1
210, 0, 1 $10,0,0 0,1,1
10,00y 1 L1001 50y 210000 p gy 90 LD
I—qz l—gz 1—-q%
0.1 1) > Cwuz(g® = 2)10,1,0)  uzua(g® = 2)I1,0,1)
o p(1—2)(1—q%) o(1—2)(1 —q%2)
11.0,0) o —114200° — 210, 1.0) _ uatag? — 9|1, 0. 1)
o p(l—)(1—q%)  p(l—2)(1—q%)
1,0,0 I 31,1,0
|1,O,1)|—)M’ |17150>HM, |1,1,1)|—)—M
1 —g%z 1-gqz 1— gz

where p defined in (8.45) and u, u», u3, u4 are to obey (8.10). The two kinds of the
A a2
denominators 1 — gz and 1 — ¢°z originate in J3 = kand JO|J = k.

For n = 2, itis too lengthy to present all the data. So we give just a few examples:

al00,00,11) 10 060 o1y s —¢%)z/00,00,01) ¢[00, 00, 10)
(1-21—4q%) 1-q%z
@3 ugus(g — 100,10,00) g2 (1 — gHusz|10,00,01)
p(1—gq2)(1 — ¢32) (1—q2)(1 —¢32)
43 uzu4(q — 2)]10, 00, 10)
p(1—g2)(1 — ¢32)
wdupuz (gt +z — 2¢%z — 2q*z + ¢%2 + ¢%2%)100, 11, 00))
P21 —2)(1 = g22)(1 — g*2)
N u1u2u3u4(q4 +z— 2qzz — 2q4z + q(’z + q222)|01, 10, 01)
p*(1 = 2)(1 — g22)(1 — g*z)
g(1 — ¢Huou3|01,10,10)  g(1 — gHusuzz|10,01, 01)
U -¢20-4*%) (A -q)-q%)

00, 00, 00) —
| ) =42

00, 10, 11) >

110,01, 01) —
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N u1u2u3u4(q4 +z— 2q2z - 2q4z + qéz + q2z2)|10, 01, 10)
P21 =) (1 — g?2)(1 — g*2)
N upuzud(q* + 2 — 2¢%z — 2q*z + ¢%2 + ¢%2)|11, 00, 11)
p*(1 —2)(1 — g22)(1 — g*z) '

Example 17.3 S¥(z) with n = 1 is available in Example 12.1 with » = 7' = 1 and
the replacement ¢ — ¢>. Let us present examples of X" (z) with n = 1 using the
same notation as Example 17.2. It acts on V®* = V®3 ag

(14¢)z]0,0,0) g2(1 —2)[0,0, 1)

|O7 O’ 0) H
1+gz 1 +gqz

1

2(1=2)]0,0,0 1 0,0,1
|0’O71)'_)_612( 2)] )+( +q)| )

144z l+gqz
0.1 1) > (1 +q@u(1 = 2)210,1,0) g1 —2)(1 —q2)|0, 1, 1)
T (1 +q2)(1 +q%2) (1+q2)(1 +q%2)
N 1+ )1 +¢HZ21,0,0)  ¢>(1+qua(l —2)z|1,0,1)
(1+g2)(1 +q%2) (14 q2)(1 +q%2)

us(—q? + 2+ 292+ 2¢%z2 4+ ¢°z — gz 110, 1,0) + uy|1,0, 1))
p(1+g2)(1 +¢%2)
" q> (1 +@us(1 = 2)(10, 1, 1) — 21,0, 0))
(1+g2)(1+ ¢%2)
ur(—q* + 24292 +2¢°z2 + ¢’z — qz2) (110, 1,0) + u41,0, 1))
p(1+g2)(1 +g%2)
+ g> (1 +@ua(1 = 2)(10, 1, 1) — 21,0, 0))
(14 q2)(1+g%2)
(L +Qui(1—2)[0,1,0)  (1+¢)(1+¢>I0,1,1)
(4 g9a(+4%) (1+q2)(1 +¢%2)
q(1—2)(1—q2)|1,0,00  q>(1+qus(l —2)[1,0,1)
I+q(+q%)  (+q(+4¢%)
(14+q)zl1,1,0) g:(1—2)[1,1,1)
1+gqz 1 +gz
g:(1—-2)[1,1,0) (14+¢)1,1,1)
B 1+gqz 1+qz

0,1, 1) —

)

11,0, 0) —

)

11,0,1) —

|1’ 1?0) H

|1’ 17 1) H
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17.6 Bibliographical Notes and Comments

This chapter is based on [85]. The G, reflection equation (17.3) or (17.7) up to
spectral parameters was suggested on [30, p. 982], where the Desargues—Pappus
geometry of the G, scattering diagram was mentioned instead of the equation itself.
The equation of the form (17.3) for generic symbols R and X without assuming
a tensor product structure of their representation space (i.e. without indices) has
appeared as a defining relation of the root algebra of type G, in [31, Sect. 2].

The reduction procedures in Sect. 17.4 are parallel with earlier chapters. The
intertwiner F' of A,(G,) is eliminated in an early stage but it controls the matrix
product construction essentially.

It is an outstanding problem whether the solution X" (z) and the conjectural solu-
tion X®(z) admit a characterization analogous to Theorems 15.3 and 16.2 by some
sort of quantum group theoretical structure like coideals.
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