Chapter 16 ®)
Boundary Vector Reductions e
of (LGLG)K = K(GLGL)

Abstract This chapter is a continuation of the 3D approach to the reflection equation
from the previous one. We start from the n-concatenation of the quantized reflection
equation (LGLG)K = K(GLGL) and perform the boundary vector reduction. The
L part gives rise to the quantum R matrices for the spin representations of g =
BM, DO DD BMD_ which have been detailed in Chap. 12. The G part generates
the companion K matrices that satisfy the reflection equation. They are expressed
by a matrix product formula in terms of G and characterized as the intertwiners of
various Onsager coideals of the quantum affine algebras U, (g""). The final list of
the solutions is summarized in Table 16.1.

16.1 Preliminaries

We keep the setting in Sect. 15.1 and continue to work with the solution (L, G, K)
to the quantized reflection equation L23G24L215G 16K3456 = K3456G16L125G24L213
summarized there. Thus L and G are given by

Lo Loy LS5 LY 10 00
Loo Lot Ly LY | |0 —¢°¢7'KA™ 0 Go G1\  (a" —gp'k
Lorlororiol o AT «KO Gigl) \pk a )
Loo Lot Lig Lii o 0 0l
(16.1)
The 3D K has been detailed in Chap. 5. Note that
(Lin (16.1)) = (L in (11.14))], 42 = (L in (12.1))]4- 4. (16.2)
Our starting point is the n-concatenation of the quantized reflection equation
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274 16 Boundary Vector Reductions of (LGLG)K = K(GLGL)
(L123- - L1,2,3)(Goa - Go,4)(Lay1,5 - - L2,1,5)(G1y6 - - - G1,6) K3as6

= K3456(G1,6- - G1,6)(L1,2,5 - - L1,2,5)(G2,4 - - - G2,4)(L2j1,3 -+ - L2,1,3)
(16.3)

and the weight conservation of the 3D K
Kaase(ey DM ey yhe = eyt oy y" Kasse,  (16.4)

which are quoted from (15.10) and (15.11). The operator h; is the number operator
h (3.14) acting on the ith Fock space.

16.2 Boundary Vector Reduction

Recall the boundary vectors in (5.118) and (5.119):

=3y =5 ) (16.5)

=@’ =@

(rm| |rm)
= —a > r) = —a > 16.6
(xr mEEO @ | xr) mEZO @, (16.6)

where r = 1, 2. The second line is obtained by setting ¢ — g2 in the first line.
The vectors (16.5) (resp. (16.6)) are elements of a completion of ]-";‘ and F, (resp.

.7-";2 and ]—'qz).1 We invoke Proposition 5.21, which states that they yield particular
eigenvectors of the 3D K as

(1 @ (Ml @ (x| @ (DK = (x| @ (| @ (x| ® (Ml
K(x-) @ k) @ 1x) @ i) = 1x) @ 1) @ | xr) @ Imk)s (16.7)

where 1l <r <k <2.

Multiply (xy~!)mxP+(xy)Bs yPs from the left by (16.3) and sandwich the result by
the boundary vectors as

3 4 5 6 3 4 5 6
(1 ® (il @ (Xl @ (Ml - )N xr) B i) @ ) @ i)

Thanks to the commutativity (16.4) and the eigen-property (16.7), the 3D K disap-
pears and the result becomes

! From (3.16), dual pairing of ]—';2 and Fqp2 should be calculated by (m|m’) = (q4)m8m’mf.
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3 _ 3 4 4
Kl ey ™YLy 05 -+ L3l ) (il xX™ Gaya - - - G alie) x
5 5 6 6
X (x| ) Loytys -+ - Loyi,s1 %) (kY™ Gry6 - - - Gu6lmer)
6 6 5 5
= Mely™G1y6- -+ Gr6lne) (X 1 (x0)™ Lo - - - Liyo,sl ) x

4 4 3 _ 3
x (Ml x™Gaya -+ Goalne) 6 1 ey ™™ Loy13 -+ Lojial ). (16.8)

Up to scalar multiples, the factors (x.|(---)|x») involving L yield §"" (D]g—q
in (12.6). In the identification one uses (16.2) and (x| = (n,|lg—q> and |x,) =
[1,)|4—42 in (16.6). Since they appear frequently, we adopt the convention:

"' (z) in this chapter = (8" (2) in (12.8)~(12.9)), 2. (16.9)

By Theorem 12.2|,_,,2, we know that S™"(z) is the quantum R matrix for the spin
representation of U, (@ yatp=—q 2.
Returning to (16.8), the other factors emerging from G have the form

’ ’ 6 6 1
Ki*(2) = ¥ (@) (mlz2™G16 - - - Gr6lme) € End(V), (16.10)

, , 4 4 2
K5¥ (z) = K" @) (|2 Gy - - - Goalmi) € End(V), (16.11)

where k, k' = 1,2. The scalar ¥ (z) will be specified in (16.17). They are the
1

same linear operators (16.13) acting on the different copies of V®" given as V =
1 ln 2 2 271
Ve @VadV=V® oV

In terms of (16.10)—(16.11) and (12.6)|,-,,2, the relation (16.8) is stated as the
reflection equation

Sph ey K ()85 Gy KT (v) = KiH ) Sp5 e Ky () S5 ey ™)
(16.12)
forl <r<k<2andl=<r <k <2
The construction (16.10)—(16.11) yields the matrix product formula for each ele-
ment as

Kk’k/(z)va = Z Kk’k/(z): Up,

bes

Kk’k,(z): _ Kk,k’(z)(n”thz: .. Gla’: (). (16.13)

See (11.1)—(11.7) for the notations s, v,, V etc. From (16.1), we see that it depends
on the parameter § in (16.1) as the conjugation:

KAK (2) = gt (KEK (2) oy ) g7, (16.14)
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From (3.18) and the fact that «**' (z) = «¥**(2) in (16.17), it can be shown that

Kk,k/(z):‘) — ZI‘L*|3‘*“)|Kk/,k(z)z:i:zig:z::;i’ (1615)
where (ay, ..., a,)” = (ay, ..., ay) is the reverse ordered array as in (11.4). Noting

the factor 6(j € 27Z) in the last formula in (12.10), one can show
K**(z)> =0 unless |a|+|b|=n mod 2 (16.16)

by an argument similar to the one for deriving (15.20). Consequently, the direct sum
decomposition

K*2(2) = K2’ @ @ K2 (2),  K2*(2): Vo = Vo1

holds, where V.. was defined in (11.6). As for K** (z) with (k, k') # (2, 2), there is
no selection rule like (15.20) or (16.16). We choose the scalar ' (z) as

((2g"'; 4" ) oo

Car gy gty ° = mink k). 1= max k).

(16.17)
which is the inverse of ¢ 2 (1 |z"K" |y ) calculated from (12.10). In this normalization,

KK () =q7"

K ¥ (@) vey sty = (=1 (@ 7B 2 ey pe, (16.18)

for0 <l <n, 1 <k, k' <2 holds, and general elements are rational functions of
B, q% and z.

As seen from (16.13) and also in Example 16.1 below, the K matrix K kK (2) is
dense in the sense that all the elements are non-zero (for K >? non-zero within each
sector implied by (16.16)).

Example 16.1 We present K**' (z) with 8 = g2 forn = 1,2 and (k, k') = (1, 1),
(1,2), (2, 2). The general B case and (k, k') = (2, 1) can be deduced from them by
(16.14) and (16.15). We write vg ® v as |01) etc.

Forn =1, K"*k'(z)ll3 q% acts on the basis as

L g 731+ 9)z/0) g+l
K"(@):0) > e prm e L S D e U R st

120, . g (1 +¢)2(0) L g i+l
K" (2) 1 10) —~ T + 1), [1) — —]0) B —
K*2(2) 110) = [1), 1) = —0).

Forn = 2, K“(z)lﬂ acts on the basis as

1
=q2
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-1 1 + ¢*)z%|00 -3(1 01 2(1 10
100y 1> 4 (I+¢)A+4¢)z7100) g 2(1+¢)z[01) g2(1+4)z] >+|11>,
(=1+2)(—=1+¢q2) (—=1+4q2) —1+gz
ol 1 A+ D00 g7 (1 + )21+ — gz +4°2)I0)
—1+4+gz (=14+2)(-14+g¢g2)
1
—2(1 11
oy - Aol
—-1+g¢z
1
2(1 00 -1a 1— 210
|10)Hq2( +q)z| )_|01>+q dI+9)d —g+4gz+4972)|10)
—1+4+gz (=1+2)(=1+¢q2)
g2 +9l1)
—1+gz
1 1
—2(1 01 2(1 10 -1 1+ g?H|11
|11)|_)|00>+q 2(1+¢@)01)  g2(1+¢)[10) g (A +qg)(1+g7)|11)
—-1+gz —-1+gz (=1+2(-1+4q2)
K'2(z)| 1 acts on the basis as
B=q?
00) 1o I A+ DZA+G =2 +¢°2)I00) _ g2 +q)z[01)
(=1 4+ 22 (=1 4+ g%z?) -1+ g2z2
1
q2(1+ q)z|10)
- L,
_1+q222 +| >
01) 1> g (1 +@)z100)  ¢7'(+ )22 (1 +¢% — ¢*2% + ¢°2H)[01)
—1+q%2 (=142 (=144’
1
2(1 11
_|10)_q2( + ¢)z|11)
_1+C]2Z2
1
(1 00 1A 4+q9)(A —q+q%+¢32H10
|10)'_>q2( +9)z )_|01>+q (I +4)( 261 9z 2riz)l )
—1+4q%z? (=14 22)(=1+¢%z%)
g+l
—1+q222
1 3
q:(1+4¢)z|01) =~ gq2(1 +¢)z|10)
11 00
[11) = 00) + g g
+q’1(1+q)(1—q+qzz+f13z2)|11)
1+ -1+
K%*%(z)| 1 acts on the basis as
B=q?2
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1 27,2 -1 27,2
g~ (=1 +¢*)2%/00) g~ (=1 +¢)2?|01)
00 11), 01 — |10),
00) > TP ), (0 e T 110)
-1 2 -1 2
g~ (=1 +4*)|10) g~ (=1 +g)I11)
10 —101 , 11 00 .
10) > —j01) + =7 1) > 100) + F———

16.3 Characterization as the Intertwiner of the Onsager
Coideal

We keep the definitions of the quantum affine algebras U, o) (r,r’ = 1,2)in Sect.
12.2, where

gl = p@

w0 =B, g2 =B" ¢’ =D (16.19)

as in (12.20). We use the spin representation 77, , : Up (¢""") = End(V)in (12.23)-
(12.27), which we quote here for convenience:

—1 1_
€0Um = XUm—e, fOUm =X Um+e > kovm = p? " Um r=1,
(16.20)
2 -2 l—m;—
€OUm = X Um—e—e;» foUm = X “Umietes KoUm=p "' om  (r=2),
(16.21)
€iVm = Um+e;—e;y > fivm = Um—e;+e;4 > kivm = pmiimiﬂvm 0 <i<n),
(16.22)
_1
€,Vm = Um+e, > Savm = Um—e, knvm = Pm” 2Um (r, =1), (16.23)

— _ _ amuytmy_—1 ’r_
€nUm = Um+te,_ +e,> faUm = Um—e,_;—e,» kyvom = p" T T oy (7 = 2),

(16.24)

where m € s. As mentioned before, it is irreducible except for 92*2 = D,(ll), where
V =V, & V_ as defined in (11.6) corresponding to the two kinds of spin represen-
tations.
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According to the remark after (16.9), we will be concerned with U, (g"") with
p = —q 2. In the rest of the chapter we set

=

pr = —ieqg”!, e==l1 (16.25)

and allow the coexistence of the letters p, ¢ and €.

16.3.1 Generalized p-Onsager Algebra O ,(g"" b

For each g”" in (16.19) we consider the quantum affine algebra U, (g”") (12.20)
and the Onsager algebra O, @").

For comparison we write down the p-Serre relations in U, (g""") which were not
displayed together with (12.21):

eej —eje = 0 (Cl,'j = 0), (1626)

ele; —(p+p Heejei +ejel =0 (a; = —1), (16.27)

eej—(p+1+pHetejei+(p+1+pHeejel —ejel =0 (a;; = —2).
(16.28)

The same relations are imposed also for f;’s. The data (a;;)o<;, j<n is the Cartan
matrix of the affine Lie algebra g”"'. The Onsager algebra O p(g”’/) is generated by

bo, ..., b, obeying the modified p-Serre relations:
b,‘bj—bjb,‘ =0 (a[j :0), (1629)
b7b; — (p+ p bbb, +b;67 =b; (a;; = —1), (16.30)
bb; — (p+1+p bbb, + (p+ 1+ p H)b;b;b7 —b;b;
= (p? + p )2(bib; — b;b) (a;; = —2). (16.31)

Except for (16.31) which are void for the simply-laced case g>> = D'V, these rela-
tions are formally the same with (15.25) for O, (Afll_)]).

In terms of commutators [X, Y] = [X, Y], [X, Y], = XY — rY X, the relations
(16.29)—(16.31) are written more compactly as

[b;,b;1=0 (a;; =0), (16.32)
[bi, [b;, 61,1, =b; (a;; =—1), (16.33)
[b;, [b;, [b;, b;1,]1,-1]1 = (p? + p~)*b;, b1 (aij =—2). (16.34)

There is an embedding O, @) —=U ,,(g”’/), depending on integer indices k, k’
satisfying 1 <r <k <2and1 <r’ <k’ <2, given by
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bo — go :=eo + p""*ko fo + djko, (16.35)
1
bi > gi:==e + pkifi + ———ki (0<i<n), (16.36)
q+4q

bp > g = en + PPk fr + di ks, (16.37)
1 1
P4ge 1

al =T g o L (16.38)
q+q! q+q!

where € = =£1 has been introduced in (16.25). Define

B,Z;C = the subalgebra of U, (g"") generated by go, ..., g, in (16.35)~(16.37).
, (16.39)
By the remark on (15.28), it becomes a left coideal; AB, C U,(g"™") ® By

Henceforth B, will be referred to as an Onsager coideal.

16.3.2 K*¥ (z) as the Intertwiner of Onsager Coideal

Recall that 7o, « : U, (g""") — End(V) denotes the spin representation in (16.20)—
(16.24).

Theorem 16.2 The K matrix (16.13) with B = iq% is characterized, up to normal-

! ’ 1 .
ization, as the intertwiner of the Onsager coideal B,i’}, CcUy(g"")atp2 = —ieg™!
(16.25) as

K ()1, -1(8) = o, (KX () (Vg € By, (16.40)

where l <r <kand1 <r <k

Proof We focus on the existence referring to [104, Sect. 5.2] for the uniqueness.
There are seven cases in (16.40) to verify:

(i)g=g O<i<n,

(i) g = go, (r.k) = (1,2), V) g = gn (', k) = (1,2),
(i) g = go, (r. k) = (1, 1), (vi) g = gu, (', k) = (1, 1),
(iv) g = go, (r k) = (2,2), (Vi) g = guy (', k) = (2,2).

Thanks to (3.18), the cases (v), (vi) and (vii) are attributed to (ii), (iii), and (iv) at
z = 1, respectively. Thus we consider (i)—(iv) below. The case (i) reduces to the
already shown identity (15.36).

(i1) From (16.35) and (16.38), the Eq. (16.40) reads as

K (27T, 1 (e0 + P ko fo) = T, (0 + PP ho fo) KX (2). (16.41)
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From (16.20), this is translated to the relation of the coefficients for the transition
va = vp(a,besin(11.1))as

Z_IKZ’k’(Z):,el + Zp_“‘Kz‘k/(Z):Jrel _ ZKz,k’(Z):Jrel + Z—lpl—blKZ.k’(Z)g—el'
(16.42)
One can drop the factors p~® and p'~®' since the attached terms are non-vanishing
only for a4+ e;,b —e; € s compelling a; =0 and b; = 1. Then, in view of the
matrix product formula (16.13), the relation in question follows from

el GE_ +2Gh ) = (il G5 + 271G (16.43)
fora, b = 0, 1. From (15.6) this is further reduced to the z-independent relation
ml(Go_ + Go ) = (G5 + G5y, (16.44)
It contains two non-trivial cases

0= (nl(GS — G1) = (m](a™ —a"), (16.45)
0= (nl(Gy — GY) = (m2l(B + gB VK, (16.46)

where (16.1) is substituted. The first equality holds due to (3.141) and the second
. |
does from the assumption 8 = ig2 of the theorem.
(iii) By an argument parallel with (ii), the proof reduces to showing

_ ' —a / 1, ,
K@Y+ K @R +dipT K ()
— ZK],/('(Z)::-H?l + Z—lpl—blKl,k/(Z)L)—El + dllp%—blKl,k’(Z):l)‘ (1647)

The matrix product formula (16.13) and (15.6) attribute it to
MIGE_ + G +dlp Gy = (|(GET + G2 +dl pr "GPy (16.48)

fora,b =0, 1, where dll is specified in (16.38). This can be checked case by case
by using 8 = iq%, (16.25) and the property of (1| given in (3.138) and (3.139).

(iv) By a parallel argument with respect to the representation (16.21), the proof
reduces to showing

l—ul—az
P kb
WK' (Z)a. (1649)

22,k \b 2 —aj— 2,k _\b
7 °K (Z)afelfez t+z p “TeK (Z)a+e1+ez+

’ _ —by— 4 —e —
— Z2K2,k (Z)2+e1+e2 +Z 2p2 by b2K2,k (Z);) e —ey +
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One may trivialize the coefficients of the middle terms as p~@ =% = p?~»1=b2 = [ for
the non-zero contributions. The matrix product formula (16.13) and (15.6) attribute
the resulting relation to

l—a—ad’

b 4 b v p b ~b
021Gy Gy + GanGa + 57 GaG)
1-b—0b'
= (mI(GETGE T + G5 G + %Gﬁcg’,) (16.50)
q+q

for a,a’,b, b’ =0,1. We have set (a,a’,b,b’) = (a;, ay, by, by). This can be
checked similarly by using 8 = igz, (16.25) and the property of (1| in (3.141).
In particular it involves a maneuver like (n;|(a%)? = (n2la"a™ = (n2](1 — ¢°k?),
etc. O

One can give an alternative derivation of the reflection equation (16.12) based on
the Onsager coideal B,ZZ by an argument parallel with Sect. 15.4.3.

Let us summarize the solutions to the reflection equation obtained by the 3D
approach in Chaps. 15 and 16. There are nine cases in (16.12), where the conditions
l<r=<k=<2and1 <7 <k’ <2 originate in Proposition 5.21.

Table 16.1 The quantum affine algebra U, (g) with g = ALL) | and gr,r’ (16.19), the associated R

matrices S (z) and S™" ' (2), the associated K matrices K" (z) and K k. (z). There are a few choices
of K*¥ (z) that can be paired with §"" (z) to jointly constitute a solution to the reflection equation
depending on (r, 1)

g R matrix K matrix

A $"(2) K"(2)

D7, s @) K@), K'2(2), K> (@), K22(2)
B, $212) K*'(2), K*2(2)

B, $'2(2) K'2(2), K*2(2)

D;" $22(2) K*2(2)

16.4 Bibliographical Notes and Comments

The boundary vector reduction of the quantized reflection equation was introduced
in [105], where the property (16.7) of the boundary vector remained as a conjecture.
The first proof of the reflection equation (16.12) was done independently in the
quantum group framework based on the Onsager coideal B,Z’k/ and the argument like
Sect. 15.4.3 [104]. Later the property (16.7) was proved in [106, Appendix B], which
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completed the 3D approach. Its detail has been reproduced in Proposition 5.21 of
this book.

In the 3D approach to the reflection equation, either by the trace reduction
(Chap. 15) or the boundary vector reduction (this chapter), the 3D K disappears
at an early stage. In fact “reduction” more or less means eliminating it to return to
2D from 3D. However, the 3D K essentially controls the construction behind the
scene in the sense that it guides precisely how the local operators L and G should
be combined, how the spectral parameters should be arranged and what kind of
boundary vectors are acceptable.

Concerning the generalized Onsager algebras, the quartic relation of the form
(16.34) with p? = 1 is often referred to as the Dolan—Grady condition [41]. It is typ-
ical for the situation a;; = —2, which was utilized to reformulate the original Onsager

algebra for Ail) [122] by only a few generators. The Onsager algebra O, (D{") with
p = 1 wasintroduced in [34]. It is an interesting open question if there is an analogue
of Remark 15.2 forg # A ;131 related to a boundary extension of the Temperley—Lieb
algebra like [35].

Generalized Onsager algebras O, (¢"") have a natural classical part without the
generator by. The commutativity in Theorem 16.2 interchanging z and z~! implies
the usual commutativity with the classical part. The corresponding spectral decom-
position of K "’ (z) has been described in [106, Sec.10,11].
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