Chapter 13 ®)
Trace Reductions of RRRR = RRRR Geda

Abstract Like RLLL = LLLR,thetetrahedronequation RRRR = RRRR admits
various reductions to the Yang—Baxter equation leading to several families of solu-
tions in matrix product forms. In this chapter we focus on the trace reduction as
done for RLLL = LLLR in Chap. 11. We identify the solutions with quantum R
matrices of Uq(Afll_)l), present their explicit formulas, construct commuting layer
transfer matrices, and demonstrate that the birational versions reproduce the distin-
guished example of set-theoretical solutions to the Yang—Baxter equation known as
geometric R.

13.1 Preliminaries

Let n > 2 be an integer. We retain the notations for the sets B " = (Zso)", B,E"),
the vector spaces W™ = Tq@” and W,(:') having bases |a) labeled with n-arrays
a=(ay,...,a,) in (11.8)=(11.13). We will also use |a|=a; +---+a,, a¥ =
(au, ...,ap) in (11.4) and the elementary vector e; in (11.1). As for the g-oscillator
algebra Osc, and the Fock space ¥, see Sect. 3.2. Except in Sect. 13.8, n is fixed,
hence the superscript “(n)” will be suppressed.

1 2 3
In Chap. 3, we have introduced a linear operator Rj>3 € End(F, ® F, ® F,)
which we called a 3D R.
In Theorem 3.20 it was shown to satisfy the tetrahedron equation

R124R 135 R236 Rass = Rus6Ra36R135R124, (13.1)

1 6
which is an equality in End(F, ® - - - ® ).
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13.2 Trace Reduction Over the Third Component of R

The following procedure is quite parallel with that in Sect. 11.2. Consider n copies
of (13.1) in which the spaces labeled with 1, 2,3 are replaced by 1;, 2;, 3; with
i=1,2,...,n:

(Ry,2,4R1,3,5R2,3,6) Rase = Rase (R2;3,6R1,3,5R1,2,4)-
Sending Rys6 to the left by applying this relation repeatedly, we get

(R1,2,4R1,3,5R2,3,6) - - - (R1,2,4R1,3,5R2,3,6) Rase

(13.2)
= Rus6 (R2,3,6R1,3,5R1,2,4) - - - (R2,3,6R1,3,5R1,2,4)-

One can rearrange this without changing the order of operators sharing common
labels, hence by using the trivial commutativity, as

(R124+ - R1,2,4)(R1,3,5 - Ry1,3,5) (R2,3,6 - - - R2,3,6) Rase

(13.3)
= Rus6(R2,3,6 - R2,3,6)(R1,3,5 - - R1,3,5) (R1,2,4 - - Ry,2,4).
The weight conservation (3.49) of the 3D R may be stated as
Rase x™ (xy)™ y™ = 2™ (ry)™ y™ Rase (13.4)

for arbitrary parameters x and y. See (3.14) for the definition of h. Multiplying this
by (13.3) from the left and applying R?> = 1 from (3.60), we get

Rase x™ (Ry,2,4 - Ri,2,4) (X)) (Ry,3,5 - R1,3,5) Y™ (Ra,3,6 - - - Ro,3,6) Rase

= (Ry36 - Ro,3,6) (X)) (Ryj3,5 -+ Ria,s)x™ (Rija -+ Ryo,9).
(13.5)
This relation will also be utilized in the boundary vector reduction in Chap. 14

(Fig. 13.2).
4 5 6
Take the trace of (13.5) over ¥, ® ¥, ® ¥, using the cyclicity of trace and

R? = 1. The result reads as

Ry =
2

Fig. 13.1 A graphical representation of the 3D R, where 1, 2, 3 are labels of the blue arrows. Each
on them carries a g-oscillator Fock space 7
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Tra(x™ Ri24 -+ Ri,2,4) Trs((x)™ Ryy3,5 -+ Ri3,5) Tre (Y™ Ra3,6 - - - Ro,3,6)
= Tre(y™ Ray3,6 -~ Ro3,6) Trs ()™ Ryy35 -+ Riya,s) Tra(x™ Ryjoa -+ Rijo,4).

(13.6)
Let us denote the operators appearing here by
tr3 h ! 2
Ry%5(2) = Tra(z“Ri204 - - Ri,2,4) € End(W Q@ W),
1 3
RY3(2) = Trs (2™ Ri3,5 - - Ry 3,5) € End(W @ W), (13.7)

2 3
Ry3(2) = Tre(2" Roz 6+« Ry,3,6) € End(W @ W).

The superscript tr3 indicates that the trace is taken over the 3rd (rightmost) component
of R, whereas Tr; in RHSs signifies the label j of a space. A similar convention will
be employed in the subsequent sections.

Those appearing in (13.7) are the same operators acting on different copies of
1 1y 1, 2 2y 2, 3 34 3,
WspecifiedasW =%, ® -+ - @ F,, W=F,Q0 - F,andW=F, @ --- @ F,.
Now the relation (13.6) is stated as the Yang—Baxter equation:

RSO RTLRYE () = Ry RSy Ry (x). (13.8)

Suppressing the labels 1, 2 etc., we set

RU@(D) @) = Y R™(2)i}1a) ® b). (13.9)
a,beB
A
—— ... \/6
...... /\ 5
1 1 |
U 2 N 4
2] 31 22 32 2n 3n
4 N N
AN ~ LA ~
/ 31 3 3,
A N VA I VAR
1 1 1,
', > 9, 2,

Fig. 13.2 A graphical representation of (13.2) and (13.3). It is a concatenation of Fig. 2.1 which
corresponds to the basic RRRR = RRRR relation. Each blue arrow carries 7,
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Fig. 13.3 Matrix product
construction by the trace
reduction (13.10) is depicted
as a concatenation of Fig.
13.1 along the blue arrow
corresponding to the third
component of R. It is closed
cyclically reflecting the trace

Then the construction (13.7) implies the matrix product formula

R™ @) =Tr("RM - R (13.10)
in terms of the operator Rl?"j” € Osc, introduced in (2.4) and (2.5). In our case of the
3D R, it s explicitly given by (3.69).

By the definition, the trace is given by Tr(X) =", _, U?ijnl:;) = =0 <"(’(|])2‘)|;">.
See (3.12)—(3.17). Then (13.10) is evaluated by using the commutation relations of
g-oscillators (3.12) and the formula (11.27). The matrix product formula (13.10)

may also be presented as

R (Z)?Jh — Z 7€ Rabicr pabaca - panbacy (13.11)

itjica Nz jocs injnC
C1yeesCn >0

in terms of the elements Rf‘ﬁ" of the 3D R in the sense of (3.47). Explicit formulas
of Rf‘jl}f are available in Theorems 3.11, 3.18 and (3.84) (Fig. 13.3).
From the weight conservation (3.48), cg in (13.11) is reducible to ¢; as

cp=cr+ Y (ba— ja), (13.12)

1<a<p

therefore (13.11) is actually a single sum over c.
From (3.63), (3.48) and (3.70) it is easy to see

R™(2)} =Ounlessa+b=1i+j and |a| = [i|, b = |jl. (13.13)
Vi 11 @i (@)
R™(2)™® = R (2)L ), e (13.14)
] b ,E @)ac (@),
R™ () = /=0 R ()7 (13.15)
where o(a) = (ay, ..., a,, ay) is a cyclic shift. The property (13.13) implies the

decomposition
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R™(z)= @ R,  R() € End(W, @ W,,). (13.16)
I,m>0
The Yang-Baxter equation (13.8) is valid in each finite-dimensional subspace W; ®

1 2 3
W, W, of W® W ® W. In the current normalization we have
R () (ler) ® Imer)) = Az, q) ller) @ [mey) (13.17)

for any 1 < k < n, where the factor A, ,,(z, g) is given by

@7z q%)m
Az q) = 3 2RI = (—1yngmin 20 m (13.18)
! (G725 qP)ms1

c>0

The second equality is shown by means of the general identity like (13.82). General
elements RZ“:” (z)?}’ also become rational functions of g and z.

Example 13.1 Substituting the formulas in Example 3.17 into (13.10) and evaluat-
ing the trace we get

(qm—a/-z_qa/+l)/D ] Zb,

R ae, — 2@ 42y m—aj—aj ——ay .
m,l(Z)i e z(1—¢q )gq /D j<b,
(1-— q2ab+2)qab+1+ah+z+---+aj71/D j > b,

where D =(1—¢"'2)(1 —¢"*'z), and a,i€ B, and a+e, =i+ e; are
assumed.

From the remark after (3.71), this should coincide with (11.36) divided by
0" (2)|¢=1 in (11.33) provided that a,i € 5,,' and aj=1i; =0 when j = b. This
can be checked directly.

13.3 Trace Reduction Over the First Component of R

The following procedure is quite parallel with that in Sect. 11.3. Consider n copies of
the tetrahedron equation (13.1) in which the spaces 3, 5, 6 are replaced by 3;, 5;, 6;
withi =1,...,n:

Rys;6; Ro3,6, R13,5, R124 = R124R13;5, Ro3,6, Rase, -

Sending Rj»4 to the left by applying this repeatedly, we get

I'See (11.3) for the definition of s,,.
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61 6, 6,
- Y ... 1
______ N/,
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Fig. 13.4 A graphical representation of (13.19) and (13.20)

(R45,6, R23,6, R13,5,) - - - (Ras,6, R23,6, R13,5,) R124

(13.19)
= Ri24(R13,5 R23,6, Ra5,6,) - - - (R13,5, R23,6, R45,6,)
which can be rearranged as (Fig. 13.4)
(Rys,6, - - - Ras,6,) (Ra3,6, - - - R23,6,) (R13,5, - - - R13,5,) Ri24 (13.20)

= Ri24(Ry35 - - Ri3,5,)(Ra36, - - - Ro3,6,) (Ras6, - - - Ras6,).

1
Multiply x™ (xy)"y™ R} from the left by (13.20) and take the trace over ¥, ®

2 4

F ¢ ® F 4. Using the weight conservation (13.4) we get the Yang—Baxter equation.

3 5 6
RSG(ODRS ¢(xy)Ry5(x) = Ry5(x) Ry (xy) R4 (y) € End(W @ W @ W),
(13.21)

3 3 3, 5 5 5n 6 61 6,
where W=F,®---®F, W=F,® - ®F, and W=F, ®---®F,. The
superscript tr; signifies that the trace is taken over the 1st (leftmost) component
of the 3D R as

5 6

Ri'6(z) = Tra(z™ Ras,, - - - Ras,6,) € End(W @ W), (13.22)
3 5

R35(x) = Tri(2™ Ris;s, -+~ Ri3,s5,) € End(W ®@ W), (13.23)

3 6
RY(2) = Tra(2" Rozye, - -~ Ras6,) € End(W ®@ W). (13.24)



13.4 Trace Reduction Over the Second Component of 219

These are the same operators acting on different copies of W ® W. We will often
suppress the labels 3, 5 etc. The expression (13.22) has already appeared in (11.40)
and it is depicted as the left diagram in Fig. 11.5. The operator R" (z) acts on the
basis in (11.13) as

RU@H @) = )Y RG] la) ® [b), (13.25)
a,beB
T kia1by pkoaxb. kpanby
R 1(Z)?JP = Z Z szlilljlleiizzjzz - Rklinjn . (13.26)
kiyeosky >0

Comparing this with (13.11) and using (3.62), we find that R"!(z) is simply related
to R (z) as

R () = R™@)M ie. R (z) =PR™(@)P, (13.27)

where P(u ® v) = v ® u is the exchange of the components. Consequently, all the
properties in (13.14)—(13.17) are valid beside minor changes in (13.15) and (13.17):

R" ()} =Ounlessa+b=i-+j and |a| = i, [b| = |jl, (13.28)
R"()= P R, (@. R, () € End(W, @W,,), (13.29)
1,m>0
R (2)(llex) ® [mer)) = Awi(z, q) ller) ® |mey), (13.30)
i @@
R ()™ = RN () A T (13.31)
Y ab ,E (@)a, (@),
b bi—j o(a)o(b)
R = 2" "R (D7 4 eii) » (13.32)

where A, (z, ) in (13.30) is given by (13.18),.,,. The Yang—Baxter equation
(13.21) holds in each finite-dimensional subspace W, @ W; @ W,, of W @ W @ W.

13.4 Trace Reduction Over the Second Component of R

The following procedure is quite parallel with that in Sect. 11.4. Consider n copies of
the tetrahedron equation (13.1) in which the spaces 1, 4, 5 are replaced by 1;, 4;, 5;
withi =1,...,n:

Ry;5,6 R1,04;, R1;35, Roze = RoseRy;35, Ri,24; Rays;6-

Here we have relocated R by using R = R~' (3.60). Sending R»36 to the left by
applying this repeatedly, we get
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1 1, 1
5 5, "

A

4

Fig. 13.5 A graphical representation of (13.33) and (13.34)

(R4,5,6R1,24, R1,35,) - - - (Ra,5,6R1,24, R1,35,) Roze

(13.33)
= R236(Ry,35, R1,24) Ray5.6) - - - (Ry,35, R1,24, Ra,5,6),
which can be rearranged as (Fig. 13.5)
(R4;5,6 - Ra,5,6) (R1,24, - - - R1,24,) (Ry,35, - - - Ry,35,) Raze (13.34)

= Ry36(R1,35, - - Ri,35,) (R1,24, - - - Ry,24,)(Ra;5,6 - - - R4,5,6)-

2
Multiply x™ (xy)" y" Ryt from the left by (13.34) and take the trace over 7, ®

3 6
¥4 ® ¥ 4. Using the weight conservation (13.4) we get the Yang—Baxter equation.

trs tro try try tro tr3 1 4 5
R4,5(y)R1,4(x)R1’5(xy) = Rl,s(xy)R1,4(x)R4;5(y) €End(W WQW),
(13.35)
1 1, 1, 4 4 4, 5 5 5,

where W=¢,®---®F, W=, --F, and W=F,Q - -QF,.

The superscript tr; signifies that the trace is taken over the second (middle) compo-
nent as (Fig. 13.6)

1 4

R;ri(z) = Try(z™Ry,24, - -~ R1,24,) € End(W @ W), (13.36)
1 5

Ry%(2) = Tr3(z™Ry35, -+~ Ry,35,) € End(W ®@ W). (13.37)

These are the same operators acting on different copies of W ® W. We will often
suppress the labels like 1, 4. The operator R"(y) has already appeared in (11.40).
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h
I 4
1> 4y
1n 4,

Fig. 13.6 A graphical representation of (13.36). The one for (13.37) just corresponds to a relabeling
of the arrows

The operator R (z) acts on the basis as

Re@(D) @) = ) R=(2)i} 1a)®1b), (13.38)
a,beB
RO = 3 SRR RAE. 1339)
ki,....k,=0

Comparing (13.39) and (13.11) using (3.86) and (3.62), we find

n 2y, .
Rtrz (Z);if — (_q)71+22:1 k(jx—br) (l—[ (q2)1k) Rtr3((_q)nz).{:; (1340)
k=1 (q )bk

fora,i € B;andb, j € B,,. One can derive properties similar to R"!(z) as follows:

R‘rz(z)?}’ =O0Qunlessa—b =1i-—j and |a| = [i, |b|] = |jI, (13.41)
R"™(7) = EB R,(2), R(2) € End(W, ® W,), (13.42)
I,m>0
r _ ler) ® |mey)
Ry @) (ler) ® |mes)) = 5 g (13.43)
R () = R (5 (13.44)
R™ () = P R ()7 @70 (13.45)

oo e 2y, (g?):
R @ = R, [ LD

. (13.46)
@)@,
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13.5 Explicit Formulas of R™1(z), R"2(z), R™3(2)

The main result of this section is the explicit formulas in Theorem 13.3 which are
derived from the matrix product construction by a direct calculation. The detail of
the proof will not be used elsewhere and can be skipped. It is included in the light
of the fact that the relevant quantum R matrices (Theorems 13.10, 13.11 and 13.12)
are very fundamental examples associated with higher rank type A quantum groups
with higher “spin” representations.

13.5.1 Function A(2)}}

For integer arrays « = (a1, ..., o), B = (B1, ..., Bx) € z* of any length k, we use
the notation

el = > a &= (o1, ), (13.47)
1<i<k
(@, B)= )Y ap @B =) wp, (13.48)
I<i<j<k I<i<k

where |a| appeared also in (11.4) for @ € {0, 1}".
For parameters A,  and arrays 8 = (B1, ..., Bk), ¥ = V1, --., Y&x) € Z’;O of any
length &, define

vl —
@, (7182 ) = g ()7 B, v1B: ), (1349)
. L. k )
B,y 18; 1 ) = DG Dialy (’3) (13.50)
(s 98y 1 \Yi/g

From the definition of the g-binomial in (3.65), 5‘, I1B; X, n) =0 unless y; < B;
for all 1 <i < k. We will write this condition as y < .

Given n component arrays a,i € By and b, j € B,, (see (11.10) for the definition
of By), we introduce a quadratic combination of (13.49) as

A(Z)?}) — q(i,j%(b,a)

x Y Pp@—Kk@+b-K¢"'z.g7 ") Pp &g "z g,
K
(13.51)
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where the sum ranges over ke Z” 1.2 Due to the remark after (13.50), it is actually
confined into the finite set 0 < k < mm(B, j) meaning that 0 < k, < min(b,, j,.) for
1 <r <n— 1. A characteristic feature of the formula (13.51) is that ®,> depends
ona=(aj,...,a,) € Bjviaa=(ay,...,a,—1) and ! by which the last component
is taken into account as @, = [ — |a|. Dependence on b and j is similar. Substituting
(13.49) and (13.50) into (13.51) we get

n—1 .
—i (6]) b—k.k K| aa+ba_ka Jo
A f:l!) = (=1 b, ],, M 2(j—b—k.K)+(+m)|k|
@3 = (=1) Z ]:[l b))

m—l

w@" 'z g )\a—ﬂ(‘] "z a)jw@ " P
w 7l ’
(@772 4% aib-x)

= (i, j) + (b,a) +may, + Lj, + (by — ju)(in + jo + 1) — 2ml. (13.53)

(13.52)

The factor (qz) i/ (qz)bn here originates in (g ’zm)lg‘ /(q ’2’”)“:' contained in (13.51).

Remark 13.2 By an induction on k, it can be shown that

Yo o@Bm=1 (VB @) (13.54)

ye@Zso)k, y<B

This property has an application to stochastic models, where it plays the role of the
total probability conservation. It can also be derived from Proposition 13.13 and
(13.132).

13.5.2 A(z)?}’ as Elements of R"'(z), R"2(z) and RY3(z)

Theorem 13.3 Fora,ic€ B;, b, j € B,, the following formulas are valid:

Arm(z T RB@F = P A@, (13.55)
Az 'RT@F = P AN, (13.56)

n 25 .
Ami(=)"z. )T R () = (—g) 7/ 2a=t @Ua=be) (]‘[ ZZ;Z) st A= I3,
a=1 o

(13.57)

where A} 1, (2, q) is defined by (13.18).

2K is just an array of summation variables. We have not introduced an n component array k which
is related to it as in (13.47).
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13.5.3 Proof of Theorem 13.3

The formulas (13.56) and (13.57) follow from (13.55) by virtue of (13.27) and
(13.40). Therefore we concentrate on (13.55) in the sequel. The following lemma is
nothing but a quantum group symmetry (13.105) with R"(z) replaced by the matrix
having the elements A(z)?}’.

Lemma 13.4 Suppose n > 3. For 1 <r <n — 2, the function A(z)?}’ satisfies the
relation

bri1 + e A + ¢ a1 + 1A

. ab i —i . a,b (13.58)
—lir1]2 A — 4" lirrlg2 AR) Y =0

fora+b=i+j+7. Here 7 =e, — e, with e, being an elementary vector in
(11.1). The symbol [m],: is defined in (11.57).

Proof Letk = (ki, ..., k,_1)in(13.52). It turns out that (13.58) holds for the partial
sum of (13.52) in which ky(a % r,r + 1) and |K| are fixed. Under this constraint
A(z);} is proportional to

(i.j)—(b.a) 2(jr —byr—k Yy 1 da + b — ko Ja 13.59
q Z‘I H( by 2 \ka/ 2 (1359)

a=r,r+1

up to a common overall factor. The sum here is taken over k., k.1 > 0 under the
condition k, + k.1 = k for any fixed k. There is no dependence on the spectral
parameter z owing to the assumption r 7~ 0, n — 1. Substituting this into (13.58) and
using (7, j) = j,+1 and (b, 7) = —b,, we find that (13.58) follows from

q—az—bz—l(l _ q2b2+2) Zqz(_/l_bl_kl+l)k2

X<a1+b1—k1—1) <a2+b2—k2+1> (jl) <j2>
b1—1 q? b2+1 q? kl q2 k2 q?

+ qul—bg—az—l(l _ q21t2+2) Zqz(j|—b]—k|)k2

X<a1+b1—k1—1> <a2+b2—k2+1) (]1) (]2>
by 7 b, @ ky o ko P

_ qufiz(l _ q2i2) Zqz(]’l*b]*kl)kZ

y <al + by — kl) (az +by — kz) (jl) (jz)
b )\ b)) ),

_ q—iz—jz(l _ q2j2) Zqz(jl_h]_kl+l)k2

X<al+b1—kl> <a2+b2—k2) (j1+1> (j2—1> —0
oo )\ b ) Uk ) Uk )T

(13.60)
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where we have denoted a,, a, 41 by ai, a, for simplicity and similarly for the other let-
ters. Thus in particular, a; + by =iy + j1 + l and a, + by, = i» + j» — 1, reflecting
the assumptiona +b =i+ j+ 7.

The sums in (13.60) are taken over ki, k, > O with the constraint k; + k, = k
for any fixed k. Apart from this constraint, the summation variables k; and k, are
coupling via the factor g ~2%>, Fortunately this can be decoupled by rewriting the
¢*-binomials as

(aa + ba - kot) (ja)
be AV

(= 1)leg R+ Qi—2but Dk @54 a, (a7 4P, (@ P,
(g% q*)a, (q 72025 q2);, (g% g%k,

(13.61)

In fact, this converts the quadratic power of k; and k; into an overall constant
g Ki—k-2k — ;=¥ which can be removed. Consequently, each sum in (13.60)
is rewritten in the form Zkl+k2=k (Zkl >0 X&) (Zkzzo Y},) for any fixed k. Thus intro-
ducing the generating series Y ,.,¢*(---) decouples it into the product
k20 £ Xa) (X, =0 £ Vi) Each factor here becomes g>-hypergeometric defined
in (3.73). After some calculation one finds that the explicit formis given, up to an over-
all factor, by the LHS of (13.62) with the variables replaced as ¢ — ¢, uy — q~>%,
Vg — q 2% by, — g~ for a = 1, 2. This also means ¢ %' = g*v,/w; and
g% = q~%v,/w,. Therefore the proof is reduced to Lemma 13.5. (]

Lemma 13.5 The g-hypergeometric ¢ (”éb; ;) =10 (”éb; q, g) in (3.73) satis-
fies the quadratic relation involving the six parameters uy, vy, We (@ = 1, 2) in addi-
tionto q and ¢:

_ up, w Uz, w - -
ul(l—ullvl)(q—v2)¢< : ]§q§)¢( 2,1 2;142]U2w2]§>
qui q V2

-1
F (1 —u(g — v)d (q”ql;l“" : ;) ¢ (q 12 w2, M21v2w21§>

g~ ',
_ up, w Uz, Wy  _ _
—(1—1)1)(6]—0211)21)(15( 1;§>¢< ;M21U2w21§>
V1 Uy
_ u, g 'w Uy, qwy  _ _
—vzwzl(l—vl)(l—mw( ‘ qv ‘;q;>¢< 25 2;u21v2w2‘c) =0.
1 2

(13.62)

Proof First, we apply

a,b _ (c—abz) a, b z(a—c)(b—c) a, b
"’( ¢ ’C)_ c(l—z)¢’( c ’qz)+c(1—c>(1—z>¢<qc’q§>

(13.63)
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to the left ¢’s in the second and the third terms to change their argument from ¢ to g¢
to adjust to the first and the fourth terms. The resulting sum is a linear combination
of

_ (MI,U)]. ) . (qul,wl. )
X=9¢ ;q¢ ), Y=2¢ 1q8 ), (13.64)
qui qui

—1
¢>(qu12’wl;q§>, ¢<u1’wl;q§)» ¢><ul’q wl;qi)- (13.65)
q3v vy U1

Second, we express (13.65) in terms of X and Y by means of the contiguous relations:

¢<qu]2’w]: >=_ v =gv) o (=gqu) —mwid) (13.66)
q-v] uy(quy —w)¢ uy(quy —wy)¢
" (ulvwl;q{> _ (wr—wp) X+ (1 —upvy Y. (13.67)
v] ur(l—vp) ur(l—vy)

& <u1,611w1;q§> _ G — v (vi(g —wy) —g(l — v1)w1§)X

V1 qui(l —vp(gvy —w¢
(1 —ugwi) (g —vi)g —wp) — g —vi)(quy — wi)¢)
+ Y.
qui(l —vp)(qvy — wi)¢

(13.68)

As the result, the LHS of (13.62) is cast into the form AX + BY where A and B
are linear combinations of the four right ¢’s all having the argument u, lvng_ Iz
The coefficients of the linear combinations are Laurent polynomials of ¢. Then it
is straightforward to check A = B = 0 by picking the coefficient of each power
of ¢. (I

In the remainder of this section, (¢),, always means (¢; ¢2),, for any ¢ .}

Lemma 13.6 The formula (13.55) is valid provided that a = (ay, . . ., a,) has van-
ishing components as a, = --- = a,_1 = 0.

Proof Throughout the proof a should be understood as the special one a =
(a1, 0,...,0,a,). We also keep assuming a,i € B;,b,j€ B, and a+b=i+]
following Theorem 13.3. Then we have the relations like

l:al +an=ln+|i|s m=bn+|5| :]n+|j|’ (1369)
Ay + by = iq +j0( (=1, n, by = iq +jo¢ (a 7& L, n). (1370)

3 This is cautioned since the convention (3.65) may wrongly indicate (q_z"‘)kl = (¢~ %, q‘Zk)k]
for example.
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Substitute (3.87) into the sum (13.11) for R (z)?}’ withay, =--- =a,_1 =0. The
result reads as

i b —ka\ (J
R ()2 — (—1)yn @b — kit e g0 Ao o o a
@ =(=D"q Y (=nhthage T b )

1,k skn a=1,n
(13.71)
=@+J,0+ ) kalky —2¢, — 1), (13.72)
a=1,n
cp=cit Y (ba— ja). (13.73)

I<a<p

where the sum (13.71) extends over ¢ € Zs¢ and ky, k, € Z>o. See (13.48) for
the definition of (a, j) and (a + j, ¢). The relation (13.73) is quoted from (13.12).
It leads to (a+j,¢)=(b—j,a+j)+( +m)c; and ¢, =c; + |b| — [jl =c1 +
Jn — b, due to (13.69). Thus the sum over c; yields

1 o b .Ot
R™ (@)} = (=1)"g* Z (qu-‘v)-m w2 4" [1 <a " ) z(ljc ) )
q° N\ q

k>0 k1>0 a=1,n
(13.74)
@2 = ki + (k= ki) =k +2(by — )k — k1), (13.75)
g3=m—(a,j)+(b—ja+j) (13.76)

Here and in what follows, k, is to be understood as k, = k — k;. Both sums are

actually finite due to the non-vanishing condition of the ¢2-binomials.* For example,

from k, < min(ay, jy), k is bounded as k = k; + k, < min(l, m) < m at most.
Rewrite the ¢*-binomial factor with @ = n as

N bn _ kn .n AW 2a, —2k,+2
<a + ) <]> _ (q2 )jn(q2 ' )b,,’ (13.77)
by 2 \kn) 2 (@), (@), () j,—k,
1 —2k
= (_1)k1qk1(2k7k1+1) (g 2 )k, ’ (13.78)
Gk, Gk
1 —2m 2 jn—2k,+2 e
. — (= 1)kgh@m=k+D (¢""(q m—ju—ky (13.79)
(q )j,,— ky (q )m
Then (13.74) is expressed as
—_1)"g® 2y, m 1 —2m
le(Z)?}) _ (=D"q%(q )j,, Z (q ) fP(qZk), (13.80)

@)n, (@Pm = 1= 29" (@)

4 Conditions like k > k| can formally be dispensed with since the negative k,, kills (lj{: )q2'
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min(by, j1)
P(w) — " b Z (_1)k1qk12+(2jn—2b,,+l)k1(w—l)k
1
k1:0
x (w2 g2ty a +by =k i
m—jn—Ki b] R kl q2
(13.81)

The upper bound k; < min(by, j;) in (13.81) is necessary and sufficient for the

—b1n0m1als and (w™ 1 2/"”k‘“)m_ jn—k, to survive individually since m — j, > ji
because of j € B,,. Obviously, P(w) is a polynomial of w with degP(w) < m + b, —
Jn- In Lemma 13.7 we will show degP(w) < m even if b, > j, due to a non-trivial
cancellation. Thanks to this fact, the sum in (13.80) is taken either for b, < j, or
b, > j, as

P(zg't™),  (13.82)

i 1 (¢~ P(g%) = (=D"g """V (@),
Sl —zq" 2 (g (4" m+1
which is just a partial fraction expansion. Consequently (13.80) gives

(_ 1)mq<p37m(l+m+2) (q
@), (zg77)m

2y,
Az @) ' RT Q) = Vi P(zg"*™), (13.83)

where we have used Ay ,,(z, g¢) in (13.18). On the other hand, the formula (13.53)
of A™3 (z)f‘}’ for the special case a, = - - - = a,—; = 0 is simplified considerably. In

fact the multidim_ensional sum over k = (ki, ..., ky,—1) is reduced to the single sum
over k; entering k = (ky, 0, ..., 0). The result reads as

. 4°(); by —k '
A — (—1yon—in 97 3 (g (dl + by 1) (]1)
@i =h (@), S b, 2\ /,

k120 1 ¢
z (13.84)
( "= ZZ)I a, —k; (6] Z)mfj,,fkl (q_l_mZ_])k,
X

(@772 1 m—ay =y~

’

where ¢ is defined in (13.53). By using (13.81) and relations like

@.j)=Im—(—ay)j,— (m— j)a, —@j), (Lj)=@+b—jj), (13.85)
(b—j,a+j) = (= bu)an + ju) + (b = j.j), (13.86)
the two expressions (13.83) and (13.84) can be identified directly. O

Apart from ¢, the polynomial P(w) (13.81) depends on m and ay, by, j, with
o = 1,n. From (13.69) and (13.70), we have a; +a, =1 > i, +i, =a; +a, +
by +0by— j1 — jnandm = ji + ju.
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Lemma 13.7 The polynomial P(w) (13.81) satisfies degP(w) < m.

Proof From the preceding remark we assume
bl +bn < jl + jn <m, bn > jn» (1387)

where the last condition selects the non-trivial case of the claim. Up to an overall
factor independent of w, P(w) is equal to

_ _ _ o ot (]
> (=R g D g ) (xwg ), (wg TP,k (Yg T, (k‘>
k>0 1 qz
1=
(13.88)

atx = ¢~ >»~? and y = ¢+, This is further expanded into the powers of x and
y as

LN b\ (b
Sy e (M) (M) w, (13.89)
r=0 s 4 7’ s 7

=0 s=0

Ji .
S,r'd(w) — Z(_l)qukl (ki —1-2d) (wq72k1+2)kl (wqizm)m—j,x—kl (1‘2) . (1390)
k=0 q’

The variable d has the range 0 <d =r + s < by + b, < ji + j, due to (13.87).
Thus it suffices to show degF,(w) < m — d. The reason we consider this slightly
stronger inequality rather than degF,;(w) < m — r is of course that F;(w) depends
on d instead of r. It is a non-trivial claim when j, < d(< ji + Ju).

The w-dependent factors in (13.90) are expanded as

Q7 B TR €V i WS

m— j,l 7
_ Z WMt Z C, q2(1u+ﬂ+l)k1 <k'> (m I _k'> , (13.91)
4 p @

a+p=t
k « — e —k !
( 1) — Z fquLtkl’ (m J 1) — ngq—%)kl’ (1392)
S o B FER—
where Za +pt denotes the finite sum over («, 8) € {0, 1, ..., ¢}? under the condition

a + B = t. In the following argument, precise forms of the coefficients C, g, fu, gv
do not matter and only the fact that they are independent of k; is used. Substituting
(13.91) and (13.92) into (13.90) we get

m—ju

Fa(w) = Z w It Z ZZ D 2(jn—d+1+ﬂ+u—v); 512)_/'1 (13.93)

a+p=t u=0 v=0
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for some coefficient Dﬁjf . Thus it is sufficient to show that all the qz-factorials
appearing here are zero fort =0, 1,...,d — j, — 1. It amounts to checking

D jo—d+1+B+u—-v<0, (i)j+ja—d+B+u—v=>=0 (13.94)

for all the terms fort =0, 1,...,d — j, — 1. For (i), the most critical case is v = 0
and 8 +u =t =d — j, — 1 for which the LHS is exactly 0. Therefore it is satisfied.
For (ii), the most critical case is B — v = 0 and u = 0 for which the LHS is j; +
Jn — d. This is indeed non-negative according to the remark after (13.90). (]

Proof of Theorem 13.3. Consider the relation (13.58) with a replaced by a + 7. The
result is a recursion formula which reduces a = (ay, ..., a;, dy+1, - .., a,) in A(2)22
toa+r=(ay,...,a,+1,a,.1—1,...,a,) forr =n—2,...,2,1. Thus a can
ultimately be reduced to the form (ay, 0, ..., 0, a,). As remarked before Lemma
13.4, the quantum group symmetry (13.105) in Theorem 13.10 shows that R (z)fjb
also satisfies the same relation as (13.58). Therefore Lemma 13.4 reduces the proof of
Theorem 13.3 to the situationa = (ay, 0, ..., 0, a,). Since this has been established
in Lemma 13.6, the proof is completed. ]

13.6 Identification with Quantum R Matrices of A"

LetU, (A;lzl) be the quantum affine algebra. We keep the convention specified in the
beginning of Sect. 11.5. We take p = g throughout this section, hence the relevant
algebra is always U, (Aill_)] ).

Consider the n-fold tensor product Osc;@" of g-oscillators and let al.+, a ki, ki !
be the copy of the generators a*, a~, k, k~! (3.12) corresponding to its ith compo-
nent. By the definition, generators with different indices are trivially commutative.

Proposition 13.8 The following maps for i € Z, define algebra homomorphisms

U, (A,(ll_) D= Oscf?” depending on a spectral parameter x:

80yt~ 1 80 a—at -1
x%0ga; ai+1k x"%0ga; aini

PP e T ESNET NN e ki — kik,, (13.95)
50 0= at k! —Sogatar k!
X a. a k X a'a._ k
oM e > ql’_—’;zl’ fi> %, ki >k kg

(13.96)

Proof The relations (11.56) with p = ¢ are directly checked by using (3.12). [J

The maps p'D and p¥ are interchanged via the algebra automorphisme; <> f;, ki <>
k- ! up to the spectral parameter.

By (3.13) one can further let Oscf’” acton W = 7—'q®” =@, Cla) in (11.11).
Since (13.95) and (13.96) preserve |a| in (11.4), the representation space can be
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restricted to Wy (11.12) for any k € Zs(. Let us denote the resulting representations
by

Tkt U, (A(l)l) SAS 0sc®"[x x~'] = End(Wy), (13.97)
Tk, yx Uq(A(l)l) LI 0sc®"[x x~' = End(W,), (13.98)

where the second arrow is given by (3.13) for each component. Explicitly they are
given by

ejlm) = x ‘0[m1+1]q|m+ez €ir1)

ﬁkwl.x: fl|m o |m_el +e1+1) (1399)
ki|lm ’“Im)
ejlm) = x ‘°[m lglm —e; +eiy1),

)
)=
)=
)
Tk, x: Jilm) = [miy1]yIm + € — e;4q), (13.100)
) = 7

form € By and i € Z,.> As a representation of the classical part U, (A,—1) without
eo, fo, koﬂ, ke, x (T€SP. Mie, ,.x) is the irreducible highest weight representation
with the highest weight vector |ke;) (resp. |ke,)) with highest weight ko (resp.
kw,_1). They are g-analogues of the k-fold symmetric tensor of the vector and the
anti-vector representations.

Remark 13.9 The representations 7Ty, » in (13.99), (13.95) and the earlier one
ke, x 10 (11.67) with p = g are equivalent. In fact, by an automorphism

_ 1 -
a;rr—>a;rkj, a; —> k;a;, kji>k; (13.101)

hj(hj—1)/2,%  —h;(h;—1)/2

of Osc, induced by the conjugation af —q ajq , we get another

algebra homomorphism U, (A" ) — Oscg" as

5 2 —50,20% 2~ k—2k.
@Y xg’ala; ik x0q7an 8 K K
1—q?

ki kik
(13.102)

oy e > 1= 4 , fir—

Employing this o in (13.97) instead of p® yields (11.67)| =,

5 The definition of [m], is in (11.57).
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13.6.1 R™3(7)

Let pm, . : Uy(A”)) — End(Wy) be the representation (13.99). Let A, , =
Tz x @ Tmayy) © A and ALy = (T, x ® Tma,,y) © A% be the tensor product
representations, where the coproducts A and A°P are specified in (11.58) and (11.59).

Let Rio, mw, (z) € End(W; ® W,,) be the quantum R matrix of U, (Azljl) which

is characterized, up to normalization, by the commutativity

Ricryman () Axy(8) = AP (&) Riyy e, (2) (Vg € Ug(ALY ), (13.103)

where we have taken into account the obvious fact that R4, me, depends only on
the ratio x /y. The relation (13.103) is a generalization of (10.12),_, , including the
latter as the classical part g € U, (A,_1).

Theorem 13.10 Up to normalization, R;rin (z) by the matrix product construction

(13.9)—(13.11) based on the 3D R coincides with the quantum R matrix of U, (Aill_)l)
as

R".(2) = Rigyy e (2. (13.104)

Proof 1t suffices to check
R™()(e, @1 +k ®e)=(1Qe +e @k)IRT(2), (13.105)
REMA®fr+ £ @k =, @1+k'® fIR™(2), (13.106)
Rtr}(%)(kr ®k) = (kr ® kr)RtrS(f) (13107)

under the image by 7Tz, x ® Time,,y. Actually, they can be shown by using (13.95)
instead of (13.99), which means that the commutativity holds already in Oscgz’” ®
Oscff’” without taking the image in End(W; ® W,,,). Due to the Z, symmetry of
(13.95) and (13.7) up to the spectral parameter, it suffices to check this for r = 0.°
The relevant part of (13.11) is R,“jbfl z“ R;’l‘_;’l‘c?, which we regard as an element of
the product R123zh3 Ry23 of 3D R. The indices here are labels of the corresponding
spaces as in Fig. 13.7.
In terms of the labels, the image by (13.95) reads as

eo® 1 = xdafa k;', 1 ®ep = ydafay k',
fo®1l=x"'dafaky', 1® fo =y 'daja;k;", (13.108)
ko® 1 =kkp', 1 ® ko = koky, ',

6 The case r # 0 corresponds to the special case x = y = 1.
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Fig. 13.7 The part of the matrix product construction (13.11) relevant to the commutation relations
with e, fo, ko

where d = g(1 — ¢*)~!. Then (13.105)—(13.107) are attributed to

RZ™ R (xafa k' + ykik;'alas k")

= (yafayky' + xafa;k;'koky ) RZ™ R/, (13.109)
RM™R (y'afark, ' +x'aja ki 'k 'ky)

= (x"'aja k' + y 7'k 'kpaja kY RZMR, (13.110)
R Rk k. 'kky' =k k;'koky ' RZ™ R/, (13.111)

where 7z = y)f1 and we have set R = Rj>3 and R’ = Ry»3 for short. To show these
relations we invoke the intertwining relations (3.127)-(3.131),” i.e.

Rkra| = (k;a] +kjajaj)R, Rkoa] = (ksa; +kjayaj)R,  (13.112)

Raj = (ajaj — gkksa))R, Ra;, = (aja; —gkiksa;)R, (13.113)
Rkoal = (kjaj +ksajal)R,  Rkoa; = (kja; +ksajay)R, (13.114)
Rk, = kKR, Rkoks = koks R (13.115)

and their copy where R and the indices 1,2 are replaced with R" and 1’,2". The
relation (13.111) follows from (13.115) immediately. By multiplying kK, from the
right by (13.109) and k;k, from the left to (13.110) and using the commutativity
with R and R’ by (13.115), they are slightly simplified into

Rz™R'(xafa ky + ykjafay) = (yajayky + xaa; ko) RZ™ R, (13.116)

RZ™R'(y'ajay k, +x'afa;ky) = (x'aja;k, + y 'kyaja; ) RZM R
(13.117)

To get (13.117) we have used k af =g7! afkj. All the terms appearing here can be
brought to the form Rz (- - - )R’ by means of z™a* = a* M+ R = R~ (13.112)-
(13.115) and the corresponding relations for R’. Explicitly, we have the following
for (13.116):

7 The relation (3.130) can be dispensed with.



234 13 Trace Reductions of RRRR = RRRR

RZ™R'xafa;ky = xRz™a] (ksa| + kyayad)R/,
RZ™R'ykiafay = yRZ™kjaj (aja; — gkiksay)R,
yaya, ki RZ™R = yR(aja — gk ksa))z™as ki R’

= yRZh3 (zflaf’a; — qk1k3a;)a§k]/R/,
xafa ko RZ™R = xR(ksa| + kjafa;)z™a, R’

= xRz™ (ksa] + zkjafaj)a; R’

As shown by the underlines, (13.116) is indeed valid at z = yx~!. A similar calcu-
lation casts the four terms in (13.117) into

RZ™R'y 'afa k) = y ' R™as ki (a)af — gkiksa))R/,

RZ™R'x'aja;ky = x'RzZ™a; (ka)) + kyaja;)R/,
x'afa ko RZ™R = x7'RZ™ (ksa; + z7'kjaya))a) R,

vy 'kyaja; RZ™R =y 'Rz™(zay a; — gkiksa; kyaj R,

which are again valid at z = yx~'. O

13.6.2 R%™i ()

Let g, | : Uy(A"” ) — End(W;) be the representation (13.100). Let A, , =
(w1 x ® Tmes,_,,y) © Aand Aif)y = (MWiw,_.x ® Tma,_,,y) © A be the tensor prod-
uct representations, where the coproducts A and A°P are specified in (11.58) and
(11.59).

Let Riw, | mw, ,(z) € End(W; ® W,,,) be the quantum R matrix of Uq(Aflljl)
which is characterized, up to normalization, by the commutativity

Rier, s () By (8) = AL (&) Ris, mam,, (2) (Vg € Uy(AY))), (13.118)

where we have taken into account the fact that R;s;, |, mw, , depends only on the ratio
x/y.

Theorem 13.11 Up to normalization, R;r,‘n (z) by the matrix product construction
(13.25)—(13.26) and (13.29) based on the 3D R coincides with the quantum R matrix
of Uy(A" ) as

R"(2) = Ry, mem, 271). (13.119)



13.6 Identification with Quantum Matrices of 235

I 3

2

Fig. 13.8 The part of the matrix product construction (13.39) relevant to the commutation relations
with e, fo, ko

Proof This follows from the relation (13.27), Theorem 13.10, the commutativity
(13.105)—(13.107) and the fact that T4, » (13.99) and 7y, , -1 (13.100) are inter-

changed via the algebra automorphism ¢; <> f;, k; < k; L O

13.6.3 R'™(z)

Let ke, « and 74, | « be the representations U, (Aill_)l) — End(W;) in (13.99) and
(13.100). Let Ay y = (T, x ® e, 1,y) © Aand ALy = (Fiy x ® e, 1,y) © AP
be the tensor product representations, where the coproducts A and A°P are specified
in (11.58) and (11.59).

Let Rz, mw,_, (z) € End(W; ® W,,) be the quantum R matrix of U, (Aill_)l) which
is characterized, up to normalization, by the commutativity

:lel,mw,l,l('f)Ax,y(g) = A)Oc?y(g)jzlwl,mwn,l(f-) (Vg € Uq (Afllzl))’ (13120)

where we have taken into account the fact that R4, s, , depends only on the ratio
x/y.

Theorem 13.12 Up to normalization, Rl"fn (z) by the matrix product construction
(13.38)—(13.39) and (13.42) based on the 3D R coincides with the quantum R matrix
of Uy(A" ) as

R%,(2) = Ry, mm,, (2). (13.121)

Proof The proof is similar to the one for Theorem 13.10. So we shall list the corre-
sponding formulas along the labeling in Fig. 13.8 without a detailed explanation.
We are to investigate the commutation relation of RZ™ R’ = Ri»37™ Ry and

eo® 1 = xdafa k;', 1 ® ey = ydada;k;',

fo® 1l =x"'dajajk;", 1® fo =y 'dajajk;’, (13.122)
ko®1=kk;', 1 ® ko = k3 'Ky,
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where d = g(1 — ¢?)~". The relation (13.118) with g = ¢, becomes, after multiply-
ing k' kyk3 from the right,

Rz™ R (xkoksa) a), + ykikoafa)) = (vada;koky + xafa;koks ) RzZ™ R
(13.123)

The four terms here are rewritten by means of (13.112)-(13.115) as
RZ™R'xk.ksafa;, = xRZ™ksa/ (kya, +kyayai)R,
RZ™R'yk kyaja; = yRz™k a5 (kyaj + kya;a;)R/
ya;,a;kzkerzth’ = szhz(kla3_ + zksajay)atky R

xaa; koky RZ™ R = xRz™ (ksa] + 7z 'k;aT a;)a;kyR

Thus (13.123) is valid at z = xy~'. The relation (13.118) with ¢ = f becomes, after
multiplying k; Kk, ks from the left,

RZ™R'(y'kikoaday +x7'aja  koks) = (x'koafay ky + y 'kokpatay ) RZM R

(13.124)
The four terms here are rewritten by means of (13.112)—(13.115) as
RZ™R'y 'kikrafa; = y*IthzklaJ”(klra; + kyafr,az_)R/
Rz™R'x"'ala; kok; = x ' Rz™a ks (kya) + kiajay)R’,
x'kafa ky RZ™R = x7'RZ™(ksa; + zkja; a])a ky R
y'kokpalay RZ™ R = y ' RZ™(kjaf + 7 'ksa;a) )kpay R
Thus (13.124) is valid at 7 = xy~'. U

We note that (13.113) has not been used in the above proof.

13.7 Stochastic R Matrix

This section is a small digression on a special gauge of the R matrix. Forl, m € Zx,
we introduce S(z) € End(W; ® W,,,) by

S @liN= > S&ila) e b), (13.125)
aeB;,beB,,
S@F =P AR, (13.126)

where ﬂ(z)f‘}’ is a slight modification of A(z)?}’ (13.51):
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A = ¢ AR5

=Y Pp@-Ka+b-kq¢" 'z, " DPpkl g g,
k
(13.127)

From (13.17), (13.55) and Theorem 13.10, S(z) satisfies

Yang-Baxter relation: S12(x)S13(xy)S23(y) = S»3(¥)S13(xy)S12(x), (13.128)
Inversion relation: S(z) PS(z" )P = id, (13.129)
Normalization: S(z)(|/ex) ® |mey)) = |lex) ® |mey), (13.130)

where P(u ® v) = v ® u and k € Z, is arbitrary. In fact, it is easy to check that the
extra factor ¢®®~J) in (13.127) does not spoil these properties.®
A notable feature of this gauge is the sum fo unity property:

Proposition 13.13

Y S@F =1 (¥G.j) € B x By). (13.131)

aeB;,beB,,

S(z) has an application to stochastic models where Proposition 13.13 plays the
role of the total probability conservation. In such a context, it is called a stochastic
R matrix.’

From (13.49) and (13.50), one sees ®,2(y|B, A = 1, u) = 8, o. Therefore S(z)
has a factorized special value:

S@=q""F =8P op@iq . g7, (13.132)

The specialization of (13.131) to (13.132) agrees with (13.54).

13.8 Commuting Layer Transfer Matrices and Duality

This section is parallel with Sect. 11.6. Let m, n > 2 and consider the composition
of m x n 3D R’s as follows:

At the intersection of 1; and 2, we have the 3D R Ly, 5, 3, as in Fig. 13.1, where
the arrow 3;; corresponds to the vertical arrows carrying F,. We take the parameters
wi and v; as

wi=xu; i=1,...,m), vi=yw;(j=1,...,n). (13.133)

8 See [87, Proposition 4].
9 For reasons of convention, the R matrix R;rfn (D) = Rigy ma, (z™1Y in (13.104) of this book is
proportional to R(z) in [87, Eq. (6)].
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22 12

2y

Fig. 13.9 Graphical representation of the layer transfer matrix 7 (x, y). There are m + n horizontal
arrows 1y, ..., 1, and 24, ...,2, carrying ¥, and being traced out, which corresponds to the
periodic boundary condition. The mark e with y; and v; signifies an operator /«L? and v! attached
to 1; and 2, respectively. At the intersection of 1; and 2, there is a g-oscillator Fock space ¥
depicted with a vertical arrow

Tracing out the horizontal degrees of freedom leaves us with a linear operator acting

along vertical arrows. We write the resulting layer transfer matrix in the third direction
10

as

T(x,y) =T (x, ylu,w) € End(F>""), (13.134)
u= Uy, ...,Uy), W= (wWi,..., w,). (13.135)

We exhibit the n-dependence in the notations in Sect. 11.1 as B®, W™, W,
etc. In what follows, u? for u € C” should be understood as the linear diagonal

operator ull” oyl et
u? i a) > uf' - ut|a) for a=(ay,...,a,) € B™. (13.136)
Viewing Fig. 13.9 from the SW, or taking the traces over 11, ..., 1,, first, we find
that it represents the trace of the product of (yw)™ and R™ (i), ..., R™ (i,):

T(x,y) = Trwo (W) R™ (xuy) - - - R™ (xu,))

=> ykTer,) (W R™ (xuy) - - - R (xu,,)) € End((W™)®™),
k>0
(13.137)

2
where the matrix product constructed R™ (xu;) € End(W®™ ® W®™) is a quantum
R matrix of U, (A,(L)l) due to Theorem 13.11 and (13.29). The product is taken with

2 2 2,
respect to W = ?l'q ® -+ ® F4, which corresponds to the first (left) component
of R""’s.

10 7x, y) here is different from the one in (11.85).
' For H we do not exhibit the number of components m, n as H m) or HM
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Alternatively, Fig. 13.9 viewed from the SE or first taking the traces over
21,...,2, gives rise to the trace of the product of (xu) and R (v;), ..., R™(v,):

T(x,y) = Trwon (kW) R™ (ywy) - - - R™ (ywy))

= Zkaerw (u” R™ (ywy) - - - R™(yw,)) € End((W™)®"),
k>0
(13.138)

1
where the matrix product constructed R™ (yw;) € End(W™ @ W) is a quantum
R matrix of U, (Afnl)_l) due to Theorem 13.12 and (13.42). The product is taken with

1 L
respect to VIV(’”) =F,® - ®F,in Fig. 13.9, which corresponds to the first (left)
component of R"’s,
The identifications (13.137) and (13.138) correspond to the two complementary
pictures 7—‘q®’"” = (WM)®m — (Wim)@" [p either case, R™ (z) and R"™(z) satisfy
the Yang—Baxter equations, which implies the two-parameter commutativity

[T(x,y), T, y)=0 (13.139)

for fixed u and w.
Due to the weight conservations (13.28) and (13.41), the layer transfer matrix
T (x, y) has many invariant subspaces. The resulting decomposition is again described
as (11.91)—(11.95) for another layer transfer matrix 7' (x, y) considered in Sect. 11.6.
Consequently, each summand in (13.137) and (13.138) is further decomposed as

Tryw (W R™ (xuy) - R (xut)

= P Tryw WRY, Gu - R, () (13.140)
I,..., 1,>0

Tryyom ("’ R™ (ywy) - -« R™ (ywy))

= P Tryen (W7 R, Gwn) -+ R, (ywa)) - (13.141)
Jlyeees Jn=0

In the terminology of the quantum inverse scattering method, each summand in the
RHS of (13.140) is a row transfer matrix of the U, (A,(L)l) vertex model of size m
whose auxiliary space is W\"’ and the quantum space is W(,'l') ® - ® Wg:) having the
spectral parameter x with inhomogeneity uy, ..., u,, and the “horizontal” boundary
electric/magnetic field w. It forms a commuting family with respect to x provided that
the other parameters are fixed. In the dual picture (13.141), the role of these data is
interchanged as m <> n, x <> y,u <> w. This is another example of duality between
rank and size, spectral inhomogeneity and field in addition to the one demonstrated
in Sect. 11.6.
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Consider the cube of size / x m x n formed by concatenating Fig. 13.9 vertically
for [ times. As in Remark 11.8, one can formulate further two versions of the duality
on the layer transfer matrices in the first and the second directions, which correspond
to the interchanges [ <> m and [ < n.

13.9 Geometric R From Trace Reductions of Birational 3D
R

We have constructed solutions to the Yang—Baxter equation by the trace reduction
of the compositions of the 3D R. They were identified with the quantum R matrices
for specific representations of U, (Afllll). Here we present a parallel story for the
birational 3D R in Sect. 3.6.2 without going into the detailed proof.

Let us write the birational 3D R Ryiragonal in (3.151) simply as

ab bc
R:(a,b,c)—~>|——, a+c, . (13.142)
a—+c a—+c

Given arrays of n variables x = (xq, ..., x,),y = ()1, ..., y») and an extra single
variable z,+;, we construct X = (X1, ...,%X,), ¥y = (J1,...,y,) and z1, ..., z, by
postulating the following relations successively in the orderi = n,n — 1, ..., I:

R (xi, yi, zig1) = (X, Yis 20)- (13.143)

See Fig. 13.10.
By the construction, z; is expressed as

n
n+1 Hj:l yj

— (13.144)
l_[jzl Xj + zZp+1Qo(x, y)

i1 =

in terms of Qo (x, y) which will be given in (13.146). Reflecting the “trace”, we
impose the periodic boundary condition z; = z,4+1. This determines z,,+; hence every

Fig. 13.10 Trace reduction
of the birational 3D R along
the third component. Each
vertex is defined by (13.143)
and (13.142). The periodic
boundary condition

Z1 = Zp+1 1s imposed

Zn+1
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z; in terms of x and y. Explicitly, we get z; = ([Ty_; vk — [Tiz; Xx)/ Qi—1(x, ¥).
Substituting it back to X and y, we obtain a map of 2n variables

Qixy) o Qi)

R . (x, V. X), X=X,
) On ). G =sn T Y Qi(x,y)

where the superscript (3) signifies that the third component is used for the trace
reduction. The function Q;(x, y) is defined by

n n

k—1
Qitx. ) = > ([ [xi+))( [T »i+i)- (13.146)
k=1 j=1 j=k+1

The indices of Q;, x;, y;, X;, y; are to be understood as belonging to 7Z,,.

Example 13.14 For n = 2, 3, we have

n=2: Qox,y)=x2+y, Qilx,y)=x1+y, (13.147)
n=3: Qox,y) =x1x2+Xx1y3 + y2)3, (13.148)
01(x, y) = x2x3 + X2y1 + Y135 (13.149)
O2(x,y) = x1x3 + X3y2 + y1)2. (13.150)

One can construct similar maps R‘" and R® by replacing the elementary step
(13.143) by

R:(Zi+1a-xi1 yl)|_) (Ziviivj;i)y (13151)
R (xi, ziv1, yi) = (K, zis 9i)s (13.152)
respectively, and applying them still in the order i =n,n — 1, ..., 1. For (13.151),

zy is given by (13.144) with the interchange x <> y reflecting the symmetry (3.59)
of the birational 3D R (13.142). Thus we have

R L T TN(ENES
Qi(yvx) Ql’*l(yy x)
For (13.152), z; becomes much simpler as z; = x; + y;, leading to
RY:(x,y) > (5,%); & =x X Vit yiH, Vi =i Fir ¥ Vit Yirl (13.154)
X+ Vi X + i
We also introduce
RYC): (r,y) o (G, & =m 2 =y T 13155

Xi + yi Xi + yi
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It is obtained by the reverse procedure for R> where R : (x;, z;, yi) — (Xi, Zis1, Vi)
is applied in the order i = 1,2, ..., n followed by z,4; = z;. It is related to R as

RY:(xV, y) > (u,v) & RP:(x,y) > w’,vY), (13.156)

where V denotes the reverse ordering of the n component arrays as in (11.4).

The maps RV, R?, RV® and R® are examples of geometric R of type A.'?
They satisfy the inversion relations and the Yang—Baxter equations. To describe
them uniformly, we introduce a temporary notation

R© =R, R =R R =R® R =RD (13.157)
Then the inversion relations read as
RyPRE — id (13.158)

for «, B € {1, 3}. Thus these geometric R’s are birational maps. They form set-
theoretical solutions to the eight types of the Yang—Baxter equations

(1@ RP) (R @ 1)(1@RM) = (R @ 1) (1@ R*")(R*F ®1) (13.159)

labeled with «, B8, ¥ € {1, 3}. Here for instance (1 ® R“*ﬂ)(u, x,y) = (u,y,x)and
(R""ﬁ ® 1)(x, y,u) = (¥, X, u) in terms of the X and y corresponding to Re-B given
by (13.145), (13.153), (13.154) or (13.155). One can bilinearize R*# in terms of tau
functions by incorporating the result in Sect. 3.6.3 into the trace reduction here.

Remark 13.15 The trace reduction considered here admits a two-parameter
deformation leading to R*# (A, ). The parameter A is introduced by replacing
the birational 3D R (13.142) with the A-deformed one in (3.159). The parame-
ter w is introduced by replacing the periodicity z; = z,+; of the auxiliary vari-
able by the quasi-periodicity condition z; = wz,+;. Then the inversion relation
RYP (A, w)RP* (A, w) = id persists for any A and . The Yang-Baxter equations
remain valid for R*# (i, 1) and R*#(0, w).

13.10 Bibliographical Notes and Comments

The trace reduction of the 3D R with respect to the first component was considered
in [18, Eq. (36)], and the identification with the type A quantum R matrices for
symmetric tensor representations was announced in [18, Eq. (54)]. See also [75].
A proof of a similar identification concerning the third component was given in

12 Some early publications refer to them as “tropical R”.
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[96, Proposition 17]. This chapter provides a unified treatment of the trace reductions
along the three possible directions. They are symbolically expressed, for n = 3, as

Tr. <Zh. R.co Rooo Rcoo) ) Tro (Zh. Rooo Rc.c Rooo) . Tr. (Zh. Rooo Roc. Rooo) .

Other variations mixing the components like Tr, (zh' R.OOROO.R.OQ) also yield

solutions to the Yang—Baxter equation. Their quantum group symmetry has been
described in [86] using the appropriate automorphisms of g-oscillator algebra inter-
changing the creation and the annihilation operators.

Evenif the auxiliary Fock space e to take the trace is limited to the third component,
there are more significant generalizations mixing the 3D R and 3D L as

Tr("R€ ... R@), RO =R, RV =1L) (13.160)

for €;,...,¢, =0, 1. These 2" objects are easily seen to satisfy the Yang—Baxter
equation by a mixed usage of the tetrahedron equations of type RRRR = RRRR
and RLLL = LLLR [95, Theorem 12]. Chapter 11 and the present one corre-
spond to the two special cases without the coexistence of the 3D L and 3D R.
In order to characterize them as the intertwiner, one is naturally led to an algebra
Ux(€y, ..., €,) interpolating U, (0, ...,0) = U_q—l(A’(ll_)l) in Theorem 11.3 and
Us(1, ..., D) =0, (Ailll) in Theorem 13.10 via some quantum superalgebras in
between [98]. The algebra U, (€, . . ., €,) has been identified as an example of gen-
eralized quantum groups. This notion emerged in [56] through the classification of
pointed Hopf algebras [2, 55] and it has been studied further in [3, 6, 9, 57]. For
recent developments related to the content of this book, see [108, 109].

The algebra homomorphism from U, to g-oscillators as in Proposition 13.8 goes
back to [54] for example. The proof of Theorem 13.10 utilizing such a homomor-
phism is simpler and is due to [97].

The explicit formula A (z)?}’ in Theorem 13.3 was presented in [26]. Unfortunately
the derivation therein has a gap when [i| > |i’| in [26, Eq. (3.15)]. Section 13.5.3
provides the first complete proof of (13.55). It fills the gap effectively by Lemma 13.7,
and provides a new insight that the quantum group symmetry is translated into a
bilinear identity of g-hypergeometric as in Lemma 13.5.

Section 13.7 is based on [87], where the building block @, (13.49) of the R matri-
ces was extracted which plays the role of local hopping rate of an integrable Markov
process of multispecies particles subject to a particular zero-range-type interaction.
The casen = 2 of @, firstappeared in [123]. See also [25, 81, 100] for the subsequent
developments.

The 3D lattice model in Sect. 13.8 has been considered in [17]. The layer transfer
matrix corresponds to a quantization of the earlier work [68], where the 3D R is
replaced by the birational 3D R and the description in terms of geometric R was
adopted in accordance with Sect. 13.9. In such a setting, the duality shows up as the
W(Ag;)_l X Afll_)l) symmetry.
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One of the earliest appearances of the birational map R" is [150]. The maps
R, RO RV and RY in (13.145)—(13.155) are the geometric lifts of R, RV,
VR and RV in [101, Egs. (2.1)~(2.4)], respectively. R®, R® and R are also
contained in the first example of set-theoretical solutions to the reflection equation
[101, Appendix A]. Associated with the type A Kirillov—Reshetikhin (KR) module
W@ with1 <r <n —1,s > 1,one has the geometric crystal B". The most general
geometric R R"" : B x B — B x B has been constructed in [49]. See
also [99]. The four examples in Sect. 13.9 are the special cases of it as R*? =
RV R31 = RLn=1 QL3 — gn=L1 RLL — pn-Ln—1l Qet theoretical solutions to the
Yang—Baxter equation are also called Yang—Baxter maps [145]. Geometric R’s form
an important class in it having the quantum and combinatorial counterparts which
are connected to the KR modules and integrable soliton cellular automata known as
(generalized) box—ball systems [60].
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