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Abstract. In this paper, the problem of fault estimation (FE) for dis-
crete T-S fuzzy system is considered. An observer-based fault estimator is
designed by applying the extended state method and the error dynamic
system is asymptotically stable and the disturbances’ effect meets the
Ho performance. Sufficient conditions and observer gains for the FE
problem are shown. An example shows the feasibility of the proposed
FE scheme.
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1 Introduction

The T-S fuzzy systems [1] as a very important tool are used to depict the com-
plex nonlinear systems. For this type of system, by means of a compact set, a
weight sum of linear system describes them. Then the traditional linear systems
and the fuzzy logical control theory can be employed into this class of nonlin-
ear model. Therefore T-S fuzzy systems attracted many researchers’ attention
[2-7]. [2,3] discussed T-S fuzzy systems’ robust stabilization and membership-
function-dependent stability. For complex robot model, [4] designed a fuzzy neu-
ral network—backstepping control scheme. [5] proposed a integral sliding mode
control based on event-trigger method. A based-event method was proposed to
solve T-S fuzzy networked systems’ control problem [6]. For T-S fuzzy Markov
jump model, [7] was provided a H,, switched fuzzy filter approach.

As an important means to improve the safety and reliability of the system,
the fault diagnosis and fault-tolerant control (FTC) technology [8] has been paid
more and more attentions, and become another main content of control theory,
which is an involved in automatic control theory, computer science, signal pro-
cessing, optimization theory, artificial intelligence and other multi-disciplinary
new edge discipline. Fault diagnosis is a prerequisite for FTC, which has fault
detection (FD), fault isolation (FI) and fault identify, where fault estimation
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(FE) is one of main contents. Recently, there are many literature reports about
this content. [9,10] considered the FD programs for discrete systems by apply-
ing a descriptor system method. [11,12] provided two different design schemes
to solve FE and FTC problem for discrete systems. Meanwhile, the results on
FD and FTC of T-S Fuzzy models have been reported in [13-19]. [13,14] respec-
tively designed robust FD observer of continuous and discrete T-S fuzzy models.
In finite frequency domain, [15,16] provided FD design method for T-S fuzzy
systems. [17] discussed the adaptive fuzzy FTC problem with sensor faults and
dead zone input. [18] was concerned with FTC problem by resetting an observer.
For fuzzy switched singular model containing actuator fault, [19] gave a FTC
plan.

In particular, there are many achievements on FE of T-S fuzzy model. [20]
solved actuator and sensor FE for switched T-S fuzzy model. With digital com-
munication constraints, [21] proposed a FE method by designing a sliding mode
observer. A modified FE technique was introduced for nonlinear model [22]. The
observer-based FE and FTC technique provided for stochastic fuzzy model with
Brownian parameter perturbations [23]. [24] applied a finite-frequency method
to provide a sensor FE scheme for fuzzy system. For switched fuzzy stochastic
systems [25-27], the different FE and FTC strategies were shown.

There are a lot of good works out but still many problems will be solved.
However, to our knowledge, the problem of sensor FE for discrete T-S fuzzy
model has not been fully investigated yet, which motivates us to make the effort
in this paper.

2 Problem Formulation

Consider discrete T-S fuzzy system:

N
Tht1 = Z (bl(k)[Az(Ek + Bug + Cidi, + dkka
i=1

Yk = Z@(k‘)[l)xk + fskl, (1)

where x € R™ is state, yp € R” is measured output, fsx € R” denotes sen-
sor fault. up € R® denotes control input. dr € RP denotes unknown bounded
disturbance. uy, di belong to Ls[0,00). A; € R*"*" B; € R*** (C; € R"*P,
D € R™" are real constant matrices. wy, is a stochastic process on a probability
space (T,F,P) refer to (F)res of v-algebras F, C F generated by (wy)res and
wy, is independent with E{wy} = 0, E{w?} = d > 0. Assume that (A;, D) is
observable. The weight of the ith fuzzy rule is ¢;(k) > 0 and 25:1 ¢i(k) = 1.
Define

_[10] . (A0 o [B] A _[G] - [0
E0_|:OO:|7AZ_|:O_I:|;BZ_|:O:|aC’L_|:O:|aII_|:I:|7

D=[DI|,D=[D0],z = [2’;:|7f2= [é]



Observer-Based Fault Estimation for Discrete T-S Fuzzy Systems 243

then the augmented system is that

EoZpiq = Z¢1 NAiZy + Biug, + Cidg + I fsi, + Iadiwy],

N
Ye = Z@(@[ka] = 6i(k)[DZx + furl, (2)
i=1 =1

where the components of Z;, € R**" are states x;, and faults f,. To obtain the
estimation of xy, Yk, fsk, simultaneously, we design a FE observer.
For system (2), design the following FE observer:

I = Zk + QUi
N
Z ¢ H Zk+1 = Z ¢z zzk + Bﬂtk],
1=1
yk = ka:a (3)

where 2, € R™1" is the auxiliary state and ;, = [i:k Ask]T is the estimation of
Ty. Matrices @, R; and H; are the observer’s parameters to be determined.
Set o+ H;QD — H; =0, A, + R;QD — R; =0, I + R;Q =0, then

e[ a- )

and design

I+S;D 51} (5)

Hi:[ D T,

define sy = Ty, — T, "k = Yr — Yx, then global dynamic error system is that

Sk+1 = Z(bz(k)[H;lRZSk + H;léidk + H;lfgdkka

Tk = Uk — Yk = D(Zp — Tp) = Dsy. (6)

Remark 1. S; and T; are free matrices to be determined in order to guarantee
the non-singularity of matrix Ey. Similar to [9,10,13], the design method of S;
and T; are shown. Therefore, the proposed FE observer design can be obtained
based on matrices T; and S; to guarantee that system (6) be asymptotically
stable with H., performance.

For v > 0, consider system (1), observer (3) is a Hy, fault estimator such
that system (6) is asymptotically stable with d = 0, and for dj # 0, then (7)
holds.

B rlm} < 2B didy}. (7)
k=0 k=0
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3 Main Results
Theorem 1. For given scalar v > 0, there exists matriz P, = P > 0 such
that

—-P, 0 DT (H;'R)T 0

* =2 0 (Hi_lci)T (Hi_1]2)T

* o+ =1 0 0 <0 (8)
S —Pj_1 0
* K % * féPj_l

holds so that system (6) is asymptotically stable with dx, =0 and (7) holds.

Proof: When dj, = 0, construct Lyapunov functional: V(e) = si P;sy, cal-
culate the difference of V' (k) along (6), then

AVk = E{V(6k+1) — V(ek)}
N N
= E{s{{D>_o7(k)>_ ¢;(k+1)[(H "R)"P;(H; " Ri) = Pl}s}. (9)
i=1 j=1

By using Schur complement to (8), then s} [(H; *R;)T Pj(H; 'R;) — Pj]sx, < 0
holds. Therefore, system (6) with dy = 0 is asymptotically stable
Considering zero initial condition, set J = E{Zg;ol [rEr, —v2didy]}, then

N—-1
J=E{> {rire —¥d{di + AV} — Vy}
k=0
N-—1
< E{Y _Alrfri = ¥2dfdi] + iy Pysiyr — s Py }}
k=0
N—-1 N N B B
= Z k) Z ¢;(k + 1){(Dsg)" Dsy, — ~v*di di, — si Pisy,
k: i=1 j=1
+[H; ' Risy, + H; ' Cydy, + H;  Todywy )™
Pj[H ' Risy + H;;' Cidy + H; ' Lydgwy]}
N—-1 N N
(D 0ik)Y_ ok +1)07 020}, (10)
k=0 i=1 j=1
where v
=[G HER) BHTC) o _ [5] o = (7 R)TP, (1R, -
* Q22 dy, ¢ :

P+ DTD, Q9 = -1+ (H;'C)TP,(H; 'C;) + d(H; ' I,)" P;(H; ' I).

From (8), it is obtained that 2 < 0 as N — oo, which shows that J < 0.
Therefore (7) holds for dj, # 0. That completes the proof.

Considering the nonlinear of (8), we can give the follow content to solve this
problem. Then the fault estimator’s gains are shown.
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Multiplying matrix diag{I,I,I,®;,®;} to the left and right side of (8), and
considering P; > 0 are non-singular, it has that (P; — @i)TPj_l(Pj —¢;) >0,
that is, —®7 P, '®; < P; — (&1 + &;), then

_Pi 0 D w1 0
-2 0 w2 w3
* —I 0 0 < 0. (11)
* %oy O

1
x ok x50y

L R I o

where w1 = (Hi_lRi)Téi, wo = (Hi_léi)T©i7 w3 = (Hi_ljg)qui, Wy = Pj -
(@] +2).

Define P; = diag{P;1, P2}, ®; = diag{®;1,P;2}, and then they are substi-
tuted into (11), combined with (5), one has

[—P7 0 0 DT Wy W 0 O
* —17592 0 I !p25 !p26 0 0
x =21 0 CFdn W By Wss

* =1 0 0 0 0 <0, (12)

*
* *
* * *  * Uss 0 O 0
* * * % * Yse O 0
* * * % * * %%5

| * * * % * * ok é![/GG_

where
Wy5 = (A + ST, D) By, Wos = (ST, 1) @41, W36 = —CF DT &y,
W6 = (—DA; — (T;7 "+ DS/ T, 1) D) @i, Wss = Py — (B + D),
Wy = —(T; ' + DST; ) ®ig, Wss = —D" Dip, Wes = Pjo — (D) + Pi).
Set I'T = Ti_lSlT@il, 1T = TZ-_TQSiQ + TZ._TSl-TDTéig, then (12) becomes

__ 71 0 O DT A]_5 A]_ﬁ 0 O
* —Po 0 I rr —xr o o

* x =L 0 Cley W & Usg
* * * =1 0 0 0 0
* * * % Uss 0 0 0 <0, (13)
* * * * * D O 0
* * * ok * * 5%5
| * * * % * * * LW |

where /115 = AZTQSzl + DTFZ-T, A16 = —AZTDTEP,LQ — DTTlT
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Based on what has been discussed above, we show the following theorem.

Theorem 2. For a given scalar v > 0, system (6) is asymptotically stable with
di, = 0 and satisfies (7), if there exist symmetric matrices Py, P, matrices @1,
Do, I and Y; such that (13) holds. Then S; and T; satisfy
T, = (Y, —®LDd " 1) 'eh, S, = o," [T, (14)
Based on the aforementioned analysis, the FE problem for system (1) can be
viewed as the appropriate fault estimator design so that system (9) is asymp-
totically stable and the effect of disturbances meets (7).

4 An Example

To prove the feasibility of the proposed H., FE scheme, consider that system
contains two rules, where membership function is that ¢;(k) = %esm(k_o'm and
¢2(k) =1 — ¢1(k) with the parameters:

0.9 0.5 02 0 0.90.2 —0.5 0
A= | 0 0.4} B = {0.2 —0.1}’ G = {0.3 0.8} b= [ 0 0.8}
r T
0.2 0.4 0.3 0 0.20.5 0010
Az = 0.10.5}’ Bz = { 0 —0.4}’ Ca = { 0 0.7}’ ©= [0001} ‘

For v = 2.4 and d = 0.9, according to Theorem 2, the gains in observer (3)
are shown:

[0.9 0.5 00] [ 0.6906 0.2438 0.6187 0.3048
R — 0 04 00 I —0.0839 1.0492 0.1677 0.0615
! 05 0 10/ " —0.5868 0.5665 1.1736 0.7082 |’
| 0 —0.801] | —0.0916 0.1985 0.1832 0.2481
[0.2 0.4 00] [ 0.8263 —0.0043 0.3474 —0.0054
Ry — 0.1 0.5 00 Hy —0.0776 0.8501 0.1551 —0.1873
05 0 10}’ —0.9170 0.2073 1.8339 0.2592
0 —0.801 0.7863 0.4996 —1.5725 0.6244
To show the effectiveness of the designed FE observer, consider
T T T
U = [0 0] ,d = [0.27“cmd — 0.1 0.4rand — 0.2] , fsk = [fskl fskg] ,
where
0.5 100 < k <200 sin(0.2k — 0.2) 100 < k < 200
Fomr = { 0, other o for2 = { 0, other '
Set xp, = [0.8 —O.G]T7 fault estimation fk is shown in Fig. 1, in which fsol

and fso2 denote estimations of fgx1 and fsgo, respectively.
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Fig. 1. Fault estimation fsk

Conclusions

The FE problem for discrete T-S system is considered. An observer-based fault
estimator is designed by applying the extended state method and the error
dynamic system is asymptotically stable and meets H,, performance. Sufficient
conditions and observer gains of the FE problem are shown. An example proves
that the proposed method’s effectiveness.
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