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Preface

Welcome to the Proceedings of the International Conference on Mathematical Anal-
ysis and Applications (MAA 2020). This international conference was organized
by the Department of Mathematics, National Institute of Technology Jamshedpur,
India, during November 02-04, 2020. The main objective of this event was to bring
together mathematicians and researchers who work in the fields of mathematical
analysis and its applications in various aspects of science and engineering and to
encourage collaboration and exchange of interdisciplinary ideas among the partic-
ipants. The main focus of the conference was to demonstrate the versatility, the
applicability, and the inherent beauty of mathematical analysis and its applications.
The primary aim of this event was to bring together different speakers who could
deliver talks in their field of expertise. Another important point that is different from
other events is to concentrate on a specific direction in mathematics (mathematical
analysis and its applications) instead of diverting the topic to other directions, which
added value in comparison to similar events.

The theme of MAA 2020 included the following topics:

Approximation theory, operator theory, fixed point theory, generalized metric
spaces, function spaces, differential topology, geometric and univalent function
theory, potential theory, value distribution theory, control theory, fractional calculus,
orthogonal polynomials, special functions, operation research, theory of inequali-
ties, equilibrium problem, Fourier and wavelet analysis, mathematical physics, graph
theory, stochastic orders, and asymptotic analysis.

Internationally reputed speakers and researchers were invited to deliver their talks
in this event. Selected list of keynote and invited speakers is given below.

Prof. Ram N. Mohapatra, University of Central Florida, USA

Prof. P. D. Srivastava, Indian Institute of Technology Bhilai, India

Prof. Henrik L. Pedersen, University of Copenhagen, Denmark

Prof. G. K. Srinivasan, Indian Institute of Technology Bombay, India

Prof. A. Swaminathan, Indian Institute of Technology Roorkee, India

Dr. Armin Straub, University of South Alabama, USA

Dr. Bappaditya Bhowmik, Indian Institute of Technology Kharagpur, India

o



< Preface

8.  Dr. Khaled Mehrez, Université de Tunis El Manar, Tunisia
9.  Dr. Ratikanta Behera, University of Central Florida, USA
10. Dr. Kanailal Mahato, Institute of Science, BHU, India

Nearly 120 researchers participated from the United States of America, Denmark,
Tunisia, Turkey, South Africa, Philippines, Oman, and many other reputed institu-
tions from India. Eighty researchers contributed their research papers for presen-
tation from Institutes of Excellence in India and abroad. The substantial number
of abstracts for paper presentation indicates implicitly the success of the confer-
ence. A total number of 68 manuscripts were received during call for papers for the
proceedings of the conference. Each manuscript was sent to at least three referees,
carefully chosen by the Editorial Board of the proceedings of MAA 2020. Based
on the comments, suggestions, and recommendations of the referees, our Editorial
Board has selected only 22 manuscripts for inclusion in the proceedings.

Mathematical analysis has applications in various fields of science and engi-
neering. In fact, it is the foundation for several applications involving mathematical
concepts. It serves as a bridge between pure and applied mathematics. The papers
included in this volume explain the recent theory and techniques of mathematical
analysis and its applications. Some papers discuss the applications to real-life situ-
ations. This proceeding will be beneficial for the researchers and research students
working in the field of pure and applied mathematics.

While talking about the success of the conference, it would be incomplete if we
forget to thank National Institute of Technology Jamshedpur, India, for its immense
support and encouragement to organize this conference. We would like to express our
sincere thanks to Prof. Karunesh Kumar Shukla, Director NIT Jamshedpur, India, for
his continuous support, and cooperation. We extend our grateful thanks to our keynote
speakers and the invited speakers, who in spite of their busy schedules accepted our
invitation to share their valuable knowledges with us.

A total number of 76 referees from around the world contributed to the peer
review process. We extend our sincere gratitude to the referees for spending their
valuable time to review the manuscripts carefully and send their reports within the
due date. Our special thanks are due to our participants who have attended this
conference. Without their helping hand it would have been impossible to complete
this conference. We owe our heartfelt thanks to our organizing committee members,
advisory committee members, supporting staffs, students, and faculty members for
their support and tireless effort to manage the conference successfully. Once again,
we thank everyone who supported directly or indirectly to make this conference a
reality.



Preface xi

Our aim will be achieved if the readers find this volume helpful and useful for
their further studies and future research. We are grateful to Springer for publishing
the proceedings of the conference.

Agadir, Morocco Ouayl Chadli
Jamshedpur, India Sourav Das
Orlando, USA Ram N. Mohapatra
Roorkee, India A. Swaminathan

February 2021
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A Note on Isolated Removable )
Singularities of Harmonic Functions it

Gopala Krishna Srinivasan

Abstract A proof of the removable singularities theorem for harmonic functions
is presented which seems to be different from existing proofs in the literature. This
is an important result in analysis with applications to many areas of mathematics.
Weyl’s lemma which is used in the course of the argument is also proved in a special
case to make the note self-contained.

Keywords Harmonic functions - Subharmonic functions + Weyl’s lemma

2010 AMS Subject Classification Primary 31-03

1 Introduction

The present note arose as a by-product of an intensive course on Riemann surfaces and
complex geometry delivered to a small group of students. The motivation arises from
an attempt at constructing harmonic functions on Riemann surfaces with prescribed
singularities. These results are needed in the proofs of the uniformization theorem
and the Riemann Roch theorem [7]. Although the main result proved in this note is
folk-lore, it appears that the result is not as commonly found in books as it ought to
be. We provide here an alternate argument which we believe is different from known
proofs and is not devoid of interest. Thus the present note is in the main an expository
one. We shall make use of Weyl’s lemma in the course of the proof. To make this
note self-contained we shall give a proof of Weyl’s lemma in the special case that
we need. We begin by recalling the classical and well-known result in the theory of
functions of one complex variable:

Theorem 1 Assume that f is holomorphic and bounded in the punctured disc 0 <
|z —al < R. Then f extends as a holomorphic function on the full open disc of
radius R centered at a.

G. K. Srinivasan (<)
Department of Mathematics, Indian Institute of Technology Bombay, Mumbai, Maharashtra, India
e-mail: gopal @math.iitb.ac.in
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The usual argument proceeds by looking at the Laurant expansion of f at a and
showing that the coefficients of the negative powers of z — a all vanish. It would then
seem natural to ask the corresponding question for harmonic functions and prove it
along similar lines. Such an approach is carried out in the classic work of O. D.
Kellogg [4, pp. 269-270] using Fourier expansions in terms of spherical harmonics.

The result can be reformulated but before doing so we introduce some nota-
tions. The set of all holomorphic functions on a domain €2 is denoted by A(£2) and
AP (R2) denotes A(€2) N LP(€2) where 1 < p < oo. The above theorem may then be
expressed as

A (B(0)) = A¥(Br(0)).

One can of course try formulating Riemann’s removable singularities theorem for
the spaces A”(£2) and also look for multi-variable analogues. We shall remain silent
on these matters except for citing a couple of good references. The classical cases
are dealt with in [3] and the L? version is available in [5].

In a different direction, the class A” (€2) could be replaced by other function spaces
such as the class of harmonic functions on €2 that lie in L? or the kernel of a more
general linear differential operator L. For sure, the nature of the hypothesis involved
will then depend on the nature of the operator L as well as the number of space
dimensions. The results are often expressed in terms of capacity theory. Here we
shall look at the case when L is the Laplace’s operator namely, the class of harmonic
functions for which a great deal is already known and the main theorem proved here
is available in [1, p. 92] as well as in Kellogg’s book [4] cited above. The result also
holds for subharmonic functions and is available in [2].

2 The Removable Singularities Theorem

We shall prove the theorem in the general n—dimensional setting (n > 2) and begin
by recalling that the fundamental solution E(x) of the Laplace’s operator in R”
(n > 2) is given by

E(x) =cylx|*™, n>3 and E(x) =log|x| whenn =2.

Lemma 1 If u is smooth and harmonic in By(0), and u = o(E (x)) in a neighbor-
hood of the origin, then the function

f(r) = / u(ro)dw
=1

is constant with respect to r. In particular, denoting by dS(x) the area measure on
the sphere of radius r,
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f u(x)dS(x) = ar""".
[x|=r

Proof We first obtain a differential equation for /. Apply the Gauss divergence
theorem to Au on the shell r; < |x| < r, and we get

9 3
0= / Au(x)dx = f S (x) - / Zasw),
ri<lx|<ry lx|=r, OV Ixl=r, OV

where v denotes the unit normal to the boundary of the shell and pointing outside
the shell. We get immediately,

rﬁ"l / o - Vu(rhw)dow = rl"_1 / o - Vu(riw)dw.
lw|=1 Jow|=1

We see that the function #"~'I’(r) is constant whereby differentiation gives the
Cauchy Euler equation

r2I"(r) + (n — DrI'(r) = 0.
This immediately gives
I(ry=a+Br*™", ifn>=3, I(r)=a+Blogr, ifn=2. 1)

So far we have not used any hypothesis on u regarding the growth of u as we approach
the origin and so (1) holds in general. Now the hypothesis u = o(E(x)) gives

I(r) = / u(rw)dow = o(rz_") (whenn > 3) and f(r) = o(—logr) (whenn =2)
|lw|=1

according as n > 3 or n = 2. This forces § = 0 and the result follows. |

Comments:

Note that without the hypothesis u = o(E(x)), Lemma 1 says that [(r) is linear in
E(r). If instead of being harmonic, if # were merely subharmonic namely Au > 0
then we would get the differential inequality

21"+ (n—Drl’ > 0.

Setting logr = s in case of n = 2 we get that

This means I (r) is a convex function of log r in two dimensions which is the analogue
of Hadamard’s three circles theorem known in complex analysis. In dimensions
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three and higher one puts >~ = s and again I(r) is a convex function of 27" in
dimensions higher than two and this is Hadamard’s three sphere’s theorem [6, p.

131].

Theorem 2 (Removable singularities theorem) If u is harmonic in By (0) and u =
o(E(x)) in a neighborhood of the origin then the origin is a removable singularity

of u.

0

Proof We apply Cauchy’s estimate to the derivative a_u at a point p such that
Xj

|p| = €. Taking a sphere of radius' € centered at p, we get

ou -
)| =0 nz 3 @)
8)Cj

whereas,
’a (p)’ < e Mlog(e)|o(1) ifn =2. 3)

We now show that Au = 0 in the sense of distributions which suffices since Weyl’s
lemma then says that u is smooth. So let ¢ be a smooth function with compact support
in B R (O) .

(Au, ¢) = (u, Ad) = / uApdx,
Br(0)

since u is locally integrable. Hence, since u is harmonic and smooth on the punctured
ball,

(Au, @) = hH(l) uA¢p — pAu)dx,
€=V Je<|x|<R
_ 9 _
=t [ (g o5y Jaseo.

where v denotes the unit normal pointing in the direction of the origin. Now,
udS(x) =eo(l)ifn > 3 and udS(x) = €|logelo(1) when n = 2, we see that

. d¢
lim u—dS(x) =0.
av

e—0 |x|=€

We need to now examine the limit:

! Technically one should use a ball of radius €’ centered at p where 0 < €’ < €. Now use the fact
thatase — 0
sup |u(x)/(2¢)"| — 0.

Ber(p)
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. ou
lim o—

dS(x),
e—>0 |x|=€ a]) (X)
and show that it goes to zero as € — 0. Observe that along the sphere,

ddS(x) =" 10(1),

whereas by (2) we get, forn > 3,
ou
¢—dS(x) =o(1)
av

and the limit is zero as € — 0. Thus we see directly in case n > 3 that Au = 0 in
the sense of distributions on the ball Bz (0) and Weyl’s lemma now implies that u is
infinitely differentiable there. There remains the case n = 2 which is more delicate

since we only have |log e|o(1) estimate for ¢g—]’jd S(x). We modify the integral as

/ ¢a—udS(X)
|x|=€

av

0 0
/ (p(x) — ¢(0))8—MdS(X) + ¢(0) —udS(X)
|x|=€ % v

|x|=€

= e/ O(l)g—zdS(x) + €¢(0) Vu(ew) - wdw
|x|=€

lw|=1

= e|logelo(1) + ep(0)I'(r),

where we have used the estimate (3). Since I’(r) = 0 by Lemma 1, we are left with
€|log €|o(1) which goes to zero with € and the proof is complete. ]

Proof of a special case of Weyl’s lemma:

For convenience we include a proof of Weyl’s lemma in the special case that is
relevant to us namely, when u is smooth on Bj(0) and is a distributional solution
of Au = 0 on Bg(0) then u is smooth on Bg(0). Well, let ¢ be a smooth function
with support in Byg/3(0) and such that ¢ is identically one in a neighborhood of the
origin say Bg/3(0).

A(pu) = ¢Au+ulA¢p +2Vu - Vo = ulA¢p +2Vu - Vop = f.

Since V¢ and A¢ both vanish in a neighborhood of the origin, f is smooth with
compact support and vanishes in a neighborhood of the origin. Further, ¢u also
vanishes on the boundary of the ball, so ¢u is the solution of the Poisson’s equation
with zero boundary data thereby leading to the integral representation:

¢ (Ou(x) = / Gx, &) f(E)dE,

R/3<|E|<2R/3

where G (x, &) denotes the Green’s function for the ball. Hence,
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u(x) = / G, &) f(E)dE, |x| < R/3.
R/3<|E|<2R/3

Now since G (x, &) is infinitely differentiable on the set x # &, we see from the above
integral representation that u is infinitely differentiable on |x| < R/3 as asserted.

Acknowledgements I would like to thank Anbhu Swaminathan from the Department of Mathe-
matics, IIT Roorkee for encouraging me to write up this piece. This note was a by-product of a
series of lectures delivered to a small group of students from IIT Bombay including some from
other institutes during the difficult period of covid19. The response and enthusiasm shown by these
students has gone a long way in alleviating the agony caused by the pandemic. The author wishes
to thank all these participating students. The author wishes to thank the referee whose suggestions
have contributed significantly toward enhancing clarity and readability of the paper.
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Nonlinear Evolution Equations by a Ky m
Fan Minimax Inequality Approach e

Ouayl Chadli, Ram N. Mohapatra, and G. Pany

Abstract Nonlinear evolution equations appear in various fields of sciences includ-
ing mechanics, physics, engineering, and material sciences. Essential functional
methods for the treatment of both the linear as well as nonlinear evolution equa-
tions are based on the theory of spectral methods, maximal monotone operators,
fixed point theorems, and concept of Cy-semigroups of linear mappings along with
the Leray-Schauder degree theory. Recently, the solvability for the evolution equa-
tions of nonlinear type has been considered using the Ky Fan minimax inequality.
This approach is quite new and different as compared to the traditional approaches.
In 1972, Ky Fan (Inequalities. Academic, New York, pp. 103-113, 1972) put for-
ward his pioneering result concerning the existence of solutions for an inequality of
minimax type, which is nowadays called as “equilibrium problem” in literature. This
kind of model has shown to be a cornerstone result of nonlinear analysis and has
gained much interest in the past because it has been used in several contexts such as
physics, chemistry, economics, engineering, and so on. This work aims to present a
review of recently obtained results on the use of the equilibrium problem theory in
the study of nonlinear (implicit) evolution equations. Along with that, we discuss the
problem with initial value condition as well as periodic and anti-periodic solutions.
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1 Introduction

Suppose V is a reflexive Banach space which is densely and continuously imbedded
in H. Here H is a real Hilbert space, that is identified with its dual. Thus we get
V C H C V*,where V* denotes the dual of V. Let p, ¢, and T be constants such that
T is positive , p > 1 and p, g together satisfy 1/p + 1/g = 1. We consider the fol-
lowing spaces X = L?(0,T; V), X* = L40, T; V*)and W ={u € X : u' € X*}

where v’ = % is the generalized derivative of u on 10, T'[, i.e. fOT u' (e (H)dt =

— u(t)¢'(r)dt for all ¢ € CS°([0, T]). We consider the problem: Find u €
OT "(t)dt for all o ([0 ider th bl ind w
such that

W) +ADu@) = f(t), ae. t€(0,T) (D)

with
u(0) = uo, 2

where A(t) is anonlinear operator from V to V*and f : [0, T] — V*isameasurable
functional. When the condition (2) is replaced with #(0) = u(T'), then we deal with
periodic solutions of the problem (1); and when it is replaced with u(0) = —u(T)
then we deal with anti-periodic solutions of the problem (1).

A particular form of the problem (1) has been widely considered in literature, it
consists in the following problem: Find u € ‘W such that

' (t) + Au(t) + Gu(t) = f(t), ae. t€(0,T) 3)

with
u(0) = uo, “4)

where A : V — V* is a monotone operator and G : V — V* is not. Such issues
have been addressed by many authors. The problem (3) was investigated by Browder
[2], Pavel [3], Pavel and Vrabie [4] and Pazy [5] for linear operator A, whereas the
nonlinear scenario was investigated by Attouch and Damlamian [6], Crandall and
Nohel [7], Gutman [8], Hirano [9, 10], and Vrabie [11, 12]. Barbu [13] established the
existence of solutions for the Cauchy problem (3)—(4) for G = 0, utilizing the theory
of monotone operators. Ahmed and Xiang [14], and Liu in [15, 16] studied (3) with
zero-initial valued condition (4) using the concept of pseudomonotone operators.
Along with periodic solutions, solvability of anti-periodic solutions to nonlinear
evolution equation in the framework of Hilbert spaces has been equally focused and
studied by various authors in the last decades. The motivation to study anti-periodic
problem mainly comes from physical problems. One may refer to [17-19] to see
how the mathematical modeling of a variety of physical processes gives rise to anti-
periodic solutions. The first study in this regard was carried out by Okochi [20].
Here the author studied the anti-periodic solutions for evolution equations using
the time-independent operator in the framework of Hilbert spaces [21, 22]. Conse-
quently, Haraux [23] established some results on existence as well as uniqueness
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of solutions to anti-periodic problems using Brouwer’s or Schauder’s fixed point
theorem. Further, Aizicovici and Pavel [24] investigated anti-periodic solutions for
second-order evolution equations in the framework of Hilbert and Banach spaces
utilizing the theory of monotone and accretive operators, while the nonmonotone
cases are considered in [25]. Chen [26] and Chen et al. [27] continued to investi-
gate the anti-periodic solutions with respect to the first-order evolution equations by
involving theorems on fixed point in a real Hilbert space H, which is separable. In
this study, the evolution equations are connected to a self-adjoint operator A, which
is both linear and dense. The domain of A is compactly embedded into H. Recently,
Liu [28] investigated the solvability of anti-periodic solutions of evolution equation
which is time-independent and nonlinear and involves perturbations of nonmonotone
type. utilizing a Browder’s surjectivity result on pseudomonotone perturbations of
maximal monotone operators in the framework of Banach spaces, that are real and
reflexive.
Implicit nonlinear evolution equation consists in the problem below:

%(Bu(t)) + Au(t) = f(t), ae. t € (0,7T), (5)

B(u(0)) = B(uo), (6)

where the operator B from V to V* is symmetric,linear, and positive, f is a measur-
able functional on V* with domain in [0, T'], and A(tbounded) from V to V* is a
nonlinear time-dependent operator, with ¢ varying over [0, T']. Andrews, Kuttler and
Schillor [29], Barbu [13], Barbu and Favini [30], Favini and Yagi [31], Liu [32], and
Showalter [33] studied implicit evolution equations dealing the Cauchy problem. The
operator A involved in these works was time-invariant and maximal monotone. One
may refer to [34, 35] to gain insight on implicit evolution equations dealing with the
periodic or anti-periodic problem. Here the resolution technique relies on a conver-
gent approximation procedure and the concept of pseudomonotone perturbations for
maximal monotone mappings. We cite also Barbu and Favini [36] and DiBenedetto
and Showalter [37], dealing the case where B is nonlinear and monotone. In this
context the techniques and the hypotheses vary.

In this paper, we present some recent results on the solvability of nonlinear evo-
lution equations of implicit type by a Ky Fan minimax inequality approach. In 1972,
Ky Fan [1] investigated the similar existential results for the solutions of an inequality
that has been regarded as a remarkable outcome for nonlinear analysis. We recreate
this result in its dual form:

Theorem 1 Suppose X is a Hausdorff topological vector space with K as a
nonempty compact convex subset. Let the following conditions hold for the map
® defined from K x K to R:

(i) ®w,u)>0forallu € K;
(ii) @ is quasi-convex in the second variable for eachu € K;
(iii) ® is upper semicontinuous in the first variable for each v € K ;.
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Then, there exists u € K for which ®(u, v) > 0 for each v € K.

Ky Fan named the problem as minimax inequality, which is popularly known as equi-
librium problem, in brief (EP) nowadays in literature. This concept has a significant
role in unifying the complex models in the areas of variational inequalities, game the-
ory, mathematical economics, optimization, and fixed point theory to simpler form.
The appellation “equilibrium problems” appeared in the pioneering work by Blum
and Oettli [38] where they mentioned the unifying aspect of (EP) and provided var-
ious basic notions and results. This model has gained much interest in the past as it
has been utilized in various contexts as physics, chemistry, economics, engineering,
and so on; see [40] for a recent survey.

Suppose K is a nonempty set and @ is bifunction from K x K to R. The Ky Fan
minimax inequality (or equilibrium problem) is formulated, in a more general way,
in the following manner:

uek:d@,v)>0, foreveryvinK. @)

A general formulation of equilibrium problem, known as “implicit variational prob-
lem,” that includes as special cases, fixed point problems, equilibrium problems,
Nash equilibria, variational and quasi-variational inequalities was introduced by
Mosco [41], Joly and Mosco [42] toward 1975 and later in 1979. This form of
EP is expressed as the addition of two bifunctions and was consequently named as
mixed EP. Further the authors introduced monotonicity in the context bifunctions
being motivated by the monotonicity for operator in the sense of Minty. They derived
certain results on solvability for this type of EP. These results were established in
view of some weaker kind of assumption as compared to the results of Ky Fan [1].
The mixed equilibrium problem takes the following form,

uekK:®dW,v)+¥w,v) >0, forallv e K, ®)

where @, W are defined from K x K to R, and K a nonempty set.

In this paper, we establish some existential results for nonlinear (implicit) evolu-
tions equations (1) and (5) by using some recent outcomes on the solution existence
of the mixed equilibrium problem (8) where @ is monotone as well as maximal
monotone and the bifunction ¥ is both pseudomonotone, quasimonotone from the
topological point of view. Here we consider the problems (1) and (5) with their
respective initial value conditions, periodic and anti-periodic conditions. The con-
cept of maximal monotonicity of bifunctions may be considered as an extended
version to equilibrium problems of the related one for nonlinear operators. Gwin-
ner [43, 44] first introduced the notion of pseudomonotonicity in the context of
bifunctions in the sense of topology and consequently the concept is inspired by a
pseudomonotone operator of topological type as per Brézis [45]. In the present work,
we adopt the notion of quasimonotonocity for bifunctions in the sense of topology.
This gives a further modification to equilibrium bifunctions of the widely known
related notions of nonlinear mappings [33, 46, 47]. In these papers quasimonotone
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mappings defined as per topological view point are considered for certain subclasses
of particular category. Further it may be noticed that there have been studies related
to pseudomonotonicity and quasimonotonicity from an algebraic point of view. The
studies in this regard have been initiated by Karamardian [48] and considered later by
many authors for analyzing problems related to equilibrium and variational inequal-
ities. One may refer to [49, 50] and the references therein for more information.

2 Preliminaries and Basic Mathematical Tools

Consider a reflexive Banach space X with X* as the dual. Let the space X have been
renormed in a manner such that X and its dual are locally uniformly convex. We list
some standard notations to be used in the sequel as follows,

@) || - || : norms of both X and X*,
(i1) conv(E) : the convex hull of E, for each subset E of X,
(iii) cl(E) : closure of E in X,
(iv) F(E) : family of all finite subsets of E,
(v) 2% : family of all subsets of E,
(vi) (u*,u) :value of u™ atu foru € X and u* € X*,
(vii) u, — u : sequence {u,},cn in X converges strongly to u# in weak topology
o(X, X*)of X,
(viii) u, — u :sequence {u,},en in X converges weakly to u in o (X, X*),
(ix) D(T) :={u e X :T(u) # @} : domain of a multivalued mapping 7 : X —
2%,
x) G(T) :={(w,u*) :u e D(T)and u* € T(u)} : graph of T.

Definition1 7 : X — 2X" is

(a) monotone if, (u* — v*,u —v) > 0 for any u, v € D(T), and for all u* € T (u)
and v* € T (v);

(b) maximal monotone if, (u* — v*, u — v) > 0 for all (v, v*) in G(T') implies u in
D(T) and u* in T (u).

Consider J : X — 2% to be the duality mapping, which is defined as
J(x) = {x* € X*: (x*, x) = |*||” and [|x*|| = ||x|} .

It follows from Hahn-Banach theorem that, J(x) is nonempty for any x in X. We
may predict that the duality mapping J is continuous, single-valued, monotone and
satisfies the (S;) condition as we have initially assumed that both X and X* are
locally uniformly convex, see e.g. [51, Proposition 32.22].

Definition 2 The mapping T : X D D(T) — X* is,
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(iii)
(iv)

v)
(vi)
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pseudomonotone as per Brézis (in brief B-PMO) if,
liminf(T (u,), u, —v)x > (T (u),u — v)yx, forallvinX;

where the sequence {u, },en in D(T) satisfiesu,, — uin X and lim sup(7T (u,), u,
u) <0,
quasimonotone as per topological point of view (in brief T-QMO) if,

lim sup(7T (u,), u, —u)x > 0;
n—00

where the sequence {u,},cn in D(T) satisfies u, — u in X,

demicontinuous if, for u,, — u in X, T (u,) — Tu in X*,

hemicontinuous (or, upper hemicontinuous) if,  +— (T (u + tv), w)x is contin-
uous (or, upper semicontinuous) on [0, 1], for all u, v, w in X,;

bounded if, bounded sets are mapped into bounded sets by T';

fulfills the (S) condition if, for any {u, },cn in D(T) with u, — u € X having
the property, lim sup(7T (u,), u, — u) < 0, we have u,, — u.

Remark 1 Consider T : X D D(T) — X* to be single-valued

®
(ii)

T is T-QMO, if it is monotone.
T is T-QMO, if it is B-PMO, but in general the converse may not be true. Infact,
for the operator 7 : X — X™ given by

o, ful <1,
T(“)‘{uu), lull = 1,

we prove that 7" is monotone. For u, v in X, we have the following choices:

— If Jlu]l < 1 and ||v]] < 1, it is obvious that T is monotone.
= If Jull =1, |Jv]| <1, we get

(T) —T@),u—v)={(Jw),u—7v)=llull* = (J(u), v)

2
Z [lull” = flulllivll = 1= vl > 0.

— If both the norms become equal to 1, then (T (u) — T (v),u —v) = (J(u) —
J(),u —v) > 0.

Thus, T is monotone and as a consequence it is T-QMO. Next, we proceed
to show that 7" is not B-PMO. Take u in D(T') with norm equal to 1 be fixed
n—1

and consider u,, = —u,n > 1. Then u,, — u, therefore u,, — u. But, we have

(T (uy), u, —u) = 0. Thus, lim sup(T (u,), u, —u) = 0 < 0. Now, suppose v
to be 0, then lim inf (T (u,,), u, — v) = 0, ahd hence

0 = liminf(T (u,), u, —v) < 1 = (T (), u — v).
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So T is not B-PMO.

Now let us revisit generalized pseudomonotonicity with reference to the domain of
a linear maximal monotone operator, see [52, Definition 2.151].

Definition 3 Consider L : D(L) C X —> X* to be maximal monotone mapping,
that is densely defined, and linear. A mapping T from X to X* is called L-generalized
pseudomonotone (or L-GPMO) if for a sequence {u,},cn in D(L) satisfying u,, —
u, L(u,) — L), limsup(T (u,), u, —u)x <0, we have

lim inf (7T (u,,), u, —v)x > (T (u),u — v)x forevery vin X.

The L-generalized quasimonotonicity for a mapping 7 follows similarly.
Next, we recollect some concepts regarding bifunctions, studied earlier [38, 44].

Definition 4 Consider ) # K C X to be closed as well as convex. The bifunction
©® defined from K x K to R is,

(i) monotone if, O(x, y) + O(y,x) <0, forall x, yin K;
(i) pseudomonotone as per of Brézis (in short B-PMB) if, for any sequence (u,,),eN
in K satisfying u#,, — u in X and lim inf ®(u,, u) > 0, we obtain
limsup ©(u,, v) < ®(u, v) for each v in K;
(iii) quasimonotone in the topological sense (in short 7-QMB) if, for {u, },cn in K
satisfying u, — u € K, we have

liminf ® (u,, u) < 0.

n—o0o

(iv) hemicontinuous (respectively upper hemicontinuous)if,z — @ (tu + (1 — t)v, w)
is continuous (respectively upper semicontinuous) on [0, 1] for every u, v, w in
K,

(v) fulfills the (S;) condition whenever, for {u,},cy in K satisfying u, — u € K
and liminf ® (u,, u) > 0 we get u, — u.

Remark 2 (i) If the real-valued bifunction ®(-, v) defined on X x X is upper
semicontinuous for the weak topology o (X, X*), then the bifunction is B-PMB.

(ii) If the operator T from X to X* is B-PMO (resp., satisfies the (S, ) condition,
T-QMO), then the ® : X x X —> R defined by ®(u, v) = (T (u), v — u)x is
B-PMB (resp., satisfies the (S,.) condition, T-QMB).

(iii) If the bifunctions ®;, ®, defined from K x K to R are B-PMB for which
@O (u, u) < 0and ®,(u, u) < Oforalluin K, with X O K is closed and convex,
then, & + &, is B-PMB, see [53].

@iv) If ® is T-QMB, then for {u,},en in K satisfying u, — u € X, we get
lim sup ® (u,,, u) < 0. In fact, there exists a subsequence {u, }xen Of {Uy}ren
for which lim sup ® (u,,, u) = lim ® (u,,, u). Since u,, — u and ® is T-QMB,
we obtain lim ® (u,,, u) = liminf ® (u,,, u) < 0.Hence, lim sup ® (u,, u) < 0.



14 0. Chadli et al.

(v) The theory of pseudomonotone operators as per Brézis and its extension to
bifunctions combines the monotonicity with the arguments on compactness, for
example the prototype of a pseudomonotone mapping as per Brézis is the sum
of a monotone hemicontinuous operator and a strongly continuous operator. The
novelty of pseudomonotonicity and the (S ) condition lies in the fact that these
conditions are invariant with regard to compact perturbations, see [51, Chapter
27], [54, p. 365].

Now we note the interesting properties as follows.

Proposition 1 Suppose K C X is nonempty and closed and the real-valued bifunc-
tion W defined on K x K satisfies V(u, u) = 0 for every u in K. Consider ¢ greater
than O and J from X to X* to be the duality mapping. If V is B-PMB, then the
bifunction V. from K x K to R defined as

\Ila(us U) = \I/(I,t, U) + 8("(”)» v — M)

Sfulfills the (S) condition.

Proof Consider {u,},cn in K satisfying u, — u in K and liminf W, (u,,, u) > 0.
Next to show that u,, — u in K. Since

liminf W, (u,, u) > 0,

it follows that
liminf[W¥ (u,, u) + &(J (u,), u — u,)] > 0.

Thus,
liminf ¥ (u,, u) + limsup e(J (u,), u — u,) > 0. ©))

Since, J is monotonicity, we obtain,
<J(l/tn), u— un) S (](u), u— un)’

Therefore,
lim sup(J (u,), u — u,) <limsup(J(u),u — u,) = 0.

Hence, from relation (9), we obtain
lim inf W (u,, u) > 0.
As V is B-PMB, we have
limsup ¥ (u,,, v) < W(u,v), foreachvinK.

Specifically, putting v = u in the above step, we get
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lim sup W (u,,, u) <0. (10)

Now, since
liminf[V¥ (u,, u) + &(J (u,), u —u,)] > 0,

we have
lim sup W (u,, u) + ¢ liminf(J (u,,), u — u,) > 0.

Considering the relation (10), we obtain
liminf(J (u,), u — u,) > 0.

Therefore,
lim sup(J (u,), u, —u) < 0.

As J fulfills the (S, ) condition, we have u,, — u, which proves the result. O

Proposition 2 Suppose ) # K C X is closed and both the bifunctions ¥V, © are
defined from K x K to R. If ¥V is T-OMB and O fulfills the (S.) condition, then the
same condition is satisfied by the sum of both the bifunctions, that is W + ©.

Proof Considerasequence {u,}in K satisfyingu,, — uin K and lim inf [V («,,, u) +
O(u,,u)] > 0. Let {u, ey be a subsequence of {u,}, then u, — u and
liminf[W (u,,, u) + ©(un,, u)] > 0. Therefore,

liminf W (u,,, u) + lim sup © (u,,, u) > 0. (11

Since lim inf W (u,,, , u) < 0, it can be deduced from (11) that lim sup © (u,, , u) > 0.
Thus, we obtain lim @(unk ,u) > 0 for a subsequence {unk }ien of {u,, }. The (S5)
condition of ®, leads to the fact that up, — u.Asaconsequence, we can guarantee
that each {u,,} admits a subsequence that converges strongly to #. Hence u, — u,
which completes the proof. (]

Definition 5 Suppose L : D(L) C X — X* is a maximal monotone operator
which is linear, and densely defined, and K C X is closed and convex. A bifunc-
tion ® from K x K to R is L-generalized pseudomonotone (for short, L-GPMB)
if for any sequence {u,},en in D(L) N K satisfying u,, — u, Lu, — Lu and
lim inf ® (u,,, u) > 0, we get

lim sup ® (4, v) < O(u, v), foreach v € K.

Following a similar manner, we may define L-generalized quasimonotone bifunction
(for short, L-GQMB).

In the definition, given below, we recollect the notion of maximal monotonicity
as studied in Blum and Oettli [38] for bifunctions.
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Definition 6 Suppose K C X is nonempty closed and convex and & is a real-valued
bifunction on K x K, such that ®(u, u) = 0, for all u in K. ® is considered as
maximal monotone (for short, BO-maximal monotone) if, for each u in K and for
each real-valued convex function ¢ on K with ¢(u#) = 0 one has,

O(v,u) <gp()forallvin K = 0 < ®(u,v) + ¢() forall vin K.

Remark 3 In an attempt to broaden the concept of maximal monotonicity of opera-
tors to bifunctions, the maximal monotonicity concept for bifunctions was introduced
by Blum and Oettli [38]. A different notion for monotone bifunction of maximal type
has been adopted in [39]. In order to have an idea for the two different perceptions
and some other associated properties, one may see [39].

The following propositions present some characteristics of maximal monotone
bifunctions.

Proposition 3 Suppose T is an operator defined from X to X* and @7 is a real-
valued bifunction defined from X x X to R such that ®7(u, v) := (T (u), v — u) for
all u, v in X. We obtain the characterizations as follows

(a) 7 is monotone, BO-maximal monotone, when T is hemicontinuous and mono-
tone.

(b) If the functions ¢ in Definition 6, which are convex get confined to ¢(v) =
(—&,v—u), & € X* then

Maximal monotonicity of T implies monotonicity and BO-maximal monotonicity of @t

(c) For @1 to be BO-maximal monotone and monotone, the operator T is maximal
monotone.

Proof (a) Since T is hemicontinuous as well as monotone, ®7 is both hemicon-
tinuous and monotone. Suppose u is in X and ¢ is a real-valued convex function
satisfying ¢(u#) = 0 and @7 (v, u) < ¢(v) foreachv in X. For ¢ € (0, 1], assign
v i=tv+ (1 —t)u.

Now,

A

0=®r(v,v) <tPr(v,v) + U —=0)Pr (v, u)
t®7 (v, v) + (1 = )e(v;) (12)
t®r (v, v) + (1 —te(v).

IA

IA

Thus, ®7(v;, v) + (1 — t)e(v) > 0. Ast tends to 0, we get D7 (u, v) + ¢(v) > 0for
each v in X. The statement (b) can be proved easily. For proving (c), monotonicity of
T follows from that of ®7. Suppose (1", 1) in X* x X is such that (T (v) — u*, v —
u) > 0. We proceed to prove that u* = T (u). As (T (v) —u*, v —u) >0, we get
(T(v), u —v) < {(—u*,v—u). Now put ¢(v) = (—u*, v — u), then ¢(u) = 0 and
7 (v, u) < @(v) for each v in X. As &7 is BO-maximal monotone, @ (u, v) +
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¢(v) > 0 for each v in X. Thus, (T () — u*, v — u) > 0 for each v in X, that gives
u* =T (u). [l

Proposition 4 Suppose K is both closed and convex and for ® : K x K — R
®(u,u) =0, for each u in K. Let ®(u, -) be upper hemicontinuous and convex
forallu € K, then ® is BO-maximal monotone.

Proof Consider u € K and a convex function ¢ : K — R be such that ¢(u) =0
and ® (v, u) < ¢(v) foreach v € K. Letus assign v, :=tv+ (1 —t)u € K for ¢ in
(0, 1]. By proceeding in a similar manner as in (12), we get ® (u, v) + ¢(v) > 0 for
eachvin K. O

We give the following theorems which are key tools for the study presented in
this paper.

Theorem 2 [55] Suppose @ = K C X is convex and closed, where X is a Banach
space and ©, ¥V are two real-valued bifunctions on K x K that satisfy ®(u,u) =
W(u,u) =0foreachuin K. Let J : X —> X* be the duality mapping. We assume
the following

(i) @ is monotone, BO-maximal monotone and weakly lower semicontinuous in the
second argument;
(ii) both ® and V are convex in the second argument;
(iii) W is B-PMB;
(iv) For each N € F(K) and v in K, u —> W (u, v) is upper semicontinuous on
conv(N),
(v) (Coercivity) 3 a nonempty weakly compact subset W, and for each ¢ > 0 (small
enough), 3 a convex and weakly compact subset B, of K such that for all u in
K \ W, one obtains,

FveB, :V(u,v)+e(Jm),v—u) < (v, u).

Then, u € K satisfies ®(u, v) + ¥ (u, v) > 0, for each v in K.

Theorem 3 [55] Suppose ) # K C X is convex and closed, where X is a Banach
space, ®, W, E : K x K — Rarebifunctions satisfying ®(u, u) = V(u, u) = E(u,
0 forallu in K. Consider J : X —> X* to be the duality mapping. Let us assume
the following

(i) @ is monotone, BO-maximal monotone and weakly lower semicontinuous in the
second argument;
(ii) ®, ¥ and E are convex in the second argument;
(iii) W is T-QMB;
(iv) For every fixed v in K, WV is upper semicontinuous in the first argument;
(v) Eis B-PMB;
(vi) Foreach N inF (K)andvin K, E is upper semicontinuous in the first argument
on conv(N);
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(vii) (coercivity) 3 a nonempty weakly compact subset W, and for every ¢ > 0 (small
enough), 3 a convex and weakly compact subset B, of K such that for every u
in K\ W, 3 v in B, satisfying

Yu,v)+ Ew,v)+e(Jw),v—u) < d(,u).

Then, 3 u in K such that ® (u, v) + V(u,v) + E(u,v) > 0, forallvin K.

Remark 4 The coercivity condition (v) in Theorem 2 and the coercivity condition
(vii) in Theorem 3 can be removed, when K is compact. If X is a reflexive Banach
space with the weak topology o (X, X*), these coercivity conditions are satisfied
with the assumption that Jvy in K such that W, (u, vy)/||lu — vol| - —o0, when
lu — vol| = +oo uniformly in ¢ > 0, where the bifunction W, takes respectively
the following forms: W, (u, v) := V(u, v) + &(J(u), v — u) for Theorem 2, and
W, (u,v) :=Wu,v)+ Eu,v)+e(J(u), v —u) for Theorem 3, see [55, Remark
2.5] for details.

3 Existence Results for Nonlinear Evolution Equations

We now present some existential results for the solutions of the nonlinear evolution
problem (1) by an approach involving the equilibrium problem theory. We emphasize
on the anti-periodic solution existence of the evolution problem (1), where respec-
tively A(¢) is a time-dependent pseudomonotone and quasimonotone operators from
the topological point of view. Adopting a similar type approach one may analyze
problem (1) with zero-initial condition as well as the periodic problem.

The problem under consideration is as follows

u'(t) + Au() = f(1), ae.rel0,T], u()=—u(T). (13)

Here the framework of study is the space V, which is a real reflexive Banach space.
In the given problem u’ represents the generalized derivative of u on ]0, T[, where
T > 0 and A(¢) is defined from V to its dual V*, where as f is defined from [0, T']
to V*. Along with the reflexivity property, another property that is imposed on V is
that it is densely and continuously embedded into H, which is a separable Hilbert
space.

Consequently, one may be able to observe the evolution triple, formed as follows
V C H C V* see[51, p.4l6].

Next we proceed to reformulate the problem as a mixed equilibrium problem
on a set of suitable type. In order to carry out the reformulation, we put forward
the required notations and preliminaries in connection to the nonlinear evolution
equations, see e.g. [51, Chapter 30], [10, 28, 52] and the references therein.
Let us consider X =LP(0,T;V), X*=L490,T; V*), where 1 < p < +o0,
and 1/p+1/q = 1. We denote the norms of V and H by | -|lv and | - ||#,
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respectively. Moreover, the notion (x, y) refers the duality pairing between x in
V* and y in V, and in the case, where x, y are in H, (x, y) is the usual inner
product in H, which is a Hilbert space. Now the pairing between X = L?(0, T; V)
and X* = L9(0,T; V*) is given as ((-,-)). Here J from X* to X denotes the
duality mapping, that is, for v in X*, J(v) = {u € X : ((u, v)) = ul} = |[v[%.}-
Next utilizing the Asplund’s renorming theorem [56, Theorem 1.105], let us
suppose J to be both single-valued demicontinuous and monotone mapping,
[13, Theorem 1.2]. We define ‘W = {u € X : u’ € X*}. Here u’ denotes the gen-
eralized derivative. Taking L(u) = u’ and restricting the generalized derivative
to DL)y={ueX:ueX* andu©0) = —u(T)} ={u € W:ul) =—u(T)}
we define a linear operator L:D(L)C X — X* as ((L(u),v)) =
fOT(u’(t),v(t)) dt forallv in X. It may be observed that ‘W is a Banach
space with norm |u|q = |lu|lx + ||u'||x+ and is real, separable and reflexive.
Further the embedding ‘W C C([0, T]; H) is continuous and the subset D(L) of
W is closed and linear. D(L) is a reflexive Banach space with the graph norm
lullz = llullx + |lu'|lx= (see [52]). In this connection, Liu [28] established that the
operator L defined from D(L) C X to X* is a closed, maximal monotone operator
which is densely defined.
Now consider the operator A associated with A as

Aw) (1) = AMu@), tin[0, T],

It can be connected to the corresponding Nemytskij operator which is generated
by the operator-valued function ¢t — A(t). Hence, the problem under consideration
(13) is as follows

ueDWL): Lu)+Aw) = f in X*. (14)

We now assume the following in the context of the time-dependant operator A(¢)
defined from V to V*.
[Hi] |A®) (W) ||lv+ < kol ||u||"’,_1 + ag(t) ] for all u in V and ¢ € [0, T] with some
positive constant kg and oy € L9(]0, T'[);
[Hp] For ¢ € [0, T] and v in V, the mapping u +—> (A(t)(u), v — u) is upper semi-
continuous on conv(D) for every finite subset D in D(L);
[H3] The function ¢ — (A(¢)(u), v) is measurable on the closed interval [0, T] for
all u, vin V;
[Hy] (A@)(u), u) > k[ ||u||{’, —oq(t) ] forall u in V and ¢ in [0, T'] with some pos-
itive constant k; and some function ¢ in L' ([0, T').

We focus here to investigate problem (14) by the equilibrium problem given below:
Find u € D(L) satisfying ®(u, v) + W(u,v) >0, forallve D(L), (15)
where ® and W are defined for u, v in D(L) by

D, v) = ((Lw),v—u)) and W(u,v) =V (u,v)+ ¥Y(u, v)
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with
Wy (u, v) = ((A@), v —u)) and Wa(u,v) = ({f,u —v)).

The bifunction ¥, is given by: W; (u, v) = fOT Y (u(t), v(t))dt here 1, is the bifunc-
tion defined for z, w € V by ¥, (z, w) = (A(¢)(z), w — z). According to assumption
[H3], the function ¢ — ¥, (z, w) is measurable on [0, T'].

From Definition 3, let us recall that for a bifunction ® : D(L) x D(L) — R,
here D(L) is equipped with the graph norm ||u|. = |lu|lx + ||#'||x+, the concept
of pseudomonotonicity in the sense of Brézis (or that ® is B-PMB) with respect
to D(L) is traduced as the following: If for any {u,},en C D(L) with u, — u in
X, Lu, — Luin X* and lim inf ® (,,, u) > 0, then lim sup O (u,, v) < O(u, v) for
every v € D(L). The concept of T-QMB along with the condition (S ) for a bifunc-
tion is defined with regard to (L) in a comparatively similar manner.

Next, we first establish the existence of solutions to (15), followed by the study
on the existence of solutions to (14) from the density of D(L) in X.

We proceed by deriving some preliminary theoretical results in this regard.

Lemma 1 Let the assumptions [H,] and [H4] hold. Then for each z, w € V and
t € [0, T), there exists® € L' ([0, T]) independent from z such that y; (z, w) < 0(¢).

Proof By [H,] and [Hy], it follows that for each z, w in V and 7 in [0, T']
Vi (z, w) < |AOzllv+llwlly + ki (i (1) — [1zll})
< ko(lzl, ™" + ao) lwlly + ki (ea (1) — l1zlID)
< zIly ollwlly — killzllv) + koo () lwlly + kyeri (£).

o For kollwllv — killzllv < 0, we get ¥, (z, w) < koao(®)[|wllv + ki1 (2),
e For kyllwllv — killzlly > 0, we get

Iz~ < Gko/ k)P~ w]h ™!

and 1
lwllvlizlly ™ < (ko/k)? Hlwll.
It follows
Vi(z, w) < kolko/k)P~ lwlly + koo (D lwlly + kyory () — ky IIZIIV1
< kolko/ k)" M wlly + koo lwlly + ki (1),
and hence follows the result. |

Lemma 2 Let the assumption [H, | hold. Then, u — Wy (u, v) is upper semicontin-
uous on conv(D) for every D C D(L), where D is finite.
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Proof Suppose D C D(L) is finite. Now we may deduce that if for a sequence
{un}nen in conv(D) u, — u € X, then u, — u in conv(D) as the weak and strong
convergence coincide on conv(D). This leads to the fact that, lim fOT |, (£) —
u(t)||?dt = 0. Thus, there is a subsequence {u,, }ren such that u,, (1) — u(t) for
a.e. t € [0, T]. Now by the assumption [H;] we get that for all z in X,

lim sup ¥, (e, (1), 2(1)) < ¥ (u(2), 2(1)).

On the other hand, from Lemma 1,36 € L' ([0, T]) satisfying v/, (u(t), z(t)) < 6(t).
Hence, we get by Fatou’s lemma

T T
lim sup / Wi, (1), 2(0))dt < / lim sup ¥t (1), 2(0))dt
0 0
T
< [ Ve u(0), 2(0)dr.
0

The inequality results by using a contradiction argument. O

Lemma 3 Let the assumptions [H,] and [H4] hold. Suppose the operator A(t)
defined from V to V* is demicontinuous for all t in the interval [0, T, then u —
W (u, v) is upper semicontinuous.

Proof Supposeu, — u € X,i.e., lim fOT llu,(t) — u(®)||Pdt = 0. So we will have a
subsequence {u,, }ren suchthatu,, (1) — u(¢) foralmostall#in [0, T']. The demicon-
tinuity of A(¢) implies, A(t)up, (1) = A(t)u(t) a.e. t in [0, T]. Thus, for arbitrary
ve X

Vi (e, (), v(#)) — Y (u(r), v(t)) ae. tin [0, T].

As per Lemma 1, applying the dominated convergence theorem, we may obtain
Wy (up,, v) = Yi(u, v). We prove the convergence for all the sequence by proceeding
through contradiction method. Thus, the bifunction W, is continuous with respect to
the first argument and hence upper semicontinuous. (I

We give the following Hirano’s type lemma.

Lemma 4 Let the assumptions [H,], [H3] and [H4] hold. If A(t) from V to V* is
B-PMO forall t in [0, T], then V¥ is B-PMB with respect to D(L).

Proof Consider u, v in D(L). Then we can write, ¥ (u, v) = W (u, v) + W (u, v).
Here u — W, (u, v) is weakly upper semicontinuous, then it becomes B-PMB. In
addition, as the two B-PMB bifunctions also add up to a B-PMB bifunction (see
Remark 2 (iii)), we have only to prove that W, is B-PMB with reference to D(L).
Now consider, {u,},eny C D(L) such that u, — v in X, L(u,) — L(u) in X* and
lim inf W (u,, u) > 0. Next, we prove that

lim sup Wy (u,, v) < Wi(u,v), forallv e D(L).
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Now, in view of the evolution triple (see [51]) we may write for any n in N, u,,(¢) =

fof u, (s)ds, where u, : [0, T] — V is absolutely continuous. Also for every z in V,
which is a subset of H, we obtain

(un(t),z)=</ u;,(s)ds,z>=/ (u, (), 2)ds.
0 0

As L(u,) — L(u) in X*, that is, u/, — u’ in X*, this gives

lim{u, (), z) = lim/ (ul,(s), z)ds =/ (u'(s), z)ds
0 0

= </ MI(S)dS, Z> = <M(t), Z>’
0

thus, u,(t) — u(t) in V foreach ¢ in [0, T].
Now we set h, (¢) := ¥ (u,(t), u(t)) for t € [0, T]. We proceed to establish that

T
lim sup/ h,(t)dt <0. (16)
0

Lemma 1 implies that, there is a non negative function 6 in L'(10, T]) for which
h,(t) <0(t), foralltin]0,T]. 17

Next, using Fatou’s lemma, we have

T T
lim sup/ h,(t)dt < / lim sup A, (¢)dt. (18)
0 0

Suppose on the contrary that 3¢y € [0, T'] such thatlim sup %, (fy) > 0. Then, we have
lim A, (o) > O for a subsequence %, . Using [H;] and [H4], we prove that {u,, (o)}
remains bounded in V. Hence, 3 u,,, , such that u, (ty) — n for some n in V. Further,
utilizing the concept of evolution triple (see [51]) we may have u,, (¢) = Ol u, (s)ds
for any n in N, where u,, defined from [0, T'] to V* is absolutely continuous. For
every v in V which further is a subset of H, we have

(U, (), v) = </ u, (s)ds, v> = / (u;(s), v)ds.
0 0

As L(u,) — L(u), that is, u,, — u’ in X*, we get
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lim{u, (), v) = lim/ (u;(s), v)ds = f <u/(s), v)ds
0 0

:<f I,t/(S)dS, U>: (u(t)’v>
0

Thus, u,(t) — u(t) for every t in [0, T], it follows that n = u(#y). As A(ty) is B-
PMO, we get

lim sup vy, (n, (f0), v) < ¥, (u(tp), v), foreveryvin V.

Specifically, for v = u,,, we getlim sup &, (fp) < 0, which results in a contradiction.
Hence,
limsuph,(t) <0, forallzin[O,T], (19)

and relation (18) implies (16). Thus, from both (18) and the fact that
lim inf ¥ (u,, u) > 0, we have

T T
lim Wy (u,, u) = lim/ Ve (un (1), u(t))dt = lim/ h,(t)dt = 0.
0 0

Now setting z(¢) = max{z(¢), 0} and z~ (t) = z+(¢) — z(¢), we get

limsup [ |, (t)|dr = limsup [} k(1) + h; (t)dt
= limsup [, 2k} (t) — h,(t)d1
= 2lim sup fOT hif(t)dr.
Again (17) implies that 0 < k(1) < 6(¢) for all 7 in [0, T'] and from (19) we have,
lim &} (r) = 0 for all ¢ in [0, T]. Thus, we have lim fOT R (r)dr = 0, as per the
dominated convergence theorem and hence, lim sup fOT |h,(t)|dt = 0, thatis, h,, —
0in L'(J0, T[). Hence, 3 a subsequence {A,,} and Q C [0, T] with meas(Q) =0
satisfying h,, (1) — O forevery ¢t in [0, T]\ Q. Let#, € [0, T]\ Q, then h,, (t) =

Y, (U, (t0), u(tp)) — 0, and as before using [H;] and [H4] we prove that {u,, ()}
becomes bounded and u,, (tp) — u(ty). Since A(ty) is B-PMO, it follows that

lim sup vy, (i, (10). 2) < ¥, (u(t0). =), forall z € V.

As a consequence, for an arbitrary v in X, we have

T T
Wi, v) = / (o), vt = f lim sup v (n, (1), v(1))dt.
0

0

From Lemma 1, we may use Fatou’s lemma to have
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T
(i, v) > lim sup/ Yy (U, (1), v(t))dt.
0

Hence, ¥ (u, v) > lim sup W, (u,, v) and the result follows. |

Lemma 5 Assume [H,], [H3] and [H4] hold. If A(t) : V — V* is T-OQMO for all
tin [0, T, then V is T-QMB with reference to D(L).

Proof We have to show that W (u, v) = fOT Y, (u(t), v(t))dt is T-QMB with refer-
ence to D(L). Now consider, {u, },en in D(L) satisfying u,, — u € X and L(u,) —
L(u) € X*. We have from the proof of Lemma 4 that u,, () — u(¢) in V for all ¢ in
[0, T']. Further, from Lemma 1, we have, 3 a non negative function 0 € LY([0,T)

for which
Y (u, (1), u(t)) <0(t), foralltel0,T].

Thus, using Fatou’s lemma, we get

lim sup/O‘T Y (U (2), u(t))dt < /OT lim sup ¥, (u, (¢), u(t))dt. (20)
Suppose 3 1y € [0, T'] for which
lim sup vy, (u, (to), u(ty)) > 0.
Thus, for a subsequence {u,, } we obtain
lim vy, (uy, (20), u(to)) > 0. 21

We obtain from [H;] and [Hy4] that {u,, (f)} is bounded in V. Thus, for a further
subsequence u,, (o) — u(tp) € V. As A(ty) T-QMO, we get

hm lnf ‘(//l(] (ul’lk (t0)7 M(IO)) S O’
which contradicts (21). Thus, lim sup ¥, (u,,(¢), u(¢)) < 0 for all ¢ in [0, T]. There-
fore, from (20) we get that
T
lim sup/ Ve (uy, (2), u(t))dt <O0.
0
Hence, lim inf ¥ (u,,, v) = lim inf fOT Y (uy,(t), u(t))dt < 0 and the proof is com-
plete. O

By applying Theorem 2 and using Lemmas 2, 3 and 4, one has the following
result.
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Theorem 4 [55] Suppose the previous assumptions [Hi]-[H4] hold and that
A(): V. — V*is B-PMO for each t € [0, T]. Then, (15) has at least one solu-
tion.

As a consequence, one has the following result on the solvability of the nonlinear
evolution equation (13).

Theorem 5 [55] Suppose that [H,]-[H4] are satisfied and the operator A(t) from
V to V*is B-PMO forallt in [0, T]. Then for f in X*, 3 a solution u to the problem
(13), satisfyingu € C([0,T]; HYN X andu’ € X*.

Proof This may be obtained as an immediate corollary of Theorem 4, as D(L) is
dense in X and ‘W is continuously embedded in C ([0, T']; H) (see [52]). O

For the situation, where A(#) is T-QMO for each 7 in [0, T'], the following result
gives an approximated solution of the nonlinear evolution equation (13). It is obtained
by applying [55, Theorem 2.2] and using Lemma 5.

Theorem 6 [55] Let the assumptions [H, ], [H3] and [Hy] hold and A(t) : V — V*
be T-OMO and demicontinuous foreacht € [0, T). Thenfor f € X*ande > 0, there
exists u, € C([0, T1; H) such that u, € X* and

u, (t) + AW (ue) (1) + eJ (ue (1)) = f() forae t €[0,T], u.(0)=—u.(T).

By relaxing the assumptions in the previous theorem, one has the following result.

Theorem 7 [55] Let the assumptions [H, ], [H3] and [Hy] hold and A(t) : V — V*
be T-OMO and weakly continuous for eacht € [0, T]. Then for f € X*, there exists
u € C([0, T]; H) such that u' € X* and

u'(t) + ADu(t) = f() forae t€[0,T], u(0)=—u(T).

By applying Theorem 3, one has the following existence result.

Theorem 8 [55] Let the operator A(t) from V to V* be B-PMO for each t in [0, T]
and satisfy the conditions [H, |-[Hy4]. Suppose G(t) from V to V* is T-QMO, weakly
continuous for each t in [0, T and satisfies [H,], [H3]. Furthermore, assume that
the following condition holds

[Hs] (G(u, u) > —k2||u||€', — (), forallueV, tel0,T]
with some ky > 0 and oy € L'(0, T). Then, the evolution equation

@)+ AWu@) + G@u@) = f(t), forae te€][0,T],
u(0) = —u(T),

admit a solution u € D(L) for any given f € X*.
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Remark 5 Consider the two linear operators L; : D(L;) C X — X*, i =1,2
defined by

Liw)=u', D)= {ueX:u eX*andu(0) =0},
Ly(w)=u', D(Ly) ={ueX:u' eX*andu(0) =u(T))}.

From [51, Proposition 32.10], L; and L, are maximal monotone operators. It follows,
from a characterization of linear maximal monotone operators due to Brézis (see [51,
Theorem 32.L]), that D(L;) is dense in X and L; is graph closed, i = 1, 2. Therefore,
the approach developed in this section may be used for studying the existence of
solutions of the nonlinear evolution problem (1) with zero-initial condition as well
the periodic problem.

4 Results on Solvability for Nonlinear Implicit Evolution
Equations

In this section, we assume V' to be areal Hilbert space with V* topological dual, where

$:V — V*is a positive linear operator, which is both bounded and symmetric,

A(t) 1 V — V*isatime-dependent operator of nonlinear type,and f : [0, T] — V*

is a functional operator. We consider the implicit Cauchy problem as follows

{ %(Bu(t)) + A)(u@)) = f(t), ae. t €(0,7T), 22)
B(u(0)) = B(uo).

We always assume the existence of a real Hilbert space H for which V. C H C
V*, the embeddings being continuous and dense. Thus we get an evolution triple
V. .C H C V* (see [51, Chapter 13]). The inner product in H and the norm in a
Banach space U are denoted by the symbols (-, -) and || - ||y respectively. The symbol
(-, -)u corresponds to the duality pairing between U and U*. Let p, g, and T be
constants such that 7 >0, p>2and 1/p+ 1/g =1. Let X = L?(0,T; V) and
X*=L10,T; V*).

Let 7 be the canonical isomorphism from V to V*. Now using the assumptions
on B, we may find that (¢7 4+ B) : V — V* will be an isomorphism, where ¢ >
0 is given. The symmetricity of 8 leads us to state the inner product on V* as:
(u,v) == (u, (7 + B)~'v)y for all u, v € V*. Now V* with this inner product is
denoted by W := (V*, (-, -)w) where (u, v)w := (u, v). It is obvious that W is a
Hilbert space where the norm is given by || - ||w. It may be observed that the two
norms on V* are equivalent, that is,

1T +B) "I 2 vllw < llvllve < 1T + B ?lvllw, forallve V*.
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Let Z =L?(0,T; W). Now W being a Hilbert space, identifying W with its dual,
we have Z* = L1(0, T; W). For ¢ > 0, consider the auxiliary equation as follows:

{ (6T +Byu()) + AW W) = f(1), ae. 1€ 0.7, (23)

u(0) = ug.
Define A.(t) : W — W* as
A () (v) = A@)((eT + B)’l(v) + up), forallv e W.

By considering v(¢) = (7 + B)(u(t)) — (€7 + B)(up), that is v(0) = 0, (23) can
be rewritten in the following manner,

{ v(t) + A (@) = f(1), ae. t€(0,T), (24)

v(0) =0.

Define L(v) = v and D(L) = {v € Z/:\v/ € Z*, v(0) = 0}, here v’ denotes the gen-
eralized derivative of v. Let us define ‘A, related to A, as

A () (1) = A (v(1)), 1 €0, T,

which may be regarded as the related Nemytskij operator generated by the operator-
valued functiont — A, (). Using the operator L, we may write the auxiliary problem
(24) as the following

Findv € D(L) suchthat L(v)+ :?\lg(v) = f. 25)

The approach developed in this section consists first to analyze the solvability
of the auxiliary problem (25) using a mixed equilibrium problem (in brief, (MEP))
formulation:

Find & € K satistfying ® (4, v) + V. (u,v) >0, forallv e K,

where K is a closed convex set and ®, ¥, : K x K — R are two bifunctions. In
a second stage, based on the results established for the auxiliary problem (25) we
present some results on the solvability of (22).

4.1 Solvability for the Auxiliary Evolution Problem

We present some results on the solvability of the auxiliary problem (25) by using an
equilibrium problem approach.

We denote the pairing between Z = L?(0,T; W) and Z* = L9(0, T; W) by
((-,)). Let W ={v € Z:v € Z*}. The generalized derivative Lv = v’ restricted



28 O. Chadli et al.

to the subset D(L)={veZ:v e€Z*andv(0) =0} ={v e W :v(0) =0}
denotes a linear mapping L :D(L) C Z — Z* given as ((Lv,z))=
fOT(v’(t), z(¢))w dt for all v, z € Z. One may note here that W is a real reflexive
Banach space which is separable with the norm |v|y = |v]lz + |||l 2+, the
embedding ‘W C C([0, T]; W) is continuous and D(L) C W is a linear subspace.
D(L) equipped with the graph norm |[v||, = ||v||z + ||v'||z+ is a reflexive Banach
space. L : D(L) C Z — Z* is a maximal monotone operator which is densely
defined, and closed. The map J : Z* — Z is called as the duality map, that is, for
eachve Z*, J(v) ={z€ Z: ((z,v) = ||z||22 = ||lv]|2.}. It may be assumed that J
is a single-valued mapping which is monotone and demicontinuous, [13, Theorem
1.2], using the Asplund’s renorming theorem [56, Theorem 1.105].
Next, we assume the following.

[A;] BeL(V,V*), (Bu,u)y >0 for every u € V and B is symmetric. Here
L(V, V*) is the set of all bounded linear mappings from V to V*;

[Ay] | A@ully- < kol ||u||v_l + ap(t) ] for all u € V and r € [0, T] with some
positive constant kg and g € L1(]0, T[);

[A3;] Fort €[0,T]and w € V, the mapping u +— (A(¢)u, w — u) is upper semi-
continuous on conv(/N) for each finite subset N of V, here conv(N) denotes
the convex hull of N;

[A4] The function t — (A(t)u, w)y is measurable on [0,T] for all u, w € V;

[As] (A@u,u)y > k[ ||u||€ —ay(t)] forall u € V and r € [0, T] with some
constant k; > 0 and some function o; € L' ([0, T]).

Our purpose in this section is to investigate the solvability of the auxiliary problem
(25) using the equilibrium problem formulation, given below:

Find v € D(L) such that ® (v, v) + VY. (v,v) >0, forallv € D(L), (26)
where ® and W, are defined for v, z € D(L) by
®(v,z) = ({(L(v),z—v)) and Y. (v, z) = O, (v,2) + E(v, 2),

with ©,(v, z) = (A, (v), z — v)) and E(v, z) = ((f, v — z)). The bifunction O,
can be written as the following: ®,(v, z) = fOT ¥ (v(t), z(t))dt where V; is the
bifunction defined for x, y € W by ¥/ (x, y) = (A ()(x), y — x)w. Note that from
[A4], the function ¢ — ¥/ (x, y) is measurable on [0, T'].

From Definition 3, the concept of pseudomonotonicity in the sense of Brézis for a
bifunctions ® : D(L) x D(L) — R, where D(L) is endowed with the graph norm
lvllL = llvllz + ||v']l 2+, is traduced as: If for {v, },en in D(L) such that v, — v €
Z, L(v,) — L(v) in Z* and lim inf ® (v,, v) > 0, we have that lim sup ®(v,, z) <
W (v, z) forallz € D(L). Similarly, one can define the (S, ) condition and the T-QMB
notion with respect to D(L) for a bifunction.
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One has the following existence result for the mixed equilibrium problem (26). It
is obtained by application of Theorem 2, see [57, Theorem 4.1] for the details of the
proof.

Theorem 9 [57] Let [A|]-[As] be satisfied and A(t) : V — V* is B-PMO for all
t € [0, T). Then, for each ¢ > 0O the problem (26) has at least one solution.

One has the following result for the solvability of the auxiliary evolution problem
(25).

Theorem 10 [57] If the conditions [Ai]-[As] are satisfied and the operator
A(t): V. — V*is B-PMO for each t € [0, T]. Then for f € X* and ¢ > 0, 3 v,
of the auxiliary problem (25), such that v, € C([0, T]; W) N Z and v, € Z*.

Proof The result follows directly from Theorem 9, as D(L) is dense in Z and ‘W is
continuously embedded in C ([0, T]; W). O

Now, when A(z) is T-QMO for each ¢ € [0, T'], one has the approximated result
on the existence of solutions of the auxiliary problem (25) as follows.

Theorem 11 [57] Let [A1], [A2], [A4] and [As] be satisfied. Furthermore, suppose
that A(t) : V — V* is T-OMO and demicontinuous for every t € [0, T]. Then, we
have, for f € X*, ¢ >0, 1> 0,3v e C(0,T]; W) suchas v’ € Z* and

v + A (v) + A (V) = f with v(0) = 0.

Proof The proof is obtained by using a Tikhonov regularization procedure of the
mixed equilibrium problem (26) and by application of [55, Theorem 2.2]; see [57,
Theorem 4.4] for the details of the proof. [

By relaxing the assumptions of Theorem 11, we deduce the existence result as
mentioned below for the auxiliary problem (25) when A(r) is T-QMO for each
te[0,T].

Theorem 12 [57] Assume that [A1], [A2], [A4] and [As] hold. Moreover, suppose
that A(t) : V — V* is weakly continuous and T-QMO for each t € [0, T). Then for
feX*ande >0,3v e C(0,T]; W) suchasv' € Z* and

V(1) + A = f with v(0) = 0.

The next theorem gives the solvability condition for the auxiliary evolution
problem (25) when A(r) = M(t) + N (1) with M(7) : V — V* is B- PMO and
N@):V —>V* 1s T-QMO. The definitions of the operators M and N follow
the same way as Ae.

Theorem 13 [57] Assume that M(t) : V — V*is B-PMO forallt € [0, T and ful-
fils the conditions [A;]-[As], and that N(t) : V — V* is T-OMO and satisfies weak
continuity for each t € [0, T], satisfies the conditions [A,], [A4] and the condition



30 O. Chadli et al.
[Ag] (N (u), u) > —k2||u||€ —op(t), forallueV, tel0,T]
with some ky > 0 and o € L' (0, T). Then, the auxiliary problem
v+ M.(v) + N.(v) = f 27)

has a solution v € D(L) for any f € X*.

Proof The result is obtained by applying Theorem 3 with

P(,z) =((L(w),z—v)), YW,2) = ((Nev,z—v)) and E(v,z) = Ei(v,2) +
B2 (v, 2), .

where (v, z2) = ((M.v, z —v)) and E,(v, 2) = ({f, v — 2)). O

4.2 Solvability Criteria for Implicit Nonlinear Evolution
Equations

This subsection presents some results on the solvability for the nonlinear implicit
evolution equation (22) using the existence results derived for the auxiliary problem
(25).

Theorem 14 [57] Given f in X* and uo in V, assume that [A,]-[As] hold and
A(t) : V. — V*is B-PMO foreacht € [0, T]. Then there exists at least one solution
u € X to (22), such that B(u) € L?(0, T; V*), (B(u)) € L1(0, T; V*).

Proof By Theorem 10, we deduce that there exists a solution v, in D(L) for the
auxiliary problem (25) for any & > 0. This shows that 3 u, € X with u, € X* and

{ (T + B)u. (1)) + A@)(u:(1)) = f(1), ae. t €(0,T), 28)
ue(0) = uo.
We write Eq. (28) as
eT (UL (1)) + B, (1)) + A®)(u: (1)) = f(t), ae. t € (0,T). (29)
Multiplying (29) by u, we get
ST e (), ue D)y + 3 (Blue (D), ue () v 30)

HAW@) e (1)), us(D)y = (f (@), us(1))y ae. t € (0, 7).

Integrating the inequality (30) on (0, T'), we obtain from [As] and Holder inequality
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T
Nue(DINZ = §luoll? + 5(Bue(T)), ue(T))v — (Blug), uo)y + klfo llus (0115 dt

T 1/q T 1/p
5(/0 IIf(t)IIq*dt> (/0 uuea)nédr) kel o.p-

By Young’s inequality, we obtain
luely < C, €2y

where C is/g constant depending on || f || x=, |[#ollv.
Define A : X — X* related to A by

Aw) (1) = A (u(t), €0, T].

B)\/ the assumption [A;] and (31) we have {u.} is a bounded sequence in X and
{A(u.)} is a bounded sequence in X*. Thus, for {u.}, we obtain

U, — u in X
Aw,) — 6 in X*
Bu,) — Bu) in X*
(T + Bu,) — (Bw)) in X*.

(32)

In view of (32), to complete the proof on existence, we need only to derive that
6 = A(u). Hence, we proceed by scalar multiplying relation (28) by # — u, and
integrating on (0, 7'), we have

(Awe), u —ue))x = ({(fru —ue))x + {[(eT + B)(u: —w)]', ue — u)) x+
([T + Bul', ue — u))x.
(33)
Now, let us consider the bifunction ¥, (u, v) := ((?l(u), v—u))x. As A(t) is B-
PMO, it may be shown by repeating the similar process utilized in the proof of
Lemma 4 that ¥; is B-PMO. Using (33) and the fact that u, — u in X (relation
(32)), we obtain

lim inf Wy (ue, u) > liminf[5 ||u.(T) — u(|3+
5(Bue(T) — u(T)), ue(T) — u(T))v] (34
> 0.
Since ¥, is B-PMO, it follows that
lim sup Wy (1., v) < Wi(u,v), forallv e X. 35)
By using relations (34) and (35), we easily get

{A@W), v —u))x > ({8, v —u))y, forallve X,
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Hence, 6 = ?l(u). O

In the case where the nonlinear implicit evolution equation (22) is driven by an
operator A(t) which is T-QMO for all ¢ € [0, T'], one has the following existence
result.

Theorem 15 [57] Let f € X* and ug € V be given. Let the assumptions [A;],
[As], [A4] and [As] hold. Furthermore, suppose that A(t) : V — V*is T-OMO and
weakly continuous for each t € [0, T]. Then (22) has at least one solution u € X
satisfying B(u) € LP(0, T; V*), (Bu) € L1(0, T; V*).

Proof By Theorem 12, it is obvious that for any ¢ > 0 3 v, € D(L) solution of the
auxiliary problem (25). It follows that 3 u, € X with u, € X* and
(T + Bus (1)) + AN (us (1)) = f(1), ae. 1€ (0,7),

(36)
us(0) = uyp.

Repeating the similar process as in the above theorem we get {u.} and {ﬁl(ug)} as
bounded in X and X* respectively. Thus, for {u,}, it follows

U —u inX
Aus) — 0 in X*
Bu,) — Bu) in X*
(T + Byue) — (Bu) in X*.

(37

To complete the proof, it is now to be proved that 6 = ?l(u). Now considering
[H,] and utilizing the dominated convergence theorem, we have, A satisfies weak
continuity. Thus, u, — u implies that 6 = A(u). O

We conclude with the existence result as follows, for the implicit nonlinear evolu-
tion equation (22) when A(t) = M(t) + N(t), where both M(¢) and N (¢) defined
from V to V* are B-PMO and T-QMO respectively.

Theorem 16 [57] Let f € X*, ug € V be given and the condition [A, ] hold. Assume
that M(t) : V. — V* is B-PMO for all t € [0, T] and satisfies the conditions [A; ]-
[As], and that N(t) : V — V*is T-QMO, weakly continuous for all t € [0, T] and
satisfies the conditions [A,], [A4]. Moreover, assume that

[A6] (N@)(u), u) = —kallully, — ax(t), forallueV, t€[0,T]
where ky > 0 and ar € L' (0, T). Then there exists at least u € X such that

Bu) € LP(0,T; V*), (Bu) € L1(0,T; V*) and

{ LBw®))) + MO (@) + N@) (@) = f), ae te,T),
B(u(0)) = B(uo).
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Proof Using Theorem 13, we obtain that for any ¢ > 0 3 v, € D(L) satisfying
v, + M (ve) + Ns(vs) = f. This leads to the fact that there exists u, in X with
u, € X* and
{ (T + Bue (1)) + M) (e (1)) + N(t)(u: (1)) = f(1), ae. t €(0,7T),
u.(0) = uy.
(38)
Following the same way as Theorem 14, it can be proved that {u.} is bounded in
X, and {M(u.)} and {N(ug)} are bounded in X*. Thus, for a subsequence, {u.}, we
obtain
U, —u inX
M(@,) — 6 in X*
N(ug) — 7 in X* (39)
B(u,) — Bu) in X*
(T +B)(ue)) — (Bw))" in X*.

Weak continuity of N implies that, 7 = N (u). Next we have to show that 6 = /’V\((u).
For this purpose, we proceed while multiplying relation (38) and integrating on (0,T).
Thus we have

(Mo, u = ue)hx + (N (o), u — ) x = ((f, 1 —u)) x+
([T +B) (e —w)' ue —u))x + ([T +B) @), ue —u))x.
— _ (40)
Now consider @ (u, v) = ((M(ug), u — ug))x and ®,(u, v) = (M(ug), u — ug))x
on X x X. Note that both ®; and ®, are B-PMO and T-QMO respectively. Now the
relation (40) implies,

lim inf[® (ue, u) + Po(ue, u)] > liminf[5[lu.(T) — u(T)ll%,+

5(B(T) — u(T)), us(T) —u(T))y] (41)
> 0.

Hence,
lim inf & (u,, u) + lim sup @, (u,, u) > 0. 42)

As @, is T-QMO, it is deduced from Remark 2(iv) that lim sup @, (u,, u) < 0. There-
fore, from (42), we conclude that liminf ®(u,, u) > 0. Since ®; is B-PMO, we
obtain that

lim sup @ (4., v) < ®;(u,v), forallv e X,

which leads us to obtain that & = M(u). O
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Sufficient Conditions Concerning )
the Unified Class of Starlike and Convex | @i
Functions

Lateef Ahmad Wani and A. Swaminathan

Abstract Let A, be the family of analytic functions f(§) =& + Zjozn L ajEl
defined in the open unit disk . We use differential subordinations to establish suf-
ficient conditions involving third-order differential inequalities for f € A, to be in
the unified class of starlike and convex functions

51'6) + B 6) ) ; a}
BEF &) + (=PI ®) ’

S*Cu(e, B) := {f eA, R (

where o € [0, 1) and B € [0, 1]. As applications, we construct certain members of
S*C, (a, B) involving triple-integrals and also derive conditions for the Pascu class
of functions. Apart from obtaining new results, some of the already known results
concerning starlikeness of f € A, are obtained as special cases.

Keywords Starlikeness + Convexity * Differential subordination * Pascu class

1 Introduction

Let H denotes the set of all analytic functions defined in D := {& : || < 1}. Let
¢ € Cand n € N. Define

Hi()={feH: fE)=c+ ) at), a;eC

j=n

and
o0

Ap={feH:fE) =&+ Y aEl ajeC

Jj=n+1

L. A. Wani (X)) - A. Swaminathan

Department of Mathematics, Indian Institute of Technology Roorkee, Roorkee 247667,
Uttarakhand, India

e-mail: lateef17304 @gmail.com

© The Author(s), under exclusive license to Springer Nature Singapore Pte Ltd. 2021 37

O. Chadli et al. (eds.), Mathematical Analysis and Applications, Springer Proceedings
in Mathematics & Statistics 381, https://doi.org/10.1007/978-981-16-8177-6_3


http://crossmark.crossref.org/dialog/?doi=10.1007/978-981-16-8177-6_3&domain=pdf
mailto:lateef17304@gmail.com
https://doi.org/10.1007/978-981-16-8177-6_3

38 L. A. Wani and A. Swaminathan

Particularly, for n =1 we write A := A;. As usual, let S} («) and C, («) denote,
respectively, the classes of starlike and convex functions of order « € [0, 1), in D.

Analytically,
Sh(a):= {f EA, N (%) > oz}

and

Ef" (&)
Cn(a):z{feﬂ,lzi)“L(l—i— >oy.
S &)
Moreover, S* := S7(0) and C := C;(0) are, respectively, the well-known classes of
starlike and convex functions. For more details, one could refer [4].
ForO <o < 1land 0 < B8 < 1, define the class of functions S*C, («, B) as

Ef1(E) + BEX () ) . a}'

* (o, = n:g‘
S*Cy(a, B) {feﬂ l(ﬂgf’(é‘)-l—(l—ﬁ)f@)

Equivalently, S*C,, (o, B) can also be defined as

. _ o (EFR®)
S*Cu(a, B) = {feﬂn.ﬁ<m) >a},
where
Fa€) = Fplf1©) = &£ @ + (1= pf & =& + Y (1+( = DB)aé’,
j=n+1

By way of explanation, S*C, («, B) is the totality of f € A, for which the operator
Fg (&) is starlike of order «. It is clear that Fg(£) converges in ID as the convex com-
bination of functions analytic in . For n = 1, this class was considered by Altintag
[1]. Since S*C,(«r, 0) = S} () and S*C, (a, 1) = C,(a), the class S*C,(a, B) is a
unification of S} («) and C, («). To be explicit, as B varies from 0 to 1, S*C,(«, B)
provides a transition from the starlike class S} («) to the convex class C, (c).

In univalent function theory, one of the important research areas is to establish con-
ditions that sufficiently ensure the starlikeness (or convexity) of an analytic function.
These include the conditions in terms of the coefficients a, (n € N), for example,
see [10, 14, 19], and the conditions in terms of differential inequalities, see, [3, 5, 6,
8,9, 11, 17, 18]. As, in this paper, we are dealing with the later one, it is imperative
to make mention of the historical background and some recent developments in this
direction. In 1992, Mocanu [9] considered the problem: For & € D, find

sup{p: {feAst|f & =<p}cCS}.
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The author [9] proved that p = 2/3 is sufficient to ensure the starlikeness of f.
Later, some more authors worked in this direction to improve the result, and finally
in 1997, Obradovié [11] settled down this problem completely by proving that the
result is sharp for p = 1. Fournier and Mocanu [5] also determined some sufficient
conditions for starlikeness, and some of their results were extended by Miller and
Mocanu [8] by replacing A with A,,. Kuroki and Owa [6] and Verma et al. [17]
obtained conditions involving differential inequalities that are sufficient to imply the
starlikeness of order «. In 2014, Chandrashekar et al. [3] used the results of Kuroki
and Owa [6] to establish third-order differential inequalities sufficient for starlikeness
of order §. Recently, in 2017, Supramaniam et al. [15] developed second-order and
third-order differential inequalities sufficient for the convexity of f € H.

Motivated by the ideas explored by the aforecited papers, here we determine
sufficient conditions in terms of differential inequalities which ensure that f € A,
is in 8*C,(«, B). Besides obtaining new conditions concerning the convexity of
f € A,, some of the already known results for starlikeness are derived as special
cases. As applications, we construct functions of the form

1 1 1
£ = f / / T, 1., E)dsdrdu,
0 0 0

and establish certain conditions on J (§) inorder that f € S*C, («, 8). Similar results
for a class of starlike functions satisfying a differential inequality have been proved
by the authors in [16].

2 Sufficient Conditions

Definition 1 (Subordination) Let fi, f> € H. Then we say that f is subordinate to
f>, written as f; < f>, if there exists w € H satisfying w(0) = 0 and |w(§)| < 1,
S.t.

fi) = fr(@(@) (& eD).
Furthermore, if f, is univalent, then
i < f2 <= f1(0) = f2(0) and f1(D) C f2(D). (1)

Definition 2 (Differential Subordination [2, 7]) Let A : C2 x D — C be analytic,
and let u € H be univalent. If p € H satisfies

A ), Ep'():6) <u@E) (¢ eD), @)

then g is called a solution of the first-order differential subordination (2). If £ € H
is univalent and g <¢ for all solutions g of (2), then £(§) is said to be a dominant
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of (2). A dominant ¢; satisfying £; < £ for all dominants £ of (2) is called the best
dominant of (2).

Lemma 1 ([7, p. 71]) Let u be convex in D satisfying u(0) = ¢. Let T # 0 and
N(r) = 0. If p € H,(s) and

Eso é)

£ (&) + < u(§),

then

£ (&) < L&) <u(),

where

3
o) = / u (™.

%—r/n
Moreover, £(€) is convex and is the best dominant.

Lemma 2 ([7,p.383]) Letn € Nand let t be real witht € [0, n). Let £(§) € H,,(0)

with £'(0) # 0 and
§L°(§) T

E9'(6) —tp (§) < nkl/(§) — TL(E),

If o € H,(0) satisfies

then © (&) < £(€) and the result is best possible.

Theorem 1 Letra € [0,1), B € [0, 1], and é € [0, n). If f € A, satisfies

(I-a)n—=38)m+1)
n+1—«

IBE*f"(&) + (1 4+ B =8N ES"(E) =8 (f' &) —1)| < ,
3)
then f € S8*C,(a, B). The result is best possible.

Proof In terms of subordination, the differential inequality (3) can be rewritten as

11— -6 1
BE ) + (1B — 1€ —3(' &) — 1) < LU ZDUED
n+1l—-«a @

On taking

&) =BES"E + U —-BU+8) fE)—A—-p+ 5)%

=8+ mB+ 1)(n—8a,.£"
F A+ DB+ (41— 8)apt" + - - € Hy(—0),
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the expression (4) takes the form

1— ) 1
) +Ep/(E) < —5 4 LR D,y ©)
n+1—«o

The function £(§) is convex, as R (1 + &'6”(5)/6’(5)) =1>0, and £(0) = —
Therefore, Lemma 1 is applicable to (5) with t = 1. Hence, we have

S - - 1
o) < %/ (_3 n (I-a)mn—=38)n+ 1)t> T
ngn» Jo

n+l—a«a
_ (I—-a)@n—9)
__6+—n+1—a .
Or, equivalently
1— )
BEF'E) + (1 — 1L +8) f'&) — (1 - py(1 +5) L2 5 L=0@ =)
& n+1—-«
(6)
so that
148 —
BEF'(E) + (1 — B +8) £©) — (1 - py(1 +5 L8| L 2UEIZ0 )
& n+1—-«
Next, if we set
F
#o(§) = ﬂf) —1=pf (§)+(1—ﬂ)%—1
=M+2—Bap1" + (n+3— Playt" + - € H,(0)
and
—a
) = ————=.
then from the subordination (6), a computation yields
1— )
Enhe — o) < S0 epe) — e,
n+l—a«a

Since £ € H,(0), £'(0) # 0, and R (1 4+ £€7(§)/€'(§)) = 1 > §/n, it follows from
Lemma 2 that

Fg(§) <14 l -«

P0(E) < L(E), : P

3

This further gives
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'Fﬁ(f‘E)‘ - n_ -
3 n+1—«o
In view of (7) and (8), we have
EF(E)
F,;’@) —(1+8)‘ - Fﬂ(f;)‘ y EFL(E) —(1+6)‘
n+l—a«a £ Fp(£)
F
= Fg@)—<1+8>$‘
= |BEF"E) + (1= B+ B8) f1(€) — (1 — B +5)%
n(l+6—a)
= n+l—a
That is
EF(E)

— (1446 14+6—c.
Faey PO =lto-a

On using the fact that |w| < r implies —r < R(w) < r, the above inequality gives us
that R (EF’; &)/ Fp (5)) > «, and hence f € 8*C,(«, B). This completes the proof.
For sharpness of the above result, we supply the following example.

Example 1 For« € [0, 1) and 8 € [0, 1], consider the function

=on o

nrl—wwprns - =L ®

Clearly, f,, € A, and
|BEZf(€) + (14 B —NES(E) — 8(f,(5) — 1)

= |(Bnn— 1) + (1 +B(1—8)n—10) x

- n+ DA —-a)(n—9)
n+1—ow) )

(n+ DA —a)u
m+1—-a)@mB+1)

En

That is f, satisfies the condition of Theorem 1, hence f,, € S*C,(c, B) for every u
satisfying || = 1. Indeed, for & € D,
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Im Im

@@ pB=0 b)B=13 ©p=1

Fig. 1 Boundary curves of fi(§) = & + £2/2(B+ 1), & € D, as B varies from 0 to 1

o <§F,§[fu]($)> _ g [ L)+ BESIE)
T\ FLAIE) ) T\ BESLE) + (1= B) fu(®)
_%( £+ (1 + np) e ledi gl )
E+ B+ 1)+ - B) Gra &t
1— (n+1)(1—a)
(n+1—a)

1—«
- (n+1—a)

InFig. 1, we show the transition of a starlike domain into a convex one as § varies from
0to 1. We have taken the function f € S*C, (e, B)as fi(§) = E +E2/2(B+ 1) (£ €
D), which is obtained by takinge =0 andn = 1 = p in (9).

On giving particular values to «, 8, 8, and n in Theorem 1, a number of previous,
as well as new, results are obtained. Allowing 8 = 0 in Theorem 1, we obtain the
following starlikeness condition established by Kuroki and Owa [6].

Corollary 1 Let @ € [0, 1) and 6 € [0, n). If f € A, satisfies

(n+ DU -—)(n -9
<

67" =8 (f'®) —1)] P

El

then f is starlike of order a.

The following result established by Miller and Mocanu [8] is attained for § = o = 0
in Theorem 1.

Corollary 2 Let f € A, satisfies

|Ef" (&) —8(f'E)— D] <n—38, §e[0,n).

Then f € S* and the result is best possible for f(£) =& + &' /(n + 1).
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If we set B8 =1 in Theorem 1, we arrive at the following sufficient condition for
convexity of order «.

Corollary 3 Leta € [0, 1) and § € [0, n). If f € A, satisfies

n+ DA —-a)(n—9)
<

|E2F" (&) + 2 = )ES"(E) —8(f'() — D)
n+1l—«o

then f is convex of order a. The result is best possible.
Further, if we take n = 3, § = 2 and @ = 0 in Corollary 3, we obtain

Corollary 4 Let f € Aj satisfies
2@ —2(f' & —-1)| < 1.
Then f is convex and the result is best possible for f(£) = & + £*/16.

Theorem 2 Leta €[0,1), B €[0,1], andv € [1,n+ 1). If f € A, satisfies

F
|BE2f"(E) + (1 + PES"(E) — v(v —1) (ﬁ - 1)‘

§
- n+1—-v)1 —oc)(n+v), (10)
n+1—«

then f € 8*C,(a, B). The result is sharp for f, (&) given by (9).

Proof Inequality (10) in subordination form can be expressed as

F
BEXF(E) + (1 + BIES"(E) — v(v — 1) (ﬁ - 1)

§
l—a)n+v)((n+1-—v)
< é’
n+1—«a

which takes the form

(I—a)n+v)(n+1 —v)é

vp(€) +€p'¢) < —v(v — 1) + P —

k]

for

(&) = BEF"(E) + (1 — pu) f1(€) — (1 — ﬁ)v%
=l-v+@m+1-v)nB+ a,..1&"

+(n+2 =)+ DB+ Nayt"™ +- - € H,(1 —v).

A simple verification shows that g satisfies the constraints of Lemma 1 and hence,
we have
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§ I-—a)n+v)n+1—v)\ .,
# (&) <n§;/0 (—v(v—1)+ T ti—g z)zn dt
1-— 1—
= w-n4 ! :ir(”lta Ve (11)

The subordination (11) can be further rewritten as

l-a)yn+1-v)

Epo(E) — (v — Dgo(§) < nl—a £, (12)
where

F

20(€) = @ —1
= (11 + 2 - IB)anHEn + (I’l + 3- ﬁ)an+2én+1 +---€ (}{11(0)
If we take
(-
e

satisfying

¢ e H,(0), €(0)#0, and 3{(1+%) o2t

then, after simplification, the subordination (12) takes the form
Epp(&) — (v — Dgo(§) < n&l'(E) — (v — 1)LE).
Applying Lemma 2 yields gp(§)<£€(§) i.e.,

Fﬂ_@)_1< (-

£ n+1-— ag'
This further implies
F 1-—
y®|_ (- n 13
& n+l—a n+l-«a
Also, from (11), we obtain
p @) < 20— (14)
<
N n+1—a«

Making use of (13) and (14), we have
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n EFg(&) _v‘ - ‘Fﬁ(g)HéFg,(é) _U‘
n+1—o| Fg&) & Fg(&)
o2
= [p(5)]
n(v—a)
n+1—o
Or,
§Fp®) —v|l<v—u«
Fg(&) '
This further implies it (g Fj(&)/Fy (5)) > a, and hence f € S*Cn(a, f). 0

Taking § =0 and v(v — 1) =3, v € [1,n + 1) in Theorem 2, we obtain the fol-
lowing result established by Verma et al. [17].

Corollary 5 Let® € [0,n+ 1) and a € [0, 1). If f € A, satisfies

’

f(&) 1)‘ (1—a)(n*+n—1)
— - <

‘Ef(é)—ﬂ<§ P

then f € S*().

In Corollary 5, if we fix n = 1 and o« = 0, we obtain Theorem 4 of Fournier and
Mocanu [5], and if we fix % = o = 0 and n = 1, we obtain the following result first
introduced by Obradovié [11].

Corollary 6 Let f € A satisfies |Ef"(&)| < 1 inD. Then f € S* and the result is
sharp.

Now letting 8 = 1in Theorem 2, we have the following result regarding the convexity
of order «.

Corollary 7 Leta € [0,1) andv € [1,n + 1). If f € A, satisfies

n+1—v)1—a)n+v)
< ,

2 o ” ’
€27 &) +261"E) — v = D (£/&) — 1) P R

then f (&) is convex of order a. The result is sharp for

Gl

FO =8+ m s

ol =1
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3 Applications

In this section, we use Theorems 1 and 2 to construct functions involving triple inte-
grals, and obtain conditions which are sufficient to ensure that these functions are in
the class S*C, («, B). Consequently, the earlier known results regarding starlikeness
are obtained by setting 8 = 0.

Theorem 3 Lera € [0, 1), § € [0, n), and let I € H satisfies

(n+DHd —-a)(n—39)

T = T

5)

Then the function

1 o
£+ ET f/ T (stu€)s"t" 1w F dsdedu,  for0 < B <1
fé = 4
£+ &ntl // J(st&)s"t" 1 dsdr, forB=0
0
(16)
belongs to the class S*C,(«, B). Furthermore, if equality holds in (15), then the
function (16) is

(—on

ntl—wmprns oM=L

which indeed is in the class S*C,(a, B) (see Example 1).

Proof Let us suppose that f € A, satisfies the third-order differential inequality

BEX S (&) + (1+ B =) Ef"(E) = 8(f' &) — 1) =" T (&). (17)
In view of (15), it is clear that

1I—a)n—-—58mn+1)
n+1l—a«a

[BEXf"(6) + (1 + (L = 8)ES"E) = 8(f'E) = D] <

and hence, from Theorem 1, we conclude that the solution of (17) belongs to
S*C,(a, B). Thus, in order to establish the desired result, it is sufficient to verify
that the solution of (17) is the function defined in (16). For

P& = BEFE) + (1= BA+8)) (&) — (1 - P +8)%’

the Eq. (17) takes the form

EQ'(E)+ (&) =8§"T®).
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This, on solving, gives

3
Ep(E) = /O " T (@)de,

or
1
$(&) = £ /0 T(sE)s"ds. (18)
Taking
V&) = BFE) + (1 — ﬁ)% Y

the Eq. (18) can be simplified to

1
EYE) — SY(E) = & /0 T(s)s"ds.

The solution v of the above differential equation is given by

1
yE) =¢§" // T (st&)s"t" ' Tdsdt.
0
This gives

1
Bf' &)+ (1 - ﬁ)% =1+¢&" // J(st€)s"t" " dsdr. (19)
0

Case 1 If B = 0, then (19) yields

1
FE) =&+ / T(st6)s" " dsdr.
0

Case 21f 0 < B < 1, then (19) is a first-order differential equation with

%-n+1

f = / / T (stu€)s"t"" 1w dsdrdu.

as its solution. Moreover, if equality holds in (15), then

n+ DA —-a)(n—19)

JE =

for some v € C with || = 1. Substituting this in (16) and integrating, we obtain the
function f,(§). ([l
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Remark 1 Setting 8 = 0 in Theorem 3, we obtain Theorem 2.6 of Kuroki and Owa
[6].

Remark 2 The case, B = o =0 in Theorem 3, was considered by Miller and
Mocanu [8, Theorem 2.1].

On taking B = 1 in Theorem 3, we obtain:

Corollary 8 Let0 <a < 1and0 <38 < n. If J(&) € H satisfies

(1—a)(n—8)(n +1)
TE)] <

then

1
fE) =&+ f / / T (stu&)t" ' (su)"dsdtdu
0

is convex of order «.

Further, if weletoe = Oandé = n — 1 in Corollary 8, then the following important
result is established.

Corollary 9 If T (&) € H satisfies | T (§)| < 1, then the function

1
fE) =&4&"H! / / J (stu€)(su)*dsdtdu
0

is convex in .
The following theorem is an application of Theorem 2.

Theorem 4 Letv € [1,n+ 1) and o € [0, 1). Also, let T € H satisfies

1-— 1-—
R R 0)

Then, for B € (0, 1],

$n+1

f(&) =

/ / T (stus)s" ' dsdidu

is a member of the family S*C, («, B). Furthermore, the function

1
f@)=§+@“/m\ﬂﬁ®ﬂ””ﬂ”wm
0

is a member of S* ().
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Proof Consider f € A, that satisfies

Fp(©)

BE* (&) + (1 + BES"(E) —v(v — 1) ( :

- 1) =£"'J®). @D

In the light of (20), it is clear that

F
BE (&) + (14 BEF'(E) — v(v —1)( 26 1)'

§
- m+1—-—v)—-—a)n+v)
n+1—-« '

Therefore, it follows from Theorem 2 that the solution of (21) must lie in S*C, («, B).
‘We now proceed to solve (21). Let us take

(&) = BES(E) + (1 — pu) f/E) — (1 — By %

so that (21) becomes

—1
oE) + ggo(@ — g - 2 : ).

This on further simplification gives
E"p@E) ="""'TE) — v = DE",
or |
0@ =" [ Teerds - -1,
0

The above equation is equivalent to

1
BEF'(€) + (1 — v)f'(E) — (1 — By %“ —h=¢ /0 T(sE)s" " ds,

which, after simple calculations, can be rewritten as

’ 1
s(—Fﬂf) —1) v 1><F""f) 1) =& f J(se)s" s @22)
0

Solving (22), we obtain

1
Fﬁf) =1+ // T(st8)s" " dsdr. (23)
0
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Case 1. If B = 0, then (23) gives

1
FE) =&+ / [ gt asan,

and this function is starlike of order «.
Case I1. If B € (0, 1], then the solution of (23) is

En+1

f(&) =

/ / T (stus)s" = T dsdidu.

and this is a member of S*C, («, B). O

Again, Theorem 4 has many consequences, some have been already proved and
some are completely new. For example, taking 8 = 0 gives us Theorem 4.1 of Verma
etal. [17] and B = 1 gives us results regarding convexity that are not available in the
literature.

4 Pascu Class

In this section, we find the differential inequalities sufficient to imply that a function
is in the Pascu class M(a, 8) of B-convex functions of order «. For details and other
related results about this class of functions, we refer to [12, 13].

Definition 3 Let« € [0, 1), 8 € [0, 1], and f € A. Then f is said to belong to the
Pascu class M(a, B) if

o [ P5 EF®) + 1 —BESFE)
> o
BEF'(E) + (1 —B)f (&)

Clearly, M(a, 0) = §*(«) and M(«, 1) = C(). Thus, like S*C(e, B), this class
also gives a smooth passage between the classes of starlike and convex functions of
order «. Observe that f € M(«, B) if

BEF(E)+(A—B)f(E) e S (@), Bel0,1].
For B8 € (0, 1], this condition can be further written as
feMap) it pE (671 ®) €S @,

We now use Corollaries 1 and 5 to prove our results. Note that for f € ‘A, we denote
this class by M, («, 8)
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Theorem 5 Let « € [0, 1), B € (0, 1] and 8§ € [0, n). Further, for f € A,, let
1
g(§) = €77 f(§) satisfies

| 2 i 1 1 i
£7rg" (&) + (4 —5— E) £7rg )+ (2 E) (1 - E) £'7rg'E) + 8‘
- n+1DA—-a)(n—19)

Bn+1-29)
Then f belongs to the Pascu class M, («, B).
Proof Replacing f(£) by
_l 1 ¢
pe i (8717®)
in Corollary 1, and doing some calculations yields the desired result. (|

Theorem 6 Leta € [0,1), B € (0, 1] and p € [0, n + 1). Further, for f € A,, let
l_ .
g(&) = €77 f (&) satisfies

3-1 2 2-1 3 1
£ g (§)+(4—E)E 7))+ 22+

R RRLORAGREGRE) ‘

I -a)[n(n+1)—pul
Bn+1—a)

Then f € M, («, B).

Proof The result is obtained on replacing f(§) by ﬂéz_% (5%_1 f (5)) in
Corollary 5. (]
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Abstract Inspired by the construction of Kondratiev test functions in infinite dimen-
sional analysis, this paper constructs a nuclear space of entire test functions of min-
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1 Introduction

In the 1970s, the theory of generalized functionals of infinitely many variables with
a dual pairing between spaces of test and generalized functions generated by Gaus-
sian measures was introduced independently by Yu. G. Kondratiev in [1] and series
of papers [2-7]; and by T. Hida in [9—11]. On the other hand, at the same time in
[12, 13], Yu. M. Berezansky and coauthors have developed a more general theory
of generalized functionals of infinitely many variables with the pairing generated
by non-Gaussian measures. The underlying principle for this kind of analysis is the
construction of suitable Gelfand triples of test and generalized functions (see e.g., [1,
7, 11, 14]). As stated in [15], the fundamental approach is to embed polynomials into
a countably Hilbert space, depending on the specific choice of these Hilbert spaces
one thus obtains the spaces of Hida or the Kondratiev test functions. The latter extend
the polynomials to a topological space of entire functions [7]. The explicit form of
Kondratiev spaces of test functions in infinite dimensional analysis is given in [16],
as a Hilbert space of formal power series. From the norm used to construct the Kon-
dratiev spaces, the parametrized Kondratiev spaces of test functions can be defined
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analogously. Specifically, when the norm is parametrized with (n!)!*#, g € [0, 1]
instead of (n!)? in the definition of the Kondratiev spaces, or by analogy with [17],
more general spaces of test functions can be obtained. But the consequence of gener-
alizing deteriorates the properties of the mentioned spaces and of the corresponding
dual spaces in comparison with the case of the non parametrized spaces. Studies on
this area may involve a characterization of the spaces considered in terms of analytic
and growth properties of the corresponding S-transforms, which is established in [8].
Kondratiev test and generalized functions of one complex variable were studied in
[18]. The one dimensional Kondratiev space of test functions is studied in [15] with
norm given by the sum

o0
D lanl’e’ (n!)* < oo, p € N, (1)
n=0

This paper constructs the one dimensional parametrized Kondratiev spaces of
test functions. More precisely, we use (n!)!*# and g € [0, 1], instead of (n!)? in the
definition of the norm in (1) to define a countable system of nondecreasing Hilbertian
norms and construct a countable family of Hilbert spaces {#,} ,>¢ of entire functions
such that their intersection & = (1) H,, is a space of entire functions of minimal type,

>0
endowed with the projective limli)t topology. To this end, in Sect.2, we shall collect
necessary concepts regarding properties of entire functions. Please see [19-21] on
the notion of countably Hilbert spaces. Section 3 is dedicated to the construction of
parametrized Kondratiev test functions space.

2 Preliminaries

In this section, we recall some facts and notations on order of growth and type of the
entire functions that are essential in this paper (see e.g., [22, 23]).

Theorem 1 [22] Let f(z) = ZZ’;O a,z" be an entire function of order
p = inf{K : Iln‘ax | f(2)] < exp(rK)},
z|=r
where < means “for sufficiently large argument.” Then

. ninn
p = limsup

_ 2
n—oo In(1/|a,|) @

Moreover, if f(z) is an entire function of order of growth p and type
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. as
T = 1nf{A : Iln‘ax [f(@)] < exp(Ar")}
z|l=r

then :
T = —lim sup(nw"/|an|/)). 3)

pP€ n—oo

Lemma 1 [23]If the asymptotic inequality
max| f (2)] < exp(Ar”)
z|l=r

is fulfilled, then
as eAp »
la,| < <—> . “4)

n

Furthermore, if the asymptotic inequality (4) is fulfilled, then

max | £ (2)| L exp((A 4 €)rP), Ve > 0.
Z|l=r

3 Main Results and Proofs

In this section, we first consider an inner product space of entire functions that
contains polynomials and the space of polynomials forms its dense subset. Moreover,
its completion with respect to increasing sequence of norms produces a chain of
Hilbert spaces such that their intersection is a nuclear space of entire test functions
of minimal type.

Definition 1 For 0 < 8 < 1 and p € Ny. We define a linear space of power series
[o¢] o0

F = {f(z) = a,7" 1Y la, e’ (n)'VF < oo}_ (5)
n=0 n=0

Lemma 2 The space ¥ given in (5) is a complete inner product space of entire
functions with inner product defined by

() F xF — C defined by (f,8), 5 = Zanb_ne””(n!)”ﬂ (6)
n=0

o0 o0
where f(z) = a,7", a, € Cand g(z) = Y_ buz™, by € C.

n=0 m=0
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00 _ 00
Proof First, we show that (f, ), = Y. aibie? (1) < co. Let f(z) = Y. a,z"
=0 n=0

o0
and g(z) = Y_ b,,2" are in F. Then corresponding to 0 < € < 1, there exist nat-

m=0
o0
ural numbers Ny, N, such that | Y |a,|?e”"(n)'*| < § for all n > Ny and
n=N;+1

o0
‘ > |am|2e"”(m!)1+/3’ < 5 foralln > N,. Now, choose N = max{N;, N,} such
m=N,+1
that for all / > N, we get

‘ i a,B,el”(l!)Hﬁ( 5) Z a |2eP’(z')1+ﬂH Z b 2e? (1) < €.

I=N+1 [=N+1 I=N+1

Also, (f, f)p.p is positive-definite, since |a,|*e”" (n!)!*# > 0 for all n € Ny. More-

over, by definition of f, we have |a,,| , forall n > Nj. By the Stirling

€

- ( 1)1+ﬂ pn’

formula, lim |a,|"" = 0. Thus it can be verified that # is an inner product space
n—00

of entire functions. To this end, we show that ¥ is complete. For 0 < 8 < 1 and
p € Ny, define

o0
lx = yllpp = [ D 1xj — yilPe? (GO
j=0

where x = (x]) and y = (y]) € F.Let (™) bea Cauchy sequence in 7,
where f® = { fl(”), o) Then there exists N € N such that forallm,n > N,

LF = Pl < e

Thus for any j € N, we get

el (NP < €,

(m) (n)
£ - 1

2 s N | ) e |2
PIGY < 3| -
j=0

which implies that all m,n > N,

(m) (n)
S =i

sequence ( /i N )) Ois Cauchy. Since Cis complete, forall j € N, there exists f; € C
such that "

< €. That is for any j € N, the

lim f(”) fi-

n—0o0

Next, define f = {fi, f», ...} and show that f € ¥ and £ converges to f. Fix
k € N, so that for all m, n > N, we have
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k

(m) (n)
S| -
j=0

2 .
PGNP <2 (D)

2 i = m n
IGH < A = f
j=0
Letting n — oo in Eq. (7), we get
k 2
Z ‘fj(m) _ f]‘ el (j!)l+/f3 < 62 (8)
j=0
forall m > N. Now, as k — oo we obtainall m > N,
- (m) 2 i 148 2
Sl =l ergntr < e ©
j=0

Thus we have shown that f™ — f € ¥. Moreover, using Minkowski’s inequality,

1 1

X, 2 o0 , 2
S PTG = (X[ sy ] er gyt

j=0 j=0
1 1

& 2 . 2 & 2 . 2
< (Sl s i) (L[ et
j=0 j=0

Hence, f € 7. Again letting k — oo in Eq. (8), we obtain
o0 ) ‘
1 = Fllps = | 1" = £i] e Gy < &
j=0
Hence, f™ converges to f. O

The inner product given in Eq. (6) defines a Hilbertian norm on ¥ . In what follows,
we introduce a countable system of nondecreasing Hilbertian norms ... < ||-|| B =
-1l 41,6 < Il j+2, - - - with parameter p =0, 1,2, ... and 0 < 8 < 1 correspond-
ing to countable family of Hilbert spaces.

Definition2 For0 < g <land p =0, 1,2, ..., we define Hilbert spaces

HE = {f(z) = Zanz”

n=0

o0
2 2 1
11125 = D lanPer ()" < oo,
n=0

Since [I-ll, 5 < Il 11,6 for all p € N, we have H:, | € H} forall p € No.

Lemma 3 The monomials
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(P) =+ 2L on ;
el’(z)=e2 (n)=27" with n=0,1,2,... (10)

are an orthonormal basis in ‘Hﬁ. Moreover, the set {e,(/’ ) () :ne No} is total in

HY.
ProofLetfe?{’s,p=0,1,2,... and 0 < B8 < 1. If n = m, we have
() = [ = .

Suppose n # m then with

|0, ifi #n
D=V e w2, ifi=n
and
0, ifj #m
b]-: —pm 48 L. .
: e mh)=, ifj=m
we have

oo oo &)
(€. ey = | > aid > bz | =3 arbre™ (k)
i=0 j=0

k=0

Since n # m, a;b, = 0, for all k > 0. Hence (e,(f’), eﬁ,{’)) = 0 if n # m. Moreover,

the completeness of H ,f is sufficient to conclude that {e,(lp ) (z) : ne NO} is total in

‘Hff, that is, span {e\’ (z) : n € Ng} = 715. O

The above result implies that for0 < 8 <1, H ,‘f is separable Hilbert space for
any p=20,1,2,....

Lemma 4 The Hilbert spaces form a chain of dense continuous embedded spaces
B B
S CHy CHECH, ...

Proof Clearly, we can define the identity map from H’ ’s 4 to 7(5 as the inclusion
map. Next, let N, (0, €) be a neighborhood of zero in 7—(;? defined by

Ny, €)= {g e HY : lgllpp < €}

andleti, ,_1: HY — 7—(,‘?_1 be the inclusion map. Then
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iy iNp10,€) = {g € HY 1ipp1(8) = g € Npoi (0, €))
={geH :lglp-1p<é)

and

Ny(0,€) Ciyl [Nb_(0.€) ={g € HE : lIgllp-1.p <€)

Hence, i, ,-1 is continuous. Finally, let f e?—(ﬁ _1» and let € > 0. Since

there exists g € span {e(P 1)(z) . n € Ny} for
,; Dk l+ﬁ k

(k)=

span{ef’ P (z): n e No} =H p 1

which ||f —gll,—1,p < €. Note that for any &, e(" V(z) =

k
ezekp)(z) so that for some n and constants ag, a;, az, ..., a,, g = Zakefe,({p)(z).
k=0

n
Moreover, ||g||f,qﬂ = kZO|ak|2e" < o0o. Thus g € 7{5, and hence 7{,’? is dense in
; =
?{P*I
Lemma 5 For p > q, the corresponding norms of the Hilbert spaces 7—(,[;'7 and 7—(,;9
are compatible.

Proof Clearly, from Lemma 4, the embedding 7'(5 - 7‘((,’3 for p > g is injective and

since the inclusion map from H ,‘? onto 7—[5 is continuous, the corresponding norms
are compatible.

Proposition 1 Forp=23,... and 0 < < 1. The functions { in HE are of at

most 5 order of growth and type T < (l+ﬁ) U48) o 15

Proof Let f € H ,’f . Then take O < € < 1. Thus, by the Stirling formula we obtain

€

lan|® 7 (1

1+
( /27T nn+1/267n) epn

for sufficiently large n. Now using (11) to get

21n|a,| flne—(l—i—ﬂ)ln@—(l—}-ﬁ)(n—i—%)lnn—(p—(l+,3))n

<—{0+pB)nlnn forsome0 <€ < 1.
It follows from (2) that f has order of growth at most 1. Now, for p > 1, we have
the bound
el/(+Bn

p/n
| T (W27 nn+l/26—n)l/nep/(1+ﬂ)

|an

Thus using (3)
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| el/+B)n
T < (;ﬁ) lim supn
¢ n—oo ( /27-[)1/11 ne1/2minne—1,p/(1+8)
_ B,
This means that f is of order at most ﬁ and type no more than @e% for
that corresponding order. (]

Definition 3 Define the space &°

&= prlﬁimﬂf = ﬂ‘H’S,

p=0

called the projective limit of the spaces ‘H,'?.

In the projective limit topology a neighborhood basis for the linear space &° is
given by

Upe={fe& :lflps <€}, pPeN, e>0. (12)

Lemma 6 The set U, . given in (12) is convex, balanced and absorbing local base
of EP.

Proof Leth e tUp+ (1 — 1)U, and0 <t < 1, thenthereexists f, g € U,  such
thath =¢f + (1 —t)g. Thus, for all ¢ € [0, 1],

Wl p = lltf + (1= 0gll, 5 < Nef 1,5+ 11— Dgll, 5 < €.

Next, let A be a scalar such that [A| < 1 and f € U, .. Then

A fll,p = 1l <D fll,p <e.

Lastly, let f € &° and || fllp,ﬂ < se for some s > 0. Then

s~ £l o=s"1fl,p <e

This means that s~' f € U, .. Thus f € sU,, .. Hence, the assertion follows. (]

Moreover, the space E° is a locally convex topological linear space. For more
detail on such topological linear spaces see [19-21], and for a related construction
see Chap. 3 and Appendix AS of [11].

Theorem 2 The space EP is countably Hilbert and Fréchet space.

Proof From the compatibility of the above norms, EF is countably Hilbert and com-
plete. Now, the topology in & generated by the metric defined by
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o) ii 1f = gllpp
ST+ =gl

which is identical with the original topology generated by the neighborhood basis
given in Eq. (12). Thus, & is a metrizable space. Since, EF is locally convex, it
follows that it is a Fréchet space. (I

Theorem 3 The linear space EP is a nuclear space.

Proof 1t suffices to show that for all p € Ny the embedding
inp i HE — H 1’;’

is of Hilbert-Schmidt type for some r € Ny. Let p € Ny then for some ¢ € N, define
the embedding by the inclusion map

: P
Lptq.p - Mlpqg = 7{5
Now,

ipra. e 0@ = Y (iprg.peld V@), e () e (2)

m

— 6—4"/265117) (2).

Thus

. 2 —
lipsq.pll = e <oo.
n

O
2
Theorem 4 The space &P = projlim HE = N 7’[5 is the space &\ of entire func-
p—>00 [720
tions of order at most p = — and minimal type.

148

Proof Let f(2) € 7—(5. Then f(z) € 'H,’f for all p. By Proposition 1, for each p,
r=0
there exists ro(p) > 0 such that the asymptotic inequality holds

1 —p
max | /()] < exp ( P o 1oy

|z

forall |z| > ro(p). Givene > 0, choose p such that #e% < €. Then the following
asymptotic inequality holds,

max| £ )] < exp (¢lz| ™7 )
z|=r
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oo

for all |z| > ro(p). Conversely, consider now f(z) = > a,z", an entire function of
n=0

order growth at most p = ﬁ and minimal type. Let p > 0. The first part of Lemma

1 implies that for any A > 0

n(1+p)

la, | as < 2eA ) 2
a,| < | ———
n(l 4+ B)

Hence, using Stirling’s formula

as 2€A (d+pmn
e () *Pa, > < &P (n"e "N 2mn)' TP (”(1—4',3)>

and
L n
112 = e ) Pla, P < > @rn) 7 (eP24)' Py

n

Choose A for which e”(2A4)'*# < 1. Hence f € (Hpﬂ. O

The reader may find it interesting to explore the dual spaces of the family of
Hilbert spaces {'7-(5 }p>0, which can be easily deduced from the above construction.
Also, the inductive limit of the dual spaces is straightforward to obtain.
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Extremal Mild Solutions of Hilfer )
Fractional Impulsive Systems glectie

Divya Raghavan and N. Sukavanam

Abstract The well-established monotone iterative technique that is used to study
the existence and uniqueness of fractional impulsive system is extended to Hilfer
fractional order in this paper. The results are derived by using the method of upper
and lower solution and Gronwall inequality. Also, conditions on non-compactness
of measure are used effectively to prove the main result.

Keywords Upper and lower solutions - Hilfer fractional derivative -
Non-compactness measure

1 Literature Motivation

Over the years, the urge of finding the extremals of a function evolved in many
problems, especially in, geometry, history and mechanics. Du and Lakshmikantham
[5] investigated the initial value problem given as,

x'=g(t,x); x(0) =xg

in the Banach space E with norm || - ||, where x, x, g € E and developed a monotone
iterative technique to find the existence of the extremal solutions. Ladde et al. [12]
rendered a substantial theory of monotone method using upper and lower solutions
for nonlinear equations in their monograph. The basic discussion in this monograph
focused on the first-and second-order partial differential equation. The authors of this
monograph constructed two monotone sequences on the basis of quasi-monotone
property. Further they claim that the converging limits x and x of the two sequences
are same for the parabolic system and left an open problem regarding elliptic systems.
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Nieto and Cabada [19] studied in detail the existence of extremal solution of periodic
boundary value second-order system with boundary conditions,

—x" =gt x); x(0) =x(2n); x'(0) = x'2n).

Here the authors utilized monotone iterative procedures without the usual required
boundary conditions «’(0) > o’(27), B/(0) < B'(27), where « and 8 are lower and
upper solutions. For both initial value problem and boundary value problem, the
impulsive system finds itself a significant role in the past as well as in the present.
Almost in all physical problems, the movement of the state of the system is dis-
continuous. Hence, widening the idea of monotone iterative technique to impulsive
system was unavoidable. Liz and Nieto [15] extended this approach to impulsive peri-
odic boundary value second-order system. The authors had put forward a maximum
principle exclusively for impulsive functions.

Due to the advantage over integer order in many practical problems, fractional
calculus is more appreciated in the past few decades. Basic theory related to fractional
calculus and its applications are available in the literature in numerous research
articles, books, and monographs. For interested readers, [21] by Podlubny, [11] by
Kilbas et al. and [22] by Stamova and Stamov for impulsive systems can be referred.
Due to the fact that the systems with fractional order is inevitable, the study of
existence and uniqueness of extremals of differential system using monotone iterative
method for fractional system is vital. Lakshmikantham and Vatsala [13] enhanced
the monotone iterative theory to fractional order initial value problem given by

D¥(x —x(0)) = f(t,x); x(0) = xo,

where 0 < u < 1, f € C[Ry, R]. Here, Ry = (#,x) : 0 <t <« and |x — xo| < B.
Here o and B are lower and upper solutions. Subsequently, many researchers focused
their interest in finding the extremals using upper and lower solution method along
with monotone iterative technique for both initial value and boundary value problem
of fractional order differential equations. McRae [16] discussed the existence result
using fractional monotone iterative method exclusively for differential system with
Riemann-Liouville fractional order. Several authors including Denton and Vatsala
[4] on finite fractional system, Liu et al. [14] on fractional integral systems with
advanced arguments and Wang [27] on boundary value fractional system with devi-
ating arguments studied the existence and uniqueness using this method. Recently
Agarwal et al. [1] analyzed various cases of upper and lower solutions with initial
time differences and discussed the different algorithms for distinct cases, some cases
using Mittag-Leffler functions and some cases using mathematical software. The
work of Mu cannot be excluded. His solitary work [17] and the work along with Li
[18] on monotone iterative technique for impulsive fractional system given by

D¥x(t) + Ax(t) = g(t,x(2)), te J, t 1,
Ax't:tk = Jk(x(tk)), k = ]’ 27 coon,
x(0) = xo,
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using non-compactness measure and generalized Gronwall inequality is noteworthy.
Here D“ is the Caputo fractional derivative of order 0 < @ < 1, —A an infinitesimal
generator of an analytic semigroup 7'(¢),¢ > O and g and J; are continuous functions.
Zhang and Liang [29] employed monotone iterative technique in the presence of
coupled lower and upper L-quasi solution and Sadovskii’s fixed point theorem.

In this regard, Gou and Li [8] investigated the existence of extremal solution with
the aid of lower and upper solution method for Hilfer fractional differential system.
Driven by the fact that the monotone technique has not reached the impulsive Hilfer
fractional differential system, this paper is projected to bridge the void. Therefore,
in this paper an impulsive system with Hilfer fractional derivative is considered as

follows:
WD X(0) + Ax(t) = g(t,x(1), t€J, t # 1

AIIE]_A)x(tk) =d(x(x), k=1,2,...1 (1)
Itf)l;k)[x(t)]mo = X0.

Here, D)y"" denotes the Hilfer fractional derivative of order 0 < u < 1, type 0 <
v<1and A =pu+v—puv. —A is the infinitesimal generator of an analytic-
semigroup of uniformly bounded linear operators Q(¢)(t > 0) on a Banach space
E, and for M > 1, SUP;¢[0.00) |Q()] < M. If the impulse effect occurs at t = #,
for (k=1,2,...,1), then ¢ : E — E is the mapping of the solution before the
impulse effect, x(7,), to after the impulse effect, x(t,f ). It determines the size
of the jump at time #;. In other words, the impulsive moments meet the relation
AL x (@) = 174x (65 — 174x (1), where I'7*x(67) and '™ x (¢,7) denotes the
k k k k

right and the left limit of I, *x(¢) att = g withO =19 <t;... <ty <t =T.In
the given impulsive system, let / = [0, T]and J' = J\{t, 2, t3, ..., t;},for T > 0
and g is a continuous nonlinear operator such thatg : / x £ — E.

The rest of the paper is framed as follows: Sect.2 gives a revisit to definitions
on fractional calculus and certain necessary basic theorems. Section 3 includes the
proof of the main theorem and few other results related to the existence of extremal
solutions and Sect.4 gives the conclusion of the paper.

2 Essential Notions

This section covers the basic results, definitions, and theorems that are essential
throughout this paper.

Definition 1 [5] In an ordered Banach space E, let N be a proper subset of E. Then
Nisgidtobe_aconeiffornzo, nNCN,N+NCN,NN(—N)={0} and
N = N where N denotes the closure of N.

Definition 2 [5] A cone N is said to be normal if there exists a real number D > 0
such that for 0 < y < zimplies || - || < D||z||. Here D is independent of y and z.
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For detailed definition and explanation regarding positive cone of an ordered Banach
space the reader may refer to [5]. Let the space of all continuous functions from J to
E be denoted by C(J, E), where E is an ordered Banach space with partial order <,
norm || - || and whose positive cone N = {x € E : x(t) > 0} is normal with normal
constant D, where 6 is the zero element of E. C(J, E) is also an ordered Banach space
withnorm stated as || x||¢ = max ||x(¢)||. Apparently, PC (J, E) is an ordered Banach
Space along with the norm ||x| pc = sup,.; [[x(#)||. Also, PC;_, is an ordered
Banach space with partial order <, defined as PC_;(J, E) ={x € PC(J, E) :
(t — )17 x(¢) € PC(J, E)} with norm [|x| pc = sup,; [|(t — t)' ™ x(¢)|| whose
positive cone Npc, , = {x € PC,_,(J, E) : x > 6} is normal with the same nor-
mal constant D. From the defined system (1), x(¢) is continuous in each J;, where
Je =, trp ], fork=1,2, ..., I withty =0and 4y =T.

The fractional integral of order x and for an integrable function g is given as [21],

If'g(t) = N )/(t—s)“ lg(s)ds, 0<p<1.

Here I'(-) is the gamma function. Also, the fractional derivative of the two classical
derivatives, Caputo and Riemann-Liouville of order p, respectively is given by [21],
1 t /
DL g(t) = 8G) 120, 0<p<l,
P —p) Jo =9+

and

_ 1 dy\ (" g
O+g(t) - (dt)/o (t—S)Mds’ t>0, O<pu<l.

The Hilfer fractional derivative of order 0 < p < 1 and type 0 < v < 1 of function
g(t) is defined by Hilfer [10],

D//« Ug([)—lv(l //»)Dl(l v)(1—p) (t)

where D := %. The existence of solution for fractional system with Hilfer fractional
derivative which was established by Furati et al. in [6] and Gu and Trujillo in [7]
unlatched the flow of research on differential system with Hilfer fractional derivative.
Riemann-Liouville and Caputo can be regarded as a special case of Hilfer fractional
derivative, respectively as

D {DI‘ “=LD), v=0
o+ I,"D=CD},, v=1.
The parameter A satisfies . = +v —puv, 0 <A < 1.
For y,z € PCy_,(J, E), the interval [y, z] = {x € PC_7(J, E)|y <x <z} is
orderedin PC_,(J, E)fory < zand[y(¢),z(t)] ={w € E |y(t) <w < z(¢), t
J}. Fix CH"(J,E)={x e C(J, E)|D*"x existsand D*"x € C(J, E)}. The
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graph norm or the A-norm of the Banach space denoted by E 4, dom(A) is defined
as [ lla=1"-le+I1AOIE. If any x € PC,,(J, E)NCH(J', E)YNC(J', En)
satisfies all the equalities of (1), then such an abstract function is said to be the
solution of (1).
Definition 3 [8] If zo € PC_,(J, E)NCH*V(J', E)NC(J', E,) satisfies all the
inequalities of

oD z20(t) + Azo(t) > g(t, 20(t), t € J, t # 1
AL P20 (Olimy = G (@), k=1,2,...1

1—A
I P20 =0 = xo

then zj is called the upper solution of the problem (1).

Remark 1 [8] If all the inequalities of Definition 3 are satisfied by yy in the reverse
order, then it is a lower solution of the problem (1).

Definition 4 [18]
An operator family Q(t) : E — E for t > 0 is supposedly positive if, for any
u > N and t > 0, the inequality Q(f)u > 6 holds.

It can be referred [9] that the Kuratowski measure of non-compactness measure
denoted by «(-) is defined on a bounded set. For any ¢ € J and B C C(J, E), define
B(t) = {x(t) : x € B}. If B is bounded in C(J, E), then B is bounded in E. Also,
a(B(1)) < (B).

The following two lemmas are imperative for the proof of the main theorem in
the next section.

Lemmal [9] Let B, = {x,} C C(J, E), (p=1,2,...) be a bounded and count-
able set. Then, a(B,(t)) is Lebesgue integral on J. And

o ([/Xp(f)dl‘lp:l,z,...,}) < Z/Q(Bp(t))dt.
J J

The subsequent lemma is with reference to the generalized Gronwall inequality for
fractional differential equation.

Lemma 2 [28] Suppose b > 0, B > 0 and a(t) is a nonnegative function locally
integrable on 0 <t < T (some T < 400), and suppose x(t) is nonnegative and
locally integrable on 0 <t < T with

x(t) <a@)+ b/ (t — )P 'x(s)ds
0

on this interval; then

‘T DB s
x(l)ia(t)—i-/o [;Tﬂ)u 5) a(s)]ds, 0<:t<T.
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Definition 5 [3] A functionx € PC,_,(J, E) is called the mild solution of system
(1), if for ¢ € J it satisfies the following integral equation

k t

x(t) = S, (8)xo + Zsu,v(f — 1) i (x(4;)) +/ (- S)M_IPM(I —5)g(s, x(s))ds
i=1 0

2)

where,

Sun(®) = I3V P (1), Pu(1) = / HOEL(0)Q(1"0)d6,
0

w,(0) = %Z(—l)”_IG_”“_IW sin(n ), 6 € (0, 00)

n=1

and £,(0) = ﬁQ_l_/lt wy (0_%‘) is a probability density function defined on (0, 00),
that is

§.00) =0 and/ooéﬂ(e)de =1.
0

Remark 2 1. From [6], when v = 0, the solution reduces to the solution of classical
Riemann-Liouville fractional derivative, that is, S, o(t) = P,(¢).

2. Similarly when v = 1, the solution reduces to the solution of classical Caputo
fractional derivative, thatis S, 1) = S,.(?).

Lemma 3 [3] Ifthe analytic semigroup Q(t)(t > 0) is bounded uniformly, then the
operator, P, (t) and S,,,, (t) satisfies the following bounded and continuity conditions.
Suv(t) and P, (t) are linear bounded operators and for any x € E

A—1

T(h)

[Suv(@®xlle < lxlle and || Pu()xlle < lxlle-

[(w)

3 Main Results

To prove the main theorem of this paper, an equivalent system given below is dis-
cussed. The perturbed equivalent system is valid as the constant C > 0.

WD 'x(t) + (A+ChHx(t) = g(t, x(t)) + Cx(t), t€J, t #1;

AL x(n) = ), k=1.2,...1 3)
1P 0)]imo = xo.

Remark 3 1. With reference to [20], for any C > 0, —(A + CI) generates an ana-
lytic semigroup R(¢) = e~ " Q(t) and for t > 0, R(¢) is positive and SUP;¢[0,00)
IR@®)| < M* for M* > 1.
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2. Let S, ,(t) and P} (¢) for ¢ > 0 be two families of operators defined by

S0 = IV TP, PH = /000 HOE, (O)R(1"6)db.

3. The above two operators are positive for (r > 0) and for any x € E,

ke A—1 *

1S, O = e and |P;(1)] < X

Definition 6 A function x € PC|_,(J, E) is said to be a mild solution of the prob-
lem (3) if for any x € PC_,(J, E), the integral equation
x(r) =S} ,(H)xo

k t
F D080 =) + [ 6= P = ) gl ) + Cx(o)]as,
i=1 0

The following theorem guarantees the existence of the extremal mild solution of the
impulsive system (1).

Theorem 1 Let E be an ordered Banach space with the positive cone N. Assume that
Q(t) = 0 and the impulsive system (1) has both lower and upper solution, given by
Yo and z respectively, where vy, zo € PCi—, and yy < zo. By adopting the monotone
iterative procedure and presuming the following conditions, the impulsive system (1)
has the extremal solution between yy and zy.

o [A(1)]:- For x € [yo(t), zo(t)] the function g(t, x) + Cx is increasing in x, pre-
cisely, there exists a constant C > 0 such that

g(t,x2) —g(t, x1) = —C(x2 — x1)

and yo(t) < x1 < xp < zo(t) foranyt € J.
e [A(2)]: For x € [yo(t), zo(t)], the impulsive function is increasing. It implies

dr(x) < r(x2), k=1,2,...,1

o [A(3)]: The sequence {x,} C [yo(t),zo(t)], for t € J is either decreasing or
increasing monotonic sequence, in particular, there exists a constant L > 0 such
that

o(ts.x) < Le(te), p=1,2,.....

Proof As C > 0, the problem (1) can be presented in the form of problem (3). So,
it is sufficient to prove the existence of a unique solution of the problem (3). For a
fixed x, define the operator G : [yo, zo] — PCi-,(J, E) by
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t
Sy v (x0 +/ (t— s)uflP,f(t - s)[g(s, x(s)) + Cx(s)]dS, 1 €[0,1]
0
k
(Gx)(1) = Siv®x0 + ; Syt — )i (x (1))

t

+/ (t — s)“_lP;(t —5) [g(s, x(s)) + Cx(s)]ds,
0

te(ty, tkr1l, k=1,2,...1

“)
The map G(x)(¢) is continuous since g is continuous. By the Definition 5, the fixed
points of the operator G are equivalent to the mild solution of the system given in
(2). It means,

Gx(t) = x(1). (3)

Now it is to be proved that the operator G is an increasing monotonic operator. The
following steps lead to the completion of the proof.
Stepl:- To show G(x;) < G(x,):- The condition A(1), can be presented in the fol-

lowing ways, which can be directly used in the proof. That is V¢ € J',

Yo(t) < x1(t) < x2(t) < 2o(2).
gt, x1(1)) + Cxi(t) < g(t, x2(2)) + Cx2(2). (6)

Considering the case for ¢ € J(;, for ](; = [0, 11]:- As the operators S, ,(r) and P ()
are positive operators, when the mild solutions are compared, using (6), the following
inequality is obtained.

/ =)' Pr — s)[g(s, x1(5)) + Cxl(s)]ds <
0

/ (t —s)*! Pyt — s)[g(s, x2(8)) + sz(s)]ds.
0

In which case, for vVt € J,;,with J,L = (ty, tre1],k = 1,2, ..., applying the condition
A(2) yields

k
SiaOX10) + Y 81,0 = 1)1 (1)
i=l
+ =9 pa -9 g0 + Cn)Jds <
0
k

S0 (Dx2(0) + Z Syt — )i (x2(t;))
i=I

+/ (t—s)"—lP:(t—s)[g(s,xg(s))+Cx2(s)]ds.
0
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Eventually, G(x1) < G(x3).
Step2:- To show yo < G(yo) ; G(20) < 20:-

For the case for which ¢ € J:-
Let D*Vzo(t) + Azo(t) + Czo(t) = &(¢). By the Definition 3 of the upper solu-
tion, the mild solution of the system (1) can be written as

() = 57, (H20(0) + / (t — )" Pt — $)E(s)ds
0
> i@+ [ (=9 B =905, 200 + Canto)|ds
0

From (4), it can be observed that zo(¢) > G(zo).
Fort € J;:-

t
20(t) = 85, (D20(0) + S5, (¢ — 1) (20(11)) + f (t — )" PX(t — $)E(s)ds
0
> S, ,(Oxo+ S, ,(t —1)¢1(z0(t1))
t
+ / t — s)*! Pt — s)[g(s, 20(s)) + CZO(S)]dS~
0
Hence zo(t) > G(z0). Progressing in the same way, for every J,;, yields, in general

z0(t) = G(z0)- In the same manner, it can be proved that yy(¢) < G(yp). Altogether,
it can be deduced that

Yo(t) < G(yo) < G(x) < G(z0) < zo(2).

Whereby the conclusion may be drawn that G : [y, z0] = PCi-;(J, E) is an
increasing monotonic operator. Through the iterative pattern, two sequence {y,}
and {z,,} can be defined as,

Vo =Gp-1); 2p=Gzp-1; p=1,2,.... @)

Eventually, due to the monotonicity property of G, an increasing sequence is derived
as,
Vo<y<»m=<...2<y,<...2z, Z...<22=z71 < 2. 3

Step3:- Convergence of sequences {y,} and {z,}in J -

Let B, = {y,|lp € N} and B,_; = {y,—1|p € N}. The pattern (7) gives the rela-
tion B, = G(B,_1)andas B,_; canbe writtenas B,,_; = B, U {yo} fort € J',itfol-
lows that a(B,_1 (1)) = a(B,(t)). Let ¥ (¢) := a(B,(¢)). By proving that /(1) = 0
on every interval J,é, it means that a(B (%)) =0fork =1,2,...,1, and hence {y,}
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is precompact in E for every ¢t € J. Ultimately, by the definition of precompact,{y,}
has a converging subsequence in E. Thus it is necessary to prove that ¥ (z) = 0.
Fort € J(; for J(; = (0, 1]:-
V(1) = a(By(1) = a(GB,-1(1))

_p <{ /0 (1 =5y Pia = )86, vp1(6) + Copr )]s} p = 1.2, )
By using Lemma 1 gives

v(t) < 2/0[0[ ([(z oy s)[g(s, Vpo1() + Cyp,l(s)]ds} p=1,2,.. )

Applying the presumed conditions along with Lemma 3 results in

vy < 20 t(t — )" [(L+ O)(By-1(5))] ds
r'(w) Jo r
_ * t B .
=T (L + C)/(; (t — )" Y(s)ds.

By Lemma 2, ¥ () =0 on J(;. Since this holds true for all ¢ € J(;, in particular it
holds for t = t;. Hence a(B,(#;)) = a(B,—1(t1)) = ¥ (t;) = 0. Therefore Bp(t)
and B,_;(t;) are precompact and subsequently ¢ (B,_;(t;)) = 0. Now for ¢ € Jl/,
for Jl/ = (t1, b]:-

V(1) = a(By(t) = a(GB,-1(1))
= a({S;,v(f)yp—l(fl) + 85, (1 (yp-1(t1))

] — P —s)[g(s,y,,_l(s)) +Cy,,_1(s)]ds} p=1,2, )

< Mo [aBp_i(t)] + 2M” (L+0C) /l(t — )"y (s)ds
=t T T T 0
ZM* t i
Y() < (L+C)/ (t — )"y (s)ds.
I'(w) 0

ByLemma2(¢) =0onJ ] . Proceeding the same process interval by interval, it can
be proved that v () = 0 on every interval J,;, k=1,2,...1. Thus {y,} is precompact
and eventually for p =1,2,..., {y,} has a converging subsequence and from (8),
it can be observed that {y,} is itself is a converging sequence and hence there exists
x(t) € E such that {y,} — x(t) as p — o0, for every t € J. By the Definition (4)
the operator G and the fact that y, = Gy,_1, it can be written as
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S+ [0 =9 B2 =566+ o)
for ¢ € [0, t,]
OER NGNS Z — )i (yp-1 (1))

/ t =)' P (t—s)[g(s ¥p-1(6)) + Cypei(s) |ds,
for t € (1, ter1], k=1,2,...1

Using Lebesgue dominated convergence theorem, as p — o0
t
St (Oxo + / (t — )" PE(t — s)[g(s, x(s)) + Ci(s)]ds’ te0,4]
0
k
50y = | St @30+ D85, — 1391 (e(6)

[ = p = g2 + Cxto)]as
forot € (t, tyy1], k=1,2,...1

It can be observed thatx € PC;_, and x = Gx. In a similar manner, it can be proved
that 3x € PC;_, such that x = Gx. With the monotonicity property of G, it can be
concluded that yyp < x < X < z¢. This proves that there exists minimal and maximal
solutions x and X respectively in [yg, zo] for the given impulsive system (1).

Remark 4 The above proved theorem holds for the case when the positive cone N
which is normal is replaced with positive cone which is regular. For detailed proof
[18, Corollary 3.3] may be referred.

Corollary 1 In an ordered Banach space E, let N be the positive cone with normal
constant D. Supposing that the operator Q(t) is positive for t € J. If the conditions
A(1) and A(2) are satisfied combined with the following condition, then the condition
A(3) is automatically true.

1. [A(4)]:- There exists a constant C* such that

g(t, x2) — g(t, x1) < C*(x2 — x1)
and yo(t) < x1 < xp < zo(t) foranyt € J.

Proof Let {x,} and {x,} be two increasing sequences such that {x,}, {x,} C [yo(?),
z0(®)], for t € J and p < gq. By the condition A(1) and A(4),

0 = g(t, xq) - g(tr xp) + C(xq _xp) < (C* + C)(xq _xp)~

Using the normality constant of the positive cone N, it reduces to,
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lig(t, xg) — g(t, xp)Il = (DC* + DC + C)lxg — x|l

Let L = (DC* + DC + C). By the definition of measure of non-compactness the
above equation reduces to, « ({g(7, x,)}) < La({x,}). Thus the condition A(3) is
reduced. (]

Now it is necessary to prove the uniqueness of the mild solution that lies in [yo, zo]-

Theorem 2 An impulsive fractional system (1) is said to have an unique mild solu-
tion that lies between [yy, zo], where yo € PC_; and zo € PC,_, are the lower and
upper solution with yy < zo, if the conditions A(1), A(2) and the Corollary I holds.

Proof If X and x are the maximal and the minimal solution of the impulsive system
(1), then to prove the uniqueness, it has to be proved that X = x. Like in the previous
proof, the theorem is proved interval by interval. Let ¢ € J(;. Using (5) for both the
solutions results in,

0

IA

x(t) —x(t) = Gx(t) — Gx(1)
= /0 (t = )" Pt = 9)[ (85, X(1) — g(s, x(1))) + CX(@) — x(1))]ds

< f (t— s)’“lP;(t —)(C* 4+ C)(x(@) — x(t))ds.
0

Using the normality of the positive cone N,

— DM* * ! n=1y+
@) —x@®I < (C*+C) | ¢=9)""Ix@) —x@)llds.
() 0
By Gronwall inequality, [|x(z) — x(z)|| = 0. Which implies x(#) = x(¢). Calculating
in the similar way results in X (¢) = x(¢) for ¢ € J,;, fork=1,2,...,[, that is for
every interval J,;. The uniqueness is thus proved. ]

4 Conclusion

The study of existence of upper and lower solution of impulsive fractional system
with Hilfer fractional derivative is not yet done so far. The objective of this paper
is to study the existence of the mild solutions for an impulsive Hilfer fractional
evolution equation where the operator generates positive analytic semigroup. This
paper is expected to give rise to many open problems. A few problems listed below
for further scope in this direction.

e In practical problems the impulse experienced by the system is not necessarily
always instantaneous. Hence it is much necessary to study the extremal solutions
of such non-instantaneous system also. Sousa et al. [26] and [2] can be referred
for system with non-instantaneous impulses with Hilfer fractional derivative.
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e The existence can be further studied when the operator A generates a Cj-

semigroup.

e The results can be further extended and studied for v-Hilfer operator. For detailed

work on v -Hilfer, the authors may refer to [23-25].
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On Integral Solutions for a Class of )
Mixed Volterra-Fredholm Integro e
Differential Equations with Caputo

Fractional Derivatives

Bandita Roy and Swaroop Nandan Bora

Abstract This work studies the existence of integral solution for a class of neutral
integro-differential equation of mixed type involving Caputo fractional derivative
under the assumption that the associated operator A is not dense. Utilizing semigroup
theory, fractional calculus, Darbo-Sadovskii’s fixed point theorem and measure of
noncompactness, we have established some sufficient conditions which ensure the
existence of integral solutions of our problem.

Keywords Volterra Fredholm integrodifferential equation - Hille Yosida
condition - Integral solution * Fixed point theorem - Measure of noncompactness

1 Introduction

Fractional differential equation has garnered a lot of attention due to its growing num-
ber of applications in various areas of applied sciences and engineering [1, 2]. It is
mainly because of the fact that the differential equations involving fractional deriva-
tives are more realistic for describing many physical phenomena than the classical
derivatives. Fractional differential equation provides

a powerful tool for modeling numerous real life dynamic processes as it can
describe their behavior more accurately. One can find its applications in signal and
image processing, atmospheric diffusion of pollution, transmission of ultrasound
waves, cellular diffusion processes, feedback amplifiers, the effect of speculation on
the profitability of stocks in financial markets, and many more. For more details on
this topic, we refer the reader to [3, 4] and the references therein.
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There are various ways of interpolating the definition of integer order to non-
integer order. Among them, the most widely known are Riemann-Liouville and
Caputo derivatives. There are several works in literature, involving the mild solutions
of various differential equations with fractional derivatives. However, many authors
defined the mild solution of fractional evolution equation by generalizing the mild
solution definition of integer order evolution equations [5, 6], which is not appro-
priate [7]. A suitable concept of mild solution for fractional evolution equations of
order o € (0, 1), is given by Zhou et al. [8, 9], wherein they used Laplace transform
and probability density function M, (¢) (defined only for & € (0, 1)). Subsequently,
many authors have used this approach in their study of fractional evolution equations
of order o € (0, 1). For mild solutions of order & € (1, 2), we refer to [10-12].

The fractional evolution equation

“Di.y(v) = Ay() + f(v, y(v)), vel0,b], @€ (0,1),
y(0) = yo,
has been extensively studied, for the case when A is densely defined. The study of
initial value problems with nondense domain was initiated by Da Prato and Sines-

trari [13]. They introduced the concept of integral solutions of the abstract Cauchy
problem

y'() = Ay() + f(v), v €l0,0],
y(0) = yo.

For more details, the readers are referred to [14—17]. The following fractional semi-
linear equation was considered by Gu et al. in [18]:

“D.y() = Ay(v) + f(u, y(v)), v e (0,b], @€ (0,1),
y(0) = yo.

They studied the existence of integral solutions by using measure of noncompactness.
Motivated by the works carried outin [18] and [19], we consider the following neutral
fractional integro-differential equation of mixed type:

CD3+ [y@) —uu, y(w)] = Aly(v) — u(v, y()] + f(v, y(v), (Hy)(v), (Gy)(v)),
v € [0, b],

y(0) = yo,
(D

where

v b
(Hy)(v) =/ h(v, e, y(¢))de and (G)’)(v)=f g(v, &, y(e)de,
0 0
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witha € (0, 1),J =[0,b],A: D(A) € Y — Y aclosed linear operator on Y, which
is not necessarily densely defined. The state y(.) takes values in a Banach space Y with
norm ||.|ly,u: J x ¥ — Y is a function satisfying some assumptions which will be
specified later. h: AxY > Y, g: JxJxY —>Yand f: I xYxYxY —>Y
are given abstract functions and here A = {(v,¢) € J x J|e < v}.

The rest of this paper is organized as follows: In Sect.2, we recall some defi-
nitions, theorems, and lemmas, which are used throughout our work. The existence
theorems for the integral solution of our problem (1) are stated in Sect. 3.

2 Preliminaries

We use the following notations:

C(J,Y) denote the collection of all continuous functions from J to Y which is a
Banach space with respect to the norm ||y||c = sup,¢; ly(v)lly. B(Y) denotes the
Banach space of all bounded linear operators on ¥ and Qy, the set of all bounded
subsets of Y.

Definition 1 [3] The Caputo derivative of order « is defined as

‘DY fv) = _ U(u —e)" e fWie)de, v >0
0* o 'n—a) Jy ’ ’

where n is the least integer > «.
If f is an abstract function then the above integral is taken in Bochner’s sense.

Definition 2 [20] The Kuratowski measure of noncompactness f is a non-negative
real-valued function defined on 2y by

B(D) = inf{e > 0|D € U/, D; and diam(D;) < e fori=1,...,m},

where D € Qy and diam(D;) = sup{||y1 — y21l : ¥1, y» € D;}.
Theorem 1 [20] B satisfies the following properties:

1. B(D) =0 iff D is compact,
2. D1 C D, = B(D1) = B(D»),
3. B(D1 + D») < B(Dy) + B(Dy).

Theorem 2 [21] Let D € Qy. Then 3 a countable set Dy C D such that

B(D) = 2B(Dy).

Theorem 3 [22]Let D C C(J, Y) be equicontinuous and bounded, then (D (v)) €
C(J, [0, o0)) and
B(D) = max B(D(v)).
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Theorem 4 [23] Let {y,}2, be Bochner integrable functions from J into Y with

lya (W < j() for almost all v € JandV n € N,

where j € L(J, [0, 00)). Then ¢ (v) = ﬂ({yn o0 1) € L(J, [0, 00)) and satisfies

ﬁ({ fuyn(s)de‘n c N}) < 2/U¢(8)de.
0 0

Theorem 5 [24] Let S be a closed, convex, and bounded subset of a Banach space
W.If Q: S — S is a condensing map, which means that B(Q(S)) < B(S). Then Q
has a fixed point in S.

Theorem 6 (Darbo-Sadovskii’s fixed point theorem) [25] If S is a closed, convex,
and bounded subset of a Banach space W and Q: S — S is continuous mapping
and a B-contraction, then Q has atleast one fixed point in S.

Assume that A: D(A) C Y — Y satisfies the Hille-Yosida condition, i.e., 3 P>
0 and a constant w € R such that (w, 4+00) C p(A) and

sup{(x W) |RG: A gy |n e Ny & > w] <P,

where p(A) = {A: Al — A is invertible} is the resolvent set of A, and R(A : A) =
{(MI — A)~': A € p(A)} denotes the resolvent of A.
Let Ag be the part of A in D(A) defined by

D(Ao) = [y € D(A)|Ay e DA},
Then Aj generates a Co-semigroup { P (v)},>0 on D(A). Assume that 3 P > 1 such
that SUP,c10.00) P ()l < P.
Taking cue from [18], we present the following definition and results:

Assuming f to be continuous and yy € D(A), the integral solution of our problem
(1) is defined as follows:

Definition 3 A function y: J — Y is said to be an integral solution of (1) if
yeCW,Y), Igly()—u(v,yw))]e D(A)forv e [0,b],
and

1
()

1 v
+ — / (- fe, (o), (HY)(©), (Gy)(e))de, v € [0,b].
T(@) Jo

y(w) = yo —u0, y(0)) + u(v, y(v)) + A ./0 W —&)* " 'y(e) — ule. y(e)lde
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Note. If y is an integral solution of our problem (1), it can be shown that y(v) —

u(v, y(v)) € D(A) forv € J.
Now, consider the auxiliary problem

CDS+ @) —u(v, y()] = Aoly() — u(v, y)I + f (v, y(v), (Hy)(v), (Gy)(v)),

v € [0, b],
y(0) = yp.
(2)
The integral solution of (2) can be written as
y() = yo — u(0, y(0)) + u(v, y(v)) + Aolpi [y(v) — u(v, y(v))]
+ Iy f (v, y(v), (Hy)(v), (Gy)(v)). 3)

Theorem 7 The integral solution of (3) can be written as

y() = u, y(v)) + So(V)[yo — u(0, y(0)] + / Ky(v—e¢)
0
x f(e,y(e), (Hy)(e), (Gy)(e))de,

where
Se(V) = 17Ky (V), Ko(U) = V"' Py(v), Pyu(v) = / a9 M, (@) P(V*@)dep.
0
Here
| _1
Mo (@) = —¢™ " Yulp™),

V@) = ~ S (=i Tlge 0 EE D G0y € (0, 400).
T2 i!

The probability density function M, (¢) defined on (0, +00) satisfies

oo oo
1
M, () >0, M, (p)dep =1, My(p)dp = ———.
(p) = fo (p)dy /O oM, (p)de rd+a)
Let B, = A(A] — A)~!. Then, since Byy — yas A — +oofory € D(A), there-
fore (4) can be written as

y() = u(v, y()) + Se(V)[yo — u(0, y(0))]

v

+ lim Ko(v—¢)B) f(e,y(e), (Hy)(e), (Gy)(e)de, v e][0,b].

A—00 0
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Theorem 8 [18] For any fixedt > 0, {Ky(V)}y,>0 and {Sy(V)},=0 are linear oper-
ators, and for any y € D(A),

a—1

')

[Ka(U)ylly = Iylly and [|Se()ylly < Pliylly.

Theorem 9 [18] {K,(v)}y~0 and {S,(v)}u=o are strongly continuous, i.e., for any
yeDA)and 0 < v; < v, < b,

[Ka(v2)y — Ko (uD)ylly —> 0 and |Sa(v2)y — Sa(vD)ylly —> 0,

as vy, — V.

Theorem 10 [25] For any fixed v > 0, P, (v) is a linear and bounded operator, and

P _
| Pe(u)ylly < T Iylly foranyy e D(A).
(@)

Theorem 11 [17]Assume that { P (v)},~0 is compact. Then { P (v)},~¢ is continuous
in the uniform operator topology.

3 Ecxistence Results

First, we introduce the following assumptions:
(H1) {P(v)}y>0 is compact.
(H2)(i) for each v € [0, b], f(v,.,.,.): Y XY x Y — Y is continuous; and for
each (y1,y2, ) € Y xY x Y, f(., y1, y2,y3): J — Y is strongly measurable.
(i) 3 a function [ € L*°(J, [0, 00)) such that

Il f (v, y1, y2, y3)lly < 1(v), forall y1, y2, y3 € Y and for v € [0, b].

(iii) 3 a constant @; € (0, @) and a function / € Lﬁ (J, [0, c0)) such that

lf v, y1, y2, )y <L) Ulyilly + lIy2lly + lly3lly),

for all yq, y2, y3 € Y and for v € [0, b].
(iv) there exist [y, I, I3 € C(J, [0, 00)) such that

B(f (v, Dy, Dy, D3)) <11 (v)B(D1) + L(v)B(D2) + I3(v)B(D3)

forany Dy, Dy, D3 € Qy and v € J. Letl = sup,,; |l;(v)],i =1,2,3.
(H3)(i) foreach (v, €) € A,h(v,¢,.): Y — Y iscontinuous; and foreachy € Y,
h(.,.,y): A — Y is strongly measurable.
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(ii) 3 a function my, (v, €) € C(A, [0, 00)) such that
Ih(v, &, My <mu(u, )llylly, for (v,e) €A, yeY

* v
and H* = sup,,; [, mn(v, €)de < oo.
(iii) for any D € Qy, and (v, ¢) € A, Ja functionm: A — [0, co) such that

B(h(v, e, D)) < m(v, e)B(D) “4)

with m* = sup,,., [, m(v, &)de < oo.

(H4)(i) for each (v,¢e) € J x J, g(v,¢,.): Y — Y is continuous; and for each
yeY,g(,. y):J xJ — Y isstrongly measurable.

(ii) 3 a function m4 (v, €) € C(J x J, [0, 00)) such that

”g(U, €, )’)”Y =< mg(Ua 8)||y||Y7 for (Us 8) eJx Ja y € Y

and G* = sup,.; [ my (v, £)de < 0.
(iii) for any D € Qy, and (v, ¢) € J x J,Fafunctionn: J x J — [0, c0) such
that
B(g(v, ¢, D)) < n(v, e)B(D) &)

with n* = sup,,., [’ n(v, &)de < oo.
(H5) for the functionu : J x Y — Y, 3 aconstant L; > 0 such that

lu(ui, y1) —u(ua, y2)lly < Li(Jur — v2| + lly1 — ¥2lly), (6)

for all v, vy € [0, b] and all y,, y, € Y. Further, let Py = sup,,; lu(v, 0)]y.
(H6) for each {P(v)},~¢ is equicontinuous.
Our first result is based on Darbo-Sadovskii’s fixed point theorem.

Theorem 12 Suppose that (HI), (H2)(i), (H2)(ii), (H3)(i), (H3)(ii), (H4)(i), (H4)(ii)
and (H5) are satisfied. Then (1) has an integral solution in C(J, D(A)) provided

L] < 1.
Proof Let B, = {y € C(J, D(A)|llyllc <r} where r = £, & = Py + Pl yolly

+ P[0, y(O))lly + 722551l Define Q: C(J, D(A)) — C(J, D(A)) by

(Qy)(v) = (Q1y) (V) + (Q2y)(v),

where
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(Q1y)(v) = Se(V)[yo — u(0, y(0))] + A131010/0 Ky(v—¢)
x By f(g, y(&), (Hy)(¢), (Gy)(e))de,
(02y)(v) = u(v, y(v)).

Step 1: To show Q: B, — B,.
It follows from the fact that

PP
IO Wlly = Lilylic + Po+ Pllyolly + Pllu©, yO)lly + =——=b*IllllL~ <.
F@+1)

Step 2: To show Q) is completely continuous.
Q, is equicontinuous on B,: Lety € B, and 0 < v; < vy < b, then

1(Q1y)(v2) — (Q1y)(w)lly < L + I,

where

Iy = [ISe(L2)[yo — u(0, y(0)] = S (V) [yo — u(0, y(O)]lly,

vy

L=l lim | Ko (v, —€)B; f (g, y(e), (Hy)(e), (Gy)(e))de

vy

— lim Ko (vi — &) B, f (g, y(e), (Hy)(e), (Gy)(e))delly.
0

For Il,byLemma9wehave Iy > 0as v, > v;. Forvy=0,0< v, <b, we
get I < l"((x)UZ [ll]|p.e —> 0,as v; — 0. And for 0 < v; < v, < b, we have I, <
I + I} + I}, where
PP [V
I = — — )" (e)de,
U= T (v2 —&)*l(e)

L= I(« )/ [(v) —&)* " — (vy — &) i(e)de,
I = F/ (U1 — &) Py(vy — &) — Py(uy — &)l pr)l(e)de.
0
Also,

PP PP
Iik = m”l”Lw(Uz —v)¥ — 0, I; = ﬁa)”l”LW(Uz —vup)¥ — 0 asvy — vy,

Next,
=7 f (W1 — )| Pu(v — £) — Pa(or — &)l sl ()de.
0
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For € > 0 small enough,

I < F/ (v —&)* l(e)de sup ||Py(v2 — &) — Py(ui — &)llpy)
0

e€l0,v; —€]
2 ”l” =1 I3
S — OOE = .
+ T+ 1) L 31 32

From (H1), it follows that /3; — 0 as v, — vy and also I3, — 0 as € — 0. Thus,
1(Q1y)(v2) — (Q1y)(v1)|ly = O0asv, — vy, independentof y € B,, whichimplies
that {Qy|y € B,} is equicontinuous.

Q) is continuous on B, : Let (y,) C B, such that y, — yin B,.

Using (H2)(i), (H3), (H4) and Dominated convergence theorem, it follows that

S (&, yu(e), (Hyn) (), (Gyn)(€)) —> [f(&, y(e), (Hy)(e), (Gy)(e)), asn — o0.
Now for each v € J, using (H2)(ii), we have

W —&)* N f (e, yule), (Hy,)(e), (Gya) () — f(&, y(e), (Hy)(e), (Gy)(e))ly
<2(v—28)*"(e) e L'(J, [0, 0)), fore €[0,v], v e J.

Therefore, by Lebesgue’s dominated convergence theorem, we obtain
/ (W —&)* N f (&, yu(e), (Hya)(€), (Gya)(e))
0
— f(e, y(e), (Hy)(e), (Gy)(e))|lyde —> Oasn — oo.
Therefore, Q; is continuous.

For any v € J, {Q1y(v)|y € B,} is relatively compact in Y: For v =0, itis
obvious. So, fix v € (0, b] then for € € (0, v) and V § > 0, define

(@ V) = g /0 /5 oM (9)(v — &) P(e"p)

X

(30 = w0, y(O)Mdgds +aP(es) tim [ [ "o — eyt
—00 Jo E)
Mu (@) P((v — )% — €%8) B, f (¢, y (), (Hy)(¢), (Gy)(¢))dpde.

X

From the compactness of T (€“§), (€6 > 0), we obtain that {(Qi‘ay)(u)ly € B/}
is relatively compact in Y V € € (0, v) and V § > 0. Moreover, for any y € B,, we
have



90 B. Roy and S. N. Bora

Q1) (V) — (O y) (W) Iy

Pa 8
< r,(l—_a)B(Ol, I —a)[llyolly + llu(O, )’(0))||Y]/0 oM, (p)do + rd—ol@

x [lIyolly + llu(0, y(O)ly] / (w—2e) %" 'de +aPP / ( — &) (e)de
v—e 0
) v e’}
< [ oMuorto+ar? [ w-er e [ oMap.
0 v—€ 0

Therefore,
1(Q1y) (@) = (@) W)ly < Ji+ T+ s + Ja.

Using the inequality fooo oMy (p)de = m, we conclude that J;, J3 and J4 tend to
Oase, § — 0. Also, applying the absolute continuity of Lebesgue integral, J, — Oas
€, 6 — 0.Therefore, {(Qy)(v)|y € B,},v > Oisrelatively compact. Consequently,
{Q1yly € B,} is arelatively compact setin Y.
Step 3: To show Q is continuous on B,.

Proceeding similarly as in Step 2, it can be shown that Q is continuous on B,.
Step 4: To show Q, is a contraction on B, .

For any yi, y» € B,, we have [[(Q2y1)(v) — (Q2y2)W)lly < Lilly1(v) = y2(W)lly-
Thus,

1Q2y1 — Qawallc < Lillyr — »lles

which implies that §(Q»>B,) < L18(B,). Also, OB, is relatively compact in Y

which gives 8(Q1B,) = 0. Therefore, B(QB,) < B(Q1B,) + B(Q2B,) < L18(B,).
As Ly < 1, Q is an B-contraction on B,. Hence, from Theorem 6, it follows that Q
has atleast one fixed point on B,. ([l

Our next result for problem (1) is for the case where the associated Cy-semigroup
is not compact.

Theorem 13 Assume that (H2)(i),(iii),(iv), (H3)(i),(ii),(iii), (H4)(i),(ii),(iii), (HS)
and (H6) hold. Then (1) has an integral solution provided

£ =L + PP | +H 4+ G| o |
= —_— — <
4 ' @) L =

and

2L\(1+ P) + ﬂb‘*(!* + 205m* + 20n*) < 1
Fa+1) ! 2 3 :

Proof Choose r = %, where ¢ = Py + P|lyolly + Pllu(0, y(0))|ly and let B, =

{y € C(J, D(A) | lyllc = r}.Define Q : C(J, D(A)) — C(J, D(A)) by
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(Oy)(W) = u(v, y()) + S (V)[yo — u(0, y(0))] + Aﬁl‘;o/o Ko(v —e)
X B f(e, y(e), (Hy)(e), (Gy)(e))de, v € J.

Then proceeding similarly as in Theorem 12, it can be shown that Q: B, — B, is
continuous as well as equicontinuous. Now, it remains to show that Q: B, — B, is
a condensing operator.

Forall D C B,, Q(D) is bounded and equicontinuous. Hence, by Lemma 2, there
exists a countable set Dy = {y,}oc; C D such that

B(Q(D)) = 2B(Q(Dy)). )

Since Q(Dy) C Q(B,) is equicontinuous, so by using Lemma 3, we get

B(Q(Dy)) = max B(Q(Do(v))). ®)
Now, let
(Oy)(v) = (Q1y)(V) + (Q2y)(v),
where

(Q1y)(W) = u(v, y(v)) + Se(V)[yo — u(0, y(0))I,
(Q2y)(v) = Alim / Ko(v —€)By f (e, y(e), (Hy)(e), (Gy)(e))de.
— 00 0

For yi, y» € Dy, we have ||Q1y1 — Qiy2llc < Li(1 4+ P)|ly1 — y2llc. Therefore, it
follows that 8(Q1(Dy)) < Li(1 + P)B(Dy). Next, for v € J, we get

puQay iz = ([ fim [ Katw = o).y, (Hn©). Grrende) )

A—>00 Jo n=1

< 2P e (1 e . (), G eNIE, Y
=T o e ’ "=
< 2pP DYb*(If + 152m™ + 132n*
_mﬁ( W T +152m™ + I32n™).

Therefore,

B(Q(Do)(v)) = B(Q1(Do)(V)) + B(Q2(Do) (V)

<[La+py+ b} + 2" + 120 | B(D).

Ca+1)

From Egs. (7) and (8), we have
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ZPF o (1% * * * *
BIOD) <2 Li(1 4 P) o oo b 4+ 152m° 4 20" [B(D) < D).

Thus Q: B, — B, is a condensing operator and therefore from Lemma 5, we con-
clude that Q has a fixed point on B,. O

4 Examples

Consider the following fractional partial differential system

2

Dy, x) —u. yw. ) = o

[y(v,x) —u(v, y(v, x))]

v b
+ (v, y(w, 2, / h(v, &, y(e, )de, / g(v. £, y(e. ))de).
0 0

vell,b], xe=]0,rr],
y(,0) =0=y(,m), velo0,b],
¥(0,x) = yo(x), x €€,

where b > 0 is finite and yy € C(£2, R) with y5(0) = 0 = yo ().
Next, let Y = C(£2, R) and consider A: D(A) C Y — Y defined by

32w

Aw=2Y
v 0x?

with its domain of definition,

%w
DA)={weY: - €Y and w =0 on 02}.
X

Then,

DA ={weY: w=00ndR} #7.

Also, from [13], it is known that A satisfies Hille-Yosida condition with (0, co) C
p(A), |R(.:A)| <A™! and P =1 and generates a compact Cop-semigroup
{P(v)}y=00on D(A) with P = 1.

Set,

y)(x) =y, x),
fw,y(), (Hy)(v), (Gy)(v))(x)

v b
= f(v, y(v,x),/ h(u, e, y(s,x))de,/ g, ¢, y(e, x))de)
0 0
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for v € [0, b], x € Q then (1) is the abstract formulation of the above considered
problem.
Also, take

h(v, e, y(e,x)) =vusiny(e, x) and g(v, ¢, y(e, x)) = esiny(g, x),

then & and g satisfies (H3)(i), (ii) and (H4)(i), (ii) respectively with H* = b* and
% 2

G =15
Consider

v b
f(v,y(u,x),/o h(u,s,y(e,x))ds,/o g(v, &, y(s,x))de)

ly(v, x)|

v b
1+ ly(v, x| +/; h(v,S,y(s,x))d8+[() g, g, y(e, x))da).

= exp(—v) cos (

Here, choose /(v) = exp(—v) and assuming u to be a suitable function satisfying
(HS), Theorem 12 implies the existence of integral solution of our problem.

5 Conclusion

This paper is concerned with the existence of integral solution of a class of neutral
fractional integro-differential equation of mixed type when the operator A is not
dense. Here, we have used fixed point theorems, fractional calculus, and measure of
noncompactness, to obtain some sufficient conditions which ensure the existence of
integral solutions of our problem, when the associated Cy-semigroup is generated
by the part of A in D(A) is compact or non-compact.
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Trajectory Controllability of )
Integro-Differential Systems of glectie
Fractional Order v € (1, 2] in a Banach

Space with Deviated Argument

Parveen Kumar, Ankit Kumar, Ramesh K. Vats, and Avadhesh Kumar

Abstract In this paper, the fractional integro-differential control system of order
v € (1, 2] in a Banach space with deviated argument is considered. In order to study
the trajectory controllability for the proposed control problem, the theory of fractional
calculus, Gronwall’s inequality, and fractional order cosine family are used. Finally,
we provide an example to illustrate our main results.

Keywords Integro-differential equation + Trajectory controllability + Gronwall’s
inequality - Fractional order cosine family * Deviated argument

2010 AMS Subject Classification: 34A08 - 34K30 - 93B05

1 Introduction

Controllability is a crucial concept in mathematical control theory. Particularly, it
has importance in the classical theory of dynamical control systems. There are var-
ious types of controllability such as exact controllability, approximate controlla-
bility, null controllability, complete controllability and trajectory controllability/T-
controllability. Many authors (see [1-6]) investigated the trajectory controllability
which is a stronger notion of controllability. On the other hand, fractional calculus
has gained great interest from researchers and many authors worked on it (for more,
see [7-11]).
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M. Muslim et al. [5] studied exact and trajectory controllability with deviated
argument of second-order nonlinear systems in a Banach space. Exact controllability
of fractional integro-differential systems with deviated argument was investigated in
[12]. Motivated by the above observation, we consider fractional integro-differential
equation in a Banach Space V with deviated argument as follows:

DY) = FI@) +H () + L, 1), I WD), 1)])
+4(t,9(1), [y ¥ (t, @, I(@))dw), te 0T, (1)
9(0) = yo, 9'(0) = yi,

where CD?, ~v € (1, 2] is the Caputo fractional derivative, 9 : Z(= [0, T]) — V is
the state function, .2¢ is the infinitesimal generator of a strongly continuous ~y-order
cosine family (%, (¢));>o on V and the control function #'(-) € L>*(Z, W), Wisa
Hilbert space of control functions known as control space. Continuous functions .Z,
H, 9 and ¥ are to be specified later.

2 Preliminaries

In this section, we introduce a few notations, definitions and assumptions needed to
establish the results. Let }V be a Banach space with norm |[|.||, and L()) denote the
space of all bounded linear operators form Vinto V. L?([0,T],V),1 < p < ocobe
the space of V-valued functions .Z : [0, T] — V in the Bochner sense endowed with
the norm

~ T 5 1
121 = (fo 1ZN"dr)"

The spaces C ([0, T], V), and C' ([0, T, V) are the space of continuous and contin-
uously differentiable functions, respectively, endowed with the norms

1
121l = sup 2@ (1 L]ler = sup Y (12X @)]].

tel tel k=0

Now, we define the set C (Z,V) = {¢ € C([0, T],V)} endowed with supremum
norm
[|19(t) — I (@)|| < LIt —w|,Vt, weTI,L>0.

Definition 2.1 The Riemann-Liouville fractional integral operator of order v > 0

is defined by
1

Itry’l9(l) = m

/ (t — )" " (w)dw,
0
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where 9(t) € L' ([0, T1, V) and I'(-) is the gamma function.

Definition 2.2 The Riemann-Liouville fractional derivative of order v € (1, 2] is

defined as 5

&2 o,
D?ﬂ(t):ﬁlt 9(1),

where 9(z), D] 9(t) € L' ([0, T1, V).

Definition 2.3 For v € (1, 2], the Caputo fractional derivative is defined by
B~y
‘D@ =17 "'—=9(1),
JO(0) = 177 5 0)

where 9(t) € L'([0, T1, V) N C'([0, T1, V).
Consider the differential equation of fractional order as follows:
‘DY) = FI(t), V() =n, ¥'(0) =0, )

where v € (1,2], &/ : D(&/) C V — V is alinear operator in Banach space V.

Definition 2.4 ([10]) A family (&, (¢))>0 C L(V), v € (1,2] is called a strongly
continuous cosine family of fractional order for (2) and <7 is the infinitesimal gen-
erator of €, (t), if they hold the following:

(i) €,(¢) is strongly continuous for t > 0 and ¢, (0) = I, where [ is identity oper-
ator;

(i) €,(t)D(/) C D(«7) and ZC,(1)v = €, (1) v forall v € D(), 1 > 0;

(iii) €, (t)v is the solution of V(r) = n + ﬁ fot(t —w) " ¥ w)dw ¥ ve
D ().

Definition 2.5 The fractional sine family .7, : [0, c0) — L(V)) associated with &,
is defined as

() =/ Cy(w)dw, t = 0. 3)
0

Definition 2.6 The fractional Riemann Liouville family &, : [0, oo) — L(V) of
order y associated with €, is defined as

P.(t) =1""6,@). 4)

Definition 2.7 The cosine family % () of order -y is called exponentially bounded
if3 N, § > 0 such that
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1€, )] < N, t > 0. (5)

Infinitesimal generator <7 belongs to C7(X; N ,0), if the problem (2) has an
solution operator 6 (t) satisfying (4).
Definition 2.8 ([5]) A function ¥(-) € C. ([0, T], V) is the mild solution of frac-

tional integro-differential control system (1) if ¥(¢) is the solution of the following
equation:

() =€,y + SO0 + [y Pyt — @) [L (@, (@), I[H (v(w), @)])dy
+9 (w, 9(@), [ ¥ (@, I)dC) + ¥ (w)] dw. (6)

Let 7 be the set of all feasible trajectories © (-) defined on the interval Z, where 7 =
[0, T] such that ®(0) = y, ®'(0) = y; and O(T) = I VYt € I for the system (1)
and °D; @ () exists almost everywhere on Z.

Definition 2.9 The fractional integro-differential control system (1) is said to be
trajectory-controllable (T-controllable) on Z, if for ® € 7 such that (6) satisfies
J(t) = O(t) almost everywhere.

Definition 2.10 The system (1) is said to be exactly controllable on Z, if for every
%o, yo, O7 € V there exists a control #/(-) € L*>(Z, W) such that the mild solution
of (6) satisfies H(T) = V7.

Definition 2.11 The system (1) is said to be totally controllable on Z, if for all
subintervals [#, #;+1] of Z, the system (1) is exactly controllable.

Remark: Trajectory controllability = Total controllability = Exact controllability.
In order to establish the main result for system (1), we required the following
hypotheses:

(H1) .« is the infinitesimal generator of a strongly continuous 7y-order cosine fam-
ily ||, (t) on V and there exists a constant\ > 1, such that 1€, (D] <
Ng, Ng > 1.

H2) 4,9 : 7 xV xV — Vareacontinuous function and 3, K*, I, M*» , Mg
and Ny positive constants, such that

@
L@, 91, 1) = L, 92, p)ll < K*(191 — 20l + g — p2ll), forall 91,92, uy, pp €V,
and max,c7||-Z(t, 0, ¥(0)]| = K.
(i1)
|G (1,01, 1) — G (1, V2, 2)|| < Mg |01 — Dal| + N [|p1 — pia ).
(iii)

/O 12t @, (@) = (1, @, @)l < My |[[0@) — p@)].
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(H3) 57 :V x T — Tisauniformly continuousand3, C,r = Cur(t), Cor >0,
such that

| (01, @) — H(Va, )| < Cop |9 — V2|, V1,02 € Vwhenever0 < w <t

and hold 57°(-, 0) = 0 for each ¢ > 0.

3 Trajectory Controllability

Theorem 3.1 Assume that all (HI)—-(H3) are satisfied, then the integro-differential
system (1) of order v € (1, 2] is trajectory-controllable on L.

Proof Let ®(¢) be any given trajectory in 7 and the feedback control function 7% (¢)
as follows:

t

W(t) = CD?@(!) —dO()—ZL(t,0),B[O1),)]) —¢ <t, (), / XY (t, w, @(w))dw) .
0

(7

From Eq.(7) in Eq. (1) and we get
t
DIt = AIW) + L, @), IADW), D) + 9 (t, (@), f Y(t, @, ﬁ(w))dw)
0

t
+D]O(t) — ZO () — ZL(t, 0(), Ol (O1),1)]) — 4 (l, (), / Y (t, w, @(w))dw) .
0

Hence, we have
DY) — O] = V(1) — O]+ L, 9(1), A D), 1)]) — ZL(t, Ot), OLA(O(t), 1)])
t t
+9 (t, (), / Y (t, w, ﬂ(w))dw) -9 (l, (), / Y (t, w, @(w))dw) .
0 0
Choose »#(t) = 9(t) — ©(t) considering the following IVP:
”D;’%(t) = x(t) + L, I01), A1), 1)]) — L, O@), B[A(O),1)])
+9 (r, 90, L, @, ﬁ(w))dw) —y (t, 0w, [l 7t =, @(w))dw) (8)
32(0) =0, 3/(0)=0.
The mild solution for system (8) is given by
w(t) = [§ Pyt —w) [fé’(t, I(@), I WD), )]) — ZL(¢t, O@), B[A(O(), H)])

+4 (1,90, [7 ¥ (@, (. H)dC) — 9 (1,00), [° # (@, (. ©(()d]) ]ds.
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Hence, we have

t
IOl = H/ Pt — W)[:f(m?(t), YA WD), D) = L, 8@), BlA(O1), )

+9 (l 9(1), / % (w, ¢, ﬂ(C))dC) (z (), / XY (w,(, @(C))d() :|ds

= ./0 | P4 (& = @)L, (), A D @), H]) — L2, O@), OLA(O), HD

419 (1,00, [* @.c.000c) - (100, [ @@ 00uc) i]as

-1
- .N:g T
INGD)

t
/(; K*Q+ LLyp) 91 — O@)|ds

\/ «T"/il t
+N€fim /0 My +Ng M*5)10(0) = O1)lds,
N, TY—1 pt
= Nb;(Tv) / [K* Q@+ LLyp) + (Mg + Nig M* )11 2(0) | ds
_Ng !
==t / (1) s ©)

where A = K*2 + L.C) + (My + Ny M*5). By using Gronwall’s inequality
in Eq.(9), we obtain s(t) = 0. Hence, ¥(t) = ©(t) almost everywhere. Thus, for
~ € (1, 2] fractional integro-differential system (1) is trajectory-controllable. (I

4 Application

Let V = L?(0, ). Consider the following system of fractional order:

CDIR(,6) = Oc(t, <) + U (t,6) + 2(s, R(t,6)), +Z(t, 5, R(t, 5)),
R, 0)=R@t,m)=0,1re[0,T], 0<T < o0,
R(0,¢) = yo, c € (0,m),
0iR(0,¢) =g, € (0, m),

(10)

where
S
ve,2], Z,5s, N(t,g))=/0 H (s, @)R(w, 7 1) (1R, @)| + 2R, @)|))dw.

We assume that ci, ¢z > 0, (c1, ¢2) # (0,0), # : Z — T is locally Holder contin-
uous in t with _#(0) = 0and % : [0, w] x [0, 7] — R. The operator % is defined
as follows:

o9 =1" with ¥eD()={0eHO,mNH* O : 9 eV} (1)
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Then, 7 is represented as in the following series:
[e.¢]
9= =@, 9,)0,. Ve D),
n=1

where the orthonormal set of eigenfunctions of &7 is ¥, (w) = /2/7sinnw, n =
1,2,3.... Moreover, the operator .27 is the infinitesimal generator of € (¢),cg on V
(see [7, 13] for more about cosine family). It is given by

o0
C(t)) =) cosnt(¥,9,)0,, VeV,
n=1
and the sine family .(¢);cr associated with € (¢),cg on V is as follows:
=1
L0 = = sinnt (@, )0, VeV
n=1 n
For v = 2, Eq.(10) can be converted into the following in V = L*(0, ):

V') = d0@) + W (@) + L@, 9@), A (D), H)])
+4(t, (), [y Y (t, w, I(w)dw), >0,
9(0) = yo, U'(0) =y,

where (1) = R(z, .), thatis, J(1)(c) = R(, <), u(t)(s) = % (t,<),s € (0, 7) and &
is the same as in Eq. (11). The function . : Z x V x ¥V — Vis given by

L(t,0,86) =26, +Zt,5s,0),

where 2 : [0, 7] x V — H, (0, ) is given by

2,6 = / | (6 D)EW)Y,
0

and
12, <, ol <7 (s, + llollazo,m)

with ¥'(., t) € V being continuous with respect to the second argument (see [14]).
Thus, Theorem (3.1) can be applied in differential system (10).

For v € (1, 2), / is the infinitesimal generator of €’ (¢),cr, form the subordinate
principle (Theorem 3.1, [10]), it follows that .27 infinitesimal generator of &, (¢) such
that ¢,(0) = I, and

€, (1) =/ oy (@) C(w)dw, t >0,
0
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where 0, 2(w) = t72¢. )5 (wwt~7/?), and

o]

_ (=9)"
qbﬁ(g)_;n!f‘(—ﬁn—kl—ﬁ)’ 0<p<l.

Then Eq. (10) can be reformulated into the following equation of order v € (1, 2] in
V = L*(0, 7):

‘DY) = V@) + W () + L1, 90), I (1), 1)])
+4(t,9(1), [y Y (t, @, Hw))dw), t>0,
9(0) = yo, ¥(0) = y1.

Acknowledgements The third author would like to acknowledge CSIR-HRDG, Government of
India, for supporting this research work under Grant 25(0268)/17/EMR-II.

References

1. Kumar, S., Sukavanam, N.: Approximate controllability of fractional order semilinear systems
with bounded delay. J. Differ. Equ. 252(11), 6163-6174 (2012)

2. Muslim, M., George, R.K.: Trajectory controllability of the nonlinear systems governed by frac-
tional differential equations. Differ. Equ. Dyn. Syst. (2016). https://doi.org/10.1007/s12591-
016-0292-z

3. Chalishajar, D.N., George, R.K., Nandakumaran, A.K., Acharya, E.S.: Trajectory controllabil-
ity of nonlinear integro-differential system. J. Frankl. Inst. 347, 1065-1075 (2010)

4. Kumar, A., Vats, R.K., Kumar, A.: Approximate controllability of second-order non-
autonomous system with finite delay. J. Dyn. Control Syst. 26, 611-627 (2020)

5. Li, K., Peng, J., Gao, J.: Controllability of nonlocal fractional differential systems of order
v € (1, 2], in Banach spaces. Rep. Math. Phys. Appl. 71(1), 33-43 (2013)

6. Muslim, M., Kumar, A., Agarwal, R.P.: Exact and trajectory controllability of second order
nonlinear systems with deviated argument. Funct. Differ. Equ. 23, 27-41 (2016)

7. Travis, C.C., Webb, G.F.: Cosine families and abstract nonlinear second order differential

equations. Acta Math. Acad. Sci. Hung. 32, 76-96 (1978)

Podlubny, I.: Fractional Differential Equations. Academic Press, New York (1999)

9. Kilbas, A.A., Srivastava, H.M., Trujillo, J.J.: Theory and Applications of Fractional Differential
Equations. Elsevier, Amsterdam (2006)

10. Bazhlekova, E.: Fractional Evolution Equations in Banach Spaces. University Press Facilities,
Eindhoven University of Technology (2001)

11. Hernandez, E., O’Regan, D., Balachandran, K.: On recent developments in the theory of abstract
differential equations with fractional derivatives. Nonlinear Anal. 73, 3462-3471 (2010)

12. Muslim, M., Kumar, A., Agarwal, R.P.: Exact controllability of fractional integro-differential
systems of order a € (1,2] with deviated argument, Analele Universit at, ii Oradea Fasc.
Matematica XXIV, Issue no. 1, 171 (2017)

13. Travis, C.C., Webb, G.F.: Compactness, regularity and uniform continuity properties of strongly
continuous cosine family. Houstan J. Math. 3, 555-567 (1977)

14. Gal C.G.: Nonlinear abstract differential equations with deviated argument. J. Math. Anal.
Appl. 177-189 (2007)

®


https://doi.org/10.1007/s12591-016-0292-z
https://doi.org/10.1007/s12591-016-0292-z

Shehu-Adomian Decomposition Method m
for Dispersive KdV-Type Equations glectie

Abey S. Kelil and Appanah R. Appadu

Abstract In this paper, a new method known to be Shehu-Adomian decomposition
method is proposed to solve homogeneous and non-homogeneous dispersive KdV-
type equations. The Shehu-Adomian decomposition method is a combination of
Shehu’s transform and Adomian Decomposition method. Some illustrative problems
of dispersive KdV-type equations are solved to check the validity of the method. The
approximate solutions are given in series form and the proposed method is a reliable
and powerful technique to solve numerous physical problems in applications.

Keywords Shehu transform + Adomian decomposition method - Dispersive linear
KdV equations

2010 Mathematics Subject Classification: 35A25, 35A22, 34A45

1 Introduction

The famous Korteweg-de Vries (KdV) equation is a nonlinear dispersive PDE that
describes mathematical modeling of traveling wave solution, known to be solitary
water waves (also called solitons) in a shallow water domain. This equation is given
by the PDE [1]

Uy + 6uu, + e, = 0. (D)

In 1895, Korteweg and de Vries in [1] derived this equation while studying water
waves. Numerical study of KdV equations was pioneered by Zabusky and Kruskal
[2] and some recent modifications of the numerical schemes were studied in [3, 4].

There are numerous methods for solving linear/nonlinear partial differential
equations. One of these methods is Semi-analytical methods, which can provide
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approximate-analytical solutions for problem considered. Among these methods,
we can mention Adomian decomposition method [5—7], Variational iteration method
[8-10], and Homotopy perturbation method [11-14]. A literature summary of some
semi-analytical methods is given as follows:

(D Adomian decomposition method (ADM) can be applied to solve linear as well as
nonlinear functional equations in [5, 6, 15—17], works by dissecting the equation
into linear and nonlinear parts. The method produces series solution whose terms
are computed from a recursive relation involving Adomian polynomials. Various
modifications of ADM were given in the works of Wazwaz [18].

(I) Homotopy perturbation method (HPM) is used to determine accurate asymptotic
solutions of a nonlinear problem. This method is also used effectively to solve
PDEs in modeling flows in porous media [19].

Different variants of KdV equation have been investigated in literature [8] (see also
[20]). This paper addresses the following problems using some semi-analytic meth-
ods [15] and their modifications [21]:

(i) The homogeneous linear KdV equation [18]

: g+ 21+t =0, (6,1) €0, 2]  [0,4.0], ®
u(x,0) = sin(x).
Exact solution for Eq. (2) is given by
u(x,t) =sin(x —1t). 3)
(ii)) The non-homogeneous linear KdV equation with some source term
{ Up — Uyyy = 2e’_x~, (x,1) €10, 1.0] x [0, 2.0], @
u(x,t)=1+¢"~.
Exact solution for Eq. (4) is given by
ulx,t) =1+e€". (5)
(iii) Homogeneous nonlinear dispersive KdV equation
Uy +uny + ey =0, (6)

with (x, t) € [0, 2] x [0, 0.50], and initial condition u(x, 0) = x and the time
dependent boundary conditions are

1
0,) =0, u,(0,t) = ——, u,(0,1) =0. 7
u(0,1) ”()1+r“() (7N
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.. X
Exact solution is u(x, t) = ——.

(iv) Inhomogeneous nonlinear dispersive KdV equation [22]

. 12 sin(2x)
Uy — Ul + Uyyxxy = COS(X) — £ 8in(x) + T’ (8)
with (x, 1) € [0, 2] x [0, 0.10) and initial condition u(x, 0) = 0, Exact solu-
tionis u(x, t) =t cos(x).

We see that the first term in Eq. (2) refers to time evolution and the third term refers
to the dispersion term. Equation (2) is sometimes known as the ‘weak dispersion’
wave equation. Equation (2) can be represented as the kinematic wave equation, with
a dispersive perturbation term of the third order in space. We note that exact solution
for the above numerical experiments can be obtained using Ansatz method. (The
same also holds for other KdV-type equations considered above).

The objective of this study is to integrate two powerful methods, Shehu transform
method and Adomian decomposition method to obtain a better method for solving
partial differential equations; in particular on dispersive linear as well as nonlinear
KdV-type equations.

2 Adomian Decomposition Method (ADM)

This section recaps some key points of the method ADM to solve linear as well as
nonlinear dispersive PDEs.
Let us take the general form of a differential equation as given in [23]:

%(x,t) =G, Uy, Uyyy ..., Ugn) + 5(X), ©)
u(x,0)=hx), (x,t)eR xR,

i
ux,-—"’”

where u; = 9 = o

8_‘:’
source term.
Following ADM procedures, by splitting the LHS of Eq.(9) into two parts, we
have that

G (-) is a polynomial function of its arguments and s is

Glu] = Lg[ul + Nglul,

where L [u] is a linear operator with respect to u, u,, ..., uy» while Ng[u] is non-
linear part of G[u]. Then the operator

L") = /Z(.)dz,
0

can be introduced to express the solution of Eq. (9) in the form:
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u= fo(x)+sx)t +/ (Lglu]l + Nglu]) dt.
0

Let’s suppose that

oo
u(e 1) =y Vulx; ), (10)
n=0
and Lglu] =) ;. LclVi] and Nglu] = Ng [Z[ZO V,~] > _i=0Ai, where the

newly introduced terms A; are Adomian polynomials [5, 6, 24]. These polynomials
are obtained by using following formulae [10, 24]

1 d" “
A= — G AV , 11

and some of the first few terms of these polynomials takes the form

Ag = N(Wy),
Ay =ViN'(Vy),

1
Ay = VaN'(Vp) + EVEN”(VO),
1
Ay = V3N' (Vo) + ViVaN" (Vo) + §V13N(3)(Vo),

_ / 1 2 " l 2 3) l 4 a7(4)
Ay = VuN'(Wp) + 2V2 +WViV3 ) N" (V) + T VEVaNY (W) + 1 VIN™ (Vo).
One can refer to [25, 26] for detailed discussion on Adomain polynomials.

2.1 ADM Applied to Eq. (2)

Let’s first rewrite Eq. (2) as

Ltu + 2uy + Ugex =0,

u(x,0) =sin(x), (12)

9
where the differential operatoris L, = e By assuming L ! exists; thatis, L, ! (-) =

/01 (-)dt, and applying L' on both sides of Eq. (12), we have
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L Lo+ L7 Qu) + L () = L(0),

which is equivalently given by
u(x, 1) = u(x,0) - {L,1<2ux)+L,1(uxxx>}. (13)

By employing the decomposition series given in Eq. (10) (cf. [5, 6]), the following
recursive approximate values are given as

Vo(x) = sin(x), (14)

) 3 )
Vilx; 1) = _{Lf_l (z—aVO(x’ t)) +L! <—8 Yox; t)>}’ (15)
ox ax3

1,0V L (P Vaxin)
VnJrl(X;t):_{Lt]( 8x>+Ltl<T>}, n>2. (16)

For numerical purpose, ¥, (x, £) = Y :_, V;(x, t) denotes the n-term approximation
to u. The exact solution is u(x, t) = lim ¥, (x, r). The number of terms required to
n—00

obtain an exact solution is considerably small, which will be shown later using the
proposed method in this work.

By using the recursive relations in Eqs. (15)—(16) and the linearity property of the
operator L,, we have the first few terms of V, (x, 1):

Vitx;t) =—{L! <2%> + Lt (8 ‘;)S t)) = —tcos(x),
s =t (2 o (M),
Vi(x;t) =—{L! <2%> +L! <8 ‘;2:36 ”) = ;—S'COS(X)

Vi(x;t) = —1L! <2%) +L! <8 V;if ”) = gsin(x), (17)
s =< (200)  (PHE0) | -
Ve(x;t) =—1L! <2%) L (83‘/85;‘ t)) = —t6—6!sin(x),
Va(x;t) = —qL ! <2%) +L! (%) = ;—ZCOS()C)

and higher order V; values are obtained from iteration formula Eq. (16). The ADM
solution up to seventh order terms is
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7 3 £ {7
Y(x,t) = Z Vix,t) = < t cos(x) + — cos(x) — — cos(x) + 7 cos(x)>

prs 31 51
t? 4 16
+ <s1n(x) T sin(x) + 1 sin(x) — a s1n(x)> . (18)
. . (—Dre
By using Taylor’s expansion and Eq. (18), wehave V,, (x; t) = W sin(x), n €
n)!

Ny, and applying the principle of Mathematical Induction gives

Vapi1(x; 1) = —{L;1 (Vo) + L (Vzn,xxx)}

__1\n+1 n2n+1
= ((21;)' cos(x)/ = ((21)—£ Dl cos(x), n € Ny.

Thus, from the convergence of ADM in [27], we have that

u(es 1) =) Vo (ks 0) 4+ Y Vo (x51)

n=0 n=0

] (_1)nt2n (_1)/1t2n+1 )
= SIH(X) <Z W) — COS(X) (g m) = Sln(x - [).

n>0

We note that same approximate-analytical solution for Eq.(2) via LADM have
been obtained in [28] and the result coincides with the results of ADM. See Fig. 1
for the graphical illustration and Table 1 for the numerical results of experiment 1.

2.2 ADM Applied to Eq. (4)

We now rewrite Eq. (4) as

Lot — sy =277, (19)

0
with L, = 3 the linear differential operator, which is assumed to be invertible; i.e.,
L) = fot(-) dt. By applying L;"! on both sides of Eq.(19),
L 'L = 2L, (™) — L (taa),

which is equivalently
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Fig. 1 Plots for Exact solution and ADM (LADM) using ten terms versus x at times 0.1, 2.0 and
4.0

u(x, 1) = u(x,0) + 2L ("™ — L (trrr)- (20)

By employing the decomposition series given in Eq. (10) together with Eq. (20), we
get

Vox; ) =ux,0) +2L7 (™) =1+ + 2L (') =142 —e™,

Vix;t) = —Lt_l(Vo,xxx) = 2e!™F L te™ +2e77,
Vax; 1) = —L7 (Vi) = 26 + "8 — 21e7 — 2¢77,
V(i 1) = =L (Vo) = —2¢/7% 4 217 4 2e™ 4127 + e,
2D
and so on.
We see the self-cancelling ‘noise’ terms in Eq.(21) gives the exact solution
R
u(x,t):1+e_x<1+t+5+§+~-~>=1—|—e’_x. (22)

Remark 1 An approximate series solution terms given in Eq.(21) for the inhomo-
geneous KdV-type equation obey self-cancelling behavior; which are also known in
the literature as ‘noise terms’ [29, 30]. A necessary condition for the appearance
of noise terms for inhomogeneous problems is that the zeroth component V) must
possess the exact solution # among other terms [24]. One can refer to [29] for more
on noise terms.
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Table 1 Absolute/relative errors between ADM (LADM) and exact solution

A. S. Kelil and A. R. Appadu

t x Exact Numerical Absolute error Relative error
0314 |0.212370 0.212370 0.000000 0.000000
0.942 | 0.745977 0.745977 1.110223 x 1016 1.488281 x10~10
1.570 | 0.994924 0.994924 1.110223 x 1016 1.115887 x 10~ 16
t=0.1 | 2.826 |0.403732 0.403732 1.110223 x10~10 2.749900 x10~16
3454 | —0.210814 —0.210814 8.326673 x10~17 3.949777 x10~16
4082 | —0.744915 —0.744915 0.000000 0.000000
4710 | —0.994763 —0.994763 0.000000 0.000000
5.966 | —0.405189 —0.405189 2.775558 x10~10 6.850036 x 10~ 16
6.280 | —0.103002 —0.103002 3.608225 x10~16 3.503053 x10~1°
0314 | —0.993371 —0.993422 5.015442 x1075 5.048909 x 107>
0.942 | —0.871376 —0.871412 3.618402 x 1077 4.152515 x10~>
1.570 | —0.416871 —0.416879 8.406101 x10~° 2.016476 x 107>
=20 | 2.826 |0.735226 0.735271 4494898 x 10> 6.113628 x107>
3454 |0.993187 0.993237 5.016629 x10~> 5.051041 x10™>
4082 | 0.872156 0.872193 3.624056 x 107> 4.155283 x 107
4710 | 0.418318 0.418326 8.485738 x 1070 2.028538 x 107>
5.966 | —0.734146 —0.734190 4.491153 x107> 6.117524 x107>
6.280 | —0.907967 —0.908017 4.998895 x 107> 5.505590 x 10~
0314 | 0517911 0.417558 1.003528 x10~! 1.937646 x 10!
0.942 | —0.083495 —0.165409 8.191365 x 102 9.810567 x10~!
1570 | —0.653041 —0.685258 3.221691 x10~2 4933369 x1072
t=4.0 | 2.826 | —0.922304 —0.841901 8.040265 x 102 8.717588 x10~2
3454 | —0.519273 —0.418922 1.003508 x 101 1932525 x 10~
4082 |0.081908 0.163914 8.200590 x10~2 0.1001194 x 10!
4710 | 0.651834 0.684202 3.236825 x 1072 4.965722 x1072
5.966 | 0.922918 0.842611 8.030689 x10~2 8.701410 x10~2
6.280 | 0.758881 0.663909 9.497124 x10~2 1.251465 x10~!

3 A New Laplace-Type Transform: Shehu’s Transform
Method for Solving PDEs

A new Laplace-type integral transform, known to be Shehu’s transform, is introduced
in [21] to solve both ODEs and PDEs. This method is efficient in the sense that it has
great mathematical simplicity and ease of formulations as it is also generalization of
many of the well-known integral transforms. Some of the advantages of this method
are its simple application to a class of ordinary or partial differential equations; for
instance, for some of the dispersive KdV-type equations.

Generally speaking, Shehu’s transform can be perceived as a corner stone to the
Sumudu transform, the natural transform, the Elzaki transform, and the Laplace
transform [21].

Definition 1 The Shehu transform of the function v(f) of exponential order is
defined over the set of functions,
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A= [v(t) CAN, g, m >0, [u()] < Nexp (‘,j—‘) if e (=1) x [0, oo)},

by the following integral

S[w()] = V(s. p) =/ exp <_—”> v(1)dt
0 Y
= lim exp (?) v(t)dt; s >0, p>0. (23)
oa—>00 0

Equation (23) converges when the limit value of the above integral is finite and
diverges if this is not the case.
Let’s denote the inverse Shehu transform, for ¢ > 0, by

STV (s, p)] = v(®). (24)

Equation (24) is equivalently expressed as
. 1 a+ioo 1 st
(@) =87 [V(s, )] = 5= —exp| — | Vs, p)ds, (25
2mi a—ico P P

where o € R, s and u are Shehu variables [21] and the integral in Eq. (25) is taken
along s = « in the complex plane s = x +iy.

Theorem 1 ([21]) If v(¢) is piecewise continuous on t € [0, B] and of exponential
order o fort > B, then Shehu’s transform exists.

Theorem 2 ([21]) Let v (t) denotes the nth derivative of the function v(t) € A
with respect to t. The Shehu transform of v (t) is given by

" n—1 s n—(k+1)
S[U(n)(t)] — ﬁ -Vi(s, p) — Z <;> U(k)(O). (26)
k=0

Fprn =1, 2, and 3 in Eq. (26), we have the following derivatives with respect to 7:
, s
S[vn] = 5 V6P =00,

52

S'0] =5 - Vs, p) — %U(O) —/(0),

ks

" S3 S2 s ! A
S[v" ] = FV(s, p) — FU(O) — ;v 0) — v"(0).

By employing Leibniz’s rule, some properties are noted as follows:
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ov(x, 1) * —st\ dv(x,1) o [ —st
S = exp| — dt = — exp| — ) v(x,r)dt
ox 0 P dx ox 0 P

s =S |:8v(x, t)}
0x

d
8X _E[V(xvsap)]a

8%v(x, 1) o0 —st\ %v(x, 1) 9> [ —st
S| —=—<| = — | ——dr=— — 1) dt
= e () g [ en () v

_ 92 v s %v(x, 1) _ d? v
—@[ (x,5,0)]= o2 _E[ (x,s,0)].

Some important properties of this transform are given as follows:

(i) Linearity property of Shehu transform:
Slav(t) + Bw(n)] = aS[v(@®)] + BS[w()].

(ii) Scaling property of Shehu transform:

0 s
S =—-V|—-,0]).
[v(BD] 8 (ﬁ P)

Proposition 1 ([21]) Suppose % and % exist, then

S [8v(x, t)} _5. Vx,s, p) — v(x,0),
Jt 0
%v(x, 1) _ 52 K dv(x, 0)

Our next section introduces SADM, which is a combination of ADM and Shehu’s
transform, and some illustrative examples are also provided.
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Table 2 Some essential properties of Shehu’s transform for SADM

Function form f ()~( 1) Transformed form Fj (X )
1 L
S
t" p\n+1
i (5)
g P
s —ap
2
tedt pi
(s —ap)?
et pn+l
n! (s — ap)"t!
2
. ap
sin(at
in(at) S
X
cos(at
(at) 2+ a2p?
b cos(at) _ pls—ap)
(s — bp)? +a2p?
P ;02
b—a (s —ap)(s — bp)
bebt — ge™ os
b—a (s —ap)(s — bp)

3.1 Outline of the Method: SADM

To illustrate the basic concepts of SADM, let’s us consider the following equation

i Liu(x,t) + Mu(x,t) + Nu(x,t) = g(x, 1), 27

u(x,0) = h(x),

where N is a nonlinear operator, L, = % is the linear operator, M is a linear operator
w.r.t x and g is the source term, which doesn’t rely on u. By first applying Laplace
transform on both sides of Eq. (27), we get

S{Ltu(x,t)} =S{g(x,t) — Mu(x, 1) —Nu(x,t)} (28)
and by rewriting Eq. (28) equivalently as
2. S{u(x, t)} —u(x,0) = S{g(x, 1) — Mu(x, 1) — Nu(x, t)}. (29)
0

In the homogeneous case, g(x, t) = 0, and therefore we have that
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i P
wi,s) =2 oy =2 -S{Mu(x, 1)+ Nu(x, t)}.
s s
Employing inverse Shehu’s transform to Eq. (29) gives
u(x. 1) = h(x) —Sl[ﬁ ~S{Mu(x,t)+Nu(x,t)}]. (30)
s

Let us consider SADM decomposition series by

o0
w(x, 1) =Y Valx, 0, (31)
n=0
and the nonlinear term by
Nu(e, 1) =Y A(Vo, Vis o, Vo), (32)
n=0

where the sequence {A,};2, are the well-known Adomian polynomials (see [5, 6,
30]). Using Eqs. (31) and (32) into Eq. (30), we obtain

; Vo(x, 1) = h(x) — S~ [g S(M 2:(:) Vi (x, 1) + Xz(‘; A Vo Vi, Vn)}].
(33)

The following recursive formulae follows from Eq. (33) as follows.

Volx, 1) = h(x),
Vot (x, 1) = —Sfl[g-? -S{MV,,(x, )+ A, (Vo Vi, .. V,,)”, n=0,1,2....
(34
Using Eq. (34), an approximate solution of Eq. (27) takes the form

ux,t) ~ Z V,(x,t), where ”13202 Vo(x,t) = u(x,1). (35)
r=0 r=0

The following Shehu’s transformation results are given in [21].
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4 Some Applications: SADM

In this section, SADM is applied to dispersive linear and nonlinear KdV-type equa-
tions to show the reliability of the method.

4.1 Implementation of SADM for Eq. (2)

The linearized homogeneous equation in [18] takes the form

(36)

u, +2u, +u, ey =0, (x,1) €[0,27] x [0,2.75],
u(x,0) = sin(x).

By applying Shehu’s transform S in given Egs. (23)-(36), we have

N

St} == - S{utr. 0} —u(x,0) = 28} = S}, 1>0. 37
1)
By employing inverse Shehu’s transform to Eq. (37), we obtain

u(x, 1) =u(x,0) —S™! [g . [S{Zux} — S{umx}]] (38)

By using SADM’s series given in Eq.(31) into Eq.(38), the following recursive
values are given as follows.

Vo(x, t) = sin(x),

Vl (X; t) - _S71 I;_) : I:S{_QVO,X} - S{Vo,xxx}]

Vz(x; l) = —S_l ﬁ; . [S{_zvl,x} - S{Vl,xxx}] . (39)

Vn(X; t) = _S_l f : [S{_ZVn—l,x} - S{Vn—l,xxx}]:|

By using Eq. (39) and some of properties of Shehu’s transform given in Table 2, we
have that
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Volx,t) = sin(x)l

Vi(x; 1) = =S™!
Va(x;t) = —S™!
Va(x;t) = =SS!
Vi(x; 1) = =S™!
Vs(x;t) = —S™!

Ve(x;1) = -S| 2.

Va(x;t) = —S7!| 2

=g . [S{_zvm} — S{V4,xxx} ]
[ |

. S{_zvo,x} - S{VO,xxx}

[st-2V1.0) = 81V )

: S{_ZVZ,X} - S{VZA,xxx}

' S{_2V3,x} - S{V3,xxx}

S{ 2V5 x} - S{VS xxx}

. [g{—zvﬁ,x} - S{Vﬁ,xxx}]

A. S. Kelil and A. R. Appadu

= —tcos(x),

2 .
= — 5 sin(x),
/3
3 cos(x),

4
% sin(x), (40)

pr

=-3 cos(x),
6

= ——sin(x),
6!
7

= T cos(x).

The rest of the components can be obtained from Eq.(40) in a similar way. The
7-term approximate SADM solution is

Wy (x, t)_ZV(x t)—<

2 [4

41

sin(x) — — sm(x) + —sin(x) —

/6
— s1n(x))
6!

3 r t’
+ ( tcos(x) + 3 cos(x) — 3 cos(x) + 7 cos(x))

(41)

In view of Eq. (41) and using Taylor’s expansion, we have

Vo (x5 1) =

and thus

Vony1(x5 1) = —Sl[e
s

=

= cos(x)(=1)"*!

(_])nt2n
(2n)!

p (~1ye
; . [S <2W COS(X)

2n+1

2n+ D!

sin(x), forn € Ny,

[st=2v2n - S{vzn,m}ﬂ

(_ )n 2n
2m)!

cos(x)) H
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4.2 Implementation of SADM for Eq. (6)

Applying Shehu transform on both sides of Eq. (6), we get

S(u(x,t)) =x — [8 . S(uux + uxxx)i|. (42)
s

Taking inverse Shehu transform on both sides of Eq. (42), we obtain

ulx,t) =x —Sl[e -S(uux +uxxx)i|. 43)
s

By applying the aforesaid decomposition method, we have

D un(r,)=x—57" [? : S!;)An(uo, Wise )+ Y () H (44)

n=0 n=0
Comparing both sides of Eq. (44) gives
uo(x, 1) = x,

uy(x, 1) = =S 2. S3 Ag(uo) + (MO)xxx}i|v

Mz(x,t) Z_S_l %S Al(“Oy ul)+(ul)xxx}i|v (45)

uz(x, 1) =—S7' 2.8 Az(uo,ul,uz)Jr(uz)m”,

The first few components of Adomain polynomials A, (ug, u1, . .., u,) (cf. [25, 26])
are given by

Ao(uo) = uoug,, = x,

Aq(uo, uy) = uouyx +uily x = —xt,

2
Az (uo, ur, uz) = uoltz,x + Uzlhox + Uty x = Xxt°, (46)
As(ug, ur, ua, u3) = Uz, + Uis x + Uslty 5 + UoUs , = —4xt3,

Using the iteration formulae (45) and Adomian polynomials in (46), we obtain

ug(x,t) =x, uy(x,t)=—xt, ur(x,t)= xt2, uz(x,t) = —xtS, ug(x,t) = xt?. (C))
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Fig.3 Plot for Exact solution and SADM at0 < x < 2m and times ¢ = 0.1, 2.0, 2.75, respectively,

Thus, an approximate-analytical solution for u(x, t) is given by
uSTADM(x,t):x—xt+xt2—xt3+xt4+-~- , 48)

which gives the exact solution u(x, t) = 1L+t with | — t| < 1 (Table3).
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Table 3 Absolute/relative errors at some values of x and at times 0.1, 2.0, 2.75 using 7-terms of

SADM

t values of | Exact Numerical Absolute error Relative error
X
0.000 —0.099833 —0.099833 2747802 x10~15 2752387 x10~14
0.314 0.212370 0.212370 7.399636 x 10~ 14 3.484308 x10~13
0.942 0.745977 0.745977 1.988409 x 1013 2.665512 x10~13
1.570 0.994924 0.994924 2481348 x10~13 2.494007 x10~13
2.198 0.864217 0.864217 2.022826 x10~13 2.340645 x10~13

t=0.10 | 2.826 0.403732 0.403732 7.971401 x10~14 1.974428 x10~13
3.454 —0.210814 —0.210814 7352452 x10~14 3.487653 x10~13
4.082 —0.744915 —0.744915 1.987299 x 1013 2.667820 x10~13
4710 —0.994763 —0.994763 2.480238 x10~13 2.493296 x10~13
5.338 —0.865018 —0.865018 2.023937 x10~13 2339764 x10~13
5.966 —0.405189 —0.405189 7.965850 x 10~ 14 1.965960 x 10~ 13
6.280 —0.103002 —0.103002 3.191891 x10~1> 3.098854 x10~ 14
0.000 —0.909297 —0.907937 1360919 x10~3 1.496671 x10~3
0.314 —0.993371 —0.993953 5.820994 x10~4 5.859837 x10~*
0.942 —0.871376 —0.875489 4.112929 x 1073 4720040 x 103
1.570 —0.416871 —0.422945 6.074300 x 103 1.457118 x10~2
2.198 0.196709 0.190991 5.717768 x10~3 2.906717 x10™2

t=20 | 2.826 0.735226 0.732047 3.179384 x 1073 4324363 x10~3
3.454 0.993187 0.993759 5722263 x10~* 5761516 x10~*
4.082 0.872156 0.876262 4.105480 x10~3 4707276 x10~3
4710 0.418318 0.424390 6.072117 x10~3 1451556 x 10~2
5.338 —0.195147 —0.189425 5.721685 x10~3 2.931987 x10~2
5.966 —0.734146 —0.730958 3.187906 x 1073 4342335 x10~3
6.280 —0.907967 —0.906587 1380264 x 1073 1.520169 x10~3
0.000 —0.381661 —0.358498 2.316300 x10~2 6.068998 x 102
0.314 —0.648485 —0.649521 1.035837 x 1073 1.597318 x10~3
0.942 —0.971999 ~1.018772 4.677316 x102 4.812059 x 102
1.570 —0.924606 —0.999268 7.466224 x10~2 8.075033 x10~2
2.198 —0.524391 —0.598452 7.406083 x 102 1412320 x10~!

t=275| 2.826 0.075927 0.030728 4519843 x10~2 5.952891 x10~!
3.454 0.647272 0.648183 9.113162 x10~* 1.407934 x1073
4.082 0.971623 1.018297 4.667331 x102 4.803642 x 102
4710 0.925212 0.999837 7.462516 x10~2 8.065740 x10~2
5.338 0.525747 0.599847 7.410067 x 102 1.409437 x10~!
5.966 —0.074339 —0.029039 4.529999 x10~2 6.093728 x 10!
6.280 —0.378715 —0.355314 2.340076 x10~2 6.178992 x10~2
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Table 4 Absolute/relative errors at some values of x and at times 0.1, 2.0, 2.75 using 7-terms of

SADM

t Values of x Exact Numerical Absolute error Relative error
0.000 0.000000 0.000000 0.000000 -
0.628 0.615686 0.615686 1.970196 x10~2 | 3.200000 x 10~
1.256 1231373 1.231373 3.940392 x10™Y | 3.200000 x 10~
1.884 1.847059 1.847059 5.910588 x10~2 | 3.200000 x 10~
2512 2.462745 2.462745 7.880784 x10~9 | 3.200000 x 10~

t=0.02 3.140 3.078431 3.078431 9.850980 x10~? | 3.200000 x 10~
3.768 3.694118 3.694118 1.182118 x10~% | 3.200000 x 10~
4396 4309804 4309804 1379137 x10~% | 3.200000 x 10~
5.024 4.925490 4.925490 1.576157 x10~% | 3.200000 x 10~
5.652 5541176 5541176 1.773177 x10~% | 3.200000 x 10~
6.280 6.156863 6.156863 1.970196 x10~8 | 3.200000 x 10~
0.000 0.000000 0.000000 0.000000 -
0.628 0.592453 0.592453 4.606913 x10~7 | 7.776000 x 10~
1.256 1.184906 1.184907 9.213826 x10~7 | 7.776000 x 10~/
1.884 1777358 1.777360 1382074 x10~° | 7.776000 x 10~
2512 2.369811 2.369813 1.842765 x 1070 | 7.776000 x 10~/

t=0.06 3.140 2.962264 2.962266 2.303457 x10~° | 7.776000 x10~7
3.768 3.554717 3.554720 2764148 x10~° | 7.776000 x 10~/
4.396 4.147170 4.147173 3.224839 x10~° | 7.776000 x 10~/
5.024 4739623 4739626 3.685531 x10™° | 7.776000 x 107
5.652 5.332075 5.332080 4.146222 x10° | 7.776000 x 10~
6.280 5.924528 5.924533 4.606913 x10=° | 7.776000 x 10~
0.000 0.000000 0.000000 0.000000 -
0.628 0.570909 0.570915 5709091 x10~° | 1.000000 x 10~
1.256 1.141818 1.141830 1.141818 x 107> | 1.000000 x 10~
1.884 1.712727 1.712744 1.712727 x10™> | 1.000000 x 10~
2512 2.283636 2.283659 2.283636 x10™> | 1.000000 x 10~

t=0.10 3.140 2.854545 2.854574 2.854545 x10™> | 1.000000 x 10~
3.768 3.425455 3.425489 3.425455 x10™> | 1.000000 x 10~
4.396 3.996364 3.996404 3.996364 x10~> | 1.000000 x 10~
5.024 4567273 4567318 4567273 x10™> | 1.000000 x 10>
5.652 5.138182 5.138233 5.138182 x10™> | 1.000000 x 10~
6.280 5.709091 5709148 5709091 x10™> | 1.000000 x 10~
0.000 0.000000 0.000000 0.000000 -
0.628 0.418667 0.431750 1.308333 x10~2 | 3.125000 x10~2
1.256 0.837333 0.863500 2.616667 x10™2 | 3.125000 x 10~2
1.884 1.256000 1.295250 3.925000 x10~2 | 3.125000 x10~2
2512 1.674667 1727000 5233333 x1072 | 3.125000 x 102

t=0.50 3.140 2.093333 2.158750 6.541667 x10~2 | 3.125000 x 10~2
3.768 2.512000 2.590500 7.850000 x 10~2 | 3.125000 x 102
4396 2.930667 3.022250 9.158333 x10™2 | 3.125000 x10~2
5.024 3.349333 3.454000 1.046667 x10~1 | 3.125000 x10~2
5.652 3.768000 3.885750 1.177500 x 10~ | 3.125000 x 10~2
6.280 4.186667 4317500 1308333 x10~! |3.125000 x10~2
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Fig. 4 Error plots versus x (SADM) at times ¢t = 0.1, 2.0, 2.75 respectively
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Fig. 5 Three-dimensional representation for Exact solution and SADM at 0 < x <27 and 0 <
t <40

Plots of exact and numerical solution vs x are displayed in Fig. 6. We obtain plots
of absolute error vs x at four different values of time in Fig. 2. We also compare the
absolute and relative errors at some values of x at four different times in Table4.
We note that same approximate-analytical solution have been obtained using using
SADM for the considered numerical experiments in this paper as shown in Figs. 3,

4,5 and 7.
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4.3 Implementation of SADM for Eq. (8)

By consider the inhomogeneous equation in Eq. (8), we apply Shehu transform on
both sides of Eq.(8) to get

12 sin(x)
2

Su(x, 1) = g.u(x,O) + g{S |:cos(x) + 2t sin(x) + :| - S[ — Uy +u”xxx]}. 49)

Taking inverse Shehu transform on both sides of Eq. (49), we obtain

2 .
ux,t) =u(x,0) — s-! [8 -S |:cos(x) + 2t sin(x) + ! 51211(x):| — S[ — uuy + uxxxxx]].
s

(50)
By applying the aforesaid decomposition method, we have
o0 2 .
St 1) = u(x,0) = 8! [B .S |:cos(x) 42t sin(x) + - Sl;(x)}
N

n=0

_S_l[g . S{ZAH(M(),M] ..... Mn)'l-Z(”n)xxxxx}]' (51)
n=0

n=0

On comparing both sides of Eq.(51), we obtain

2
uo(x, 1) = u(x,0)+S! [§ -S |:cos(x) + 2¢sin(x) + % sin(x):| i| (52)

u(x,r) = -s™ |:§ S [(U0) xxxxx — AO(“O)]]v (53)
MQ(X, t) = _S_l |:§ -8 [(ul)xxxxx - AI(MO’ ul)]:| (54)

The first few components of Adomain polynomials A, (1) are obtained using formu-
lae (cf. [25, 26])

Ap(ug) = uguo,x

=2 cos(x) sin(x) + (cos2(x) - sinz(x)) B+ (é cosz(x) + cos(x) sin(x) — é sinz(x)> I

+ %ts sin(x) cos(x) + 31—616 sin(x) cos(x), (55)
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Aq(ug, uy) = uoui x +ugug,x

_ (_ sin(x) . cosz(x) sin(x)) 10 (_ 5 sin(x) n 5 cosz(x) sin(x)) 9

- 1512 504 378 126

+

26~ 252 18 sin(x) + 13 cos (x) sin(x) — 25

cos (x) cos(x) 1 1 cos(x) sinz(x)>[8

cosz(x) 7 cos? (x) 7 cos(x) + sinz(x)

+ 36 72 144

- g cos(x) sinz(x)) ¢!

(6

+

7 + — sm(x) + %cos (x) — %cos(x) — cos(x) sin (x) — éco% (x) sm(x))

+ m2( )+

791112():) + 3 cos (x) + %cos(x) sin(x) — gcos (x) sm(x))

w\m w\~

cos(2x) 3
—1.
* 2

[
(=5
< cos(2x)
S
-

cos (x) + - cos(x) + % cos(x) sin(x) + % cos(x) sin (x)) 4 +
(56)

The polynomials A, (ug, u;, u;) and As(ug, u;, u,, us) are obtained by

Ao (ug, Ui, us) = ugly x + Uslo x + Uiy x,

Az(uo, uy, Uz, uz) = Uzl x + Uiy + Usly x + UoU3 x,

and the higher order ones are obtained by

n—1

olly_;
Al1(u05u19u27-"9u1‘1)Zzuj 8)(,‘]' (57)
j=0

Employing Egs. (56), (55) together with Eq. (52) yields

3
uo(x,t) = tcos(x) + 2 sin(x) + BN sin(x), (58a)

ui(x, 1) = %t sin(x) + — (2 cos (x) — sin (2x))t

) (eos @) = Leostn )+ L sin @y 6 4 SRCOT g
— | COS X) — — COS(Xx — S1n X _—,
4 6 36 504
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ua (e 1) = (cosz(x)sin(x) B sin(x)) R <_ sin(x) N cosz(x)sin(x)) 410

5544 16632 756 252
n sm (x) cos?(x) sin(x) cos(x) sin?(x)  cos3(x)  cos(x) 9
54 2268 1134 2268
7 cos3 (x) ~ Tcos(x) (sin(x))? 1 1 15 (cos(x)?\ ¢
+ ( 288 56 T iis2 T 136~ 36 W S0 — ——go !
127 cos (x) 1 (sin(x))? 1 .
+ ( + — 12 cos (x) ~ % cos(x) — 504 + a7 cos(x) sin“(x)

1 si
b cosz(x) sin(x) + QTZ(;) )t7

2 .
+ (% cosz(x) - ig sinz(x) + 7817[12()6) + 2 cos(x) sin(x) — W) 6
sin(x) = 49 cos(x) sin(x) 2 1
(— 120 + 15 + — 15 cos(x) sin (x) T cos (x) + 5 cos(x))

67cos’(x) 1 ., 1. 4\ 4, 1,
+ (T ~3 sin“(x) + T sin(x) — 5)1 — gt cos(x).
Thus, the sum of first three iterates to build an approximate-analytical solution for
u(x,t) of Eq.(8) is given by

Usaom(X, 1) = ug(x,t) +ui(x,t) +u(x,t). 59

Remark 2 Fig. 8 shows exact and SADM solution whereas Fig.9 demonstrates
Absolute error at different times. From numerical experiments above, we see that
SADM is a promising semi-analytical method for solving PDEs. Comparison of
SADM with other traditional semi-analytic methods such HPM, VIM, RDTM will
be prominent continuation of this work, as this is not studied yet.
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Fig. 8 Plots of Exact solution and approximate solution using 3-terms of SADM versus x at times
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Table 5 Absolute and relative errors at some values of x obtained at times r = 0.005, 0.02, 0.06
for Numerical Experiment 2

t Values of x Exact solution Numerical Absolute error Relative error
solution
0.000 0.005000 0.005000 2286458 x10~8 | 4.572917 x10~0
0.628 0.004046 0.004068 2206271 x107> | 5.452940 x10~3
1.256 0.001548 0.001584 3.568366 x 107> | 2.304976 x10~2
1.884 —0.001541 —0.001505 3.568926 x10™° | 2.316672 x10~2
2.512 —0.004041 —0.004019 2207738 x107> | 5.462890 x 1073
t=0.005 3.140 —0.005000 —0.005000 4.100777 x10~8 | 8.201564 x10~°
3.768 —0.004051 —0.004073 2201170 x10™> | 5.434056 x10~3
4.396 —0.001556 —0.001591 3.566489 x 107> | 2.292553 x10~2
5.024 0.001533 0.001497 3.570741 x10™> | 2.329308 x10~2
5.652 0.004037 0.004015 2212304 x107> | 5.480554 x 1073
6.280 0.005000 0.005000 9.665089 x10~8 | 1.933028 x 10~
0.000 0.020000 0.020002 1.853337 x107° | 9.266683 x10~>
0.628 0.016184 0.016539 3.547192 x10~4 | 2.191778 x10~2
1.256 0.006192 0.006765 5722393 x10~% | 9.240910 x10~2
1.884 —0.006162 —0.005590 5717151 x10~4 | 9.277835 x10~2
2.512 —0.016165 —0.015812 3.533471 x10™4 | 2.185830 x10~2
t=0.02 3.140 —0.020000 —0.020000 1.577400 x10~7 | 7.887008 x10~°
3.768 —0.016203 —0.016556 3.532682 x10™4 | 2.180294 x10~2
4.396 —0.006223 —0.006795 5.718787 x10~# | 9.190149 x10~2
5.024 0.006132 0.005560 5719482 x 104 | 9.327499 x10~2
5.652 0.016147 0.015793 3.534486 x10™4 | 2.189001 x10~2
6.280 0.020000 0.020000 6.214620 x10~8 | 3.107326 x10~°
0.000 0.060000 0.060078 7.812199 x10~5 | 1.302033 x10~3
0.628 0.048552 0.051803 3.250500 x1073 | 6.694850 x10~2
1.256 0.018577 0.023761 5.183495 x 1073 | 2.790220 x 10!
1.884 —0.018486 —0.013322 5.164223 x1073 | 2.793513 x 10!
2512 —0.048496 —0.045296 3.200081 x1073 | 6.598642 x10~2
t=0.06 3.140 —0.060000 —0.059984 1586109 x 107> | 2.643518 x10~*
3.768 —0.048608 —0.051797 3.188704 x1073 | 6.559995 x10~2
4.396 —0.018668 —0.023844 5.175574 x1073 | 2.772400 x 101
5.024 0.018396 0.013234 5161817 x1073 | 2.806014 x 10~
5.652 0.048440 0.045287 3.152560 x 1073 | 6.508212 x10~2
6.280 0.060000 0.060060 6.080264 x10™> | 1.013382 x10~3

5 Conclusions

In this paper, we have obtained an approximate-analytical solution to homogeneous as
well as non-homogeneous dispersive KdV equations with some initial approximation
using modified Adomian decomposition method using Shehu’s transform. For the
homogeneous KdV equation in Eq. (2), results obtained by methods, standard ADM,
LADM, and SADM, are equivalent and therefore give the same results. The LADM
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and ADM are also powerful methods for solving both linear as well as nonlinear
PDEs as these methods do not need any form of transformation, perturbation, or
linearization. However, rigorous computation of Adomian polynomials is one of the
requirement, which can sometimes result in intensive computations for nonlinear
problems.

As our main contribution, we have applied a reliable method, SADM, which
combines Shehu’s transform with Adomian Decomposition Method to both linear as
well as nonlinear homogeneous and non-homogeneous dispersive KdV-type equation
and the numerical results using SADM are given in Tables3 and 5. The obtained
numerical results in this paper confirm that SADM is an effective method, as it
allows us to know the exact solution after computing first few terms only. Therefore,
this method an be considered as an alternative method to solve numerous linear and
nonlinear problems efficiently.
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Abstract In this paper, monic polynomials orthogonal with deformation of the
Freud-type weight function are considered. These polynomials fulfill linear differ-
ential equations with some polynomial coefficients in their holonomic form. The
aim of this work is to explore certain characterizing properties of perturbed Freud-
type polynomials such as nonlinear recursion relations, finite moments, differential-
recurrence, and differential relations satisfied by the recurrence coefficients as well as
the corresponding semiclassical orthogonal polynomials. We note that the obtained
differential equation fulfilled by the considered semiclassical polynomials are used to
study an electrostatic interpretation for the distribution of zeros based on the original
ideas of Stieltjes.
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m and that are orthogonal with respect to the positive weight w(x) on the interval
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d
(Wmv I/fk)w = / wm(-x)Wk(x)w(x)dx = l-‘m(sm,kv m,k=0,1,2,...,

where I',,, > 0 denotes the normalization constant [7, 29]. This value can be obtained
from the square of the weighted L%-norm of v,,(x) over [c, d]. Monic polynomial
representation takes the form

Y (x) = x" + p(m)x" ' + -

\N

It is known that det (x}_')i = [Ti<icjen (i — x;) = det (wi—l(xj))i/j:] . The

polynomials v, (x) can be generated by the Gram-Schmidt orthogonalization process
[7, 18].

As it is known in [7, 18, 29], classical orthogonal polynomials obey Pearson’s

differential equation
) M)

where the polynomials A(x) and t(x) are of degrees two and one, respectively.
Whereas polynomials for which the weight fulfills Eq. (1) with deg(}) > 2 or
deg(t) # 1 are said to be Semiclassical orthogonal polynomials [17].

For deformed orthogonality weight, if the moments exist and the correspond-
ing monic orthogonal polynomials v, (z) forn =0, 1,2, ... obey linear recursive
relation

an(z) = 1//n+1(Z) + ynl/fn—l(Z) + anwn(z)’
Yo(z) =1, wny¥_1(z) =0.

The following relations in [3] are valid for a semiclassical weight w with w(a) =
w(b) = 0.

Lemma 1 ([3]) Suppose that v(x) = —Inw(x) has a derivative in some Lipschitz
order with a positive exponent [27]. The differential-difference coefficients obey the
following formulas:

¥, (@) = Y An (@ VYn-1(2) — B (@)Y (2), @)
Yyt () = =A 1 QY (2) + [B4(2) + V' (@)] Y1 (2), 3)

where

1 b ../ oy
A2) = — / %wmw(r)dr, @)

T,
1 b . o

Bi(2) = f VR V@) oy (Dw(odr. )
n—1 Ja —T
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Lemma 2 ([3]) The coefficients ‘A, (z) and B, (z) defined by Egs. (4) and (5) obeys

Bi11(2) + Bu(2) = —v'(2) + (2 — @) Au(2), (M)
1+ (@ = an)[Bu1(2) — Bu(D)] = =¥ Fu-1(2) + Va1 Ant1(2). (M>)

We also mention another supplementary condition, that involves 27;(]) Aj(z) and
we will denote it by (M}) as this relation helps to obtain recurrence coefficients o,
and y,, as

n—1
V'(2)B,(2) + Y Aj(2) + Br (@) = vaFn (A1 (2). (M)
j=0

Eq. (M) can be perceived as an equation for Z?;(l) A (z). See, for instance, [2, 4].
The differential equation fulfilled by ¥, (z) is generated by eliminating ¥, (z) from
ladder operators, and it is given as

A (2)
An(2)

4 / ! / ﬂ;’l g n71
Y (2) — (v () + ) Y (2) + (Bn(z) B > A, (z)) Yn(2) =0,
j=0

An(2)
(7)

where Z?;(l) Aj(z) is obtained from (M3).

Lemma 3 Suppose we have a symmetric semiclassical weight W, (x; t) = exp(tx?)
wo(x), witht € R such that the moments of for wy is finite. The recursive coefficient
¥, (t) obeys the Volterra, or the Langmuir lattice, equation [31]

dyn (1)
T Vu (@) (Va1 () — Yu—1(2)) . 3
Proof See, for example, [31, Theorem 2.4]. O

In this paper, we consider studying semiclassical perturbed Freud-type measure

dpe(x) = We(x; 1) dx = |x[* T exp (—[ex® + 1(x* — xz)]) dx,
©)
o0>0,¢c>0,1teR,
involving parameters ¢, o, which will be used to represent the polynomials and in
the L? norm. For simplicity, we may not sometimes display the parameters in the
polynomials.

The motives for the choice of the perturbed orthogonality measure in (9) is as
follows: First, from some of the classical orthogonal polynomials, a new class of
semiclassical (non-classical) orthogonal polynomials can be obtained by means of
slight modifications on their orthogonality measure [25, 26]. Such measure defor-
mation usually results in some difficulties, most of which have not been handled yet
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as noted in [25, 26]. Motivated by the works of P. Nevai et al. [26], a slight mod-
ification of a new orthogonality measure on non-compact support presents a new
class of orthogonal polynomials if certain characterizing properties associated with
the considered polynomials are successfully obtained. Secondly, the choice of mod-
ified Freud-type measure is reasonable in the sense that this orthogonality measure
emanates from quadratic transformation and Chihara’s symmetrization of the mod-
ified Airy-type measure (cf. [7] for symmetrization process). This also leads to an
investigation of certain fresh properties such as nonlinear differential-recurrence and
differential equations satisfied by the recurrence coefficients as well as the perturbed
polynomials themselves. The results obtained also motivate considerable applica-
tions; for instance, in modeling nonlinear phenomena, Soliton Theory and Random
matrix theory [4] and in the crystal structure in solid-state physics, to mention a few.

2 Semiclassical Perturbed Freud-Type Polynomials

Semiclassical perturbed Freud polynomials {S,, (x; £)}72, on R are real polynomials
with their orthogonality weight given by

dig (x) = Wy (x; ) dx = |x|>*+exp (—[cx6 +r(x* = xz)]) dx,
0>0,¢c>0,1tekR,

and the orthogonality condition is given by

oo

(Sny‘sm)W(7 :/ Su(x;t) Sp(xst) WJ(X;t)dx:fil Smn s (10)

where §,,, denotes the Kronecker delta function. It follows from Eq. (10) that the
recursion relation takes the form

Y

Spr1(x3 1) = —yu(t;0) Sp_1(x3 1) +x8, (x5 1), neN,
So:=1 and p»S_;:=0.

If we multiply Eq. (11) with S, (x; /) W, (x; r) and then integrate with respect to x
and using orthogonality given in Eq. (10), we obtain

> 0. (12)

1 £
Yt 0) = (1S St ), = 2D
Fu—1(2) |

Observe that S, (x; r) comprises the terms x"~", r < n and is symmetric so that

Su(=x;1) = (=1)"S,(x; 1),
Sn(O; t) Snfl(O; t) = 09
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as the weight W, (x; t) is even on R. Using monic representation of considered
polynomials S, (x; t), associated with W, (x; r), we have that

Sn(xit) = x" + (1) x" 72 4+ 8 (0:1), (13)
which can be expressed equivalently as [7],

Soi(xi 1) = xH + x(ir 1) X272 4 4 85;(0),
Soia1(i ) =x2H 4 x Qi+ 1) a2 4o psx = (le' +xQi+1;1) x22 +---+s),

where s € R. By substituting Eq. (13) into Eq. (11), we obtain

Ya(t) = x(n:1) — x(n + 151),

14
x(0) :=0. (14

Imposing a telescoping iteration of terms of Eq. (14) gives

n—1
Y wnlt,0) = —x(n;0).
k=0

3 Certain Properties of the Considered Semiclassical
Polynomials

In this section, we explore certain characterizing properties for perturbed semiclas-
sical Freud-type polynomials.

3.1 Finite Moments

For certain semiclassical weights, it is known in [8, 9, 21] that the moments make a
link between the weight function and the theory of integrable equations, in particular,
Painlevé-type equations [31].

Theorem 1 Suppose x,t € R and ¢, o > 0. The first moment ny(t; o) associated
with the weight (10) is finite.

Proof For the weight given in Eq. (9), the moment 7 (¢; o) takes the form

no(t; o) =/OC Wy (x; 1) dx=2/oo Wy (x;t) dx. (15)
—00 0
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For o > 0 and ¢ > 0, the function W, (x; 1) = x** ™ exp (—[cx® + 1 (x* — x?)]) is
continuous on [0, c0), and hence is integrable on [0, K] for any K > 0. In order to
show f;o W, (x;t) dx is finite, we first note that lim,_, . x2W, (x; t) = 0; that is,
there exists an N > 0 such that x>W, (x; t) < 1 whenever x > N by definition. As

N i—){ < 00, it follows, for N > 0, that [" W, (x; ) dx < oo, particularly when
N =K. Hence, [;° W, (x;1) dx < oo. O

The following result presents some conditions for differentiation and integration
order for functions of two variables [20].

Lemma 4 [20, Theorem 16.11] Let J = (a, b) C R be an open interval and g :
R x J — R. Assume that

(i) g(x,t) has a derivative on R with respect to t for almost all x € R,
(ii) for every fixedt € J, [° g(x,1) dx < oo,
ag(x, 1)

(iii) I anintegrable function h : R — R such thatVt € J, ”

< h(x), which

is true for almost all x € R.

It then follows that

d (% ® 9g(x,t
L e dx:/ LI
dt J_o oo Ot

The following result shows how moments of high order behave for the weight function
in Eq. (9).

Theorem 2 For n € Ny, the moments associated with the perturbed Freud weight
given in (9) obey the following formulations
d" oo | o 6 4 2
man(t0) = 2o [T P  exp (—ex® 41 (x = a?)]) dx

=Y oD (D) nan—2e (13 0) = I
Nonti1(t;0) =0.

(16)

no(t; o),

Proof Taking into account the weight in Eq. (9) is even on R, let’s take Freud-type
weight defined on the positive x-axis; that is,

W, (x; 1) i= x> exp (—[ex® +t(x* — x»)]), x €(0,00), 0 >0, teJCR.

One can see that W, is a rapidly decreasing function [20].
Using Theorem 1, we can easily see that

oW, (i)

Py (x* —x?) x> exp (—[cx6 +r(x* — xz)]) , a7
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is continuous on R*. For# < Oand x € (1, 00), we have exp (f(x* — x?)) < 1, since
ty? <0 fory € R. Thus,

' W, (x; 1)
ot

= ‘xz"H *—xY exp( [ex® +r(x* — xz)]>‘ x2 K exp (—cx6> = G((x),
(18)

for some bounding k € R* and o > 0, with

00 o0 1 /INT (2048
/ G(x)dx = / x2+hexp (—cxﬁ) dx=—-| - r(=2 + < 00,
0 0 6 \c 6

where I'(z) denotes the Gamma function.
It then follows from Eq. (17) that

oWy (x;t
‘w = ‘x2”+3 exp (—[cx6 +r(x* = x2)])‘ < x2Hexp <—cx6 + Ax2> = K(x),

ot

for r € [0, A], A € RT and K (x) is integrable for x € R*. We see that all the con-
ditions of Lemma 4 are fulfilled so that Eq. (16) can be proved using the principles
of mathematical induction. For n = 1, we have

d o0
= Ix[*exp (—[cx® + 1 (x* — x?)]) dx
o0

d
— t,
dtnO( o)

<—1)/ (x* = xH W, (x5 1) dx = (=1) (na(t, 0) — Ma(t, 0)) .

We suppose, for inductive assumption, that

n

(o) = Z( 1)"+k( )774n2k(t;0) =1t 0).

‘We need to show that

n+1

Nonya(t, 0) = Tt

———o(t, 0).

We note that x> "2 exp (—[cx® + 1 (x* — x?)]), x € RT, 1 € J, also obeys the
conditions of Lemma 4. Then, by applying binomial expansion, we have

n+1 d an
Wﬂo(ha) =7 (dt" no(t, 0))

_d w4 2\" . gy (4 2\ .
_E/R(_l) (x —x) W(,(x,z)dx_/R( 1) ( 1)(x x) Wo (x: 1) dx
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DTN e
k=0

—00

n
n+1
= Z(—l)nJrkH( r )ﬂ4n+4—2k(t; o) =mpt2(t,0) =noltsn+o +1).
k=0

Besides, moments of odd order vanish; i.e.,

o0
M1 (15 0) = f XMW, (x;n)dx =0, n €N, (12)
—00
as the expression in the above integral is an odd function. (I

3.2 Concise Formulation

The following result gives a concise formulation for perturbed Freud-type polyno-
mials S,,(x; t). For a similar result, [19, Lemma 3.2].

Lemma 5 Suppose we have the perturbed Freud-type weight given in (9). Concise
formulation of the corresponding polynomials, in terms of recurrence coefficient
y;(t; o), is given by

L1

Sy(xi) =) Wilg) x4, (13a)
k=0
Yo(q) =1, for ke{l,2,..., 2]}, g €N,
where
q+1-2k q+3-2k q+5-2k g—1
Ue(q) = (=DF D i) Y yptio) Y ypto) Yy to).
=1 Jo=j+2 J3=j+2 Je=Jjk—1+2

(13b)

Proof Since the perturbed Freud-type polynomials S,(x; ) are symmetric and
monic of degree ¢, and for a fixed r € R, we have S,(—x) = (-1)4S,(x), so that

q q
Sag(xit) =Y gag2j X7 Spui(xit) = Y gagaj XL (14)
j=0 j=0

where g, o = Wi (q) with Wo(g) =1 and Wi (q) =0 for k > | {]. If we substitute Eq.
(13a) into Eq. (11) and if we compare the coefficients of x, we obtain

Vi(g +1) —Wi(q) = =y, (5 0) W 1(g — 1),

15
Yo(q) = 1. (1



On Certain Properties of Perturbed Freud-Type Weight: A Revisit 139

Equation (13b) can be proved by employing induction on k. For k = 1, we see that
Pi(g) = ¥i(g — D = —yg-1, (16)
By employing a telescoping sum of terms in Eq. (16), we obtain
q—1
Wig)=—Y y(t:0), Yg = 1.
j1=0

Let’s assume that, for every ¢ € N, Eq. (13b) holds true for values up to k — 1, i.e.,

q+3—2k q+5-2k q+7-2k g-1
i) = (=D 3T o) Y vptio) Y ypGe) Yy, (o).
i1=1 Ja=j1+2 B3=ja+2 Jk=1=jk—2+2
(17)
Equation (15) can be repeatedly used to obtain
V(@) = Wi(g — 1) — vg—1¥k—1(qg — 2),
=Yg —2) = vg—2Vr-1(q —3) — vg—1¥r-1(q — 2),
=Vp(g —3) = vg-3Vk-1(g =4 — vg—2¥k—1(g —3) — vg—1¥Yk-1(g — 2),
= —Vu-1Y—1Q2k —=2) =y W1k = 1) — -+ — Y32V 1(q = 3) — Yg—1¥k—1(q 71?3).

Substituting Eq. (17) into Eq. (18) yields Eq. (13b) and hence the required result. [

Lemma 5 is alternately given as follows.

Proposition 1 The following formulation also holds for monic perturbed Freud-type
polynomials S, (x; t):

L1
Sgi ) =x14+Y 0| Y e | X9,
r=1 keW(q,r)

where W(q,r) ={k e N |kjy1>k;j+2 for 1 <j<r—1, 1=k k <gq},

q
and 4] = { 2,

2

q is even,

q is odd.

3.3 Normalization Constant

The normalization constant I, in Eq. (10) for the weight in Eq. (9) takes the form
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L7
P = (S, Sdw, = [Sullfy, =Y Welm) a2t 0), (19)

k=0

where W, (m) is given in Eq. (13b). Equation (19) is equivalently given by
R [o.¢]
L, (1) =/ S%(x, 1) Wy(x; 1) dx.
—00

By using variable transformation x> = £, we have different normalization parties as
follows:

[ (1) :/ 82, (x, 1) W, (x; t)dx

[ . 1
— 2 o+3 _ 3 2 _
- 2/0 SZm(\/g’ t) |$| CXP( [C%_ + t(g E)]) Zﬁd

= / P25, )57 |E7E exp (—[c&® + 1(E> — £)]) dE =: T, (1),

0

and
fzm+1(t)=/ 81 (x, 1) Wo(xs 1) dx
—00

—2 /0 S (E D E7 exp (—les® + (5% — 9)]) % d

=f0 P2E. 1) ) 617+ exp (L83 + 1(E7 — £)]) dE = T (1),
We now see that

Son(WVE, 1) = (VEV™ 4+ x Qm, )(VE)™" 2+ - + 82,(0, 1)
="+ pm, DE" T - 4 P(0,1) := P(&, 1),

and

Somi1 (VE 1) = (VEY" N 4+ x@m, (VO™ - +k-JE, keR,
= VE(E" +Pm, )E" T 4 k) == VEP,(E, D).

The above polynomials ﬁm (&, 1) and ﬁm (&, t) are recognized as monic semiclassical
Airy-type polynomials with corresponding orthogonality weights

wi(x; 1) = 72 1E]7 T exp (—[c€® + 182 — ©)]), (20a)
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wa(x; 1) = £3[£]7F2 exp (—[c& + 1(€2 — )]), (20b)

both defined over (0, co), respectively. (See [7] for symmetrization process and
quadratic transformation).

The corresponding Hankel determinants for the weights in Eq. (20) can be given
by

n—1

00 m—1
By (1) i=det ( [ et et (<t +1€ - 00) ds) [The®,
=0

m—1
[Tm®
=0

ij=0  j_

i,j=0

n—1

Dy (1) i=det ( | et et e (1ot +162 - ) ds)
0

respectively. Hence,

n—1
Aty =[]ri® =

Jj=0

~ o~

5k+15k I’l:2k+1,
Dka n =2k.

Itis good to mention here that investigation of asymptotics of the Hankel determinants
when 7 is large has been an interesting subject for many years; for instance, for
Gaussian weight is studied in Chen et al. in [23]. See also the monograph by Szego
[29] as we will not address this as it goes beyond the scope of the paper.

3.4 Nonlinear Recursion Relation

In this section, we explore certain nonlinear recurrence relations associated with the
semiclassical weight given in (9).

Theorem 3 For the semiclassical weight in (10), the recurrence coefficient y, (t; o)
fulfills the following difference relations

6¢ [¥n (Bt 4 B + Entd) + Va1 VaVur1 | + 48, — 2ty = n + (20 + D,

(21)
with initial conditions given by
n(t o) = ||)62||,2 _ n(t; o) _ I 22 W (i
’ 1117 no(t; o) I Wox) dx 22)
Yo =0,

where B, and 2, are, respectively, given by
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En = yn(t; U) [Vn—l(t; U) + yn(t; U) + yn-H(t; 0)] s (23)

and

Q=—"=

_ 1—(2—1)" B [1, for nisodd o

0, for niseven.

Proof (i) Applying similar procedure due to Freud as given in [30, Section 2] (see
also [26]), let’s consider the following integral

I=— / S0 1) Syt (5 0] Warlx: ) d, 25)

n o0

where I, is given in (19). Equation (25) is equivalently given by

b= - [0S0 Suw, + (S0 Sy w, ]

I
1 *° —1 An—l

= A—/ (nx” + Vn,z) S, 1(x; 1) We(x;t) dx = ——n, (26)
I, J-x r,

where V,,_, € P,_,. We also see that by evaluating Eq. (25) using technique of
integration, we arrive at

[o¢]
Inln = [Sn(x; 1) Sy (6 HWe (x5 ]2 —f Sn(x: 1) Sy_y (3 1) We (x: 1) dx
—00
o0 . . o0
= —Qo + 1)/ M We (x; 1) dx +6L‘f X386 1) Sy (1) We (x; 1) dx
—o0 —00

o0 o0
+4t/ X38u (1) Sy (x5 1) Wa(x;t)dx—Zt/ xS (i 1) Sy_1(x: 1) Wolxit)dx, (27)
oo

—00 —

in consideration of the fact that [S,, (x; 1) Su_1(x; )Wy (x; t)] = 0 as the weight
(10) vanishes at the boundary terms when x — 00 due to symmetry property

of the weight W,,; hence it follows that

oo
—00

/Do Sn(x;1) % Sp—1(x;1) Wo (x5 1) dx =0, (28a)

for n is even and, when n is odd, we have that

/ Syt (e 1) S”(j:”) Wy (x: 1) dx = Py, (28b)

—00

S,(x;t) . .

as Suxi 1) is a polynomial of degree n — 1. Thus, we have
X

/ M WG (x; l‘) dx = an‘n—l, (280)
X

—00
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where €, is given in (24). Let us employ the following iterated recurrence
relation from Eq. (11) to obtain

8,3 1) = Suis(ri ) + Vo + Vast + Varz + Vot + Vurd) Sz (x3 1)
+ [V (Bt + B+ Butt) + Va1 Va1 ] Surr (x31)
+ [VaVn-28Bnt + Va2Vao 1 VaVas1 + YaVao1Va—2Vn—3]| Su_a(x: 1)
+ (VaVn-1Yn-2Vn—3Vn—4) Sn—s(x; 1), (292)

X4Sn (x5 1) = Spya (s 1) + (Vu + Vat1 + Va2 + Vat3)Su2 (x5 1)
+ [Vn(yn—l + Vo + Vot 1) + Va1 (Vo + Va1 + )’n+2)]8n (x5 1)
+ VuVn—1Vn=2 + Vn—1 + Vn + VYt 1)Sn—2(x; 1) + (VnVn—1VYn—2Vn—3)Sn—a(x; 1),

9b)

)C3S,,(X; 1) = (Vn + Var1 + Vas2) Sn+1(x§ r)+ Sn+3(X; 1)

+ YnVn—-1 7/;172Sn73(X; t) + Vn (ynfl + Vn + yn+l) Snfl(x; t)»
(29¢)

XZSH(X; t) = (J/n + Vn-‘rl)Sn(x; t) + ynyn—lSn—Z(x; t) + Sn+2(~X; t)‘ (29d)

By using the identities (29) and Eq. (1) for the weight (9) together with Eqs. (28)
into (27), we obtain

nf‘nfl = Hnﬁn = 6¢c [(Vn + Vn—1) En + Vn Ent1 + VaVn—1 Vn—Z)] 1’—\‘n—l
= 2tyu et = Qo+ DQuEut +41 [ya (vat + v + v T,

(30)
which simplifies, using the fact that I',_; # 0, to
n+ Qo+ 1Ry =6¢[(Va+ Va-1) Bn + VaBng1 + VaVa-1Ya—2)]
+ 4t [ya a1 + Vo + Var1)] = 217, 31
where @, is given in (24). Note that Eqs. (30) and (26) yield Eq. (21).
d

Remark 1 Quite similar nonlinear discrete equations like Eq. (31) can be obtained
in [13, Eq. (23), p. 5] and we also refer to [1, 9, 31].

The following result gives the differential-recurrence relation for the weight (9).

Theorem 4 Forthe semiclassical weight in (10), the coefficients y,(t; o) obey Toda-
type formulation
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dy,
dt

= yn[ Vn+1 — Ens1) — (Va1 — En—1) ]v (32)

where E, is given in Eq. (23).

Proof In order to prove this result, we first differentiate the normalization constant
I, (t) with respect to ¢ as

dt, _ dS, -
dt - 2(77 *S‘n>W{I + <(-x - X )Snv Sn)ng
:2/ %Sn(x;t) W, (x: 1) dx~|—/ x2 S2(x; 1) Wy (x; 1) dx

(33)

—f x* Si(x;t) Wy (x; t) dx.

ds,
We see from Eq. (33) that the first integral vanishes by orthogonality as I € Pn_1.
Using the recursive relation in Eq. (11) and orthogonality fact, we now have
d

E An = (Vn + yn+1) f‘n - (En + EnJrl) l/—\‘n = [(yn - En) + (VnJrl - EnJrl)] léwns
(34)

Besides, if we differentiate Eq. (12) with respect to ¢, we obtain

d d [ Ty d 4 d 4 N H
"= w\w =vu| gl ——Inlyy| = Vn[(yn+1 = ¥n-1) — [Bnt1 — nn—l]],
n—1

and substituting Eq. (34) into (35) leads to the required result. (I

The following result presents nonlinear differential-recurrence relation of high order
associated with the weight (10); we quote ideas of the proof from [22].

Theorem 5 The coefficients y,(t; o) for the weight in Eq. (9) fulfills the following
nonlinear differential-recurrence equation
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dzJ/n
dt

= &1+ Qo+ DQ — POl + (~Vyet — V1) 70
2 2 3
+ (_Vn—ZVn—l Vo1~ Yn—1Vn+1 — 1 = Ynt1Vn42 +2vn—1 + 23’n+1) Vi

+(yn—3yn—zyn—| + V,%,zrn—l +2Vn—zy,f,l —4Yn—2¥n—1Yn+1+ Vn3,1 - 57/,12,an+1 —4Vn—1Yn+1Yn+2
2 2 2 2
—SVn—1Y41 + Vr?+| 2V 1 Y042 T Vntk 1Y T Yk 1 a2 Vn43 H 8Vn—1Vn 1 — Va1 — Vn+l)Vn

3
+(V1174an37n727n71 + V,%,}anﬁ/nfl + 2V1173V,,2,27n71 + 27n73}’n721’3,1 +Vp_o¥n—1

B3V 2|~ D2 Vne 1Y) — D2V V1 V2 Vg — 202 v
_ZV;%—I Yn+1Yn+2 + J’:—H + 33’3—;—1 Ynt2 + 3V;%-H V;$+2 + 2Vy%+1 Yn+2Yn+3 T Yn+1 V,3+2

2 17 Vi3 + Vb L Ynk 2y 3 = 2Vp— g Vne | + Vnk 1 Vnd 2 Vb 3Vnd = Dn—3Vn—2Vn—1
—‘%-zvnz,l + 2V —2Yn—1Vn+1 — 27,3,1 + 2V3,1V,1+1 +2¥n—1 y,,2+1 + 2V 17n+1Yn42 — 2v,13+1

2 2 2
Y1 Vn+2 T VR T 2Vn 140~ 1 Yn2Vn43 — 2Vn—1Yn+1 — 2¥n¥n—1 = 2Yn¥n41 ~ Yn+1Vn—1 ) Vns

V(t) =4tEp — 2ynt =2tyn [2(1/,1,1 +vn + J/n+1) - 1]-
where Q, and E, are given in Egs. (24) and (23) respectively.

Proof For the proof, we refer similar ideas in [22]. O

3.5 Differential-Recurrence Relation

Chen and Feigin [6] obtained ladder operators for a semiclassical weight w(x)|x —
t|®, where x,®,t € R and w(x) is classical weight function. In Filipuk et al.
[12], it is shown that the recurrence coefficients for the quartic Freud weight
[x[Petle=x*+? ¢ 1 e R @ > —1 are related to the solutions of the Painlevé IV and
the first discrete Painlevé equation. Clarkson et al. [9] provided a systematic study
on Freud weights and some generalized work for [6].

Lemma 6 ([22]) The monic orthogonal polynomials P,(x;t) with respect to the
semiclassical Freud-type weight (9)

we (x) = |x[*wo(x),

where
wo(x) == e ™ with vo(x) := ex® 4+ r(x* — x?).

on R satisfy the differential-difference—recurrence relation

Py:('x) = V(O A (x) Pp—1 (x) — B, (x) Py (x),

where o ,
An(x) = i/ Y@ =V pa g, (36a)
rn —00 xX—T
00 .. o 1 — (="
B, (x) = L/ Y™ %@ b p ) winydr + oft -0 (36b)
-1 J_wo xX—1 2x

Proof For the proof, we refer to [22]. See also similar works in [5]. O
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Lemma 7 A, (z) and B, (z) defined by Lemma 6 satisfy the relation:

%@ | B+ Bin@) @
<

Au(z) = Z 22 .

(37)
Proof Be the definition of A, (z), we rewrite it as

ﬂn(z>=i{ f My&%(r)w(r)dm f [vé)(z%v6<r>]P,%<r)w(r)dr}

—00

vo(z) v,(7) [
Z—T

—[ P (r)[ w(r)—w(r)]dr}

_1 q 72 _ (_1\n+1 q ,ﬁ —(—=1)"
—Z{Bnmz) = [1- 0]+ 8,0 1= ]}+
_BQ 4810 e, %E

z z2 z

ZF Pn+l(7:) +}/nPn—I(T)] P, (v)w(r)dr +U(,)(Z)Fn

vy (2)
-

which completes the proof. O

Lemma 8 [18, Chapter 3] The functions A, (z), B,(z), and ZZ;(I) Ay (z) satisfy the
identity
n—1
B2@) +V @B, + Y A (@) = 1aFn (@)A1 (). (38)
k=0

We, next, apply the ladder coefficients to the case of perturbed Freud weight as
follows.

3.5.1 Ladder Operator Relations for the Weight (9)
For the perturbed Freud-type weight (9),
v(x) = —InW,(x;1) = —Qo + DInjx| +cx® +1(x* —x?), xeR, (39)
we have
V(x) = _(20)6——1—1) + 6¢x° + 1(4x> — 2x),

and hence

+ 6c{x4 NI I NI ‘C4} —|—4t(x2 +xT+ T2) -2t

V() —v'(r) 20 +1
T oxr

X =T
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Theorem 6 The monic orthogonal polynomials S, (x; t) with respect to the weight
in (9) defined on R obey the relation

S, (x; 1) = Yu(OA(x; DS, 1 (x; 1) — By (x; S, (x5 1)

where

Ap(x; 1) = 6x* + 6¢(yy + Yas )X? +6¢ (Ent + Bn) + 4132 + 41 (yy + yus1) — 21, (40a)

20 + 1
x

Bu(x;t) = ( ) Q + 6cypx> + 6¢Epx + dtxyy, (40b)

where the expressions E, and Q, are given in (23) and (24), respectively.

Proof From (36a), we obtain
A1) = é/ S2(r) (M) W, (v; 1)de
f, Jr x—t

1
=A—/Si(r)(20+l
r, Jr x

T
= 6cx* + 6¢(yn + Vus1)X% +6¢ (Bt + Bn) + 4127 + 41 (v + yus1) — 21, (41)

+oclxt + P+ x4 a7 — ZI)W(, (r; ndt

and the integral in (41) vanishes due to symmetry of W,.
Besides, by using Eq. (36b), orthogonality and Eq. (11), we have that

1 20 + 1
B,(x;t) = = / Sn(r)Sn_l(r)( +6c{x* + Py + x2y? + xy® + y4
I Jr Xy
+ 41 oy 97 = 2) Wi ) dy
2 1
= 6CYux° + 6¢Eux + dtxy, + < o+ ) Q,, 42)
X
where E, and €2, are given respectively in (23) and (24). O

Remark 2 It is good to mention that there is a similar result in [10] for differential-
recurrence relation for sextic Freud-type weight; whereas our considered weight
in Eq. (9) can be perceived as generalized measure deformation using du(x; t) =
¢!~ du(x;0), For a similar procedure, one can see [16] where the authors
used classical measure deformation via du(x;t) = e*'d i(x; 0) for Laguerre-type
weight.

3.6 Shohat’s Quasi-Orthogonality Method

Shohat [28] studied a strategy using quasi-orthogonality, to find differential-difference
relation for a general semiclassical weight function. Bonan, Freud, Mhaskar, and
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Nevai are renowned experts who used this method in their work [26]. The idea of
quasi-orthogonality is well articulated in [11, 24, 28]). Our goal in this section is to
apply this method to the case of perturbed Freud-type weight in (9) [9, Section4.5].
Following the ideas in [26], we notice that monic perturbed Freud-type polynomials
obey quasi-orthogonality of order m = 7 and therefore

dS,(x; §
(LT Dtk Silx; 1), (43)
dx
k=n—6
where the expression u, j is obtained by

1 [ d4dS,

Upk = = x (3 7) Sk(xs 1) Wo(x; 7) dx, (44)
Fk —00 dx

withn — 6 < k < nand I'; # 0. By employing integration techniques, forn — 6 < j <
n — 1, we have
00 © d

- / — (xSk(x; W (x5 1)) Sulx;1)dx
—00

Ptk =[x SeCxi 1) Sl 1) W (1) | =
—00

—_ /oo [Sn(x; 1) Se(x: 1) + x Suxi 1) %(x; z)] W, (x: 1) dx

—00

—/DO xS, (x;1) Sj(x; 1) %(x;t)dx, 45)

o0
= _/ Sp(xi1) S;(x:1) <—6cx6 —drx* 4200 + 20 + 1>Wa(x; 1) dx
o0
= / (6cx6 +4tx* —2tx% — Q0 + 1)) Sn(x; 1) Sj(x; 1) W (x; 1) dx, (46)
—00

since
dWs (x,t)
X —— =

i [ — 6cx® — dtx* 4 2tx* + 20 + 1|W, (x; 1).
X

The following relations follow from iterating the recurrence given in Eq. (11):
X081 1) = Sup6 (i 1)+ (Vi + Vntt + Vnt2 + Vnt3 + Vi + Vis) Sna @i 0)
+ [yn+3 (V1 + V1 + Vat2 + Vut3 + Vntd) + Va2 (V0 + Va1 + Va2 + ¥ug3) + En + E)1+lj|sn+2()“ 1)
+ [Vn+11/n+2 [Vn + Yat1 + Va2 + Vug3] + [0 + Va1 (En + Eng1)]
+ vn¥n—1 (Va2 + Yn—1 + ¥ + Yut1) :|Sn(x§ 1)
+ Yn¥n—1 I:En—l + 8n + Butl + Va1 Vatl +¥u—2 (Yn—3 + Va2 + Va1 +vn + )/n+l)i|'sn72(xi )

+VYnVn-1Yn-2Yn-3 |:an4 +Vn-3+Vn-2+VYu-1+vn+ Vn+1:|snf4(xl 1)

+ (VnynflVn727n737n747n—5) Sp—e(x; 1), (47a)
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X480 1) = Suta (3 1) + (Vi + Vst 1 + Vus2 + ¥it3) Suaa (x5 1)
+ [Vn(]/nfl + ¥+ Vot1) + Vot 1 Vn + Vo1 + Vn+2)]8n(x§ 1)

+ VuVn-1Wn—2 + Vo1 + Vu + Vur DSn—2(x; 1) + WnVn—1Vn—2Vn—3)Su—a(x; 1),
(47b)

X285 (3 1) = Supa (X3 1) + (i + Yt ) Su (65 1) + Ya Va1 Sn—2(x; 1), (47¢)
By substituting Eq. (47) into Eq. (46), we obtain the coefficients {f,. J} _, in Eq.
(43) as:

5

Up,n—6 = 6¢ 1_[ Yn—j | = 65[7/71 VYn—1 )/11727/7173]/7174%175]7 Up,n—5 = 0, (483)
j=0

3
Uy n—4 = 6¢ 1_[ Yn—j |:an4 + Yn-3 + Yn—-2 + Yn—1 + Yn + )’n+1], Uy .pn—3 = 07 (48b)

j=0
Up,n—2 = Yn¥Vn—1 |:6C{E 2+ En—1+ En + Ent1 + Va—1Vn—2 + Vat1 n—2 + Vu—1) }

+ 41 (Va2 + Va1 + ¥n + Vut1) — 2t], (48¢)

" (48d)

For the case when k = n, we use integration technique in Eq. (44) to obtain

Fufun =/ RAEED o Wy z)dx———/ S2x; z)[wgu f+x M} d
o dx dx
:—ill"n+/ S%(x;t)(3cx6—2tx4+tx2—a— %)Wa(x;t)dx
= 3c/ X082 (x; )W,y (x; 1) dx —Zt/ x* 82 (x; 1) W, (x; 1) dx
_oooo —00
+zf X282 (x; )W, (x; 1) dx — (0 4+ 1T, 49)

By using the recursive relation given in Eq. (11) for Eq. (49), we have that

X8 = (Sutt + VaSn-1)? = Sopt +2vSut1Sact + Vi Sy, (50a)
X482 = X2 (S241 + 2nSu1Sumt + VESE_) = X282 + 2 (8 Sna ) (6 Su1) + 122 SE_
= (Sus2 + )/n+13n)2 + 20 (Sni2 + Vut180) (Su + Vno1Su—2) + 1,2 (Sn + anlsn—Z)
=82 5+ 2(0mr1 + Y)Su2Su + Gt + ) S2 + 2V Vn-1Sn42Su—2
+ 2V Vut U+ Vs 1) SnSn—2 + V2V 1S3, (50b)

and so by orthogonality, we have that
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o0
/ X082 1) Wo(xi 1) dx = (T3 + V,12+2Fn+1) F20nt1 F V) Var1 Va2 D+ Gt +¥)> Tt + 1200 1)
= Wn¥Yn+1¥n+2)Tn + Enp2Vn+1Tn + Y 1(En + En D00 + vn(En + Ep1)n
+ VYn—1YnVn+1Tn + ¥nEp—1Tn, (513.)

o0
f X282 1) Wo s 1) dx = Tyt + ¥ Tuet = Gt + ) T, (51b)
—00

o0
/ X482 (x5 1) Wo (x5 1) dx = Tpso + Wt + ¥)° T + 12721 Tuz
—00

= [()’n+l + Y+ Vn-0Vn + Vn2 + Va1 + V)l))’n+l]rn
= (8 + Ens1) T, (510

using I';+1 = vu+11,, the difference equation Eq. (21) and &, is given by Eq. (23).
By rearranging Eq. (21) and taking n — n — 1 in Eq. (21), we have

- n+ 2o+ 1) - — -
208, —ty, = ——— —3c [Vn (Bn—1+ En+ Epy1) + anlynyn+1] )

2
(52a)

n+ 14 Qo + Dy

) —3c [ynJrl (En + Ent1 + Ent2) + v yn+lyr1+2] B (52b)

2tEpt1 — tYny1 =

By combining Egs. (52a) and (52b), we obtain

(o) o0
—2:[ xS (x; 1) Wa(x;t)dx+t/ X282 (x; 1) Wo (x5 1) dx

-0 —00
=—(yn —2tEp) — tYnt1 — 2tEpy1)
= 730[)’71 (En—1+ 8n + Ent1) + Va—1VaVnt1 + Vat1 (En + Ent1 + Eny2) + VnVrH—lVrH—Z]

2n+ 1+ Qo+ 1) (2 + Qut1)
+ 2

= 730[)/” (En—1+ En + Ent1) + Va—1VnVnt1 + Vat1 (En + Eng1 + Eny2) + ynyn+1yn+z]

+n+ (0 +1), (53)

Hence from Eq. (51a) and Eq. (53), Eq. (49) becomes
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1 e 00
W = —[3cf KO0 W (i d = 0+ D =2 [ A3 Wi ax
Frl —00 —00
oo
+z/ xzs,%(x;z)wg(x;z)dx}
—00
= 3C|:(Vn?/n+l Yn+2) + Enr2Vn+1 + Vatr 1 (En + Enp DTn + va(En + Epp 1) + Va1 VaVn+1n + vn En—]:I

—(o+1) - 36[)/;1 (En—1+ Bn 4 Ent1) + Yoo 1 ¥nVnt1 + Va1 (Bn + Bngt + Engo) + yﬂyn+17n+2:|

+n+ (@ +1)

=n. (54)
Combining Eq. (48) with Eq. (43) gives

ds,
dx

X = Uy n-6 Sn—6(x; t) + Uy n—4 Sn—4(x; t) + Uy n—2 Sn—Z(x; t) + Uy n Sn(x; t)~

(55a)

Rewriting S,,_4 and S,,_, into Eq. (55a) in terms of S,, and S,,_; using Eq. (11), we
obtain

Sno1(x31) = Splxs t
Siaten = DTN ZSED, (55b)
Yn—1
Spa(x; 1) — Su_i (x; ¢ 2y
Sps(uiny = 22D ZO 6D XVt gy X Su(x; 1), (55¢)
VYn-2 Yn—1¥Yn-2 Yn—1¥Yn-2
Sn_3(x; 1) — Sy_a(x; ¢t 3~ (e _ 2y
Sya(riry = 25 3G = Se2(3 ) X7 — (a1 + Yu2)x Sptiin) = STV gy
¥Yn-3 Yn—1Yn—2Vn-3 Yn—1Yn—2VYn-3
(55d)
5_
Sn_6(x: 1) :{)C (Yn—1+ Vu—2 + Vn-3 + Vu—2)X + (Vu—1Vn-3 + Vu—1Yn—4 + Vn—2Vn—4) }Sn—l(x§ P
Yn—1Yn=2Yn-3Vn—4Vn-5

4 _
_ {X (Yn—2 + Vn=3 + Yn-2)X + Vu—2Vn—4 }Sn(x; 9. (55¢)
Yn—1¥Yn—-2¥Yn-3Yn—4¥Vn-5

Substituting Egs. (48), (54), (55b), (55d), and (55¢) into Eq. (55a) yields the required
result.

4 The Differential Equation

Theorem 7 Forthe semiclassical weight in (9), the corresponding monic orthogonal
polynomials S, (x; t) obey a linear ODE (with rational coefficients) as

d? - d -
_Sn(X; t) + Un(-X; t) _Sn(X; t) + Wn(-x; t) Sn(-X; t) = O, (56)
dx? dx

where
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. 20 +1
B 1) = —6exS — 1(4x — 2x) 4 22 FD
X
B [ 24cx3 +2[6¢(yn + Yut1) + 4] x } (57a)
6cxt + 6c(yn + Vn+l)x2 +6c(Eny1 + Ep) — 2t + 4t ()C2 +vn+ Vn+l)

(20 + D2,

W,,(x; 1) = 180ynx2 + 6¢cE, — " + 4ty,

+ ¥n (m4 +6¢(yn + Yur)x2 4+ 6¢ (Bugt + En) — 20 + 4t (x* + yy + ml))

x <6cx4 +6¢(yn + Yu-1)x% +6¢ (Ept + En) = 20 +41 (¢ +y, + yH))

20 +

1
T (6cBy 4ty — 20)x +

2 N
- |:(6cx5 + (6¢yn +40)x> — u
X

N 24cx3 +2[6¢(yn + Yus1) + 4] x )
6cx* 4+ 6¢(Yn + Yur1)X2 4 6¢ (Bug1 + Bu) — 20 + 41 (x2 4 v + Yur1)

(2 N,
A

X (6cy,lx3 4+ (6cE, +4ty,) x +

=—8,(x: 1) [v’(x) LBy (s 1) + %} + VuAn (5 D A1 (1) + B, (xi 1), (57b)

where Q, and E, are given in Egs. (24) and (23), respectively.
Proof For the proof, consult similar ideas in [21] and [22]. O

Remark 3 One can expand Eq. (57) via symbolic packages such as Mathematica
(Maple), however the resulting expression may look quite cumbersome.

S Application of Eq. (56) for Electrostatic Zero Distribution

The authors in [14] considered a perturbation of quartic Freud weight (w(x) =
exp(—x*)) by the addition of a fixed charged point of mass s at the origin; the corre-
sponding polynomials are Freud-type polynomials (see the recent work in [15]). For
semiclassical orthogonality measure, it was shown in [14] that these polynomials
obey a second-order linear differential equation of the form (7), and the electrostatic
model is in sight as in [18]. Application of Eq. (56) for electrostatic zero distribution
is also mentioned. Following these ideas, a similar work for the perturbed Freud-type
weight in (9) is given in a recent paper [22] using the obtained differential equation
in Sect. 4.
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6 Conclusions

By introducing a time variable to scaled sextic Freud-type measure upon deformation
(perturbation), we have found certain fresh characterizing properties: some recursive
relations, moments of finite order, concise formulation and orthogonality relation,
nonlinear difference equation for recurrence coefficients as well as the corresponding
polynomials, and certain properties of the zeros of the corresponding polynomials.
This work derived certain nonlinear difference equations, Toda-like equations, and
differential equations for the recurrence coefficients of the corresponding orthogonal
polynomials under consideration. Special attention, using the method of Shohat’s
quasi-orthogonality and ladder operators, is given to characterize the Freud-type
weight (9). Such semiclassical symmetric weight in Eq. (9) follows from quadratic
transformation and symmetrization as in [7]. By combining the three-term recurrence
relation with the difference-recurrence relation, a second-order differential equation
fulfilled by polynomials associated with the semiclassical weight Eq. (9) is obtained.
Application of the resulting differential equation in Eq. (56) for electrostatic zero
distribution is also noted. Following this work, investigation of these recurrence coef-
ficients in connection with certain (discrete) integrable systems will be a prominent
continuation of this study.
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Complex Chaotic Systems and Its )
Complexity

updates

Ajit K. Singh

Abstract This article is deal with an attempt to study the complex chaotic system
and its complexity. Chaos in the dynamical system is very complex pattern with the
real variables and becomes more complex with the complex variables. But due to its
real application in the physical systems, it is very useful to study its behaviour. This
article starts with the Lorenz model of integer order and of real variables and in a
very systematic way it explores to the fractional order to the complex variables and
ends with the fractional order complex chaotic systems. Numerical algorithm and
stability analysis are also presented through the simulation results.

Keywords Chaotic system - Lorenz system - Fractional calculus

1 Introduction

Chaos theory is a branch of mathematical sciences, in particular dynamics, has fur-
nished a new system of estimating the world and is an important technique to recog-
nise the behaviour of the approaches in the universe. Chaotic behaviours of dynamical
systems have been noticed in different parts of science, engineering and technology
such as physics, electronics, mechanics, biology, medicine, ecology, signal process-
ing economy, communication and so on.

Chaotic systems are basically dynamical systems which are highly sensitive to the
small perturbation in initial conditions and system parameters. Since complex chaotic
systems are more efficient and feasible, it has been observed in some research articles
that the complex variables are broadly used in a number of non-linear systems, for
instance, secure communications, coupled map lattices, detuned laser systems and
Julia sets, etc. The security of transmitted information is increased due to the state
variables having fifth order. Recently, complex Lorenz system is one of the most
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familiar complex chaotic systems, and has been utilise to express disk dynamos,
rotating fluids, etc. [1-3].

The origin of fractional calculus was close to the time of origination of differential
calculus. The proposal of fractional order derivative is first struck by Leibnitz in 1695.
Even though there was tiny progress in the topic which was almost theoretical. In the
19th century, after the works of Riemann, Liouville, Grunwald and Letnikov, it was
realised that the fractional order differential and integral are more useful than the
integer order in the application of non-linear sciences. One conceivable clarification
of such dishonour might be that there are many different definitions of fractional
derivatives. Then one more problem can be that fractional derivative has no evident
of the geometrical interpretation because of its non-local property.

Last few decades, fractional calculus has become centre of attraction for the
researcher working in the non-linear sciences. It is experienced that many, espe-
cially interdisciplinary applications can be classically expressed with aid of fractional
derivatives. For instance someone may bring up research on anomalous diffusion,
viscoelastic bodies, quantum evolution of complex systems, phase transitions of
fractional order, polymer physics, quantitative finance and an explanation of frac-
tional kinetics of the chaotic systems [4-6]. However, most of the aforementioned
researches were based on the linear fractional differential equations. This restric-
tion in the main results because of the dynamics of such systems may not remain
chaotic. As stated by the Poincare-Bendixson theorem [7], dimensional of the inte-
ger order system must be at least 3 for chaos to happen. But this is not true in the
fractional order systems. For instance, it has been proved that Chua’s circuit of order
2.7 can reveal the chaotic attractors. Since discrete dynamical system reveals chaotic
behaviour even in one dimension, someone should be emphasised that this theorem
is applicable for the continuous time chaotic systems but not for the discrete maps.
A well known mathematical model of a continuous time dynamical system which
reveals chaos is the Lorenz system [8—11].

Dynamical analysis of fractional order chaotic system is a main attention of
research. But it is primarily based on the bifurcation and phase diagram. After that
the Lyapunov exponent is an important method to study the complexity of a chaotic
system. A system with highest positive Lyapunav exponent means the system is
more complex. Moreover, to choose proper parameters of systems for its practical
applications, it is required to examine complexity of fractional order complex Lorenz
system.

2 Fractional Calculus
2.1 Definition

Fractional order derivative has been studied by many approach. There are two pri-
marily approach namely, frequency domain approach and time domain approach.
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Since a large number of fractional derivative definitions are observed in the litera-
ture surveys [12—14], author discusses only three commonly used definitions by first
considering Caputo’s definition. Since this is based on the time domain approach and
needs the initial conditions on integer which are readily determine. The fractional
order derivative is defined by

dl¢ (1) g d" ¢ (1)
dt dt

= "1™ (1)

where n := [q] is the first integer which is greater that or equal to ¢ and g > 0,
and g is an arbitrary number. ¢ (¢) denotes the n-th order ordinary differential of
the function ¢ () withrespectto ¢, and J* isthe w-order the Riemann-Liouville
integral operator defined in the following equation

Y@
I _
o= F(u)/(r o 7

where I' (x) means the Gamma value of p and 0 < u < 1.
The Caputo (C) definition of the fractional derivative of g-order is written as

/@
C na _
D= T / e (1)

The Grunwald-Letnikov (GL) definition of g-order is stated as
| [i] q
GL g — T _1\J g
D f(r)—}gg%hq2;< D (j)f(t ihy.
j=

where [-] represents the integral part.
The Riemann-Liouville (RL) definition of g-order is given as

f (@)
)dtn (l )1+q n

M1 f @) =

Since the Caputo differential operator requires initial conditions on the integer
values, and it is more efficient in the real application as compared to Riemann-
Liouville operator and others. Due to its physical interpenetration, well defined and
computation, the author chooses the Caputo’s definition of the fractional derivatives
throughout the article and writes a convenient notation DY instead of ¢ D9.
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2.2 Numerical Algorithm

Numerical algorithm of fractional order differential equation is studied in this section.
Diethelm et al. introduced the Adams-Bashforth-Moulton predictor and corrector
method [15], which is numerically stable and applicable to the both linear and non-
linear fractional differential equations. This algorithm is applied for numerical cal-
culation in this article.

The fractional differential equation with initial conditions in general form is writ-
ten as

Diyt)y=f(t, y@),0=<t<T
yO =yk k=0,1,2,..., [q] - 1. )

Equation (2) is analogous to Volterra integral equation

fq1-1

k k ;
Z)’ol n 1 f@y@)

t) = 3
yo pere I'(¢) t—v)' )
= 0
Let h = %, t,=nh, n=0,1,2,..., N €Z"%, thenEq. (3)is reduced to
[g1—1 k
y thrl h4 14
Iy = [N Iy
i (tag1) g 4 +F(q+2)f(+1 W (tr)
hq n
- in l“, t: , 4
g L s 0 0) @
where
i — (1 —q) (1 + D7, j=0
1 =1 +2= PN+ - HT -2 +1- ), 1<j<n
1, j=n+1

and predicted values are calculated by the following equation

fq1-1 y(]§ tk+
P —
Y (tn+1) — ; k! F (C]) Zﬂj n+1 f tj’ Yh (tj))

where

h . . .
ﬂj,n+1=?(n+1—1)"—(n—1)", l<j=<n.
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Error approximation in this method is
max ;... | X (t;) = xu (1) 1= O (A7),

where p = min{l + ¢, 2}.

2.3 Stability

Stability analysis of the equilibrium points to the fractional order chaotic system is
quite complicated and is distinct to the integral order chaotic system. With the aid of
following lemma, it can be answered.

Lemma 1 Equilibrium points of the fractional order system are asymptotically sta-
ble if all the eigenvalues satisfy the following:

g

| arg (eigen (J)) |=[ arg (i) [> ==

at the equilibrium E*. Here J represents the Jacobian matrix of the fractional order
system calculated at the equilibria E* [16].

3 Chaotic System

3.1 Lorenz System

The Lorenz system [17] was derived by the E. N. Lorenz in 1963 which is given by
the following set of ordinary differential equations

x=a(y—x)
y=cx—y—xZ
z =xy — bz, %)

where a dot denotes the derivative with respect to time. a, b and ¢ are the parameters.
Some basic features of the system (5) are as follows:

1. Evolution is controlled by only values of x, y, and z as the equations have the
first-order time derivative.

2. This is an autonomous system as time does not explicitly emerged in right-hand
side of system (5).

3. This is a non-linear system due to the presence of the xz term in second and xy
term in third of system (5).
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X(t)

y(t)

()

Fig. 1 Chaotic attractor of the Lorenz system

4. This is a dissipative system which means that the following inequality holds

djc+d}}+dZ (a+1+b) <0

— t+— 4+ —=—(a <

dx dy dz
as the parameters a and b are positive.

5. This is an invariant system in the sense of coordinate transformation (x, y, z) —
(—x, —y, z) which means that system (5) is symmetric in z-axis.

The Lorenz system (5) is chaotic in the nature for parameters value a = 10,
b =8/3, and ¢ = 28. The chaotic attractor of the system (5) is shown in Fig. 1.

3.2 Fractional Order Lorenz System

Generalisation of ordinary differential equations to fractional differential equations
can be practical in intentionality explanation of viscoelastic liquids such as human
blood [18]. A fractional generalisation of the Lorenz system is introduced by Grig-
orenko and Grigorenko [19]. The fractional order Lorenz system is given as

Dix =a(y —x)
Diy=cx—y—xz
DYz =xy— bz, (6)

where g-order time fractional derivatives are in the Caputo sense and 0 < g < 1.
When g =1 the fractional order Lorenz system (6) reduces to the standard Lorenz
system (5). The chaotic attractor of the system (6) is depicted through the Fig.2 on
the fractional order ¢ = 0.99 and parameters values a = 10, b = 8/3, ¢ = 28.
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Fig. 2 Chaotic attractor of the fractional order Lorenz system

3.3 Complex Lorenz System

The complex Lorenz system was derived from the original Lorenz system (5) by
Fowler et al. [20] which is described by the following set of differential equations:

i=a(y—x)

y=cx—y—xZ

1
7= E(xﬁ +xy) — bz, (N

where x = x; +ixy, y =x3+1ix4, and z = x5, and bar denotes the complex
conjugate. Separating the complex variables of system (7) into real and imaginary
parts, the following equivalent system is obtained

X; =a(x3 —x1)
X2 =a (x4 —x2)
)6'3 = CX1 — X3 — X1X5
X4 = CX2 — X4 — X2X5

X5 = x1Xx3 + X2x4 — bxs.

Basic characteristic of this complex form of the Lorenz system are similar to
mentioned which means it is non-linear, autonomous, symmetric in z-axis, dissi-
pative with bounded solutions, and appears only first order time derivative. Along
with these, the complex generalisation of the real and third-order Lorenz system
changed to fifth-order system. When a = 10, b = 8/3, ¢ = 28, the system (7) is
chaotic and phase portraits are shown through Fig.3 in x;(¢) — x2(¢) — x3(¢)-axes
and x3(r) — x4(t) — x5(t)-axes.
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Fig. 3 Phase portrait of the complex Lorenz system

3.4 Fractional Order Complex Lorenz System

The fractional order complex Lorenz system (FOCLS) is seen as a generalisation of
integer order complex Lorenz system (7). Then the FOCLS can be written in the set
of fractional order differential equations as follows:

Dix =a(y —x)
Diy=cx—y—uxz

1
Dz = E(xy+)_cy)—bz, ®)

where DY is the g-order Caputo’s fractional differential operator; x = x| + ix,,
y =x3+ix4 and z = x5. When g = 1, system (8) is same as the complex Lorenz
system (7).

4 Analysis of the FOCLS

In this section, analysis of the FOCLS is investigated, namely, real version, symmetry
and invariance, equilibrium points, stability and chaotic attractors of system (8).

4.1 Real Version

Since the Caputo fractional derivative operator (1) is a linear operator, the real version
of the system (8) can be written in the following form
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D?x; =a(x3 —x1)
D9 xy =a (x4 — x2)
DY x3 = cx; — x3 — Xx1X5
D% x4 = cxo — x4 — X2X5

D? x5 = x1x3 + xpx4 — bxs. ©)]

4.2 Symmetry and Invariance

Under the transformation (x;, x2, x3, X4, Xs5) = (—X1, —X2, —X3, —X4, X5) SYS-
tem (9) remains the invariance. So the FOCLS is symmetry about xs-axis. At
the result of this, if (xj, x, x3, x4, x5) is a solution of chaotic system (9), then
(—x1, —Xx2, —X3, —X4, Xs) is also a solution of the same system (9).

4.3 Equilibrium Points

The computation of the equilibrium points of system (9) is obtained by the calculation
of the equations

D7x; =0, j=1,2,3,4,5.
So, the system (9) has an isolated equilibrium point Ey = (0, 0, 0,0, 0) and non-
trivial equilibrium points Ey = (rcos,rsiné,rcos6,rsinb, xs) where r =

Vbxs, 0 €[0,2r], x5 =c — 1, Itis clear that the non-trivial equilibrium point
exist when ¢ > 1.

4.4 Stability

Since equilibrium point Ej is stable when b < 1, and unstable when b > 1. For Ej,
the characteristic polynomial of the Jacobian matrix for ¢ > 1 is

z(z+a+ 1)+ +a+b)z*+ (ab+bc)z+2ab (b —1) =0.

Since the Routh-Hurwitz conditions of the fractional order system [21, 22] ensure
that if

(14+a+b)(ab+ bc) >2ab(c—1),

then E, will be stable.



164 A. K. Singh
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Fig. 4 Phase portrait of the complex Lorenz system

4.5 Chaotic Attractors

Consider the parameters values as before a =10, b =8/3, ¢ = 28 and initial
condition [1 + 3i, 2 + 3i, 5]7 for the system (8), phase portraits are shown by Fig.4
in x;(t) — x3(t) — xs(t)-axes and x,(t) — x3(t) — x4(t)-axes at fractional order
q = 0.99.

5 Numerical Simulation

Numerical solution of the fractional differential equation is not easy as integer order.
Two estimation approaches are often considered to numerical simulation of fractional
differential equations. First is the modified version of the Adams-Bashforth- Moulton
predictor and corrector method [15, 23, 24]. It depends on the time domain approach.
Second is in the frequency domain and also known as frequency domain approach.
Due to long memory effect of the fractional order systems, numerical simulation in
the time domain approach takes a very long simulation time and complicated, but
gives very precise result [25]. Hence, author employs the first approach for fractional
order systems in this article.

6 Concluding Remarks

Dynamical behaviour of the FOCLS is investigated in this article which is the most
important part of the article. It is also shown that the FOCLS of order 2.7 exhibit
the chaotic attractor which is second observation. The third finding of the author
is chaos can be attained with the fractional order system of order as low as 2.7 as
compare to the integer order system of order at least 3. The fourth and last results of
the article are the fractional order bridge oscillator that shows a limit cycle which can
be generated for any fractional order with a proper value of the system parameters
value.
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On the Bertrand Pairs of Open )
Non-Uniform Rational B-Spline Curves glectie

Mubhsin Incesu, Sara Yilmaz Evren, and Osman Gursoy

Abstract B-spline curves are used basically in Computer-Aided Design (CAD),
Computer-Aided Geometric Design (CAGD), and Computer-Aided Modeling
(CAM). In determining the invariants of curves and surfaces at any point, there
are some difficulties in expressing it analytically and calculating its invariants at the
desired point. For these curves and surfaces the way to overcome these difficulties is
to design them with spline curves and surfaces. In this paper the second- and third-
order derivatives of open Non-Uniform Rational B-Spline (NURBS) curves at the
points t = t4, t = t,,_4, and arbitrary point in domain of these curves are given. In
addition, the Frenet vector fields and curvatures of these open NURBS curves were
expressed by their control points. The relationships between control points were
expressed when given two open NURBS curves occurred as Bertrand curve pairs at
the points t = 4, t = t,_4, and arbitrary point in domain of these curves.

Keywords NURBS curves + Bertrand pairs + Open spline + Frenet frame

1 Introduction

In 1850, J. Bertrand gave the feature that helix curves accept other curves with the
same original normal vector field [1]. The curves that provide this feature are called
Bertrand curves.
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It is possible that the Bertrand curves are defined as their principal normals are
parallel [1]. It is possible to define a curve as the Bertrand curve if this curve is
planar or its curvature « and its torsion 7 in R® satisfies the condition x +a 7 = b
for nonzero constants a, b [2]. In recent years, Bertrand curves play an important role
in computer-aided geometric design (CAD) and computer-aided modeling (CAM)
[3-5]. Due to this importance, Bertrand curves have been studied by geometers in
different spaces [6-22].

The best examples of points systems are Bezier curves and Bezier surfaces. Bezier
and B-Spline curves have been studied in many different areas of CAD and CAM
system. Some of these studies can be given exemplary in [23-35].

Other studies on B-spline curves and NURBS curves in [36-44, 46-52] can be
given as examples.

NURBS curves are rational B-Spline curves without uniform distribution. Bezier
curves, B-Spline curves, and NURBS curves are curves that are widely used in
computer graphics (CAD) (CAM) systems.

The Frenet vector fields and curvatures of open Non-Uniform B-Spline (NUBS)
(not rational) curves at the points ¢t = t;, t = t,,_4, and arbitrary point in domain of
these curves were studied in [46]. In addition, the relationships between the control
points when given two open NUBS curves occurred as Bertrand curve pairs were
also studied in [46].

In this paper the second- and third-order derivatives of open Non-Uniform Ratio-
nal B-Spline (NURBS) curves at the points ¢ = #;, t = t,,_4, and arbitrary point
in domain of these curves have been given. In addition, the Frenet vector fields and
curvatures of these open NURBS curves were expressed by their control points. Sim-
ilarly the relationships between the control points have also been expressed when
given two open NURBS curves occurred as Bertrand curve pairs at the points 7 = ¢,
t = t,,—q and arbitrary point in domain of these curves.

2 Preliminaries

Definition 1 The B-spline basis functions of degree d, denoted N; 4(¢), defined by

the knot vector ty, t1, ..., t,, are defined recursively as follows:
1,t e[ty tiy1)
Niog(t)y =13 o
i0(1) { 0, otherwise
and
=1 livay1 — 1
Nig(t) = ———Nia1 (1) + — Niy1,a1() (1)
livg — 1 livd+1 — tiy1

fori =0,...,nandd > 1.
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If the knot vector contains a sufficient number of repeated knot values, then a
division of the form N; 4_;(¢)/(ti+qa — t;) = 0/0 (for some i) may be encountered
during the execution of the recursion. Whenever this occurs, it is assumed that 0/0 =
0 [45].

Definition 2 The B-spline curve of degree d with control points by, ..., b, and knots
to, ..., 1,y 1s defined on the interval [a, b] = [tg, ty—al

B(t) =Y biNia(t) )

i=0

where N; 4(t) are the B-spline basis functions of degree d. To distinguish B-spline
curves from their rational form they are often referred to as integral B-splines [45].

Theorem 1 The B-spline basis functions N; 4(t) satisfy the following properties
[45]
(i) Positivity: N; 4(t) > O fort € (¢, tiyas1)-
(ii) Local Support: N; 4(t) =0 fort & (t;, tira+1)-
(iii) Piecewise Polynomial: N; ,(t) are piecewise polynomial functions of degree d.

(iv) Partition of Unity: > N;4(t) = 1fort € [t,,t,11)
i=r—d

Theorem 2 A B-spline curve defined as (2) of degree d defined on the knot vector
to, ..., Iy, Satisfies the following properties [45]

(i) Local Control: Each segment is determined by d + 1 control points. If t €
[t iy )d <7 <m —d — 1), then

B(t)= Y _ biNia(0).
i=r—d

Thus to evaluate B(t) it is sufficient to evaluate N,_; 4(t), ..., Ny 4(t).
(ii) Convex Hull: If t € [tr,tr+1)d<r<m—d—1), then B(t) e CH

{br—dv cees br} .
(iii) Invariance under Affine Transformations: Let T be an affine transformation.
Then

T ( 3 b,»N,-,dm) = > T ) Nialt)

i=r—d i=r—d

Definition 3 The NURBS curve of degree d with control points by, ..., b, and knots
10y ooy tdy eoos tm—ds ---, yy 18 defined on the interval [a, b] = [#4, t,,—q] by
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ibiwiNi,d(t)

B()="—— (3)
Y wiN;q(t)
i=0

where N; 4(t) are the B-spline basis functions of degree d and wy, ..., w, are the
weights of this curve [45].

2.1 Open B-Spline Curves

In general, B-spline curves do not interpolate the first and last control points by and
b,. For any curve of degree d, endpoint interpolation and endpoint tangent conditions
are obtained by open B-splines. An open B-spline curve is a B-spline curve in which
exterior knot vectors are the same as the knots #; and ¢,,_4, 1., fo =t = ... =1,
and t,_g = ty_gi1 = ... = ty_1 = 1, satisfies.

Theorem 3 Anopen B-spline curve B(t) of degree d with control points by, by, ..., b,
and knot vectors ty =t] = ... = tg, tit1s s t—d = t—d+1 = «o. =ty =t be
given. Then

B(1) = by and B(tyw—a) = by

satisfies [45].

Definition 4 A B-spline curve is said to be uniform whenever its knots are equally
spaced, and non-uniform otherwise. A uniform B-spline curve is said to be open
uniform whenever its interior knots are equally spaced, and its exterior knots are
same. Similarly a non-uniform B-spline curve is said to be open non-uniform when-
ever its exterior knots are same and its interior knots are not equally spaced.

Theorem 4 Anopen B-spline curve B(t) of degree d with control points by, by, ..., b,

and knot vectors ty =t) = ... = tg, tgt1s oo t—d = t—d+1 = «o. =ty =t be
given. Then,
, d
B (t4) = —— (b1 — by) “4)
fay1 — 0
, d
B (tn-a) = ———(by — by—1) &)

tm—1 — ln—d—1
are satisfied [45].

Remark 1 Anopen B-spline curve B(¢) of degree d with control points by, by, ..., b,
and knot vectors fo =t = ... =13 tit1s oor tu—d = t—d+1 = . = ty—1 =1, be
given.If o=t =...=t;,=0and t,_y = ty—g+1 = ... = ty—1 = t,, = 1 Then,



On the Bertrand Pairs of Open Non-Uniform Rational B-Spline Curves 171

, d
B (0) = ;(bl — bo) (6)
+
, d
B (1) = le(bn —by_1) @)

are obtained.

Theorem 5 Anopen B-spline curve B(t) of degree d with control points by, by, ..., b,

and knot vectors ty =t) = ... = tg, tit1s s tn—d = ty—d+1 = «o. = ty—1 =t be
given. Then,
did—1) dd—1)
B"(ty) = (by —by) — (br — bo) (8)
T =) (taa—1) - T (g — ) (g — 1) 0
did—-1)
B (tm_q) = (by — bn-1) ©)
4 (tm—2 - tm—d—]) (tm—l - tm—d—l) !
did—-1)
(bn—l - bn—2)

(tm72 - tmfdfl) (tm72 - tmfdfz)

are satisfied.

Proof see [46]. O
Theorem 6 Anopen B-spline curve B(t) of degree d with control points by, by, ..., b,
and knot vectors ty =t = ... =14, tgs1y coos Ined = tn—d+1 = .. = ty—1 =t be
given. Then,
1 d(d - 1)(d - 2)
B"(ta) = (b3 — b) (10)

(tav1 — 13) (tay2 — 13) (tay3 — 13)
_dd=1Dd=2) (tqgr1 —n+ 12 —13)
(tag1 — 83) (tar2 — 1) (tayo — 13) (tg1 — 12)
dd—-1)(d -2
( )( ) (b1 — bo)
(tay1 — 83) (ta1 — 1) (L1 — 11)

(by — by)

" d(d - 1)(d - 2)(bn - bn—l)
B (t,,_q) = 11
(=) (=3 — tm—a—1) Un—2 — tm—a—1) (bu—1 — tm—a—1) (b

_dd—1)d—=2) (w3 —tw-d—2+tw2 = tm-d—1) (ba_1 — ba-2)
(tm=3 = tm—d—1) Um—2 — tm—q—2) Um—2 — ty—d—1) (ty—3 — tm—a—2)
d(d —1)(d —2)(b,—2 — by—3)

(tm—-3 — tm—d—1) (tn=3 — tm—q—2) (ty—3 — tm—q—3)
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are satisfied.
Proof see [46]. O

Theorem 7 Anopen B-spline curve B(t) of degree d with control points by, by, ..., b,
and knot vectors to =t) = ... = tg, tis1s s ted = t—d+1 = «o. =ty =t be
given. Then, the Frenet vector fields and curvatures of this curve at the point t = t4
are as follows:

__ _bi=by _ _(b1=bo) x(by—b1)
T(ta) = =3 B(ta) = 56, "boybr—bn

_ _(b=b)) _ _(bi=bo) _ _d=DUas1=1)" (2 =bD)l
N(ta) = 13,51 5e® = fmpy Ot P € (ta) = Fo == = o po SID ?’12)

and

(d—=2) (g1 — 1) (tgq1 — 1) (tag2 — 12) (b3 — b2)|| cos @
d (tar1 — 13) (tar2 — 3) (a3 — 13) (b1 — bo) || (b2 — by) || sin @

T(tg) =

where @ is the angle between the vectors by — by and by — by and ¢ is the angle
between the vectors bs — by and (b1 — by) x (b, — by).

Proof see [46]. O

Theorem 8 Anopen B-spline curve B(t) of degree d with control points by, by, ..., b,
and knot vectors to =t) = ... = tg, tit1s oo t—d = t—d+1 = «o. =ty =t be
given. Then, the Frenet vector fields and curvatures of this curve at the pointt = t,,_q4
are as follows:

bn—by1 _ _ _(a=by)x(by—1—by2)
rlzlf’m ‘;) 7 Tbu—bu 11l 1||( ) B(tn—-a) = =13, 5, x Grr BT
n—1 n—2 n n 1
N(tm-a) = =52 =51 05¢0 + 5=, cot ¥
(13)
and
Klp—d) = d-1 (tm—l - tm—d—])z ”bn—l - bn—2” . sin©
d (tm72 - tm—d—l) (’m72 - tm—d—Z) "bn — by "
) = 272 (tm—1 = tm—d—1) (tm—2 = tm—-d—1) (tn—2 = tm—a-2) __ |[(ba—2 = by—3)| cos@
" d (tm—3 - ’mfz]—l) (Zm—3 - Im—a’72) (fm—3 - tm7d73) H (bn —bp_1) x (by—1 — bn—Z)H

where ¥ is the angle between the vectors b, — b,_; and b,_1 — b,_» and o is the
angle between the vectors b,_3 — b,_y and (b, — b,—1) X (by—1 — by—2)

Proof see [46]. O
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2.2 The Rational de Boor Algorithm

Let an open NURBS curve B(t) of degree d with control points and weights
bo, by, ..., by, wo, wy, ..., w,, respectively and knot vectors ty =1t = ... =1y,
titls s bued = ty—g+1 = ... = ty—1 = t,, be given. Suppose t* € [t,, t,+1). Then,
the rational De Boor algorithm can be summarized as follows:

t*—t;
livd— /+1_t1

w/ = (1-a/ () w +o (] (14)
w!/b! (%) = (1—% (r*)) w! b/ ) 4 of ¢w! 7B T @) for j > 0

ol (1) =

forj=1,...,dandi =r —d+1,..,r.Where b’ = b;, b_; = 0 andb,,_gq+1 = 0.
To summarize, for a given parameter value t, the rational de Boor algorithm (14) yields
a triangular array of points such that bd B(t*) [45].

3 Main Results

3.1 The Derivatives of the Open Non-Uniform Rational
B-Spline Curves

Theorem 9 Let an open NURBS curve B(t) of degree d with control points
by, by, ..., b, and weights wg, wy, ..., w, and the knot vectors ty =t = ... =
Py tdats cos ted = t—d+1 = ... = ty—1 = t,, be given. Then, the first-order deriva-
tives of this curve at the points t = t; and t = t,,_q are as follows

, d w
B'(1) = ————(b) — by) (15)
fa+1 — 1 wo
d —
B (ty_q) = On=L by — byy) (16)
In—1 — lm—d—1 Wy

Proof Let > w;b;N; 4(t) be denoted as f and > w;N; 4(¢) be denoted as g then
i=0 i=0

an open NURBS curve B(¢) can be written as B(t) = f . In this case the first-order

derivative of B(¢) can be written as B’ (1) = J; B(t) g . Here the functions f and g

can be thought of as two B-spline curves with control pomts w; b; and w;, respectively.

So according to Theorems 3 and 4 the first-order derivatives of B(¢) at the points
t =ty and t = t,,_,4 are obtained as follows
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_d _ _d _
B(t,) = B (w1by — wobo) _ g (w1 — wo)
wo Wo
d w1
= ————(b1 — by)
fa+1 — 11 Wo
and
—d _ (w.b — b _d —
B/( ) tn—1—Im—d—1 (w" n Wn—1 n—l) b tn—1—lm—d—1 (w” wn—l)
In—d) = _
m wn n wn
d Wy—1
= (bn - bn—l)
In—1 — m—d—1 Wp
O
Theorem 10 Let an open NURBS curve B(t) of degree d with control points
bo, by, ..., b, and weights wy, wy, ..., w, and the knot vectors ty =t = ... =14,
Pty ooos bned = bn—d+1 = «.. = tyy—1 = t,, be given. Then, the second-order deriva-

tives of this curve at the pointst =ty and t = t,,_y are as follows

dd—1) wy
B"(tg) = — (b2 — bo)
(ta+1 —12) (tav2 — 12) wo
d wy | d—=1D (tgr1 +tg42 —t1 — 12 2d w
- o (a1 +tay ), =Lo1) (@1 - bo)
tg41 — 1 wo (tat1 — 12) (tag2 — 12) (ta1 —11) \wo
and
_ 2 _
B”(lmfd) = Yn-l dd D ( ! - ! )‘ 2" (wn wn71)2 (bn _bn—])
Wn n—2 = tm—d—1 bn—1 — t—d—1 n—1 — tm—d—2 (tm,l —bpn—d—1
wy_n dd—1)
_ (bn —bp—2)
Wn (bt — tmd—2) (m—2 — tma—1) " °

Proof Similarly as previous theorem, if the NURBS curve is written as B = f then
the second-order derivative of B can be written as

B — [ﬁ_Bg_/]

8 8
1 / "
= |:f_ _ZB’g_ — Bg_]
8 8 8

So according to Theorems 3, 4, and 5 the second-order derivatives of B at the
points t = t; and ¢ = t,,_, are obtained as follows



On the Bertrand Pairs of Open Non-Uniform Rational B-Spline Curves 175

dd—1) w
B"(tg) = =2 by — bo)
(tar1 — 12) (tay2 —12) wo
d w d—1)(t + 1 —1 — 2d w
B wi | @D (a1 +layz =11 =12) (71_1> b1 — bo)
tgp1 — 11 wo (tat1 — 12) (ta42 — 12) (tas1 —11) \wo
and
2
B¢y = Yn=l dd—1) ( 1 _ 1 )_ 242 (wy — wy—1) .
(tm—d) Wy |t — tp—d—1 \tm—1 — tm—d—1  tm—1 — tm—d—2 (bt _’m—dfl)z (bn —bp—1)
wp_2 dd-1)
- (bn —bp—2)
Wi (bt — tm—d—2) (2 —tm—a—1) "+ "
O
Theorem 11 Let an open NURBS curve B(t) of degree d with control points
by, by, ..., b, and weights wgy, wy, ..., w, and the knot vectors ty =t = ... =
Py taals coos tied = tm—d+1 = ... = tym—1 = b, be given. Then, the third-order deriva-

tives of this curve at the pointst =ty and t = t,,_y are as follows

dd—1)(d—-2) w3 wy [d—2 d—2 3d(w; —wp)
B"(tg) = ——————— (b3 —bp) —d(d —1)— ———— | (ba — bo)
zlm wo wo | zlm zkly zykwo
(d—1(d-2)(y+1)
w; zkly
+d;0 +((I—L))$f—2) + 3(1(;1)21"‘—’01170) (d—l))}]((x{»k) + 211(1;;;;“;0)) (bl _ b())
_’_3{(%1"?01) (wz;uz] + w];u;g)
and
wy—3 d(d—1)(d—2)
Bw(tmfd) = Ln3 ——————(bp — by_3)
wy urh
_ 3d% (wy — wy— -2 -2
L2 1{ Pwn—w,m) _d=2) ><h+v>} n— by
wp evqwy urh uqvh
dd-1)(d-2) (1 h+
AR (3 o+ 1)
Wy— 1_1
L Wn 1 2 (dfl)(umfwn—l)(zfﬁ) " (dfl)(wn—wn,l -~ wn—l*"’n—z) (by — by_1)
Wp - vwy 3d vwnp [4 q

Wherex =ty —t,y =tag1 — 2=ty — B, k=t —t,l =t —t3,m =
tapzs —tzandu =t 3 — ty—g—1, V = ty—2 — bu—d—1, € =ty — bu—d—1, P = ty—1
—tm—a-2 4 =tn—2 — lm—d-2, h = tn—3 —tyw—d—2 V¥ =tp—3 — by—a—3-.

r 42 ’ " /
Proof Since B = % then B = [% - 2B/% - Bg?] and it can be written as

8 8 8 8

So according to Theorems 3, 4, 5, and 6, the third-order derivatives of an open
NURBS curve at the points ¢t = ¢; and t = t,,_; are obtained as above. U
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3.2 The Frenet Frame on the Open Non-Uniform Rational
B-Spline Curves

Theorem 12 An open NURBS curve B(t) of degree d with control points by, b1,

ceey

b, and weights wg, w1, ..., w, and knot vectors ty =t = ... = tg, tyi1, coor tn—d =
ti—d+l = ... = ty—1 = t,, be given. Then, the Frenet vector fields and curvatures of
this curve at the pointt = t; are as follows:
__ _bi=bo _ _(bi=bo) x(ba—by)
T(ta) = 5 B(ti) T 0o
k(ty) = &S L 2ot B 200 gin @
__ _(ba=bo) _ _(bi=by) d yk wl |(bi—by)ll
N2 = G, =po1 ¢ P = f@r=0)7 <Ot P T(t) = 420k wowy by =bo) cos ¢

zlm wywy [[(b1—bo) x (b2—bo) ||

where ® is the angle between the vectors by — by and by — by and ¢ is the angle
between the vectors by — by and (by — by) x (b, — by). Additionally x =ty — 11,
Y=t — b, 2=lgp1 — B, k=tgo—, l =tgo — 3, m =153 — 3.

, —4 YL (p;—by)
: _ Bt __ ’d+l -1 "0 (b1 —bo)
Proof (i) T(ta) = 1o = [T b‘))H =]
. _ _B'(ta)xB"(tq)
(i) Blta) = 3 mion s
la )
= [T w0 O PO G ) uo(”’ W bi—byxbr=hy)
fd+1 —1 "o(b' —bo)x (td11 ‘fS('ll)Jrz n) “’0 g (b= bO)” 1b1=boyx b2 =bo)l
_ __ _(b1—bo) x(by—by) (b1 —bo)
(iii) N(t2) = B(ta) x T(ta) = 13, 5)%@ bl ¥ Tor—bo)]
_ ((1=bp)x(br=bo))x(b1=bo) __ lI(b1=b0)|I* (b2—=bo)—=(b1—bo.b2—bo) (b1 —bo)
16y~bo) =BT =BT, > b0 EbTI bl
— 2 —bo __ _cos 1—bo) __ 2 —bo _ 1—bo
~ Thollsin® ~ Sn @G b0l — TG:=bo)] cse ® — g “b>u cotd
dd-1)
: ||B(’d)><3”(’d)|| ’d+1 =iz iy (1 =b0) (a+1-12) (g2~ lz) i (b2—bo)
1v t <
(W) «(ta) = 57 )|
’d+l —11 wg

— d—1x* wowy l(ha=bo)l_ s
=T M S0P
(v) Let det (by — by, by — by, b3 — by) be denoted by K. Then
__ det(B'(ta). B" (t2). B” (12))
T(ta) = 15> B" )T

wy vy dd-1@=2) 13 g

— _ ld+171 %0 (a4 /2)(’d+2 n)wo _ dm wp
_d__ Y1 (p _p, d(dil)wz by —b, H
i g (P17b0) X (ta1=12) (ta2—12) o (b2—bo)

— d=2 xyk wows _[[(bs—bo)| cos ¢
d  zlm wywy [[(bi—bo)x (b2—bo) |l

O

Theorem 13 An open NURBS curve B(t) of degree d with control points by, by,
b, and weights wg, wy, ..., w, and knot vectors ty = t| = ... = tg, tyi1, coor bn—d =
ti—d+l = ... = ty—1 = t,;, be given. Then, the Frenet vector fields and curvatures of
this curve at the point t = t,,_q are as follows:

ceey
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_ bu—bas _ (a—by)xX(by—by2)
(f(t'g—d)) = Thl Btn-a) = =163, x 6 bro)]
_ (bu=by— _ _y=by
N(tw-a) = 15 =5, OtV — G =5,y 5C Y
(18)
and

K (tyy_g) = Wy Wy -2 i d—1) by — b2l
T wn v d by = by’
d—2evp wywy—3 (b, — bp_3)|lcoso

d  ruh wy_ 1wy (b — bu_1) X (by — by_2)|

nv

T(ty—a) = —

where ¥ is the angle between the vectors b, — b,_1 and b, — b,,_» and o is the angle
between the vectors b, — b,_3 and (b, —b,_1) x (b, — b,_») and u = t,,_3 —
tm—d—1, V="In-2 —tyw—a—1, € =1ty—1 —tpm—da-1, P =1In—1 — tm—a-2, h = -3 —
tn—d—2, ¥ = ty—3 — lin—q—3-

. B (ta) e Pl (bu—bu-1) by —by
Proof () T(tn—a) = Tyt = T2 wiy 1~ Tou—r 1T
, , i —tm—d—1 wn "=l
(i) Btn—a) = oy
— m m’“l’;l (b"_b”’l)x[wz'zz (’m—l”m—d—dz(ﬂ)lz’:z;—l”m—zl—1) n _h"*z)]
m w':lf;l (b"ib”'])x[w"'l’f (tmfl-lmfuilszfzfz—fmfdfl) (b"ib”_Z)] H

— _ (by—bp—1) X (by—bn—2)
| (Bp—bn—1) % (by—bn-2)l

111 — — (by=by—1) % (by—bn_2) bn—bn_
(i) N(tn-a) = B((mej) >)< T(tn-a) o B xE, b O

J— n_Bn—1 _ n—On-2

] T i1 €Ot 19” Tu—br ©SC ¥
. B (tm—a) X B" (ty—q)
1 _ =
(V) & (tm—a) 1B (tm )’

d S ) dd—1) _
"m—]”m—d—l wn (b b”’l)x[ wn (’m—]”m—d—Z)(’m—2”m—d—l)(b" b”fz)]H

4t b,y

m—1"Im—d—1 Wn
WawWp—y € (d=1) [|ba=buall :

= < sin ¥
wyy vp d o by=bu

(v) Letdet (b, — by—1, b, — by—2, b, — b,_3) be denoted by J . Then
det(B' (tn—a)s B" (tn—a). B" (tu—a))

T(tm—d) = 7
1B’ (tm—a)x B" (tm—a) |l
d Wl W) dd=D) Up3 dd=1)d=2) g
¢ Twg wn pv uwp urh

wy_ Wy — 2
42l (b ) x [ 222 0 1, ) )|

— _d=2evp wpWy_3 Iy —by—3) | cos &
d ruh wyywy— |(by—by—1)X%(by—bn-2)ll

O

Inopen NURBS curves, in order to express the Frenet frame of the curve {7, N, B}
and the curvatures at any point t* € (¢,,t11),(d <r <m —d — 1), except t* =
t; and t* =t,_,4, the subdivision algorithm is applied to the curve by applying
rational de Boor algorithm. Thus the NURBS curve is divided into two segments.
The points{bf, bd=1, pd=2 pd=3 } obtained by the algorithm at the given point * will
represent the first 4 control points the new NURBS curve of right side from obtained
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two segments. And the weights {w?, w?™, wd=2, w?=3} will also represent the
weights of these control points. So the points by, by, by, b3 can be considered as
control points of the new NURBS curve. And the point t* here can also be considered
the point 7, of the new NURBS curve. Under the consideration if the new NURBS
curve is reparametrized on the interval [#4, t,,_4] the knot vectors can be chosen
as initial knots. Thus the differences between the new obtained NURBS curve and
initial NURBS curve are only their control points and their weights. So the following
theorem can be proved similarly as before.

Theorem 14 An open NURBS curve B(t) of degree d with control points by, by, ...,
b, and weights wy, wy, ..., w, and knot vectors ty =t = ... = tg, typ1, coor tn—d =
ti—d+l = ... = ty—1 = t,, be given. Then, the Frenet vector fields and curvatures of
this curve at the pointt = t* € (t,, t,11),(d <r <m —d — 1) are as follows:

d:zr_(bt;) = _”Z;i:iiu » B(i*) = ||EZ;*::Z§;£;5:Z§§|| (19)
N = Mcscd) ||(b" I cot
and
) = d—1x*wlw d*i [ (p¢=> b")||
4 @ 6 -]
cy = 2ok w6 = b cosy

a dm w2 [ = )67 b9 [sin @

where @ is the angle between the vectors b?~' — b? and b?=> — b? and ¢ is the
angle between the vectors b4~ — b? and (bd I bd) (b2~ -2 —bd).

3.3 The Bertrand Pairs of Open NURBS Curves

Theorem 15 Let two open NURBS curves yi(t) and y,(t) of degree d with

control points by, by, ..., b, and cy, c1, ..., c, and the weights wy, wi, ..., w, and
20, 215 --+s Zn, Tespectively and knot vectors thy =1t = ... = tg, typly eoor tnmd =
ti—d+l = ... = ty—1 = t,, be given. These curves y; and y, form a Bertrand pair at

the point t =ty if and only if there exist 0 € [0, 2] and k € R such that

c1 = co+ (by — by) cos — (by — by) x (by — by) sinH
¢2 = ¢1 + k(by — bo) + (b2 — bo)

satisfies.

Proof 1f these curves y; and y, form a Bertrand pair at the point =1,
then N, (t;) =N,,(t;) satisfies. Thus these vectors ((by — by) x (by — bp)) X
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(b1 — by) and ((c1 — co) X (ca —cp)) X (c1 — cp) be parallel. So The vectors
(c1 —cp) x (¢ —cg) , c1 —cy , (by —bg) x (by —by) , and by — by must be
coplanar. In addition since the vectors system {c; — c¢p and (¢; — ¢g) X (¢2 — ¢o)}
and {b; — by and (b; — by) x (by — by)} are orthogonal, these systems must be
O (2)—equivalent. i.e.,
0" (2)
{e1 = co, (c1 —co) X (c2 —co)} = {b1 — by, (b1 — bg) x (ba — bp)}.
This means that there exist & € [0, 2] such that

Cl —Cy = (b] —bo)COS@ — (b[ —bo) X (b2 —bo) sin 6
(c1 — co) X (€2 — cp) = (b1 — bg) sin O + (by — by) X (by — by) cos 6

can be written. From this, ¢; = ¢ 4+ (b; — bg) cos 8 — (by — by) X (by — by) sinf
is obtained and if this is substituted to second then

(c1 —co) x (c2 — co) = [(b1 — bp) cos O — (by — by) x (b2 — by) sin O] x
(2 — o)

= (b1 — bo) x (c2 — cp) cos @ — [(b1 — bo) x (by — bp)] X (c2 — cp) sin 6

= (by — bg) sin0@ + (b; — by) x (by — by) cosf can be written. Thus, from the
property of vector product “x” and the linear independence of the functions sinus
and cosinus,

(b1 — bo) x (c2 — co) = (b1 — bo) x (by — bp)
((ca —co), (ba —bp)) =1
((b1 — bg), (c2 — o)) =0

can be obtained. So, the vectors (c; — ¢g) — (b — by) and (b — by) must be
parallel. Thus, there exist k € R such that (c; — co) — (by — bg) = k(b; — by) can
be written. So
¢ = co + k(b1 — bo) + (b2 — bo)

be obtained. O

Theorem 16 Let two open NURBS curves yi(t) and y»(t) of degree d with
control points by, by, ..., b, and cy,ci,...,c, and the weights wg, Wi, ..., Wy
and 20, 21, ..., Zn, tespectively and knot vectors ty =t = ... = tg, tys1, coos bpmd =
bn—dil = ... = ty_1 = t,, be given. These curves y; and y, form a Bertrand pair at
the point t = t,,_g if and only if there exist 0 € [0, 2n] and k € R such that

¢p =1+ (by — by—1)cos0 — (b, — b,—1) x (b, — b,_3)sin6
Cn = Ch—2+ (bn - bn72) + k(bn - bnfl)

satisfies.

Proof 1t is proved similarly as previous theorem. (]
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Theorem 17 Let two open NURBS curves y(t) and y»(t) of degree d with

control points by, by, ..., b, and cy,ci,...,c, and the weights wg, Wy, ..., Wy
and 29, 21, ..., Zn, respectively and knot vectors ty = t; = ... = ty, tys1, eoor by—d =
tndil = ... = tm_1 = t,, be given. These curves y, and y, form a Bertrand pair

at the point t=t"€ (t,,t,41) ,(d <r <m —d — 1) if and only if there exist
60 €[0,27] and k € R such that

=+ B = b cos — B = b x (b — b)) sin6
o =l k(T = b + B = b))
satisfies.

Proof When the rational de Boor algorithm applies to these NURBS curves y, ()
and y,(t) at the point t* € (¢, t.41), the control points {bd i1 bf’z, bf’3} and

r>Yr

{e?, c?=1, ¢?72, c?73} can be obtained. So if these control points be written in the
theorem as the point ¢ = ¢4, then the proof is completed. (I

Theorem 18 Ler two open NURBS curves yi(t) and y»(t) of degree d with

control points by, by, ..., b, and cy,ci,...,c, and the weights wgy, Wy, ..., Wy
and 20, 21, ---, Zn, tespectively and knot vectors ty =t = ... = tg, tyi1, eoos timd =
bi—dtl = .. =ty_1 =1, begiven. If c; =b; +p,¥Mi=0,1,...,n, pe R?) sat-

isfies then y,(t) and y,(t) form a Bertrand pair if and only if the weights of these
NURBS curves are equal mutually or

wt—l _ wz _ wi
I Ay
2o Zj Zj

satisfies.

Proof Letc;, =b;,+p,Ni=0,1,....,n,p € R?) be satisfied. Firstly it is supposed
that the weights of these curves are equal mutually. Then, if t =1t; ort =1,_4 it
can be seen easily that N, = N,, (by choosing & =0 and k = 1 in Theorem 15)
and these curves y;(¢) and y,(¢) form a Bertrand pair. If t = t* (t* € [¢,, t,41) then
it must be proved ¢/ = b/ + p to complete the proof.

livd—j+1 — 1

. N i _
w! = (1 —oﬂ) w!"| + o w/

i i

let’s prove this by induction. For j = 1, (for every i)
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0 0
w: w; wi_ w;
1 _ 1 i—1 0 1% 1 i—1 1 Wi
ci_(1—051-)—16,-,1—1-01,»—1_(1—0:1-) I Ci*1+ai_1€i
w; ; w; ;

w;_— w;
:U—¢y3§@4+m+waﬂh+m

i i

1 Wi—-1 1 Wi 1 Wi—1 1 Wi
L VA L T ((1 e = R _;)p
w; w; i i
=bj +p
is obtained. Let us suppose that it is true for j — 1. i.e., let cij_1 = bij_l + p be
satisfied.
j—1 j-1
i J i-1 j-1 J j=1
¢ =1 _O‘i) Gt =g
i

j—1 j—1
A Wi . W .
1—af) ==H (b2 + p) + o/ == (b7 + p)
w: w;

L

j—1 j—1
N\ W; i W ; w;_ w;
—1 4j—1 -1 1 i—1 1 Wi
l—o! ) —=bl"| +o/ /—b/" + (1 —a)) — +a/— | p
J J w! w!
wl. wi i i

Il
S ~ ~ ~~

~T.

+p

is seen easily. So ¢ =b? + p, ¢! = b7 + p, ¢472 = b?"2 + p are obtained.
Thus N, = N,, and y;(¢) and y,(t) form a Bertrand pair. Secondly it is supposed
that

be satisfied. So it can be seen easily that the curves y;(¢) and y,(¢) form a Bertrand
pair. O

Example 1 Let y;(¢) be an open NURBS curve of degree 3 with control points
by=4,2,2), by =2,1,4), bp=3,4,1), b3 =(3,5,5) , weights wy = 0.5,
w; =0.25, wy =075, wz =1 and knot vectors to =t =tb =0; 13=2; 1t =
ts = tg = 3.

y>(t) be also an open NURBS curve of degree 3 with control points ¢y = (5, 6, 4),
c1=3,5,6), c =(4,8,3), c3 = (4,9, 7), weights wg = 0.25, w; = 0.125, w, =
0.375, wzs = 0.5and knot vectors to = t; =1, =0; 3 =2; t4 =1t5 =15 = 3.

These curves are cubic NURBS curves and form a Bertrand pair (see Fig. 1). They
can be obtained from the B-spline basis functions as

2 2 2
(2%—3§+2,31{78—3§+1,—;7+1)

7& ,+1 ’t € [05 2]
£ = Foits
n (fe+5.135-55+1,135-355+7)
— .t €[2,3]

nts
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e 8 10 5

Fig. 1 Bertrand pair of open non-uniform B-spline curves y; and y»

and

2

2 2
e e s
( 7& 1+] )9t€[092]
) = wEt3
Ya(t) (F+5+i175-55+18 923554 ) fe 23]
b 9

2
t 1
ﬂ+§
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Convergence Analysis of a Sixth-Order )
Method Under Weak Continuity Oneck o
Condition with First-Order Fréchet

Derivative

Mona Verma, Pooja Sharma, and Neha Gupta

Abstract In this article, a semi-local convergence analysis of a well-established
sixth-order method in Banach spaces is discussed. The analysis has been done under
the Holder continuity condition with the help of the recurrence relation technique.
The relevance of our study lies in the fact that many examples which do not satisfy the
Lipschitz continuity but satisfy the Holder continuity. A convergence theorem has
been established for the existence-uniqueness of the solution. A priori error bound
expression is also derived. Finally, the convergence analysis is carried out on various
examples. These examples include Fredholm, Hammerstein integral equation, and a
boundary value problem that validated the theoretical development.

Keywords Banach space - Local convergence + Recurrence relation -
W-continuity condition

1 Introduction

This article is concerned with the finding of approximate solution x* of a nonlinear
equation
P(x) =0, 1

where P: Q C X| — X, be a Fréchet differentiable operator in an open convex
domain 2 with X and X, be the Banach spaces. Equation (1) can be found in the
form of a system of nonlinear equations such as integral equations and differen-
tial equations in various areas of science and engineering. One of the well-known
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second-order method, namely, Newton’s method [1] which is widely applied for solv-
ing these types of nonlinear equations. Convergence analysis of an iterative method
can be categorized into two parts: local and semi-local convergence analysis. The
local convergence analysis of an iterative method provides the knowledge around
the solutions whereas the semi-local convergence analysis provides the information
around the initial points. Many authors have studied the local and semi-local conver-
gence analysis of the Newton’s-like method in their research articles. The semi-local
convergence of Newton’s method in Banach spaces was initially studied by Kan-
torovich [2] by using the majorizing technique and also under the recurrence relation
method. Later, Rall [3] has done some modifications in it. Many authors have stud-
ied various higher order iterative method under the Lipschitz continuity condition
[4-6], Holder continuity condition [7—12]. Few experiments have been performed
to analyze the static/dynamic activity of temperature-independent plates and can be
seen in [13, 14].

This article deals with the study of semi-local convergence analysis of the sixth-
order method which is proposed by Madhu [4] and also the author has discussed
the semi-local convergence analysis of this method under the Lipschitz continuity
condition in [15] by using the recurrence relation technique. A step ahead, this
paper discussed the same method under the weaker continuity condition namely,
Holder continuity condition. The important point to note is that the Holder continuity
condition generalizes the Lipschitz continuity condition and there are many examples
for which the methods fail to converge under Lipschitz condition but converges nicely
under Holder condition. Since second-order derivatives are difficult to compute many
times or may not even exist hence, we have assumed first-order Fréchet derivative of
the operator.

2 Preliminary Conditions

In this segment, we shall mention some preliminary conditions which will be use-
ful for establishing the semi-local convergence of the well-established sixth-order
iterative method developed by Madhu [15]. For xy € €2, the method is given as

Yo =X, =, P(x), 20 =Y — T P(W), Xup1 =2, — T, P(z0), (2)

where ', = [P'(x,)]™', 7 =21 — ", P'(y,). The semi-local convergence of the
method (2) has been discussed in [4] under the following assumptions:

(A [IToll = &,

(A2) ITo P (x0)|| < W,

(A) IP'(x) =PI = Kllx—=yll, x,yeQ, K>O0.

But, several nonlinear equations that do not satisfy the (A3) condition. Hence, we
relax this assumption by Haolder condition which is weaker than Lipschitz condition.
Thus, we have weakened the hypothesis (A3) with:

(A9) [P'@) = PO < Kllx —y[4, x,y€Q, qe1]
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Define the auxilliary scalar functions:

1
P = T o™ @
$r(x) = q+1x+(x+1>¢3<x)+q+1x¢3(x)q“, )
_ 26 +3x2+x3  x(1+x) x + x? a+l
) =T T (1 q+1> ' ©®)

Let j(x) =x(1 + ¢3(x))? — 1. Since, j(0) < 0 and j(1) > O then it follows that,
there exists a positive real root of j(x) = 01in (0, 1), say py and clearly, py < 1.

To investigate the convergence of the sequence {x,}, we need to prove that {x,}
to be a Cauchy sequence. For this, we shall analyze the characteristics of the real
functions ¢ (x), ¢, (x) and ¢3(x) described in the Egs. (3)—(5), respectively, and some
technical lemmas have been included which can be used to prove the convergence
theorem.

2.1 Lemma

Let ¢ (x), ¢2(x) and ¢3(x) be the functions mentioned in the Egs. (3)—(5) and py is
the minimum root of j(x) = 0 in (0, 1). Then the following holds:

(i) ¢ is an increasing function such that ¢ (x) > 1 for x € (0, pg);

(ii) ¢ and ¢ are also increasing functions for x € (0, po);

(iii) For 6 € (0,1),x € [0,1) we have ¢;(0x) < ¢1(x), P3(0x) < ¢p3(x) and
$2(0x) < B¢ (x). Define the sequences

U, =d,V,, (6)
D1 = G1(pn) o, (7
Pt = K@ W1, (8)
dpt1 = $1(Pus1)P2(Ppt1), )

wheren > 0.Choose Vg = ¥, &) = &, pg = KPW?anddy = ¢ (po)d2(po). Then
from the above-mentioned definition it follows that

Pn+1 = d)l (pn)dzpn = pnd)l (pn)q+1¢2(pn)q- (10)
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2.2 Lemma

Consider the auxiliary function

X3 ()4

q
- ) — (1= x( + g™,

m(x) = <qx? + (1 +x)ps3(x) +

such that m(0) < 0, m(pg) > 0and m’(x) > 0. Thus, m(x) is an increasing function
and has a root p; in (0, pg).

2.3 Lemma

Let ¢(x), ¢2(x) and ¢3(x) be the functions defined by (3)—(5), respectively. If
po € (0, p1), then

(i) p1(p) T a(po)? < 1;

(i) ¢1(po)p2(po) < 1;

(ii7) the sequence {p,} is decreasing for all n > O;
@iv) p, < lforalln > 0;
() pu(1 + ¢3(pa))? < 1.

Proof (i) Taking x = py in m(x), we get ¢1(po)**'¢2(po)? <1 'V po € (0, p1).
(ii) Since, ¢1(po) > 1, this gives (¢1(po)¢2(po))? < 1, and hence, ¢1(po)¢2(po) <
1.

(7i7) This part can be proved by using mathematical induction on the Eq. (10).

For n = 0, we have p; = po¢1(po)?™ ' ¢2(po)? < po.
Assume that p; < py_1, for k < n. Since, ¢; and ¢, are increasing function, we get

Pust = Pud1 ()™ 62(p)" < P11 (Pu)* $2(pu-1)? < pu.
hence, the sequence {p,} is a decreasing sequence.

(iv) To see this part hold, we have p, < po < 1, for all n > 0 and from the fact
that {p,} is strictly decreasing sequence and pg € (0, py).

(v) Since, p, < p,—1 and ¢3(x) is an increasing function, for all py € (0, p;) we get

Pn(1+ 3(p))? < ppai (1 + @3(pu1))? < po(1 + ¢3(po))? < 1.
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2.4 Lemma

Let the conditions of Lemma 2.3 hold, if py € (0, p;) and let y = ‘]’j—(‘), then
(@) pn < ytF0"Wapy, forn > 2;

(1) ¢1(pu)ha(p) < YU Wag, (po)a(po) = y I+ g1 (po) /4, for n >
I;
and if po = py, then

G1(P)$2(Pn) = G1(p0)d2(po) = 1/1(po)/4, ¥ n > 1.

Proof The case when pg € (0, p;). The proof of (i) can be done by mathematical
induction. For n = 2 in Eq. (10) and by Lemma 2.1 (iii), we have

[(A+¢9)*—11/q

p2= p1d1(p) T (p)? = ypodi (¥po) T (ypo)! <y Po.

We suppose now that

[(1+¢)" ' ~11/q

Pn-1 <Y Po-

Then, by using the induction hypotheses, we have

Pn = Pn-101(Pa-1)"p2(pp_1)?
n—1_ n—1__ n—1__
< y[(H—q) 1]/4p0¢1 (y[(H‘lI) ll/qp0)1+q¢2(y[(1+q) 1]/qpo)q

1 "—1
< plO+0 =1/ ;0

To prove (ii), we see that

G1(P)P2(pn) < 1 (1T TV piygy ([T 14
<yl =04 g, (po)a(po)
<y g1 (po) 1.

The case when py = p; follows by analogy.

3 Recurrence Relations

The recurrence relations for the method (2) have established under the hypotheses
(A1), (Az) and (Ay4) already mentioned in the previous section. By assuming n = 0
in the method (2), we get

llyo — xoll < W. (10

Now, from the second sub-step of the method (2) we have
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70 — xo = —LoP(x0) — T P (o). (12)

Using Taylor’s expansion of P (yy) along x(, we get

1
P(y0) = P(x0) + P’ (x0)(yo — x0) +/(; [P'(x0 +1(yo — x0)) — P'(x0)]dt (yo — x0).

and thus,

1
LoP(yo) = Fo/ [P’ (x0 + 1 (yo — x0)) — P'(x0)]dt (yo — x0).
0

By using the norm in the Eq. (12), we have

22

'K I
lizo — xoll < llyo — Xoll + m”)’o — Xt + q"+ :

2 2

gy DK e TERY

- qg+1 q+1
P0+P02>

g+1 )

2g+1

llyo = xoll

<w (1 +
By using triangle inequality, we obtain
2o = yoll < —— (po + p2) W.

Now, from the final sub-step of the Eq. (2), we obtain
X1 = xoll = llzo — Yoll + llyo — xoll + lITo P (zo) II- (13)
Further,

1
ToP(20) = —7°ToP(yo) + 7T f [P (xo + 120 — x0)) — P'(x)]dt 20 — x0).
0

On taking norm both sides,

dK 2
ItToP (o)l < (1+ @K |lyo — xoll) lzo — xoll**" + (1 + @K |lyo — x0[19)

q+1

dK
x (o — x q+1>.
(q+l||)’o ol

On using the above equation in (13), then we have
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x1—xll <14+
e ol |: qg+1 qg+1 q+1 q+1

< (1+ ¢3(po)) V.

po+ p? po+2p3+p8+po+p§<l po+p3>"+1}y

3.1 Lemma

Let all the hypotheses of the Lemma 2.1, 2.2 hold and the assumptions (A1), (A2),
and (Ay) are true, then for all n > 0 the following inequalities are hold:

(L) IT 1 < o1 (Pu—DITn-1ll,

(I]n) ”yn - -xn” =< ”FnP(xn)” = ¢1 (pn71)¢2(pn71)”yn71 — Xn—1 ”7

2
(18 20 = yall = (2552 ) Iy = 5l

(IVn) K”Fn” ”yn - -xn”q = Dn,
V) llxn — xp—1ll = (1 +¢3(pn71))”yn71 — X1

Proof (I;) : On assuming that x, y;, z; € Q2 and py < p; then
1 —ToP (x| < ITollI P (x1) — P'(x0)l
< ®K|lx; — x|l

< po(1 +¢3(po))’ < 1.
By Banach lemma, one can deduce that I'; exists and

1
1= po(1+ ¢3(po))

1T < 710l < @1(po) ITo - (14)

(11): Using Taylor’s expansion, we have

1
P(x)) = /0 [P’ (xo + 1 (yo — x0) — P'(x0)] d (yo — x0) + P'(y0) (x1 — yo)
1
+ /0 [P'Go + 10 — y0) — P'G)] de Gxr — yo).

On taking norm both sides, we have

1 1
IPGOI < 1P (o) lHllxn = yoll +/ 17K |lyo — xoll?dt|lyo — xoll +/ 11K |Ix1 = yoll?dtlx1 — yoll
0 0

K K ¢3(po)
2 wa qa+1yq q A7 i —
< (q—t-l\p + q+l[¢3(170) W9 + KW9¢3(po) + > )Ilyo xoll.

Therefore,
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Iy = x1ll < d1(po)lIToP (xp)l

Po Po g+1
< ¢1(po) [_q 1 + (1 + po)p3(po) + . 1¢3(P0) :| v
< d1(po)P2(po)llyo — xoll- (15)

(I11;): From the second sub-step of the method (2), we obtain

A

1
Iyt = 211 7%

lzi = yill < (14 ITol K1 (po) 1y —X1||q)¢1(po)llro||q 1

CD_K _ q _ q+1
< qul(1+<I>K<z>1(po)||y1 x11Dé1(po)llyr — x|

14!
< —(1+ —x1]. 16
=77 1( pOlyr — xill (16)

(IVy): On using (1) and (I 1;), we have

KI|ITi Iy — x1 17 < Ko1(po)ITolld1(po) d2(po)? [l yo — xoll?
< pod1(po) 2 (po)? < pi. (17)

For n = 1, the recurrence relation (1) — (I V;) follows from Eqgs. (14)—(17).

(V1): From the Eq. (14) we have that

lx1 = x0ll < (14 ¢3(p0)) ITo P(x0) Il < (1 + ¢3(p0))llyo — xoll-

Assuming that (Z,,)-(V,,) hold for n = k and xi, yi, zx € 2. In a similar manner, it
can be seen that (7,)-(V,) hold for n = k + 1. Hence, recurrence relations hold for
n>1. (]

4 Semi-local Convergence

In this segment, the semi-local convergence theorem of the method (2) with a
(K, g)-Holder continuity is established by using technical lemmas and value of
the norms defined in the previous section and the error bounds for it are also
obtained. Let us assume, y = p;/po and A = m, Ux,r)y={yeX;:|ly—

x| <r},U(x,r)={y € X1 :|ly — x|| <r}. We shall now state the following the-
orem.

Theorem 1 Let Xy, X, be Banach spaces and P : Q2 C X — X, be a non-
linear Fréchet differentiable operator in an open convex domain Q2. Let Ty =
[P'(x0)]~" exists and (A1), (Ay) and (A4) assumptions hold. Let py = K ®W9,
suppose that p, < p1, po(l + ¢3(po))? <1 and U(xg, RV) C 2, where R =
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po+pj 1+¢3(po) ; ; ;
eS| =61 (062 70 then starting with xq, generates the sequence {x,} defined in (2)

converges to a solution x* and it is the unique solution of P(x) = 0in U(x¢,r) N Q

/q
withr = (% - (R\IJ)q> . Furthermore, an error bound expression is given as

n An
e = x| < (1+ ¢3(po))y' ”/‘12[ ]w, n=0.  (18)

1— y(1+q)"/qA -

Proof First of all, we will prove that y, and z, belong to U (xg, RV) C Q2. By
recurrence relation (V,,), it is easy to see that

lxn — xoll < llxn — Xntll + IxXa—1 — Xu2ll + - - - + [lx1 — X0l
< A+ &Po—i) Y1 — xp1ll + A + @3(Pr_2)) |Yn—2 — Xp—2|l
+o 4+ (4 d3(po)) llyo — xoll.

Since, ¢3(x) is an increasing function and p, is a decreasing sequence, this gives

n—1

5w — o1l < (1+ @3(po))llyo — x0ll > (81 (po)2(po)”. (19)

k=0

Now, using recurrence relation (/ 1,,) and Eq. (19), we get

lyn = xoll < llyn — xnll + llxn — xoll

n—1
< (¢1(po)¢2(Po))n lyo — xoll + (1 + é3(po))llyo — xoll Z(¢1(P0)¢2(P0))k
k=0
1— n+1
< (1+¢3(p0) (61(P0)$2(P0)) v - R, 20)

L = é1(po)¢2(po)

By applying recurrence relations (Z,,) and (/I,,), we have

IA

127 = T P ) HIT TP ) |

PK
< 1@ o))" (L K@i (po))" yn = all) i = 1!

Po
qg+1

lzn — yull

IA

[L4 po(@1(P0)" ¢ (p))" | (#1(P0) T2 (p)?*") " 10 — ol

Therefore,
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A

lzn = x0ll < llzn = yull + llyn — X0l

s l(1+ Po@1(p0)"* b2 (o))" )(¢1<po>q+2¢z(po>‘f“)”||yo—xon

— (1 (p0)2 (o))" !
1 — ¢1(po)P2(po)

— (¢1(p0)2(p0))" !
1 = ¢1(po)p2(po)

1
+(1+ ¢3(p0)) llyo — xoll

<p0+p(2)

>w<ny.
q+1

1
+ (14 ¢3(po))

=<

Hence, y, and z,, € U(xg, RV). Now,

X041 — xnll < (1 + @3(Pu))lyn — Xull
=< (1 + ¢3(pn))¢l (pn71)¢2(pn71)”))n71 — Xn—1 ”

n—1
< (14 ¢3(pw) [ [ ¢1()b2(p)llyo — ol @1

j=0

For the convergence of the sequence {x,}, we need to prove the sequence {x,} to be
a Cauchy sequence. For this, consider

xatm — Xall < Xnam — Xpam—1 | + 1 Xngpm—1 — Xngm—2ll + - + [[Xpr1 — Xl
n+m—2

< (14 ¢s(puim-1)) ¥ ]"[ ¢1(p)$2(p;)

n—1

+o o (L 03(p) ¥ [ 1 (P2 ().
=0

This gives

m—1n+l—1

I sm — Xall < (14 ¢3(po) w[z [T ¢1ppaipp) ]

=0 j=0
m—1

< (14 ¢s(p0))¥ Y _(@1(po)a(po)) ™. (22)
=0

Since, functions, ¢ and ¢, are also increasing, therefore,

m—1
X4 = Xall < (14 ¢3(p0) (¢1(P0)p2(p0))" ¥ Y ( $1(P)d2(po)’
1=0

— (61(po)2(p0))"
L — é1(po)$2(po)

<(1+ ¢3(P0))(¢1(P0)¢2(P0))n



Convergence Analysis of a Sixth-Order Method Under Weak Continuity Condition ... 195

Therefore, the sequence {x,} is a Cauchy sequence if ¢ (po)P2(po) < 1 and hence
convergent. For n = 0 we get

1 — (¢1(po)$2(po))” v
1 — ¢1(po)p2(po)

26 = xoll < (1 + ¢3(po)) < RV. (23)

Therefore, x,, € U(x9, RWV) and taking m — oo in (23), we get x* € U (xo, RV).
Forn > 1,m > 1, invoking (/1,) and Lemma 2.3 (ii), in Eq. (22), we have

X = all < (14 d3(po))W I1 )/[(Hq)j1]/q¢1(170)¢2(170)i|
j=0

< (1+¢3(po)¥ y“*”"/m}

< (L g3(po) W y[“*@"*’”/qzmﬂ]
=0

~

By using Bernoulli’s inequality, we have

[(A+¢)"=11/¢1 _ 7/[(Hq)”*l]/qz [(A+9)" /g1 (1+¢) ~1]

14 14

1 n_11/g2 1 nrall
< 7/[( +q)"—11/q J,[( +4)"/q] ,

and consequently,

m—1

o = Xall < (14 $3(po)) WA [ Dyt Al]y“‘*‘”"—”/qz

—_—

— (pUFaa pgym

<+ ¢3(Po))‘~I’A"|: }y“”q)"”/‘f.

1 — )/(H'q)”/‘JA
(24)

Finally, let m — oo in (24) then we get (18) for all n > 0. Now, it is to be shown,
that x* is a solution of P (x). Next, from (2) we have

1P < 1P Gy — Xall
< (61(P0)d2(p0))" I P’ ) 130 — ol (25)

and
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IP' )l < 1P (o)l + 1 P (xn) — P (x0) |
< |P"(xo)ll + K llx, — xoll*
< [IP'(xo) || + K(RW)4. (26)
Therefore, || P/(x,,)]| is bounded and hence, by tending n — oo in the Eq. (25) one

can deduce that || P(x,)|| — 0. By continuity of P in 2, P(x*) = 0. Now, for the
uniqueness, let there exists y* € U(xg, r) s.t. P(y*) = 0 and y* # x*. Then,

1
0: P(y*) _ P(.X*) :/ P/(x* —l—t(y* —x*)dt(y* —.X*) — F(y* _x*)‘
0

Now, we claim that the inverse of the operator F = fol P'(x* +1(y* — x*))dt exists
which leads to the conclusion that y* = x*. Consider

1
11 —ToF|l < IIFollf [P'(x* + (3" — x*) — P'(x0)ldt
0

Ko . q . g
< — X" =xoll” +1ly* = xoll

T q+1
Ko 1
< waq+ﬂ_Rq\yq
qg+1 Ko
Ko [1
S_ ﬂ <1’
g+1[ K&

then by the Banach Lemma for the invertible operator F is invertible and hence, we
can conclude that y* = x*. (I

5 Numerical Applications

In this segment, some numerical applications have been mentioned to show the
efficacy of our approach.

5.1 Example

Let the nonlinear integral equation of the form

1 1
Pax)=akx)—1- 5/ G(x, y)ay)'dy, xe][o,1], 27)
0
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where G is the continuous and non-negative kernel defined in [0, 1] x [0, 1] and is
given as

(I-x)y y=x,

G(x’y)::xa—y) X<y,

The Fréchet derivative of Eq. (27) is given as

Paw =0 - D [ G p@ontas. bewiLge 0
Using max-norm, we get
7@~ P = T mae | [0 la - b0
< D yg e,

Thus, the Lipschitz condition (A3) fails here for g € (0, 1] but the hypothesis (A4)
holds. Now,
+q

1
I — P'(ao)ll < llaoll?.

If 4 |lag||? < 1, then by Banach Lemma, we obtain

1
IToll < ———— =@
1 — g,

Similarly, for ap = ag(x) = 1, we obtain

1 1
P < —, |ITyP <— =V
l (ao)ll_24 ITo P (ao)ll < B0

Now, for g = 0.85, we get pp = 0.0060010926 < 0.17691956 = p; and po(1 +
¢3(po))? = 0.0060511939 < 1. Therefore, the conditions of the Theorem 1 fulfilled.
Hence, the existence of a* is guaranteed in U (ay, 0.046348246) and the uniqueness

in U (ap, 38.217851) N Q.
Notice that if we consider ¢ = 1 in (27), we are getting

1 1
Pla(x) =a(x) —1— 5/ G(x, y)(a(y)’dy.
0

Therefore,
1
P'(a) — P'(b)|| < —lla — b
| P'(a) A = 12||a I
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Againon assuming, ag = ao(x) = 1, weobtain py = 0.0041322314 < 0.018598403
= pr and po(1 + ¢3(po))? = 0.0041580213 < 1. Hence, the existence of a* is guar-
anted in U (ag, 0.04621850) and the uniqueness in U (ag, 21.953781) N Q2.

Thus, the existence and uniqueness domains of convergence balls have been improved
under Holder condition as compared with Lipschitz condition.

5.2 Example

Consider a nonlinear integral equation defined as

(a(y))'*9dy, x €10,1], anda € C[0, 1].

1 1
P(a)(x) =a(x) —1— —/
0

4 X+y
(28)
The Fréchet derivative of P is given as
/ l+gq (!
P'(a)b(x) =b(x) — —— (a(y)idy, bel0,]1].
4 o Xty
Using max-norm, we get
1+g¢ box
P'(a) — P’ < — 4 — 4
| P*(a) ®I = 4 max /0 oy ydy la(* = b7l
< rog2la - |1,

Thus, the Lipschitz condition (A3) fails here for g € (0, 1] but the hypothesis (A4)

hold. Now,

14+g¢
|1 — P'(ap)|l <

log 2|laoll.

If H’Tq log2|lap||? < 1 then by Banach Lemma, we obtain

1
IToll < -0
1 — 22 log2|ag|

Hence,
log2
llap — 1 + 2= llao '+

ITo P (ag)|| <
1 — 2 log2]lag]

Now, for g = 0.7 and ap = ap(x) = 1, we get pg = 0.15631365 < 0.166432 = p;
and po(1 + ¢3(po))? = 0.19340562 < 1. Therefore, conditions of the Theorem 1
are fulfilled. Therefore, the solution exists in U (ag, 0.95963051) and the unique in
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U(aop, 6.4700146) N Q.
Notice that if we consider g = 1 in (28), we are getting

(a(y))*dy.

1
Pla)(x)=alkx)—1— l/

40x+y

Therefore, |
|P'(a) — P'(b)|| < 3 log2|la — bl

Again, letting ay = ag(x) = 1, then we get pp = 0.14065901 < 0.18598403 = p;
and po(1 + ¢3(pp))? = 0.17798110 < 1. Therefore, conditions of the Theorem 1
are fulfilled. Hence, the solution lies in U (ag, 0.64242555) and it is unique in
U (ag, 3.1283546) N 2.

Thus, the existence and uniqueness domains of convergence balls are bigger in the
case of Holder condition.

5.3 Example

Consider the following nonlinear BVP
a"+at =0, ¢ge,1], a(0) =a(l)=0. (29)

Theinterval [0, 1]is divided into N sub-intervals withpointst; =ih,i =0,1,..., N
where h = # Approximating the second derivative in (29) by central difference

scheme by
a// ~ aj—1 — 2(1[ +ai+1

i~ h2 5 - 1; 2’ 5 N — 17
then we get
— a4 2a; —aiyy —h*a) T =0. (30)

This can be expressed as P(a) = H(a) — h*l(a) = 0 where P : RN~1 — RN-1,
a=(ay, a,...,an_1), @) = (@', a1, ..., ay_;'79)" and the matrix H is
given by

2 210 -0

12 —1---0

g_lo-12..0

Here,
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P'(a) = H — (1+q)h*M(a),

where
M(a) = diaglal,ai,...... cam ),
and
IP'(@) = P'®)]| < (1 +q)h*lla — b 31
Letting g = % h = % and on assuming the initial approximation as

ag = (33.5739, 65.2025, 91.566, 109.168, 115.363, 109.168, 91.566, 65.2025, 33.5739)"

we get K = 0.015, ® = 26.5888 and W = 3.7570 x 10, Hence, Po = KodWs =
0.0077305536 < 0.14936797 = p; and po(l + ¢3(po))? = 0.0077908536 < 1.
Therefore, the conditions of Theorem 1 are fulfilled. Hence, the existence of a™* is
guaranteed in U (ap, 0.00039176436) and the uniqueness in U (ag, 14.144594) N Q.
Notice that if we consider ¢ = 1 in (31), we are getting

| P'(a) — P'(b)|| < 2h*||a — b].

Againon assuming, agp = ao(x) = 1, weobtain pg = 0.00019978824 < 0.18598403
= p; and po(1 + ¢3(po))? = 0.0009984814 < 1. Hence, the existence of a* is guar-
anted in U (ag, 0.00037600048) and the uniqueness in U (ag, 3.7606061) N 2.
Thus, the existence and uniqueness domains of convergence balls are better under
the Holder condition in comparison to the Lipschitz condition.

6 Conclusion

In this paper, the semi-local convergence analysis of the sixth-order iterative method
for finding the approximate root of the nonlinear equations has been studied by using
the recurrence relation technique. The existence and uniqueness of the approximate
solution have been calculated in the convergence theorem. Here, we also obtained an
error estimate expression. Numerical applications are also included which supports
our approach.
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(m, n)-Paranormal Composition ®
Operators

updates

Baljinder Kour and Sonu Ram

Abstract In this paper, we prove some characterizations for the class of (m, n)-
paranormal operators acting on the complex Hilbert space H. The class of (m, n)-
paranormal operators is characterized in terms of the Radon—Nikodym derivative of
the measure A7 ~! with respect to A. Moreover, we discuss the conditions under which
the classes of composition operators, weighted composition operators, multiplication
composition operators are (m, n)-paranormal.

Keywords (m, n)-paranormal operators + Composition operator + Weighted
composition operator - Multiplication composition operator

1 Introduction

Let H be an infinite dimensional complex Hilbert space and B(#) denotes the C*-
algebra of all bounded linear operators on H. Recall that an operator 7T is (m, n)-
paranormal if | Tx ||"*! < m|| 7" x||||x|" forall x € H,where n is apositive integer
and m is a positive real number [2].

Let (X, X, A) be a sigma-finite measure space and 7' be a measurable transforma-
tion from X into itself. In this paper, L>(X, £, A) is denoted by L?(1). The equation
Crf=foT, feL?2) is defined a composition transformation on L?(A). The
operator T induces a composition operator Cy on L%(}) if

e The measure A o T~! is absolutely continuous with respect to A, and
doTrh
dn

e The Radon-Nikodym derivative is essentially bounded.
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The adjoint composition operator is given by C f = h.E(f) o T~'. For the complex
valued X-measurable u on X, the weighted composition operator W = W, 1) is a
linear transformation acting on L2(A) is defined by Wf = u. f o T and its adjoint is
W*f=hE@u.f)oT .

The multiplication composite operator on L2(1) is givenby M, 7 (f) =uo T.f o
T. Also, its adjoint is defined by M} f = u.h.E(f) o T~

Senthilkumar et al. have studied weighted composition of quasi-paranormal oper-
ator in [4]. In [8], Veluchamy et al. have studied k-quasi-P-normal composition,
weighted composition, and composite multiplication on the complex Hilbert space.

In [1], Cowen et al. obtained a correlation between subnormality of composition
operators on H? and Denjoy—Wolff point. There are some other authors who have
studied various operators for class of composition operators, weighted composition
operators, and multiplication composition operators on different spaces [1, 3, 5-7].

2 (m, n)-Paranormal Composition Operators

Proposition 1 [2, Theorem 2.1] An operator T is (m, n)-paranormal if and only if
mﬁ T*I‘L+1Tn+1 _ (n + l)anT*T + m%naVH»l Z O,

foreacha > 0.
Theorem 1 Let C; € B(L?). For each a > 0, the following are equivalent:

Cr is (m, n)-paranormal.

mﬁWJhEmwT Il =+ D2ad | VAT = meina™s | £
mn+ haE(h)oT™ > (n+ a"h — mTnat,

miih, hoT-"DEM) o T~ > (n+ a"h — mmina"!.
m%h.hn,1 oT'E(h) o T™" > (n + 1)a"h — moina"*\.

R

Proof (1) = (2): Since C7 is (m, n)-paranormal, by Proposition 1, for eacha >
0, we have

2 2
mt CE Ot — (n 4 1)a"CiCr +mna™™ > 0,
that is,

mit CH I > (n 4+ 1)a"ChCr — mivina™ .
So, we have

maT (€I CEDf, f) =+ Da" ((C3Cr) f, f)

: (1)
—mTna"™ (£, f).

Consider
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(CFierthf =C(CrCnICrf

=CJ(C3C)(f o T")
=C(hf o T")

=h,E(hf oT") o T™" )
=h,E(h)oTT".E(f)oT"oT™"
=h,E(h)oT7".f
and
C;Crf = hf. €)]

From (1), (2) and (3), we obtain

mit (h,E(h) o T~ f, f) = (n + Da" (hf, f) — mitna" (f, f),
that is,

mt |y E(R) o T f1* = (n 4+ Da"|VRf > — mmina™ | £, @)

that is,
mit |V E(R) o T f|| = (n + V)2a? |Vhf| — miinia™s | £].

(2) = (3): From (4), we have

mit (R E(h) o T™" f, f) = (n+ Da" (hf, f) — mmina"*' (f, f),
that is,

mnzﬁhnE(h) oT™"">m~+ Da"h — mitna"t,
(3) = (4): Consider
miih, E(h) o T™" > (n + )a"h — mirina! (5)

and
h, = AT""(B). (6)

We have
AT (B) =2~ (T~""(B))

= / nd). (7)
T—(=1)
=h, thoT "D,

From (6) and (7), we get
hy = hy_thoT~®D, 8)

Now, substitute (8) in (5),
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mﬁhn_lh o T " DEM)oT™ > (n+ Da"h — mitna"t,

(3) = (5): Observe that

miThy E(h) o T™ > (n + 1)a"h — m1 na"+! )
and
h, = AT " (B). (10)
We have
AT(B) =T~ " D(T~'B))
Z/ hn—ld)‘- (11)
T—B
=h.hy_y o T\
From (10) and (11), we obtain
hy =h.hy_yoT7". (12)

Now, substitute (12) in (9),
2. -1 —n n 2 ntl
mihh, 1oT "E(h)oT " >m+ 1)a"h —mw=1na""".

5 = :
Consider that

mithhy_ o T VE(h) o T™" > (n + D)a"h — mmina, (13)

holds. Since
hy =h.h,_yoT™ L.

Therefore, (13) becomes

miih, E(h) o T™" > (n + )a"h — miina"!, 1
mit (R E(h) o T™"f, f) = (n + Da" (hf, f) — mwina"" (£, f).
By definition of composition operator, we have
C*nJrlCnJrl — hnE h T".
( T T )f (h) o f (15)

CiCrf = hf.

Therefore, from (14) and (15), we get
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mi (€I f) 20+ Da' (CECn £, 1)

. (16)
—mina" T (f, f) .

Hence Cr is (m, n) paranormal operator.
This proves the equivalence relations. ]

Example 1 Let H = [>(Z, C) and T be a weighted shift operator on H defined by
Te, = vie,41 withnon zero weights v, and the orthonormal basis e, for all integers
p, where

v, =1

for every p.
Equivalently, Cr is defined by

CT(..., X_1, X0, X1, ) = (, X_1, X0, X1, X2, X3, )
By [2, Theorem 2.9], Cy is (m, n)-paranormal if and only if
o, "t < mlvprillvpsaleVpn—ils 17)
for unit vectors and n > 2. Thus, for m = 2 and n = 3, Cr is (2, 3)-paranormal.
Let f be a function defined by f(k) = x; and T : Z —> Z defined by T (k) =
k + 1, then

CTf("'a X—1,X0, X1, "') == (f o T)(“"-x—la X0, X1, "') = (' o, X—1, X0, X1, " )

(18)
is composition operator. Thus Cr is (2, 3)-paranormal composition operator.
Theorem 2 An operator C5. is (m, n)-paranormal if and only if

2 n+1 n m
mi+t (hypy o T"TLE(f), f) = (n+ Da" (h, o T"E(f), f) (19)

2
—mwina"™ (f, f),

foreacha > 0.

Proof Let C3 be (m, n)-paranormal. Then by Proposition 1, for each a > 0, we
have

mit CELC ! — (n 4 1)a"CrCh + mivina™ ' > 0,
that is,
mi CIF C ! > (n+ 1)a" Cr Ch — misina,
that is,
m# (CRF'CE N £, f) = (n+ Da" ((CrC) £, f)
—matna" " (f f) . (20)
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Observe that | ' 1
(CFCT Y f = hy1 o T"TLE(S),

CrCif =h,oT"E(f).
Substitute (21) in (20),

Mt (hyyy o T"HLE(f), f) = (0 + Da" (hy o T"E(f), f)
— mnd" (f, f).
Conversely, let (19) holds.

Consider
Rug1 o T"PLE(f) =(CF O f,

hy o T"E(f) =CrC% f.

Substitute (22) in (19), we obtain

mF (€ CP ] f) 2 (ot Da (CrCh . )

2
—mwina"t (f, f),

that is,

2 2
mit (CAT Oy > (n 4 1Da"CrCf — miina™ .

Hence, C7 is (m, n)-paranormal.

3 Weighted Composition Operators

Theorem 3 An operator W is (m, n)-paranormal if and only if

2 2
mit [ur. f o T" T2 > (n 4+ Da"|lu.f o T||* — mirina"™| 112,

foreach f € L* and a > 0.

Proof Assume that W is (m, n)-paranormal. Then, for each a > 0,

mﬁ W*nJernJrl _ (n+ 1)anW*W+mﬁnan+l > 0,

that is,

mﬁ Wt yntl > (n+ Da"W*W — m%nanﬁ,
that is,

mt (WHTWY £ F) > 0+ Da (WW) £, f)

2
—mwina" (f, f) .

ey

(22)

(23)
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that is,
m [WHFI2 > (n 4 Da" WP — mina™ | £11%.

Consider 1 1
Wn+ f — un+l-f o Tn+ ,

Wf=u.fol.
Substitute (25) in (24), we get

2 2
Mt [t f o T"MZ > (n+ Da"lu.f o T|I* — m=na"| 2.

Conversely, let (23) holds.

Consider " "
w" f = MVH-]'f oT" s

Wf=u.foT.
Substitute (27) in (23),

2 2
mat [WHE12 > (n+ Da” |WEI? — metna™ | 117,
that is,

T (WHIWI £ ) 2 0+ Da® (W0 W), 7]

2
—mwina"t (f, f),

that is,

m% W*n+1 Wn+1 > (n + 1)(,1” W*W — mn%lnanﬂ.
This completes the converse part.

Theorem 4 Let W* € B(L?). Then W* is (m, n)-paranormal if and only if

2
Mt [y E it f) o T-" V12 > (n 4+ Da" |h.Eu.f) o T™H|?

2
—mana" M £12,

foreach f € L?> and a > 0.

Proof Let W* be (m, n)-paranormal. Then for each a > 0,

209

(24)

(25)

(26)

27)

(28)
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2

T Wiyl (n+ Da"WW* + maing"t' > 0,
that is,

mﬁwn+lw*n+1 >+ Dd"WW* — m%narﬂrl’
that is,

m# (W WY £ f) > (0 + Da" (WW*) £, f)

2
_mmnan+l (f’ f) ,

that is,
2 2
ma [WH 12 > (n 4+ Da | W* £1> — msina" | £
(29)
Consider " )
w" =hy 1 E(upsq.f) o TV,
f +1E(upt f)1 30)
W*f =h.E(u.f)oT "
Substitute (30) in (29),
M |t E(Unt- f) 0 T™ N2 >0 + Da" |h.Eu. f) o TV
— miinad"| £)%.
Conversely, let (28) holds.
Since +1 (n+1)
w =hp 1 EQuyyy. f)o TV,
f FE@pgr.f) a1

W*f=hEu.f)oT "
Substitute (31) in (28),

mT [WLFI2 = (n+ Da |W*f |2 — mitna™ | 1%,
that is,
T (W"HIw*th £, f) > (n + Da" (WW*) £, f)

2
- mmnan+l (fv f> s

that is,

2 2
mt W W > (r 4+ Da"WW* — maina" .

Hence, W* is (m, n)-paranormal. O
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4 Multiplication Composition Operators

Theorem S Let M, 1 is (m, n)-paranormal operator if and only if

n+1
m | [Jao T foT™ |2 =+ Da"|luo T.f o T|?

i=1

(32)

2
—maina" | £12,

foreacha > 0.

Proof Let M, 7 be (m, n)-paranormal. Then for each a > 0,

2 2
mT M MUY — (n + Da" M My r +miina"t! >0,
that is,

2 2
—= *n+1 3 gn+1 nag* —= n+1
m o+l MM’T Mu’T >+ Da MM’TMM,T —mm=ina"",

that is,
(33)

mt (MM £, f) = (04 Da (M2 M) f, f)
—mwtnd" ™ (f, f),

that is,
2 1,2 2 2 1 2
mit My f? = (n 4 Da" | My 7 fII” — mina" | £,

Since
n+1

M f = l—[(u oTH.foT",
i=1

M,7f=uoT.foT.

(34)

Substitute (34) in (33), so we get

n+1
m | H(u oTH.foT" > >+ Da" luoT.f o T|?
i=1

2
—mana" | £12

Conversely, let (32) holds.

Since
n+1

M f = l_[(u oTH.foT"!,
i=1

M,7f=uoT.foT.

(35)
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Substitute (35) in (32),

2 2
meT [MUE FIP = (n+ Da" | My f1I? = mina" | £112,
that is,
meT (M MDY £, f) = (n+ Da" (M M) £ f)
—mitna" (f, f),
that is,

2 2
meT MM — (n+ Da" M My r +mna"t! > 0,
for each a > 0. Thus, M, 7 is (m, n)-paranormal. O

Theorem 6 An operator My, ; is (m, n)-paranormal operator if and only if

n+1
mt uh. [E@.h o T-)).E(f) o T2

i=1

> (n+ Da"luh.E(f) o T7' | = m7na"| £,

(36)

foreach f € L?> and a > 0.

Proof Assume that M;T is (m, n) paranormal. Then for each a > O,

2 2
M+ M;";IM:"T'H —(n+Da"M, r My + mina™tt >0,

that is,

2 2
m=t MU M > (0 + Da" My, r M) — mina™*,

that is,
2 n+1 g rxn+1 n * (37)
m o ((MM,T M), f)= @+ Dd" (MM ) f. f)
—mwina" (f, f),
that is,

2 1,2 2 2 1 2
mi | MY 1P = (04 Da® | M fIIP — mina" | £,

Consider
n+1

M;k,nTJrlf =u.h. H(E(u.h o T N.E(f) o T,
i=1

M f=uhE(f)oT "

(38)

Substitute (38) in (37), so we obtain
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n+1
m (|uh. l_[(E(u.h o T N.E(f) o T2

i=1

> (n+ Da"|uh.EC(f) o TV — miina™ || 1.

Conversely, let (36) holds.

Consider
n+l1

M f = uh [ [(E@.ho T™)).E(f)o T,
i=1

M f=uhE(f)oT .
Substitute (40) in (36),

- +1 492 2 2 1 2
maT M 1P = (4 Da” | My f I — maina™ ) f]1%,

that is,
2 n *n n *
met (MU MY £ f) = (4 Da" (M r M ) f, f)

2
- mmnan‘H <f7 f> )

that is,

2 2
m M,':';IM:”;] —(mn+Da"M, M)  + mw na"t' >0,

for each a > 0. Thus, M;,T is (m, n)-paranormal.

5 Concluding Remarks

213

(39)

(40)

We have given some characterizations for the class of (m, n)-paranormal operators
acting on the complex Hilbert space H. The class of (m, n)-paranormal operators is
characterized in terms of the Radon—Nikodym derivative of the measure A7 ~! with
respect to A. Further, we have discussed the conditions for (m, n)-paranormal of the
classes of composition operators, weighted composition operators, multiplication

composition operators.
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On the Domain of ¢g-Euler Matrix in ¢ m
and ¢ e

Taja Yaying

Abstract In this study, we present the Banach spaces el and e obtained by the
domain of g-analog E? of the Euler matrix of order 1 in the spaces ¢y and c,
respectively. We exhibit certain topological properties and inclusion relations of
these spaces. We obtain the bases and determine the Kothe duals of the spaces ¢
and e . We characterize certain classes of matrix mappings from the spaces ej and
el to the space i € {€oo, ¢, o, £1, bs, cs, CSo).

Keywords ¢-Euler matrix - Sequence spaces - a- * 8- + y-duals - Matrix
mappings

1 Introduction

Throughout this study, the letter s stands for the set of all real-valued sequences. A
sequence space is a linear subspace of s. Some examples of classical sequence spaces
are £, (bounded sequences), co (null sequences), and ¢ (convergent sequences). A
B K -space is a Banach space with continuous coordinates. The space A € {£, co, ¢}
is a BK-space endowed with supremum norm defined by |z|l,, = sup,cy, |z/|-
Here and in what follows, Ny = {0, 1, 2, ...}. Also, ¢; stands for the space of all
k-absolutely summable sequences with 1 < k < oo. Further, the notations bs, cs,
and cs( represent the spaces of all bounded, convergent, and null series, respectively.

Let A and u be two sequence spaces. If ® = (¢,,) is an infinite matrix of real
entries, then rth row of the matrix @ shall be denoted by ®,. Let z = (z,) be
a sequence in A, then the notation ®z = {(®z),} = {Ziio ¢,vzv} is called ®-
transform of the sequence z, provided that the series Z;}io ¢rvzy exists for each
r € Np. Further, the matrix ® is said to define a mapping from A to p if $z € p for
every sequence z € A. In notation, ® € (A : u) if and only if ® is a mapping from A
to n. Moreover, the matrix ® = (¢,,) is called a triangle if ¢, # 0 and ¢,, = O for
allv > r.
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Define the set A¢ by
Ao =f{z€s: Pz e} (1

The set Lo is a sequence space and is called the domain of matrix @ in the space A. The
domain of a matrix plays an important role in the construction of sequence spaces.
It is known that if X is a B K-space, then the matrix domain A¢ is also a B K-space
with the norm ||z[|;, = [|®zll, . With this concept, several researchers introduced
the interesting Banach sequence spaces using the domain of special triangles. For
relevant literature, we refer the papers [2, 3, 19, 24, 26, 27, 34] and textbooks/Ph.D.
dissertation [7, 8, 25, 35]. For some recent publications dealing with the domain
of triangles in classical spaces, we refer [1, 2, 4, 9, 12, 14-17, 21-23, 28-31, 33,
36-40].

1.1 Euler Matrix of Order 1 and Sequence Spaces

The Euler matrix E = (e,,) of order 1 is defined by

© O<v<r
_ o7 = =1
€ry = .
0 otherwise,

for all , v € N. Not much studies related to sequence spaces obtained using the
domain of the matrix E can be found in the literature. Recently, Bagar and Braha
[6] studied the space of the Euler-Cesaro bounded, convergent, and null difference
sequences. [tis shown that these spaces are separable B K -spaces. Further, the authors
obtained certain inclusion relations, Schauder basis, and Kothe duals and character-
ized the certain classes of matrix transformations on these spaces. More recently,
Ellidokuzoglu and Demiriz [11] give a further generalization of the spaces defined
in [6] by introducing the Euler-Riesz bounded, convergent, and null difference spaces.

1.2 q-Calculus

The g-calculus is a branch of mathematics that deals with the generalization of some
well-known mathematical expressions by using the parameter g. The generalized
expression so obtained is called g-analog of the original expression. Further, the
g-analog returns the original expression when ¢ approaches 1. Several researchers
are engaged in the field of g-calculus due to its broad applications in mathematics,
physics, and engineering sciences. It is widely used by researchers in operator theory,
approximation theory, hypergeometric series, special functions, quantum algebras,
combinatorics, etc. We refer the book [20] for details in g-calculus.
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Now, we recall certain terminologies in g-calculus that are fundamental in our
investigation:
Definition 1 Let 0 < g < 1. Then the g-number is defined by

1—q" _
r=1,2,3,..),
= l—q
L1, {1 (r = 0).

Clearly, [r], reduces to r when g — 1.

Definition 2 The g-analog of binomial coefficient or g-binomial coefficient is
defined by
rlg!
|:r] _ [r—[v]]jl[v]! (r =z v),
v, 0 (r <v),

where g-factorial [r],! of 7 is defined by
[rlg! =rlylr — 11, ... [2]4[1],.

Motivated by the above studies, we construct g-analog E4 of the Euler matrix of
order 1 and present new B K -spaces ej and e derived by the domain of the matrix
E1 in the spaces co and c, respectively. We exhibit certain topological properties,
inclusion relations, and bases for the spaces eg and e. In Sect. 3, we determine the
Kothe duals (-, -, and y-duals) of the spaces eg and ¢! . In Sect. 4, we characterize
certain classes of matrix mappings from the spaces ef and ef to the space pu €
{ls, c, co, 1, bs, cs, csp}.

2 g-Euler Spaces ¢! and eg

Throughout this study, we shall use the notation 7 (g) = Hg;é(l + ¢") with
7©(g) = 1. Then the matrix E9 = (e},) is defined by

for all r, v € Ny. More explicitly,
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1 0 0 0

1 1 0 0

i i g 0
E1 = 2(1+q) 2 2(1+q)

1 1+g+4> q(1+g+¢% 1

2(1+)(1+¢H) 2(1+q)(1+¢%) 2(1+¢)(1+g%) 2(1+q)(1+g%) ~*°

It is known from [20, p. 29] that the infinite product 7 (g) = 2(1 + ¢)(1 +
g?) ... converges to a finite limit. Thus, we may write 7 (q) = 7 (q), where w(q)
is finite. Observe that

e lim, o0 [
lim ¢/ = lim _[”]qq =gl T L],
r—00 r—00 n(f)(q) hmr—)oon(r)(q)

D1
I A O R

7(q)
q®

o

This immediately yields us the following result.

Lemma 1 The g-Euler matrix E? is a conservative matrix. In other words, E1 maps
ctoc.

Now we define the sequence spaces ej and ef by

e = {z =(z)€s: rlin;:)ﬂ,'(%(q) Z [Z} q@z, = 0} )
q

v=0
el =1z=1(z)€s: lim _ 2’: " q(;)zu exists ¢ .
¢ r—00 n(r)(q) — v p

Further, on using notation (1), we realize that the spaces e¢ and ef can also be
defined in the form
e(q) = (CO)E(I and ez = CEq. (2)

The spaces eg and e reduce to the Euler spaces egp = (co) g and e, = cg, respectively,
when ¢ approaches 1.
Let us define the sequence w = (w,) in terms of the sequence z = (z,) by

1 4 .
w, = (E'2), = s > m g0z, (3)

v=0 q
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for each r € Ny. The sequence w is called the E9-transform of the sequence z. We
write on using (3)

r 7 @[7],40)
v=0

for each r € Ny.
Now, we can state the first result, as follows, without proof:

Theorem 1 The spaces e} and e are BK -spaces under the supremum norm defined

by
o
Izl = izl = sup [ [L,e®
() €c reNo ~ 7T(r) (q) v
Proof The proof is a routine exercise and hence details are omitted. |

Theorem 2 The q-Euler spaces e and el are linearly isomorphic to co and c,
respectively.

Proof We present the proof for the space ej. The proof for the other case can be
obtained analogously. Define the mapping 7 : ej — coby Tz = E9z forallz € e.
It is easy to observe that 7 is linear and 1 — 1. Let w = (w,) € ¢ and z = (z,) is
as defined in (4). Then, we have

r [].q® F[]a® [ @[] ¢
li vlg , = li vlq —1)vJ ,q .
rlgolog 71,’('”)(61) < anolog jT(’)(q) Jg{)( ) q(;) Wi
= lim w, = 0.

Thus, z € ej and the mapping 7 is onto. Therefore, ef = co. This completes the

proof. ]
Theorem 3 The inclusion ¢y C eg does not hold. However ¢ C el holds.

Proof Tt is known from Lemma 1 that lim e}, # O for each v € Ny. That is, E9 ¢
r—00

(co : co). This yields that co ¢ ef. In a similar manner, the inclusion ¢ C ef can be
established. O

Jarrah and Malkowsky [18, Theorem 2.3, Remark 2.4] state that the domain A¢
of the triangle ® in the space X has a basis if and only if A has a basis. In the light of
this and Theorem 2, we present the following result:

Theorem 4 Consider the sequence x® (q9) = (xr(”) (q)) in the space eg for every
fixed v € Ny defined by
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O[] ¢(2)
-y T o <,

0 (v >r).

x"(q) =

Then we have
(a) the set {x(o) @), xV(q), x?(q), .. .}forms the basis for the space ef and every

oo
z € e(q) has a unique representation of the form z = Y w,x®(q).
v=0
(b) the set {e, x© (), x(l)(q), x® @q), .. .}forms the basis for the space el , where
e={1,1,1,...}, and every z € el can be uniquely expressed in the form z =
oo

Ee+ > (w, —E)xV(q), where € = lim w, = lim (E%z),.
=0 v—00 v—00

3 Kothe Duals

In the current section, we determine the Kothe duals («-, 8-, and y-duals) of the
spaces eg and e!. We provide the proof for the space eJ. The proof for the space ¢!
can be obtained analogously. First, we recall the definitions of the Kothe duals.

Definition 3 The «—, f—, and y —duals of a subset A C s are defined by

A ={sc =1(s) €5:67=1(62y) € ¢ forall z € A},
M ={c=(s)es:cz=(5z) €csforallz € A}, and
M ={c=1(¢) €5:6z2= (g2 € bsforall z € A},

respectively.

Before proceeding to the main results, we note down celeberated lemmas due to
Stieglitz and Tietz [32] that are required for computing the duals of the spaces ef
and eJ.

In the rest of the paper, R will represent the family of all finite subsets of Ny.

Lemma 2 & = (¢,,) € (co : £1) if and only if
sup <Z Z¢rv ) < 00.
sup Z |ry| < 00, )

RER \ y=0 | reRr
rENo v=0

Lemma3 & = (¢,,) € (¢ : ¢) if and only if

lim ¢,, exists for each v € Ny. (6)
r—00
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Lemmad4 ® = (¢,,) € (co : £o) if and only if (5) holds.
Theorem S The set §,(q) defined by
@[] ¢
B19) = |5 = (s) €52 sup Z ()T | <0
q 2

vOreR

is the a-dual of the spaces e} and e?.

Proof Consider the following equality:

" ﬂ(")(q); q(lgv)
Srir = Z(_l)rv%g’wv

= (Aw), (7)

for all r € Ny, where the sequence w = (w,) is the E?-transform of the sequence
Z = (z,) and the matrix A7 = (a/,) is defined by

O[] g2
T e <<,

0 (v >r).

q _—
apy =

We realize by using (7) that ¢z = (s,z,) € £; whenever z € eg if and only if A%w €
£1 whenever w € ¢o. Thus, we compute that ¢ = (g,) is a sequence in «-dual of
eg if and only the matrix E9 belongs to the class (cy : £1). Thus, we conclude from
Lemma? that [eg]a = §1(g)- This completes the proof. (]

Theorem 6 Define the sets 5,(q), §3(q), and 64(q) by

7@ (q) [i]qq ")
0

() ¢(2)
83(g) =3s=(s)€s: supZ Z( 1)’ M

zeNov —0 | 1=v q(z)

O @[],a")
40

(@) =s=(s)es: ) (=D

I=v

G exists for each v € Ny ¢,

Si|<xr¢,

Suq) = ys=(s)€s: hmZZ( '

v=0 [=v

G exists

Then [¢§]” = 6:(q) N 83(q) and [!]” = 82(g) N 63(q) N 8a(q).

Proof Consider the following equality:
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r A EAOIH q(?)
gguzﬁg ;(—1) ’—q@q wi S
ay O@[],a")
=y Z(—l)”#g w, ®)
v=0 I=v q(z)
= (B"w), ©)

for each r € Ny, where the matrix BY = (b},) is defined by

P (
MS‘[ (Oivir)’

P Dy
0 (v >r),

for all r, v € Ny. Thus, by using (9), we realize that ¢z = (¢,z,) € cs whenever
z=1(z,) € eg if and only if BYw € ¢ whenever w = (w,) € co. This yields that
¢ = (g,) is a sequence in the B-dual of ¢{ if and only if the matrix BY belongs to the
class (co : ¢). This in turn implies on using Lemma3 that

su£ Z ’b | < o0 and 11m b, exists for each v € Ny.
re (]v =0

Thus, eg = 8,(q) N 83(g). This completes the proof. O
Theorem 7 The y-dual of the spaces e} and el is 83(q).

Proof The proof is similar to the previous theorem except that Lemma4 is employed
instead of Lemma 3. (]

4 Matrix Mappings

In the present section, we determine necessary and sufficient conditions for a matrix to
define mapping from the spaces ef and e{ to the space u € {€~, ¢, co, €1, bs, cs, ¢so}.
The following theorem is fundamental in our investigation.

Theorem 8 Let w be any arbitrary subset of s. Then ® = (¢,,) € (ef : ) (or

respectively (el : n)) if and only if ®") = (9,(5)) € (cg : ¢) (or respectively (c : c))
foreachr € Ny, and ® = (6,,) € (co : 1) (or respectively (c : |1)) where

0 (v >1),
7 @[]],a"2)
o)

o) =1 4
lv Z(_l)j7U

j=v

¢y O=v=l),
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and ( [] =
o0 7 O@[] ¢

9}‘1): -1 Jiv# rjs 1

Zj( ) 0 ) (10)

forallr,v € Ny.

Proof The proof detailing is omitted since it is similar to the proof of Theorem 4.1
of [24]. O

Now, using the results presented in the Stieglitz and Tietz [32] together with
Theorem 8, we obtain the following results:

Corollary 1 The following statements hold:
1. ¢ (eg 1 L) if and only if

(11)
IGNU v=0
lim 6" exists for all v € Ny (12)
—00
hold and
sup Z |6,0] < 00 (13)
I‘ENU v=0
also holds.
2. &€ (eg :¢) ifand only if (11) and (12) hold, and
sup Z 16,4 < 00, (14)
VGN(] v=0
lim 6,, exists for all v € Ny (15)
r—00
also hold.
3. de (eg 1 co) ifand only if (11) and (12) hold, and (13) and
lim 6,, = 0 for all v € Ny, (16)
r—00
also hold.
4. @ € (e : £y) ifand only if (11) and (12) hold, and
sup Z > 6| < o0 a7)
ReR v=0 |reR

also holds.
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5 ®e (eg 2 bs) ifand only if (11) and (12) hold, and

Zelv

=0

[ee]

sup E
reNy =0

< 00 (18)

also holds.
6. ® € (ef : cs)ifand only if (11) and (12) hold, and (18) and

o0
Z 0,, converges for all v € Ny (19)
r=0

also hold.
7. e (eg 2 ¢so) ifand only if (11) and (12) hold, and (18) and

o0
> 6,y =0 forallv e Ny (20)
r=0

also hold.

Corollary 2 The following statements hold:
1. ® e (el :ty)ifand onlyif(11), (12), and

o0
lim Y 67, 21
[—o00
v=0
hold, and (14) also holds.
2. ® e (el :c)ifandonlyif(11), (12), and (21) hold, and (13), (15), and
rlggo Z 0, exists (22)
v=0
also hold.
3. ®e (el :cy)ifandonlyif(11), (12), and (21) hold, and (13), (16), and
lim > 6, =0 (23)

v=0

also hold.
4. ® e (el :£)) ifand only if (11), (12), and (21) hold, and (17) also holds.
® e (e : bs) ifand only if (11), (12), and (21) hold, and (18) also holds.
6. ® e (el :cs)ifand onlyif (11), (12), and (21) hold, and (18), (19), and

N
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o0 o0
E E 0,, converges

r=0 v=0

also hold.
7. ® e (el : cso) ifand only if (11), (12), and (21) hold, and (18), (19), and

r=0 v=0
also hold.

We recall a basic lemma due to Basar and Altay [5] that will help in characterizing
certain classes of matrix transformations from the spaces ¢} and e{ to any arbitrary
space L.

Lemma 5 [5] Let ) and . be any two sequence spaces, ® be an infinite matrix, and
® be a triangle. Then, ® € (A : o) ifand only if @D € (A : ).

Now, by combining Lemma 5 with Corollaries 1 and 2, we give the characterizations
of the following classes of matrix mappings:

Corollary 3 Let ® = (¢,,) be an infinite matrix and define the matrix C1 = (c,)
by
r -1

q
¢l = E —— ¢, 0< g < 1
rv pan [}’+1]q¢l ( q )

for all r,v € N, where [r], is the g-analog of r € Ny. Then, the necessary and
sufficient conditions that ® is in any one of the classes (eg : Xg ), (eg : X9, (el : Xg),
and (el : X1) are determined from the respective ones in Corollaries1 and 2, by
replacing the elements of the matrix ® by those of the matrix C%, where X and X{
are the q-Cesaro sequence spaces defined by Demiriz and Sahin [10].

Corollary 4 Let ® = (¢,,) be an infinite matrix and define the matrix C = (Cry)
by

r

~ CCry
Crv = v, 1,V € N
; o fw (v eNo)

where (C,) is a sequence of the Catalan numbers. Then, the necessary and sufficient
conditions that ® is in any one of the classes (¢} : co(C)), (el : ¢(C)), (el : co(C)),
and (e c(C’ )) are determined from the respective ones in Corollaries I and 2, by
replacing the elements of the matrix ® by those of matrix C, where ¢(C) and co(C)
are the Catalan sequence spaces defined by Ilkhan [13].
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Corollary 5 Let ® = (¢,,) be an infinite matrix and define the matrix F = (f,,)
by
r 2

§ 1
rv = vy Iy N
f 1=0 frfr+l¢l (r ve 0)

where (f,) is a sequence of the Fibonacci numbers. Then, the necessary and sufficient
conditions that ® is in any one of the classes (eg Ao (F)), (e(q) cc(F)), (eg 1 co(F)),
(€l 1 Lo (F)), (el : c(F)), and (el : co(F)) are determined from the respective ones
in Corollaries I and 2, by replacing the elements of the matrix ® by those of matrix
F, where {5 (F), c(F), and co(F) are the Fibonacci sequence spaces defined by
Kara and Basarwr [19].
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Study on Some Particular Class )
of Nonlinear Integral Equation glectie
with a Hybridized Approach

Nimai Sarkar and Mausumi Sen

Abstract This article deals with a particular class of integral equations involving
pure delay term. The existence of a solution is described using fixed point theory.
Moreover, a hybridized scheme is proposed to investigate the approximate solution.
In this context, boundary element method is used with piecewise linear interpola-
tion. Also, an algorithm is there for error estimation and in support of the considered
numerical method stability analysis is done. This testimony completely demonstrates
the comprehensive study of the considered class of integral equation and understand-
ing the behaviour of the approximate solution in the presence of delay.

Keywords Nonlinear integral equation + Constant delay * Fixed point theory -
Hybridized approach

1 Introduction

In this paper, our objective is to study the following nonlinear integral equation
involving pure delay.

b—t

W(x) = Qx, u(x), W(x)) + v(X)X< Glx,s, N(W(S)))dS) D

a

where a, b € R with a < b, T € [0, 1) is the pure delay term and we denote [* =
[a, b — t].W(x), u(x), v(x) are continuous functions from /* to R, which are essen-
tially considered from X* = C(I/*, R),Q: I* x I* x I* > R, G: " x " x [* —
R and X : R — R are smooth mappings in the considered space (X*, d*). Here,
d*(g, h) = supcer||g(x) — h(x)||, Vg, h € X* and N (W(x)) represents a continu-
ously differentiable nonlinear function of ¥V (x). Numerous literatures are available
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regarding the occurrence of integral equation in various real-world modelling prob-
lems [1-4] and such cases always demand some comprehensive study related with
existence uniqueness of solution, numerical treatment towards approximate solu-
tion and stability analysis. Artikis and his co researchers, Maleknejad and his co
researchers, Oregan, Karoui and several other researchers have contributed in the field
of integral equations from theoretical aspect, see [S—13] using different approaches.
In this context, one key point is that the exact solution is not easily available in all the
circumstances, therefore numerical treatment to approximate solution is an obvious
requirement for the researchers to get vivid realization regarding the behaviour of
solution. Over a long time, different researches have provided numerical methods
[14-22] depending upon the particular class of integral equation.

In this article, the existence of unique solution has been studied by using Banach
fixed point theorem. A hybridized numerical scheme along with an algorithm for
error estimation is described. Moreover, we have presented stability analysis for the
considered class of integral equation. The arrangement of the current manuscript is
as designed as Sect.2 covers all the fundamentals used throughout this paper, and
deals with the main results, in Sect. 3, a numerical example is there in support of the
proposed numerical scheme and some closing remarks are there in Sect. 4.

2 Preliminaries

Definition 1 Let (X*, d*) be a complete metric space. Thenamap T : X* — X*is
said to be a contraction mapping on X* if there exists some constant k € [0, 1) such
that

d*(Tx,Ty) <kd*(x,y),Vx,y € X*

where k is contractivity constant.

Definition 2 ([23, 24]) Equation (1) has the Hyers-Ulam stability if there exists a
constant C > 0 satisfying the following property : For each ¢ > 0, W € X*, if

b—t
V() = Q0 u@, We) —vX( [ G s, NV)ds )| < €

a

then there exists some w € X* satisfying Eq. (1) such that
lw(x) = W(x)| < Ce.

Theorem 1 Banach fixed point theorem: Let (X*, d*) be a nonempty complete met-
ric space with a contraction mapping T : X* — X*and L < 1 be the corresponding
Lipschitz constant. Then T admits a unique fixed point xo in X*. That is T (xg) = Xo.
Furthermore, for x € X*, the following propositions hold true:
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(A) The sequence T"x converges to a fixed point xy of T ;
(B) x¢ is the unique fixed point of T in

Xi = {y e X*: d*(T”x, y) < oo};

(C)ify € Xj, then

(o) = g ().

2.1 Main Results

Before entering into the theoretical discussion, we consider the following assump-
tions:

(A1) X : R — R is Lipschitz function, i.e. there exists some positive constant L
such that for every p,g € R

[1X(p) — X(@Il < Lllp — qll.
(A2) There exist integrable functions Q1, Q, : I* x I* — R suchthatfora, 8 € X*
0<Qx,ux),a) —Q2x,ux),B) < Q1(x)|la— Bl

and

0=<G(x, 5, N@) —Gx, s, N(B) = Q(x, 9l — BII.

(A3) There exist Mg,, Mg, € [0, 1) such that
M
supser-1Qi ()] < TQ

b*l’ MQ
Supser- f 192x,5)llds = 72,
a

(A4) v is bounded function on I*, i.e. there exists M > 0 such that for all x € I'*

)|l = M.

Theorem 2 Under the assumptions (Al)—(A4), the integral Eq. (1) admits a unique
solution in X* lf(MQT‘H> < land (% + MMQ2> < 1 hold.
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Proof Basic motivation is to apply Banach fixed point theorem on X*. For that
purpose, we consider the mapping 7* : X* — X* defined as

b—t

TW)(x) = Q. u(). W) +v0x( [ G s NOVe)ds) @

a

and B, = {W € Xt W < r} where r > (MQ + MLMyMo, + MMX)L.
Let  supeer-||Q(x, u(x),0)|| = Mq,  suprer[INOV@)|| = My and
SUPxel* ||X(fab7t G(x,s, 0)ds)|| = My.For W € X*, we proceed as follows
I(T*W) )| = [12(x, u(x), W(x)) + U(X)X(fabir G(x, S,N(W(S)))dS)II

<10, u(x), W) — Q(x, u(x), 0)|| + |12 (x, u(x), 0)[| + [[v(x)]|
I|X(fa’"r G, N(W(s)))ds) - X(fa”" G, s, O)ds)\|+
ool (f27F G, s, 0ds I

< QU)W + supyers 1R 0x, u(x), 0)]|+
ML P77 G, s, NOV©))ds — [T Gx, s, 0)ds| |+
Msup, IIX(fa”*’ G(x,s, O)ds)H
Srsupye+Q1(x) + Mg+ ML ff" Qo (x, )INW(s))|lds + MM x

rM M
< 20 4 Mg + MLMpy =2 + MMy

rMg
-+ Mo +MLMy Mo, + MMy

IA

rMQl
<71+

<r

o~

Thus, T*B, C B,. Now for W;, W, € X* we have

I(T* W) (x) = (T*Wo) ()] < (1€ (x, u(x), Wi (x)) — Q(x, u(x), Wa(x))||+
oGOl (£ G5, NI (5))ds) -
X(fa”‘f Glx, s, NOV, (s)))ds)”

< QI = Wall+ ML [P77[1G(x, s, NOW; (5))—
G(x, s, NOV2(9))lds

< supyer QU)W = Wall + ML [P Qa(x, )IV) — Wallds
MQI b—1
< T HIWL = Whll 4+ ML|IWy = Wallsupyers [, Qa(x, s)ds

M M
< Z2LIW) = Wl + MLIW; — Wa||—2

M
= (F2L + MMg, )Wy - Wil
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Hence, d*(T*W,, T*W») < (MTQ n MMQZ)HW] —Wall.

This implies 7* : X* — X* is a contraction mapping. Theorem 1 suggests that
T* has a unique fixed point.

As the exact solution or closed form solution is not always available, therefore

we present a numerical scheme to obtain the approximate solution for equations of
the type (1). O

2.2 Numerical Method

Applying a hybridized treatment of Boundary element method and linear inter-
polation, we propose the present numerical scheme on Eq.(1). Initially, the inter-
val I* =[a,b — 7] is splitted into n uniformly distributed linear segments by
a=p <M <My <--+- <M, =b—1.In each subinterval [w;_;, u;], the non-
linear term of VW (x) is approximated by using piecewise linear interpolation scheme,

NW(n) = NOV(in—1))
Mn — Un—1

NWV(x) =W(x) — NV (x =) 3)

for u,—1 < x < pu,.Inthe interpolation scheme, it is assumed that at the mesh points
X = 4}, the nonlinear functions N (W(x)) are prescribed and we denote piecewise
linear approximate function ; on each sub interval [w;_1, u;]. i.e.

NWw) = NWwj-1)

v =Wk) -
Hj— Kj—-1

NWuiNx—pj)forj=1,2,...,n

On the interval [p;_y, )], €; =6 + (1 —8)u;—1 with § € [0, 1] we have the
following equation

1
W(Mj):Q(Mjsu(/v’«j)7w(ﬂj))+U(,U«1)X(/O g(ﬂj,gjaN(W(ej))(Mj_Mj—l))dfs)- €]

For j = 1,2, ..., n; on each subinterval, the boundary elements are assumed to be
constant, see [19, 20] and then proceed with Eq. (4). Finally (4) constitutes a system
of algebraic equations. Solution of the system provides values at the mesh points
as W(u ), for sufficiently large n the system generates more accurate approximate
solution as output.

2.3 Error Algorithm

This section concerns an algorithm for error estimation for Eq.(1). Let the error
functionbe (i ;) = W(u,) — W(u ;) at the mesh point u; with W(x) being exact
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solution and the expression for YW (i ;) is given by (3). Moreover, the absolute and
relative errors are to be calculated using the formula £, (1t ;) = IW(u D)= W)l
) = V)W
W)l
from a theoretical point of view. On the interval [u;_1, i;], ¥;(x) be the linear
approximation of N’ (WV(x)) then from theory of interpolation we have

and &¢1 (1 , respectively. Here, we present maximum error bound

=D —pi(x))
2

NV () — ¢ (x)] = | N (el

where 11| < ¢; < uj and double prime denotes the second derivative. For x = ¢;,

(6j —mj—1)(e; — Mj)N

5 "W(e))l

INOV(e) — ¥jep] = |

< et max |V V().
In particular, if length of each interval is 4 and for § = %
— -1l — ]
2

|M,f—1+Mj Hj—1tHj
2 2

INOV(€))) — ¥j(e))] < max [N (W(c)))|

< Bmax|N" OW(e)l.
This concludes the error bound for Eq. (1) corresponding to the present numerical
scheme.
For stability analysis, one relevant assumption is considered

AS) T W = 7w < (112001582 ) =52l ar (7w, W),

Theorem 3 The equation T*W = W, where T* is given by (2) posses Hyers-Ulam
stability; For every W € X* and € > 0 with

d*(T"W, W) <e
there exists exactly one w € X* such that
T w = w,
d*OV, w) < Ae,

for some A > 0.

Proof Let W € X*, for € > 0 we have d*(T*W, W) < e. First conclusion of The-
orem | provides
limp—eo T W(x) = w(x).
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For € > 0, d*(T*"W, w) < €; assuming all the conditions from (A1) to (A5) hold.
We proceed as follows

AW, w) <d*OV, T*"W) + d*(T*"W, w)

< d*OV, T*W) + d*(T*W, T**W) + d*(T**W, T W) + - --
+d*(T*n71W, T*nw) + d*(T*nW, w)

< d* V. T*W) + Ld* OV, T*W) + Ld* OV, T*W) + - --
+(r?":1l)sd*(w’ T*W) +d*(T*"W, w)

<d*W, TW) Y20 T+ d*(T*"W, w)

se(en)+e=(1+e)e

[1X|IMg, (b—1—a)

where n = 2

3 Numerical Results

We encounter an example in support of the proposed testimony. Particularly for
7 =0, 0.25 the investigation is done, which eventually leads to a quite accurate
solution. The absolute and relative errors are also provided in the representative
tables.

Example For @ = 3x,v = x, [V 77 G(x, s, NOV(s)))ds = [, " s*W2(s)ds

Approximate solutions are obtained and corresponding errors are calculated by using
3.1. and 3.2., respectively. The representative tables illustrate the numerical results
for considered delay (Table 1 and Table 2).

Tablel 7 =0

x Wi(x) W(x) Eabs (x) Erel (x)
0.25 0.25 0.20858 0.04141 0.16567
0.5 0.5 0.42233 0.07766 0.15532
0.75 0.75 0.65163 0.09836 0.13115
1 1 0.85335 0.14664 0.14664
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Table2 7 =0.25

x Wi(x) Wi(x) Eabs (x) Erel (x)

0.125 0.125 0.10411 0.02082 0.16660
0.250 0.250 0.20855 0.04144 0.15532
0.375 0.375 0.31406 0.06093 0.16249
0.500 0.500 0.42234 0.07765 0.15531
0.625 0.625 0.52785 0.09714 0.15543
0.750 0.750 0.64691 0.10308 0.13744

4 Conclusion

The present article demonstrates a complete study of the considered integral equation.
As the existence and uniqueness are strongly supported by the hybridized numerical
treatment. Error bound and stability analysis ensure that the proposed numerical
scheme might be a good option to solve equations of the form (1). Moreover, the
numerical method is easy to implement and less time-consuming. In this context,

Eq.

(1) with variable delay appears to be an exciting area for future work.
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Investigation of the Existence Criteria )
for the Solution of the Functional i
Integral Equation in the L? Space

Dipankar Saha, Mausumi Sen, and Santanu Roy

Abstract This work manifests the credibility of Darbo’s fixed point theory towards
the solvability of nonlinear functional convolution integral equation with deviating
argument. The solution space is taken to be the space of Lebesgue integrable functions
defined on R... The concept of measure of noncompactness in correlation with the
compactness criterion, i.e., Kolmogorov—Riesz compactness theorem in L?(R;)
space has been taken. Then under certain suitable hypotheses and by the assistance
of Darbo’s fixed point theory, sufficient conditions for the existence of the solution
have been introduced. Finally, some examples have been taken to justify the result.

Keywords Fixed point - Measure of noncompactness - Integral equation

1 Introduction

Fixed point theory encompasses its domain of applications in diverse aspects of math-
ematical science, physical science and engineering. In a wide range of engineering
problems and modelling, the existence of a solution to a real-world problem is same
as the existence of a fixed point for a suitable map or operator. Specifically, it is not
always easy to determine the exact solution to the problem. In such cases, fixed point
theory serves as an authentic tool to develop relevant algorithms for approximating
the exact solution. In the context of solving differential equation, partial differential
equation and integral equation, often the existence of solution can be attained by
formulating the problem to a fixed point problem [1, 2].

In recent years, the existence of solution of the nonlinear integral equations by the
fixed point theory has become an emergent domain of research [3, 4]. Particularly,
Darbo fixed point theory is the prominent one that is used extensively in resolving the
existence of solution of the nonlinear functional integral equation (NLFIE) [5-10].

Here, we have taken nonlinear convolution integral equation involving deviating
argument of the following type:
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[e¢]

y(p) = g, y(&(p)) + / k(o —s)u(s, y(n(s)))ds, 9]

0

where g, u : R, x R — R are unknown functions. ¢,  : R, — R are nondecreas-
ing functions. These type of integral equations are used to model real-world problems
specifically in radiation, transportation theory and kinetic gas theory. So, the exis-
tence of solution of the considered Eq. (1) is very essential. Also the motivation is
extracted from the earlier literature [6] where the author has studied the existence of
solution by the Darbo fixed point concept of the following linear integral equation

o0

V) = Flg. y(@) + / k(@ — $)(0Y)(s)ds. ®)

0

which is a particular case of Eq.(1). In that work as stated above, the author has
introduced the new measure of noncompactness by considering Kolmogorov—Riesz
compactness theorem [11].

2 Basics and Preliminaries

Here, we deal with an infinite dimensional Banach space (S, || - ||), consisting of
the zero element 6. U and ConvU refer to the closure and closed convex hull of a
subset U of S, respectively. B(y, 7) denotes the closed ball with centre y and radius
7. We will denote B; for the ball B(9~ , 7). In addition, suppose A to be the collection
of all nonempty bounded subsets of S and Cg to be its subcollection consisting of
nonempty relatively compact subsets.

Definition 1 [12] A mapping v : As — R, is the measure of noncompactness in S
under the following conditions:

(i) kerv={U € Ag: »(U) = 0} is nonempty and kerv C Cs.

i) UcCV=vU) <vV).

(ii) P(O) = ().

@iv) v(Conv U)=v(U).

v) POU+ 1 =0U) < iv(U) + (1 — »)p(U) for x € [0, 1].

(vi) If the sequence (U,) of closed sets from Ag, are such that U, C U, provided
n=1,2,.... In addition, if lim,_, o V(U,) = 0, then the intersection Uy, =
M.~ Uy is nonempty. O

Lemma 1 [6] Suppose Q2 is a nonempty, convex, closed and bounded subset of
the space S. Let H : Q — 2 be a continuous contraction mapping with respect to
the measure of noncompactness v, i.e., there exists a constant 0 < p < 1 such that
V(HU) < pv(U) for any nonempty subset U of Q2. Then H has a fixed point in the
set Q.
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2.1 Main Results

To find the sufficient condition for the existence of the solution, the following
hypotheses have been proposed, which are as follows:

i. g : Ry x R — Rsatisfies the Carathéodory conditions, i.e., g(¢, ¥) is measure-
able for any x, y € R and continuous for almost all s, ¢ € R, . In addition, there
exists a € L (R ) such that
lg(p, x) — g(s, y)| < la(p) —a(s)| + Alx — y| also holds.

ii. g(-,0) € LP(R).

iii. ke L'(R).

iv. u(s, y(s)) is a continuous function from the space L” (R ) onto itself and there
exists a constant b € R, such that [lu(s, ¥)|lzri6.00) < OllYllLr[e,00) fOr any y €
LP(Ry)and o € R;.

v. The inequality A + b||k||.1z) < 1 also holds.

Theorem 2 [6] Suppose 1 < p < oo and Y is a bounded subset of L (R.). Then
foryeY ande > 0, let

w(y,€) = Sup{(/ ly(p +h) — y(w)l"dw)% hl < €}
0

w(Y, €) =sup{w(y,€):y €Y}
w(Y) =limc_ow(Y,€)

and

dr(Y) = sup{(f y(s)|Pds)? : y € ¥}
T

d(Y) =limr—oeodr (Y).

Then, wo(Y) = w(Y) + d(Y) gives the measure of noncompactness on L? (R.). Also

we show that kerv = Cprr(r,).

Remark 1 [6] Under the proposed hypotheses (iii), the linear operator, K :

LP(R.) — LP”(R,) defined as (Ky)(¢) = f k(o — s)y(s)ds is a continuous oper-
0

ator, and [[Kyll, < [kl @Iyl

Theorem 3 Under the proposed assumptions (i)—(v), Eq. (1) has at least one solu-
tion in the space LP (R.).
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Proof Let us represent the integral equation in operator form (Hy)(p) =

8(e, Y& (@) + [ k(@ — s)uls, y(n(s)))ds.
0

Accounting the Carathéodory conditions, we found that H 'y is measurable for any
y € LP(Ry).
Step1: Hy € LP(R,) forany y € L?(Ry).

[H(y) (@) < 1g(e, y(& (@) — 8@, 0|+ [g(0, 0)| + b [ k(p — 5)|y(ns)lds (3)
0
<Ayl +18@, 0+ b [ k(e — s)|y(n(s))|ds.
0
Thus,
([ IHO)@)IPdp)r < 2([ 1y(@)17de)7 + ([ 1g(p, 0)IPdp)r +b([ ([ k(e —
0 0 0 0 0

s)|y(77s)|ds)”dg0)% Now employing Young’s inequality, we get

IHylp, < Alyllp + I8¢ O + blKllYI - “4)

Hence, Hy € LP(R,) is a well-defined map. Also, by the hypothesis (ii) (v), and
the inequality given by the Eq.(4), H(B,,) C B, for ||y| < ro where ro = 1"52';;(\)\2”(, .
Furthermore, H is continuous in L” (R ) because g(¢, -), u and k are continuous for

a.e ¢ € R,. Step 2: Estimate of w(HYy).

o0
[(Hy)(@ +h) — (Hy)(@)| = 1g(g + h, y( (@ + ) + [ k(o +h — s)u(s, y(ns))ds
0

—(8(@, y(¢(p)) + Zok(w — su(s, y(ns))ds
<Iglg +h, y((@+h)) — g, y(&(@))]
+| :fok(tp +h—s)uls, y(ns))ds — :fok(w —s)u(s, y(ns))ds|
= lglp+h, y&lp+h)) —gle+h, y&@)l
+1g(@ +h, y(C (@) — gl@ + h, y(& ()] + :folk(w +h—s)— k(e —9luls, y(ns))lds
<lalg+mh) —a@)|+rlyEle+h) —y(&(e+h)l

+b [ k(g +h —s) — k(e — 5)lly(ns)|ds.
0

Thus,
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(/ [(Hy) (@ +h) — (Hy)(w)\”dw)% = (flalp+h) a((p)l”dw)'l’ +a([ IyElp+h) - y(:(w))\”dw)%
0 0
0

+b([ 1 [ k(@ +h = 5) — k(@ — $)lly(n9)lds|Pd) 7
0 0

< w(@, &)+ iy, ) + byl [ K@ +h—5) — kg —5)lde
0
< w(a, €) +2w(y, ) + byl Ik — ki1 @)- ®)
Since {a} and {k} are compact sets in L”(R,) and L'(R), respectively, we have
inferred that w(a, €) — 0 and ||k — 1;k|| L, (ry = Oase — 0.
Then, we obtain
w(HY, €) < Aw(Y) < (A + Dllk|L1w)w(Y). (6)
Step 3: Estimate of d(HYy).

Let us fix an arbitrary number o > 0. Then, considering the hypothesis, for an
arbitrary y € Y, we get

(J I(Hy) (@)|Pdep)'/?
< ([ 1@,y @) — 8@, 0)17de)"? + ([ |g(p, 0)|Pdp)"/?

+([ | [ k(o — s)u(s, y(ns)|Pd)'/?
o 0

<A Iy@1Pdp)'? + ([ 18(p, 0)17d)'/? + bllkl| L1z ([ 1y (@) 1Pde) /P

o0
Since g(g, 0) is compactin L” (R.), we obtain ( [ |g(¢, 0)|7d¢)!/? — Oaso — oo.

Thus, we have inferred the following inequa(iity
d(HY) < (A + bkl L1 @)d (Y). (7
Now linking (6) and (7), we have acquired that
wo(HY) < (A + bllkll L1 @) wo(Y). ®)

Finally, by (8) and Lemma (1), the operator H has a fixed point in B,,. Thus, the
NLFIE (1) has a solution in L? (R,.).
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3 Numerical Examples

. 0 2
__ siny(p) 1 e~ W9 cos(p—s)
Example 1 y(p) = —* + w15 +0f Gt larctany(s)|ds.

e 2 cos(¢)

91“)((ﬂ)+ , (90) P

It is a particular case of Eq.(1) with g(¢, y) = » 5)3
—+35)2
and u(p, y(¢)) = |larctany(¢)|. Now,

_ Qm)c((p) 1 __ siny(s) 1
860, X@ (@) = 8Gs. YE )] = M3 L — (150 4 )

< |sinx((p) _ siny(x)l +| 1 - — 1 .
-2 2 @52 (5452
1

< — +5lx = 9
R RS

Thus, g satisfies assumption (i) with a(g) = ( 15)3 and A = %
p+5)2

Here, it is easy to interpret that g(-, 0) satisfies assumption (ii) for p > %

Moreover, |[k|j;1 < \/T; implies that assumption (iii) holds.

Also, u(s, y(s)) = larctany(s)| < |y(s)| and ¢ (@) = n(p) = ¢.
Thus, u(p, y(¢)) satisfies hypothesis (iv) with b = 1.
Now, Theorem (3) guarantees that Eq. (1) has a solution in L?(R_) for p > %

Example 2 y(p) = &% + f S In(1+ [y(s)|)ds.

It is a particular case of Eq.(1) with g(p,y) = w;wz, k(p) =
u(p, y(@)) = In(1 + [y(@)]). Also, {(¢) =n(p) = ¢

Thus, g satisfies assumption (i) with a(¢) = ;1—;; and A = 0. Also g(-, 0) satisfies
assumptions (i7) for p < 2. Also k() satisfies assumption (iii) as ||k||;1 < 1.

In addition u (¢, y(p)) satisfies assumption (iv) with b = 1.

Thereby, assumption (v) is satisfied.

Consequently, Theorem (3) guarantees that Eq. (2) has a solution in L? (R, ) for
p <2

e—urcmu (9)

S and

4 Conclusion

Here, the sufficient condition for the existence of convolution integral equation with
the changed argument has been derived. Finally, some examples have been added in
the end to validate the result.
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Functional Inequalities for the )
Generalized Wright Functions glectie

Sourav Das and Khaled Mehrez

Abstract In this work, our aim is to obtain some mean value inequalities for the
generalized Wright function. Mainly, we establish Turdn, Redheffer, Wilker and
Lazarevi¢-type inequalities for the generalized Wright function. Furthermore, the
monotonicity properties of ratios for partial sums of the series of these functions are
discussed. Finally, some other related inequalities are also derived as a consequence.

Keywords Wright functions + Turdn-type inequalities + Monotonicity properties

2010 Mathematics Subject Classification 33B15 - 33C10 - 33C15

1 Introduction

Special functions play a vital role in mathematical physics, quantum physics, theoret-
ical physics, approximation theory, number theory and in many branches of science.
A vital role of the Wright function can be found [6, 16] in the complex systems.
These functions are also involved in the solution of the fractional order linear partial
differential equations.

Special functions and the theory of inequalities are related to each other, and
several open problems were solved with the help of various inequalities. One of the
special kind of inequalities is Turdn’s inequality. Let R, (x) be polynomial of degree
n. Then Turdn’s determinant is defined as A, (x) = [R,,H(x)]2 — Ryj2(X)R, (x). If
A, (x) > 0, then R, (x) is said to satisfy Turdn’s inequality, which was introduced
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by P. Turdn in 1950 [18]. This inequality has been attracted the attention of several
mathematicians and researchers and has been proved for various special functions
such as Hypergeometric functions [1, 2, 17], Wright functions [9, 10], Mittag-Leffler
function [11, 12], Fox-Wright functions [13—15] and so forth due to its several
applications in information theory [7] and in modelling credit risk, as discussed
below. Turdn’s inequality has applications in various areas of science. In [4], a model
has been considered where the bank has an option to foreclose upon the borrower
at any time. Using the results of [3, 8], it can be verified that geometric Brownian
motion is followed by the firm’s assets [9]. Recently, K. Mehrez [9] derived several
functional inequalities for the Wright function W, g(z), defined [16, 19] as

ITI

Wap(2) = Z a7 B’ BeC, a>—l. (1)

It is well known that W, g(z) is an holomorphic function and the order is (1 + o)l
W g(2) is also called as the generalized Bessel function [6, 16].

The above results inspire us to consider the generalized Wright function, defined
as

& i

WE (2) = < , k>0, a>-1, BzeC, (2
s ;rkaﬂ)rk(miw 70 ezl e @

where 'y (x) is defined [20] for %i(z) > 0,k > 0 as

T ( )—/Ootz’le’%dt = lim (nk)E " mlk 3)
T T z(z k) (2 (m— DR

It can be noted that lllml I't(z) = I'(z). The k-digamma and k-polygamma functions
are defined [20] as

neN.

d n
V(@) = - InTx(2), o=
It is well known that I';(z) and v (z) satisfy the following relations [20]:

Iz +k) =2z (z), R >0,

1//()_lnk—y l+i b4
M= z mk(mk 4+ z)’

1

(n) — (_1\n+]
Y () =(=1) n!mzzz)—(mkﬂ)”“’ n eN.
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Before proceeding with the main results, let us discuss about convex functions, which
will be helpful to obtain the main results. A function g(x) : [c¢, d] C R — Riscalled
convex if for each u, v € [c¢, d] and i € [0, 1], we have

glpu + (1 = pwv) < ng@) + A = pg). “4)

g(x) is called concave function if the inequality (4) is reversed. A function g(x)
defined on [c, d] is called logarithmically convex or log-convex (log-concave) if
log g(x) is convex (concave). A differentiable function f(x) on [0, 1] is convex
(concave) if and only if f/(x) is increasing (decreasing) [5]. From Bohr—Mollerup
theorem [5], we can see that the gamma function I" (x) is logarithmically convex and
the psi function (digamma function) ¥ (x) is concave for any positive real x.

We have organized this paper as follows. In Sect.2, we derive some Turdn type
inequalities for Wk «,p(2)- In addition, monotonicity criterion of ratios for sections of
series of Wk p(2) is established. In Sect. 3, Lazarevi¢ and Wilker type inequalities for
this functlon are derived. In Sect. 4, sharpened Redheffer type inequalities associated
to Wk p(2) are proved. Finally, some other related inequalities are also proved in this
section.

Let us state the following lemmas [9] which will be helpful to derive the main
results.

Lemma 1 Let {a,}2, and {b,};2, be real numbers. If b, > 0 and {a, /b,};2, is
X =0 %

b

[o¢]
monotonically increasing (decreasing), then { } is monotonically increas-
n=0

ing (decreasing).

Lemma 2 Let the region of convergence of F(x) = Z;’;O a,x" and G(x) = ZZ’;O
byx™ be (—r,r). If b, > 0 and {a,/b,};2, is (strictly) monotonically increasing
(decreasing), then the ratio £ (X) is (strictly) monotonically increasing on (0, r).

Lemma 3 Let the two continuous functions g, h : [c, d] — R, be differentiable on
(¢, d) and W' (x) do not vanish on (c,d). If g'/ I’ is increasing (or decreasing) on
(¢, d), then the ratios

g(x) —g(o) gx) —g(d)
— and ———,
h(x) — h(c) h(x) — h(d)

are increasing (or decreasing) on (c, d).

2 Turan-Type Inequalities

We consider normalized Wright functions W§ p(2) defined as

Wi 5@) =T (BYWE 4 (2). 5)
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and for modified k-Wright function W’; 8 (z) defined as

o i

k _ < _
Wa,ﬁ(z)_;r(wl)rk(ﬂﬂa), k>0, a>—1, BzeC. (6)

Clearly,
(sz,ﬁ(z))/ = Wg,ﬂﬂx (@)

Let us state the results.

Theorem 1 Wé‘yﬂ(z) satisfies the following inequality for z € (0, 00):

W{i{,ﬁ (Z)Ws,ﬂ+2k(z) > (W§7ﬁ+k(z))2 . VO[, IB, k > 0. (7)

Proof We have

Wi @) =Y ai(a, B, k)7,
i=0
_ v (B)
where a; (o, B, k) = rk(i+1)krk(,s+ia)'
Now, % log(a; (a, B, k)) = Y. (B) — ¥ (B + i), where ¥y = ;zg; is concave.
Hence, a; (e, B, k) is log convex on (0, 0o). Therefore, W,i‘ ﬂ(z) is logarithmically
convex on the positive real line. Hence,

WE i st1onp @) < W5 @) W5 @) ™" Ve Br. o> 0.1 € [0, 1],

Puttingt = 1/2, B = Band B, = B + 2k, we claim that (7) holds. Now, the Cauchy
product helps us to obtain

We p@We 421 @)

00 i 1 )
— 1
_F"(ﬂ)r"(ﬁ”k)g jgoFk(j+1)rk(i*J'+I)Fk(ﬂ+j(¥)rk(,5+(i*J.)OlJer) )

<W§,6+k (Z))2

o 00 i 1 i
=TEE 02, (}2_2) TeG + DT — 7+ DB + ja + DTGB+ G — e +k>) ¢
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Now,

2
Wap@Wy gk @ = (Wg,mk (Z))

o i . . .
_ (B+K(B -+ jo) = BB + (i — Par+ ;
A ”gg FeG+ DIl = j + DIk(B + ja + DTk (B + (i — pa+26)
B > o B2+ jop + kp + kja — B2 — (i — )up — kB i
= TOTE D 2 D GG~ DTk (B + a DT+ G = o 20
2 aB(2j = i) +ajk i
=ONO P L S GG~ DA e+ OB G a2

=TBTkB+p) Y Y Aijle B,

i=0j=0
where

aB2j — i) + ajk
Tp(j 4+ DIkl — j+ DTk(B + ja + DTk(B + (i — jlo +2k)

Ajjla, B) =

If i is even, then we obtain

i
> 4@ p)
=0
i/2—1 i
= > Aij@B+ Y, Aij )+ Aip@p)
j=0 j=i/2+1
i/2—1 i/2—1 %
= Aji—jla, B) + A; i, B) + _ .
EO Y j; 7’ F2G/2+ DIk(B+ % + 0T (B + & +2k)
[(i—1)/2] k%
= (A i(a,B)+Aji_i(a, B)+ p - .
,go b D)+ iy P F26/2+ DIe(B + & + Tk (B + £ +2K)

Similarly, if i is odd, then

i [G—=1)/2]
Y A= (A )+ A )
i=0 j=0
kai
2

+ ‘ , ,
T2(i/2+ DTGB+ 2 + k)T (B + & + 2k)

Simplifying the above expression, we obtain
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2B —2)% + a2 j2k + a2k2(i — j)2 + aik(B+ k)
T+ DIkl — j+ DB + jo + 20T (B + (i — j)a +2k)

Ajjla, B)+ Ao, B) =
Consequently for any z > 0, we have

Wg’ﬁ(Z)Wgyﬂer((Z) - (Wk,ﬂ+k(z))2 >0 V(X, ﬂ > 0.

a

Remark 1 It can be observed from the proof of above Theorem 1, that log Wéj 5(2)
is a convex function on (0, co). Therefore, log W§ fte (z) — log W§ P (z) is monoton-
ically increasing for each € > 0. By choosing € = « > 0, we claim that W§ pra(2)/
Wf; 5(2) is monotonically increasing for each z € (0, 00).

Theorem 2 Let o, By, B and k be positive. If B1 < B, (or B2 < B1), then W’;,ﬂl )/
W’; b (z) is monotonically increasing ( or decreasing) on (0, 00). Furthermore, the

following Turdn-type inequality holds :
W 5, QWE 4 10(2) =Wy g Wi 4, (2), VB2 >B1>0,a>0. (8)
In particular,

(WE 410 (@)" = W LWE 4 (2) = 0, Va,B,z>0. )

Proof Using the definition of modified k-Wright function (6), we have

k k _ > ZA > Zi
Wap @ Was @ = ;) L+ DIv(Br + ia) / § G+ DB + i)
Let
up =T +ia)/Ti(Br +ic), 1 =0.
Then

uiri _ DBy +a+ i) (B +-ia)
wi DB +ie)Ti(Br +a+ia)

Since T’y (z) is logarithmically convex, the ratio 'y (z + a)/ I'x(z) is monotonically
increasing on the positive real line for any positive a. Hence, for any a, b, z > 0, we
have

Ii(z+a) - Iv(z+a+b)
I'(zy — Tw(z+b)

(10)

Case I: When 8, > B,.
Putting z = B + ia,a = a and b = By — B, > 0 in (10), we obtain
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uini _ Ti(Ba+a +ia)Tu(Bi +ia) _
ui — Ti(Br+i)Ti(fr +a + lOt)

Now combining Lemma?2 and the above inequality, we claim that ;| < u;Vi > 0
iff 81 > B, and W’; 5 (2) / W’g[ 5, (2) is monotonically decreasing on the positive

real line if B; > B,.
Case II: When 8, > B;.
Puttingz = By +ia,a =aandb = B, — B; > 0in (10), wehave u; 4, > u;Vi >

0. Hence, Wk 5@ / «.p, (2) 1s monotonically increasing on (0, c0) if B > Bi,

by Lemma?2. Since W’; 5 (2) / W’; 5, (2) is monotonically increasing on (0, co) if
B2 > Bi, we get

[ W ﬁ<z)]/ W OWep 10D = W QW10 @)
otﬁz(Z) ( aﬁz(z))

Consequently, (8) holds. Now putting g, =8 and f, =B+« in (8), we
obtain (9). ([l

Theorem 3 Consider the function W[f; (z) defined as

n i i

ko ok oy 2 :oo < 11
Wep () = Wa @) Z;na+1wuﬁ+M) 3;”ya+1waﬁ+mV”€N (D

Then

[k“%)] WAL @WE2(2) > 0, Va, k2> 0,0 <k <1,

Proof Using the definition of ng (z), we obtain

kn kn+] Zn+l

Wolp @ =W, ()+nm+nnw+m+nm
k +2 k +1 7"+2

g (@) =W, () —

Tk(n+2)Tk(B + (n +2)a)”

Now,
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2
(Wi @] - whewi o
Zn-}—2

Zn-‘,—l
Te(n + 2Tk (B + (n +2)a)  Ty(n+ DI(B+ (n + 1)0t)}
2n+3

= ijgﬂ(z)[

Z

TG+ DL+ DB + (1 DOTR(B + (1 + D)
= S

Ci(n + 2Tk (B + (n +2)a) Tk (DT (B + ( — Da)

i=n+3

— 1 :|Zi+n+l
Fin+ DB+ 4+ D)@ + DB +ia)
Fi(n+ DI + DI (B + (n + Da)Tr (B + i)
_ i I+ 2B+ (n +2)e) k(DT (B+ (G — Do) | .4,

B Le(n+ DIk(n + 2Tk (B + (n + DIk (B + (n + 2)a)
L@@ + DTk(B + (@ — D) (B + i)

i=n+3

Since i > n + 3, therefore
Ci(n + D@+ 1) = Ti(n +2). (12)
Puttingz =+ n+ Do, a=caand b = a(i — (n 4+ 2)) in (10)
(B +i)l(B+ (n+ Do) = T (B + (n +2)a)[w (B + ( — Da) (13)

Combining (12) and (13), we have

Ce(n+ DIk + DT(B + (1 + Da)w (B +ia) = Te(n +2)Tk (B + (n + 2)a) [k (DHTk (B + (0 — Do),
which proves the theorem. ]
Theorem 4 Let o, B,k > 0 and n € N. Then the function H (a, B, z) defined by
WEE@WEE(2)

2
I:W::Z"rl (Z)]

Hi(a,B,2) =

is monotonically increasing on the positive real line. Furthermore, for any positive
a, B and z and n € N, the following inequality holds:

Ti(n+3) TZ (B + (n +2)a) kol T2 _ ko k2
T+ 2Tk (n+2) Tp(B+ (n+ Do)k (B + (n + 3)a) [Wavf’ (Z)] S Wop@Wep @
(14)
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The constant in left-hand side of the inequality (14) is sharp.

Proof Using Cauchy product, we have

Zioio Z;:O Aj(Ol, ﬂ)z2n+2+i

Hy (o, B,2) = ; :
Z;?io Zj:O Bj (o, ,3)12"+2+l
where
Aj(a,B) = !
P T (G +n+ 2T — j+n+DTB++ 1+ )Tk (B+(+3+i — ja)
and
1
Bj(a, p) =

T(G+n+3)Ti—j+n+3)TiB+m+2+ HOT(B+n+2+i— ja)

Now consider the following sequence (V) j>o defined by

Ajla, B)
Vi, B) = -2
j (o, B) B f)
G+ —j+n+ 3T B+ +2+ NOT(B+ (n+2+i — jo)
TG AT =+ DB+ 0+ 1+ HOT(B+ 0 +3+i— ja)’
Then
Vigr@. B) | T +n+dDTkG+n+2) || T —j+n+dHTiG —j+n+2) T (@ B)
c P3G +n+3) r3G—j+n+3) R
with
T (@B = Th(B+ (434 )HOTp(B+ (414 j)a)

T2(B+ (n+2+ j)a)
Th(B+(+1+i— NOTk(B+n+3+i— j)a)
' 2B+ @m+2+i— )
DB+ (n+ 3T (B1 + (n+ Do) Tp(Bo + (n+ D)k (B2 + (1 + 3)a)
- r2(B) + (n +2)a) ' r2(By + (n + 2)) ’

where 8; = 8+ jo and B, = B + (i — j)o. Again with the help of (10), we have
T j(a, B) = 1 Vo, B > 0, which proves that (Vj (a, ,3))j is monotonically increas-
ing. Hence, by Lemma 1 we have, (Z?o:o Aj(e, B)/ Z;’;o Bj(a, B)); is monoton-
ically increasing. Again by Lemma3, HX(«, B, z) is monotonically increasing on
(0, 00). Now,
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I'Z(n+3) . 2B+ (n +2)a)
Ti(n + 2Tk +2) Ti(B+ (n+ D)k (B + (n+ 3)a)’

lim H (a, B, 7) =
z—0

which shows that

n+3) L{(B+ (n +2)a)
Ti(n+2)Te(n+2) Te(B+ 0+ Da)li(B+ (n+3)a)’

Vo, B,z >0,n e N

is the best possible for the inequality (14). (I

3 Lazarevi¢- and Wilker-Type Inequalities

In this section, our aim is to obtain some Lazarevi¢- and Wilker-type inequalities for
modified normalized k-Wright functions defined as

k _ . z ~
w“‘ﬂ(Z)_Fk(ﬁ);r(i+1)rk(ﬂ+ia)’ k>0, a>—1, B,zeC. (15)
Clearly,
(Wi (@) = r (g(—ﬂ: )va,ma(z). (16)

Theorem 5 Let By > B, and a be positive real numbers. Then

]Fk(ﬂz+a)/ Tk(B2) ]Fk(ﬂHrDt)/Fk(ﬂl)

Vz € (0, 00). (17)

[ aﬂv() [ aﬁl()

In particular,

[W]o{t,ﬁ(z)]ﬂ < [W, ﬂ+1(Z)]ﬂ+a , 7z, B>0. (18)
Proof Let f : (0,00) — R be defined as

Ce (BT (Br + Ol)
= WH — log[W¥ .
T = BTy ay O e D1~ 1oElWe ]

Using (16), we obtain

19)

f/(Z) = Fk(ﬁ2) |:WIO([ Pita (Z) W(]; Bota (Z):|

Ce(Br+a) | W, 4 (2) Wi 4, (2)
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Again using Remark 1, we claim that f(x) is monotonically increasing on (0, co) if
B1 = B2.Hence, f(x) > f(0) = 0, which proves the inequality (17). Finally, putting
B1 = Band B, = B + 1in (17), the inequality (18) can be obtained, which completes
the proof. (]

Corollary 1 Let B > B, o and z be any positive real numbers. Then

(BT k(B + ) — T (BT k(B2 + )

Wk
- ﬁli ; + [Wa ﬁl( )] Fk(lgl)rk(ng + Ol) > 2. (20)
0‘ £ \Z
In particular,
Wi 541(2) .,
ﬁ;;z)—k[wkthﬂ(z)] B>2 Vz,B>0. Q1)

Proof Withy the help of the inequality (17), we have

[WE )17’3 @)
b T (BT (By+a) Ty (BT (B +a)—Tk (B1)Tk (B2 +a)
— aﬂl [Wa 5 (Z)] kP2 krkiﬂl)Fk(ézla)k 2) Z 1
a ﬁz (2) o 52( 2)

Using the arithmetic-geometric mean inequality with the above expression, we obtain

W . T4 ()T (BL+)

1| W, Wep (2 (2) I (BT (B +a) Ty (BT (B +) [W (z)] Tk (BT (B +e)

— ! + [Wa B (2)] T BTk (B +a) > >
o )-‘32( 2) W, /32 @

Hence, the inequality (20) holds true. Now, putting 8 = § and 8, = 8 + 1 in (20),
the inequality (21) can be derived. O

4 Redheffer-Type Inequalities

Theorem 6 Letr, o, B,k > 0. Then the following inequality holds:

r +Z Ou, B,k r +Z Y, B,k
( ) < W, 4 < , Yo<z<r, (22)
r—2z ’ r—=z
where oy g = 0 and yupx = % are the best possible constants.

Proof Let
logW ,3(1) f(Z)

(1) 50

H(z) =
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where f(z) = log W}, 4(z) and g(z) = log((r +2)/(r — 2)). Then

@) =)W ,() A®)
g@ Wi  2rB()

with A(z) = (r2 — zz)(W(’;’ﬂ(z))’ and B(z) = Wf;ﬂ (2). Using (15), we obtain

AR) = (P = (W, 4(2))

_ T (B) r*Tv(B) .
Fr(B+a)  Ti(B+2a)

o0

+Z< r’Te(B) _ x(B) >Z,-
i@+ DIyB+ G+ D) T — DB+ (@ — Da)

i=2
(o]

= E a;z',
i=0

with ag = r’T(B)/ Tw(B + @), a1 = r’Ti(B)/ Tk(B 4 2a) and a; = r’Ti(B)/
TG + DB + (0 + Da) = Te(B)/ T (i = DI(B + (0 — Da), i > 2. Similarly,
B(z)

can be expressed as

B) =) b,
i=0

withby = 1,b) = ['W(B)/ Tk (B + o) and b; = [k (B)/ Tk (@ + DIw(B +ia), i > 2.
Now consider u; = a;/b;, i € Ny, which satisfies ug = r’T(8)/ Tx (B + ), u; =
rTi(B + )/ Ti(B + 2w), and

r’Ti(B + ia) e+ DIN(B + i)

i = ; - ; - , 1 >2.
B+ G+ Da) T —DIYB+ G- Da)
Puttinga = b = «, x = b in (10) we have u; < uy. Again,
S [rk<ﬂ+<z’ +Dha)  Tu(+ia) }
T B+ (+ ) T+ + Da
v+ DB +ia) B @ +2)rv(B+ G + Do) Vi>2

L@ = DB+ (@ — Da) LTk (B +ia)

Using (10) withz =i — 1,a =2 and b = 1, we have
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. |:Fk(,3+(i+ Da) i (B + ie) ]

e TeB+ G +2a) Th(f+ G+ Do)
L@+ 1) [ (B +ia) Fk(ﬂ+(i+1)05):| 23)
L@ =1 LTk(B+ ( — D) L(B+ia)
Again putting x = 8+ (i — 1)a and a = b = « in (10), we obtain
Tv(B + ior) < (B4 (i + 1)01). 24)
Fe(B+ (= Da) Ce(B+ia)
Replacing i by i + 1 in (24), we get
v(B+ia) - Ce(B+ G+ l)a). 25)

Fe(B+ G —Da) = Ti(f+ia)

Combining (23)—(25), we can conclude that for alli > 2, u; is monotonically decreas-
ing sequence. Hence, u; is monotonically decreasing for all i > 0. Furthermore, with
the help of Lemma?2, it can be proved that /g’ is monotonically decreasing on
(0, r). Therefore, using Lemma 3, we claim that F(z) = % is monotonically
decreasing on (0, r). Again,

r
lim F(2) = 2 = _ B lim F(x) =0,
2r 2T (B + @) x—r
Hence,
logWes(2) _ rTw(B)
log <r+z) 2T (B + o)
r—z
which proves the theorem. (I

Now we will derive some other inequalities for Wl;, (2)-

Theorem 7 Let o, B, k > be positive real numbers. Then the following statements
hold:

1. Wf; (2) is logarithmically concave on the positive real line.
2. The following inequalities hold:

2

WE ()W, 4(20) < [w’;ﬁ (#)] . 222> 0. (26)
r r 2

We 5 (W 12, (2) < k(ﬁ;j(ﬂk:ﬂa;r “)[ O,M(z)] , z2>0. (27)

W () < exp<F (g(_’? ) ) z>0. (28)
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Wi 0@ Wi ,(2), 2>0. (29)
<Fk(’3)(" - ”) Wes® ooy (30)
Te(B +a) WE () '

Proof 1. To prove this part, it is enough to show that [Wf; P (z)] / W’; p(2) is mono-

tonically decreasing on the positive real line. Now, the power series representation
for W’;’ 5(2) gives us the following

[Wl‘;ﬁ(z)]/ ; L@+ 1)Fk(,3 + (i + Da)
Wi,ﬁ(z)

i

<
Tuf o+ ; LG+ DB + i)

Using the Lemma 2, we have

a  DIi(B+ia) ;>
b Ti(B+G+Da) T
Then,
Uil _ LB+ (i + Da)
ui  Th(B+i)Te(B+ (i +20))

Using (24), we obtain u; 1 < u;Vi > 0, which proves the first part of the theorem.
2. Since W’; 8 (z) is logarithmically concave. Therefore,

(WS gD IWE 42" < WE 4(tzi + (1= 0)z2), Ve e[0,1]and o, B, 21,22 > 0.
Substituting ¢+ = 1/2 in the above inequality, the inequality (26) can be derived.

Now we proceed to prove the inequality (27). Since, W’oj p(2) is logarithmically

’
concave on the positive real line. Therefore, W’; @/ Wf; 5(2) is monotoni-
cally decreasing on the positive real line. Using (16), we have

!

(W, ﬁ(z)>/
Wa.s(@)
I'e(B) |: Te(B+a) ok k I'v(B) k 2}
= WE S (OWE 0 () = — 0 (WE ()
2 a.p o, f+2a o, f+a
FuB +a) (WE y0)) LTHO+29) e )

<0.
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This proves the inequality (27).
Let us now prove the inequality (28). To do so, let us assume that

F(z) =log Wg,ﬂ(z) and G(z) =z.

4
Since (W'; ﬁ(z)) /Wf;, p(2) is monotonically decreasing on (0, c0). Therefore,

using Lemma 3, we have
F(z)  F(z) — F(0)

G(z) G()—G()

is monotonically decreasing on the positive real line. Now, using the Bernoulli-
I’Hopital’s rule and (16), we obtain

ro . (Wa®) e
im —— = lim Z = .
—0G(@) =0 WE L(2) [e(B+ @)

I
Since, (W’; ﬁ(z)> /W’;yﬁ(z) is monotonically decreasing for z € (0, co), we
obtain

[W[;.ﬁ (Z)]/ < Fk(ﬂ)

k
= —Fk(ﬂJra)Wa,ﬂ(Z)- €29

Again using (16) and the inequality (31), the inequality (29) can be obtained.
Now, using (31), we have

(mﬁ)(x — y)) _ Wap®
Te(B+a) )~ We ()
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An Information-Theoretic Entropy m
Related to Ihara ¢ Function and Billiard e
Dynamics

Supriyo Dutta and Partha Guha

Abstract This article aims to establish a connection between the dynamical billiards
and information theory. We propose two generalized information-theoretic entropies
based on the Ihara zeta functions associated with a combinatorial graph representing
a billiard dynamical system, rigorously discussed in [5, 6].

Keywords Ihara zeta function - Billiard dynamics * Entropy - Information theory

1 Introduction: Dynamical Billiard and Ihara Zeta
Function

The dynamical billiards are mathematical models for describing different physical
phenomena, where one or more particles travel in a container and collide with the
walls and with each other. Its dynamical properties depend on the shape of the walls of
the container. Physicists started studying these models in the early nineteenth century
[8]. Ya. Sinai initiated the mathematical studies of chaotic dynamical billiards in 1970
[17]. During the last 50 years, it is extensively investigated within the modern theory
of dynamical systems and statistical mechanics [3, 13, 14].

We assume a billiard system consists of a moving particle on a plane and a
set of reflectors placed on a bounded region. The boundary of the region is also a
combination of reflectors. We assume that the particle will not be reflected between
any two reflectors consecutively. We depict a combination of reflectors in Fig. 1.
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Fig. 1 This billiard system

consists of 8 reflectors

{ri,ra, ..., rg}, where

rs, re, r'7, rg form the

boundary of the region and e rs
others lie inside it

ry rg

In combinatorics, agraph G = (V(G), E(G)) is asetof vertices V (G) and a set of
edges E(G) C V(G) x V(G) — {[u, u] : u € V(G)}. There is a graph G associated
with the system of billiard under consideration, whose vertices correspond to the
reflectors. Also, there is an edge [u, v] if the particle can be reflected between the
reflectors u and v. The graph in Fig.2 represents the billiard system in Fig. 1. The
following characteristics of G are easy to observe:

1. The particle moves in any direction, between two reflectors u# and v. Therefore,
an edge [u, v] has two opposite orientations e = (u, v) and e~! = (v, u).

2. As the particle cannot be reflected on a reflector consecutively, there is no loop

on the vertices.

As the region is bounded by reflectors, G is neither a path graph nor a cycle.

4. In the neighborhood of a reflector, there is more than one reflector. Hence, there
is no vertex with degree 1. Recall that the degree of a vertex in a graph is the
number of vertices adjacent to it.

w

These graph-theoretic properties are crucial for defining the IThara zeta function. A
simple graph without a single-degree vertex which is not a cycle or a path graph is
called an admissible graph.

Let e = (u, v) be an oriented edge with the initiating and terminating vertices
u =i(e) and v = t(e), respectively. The moving particle generates a bi-infinite-
directed walk in G, which is a sequence of oriented edges ...e_je_jepeier ...
such that 7(e;) =i(e;+1) for i € Z. As we assume that the particle cannot be
reflected consecutively between two reflectors, hence e¢ and e~ cannot appear
consecutively. A cycle W =eje;...e, of length k is a finite walk such that
i(el) = t(ek). Two cycles W1 =e1,1€12---€1k and W2 =e€31€22 ...} are equiv—
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Fig. 2 Graph representing
the system of billiards in
Fig. 1. The vertices
correspond to the reflectors
in Fig. 1. Edges indicate
possible movement of the
particle between the
corresponding reflectors

rg

alentifes | = e1,, €22 =€1,(-11)s - - €2,(k—rt1) = €lk> €2,(h—r12) = €1,1, -+, €2k =
e1,—1) forsomer € {1,2, ..., k}. The set of equivalence classes of cycles are called
prime cycles. The length of a prime cycle P is y (P).

Definition 1 The Ihara zeta function [10, 20] {6 (2) : {|z] < R} — C of a combi-
natorial graph G is defined by

@ =[]0-")", (1)

P

where R is the radius of convergence of the infinite product.

The series representation of {g(z) is stimulated by the oriented line graph_@ =
(V(G), E(G)) of G, where V(G) = U,cp) e, e”'}. An edge (e, f) € E(G) if
t(e) =i(f)andi(e) # t(f). The adjacency matrix T = (t(c, f))2mx2m 18 defined by

o = {1 if (e, f) € E(G); o

0 otherwise.

Here m is the number of edges in the graph G. It can be proved that the following

power series
[o.¢]

k
{6(2) = exp (Z %#) : (3)

k=1

where |z| < % [12] represents {g(z). Here, A > 0 is the greatest eigenvalue of T'.
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In information theory an entropy S(#) is the measure of information induced by a
probability distribution #. For simplicity, we assume a discrete probability distribu-
tionP={p;:i=1,2,...,W,0< p; <1, Zi p; = 1} throughout this article. As
all the probability values are real, we restrict the domain of definition of the function
£6(2) t0 ¢ (x) 1 [0, 1) — R

Expanding Eq. (3) we find the following power series for {g (x):

tcx)=14cix + cox? + C3x3 +caxt + C5x5 + -, 4)
> 2 . 4 . 2\)2
where ¢ = trace(T) = 0, ¢; = trdcez(T ), e = trac; 73 L cq = ll‘dCZ(T ) + (HdCCéT ) ,

. 5 a0 2 e 3 . .
c5 = t“ces(Ti) 4 tace(T )6“’““ ) ... The following lemma is easy to prove by apply-

ing the fact that trace T is positive for all k > 1.

Lemma 1 ¢;(x) is a monotone increasing function in [0, %).

In this article, we propose an information-theoretic entropy based on Ihara ¢
function. The preliminary concepts of generalized entropy are discussed in Sect. 2.
Equation (4) along with the Lemma 1 suggest that the compositional inverse ¢¢ (x)
does not exist. Hence, to define a universal group entropy, we construct a number of
invertible power series in terms of {. These constructions are mentioned in Sect. 3. In
Sect. 4, we define two new generalized entropies and discuss some of their important
properties. Then we conclude this article.

2 Preliminary Concepts on the Generalized Entropy

In his seminal work, Shannon proposed an entropy function

u 1
SP)=) piln (p—) : )
i=1 !

for any given probability distribution P [15]. It fulfills all four Shannon—Khinchin
axioms (SK axioms) [11, 16], mentioned below:

S (%) is continuous with respect to p; fori =1,2,..., W;

S(P1) = S(P) where P, = P U {0};

S(P) is maximum when p; = % foralli;

S(X,Y)=SX)+ SX|X), where S(X, Y) and S(Y|X) are the entropy of joint
probability distribution and the conditional probability distribution of the random
variables (X, Y) and Y| X, respectively.

S e

There are different proposals for generalizing the Shannon entropy. A few well-
known attempts include the Min entropy, Hartley entropy, Rényi entropy, Tsallis
entropy, Sharma—Mittal entropy, etc. Addressing a number of parameters in the
entropy function is a procedure of generalization. For instance, the Tsallis entropy
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is a g-deformed version of Shannon entropy. Here, g acts as a parameter. Similarly,
there is only one parameter in the Rényi entropy. The Sharma—Mittal entropy consists
of two parameters. A review on two-parameter deformed entropy is available in [7].
Most of this entropy satisfies the first three SK axioms. The fourth axiom is general-
ized depending on the generalized entropy function. A family of entropy functions
is proposed in terms of formal power series, which is the fundamental theme of this
article.

A formal power series is a generalization of a polynomial with infinitely many
terms. Given two formal power series F = Y - b;x" and G = ) = a;x" the com-
position F o G(x) is defined by F o G(x) = F(G(x)) [2]. The power series G is
called invertible if it has a compositional inverse F' which is a power series such that
F(G(x)) = x. The following Lemma [1, 4, 9] is useful for further derivations:

Lemma 2 A formal power series G = Y o, a;x' is invertible if and only ifa; = 1.
We are in a position to define the formal group entropy which is as follows:

Definition 2 The universal group entropy [18, 19] of the discrete probability distri-
bution P is defined by

w
SP) =) pG <1n pi> 6)
i=0 i

where G(t) = Z,OZ ! a;x" is an invertible power series, that is a; = 1.

It can be proved that S(#) fulfills the first three Shannon—Khinchin axioms. The
fourth axiom is generalized in terms of the Lazard formal group law.

Definition 3 The Lazard formal group law is a bi-variate formal power series
D (s, 52) € Z{s1, 52} such that

D (s1,52) = G(F(s1) + F(s2)), (7

where F is the compositional inverse of G.

3 Invertible Formal Power Series Related to Ihara Zeta
Function

Recall that an invertible formal power series is essential for defining the universal
group entropy. But, Eq. (4) along with Lemma 2 suggest that ¢ (x) is not invertible.
In this section, we propose two invertible formal power series in terms of ¢g(x)
satisfying Lemma 2.
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Theorem 1 Let T be the adjacency matrix of the oriented line graph of an admissible
graph G, and X be the largest eigenvalue of T . Then the following formal power series

¢glae™) —¢gla) +ale™ — 1)
a = 8
Gu® —a(l + ¢5(@) ®

is invertible, wheret > 0 and 0 < a < %

Proof For proving G,(t) is invertible we need to justify that it has constant term
zero and coefficient of ¢ is 1. Now, Eq. (4) indicates

tolae™) =1+ ca(ae™)* + es(ae™) + calae™) +-- - . 9)
Hence,

tolae™) = ¢g(a) = xa (@ =D +aa’ (@™ =D +aatE™ =1+
(10)
Observe that the power series

tglae™) = ¢la) +ale™ = 1)

(11)
=ale = D+ca*@e® =D +cate =D+eade -1 +---

has no constant term. Also, the coefficient of ¢ in {g(ae™") — {g(a) + a(e™" — 1) is
d —t —t ’
o [¢olae™) — tgla) +ale™ — )] li=o = —a[l + ;@] (12)

We obtain G,(¢) by dividing ¢g(ae™) — {g(a) +ale™ — 1) by —a [1 + (’G(a)].
Hence, the formal power series G, (¢) has zero constant coefficient as well as the
coefficient for ¢ is 1. [l

In Theorem 1 a acts as a parameter in G,(¢). In the next theorem, we derive a
power series with two parameters.

Theorem 2 Let 1 be the largest eigenvalue of T, where T is the adjacency matrix of
the oriented line graph G of an admissible graph G. Then, the formal power series

{glae™) —igla) +ale™™ — 1)

Gao () = —ao (1 + £4(@))

13)

is invertible, wheret > 0,0 <a < % and o > 0.
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Proof Following the proof of Theorem 1 we find

tg(ae™) —¢g(a) +ale™™ — 1)
=a(e™ — 1) 4 c2a’(@ ™ — 1)+ c3a’ (e — 1) 4+ caa*(e™ = 1) + - --
(14)

Clearly, ¢g(ae ") —¢g(a) +a(e™ — 1) has no constant term. If we divide
¢olae™) — {ga) +a(e™ — 1) with

d
dr [¢6(ae™) — ¢o(a) +a(e™ — D]limo = —ao [L +¢5@]  (15)

then we observe that the coefficient of ¢ in the resultant formal power series G, , (t)
is 1. Therefore, G, »(¢) is invertible. O

It can be trivially checked that

Gao(t) =Ga(t), foro =1. (16)

4 New Information-Theoretic Entropy

In this section, we propose two information-theoretic entropies based on the obser-
vations in Sect. 3. We also mention a few of their characteristics.
For any non-zero probability value p define t = log(%), which corresponds to

p =e ' Setting t = log(é) in Eq. (8) and simplifying we get

I\ 6@ — 6(ap) +a(l — p)
a1 — = . 17
G (Og(p)> a(L+ ¢o(@) 17)

Now Lemma 1 suggests that G (log (é)) > 0. It leads us to define the single-
parameter [hara entropy as follows:

Definition 4 Given an admissible graph G, the one-parameter Thara entropy of a
probability distribution % is defined by

- 1 Y. (@) — tolap) +a(l = p)
(a) _ ) - _ 56 clapi Pi
56 (P)_,;p’g“ (log(pi»_;p‘ a(l + 2,(@) - (19

1

where 0 < a < T
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Similarly, setting t = log(%) in Eq. (13) and simplifying we get

1 (@) — ¢g(ap?) +a(l — p%)
ao \log|—))= , 19
G <Og<P)) ao (1 + ¢5(a) 1)

which leads us to the definition of a two-parameter Ihara entropy as follows:

Definition 5 Given an admissible graph G, the two-parameter Thara entropy of a
probability distribution # is defined by

$ 1 (S6(@) — Laapy) +a(l = p7)
(a,0) _ i 2 [ 56 G\ap; pi
SG (7)) - Zplgu,a (10g <p1>> - Zpl ( aa(l +Cé(a)) > i

i=l1 i=1

(20)
where 0 < a < % and o > 0 are two real parameters.
From our construction it is clear that
S8 Py = SL(P), foro = 1. Q1)

Therefore we discuss the properties of Sgl %) () which holds in the special case for
o=1.
Define a function s, , : [0, 1] — R™ such that

(22)

_ ¢g(a) — ¢glap?) +a(l — p?)
Sao(P) =P X :

ao (1 +¢5(a)

Therefore, the lhara entropy mentioned in Definition 5 can be expressed as
Sgl’”)(?) = Zzl Sq.0 (pi). Now we have the following observations:

Corollary 1 As s, (p) is a continuous function, ng ) (P) is also continuous with

respect to all its arguments p; fori = 1,2,..., W. Thus, Sg”')(?)) satisfies the SK
axiom 1.

Corollary 2 The SK axiom 2 is also trivially satisfied as s, -(0) = 0.

To prove the SK axiom 3 we need the following theorem from [6], which we
mention without proof.

Theorem 3 The function s, - (p) has a global maxima in (0, 1).

We can conclude from Theorem 3 that Sgl "7)(7)) attains the maximum value if

s(p;) is maximum for all p; € P. Therefore, to maximize Sg' ‘g)(P) weneed p; = ¢

for all i, which is the uniform distribution after a normalization. Hence, S(G“ ’")(7’)
follows the SK axiom 3.

The entropy S(G” ) () follows a generalized version of the SK axiom 4 induced
by the Lazard formal group law. The generalized version is mentioned in the theorem
below [6]:
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W, w
Theorem 4 Let Py = {p(A)} " and Py = {p;B)} ’
i=l j

; be two independent proba-
Jj=1
bility distributions. Then

Wi Wg

a,o 1 l
6" PaPs) =33 pVp" @ |G| log (W Gllog|\ — )]
pA .

i=1 j=I i J

(23)
where ® is Lazard formal group law given by ®(s1, s2) = G (F (s1) + F (s2)) as
wellas G =G, 0rG = G-

5 Conclusion

The universal group entropy generated by an invertible formal power series is pro-
posed in the literature [18, 19]. This article considers the power series representation
of the Ihara zeta function for defining universal group entropy, which we call Thara
entropy. An interesting connection between the billiard dynamical system and the
Ihara zeta function is illustrated in this article. The interesting facet of our proposed
entropy is that the different arrangement of reflectors in the billiard system induces
different entropy functions. We justify that the new entropy functions fulfill the gen-
eralized version of the Shannon—Khinchin axioms.

Disclaimer

This article provides a short overview on the authors’ articles [5, 6].
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Abstract The authors have introduced a new subclass of bi-univalent functions
consisting of Sakaguchi type functions involving (p, q)-derivative operator. Further,
the estimation of bounds for |a;| and |a3| has been obtained. The authors have stated
a few examples in this paper.
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1 Introduction and Preliminaries

A function of one or more complex variables which is complex-valued is said to be
analytic if it is differentiable at every point of the domain. Every normalized analytic
function can be expressed as a series of the form

fo =2+ ad (1)
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in the complex variable z thatis convergentini{ = {z : z € C, |z| < 1}. Let A consist
of every such function. A subclass .7 of A be defined by .7 = {j(z) € A : f(z1) =
f(z2) = z1 = z2} (i.e.) & consists of all univalent functions.

A function f(z) € Aiscalled bi-univalentinil,if f(z) € . and its inverse function
has an analytic continuation to |w| < 1. Let 0 = {f € ./ : { is bi-univalent}.

Though Lewin [7] introduced the class of bi-univalent functions, the passion on
the bounds for the coefficients of these classes was upraised by Netanyahu, Clunie,
Brannan and many others [3, 8, 12—14, 16, 17]. This has been a field of fascination
for young researchers to date.

If, for f,(z) and f,(z) analytic in I, there exists a Schwarz function t(z) with
10(0) = 0 and |to(z)| < 1 in U such that f, (z) = f,(t0(z)), then we say that f, (z) <
fz(Z)'

A subclass consisting of functions satisfying the analytic criterion Re (f(di%) >

o was introduced by Sakaguchi [11] and these functions were named after him as
Sakaguchi type functions [9, 10, 15]. Sakaguchi type functions are starlike with
respect to symmetric points. Frasin [6] generalized Sakaguchi type class which had

functions of the form (1) given by Re (;Z;—)Si){(];i—;))) >a,0<a<1,81,80€C
with S1 # So, [S2| < 1,Vz € L.

Definition 1 For q,p € (0, 1] and q < p, the (p, q)-derivative operator D, 4(f(z))
[1, 4] is defined as

f(pz) — f(q2)
p-—n@

and ©, 4((0)) = §'(0) provided f'(0) exists. It can be easily deduced that

Dp.q(f(2)) = z#0 @)

Dpq(f@) =14 [flpqaz",

=2

where [t], 4 = %, the (p, q) bracket of 7. It is also called a twin-basic number. It is
to be noted that D, ,(z') = [t]y 42~ !. Also for p = 1, the(p, q)-derivative operator
Dy, q reduces to the g-derivative operator D,.

The inverse series of (2) is given by

a(pw) — g(qw)
=
@pa@)@) = ==

=1 = [2ly.qa2w + [3]p.4(2a5 — az)w’
_[4]p,q(5613 — Sapas + a4)u)3 4.

Consider an analytic function with Re(¥ (7)) > 0in 4, ¥ (0) = 1 and ¥'(0) > 0.
Also ¥ (L) be starlike with respect to 1 and symmetric with respect to the real axis.
Thus, ¥ (z) has the Taylor series expansion
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W) =1+Bz+B,27+B,2+--- (B, >0). (3)

Consider two analytic functions u(z) and v(z) in . Letu(0) = v(0) =0, [u(z)| < 1,
lv(z)] < 1.
Assume

o0 [o.¢]
u@=piz+y_pi. vw)=quw+y guw (<l jw <. @
=2 =2

It is to be noted that
Ipl <L Ipl<l=Ipl’ gl <1 gl <1-lql 5)
Equations (3) and (4) take the form
Y(u(z) = 1+%1plz+(p%%z+p2%l) P4, 27l <1 (6)

and
W) =14+B,qw+ (¢iB, + ¢B,)w? +---, |w| <L (7

In this paper we have introduced a new class using (p, q)-derivative operator and
subordination. We have obtained bounds for |a,| and |as|.

2 Main Results

Definition 2 A function f € ¢ is said to be in the class .79 (¥, s1, Sp), if the fol-
lowing subordination relations hold

(s1 — Sz)Z’DP,q(f(Z)) -

v
f(s12) — f(S22) @)

and
(81 — S2)wDyp q(g(w))

g(s1w) — g(s2w)

< ¥ (w),

where g(w) = ! (w), 81, 82 € C with 81 # sp, [So| < 1.
Theorem 1 Let f given by (1) be in the class /P % (¥, S4, Sp). Then

BB

laz| <
V1B 31y 0 — (21 451 —[21 o S2+8152 ]~ B2 [ 21 g =81 =82 | 1+B1 12154 =5, sz’
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and
— B B < 6 ( Sq, S2)
|[3]pq—512_522—3132|’ 1 = 1 ps q, 1, 92
las| <
|91 (P, 4,851,852, B1,82) B +|[3]p g —S7 —S2°—S152| B}
[Bls 517527 5150 (pa 55 B8y 01> 61(p. d, 81, 82)
where

M, (p, 4. S1, 52, B1, B2) = ([Blpq — [21pgS1 — [2]pqS2 + S152)B7
—([2]pq — S1 — $2)°B>
M (p, q. S1, S2, B1, Bo) = [|([Blpg — [21p4S1 — [2]pgS2 + S182)B]
—([2]pq — S1 — 52)*Ba| + [[2]pq — S1 — S2/*By]
[[2]pq — S1 — S2f?
I13]pq — S12 — 83 — 8182

Gi(p,q,81,82) =

Proof Let § € P 9(¥, 81, Sp). Then, there exist analytic functions u, v : 4 —
given by (4) such that

(81 —82)29p q(f(2))

f(s12) — (S22) Y N
and (81 = S2)wDp.a @W) _ ©)
g(s1w) — g(s2w)
Since

(81 —82)29yp 4(f(z))
f(812) — f(822)

=1+ ([2lpq —S1 — S2) a2z + {([3]pq —s12 =82 - 3152> as (10)

- ([Z]pqs1 + [2]pgS2 — $12 — 82% — 23132) a%} X2 4

(81 — S2)wDy q(g(w)) 1

361w — a(saw) (121pq — S1 — S2) a2w — {([3]pq —s1? — 8% — 3182) as

— (2031pq — 517 = 827 = (2151 — [2pgs2) a3} x w4+
(11)
It follows from (6), (7), (10) and (11) that

[[21p; — 81 —S2] a2 = Bipi, (12)
[[31p4 — $17 — 827 — $152] az— [[215451 + [2]pgS2 — $1%7 — 827 — 25152 a3

=B py + By p?,
(13)
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—[[21pg — 81 — S2]az = Biq, (14)

[2[3]pq - s12 - S22 - [z]pqs1 - [z]pqSZ] Cl% - [[3]pq - S12 - s22 - S152] as
= B192 + Bogi.

(15)
From (12) and (14)
p1=—q. (16)
Further computation using (12), (13), (15) and (16) leads to
[2 (131 pg — [21pg81 — [21p452 + $182) BT| — 2[(12]pg — $1 — 52)*Ba] @) an
=B (p2 + 1)
Equations (16) and (17), together with (5), result in
1[1315g — 21481 — [21p4S2 + S1S2] BT — [[21p4 — S1 — 52]2 B |a|? (18)

< IB31(1 = |p1 ),

the desired estimate for |a;|.
Next, in order to obtain the bound for |a3|, subtracting (15) from (13), we have

2[[31pq — $17 — 827 — s182] a3 + 2[5 + 827 + 8182 — [3],4] @3

(19)
=Bi(p2—q) +B> (P% - 6]12) .

Then, in view of (5) and (16), we have

[31pq — 1> — 82° — $152]la3|By <[B11[3], — S1° — S2° — $152|
—1[21pg — S1 — S2l] laz|* + BY.

Substituting for |a,|, we get the desired estimate for |as]|.

Remark 1 Letp =1 and g — 1~. The above theorem reduces to Altinkaya et al.
(2]
Corollary 1 Suppose §, given by (1) is in the class ./ 9(¥, 1, —1), then

jaz] < T
V1B (Bl —1]—B:[121pq PI+B1 112154
and
‘[3]?;17”’ B < Ga(p, 9)
las| <
(Blya DB DIy BolB1 +Bla B gp oy

11315 = 1H[1(13]p g =D BT = (121 4)> B2 [+[21 41> B1 ]
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I21pql?
IB]pq—=11"

Remark 2 Letp = 1 and g — 17. The above corollary reduces to Emeka et al. [5]

where G, (p, q) =

Corollary 2 Suppose §f, given by (1) is in the class /¥ 9(¥, 1, 0), then

%1«/%1
/l%%[mpq—[leq]—%z[[2lpq—1]2\+%l\[2]pq—1|2

laz| <

and
B
[Ere=IE B < G3(p, q)
las| <
(13150 —[21p) B —(12]p 4 —1)*B2| B 1 +[3]p g — 1B3
131y g —1[113]p g —[21p ) BI—(121p g = 1> B | +112lp  — 17 B1 ]’ B > G3(p.q)
_ IR2lg—1P
where G3(p, q) = IR

Remark 3 Letp = 1 and g — 17. The above corollary reduces to Emeka et al. [5]
Corollary 3 Let

1+2)’ )
V@ =(1—) =1+24+287 4, O<p=D.
We have
laz| < = -
\/ [2[1315~ (2181~ [2lpas2+ 8152 ] ~[ 2181821 | B+I[21, 5.2 sl
and

28 .
B, sy —s7—ssal’ if 0 <B <64(p,q,S1,S2)
1431 =\ 2[190(p.q.51,50) 1121131~ —52>— 1558

[[31pg —S12—S2%—S152|M4(p.q.51,52) ’

if 64(p,q,81,82) <p =<1

where

M3(p, g, S1,82) = 2([31pg — [21p451 — [2]1pgS2 + $152) — (1214 — S1 — $2)°
M4(p, q,51,52) = [12(13]pg — [21pgS1 — [214S2 + S152) — (21,4 — S1 — $2)*|B
+1[21pg — 81 — 52I°]
[2]pq — S1 — S2I
3]pg — $1% — 83 — 5152

G4(p,q,81,82) = 7
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Corollary 4 Let

1+ (1 -28)z
V(@)= ———— =1+20-pz+20 — B+, 0=B <.
—Z
We have
2(1—
las| < U-f) - -
\/ 213150121081~ 1215yS2+8182) 1)~ (121 —$1-82)° | +][2] g 51 —52
and
20-8) ,
‘[3],,478%75375152‘ s lf 65(1?, q,81, 32) < /3 <1
la3] = 3 2195 (p.g.51.50) 1421131~ —82>—81521(1-H)| (1)
I[31pg —81%—522—8152| M6 (p.q,51,52) ’
if 0<pB <6s(p,q,51,52)
where

M5 (. ¢, 81,82) = 2(Blpg — [21pgS1 — [21pgS2 +8182)(1 — B) — (121 pg — $1 — $2)°
wm»masyz@mmm—mwa—mww+a»m—m—qu—a—»ﬁ

+[2lpg —S1 — S2|2]

Se(p.q.51.52) 2|[31pg — 87 — 83 — 8182| — 2 — 5 — 82/
5P>4q,%1,92) = .
2/[31pg — ST — 85 — 8152

3 Conclusion

We have estimated the bounds for |a;| and |as| for functions belonging to the new
class defined by us in this paper. We will extend our work by finding the bounds for
|as| and |as|. Though it is too difficult to find sharpness for our class as it is defined
using the pg-derivative operator, we will try to extend our work by finding sharpness.
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Galue-Type Struve Function

Nirmal Kumar Jangid, Sunil Joshi, and Sunil Dutt Purohit

Abstract In this study, with the aid of Edward’s double integral formula, we estab-
lish some double integral formula; our results are associated with Q function and
Galue-type Struve function. We often examine their special cases in the form of
recognized functions such as the generalized Mittag—Leffler function and the gener-
alized Struve function. The findings of our present paper would be both useful and
helpful in the study of applied science and engineering problems.

Keywords Mittag-Leffler function - Galue-type Struve function - Generalized
Struve function - Q-function

1 Introduction and Preliminary

In the field of science and engineering, integral and transform formulas are very use-
ful [see [6, 12]] as we understand that the Mittag—Leffler function and Struve func-
tion and their specific generalizations are very useful. Due to the application of the
related problems, double integral formulae are very helpful. Several integral mecha-
nisms have already been developed, but we still need our contribution to enhancing
new double integral formulae connected to Q capacity and Galue-type Struve work.
We also study the accompanying interesting and beneficial result characterized by
Edward [4] for our present review as follows:
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1 1
[ [ sa—arta-mta - ne' e randn
0 0

_T(rE)

= TaTE) 0 < R(E) < R(y). (1)

Many researchers have used this double integral formula because of its large applica-
tions in the field of science and engineering and have found many substantial findings
that are used to solve many relevant problems. Recently, this Edward’s formula was
used by Hagq et al. [5] and the result for generalized Lommel-Wright function in the
form of a Wright hypergeometric function is found. Ali et al. [1] also extended this
formula to the generalized Bessel-Maitland function and the results obtained are
very useful for solving many problems that have been applied. Kim et al. [8] further
described an extension of Edward’s double integral formula due to its additional
applications. In this sequel we also want to develop some double integral formulae
associated with Q function and Galue-type Struve function.

For our current analysis, we need descriptions of the Mittag—Leffler function,
Struve function and their generalizations, which many researchers have already
described as follows.

The well-known Mittag—Leffler functions E,(z) and E, ,(z) were introduced by
Mittag—Leffler [11] and Wiman [20], respectively, which are defined as follows:

& !
Z ’
Eu(Z) = ; m, Z € C, SR(M) > 0 (2)

and
i

- z
Eyy = - , U, ;N 0, 0. 3
0(2) ;F(ul—l—v) z,u,v € C,Ru) > 0, R(v) > (3)

Prabhakar [16] defined the generalization of Mittag—Leffler function (3) as follows:

—  (w)7!
EX,()=) ——"— zuv,weCRw >0 %) > 0,%w) =0,
£ T (ul + v)l!
4)

where
1 ifweC, =0

ww + Dw+2)...(w+1—1),ifl e N,w e C. )

(w); = {

Many researchers also developed the Mittag—Leffler function in various forms of
generalization. Shukla et al. [18] and Chouhan et al. [3] established the following
generalization formulae as defined in (6) and (7), respectively.
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= (w)gd
w,q —
E@ = I;: Il + v’ ©)

u,v,we C,Nu) >0,RNw) >0,RNw) >0andg € (0,1)UN,

where (w), = F(#’(—;:’)ﬂ) is the generalized Pochhammer symbol.

And

i (w) IZI
Euitag _ s 7
u,v (2) IZ:(; '(ul + U)(f)ql v

where u, v, w, f € C,Ru) > 0, R(w) > 0, N(w), R(f) >0,9g € (0,1) UN, and
(w)g = r(]l”(;;m (g = r(f(j[‘)’l) denotes the generalized Pochhammer symbols.
In this sequel, Khan et al. [7] investigated the generalized Mittag—Leffler function

Eji2d (z) defined as follows:

o0

phnand (W) ()i
Evoprp@ = gr(qu)(f)pz(G)pl’ v

where u, v, w,o0,po,u, f,A€C; p,qg >0 and g <N@u)+ p, and min{Nu) >
0, R(w) > 0, R(w), N(o) > 0R(p) > 0, R(w) > 0, R(f), R(X) > 0}.

Furthermore, Mazhar-ul- Haque et al. [10] investigated the further generalization
of Mittag—Leffler function Qu o, f(x) which is described by

Ol = 0yliercas i eridiidy, .. dr X)),

where

wqr . n= 113(dnsl)(w)qlxl 9
Qu. () = Znn L B, D(f)g Tl +v)’ ©

foru,v, w, f,c,d € C,min{N(u) > 0, R(v) > 0, R(w) >0}andg € (0, 1) UN,

and (w)y = r(;”(;‘)ﬂ),( Ha = r(lf(;‘gl) denotes the generalized Pochhammer symbols.
Bhatnagar et al. [2] have recently developed the novel generalized Q function

using the generalized Mittag—Leffler function described as follows:

QLI (x)y = QNPT (e ey, ey dyyd, .. dy, X),

u,v,0,p, f,p u,v,0,p,f,p
A, w,q,r H:; 1 ﬁ(dnv l) O‘)ul(w)ql -xl 10
Quivep .0 = Z < [Tozi Blen. D (@)t (f)pr Tl +v) {10
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where u, v, w, f,c,d € C,q € (0, 1) UN, min{R(u) > 0, R(v) > 0, N(w), N(o)
> 0% (p) > 0,%(w) > 0, RM(A) > 0}, and (w)y = "8t (), = LD ),

Fw) 2 '
= r(rk(—t’)”), (0)p1 = % denotes the generalized Pochhammer symbols.

We also recognize in our present study the generalized Galue-type Struve function
established by Nisar et al. [12] as follows:

o0

o (—h)!
WP (2) =
0818 1=Zor<pl+a>F(fl+§+g§2) (2

z 21+q+1
) feN,q,gheC,

(1)

where p > 0,6 > 0 and o stand for arbitrary parameter.

Also Orhan et al. [13, 14] demarcated generalization of Struve function H, ,
which is the special case of (11)forp = f =5 =1,0 = % defined as follows:

ad (=h)! Z\20+g+1
Hy on(z) == = , ¢.8heC. (12
" gr(z+§)r(z+q+%)(2)

In our present paper we need Hadamard product of two analytic functions, which
facilitate us to split the emerged function into two eminent functions. If we let i (¢)
and g(#) to be two power series defined as

h(t) =32, ait', (1] < Ry) and g(1) = 3272, but', (] < Ry),

where R, and R, are radii of convergence, respectively, then their Hadamard product
[15, 17] is defined as follows:

o0
(hxg)t) = Zazbzll =(g*xh)() (t| < R), (13)
1=0
where
b b
R = lim |—2 =<lim i)(lim —l>=RhRg,
I=00 | a4 1bi4 =00 a1 | ) \1=00 | by

in general R > R, R,.

We also recall the generalized hypergeometric function (see [19], Sect. 1.5) and
generalized Wright hypergeometric function (see for details Mathai et al. ([9], pp.
23)) defined in the following Eqs. (14) and (15), respectively

JF, [ul,...,up;z}zzwzl (14)

V1, - v v s Vg Py (Ul)[,...,(vq)zl! ’
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where z,u;,v; €C,i=1,2,...,p;j=1,2,...,q and v; are non-zero, non-
negative integers.

And (u); is the Pochhammer symbol defined above in (5).

(Ul, Vl)v""(qu Vq); ' ‘J]'=1 F(UJ-FVJI)I"

. e p . NSl
e |:(u1, U, ..., (up, Upy); Zi| _ Z 1—[.21 '(w; + Uiz (15)
=

where z,u;,v; e C,U;, V;e R, i=1,2,...,p;j=1,2,...,q.

2 Main Results

In this section we determine some double integral formulae related to Q function and
Galue-type Struve work with the assistance of Edward’s double integral formula.
Since our outcomes appeared underneath in Theorems 1 and 2, we additionally
examine about the diversity in Theorem 2.

Theorem 1 Foru, v, w, f,c¢;,d; € C; R(u) > 0, R(v) > 0, RN(w) > 0,N(o) >0,
RA) >0, R(p) >0,R(w) >0,0<NRE) <N and q € 0,1)UN, then
we have

1 1
/ / D01 = 1) (1 = )6 (1 = 1ty 5
0 0

ktr(1 —11)(1 — 1)
A w,q,r 2 !
X Qu,v,a,p,f:p( (1 —1n)?

)dhdlz =B, %)

k u,v,1; k
A, w,g,r , U, 1
X QO an b (Z) *3F [m utvtl. Z] : (16)

2 2

Proof Let us assume L.H.S. to be denoted by I}, then we have

1 1
11=/ / D0 = )" (1 = 1) (1 = 1y1)! 6
0 0
> Qkﬁ;t,w,q,r (kt2(1 _tl)(] _t2)

u,v,0,0, f,p (1 — tltz)z

)dlldlz,

now using Eq. (10) in the above integral, we have
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1 1
I =/ f D= 1) (1= ) (1 = 11y

L By, D) (W) (w) g 2 (tz(l—tl)(l—t2)>ld p
inn Ben D) @ Np T+ )\ (1 —nn)? hdt

By altering the order of integration and summation, and in view of Eq. (1), we have

Z H;rl lﬁ(dnvl) ()‘)ul(w)qlzl F(W+Z)F(S+Z)
< [Tt Bns D @)t (Np Tl +v) TE+n+20)

Simplifying the above equation, we have

_ TP +DrE+D i [Tmi By D) G (w)g: 2
PE+n+2D = [T Blen D (0)pu(f)p Tl + )22 (L5) (TS 1
(17

Finally, using Hadamard product (13) in (17), and making use of (10) and (14), we
obtain the desired result.

Theorem 2 Forg,g,h€C; feN;p>0,§ >0;0 <NE) <R®); Ry +¢q) >
—1LRE+q) > -1, R +E+29) > -2,% (24 £) > —1 and %(o) > 0, then

we have
1 1
/ f 1 —t)"' (1 =)' =)' 57
0 0

ktr(1 =) — ¢
« W’ < 2( 1)( 2)>dt1dt2

9.8:1.8 (1 —111)?

=<§) |:(0,,0),<%+§+l,f>,(n+§+2q+2,4); 4] (18)

Proof Let us assume L.H.S. be denoted by /,, then we have

1 1
12=/ / D0 = 1) (1 = 1) (1 = 1yt 67
0 0

kty(1 —t)(1 — 1)
0.0
X wq’g’ll’(;( = t1t2)2 dtdt,.

Using Eq. (11) in the above integral, we have
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1 1
12=/ / D = 1) (1 = 1) (1 = 11677
0 0

S —hy! k\2a+ (kia (1 — 1)(1 — 1)\ 2!
§ (=) (5 ( 2(1 = 1)1 - 2)> dindn
= T(pl+0)(fl+ 14 5)\2 (1 —-nt)

Now by altering the order of integration and summation, and in view of Eq. (1), we
have

0 Y
Loy (=h) (k>2z+q+1 T +q+1+2DTE+q+1+20)

I T(pl +o)T(fl+ 4+ &) \2 T(n+&+2q+2+4D)

Simplifying the above equation, we have

I = (’i)‘”li F(1+q+1+200E +q +1+20) (—hk2>l
2/ T+l (fl+ 4+ 5DT(+E+2g+2+4) "\ 4
(19)

Finally using Eq. (15) in (19) and further simplification we obtain the desired result.

Variation of (18): If the conditions of above Theorem 2 to be fulfilled, then we
can find the variation of Eq. (18) in the following integral formula which holds true

1 1
f / A=) (1 =) N =)
0 0

X w

0.0 ktr(1 —t)(1 —1p) kxat!B(n+g+1,E+qg+1)
g.2.1. 3 dndt, = (—) )
(I =) 2 D)0 (4 + £5%)

e AQ.n+q+1).AQ2.E+q+ 1), 1; —hk?_
SO A(p, o), AT(f + 4+ E2), A+ & +2q +2); 64pr fT |
(20)

Proof For the proof of result (20), we use the following results:

L(n+1D =T,

and Gauss multiplication theorem (¢ )y = k¥ (%) (ij) . (C’Lkﬁ) ,in (19)and
! 1 I
making use of Eq. (14), we get our required result (20).
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3 Special Cases

In this segment we define some special cases by substituting particular values as if we
put » = 0 in Eq. (16), then we have our result in view of Hadamard product of gen-
eralized Mittag—Leffler function (8) defined by Khan et al. [7] with hypergeometric
function.

Corollary 1 Foru,v,w, f,c;,d; € C; R(u) > 0, R(v) > 0, R(w) > 0, R(o) > 0,
RA) >0, R(p) >0,R(w) >0,0<NRE) <N and q € (0,1)UN, then
we have

1 1
/ / D0 = 1) (1 = )N (1 = 1ty
0 0

(klz(l —t)(1—1)
(1 —11)?

A w,g
x Eu,v,a,p,f,p

)dl‘]dlz

k u,v,1; k
= 3(77, E)Eijfigwpqﬂp <Z> *3F [m utvtl. _] . (21)

2 2

Corollary 2 Let the condition of Theorem 1 be satisfied andforh = u =0 = p =
p = 1, then we have our result in view of Hadamard product of generalized Mittag—
Leffler function defined by Mazhar-ul-Haque et al. [ 10] with hypergeometric function
as follows:

1 1
/ / D0 = 1) (1 = )6 (1 = 1)
0 0

0,q,1 ktp (1 —11)(1 —1p) 0,q,1 k u, v, 1; k
<01y (G Jande = b 0.0127 (5) w2 g, i@
Corollary 3 Let the condition of Theorem 1 be satisfied and if \ = u =0 = p =
p = 1,r =0, then we have our result in view of Hadamard product of generalized
Mittag—Leffler function defined by Chouhan et al. [3] with hypergeometric function
as follows:

1 1
/ f B =) (=) (1 —np)' =5
0 o

g k(1= 1)1 — 1) (K wo l;  k
x E;{{,]q(—z e )dtldtz = B(p. &).EL) <7> *3F> [ i Wi 7]. (23)
(I —11) 4 R e et
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Corollary 4 Ifwe put f = 1, in the above Eq. (23), then we have our result in view
of Hadamard product of generalized Mittag—Leffler function investigated by Shukla
et al. [18] with hypergeometric function as follows:

Lol ktr(1 —t)(1 — ¢
f/t?(l—n)“(l—tz)f1(1—r1rz)1“E;‘i;?< 2= nd =8
0 0

(1 —111)? >d[1d[2

wa [k u,v,1; k
= 3(77, %-)-Eu:vq (Z) * 3F2 [m u+v+1. Z] . (24)
2 2

Corollary 5 If setting g = 1 in the above Eq.(24), then we have our result in view
of Hadamard product of generalized Mittag—Leffler function defined by Prabhakar
[16] with hypergeometric function as follows:

b kty(1 —t)(1 —1¢
//r;’(l—tl)"la—rz)fl(l—mz)‘“E::jv< 2 =) 2))dt1dt2
0 o

(1 —11)?

-k
u, v, 1; j| 25)

w [k
=B, §).E,, (Z) * 31 |:u_42-u whv+l g

Similarly, if we put w = 1 and v = 1, respectively, in Eq. (25), then we have our
result in view of Hadamard product of generalized Mittag—Leffler function defined
by Wiman [20] and Mittag—Leffler function established by Mittag—Leffler [11] with
hypergeometric function, respectively.

Corollary 6 Ifweputp = f =1,0 = % and § = 1in Theorem 2 under the assump-
tion of given conditions then it will reduce to the following form:

1 1
/ / A —1)" A= 0) (1 =)
0 0

y kty(1 — 1)1 — 1)
el (1 —hn)?

)dlldlz

ka1 m+q+1,2),E+q+1,2), (0, D; 0
=<§) 31”3[(%,1),(%,1>,<n+s+2q+2,4); 4 }

(26)

Corollary 7 Let the restrictions of Theorem 2 be fulfilled andforp = f = 1,0 = 3

2
and § = 1 then Eq. (25) will reduce to the following form:
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1 1
/ / D=0 (0 = )5 (1 = 1ty
0 0

ktp(1 —1))(1 — ¢ k\¢+12B 1 1
8 Hq,g,h( 2(1—1)( - 2)>dt1dt2 _ (_)q (Tl—i-ql+ 2,5 +2q + 1)
(1 —1t) 2 (¢)§F(%)

A2,n+qg+1),AQ,E+qg+ 1), 1; —hkz}

§ SF{A(L DAT(12552), AU +E+2¢ +2): 64

4 Conclusions

In the present paper we obtained double integral formulae that are associated with
Q function and Galue-type Struve function. Further, we frequently examined their
special cases in the form of recognized functions such as the generalized Mittag—
Leffler function and the generalized Struve function. The findings of our present paper
would be both useful and helpful in the study of applied science and engineering
problems.
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Time-Dependent Analytical m
and Computational Study of an M/M/1 ek
Queue with Disaster Failure and Multiple
Working Vacations

Madhu Jain, Mayank Singh, and Rakesh Kumar Meena

Abstract An M/M/1 working vacation (WV) queueing model with disaster failure
is considered to examine time-dependent behavior. When the system is in busy mode,
it can fail such that all the customers in the system are flushed out and never returns;
such type of failure is known as disaster failure. The server is allowed to go fora WV
after each busy period for a random duration of time. In the duration of WV, the server
reduces the service rate rather than halting the service. After completing the vacation
period, the server can take any number of vacation until he found some customers
waiting in the queue; this vacation policy is known as multiple vacation policy.
The transient analytical formulae for the queue size distributions are formulated
by solving Chapman—Kolmogorov equations using continued fractions, modified
Bessel function and probability generating function methods. Moreover, various
queueing performance measures are given, and real-time performance is evaluated
by computing the performance measures numerically.

Keywords Transient queue + System disaster - Working vacation + Repair -
Continued fraction - Modified Bessel function

1 Introduction

In some instances, servers are always accessible in the case of a classical queueing
model. However, for some time, the server may be inaccessible in real life due to
various reasons. This server’s absence time might indicate the server’s work on some
additional jobs, being examined for maintenance, or merely taking breaks. We refer

M. Jain - M. Singh (X))
Department of Mathematics, Indian Institute of Technology Roorkee, Roorkee 247667, India
e-mail: mayank @ma.iitr.ac.in

M. Jain
e-mail: madhufma@iitr.ac.in

R. K. Meena
Department of Mathematics, Institute of Science, Banaras Hindu University, Varanasi, India
e-mail: meena.rk@bhu.ac.in

© The Author(s), under exclusive license to Springer Nature Singapore Pte Ltd. 2021 293
O. Chadli et al. (eds.), Mathematical Analysis and Applications, Springer Proceedings
in Mathematics & Statistics 381, https://doi.org/10.1007/978-981-16-8177-6_21


http://crossmark.crossref.org/dialog/?doi=10.1007/978-981-16-8177-6_21&domain=pdf
mailto:mayank@ma.iitr.ac.in
mailto:madhufma@iitr.ac.in
mailto:meena.rk@bhu.ac.in
https://doi.org/10.1007/978-981-16-8177-6_21

294 M. Jain et al.

the readers to [5, 23, 24] in order to understand the background and applications
of vacationing server queueing systems. Also, the concept of vacation plays a vital
role in machining environment (cf. [7, 11-13, 15]). To examine such systems and
signify the period of temporary absence of the server, the concept of server vacation in
queueing models has been introduced. Vacation occurs when a server is not available
to serve the next customer or has gone for some recreation or leisure activities.
Permitting servers to take vacations makes queueing systems more accurate and
adaptable in the world of waiting lines. There may be a loss of profit in the case
when jobs accumulate during the vacation period. To avoid such loss of profit, the
server will provide services to the customers at a different pace. The server provides
service at a slower rate while on vacation instead of completely stopping the service,
and it will be called on to working vacation (WV), see [17].

Since the inclusion of WV in queueing models makes the model more economical
and closer to real-life situations, many queueing theorists included the WV scenarios
in their queueing models. Tian et al. [25] studied a single-server Markov queueing
model with single WV and framed the queue length, busy period, etc. in various for-
mulae. Vijayashree and Janani [26] presented an analytical study on the multi-server
Markov queueing model with WV and used matrix geometric method to formu-
late various queueing probability distributions. Kannadasan and Sathiyamoorth [10]
fuzzified the parameters in an M/M/1 WV queue and obtained queue length distri-
bution under the steady-state condition. Recently, Ameur et al. [1] established some
explicit results for a Markovian retrial queue with WV and vacation interruption.

Losing all the jobs due to a single fault is known as disaster failure, and can be
commonly seen in various queueing systems. For example, in computer networking,
all the commands are flushed out as soon as a single fault occurs in the server
computer; in the telecommunication systems, the entire call request can be dropped
due to sudden network fluctuations and so on. Many queueing theorists included
disaster failure in various queueing situations. Chen and Renshaw [4] studied an
M/M/1 queue with disaster failure and obtained factorial moments and various system
state probabilities. Jain and Sigman [6] obtained Pollaczek—Khintchine formulae for
an M/G/1 disaster queue. Bocharov et al. [3]; Kim et al. [14] and Shin [18] included
the concept of disaster in multi-server queueing systems. The arriving customers
may get discouraged upon arrival on finding the failed server and can decide not
to queue in the system. The behavior of discouragement of the arriving customers
shows a significant impact on the operation of the queueing system (cf. [16, 19]).
Recently, Jain and Singh [8] included feedback, balking, and reneging in an M/M/1
disaster queue and formulated system size distribution analytically. They also used
these explicit formulae to construct a performance matrix for the model.

The time-dependent analysis of the queueing model is a tedious task as the govern-
ing differential-difference equations are highly nonlinear in nature. However, there
are some methods to deal with this situation; one is the continued fraction technique.
It is a powerful tool to handle the complexity of the nonlinear differential-difference
equations and can be used to obtain a closed-form solution for the transient queue-
ing model. This technique is applicable when we found the governing differential-
difference equation is in three-term recurrence relation. Sudhesh [19] implemented
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Fig. 1 State-transition diagram of M/M/1 WV queueing model with disaster

the continued fraction technique for an M/M/1 disaster queue to obtain probability
distribution for a number of jobs in the system. Many researchers, including Sudhesh
and Raj [20], Ammar [2], Sudhesh et al. [21], Suranga Sampath and Liu [22], and
Jain et al. [9] used the technique of continued fraction on various queueing models
to solve Chapman—Kolmogorov differential-difference equation.

In this paper, a single-server Markov queueing model is considered with disaster
failure and WV to formulate the time-dependent analytical results. In Sect. 2, the
model is illustrated by making some assumptions, and a state transition diagram
(Fig. 1) is given to understand the birth—death transition of the system to various states.
The governing equations are formulated in Sect. 3. Transient analytical solutions
are obtained in Sect. 4. Section 5 is devoted to formulate the various performance
measures for the transient queueing model, such as mean system size, throughput of
the system, and various system state probabilities. In Sect. 6, a numerical solution is
presented to look at the performance of the queueing model. Finally, in Sect. 7, the
conclusion of the present study is given along with the future scope of the model.

2 Model Description

Consider an M/M/1 WV queue with disaster failure. The jobs arrive into the sys-
tem according to a Poisson distribution with rate A and the service is rendered
by a single server according to first-come first-serve (FCFS) discipline with an
exponentially distributed (Exp-D) time, having the rate . The server can go for
a vacation of random duration, after completing each busy period. The length of
vacation follows Exp-D with rate v. If no customers are waiting after the termi-
nation of vacation, the server avails another vacation. Moreover, the system can
suffer disaster breakdown during the busy period, and consequently, all the cus-
tomers are lost. As soon as the system fails, a dedicated repairman is assigned to
repair the system. The occurrence of disaster and repair time both are supposed to
follow Exp-D with rates § and B, respectively. Let {N(¢), ¢t > 0} and Y () denote
the number of customers and status of the server at time ¢, respectively. Here
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x(@®)={N(), Y(t);t >0} is a two-dimensional continuous-time Markov chain,
with state-space Q@ = {(i, j),i =0,1,2,...;j =W, B}U{j = D}.

D : When system is in downstate,
Y(t) = { W : When system is in working vacation state,
B : When system is in busy state.

Then various system state probabilities for i > 0 associated with down state, working
state and WV state are denoted and defined as follows:
(a) The probability of system in down state is denoted by

Qp(t) = Prob[Y(t) = D].
(b) The probability of system in busy state is denoted by
Q; p(t) =Prob[N(t) =i,Y(t) = B, ] fori > 0.

(c) The probability of system in working vacation state is denoted by:
Qiw(t) =Prob[N(t) =i, Y(t) = W]fori > 0.

Denote Laplace transform of Qp(7), Q:;w(?) and Q; 5(1) by O} (s), Q;y(s) and
F5(8);i = 0, respectively.

3 Governing Equations

The balance equations for the queueing model are formulated by following the birth—
death rule as follows:
(i) The governing equation for (Y (¢) = D) down state:

d oo
;9o = —eQp(t) +8 Y Qipt) (D

i=1

(ii) The governing equations for (Y () = B) busy state:

d
2180 =~ +u+8)01p() +1n0ap(t) +vQiLw() @)

d
EQi,B(t) =—A+u+8)0ip) +2Qi_1,8(t) + nQit1,8(t) +v0Q;w(t),i =2

3)
(iii) The governing equations for (Y (r) = W) working state:

d
EQO,W(’) =—AQow(t) + wy Q1 w(t) + nQ1,5() +c0p(t) €]
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d
EQ:’,W(I) =—A+u+v) Qiw@®) +AQi1w@®) + o Qixrw(),i =1 (5)

with initial condition Qg w(0) = 1.

3.1 Transient Analysis

In this section, the equations obtained in Sect. 3 are solved using continued fractions
and probability generation functions to obtain transient solutions for the queueing
model.

Evaluation of Qp(7): Laplace transforms and some algebra on (1) yield

* 8 = *
0p() =~ ; 0 5(5) (6)

Taking inverse Laplace transform of (6)

Qp(t) =8¢~ %Y Qip(0) (7)
i=1

Clearly Qp(¢) is expressed in terms of Q; p(¢).

Evaluation of Q; y (¢): Laplace transform and some algebraic on (5) yield

O w(s) A
; - O ® ®)
Qiiw® (s + 2+ py +v) — o
which gives ' A
Q7w () = Bld ()] Qf w(s) ©)

_Jr—2\ A
where ¢ (s) = (Wf;) P =5+A+py v, @y =2k and B, = ‘/;7'
v v

Inverse Laplace transform of (9) gives

Qiw(t) = Ap =" [e"*TTVAL_ (at) — Li(@)}]™ % Qow(®)  (10)

where ‘x’ and ‘i*’, respectively, stand for convolution and i-fold convolution and
I; (at) denotes the modified Bessel’s function of first kind (MBF-I) of order i.
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Clearly Q; w(t) is expressed in terms of Qg w(?).

Evaluation of Q; (¢): Consider z € C(C is the set of complex numbers) such that
|z] <1, Define

Q=Y 0isn7, 0z,0)=0

i=1

Multiplying (2) by z and (3) by z/, after some algebraic manipulations we get

d ad .
S0G D+ [5+ 1= Dn+ (1= u] QG 1) = wQus®) +v ) Qw0

i=1
(11)
Solving (11), we get

t o0
0@z, 1) =v / Y O (y) x e R Gt gy
0 m=1 (12)

t
- M/ 01 p(y) x e CFrutd =) Otz )=y gy,
0

Let I; () be MBF-I of order i. It is well known that

POz )=y _ Z B il (t — )] a3

i=—00

where @ = 2/Ap and 8 = \/g
Fori =0, 1,2, ..., comparing the coefficient of z' on both sides of Eq. (12) using
(13), we get

Qi.p(1) =U/ D 0w () x B hiop(a(t — y))e” I gy
o (14)

t
— / 01.5(y) x B Lt — y))e” PHHtIE=0 gy
0

For negative values of i, i.e. i = —1, =2, =3, ..., Eq.(14) yields

; o0
0=v / 3 0nw () X B M ism(@lt — y))e G gy
0o (15)

t
— f 01.5(y) x B L (et — y))e” *HHtIE=0 gy
0
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Subtracting (15) from (14), we get
Qin(1) =v [y 30y Quw () X B [Lim(a(t = y) = Lipm(@(t — y))] e~ *H1000 gy (16)
Thus Q; p(¢) is expressed in terms of Q; w (¢).
Evaluation of Q w (7): Laplace transform of (4) gives
(s +M)Qow(s) =1+ w0 w(s) + 107 5(s) +eQp(s) a7

Taking Laplace transform of (16) ati = 1 and using (9), we get

00 m—1
0% 5() =2v) BB Qf 4 (5) 7 (13)
1 mX::l (p +p? - a2>
where p =5 + A+ + 4.
Again taking Laplace transform of (16) and using (9), we get
01 5(8) = v X0 BB IB ()] Q1 (5) [( L (”“;’,LZ" ) } (19)

Using (19) in (6)

05 (s) = 2= 2 BB ()" Qf w (5)

qlitm

[(”W | _ <p+m)w} 20)

Using (9) for i = 1, (18) and (20) in (17), and some algebra yields

m—1

Q5w () = Yol Gy [uvﬁv¢(S)+2Mvan°_lﬂl"”ﬁ,ﬁ”{¢(S)}m( N
(,wﬁ) " (o -) ”
2

+§6Tl; Z, IZm 1 \/—{d’( )}m { i—m - it
2D

On inversion, (21) gives

Qow(t)—ZfM [Mvﬂu¢(t)+2uv2ﬂ‘ "BIG(OV {1 (@t) = Ly (@)} e”HFHHE
n=0 Y m=1 o (22)
+edve™ Yy N BB OY " w L (et) = L ()} e_(’\+“+5)’:|

i=1 m=1
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4 System Performance Measures

In this section, we used the transient formulae obtained in Sect. 4 to formulate the
performance measures for the queueing model. Mean system size, system’s through-
put and various system state probabilities are established as follows:

(i) Let Ls(t) = E{N(¢)} be the mean system size at time ¢. Then

Ls(t) = E{N(1)} = [Zi {Qis() + Q,-,Wm}} (23)
i=1

where Q; w(t) and Q; p(¢) are given in Eqs. (10) and (16), respectively.
(i) If T H (¢) is the throughput (effective service rate) of the system at time ¢, then

TH(@) =) pnQist) (24)

m=0

where Q; p(¢) is given by Egs. (16).
(iii) Let PB(t), PW(¢) and P D(t) be the transient probabilities when system is in
busy, WV and in down states, respectively. Then

PB(t)=Y)_ Qip(t), PW(®)=) Qip@®)and PD(t) =) Qp(1)  (25)

i=0 i=0 i=0

where Q; (1), Q;w(t)and Qp(¢) are given by Eqs. (16), (10) and (7), respectively.

5 Numerical Simulation

In this section, numerical simulation results are given in the form of various figures
and tables. MATLAB’s ode45 function, i.e., Runge—Kutta 4th-order method is used
for calculating numerical results. The computation default parameters are set as A =
24,0 =2,8, 0y =2.6,v=1,8 = 0.05andp = 1. In Fig. 2(i), the mean system
size Lg(t) is plotted against time ¢ for various values of A. It is noticed that initially
Lg(t) grows sharply and after some time settles down to a specific value. Also, it is
evident that the higher the value of A, the larger the system size. Form Fig. 2 (ii),
it is clearly observable that if the server serves the customers with a faster rate, the
mean system size L g(¢) will decrease. In Fig. 3 (i)—(ii), the transient throughput of
the system T H (¢) is plotted for varying values of u and p,,. From both of the figures
we see that T H (¢) initially grows rapidly and after some time obtains equilibrium
state and shows steady-state behavior; also T H (¢) goes up with both the parameters

wand py.
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Fig.3 T H(t) versus ¢t for various values of (i) u (ii) iy

InTables 1,2 and 3, itis noticeable that L (¢), T H(t), P B(¢) increase with respect
to time while P D(t) decreases, but P W (t) starts from a lower value and then attains
a peak and finally starts decreasing continuously. Moreover, all the tabulated system
indices except P D(¢) are decreasing but as disaster rate (§) increases (Table 1).
Entirely reverse relation of these system indices with respect to repair rate (¢) is
seen from Table 2; i.e. P D(t) is decreasing but rest of the other tabulated system
indices are increasing as repair rate (¢) goes high. Also, Ls(t), PB(t) and PD(t)
are decreasing but 7 H (¢) and P W (¢) increase with respect to working vacation rate

W, (Table 3).
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Table 1 Various system performance measures for varying values of § with respect to time

s Time (t) | Ls(t) TH(t) PB(1) PW(t) PD(1)
0.05 3 0.51375 1.65609  |0.07607 | 0.55501 0.36889
5 167699 | 2.50884 | 0.3371 0.60191 0.06099
7 220466  |2.62342 046653 | 0.50659 | 0.02688
0.1 3 0.51163 1.65331 0.0751 0.55501 0.36989
5 162949  |2.47886 | 0.3232 0.60535 | 0.07145
7 2.16651 2.5708 043554  |0.51973 0.04473
0.2 3 0.50753 1.64792 007322 055496  |0.37182
5 1.54413 242459 029805 | 0.61156 | 0.09039
7 1.95365 248213 038323  |0.54196 | 0.07481

Table 2 Various system performance measures for varying values of & with respect to time
£ Time (1) Lg(t) TH(t) PB(t) PW() PD(t)
0.5 3 0.30203 1.030121 0.043692 0.349147 0.607161
5 1.244142 2.041886 0.245008 0.521486 0.233506
7 1.939998 2.3997 0.39253 0.500237 0.107233
1.0 3 0.513752 1.65609 0.076071 0.555035 0.368894
5 1.67699 2.508842 0.337098 0.601911 0.060991
7 2.294662 2.623415 0.466533 0.506586 0.026881
1.5 3 0.664195 2.036716 0.100371 0.675261 0.224369
5 1.851207 2.620441 0.37625 0.602669 0.02108
7 2.396506 2.656511 0.487092 0.497174 0.015734

Table 3 Various system performance measures for varying values of 1, with respect to time

Lo Time (¢) | Ls(t) TH() PB(1) PW () PD(1)
2.4 3 0.529794 | 1.545708 |0.077752 |0.553334 |0.368914
5 1748995 | 2.391705 | 0347137 | 0.591551 | 0.061312
7 2389926 |2.526112 |0.480134 |0.49239 | 0.027476
2.6 3 0513752 | 1.65609  |0.076071 |0.555035 |0.368894
5 1.67699  |2.508842 0337098 | 0.601911 | 0.060991
7 2204662 | 2.623415 | 0.466533 | 0.506586 | 0.026881
2.8 3 0498389 | 1.767151 |0.074439 | 0.556686 |0.368875
5 1.608991 | 2.630096 |0.327355 | 0.611965 |0.06068
7 220426 |2.726356 | 0.453235 | 0.520463 | 0.026301
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6 Conclusion and Future Scope

The time-dependent results for an M/M/1 queue with working vacation (WV) and
disaster failure are established by implementing the methods of continued fraction
and probability generation function. The time-dependent results are useful when
the system does not acquire equilibrium conditions. The internet server, cloud com-
puting, telecommunication systems are some examples of such system. Numerical
results are also presented to test the sensitiveness of parameters on various system
descriptors. This model can be extended by including complete vacation.
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Usual Stochastic Ordering Results )
for Series and Parallel Systems glectie
with Components Having Exponentiated

Chen Distribution

Madhurima Datta and Nitin Gupta

Abstract In this paper, we have considered two n-component series systems and
two n-component parallel systems. The random variables corresponding to each of
these components are assumed to be independent and non-identically distributed.
When the random variables followed Exponentiated Chen distribution (denoted as
ECD(a, B, \) where «, 3, A are the 3 parameters), the systems can be compared
based on the usual stochastic ordering. Some counterexamples were constructed to
show that the hazard rate and reversed hazard rate orderings cannot be obtained under
certain conditions.

Keywords Exponentiated Chen distribution - Majorization - Parallel system -
Series system + Usual stochastic order

1 Introduction

Exponentiated Chen distribution is an extension of [1] family of distributions
obtained by using Lehman alternatives. It is used for modeling survival data. The
family of distributions obtained by using Lehman alternatives is known as expo-
nentiated type family. The resultant cumulative distribution function is obtained as
follows

F(x,a) = (Fo(x)*, x>0, a >0,

where Fy(x) is the baseline distribution and F (x, ) is the generalization of Fy(x)
and « is a parameter. This model is referred to as the Proportional reversed hazard
rate (PRHR) model where « is a proportionality constant. The Chen distribution
function introduced by [1] is
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Fx;8,)=0- em_er’)), x>0,6>0,A>0. (1)

Applying the transformation 7 = (eX‘ﬁ — 1)/%in Eq. (1), we observe that T follows
Weibull distribution with scale parameter \ and shape parameter 3. Also [2] extended
Chen distribution by adding a parameter and the survival function of the resultant
Extended Weibull distribution is

_ N
Fx;a,8,)) = (em_"l”) N x>0,a>0,06>0\>0. 2)

[3] introduced another shape parameter to the Extended Weibull distribution and
obtained a four parameter modified Weibull extension distribution using the Marshall-
Olkin technique.

Later [4] introduced the generalization of Chen distribution given by [1] by intro-
ducing a new parameter «. The new distribution function with parameters «, 5, A
is ,

Fiion BN =0 - x50 a>0,8>0,A>0. 3)

[5]discussed various important properties of Exponentiated Chen distribution such as
the density function can be either decreasing or unimodal depending on the param-
eters o and (3. Also the hazard rate function can be bathtub shaped or increasing
depending on « and [3. The reversed hazard rate function of Exponentiated Chen
distribution is

a_ 3 a8
aﬁ)\xﬂ lex e)\(l e*)

Fix;a, B, ) =
( BN 1 — A=)

,x>0,0>0,8>0,A>0. (4

In this paper we have studied the usual stochastic ordering relations for the minimum
and maximum ordered statistics (series and parallel systems respectively) for two
different samples whose components follow the Exponentiated Chen distribution
(ECD). The order statistics are extremely important in reliability theory. Consider
a set of random variables X1, ..., X,, these random variables can be arranged as
X1, Xons o oo, Xpop such that Xy, < Xo., < -+ < X0, here Xy, is the kth mini-
mum of the set and is known as the kth order statistic. Xj., corresponds to the lifetime
of a (n — k + 1)-out-of-n system. Details on order statistics are available in the book
[6]. Pledger and Proschan [7] pioneered the field of stochastic ordering and developed
usual stochastic ordering results for proportional hazard rate models which implied
similar results for exponential distribution, gamma distribution, Weibull distribution,
etc. Studies of stochastic ordering of ordered statistics are extremely popular nowa-
days and a wide variety of stochastic ordering results are available in the literature [8].
The paper has been organized as follows: Sect. 2 includes the definitions of various
stochastic orders followed by some important lemmas. Section 3 contains the usual
stochastic ordering results for series and parallel systems along with few examples
and counterexamples. Lastly Sect.4 summaries the results obtained in the paper.
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2 Definitions

Let the random variables X and Y be absolutely continuous with distribution func-
tions F(x) and G (x); survival functions as F(x) and G (x); probability density func-

tions as f(x) and g(x); hazard rate functions as r(x) = __x and s(x) = E(x) ;
(x) G(x)
. - Jx) 8(x) 1
reversed hazard rate functions as 7(x) = and 5(x) = , where F~* and
F(x) Gx)’

G~ are the right continuous quantiles respectively. Barlow and Proschan [9] con-
tains detailed explanation of the above terms. We shall now explain the stochastic
ordering between the random variables X and Y with the help of above mentioned
terms. These relations are mentioned in the book [10].

(a) X is smaller than Y in the usual stochastic order (X < Y) if and only if F(x) <
G(x)Vx eR.
(b) X is smaller than Y in hazard rate order (X <, Y) if r(x) > s(x), x € R.

G
Equivalently, if 7 *) is increasing in x over the union of the supports of X and
X
Y.

(c) X is smaller than Y in reversed hazard rate order (X <4, Y)ifr(x) < s(x), x €

G
R. Equivalently, if (x
F(x
and Y. )
(d) X is smaller than Y in likelihood ratio order (X <. Y) if & is increasing in

(
f)

; is increasing in x over the union of the supports of X

x over the union of the supports of X and Y.

The likelihood ratio ordering implies both hazard rate and reversed hazard rate order-
ing which again implies the usual stochastic ordering.

Definition 1 Majorization (see [11] for further details)
Consider a = (ay, ..., a,) and b = (by, ..., b,) as two real valued vectors then
a is majorized by b (a < b) if

n k
D ain=) bimand Y aiy =Y biaVk=1,....n—1, (5)
i=1 i i

where a, <--- <au, (b, <---<b,,) is the increasing arrangement of
Ll],...,an(b], ...,bn).

In general for two matrices A = {a;;},nx, and B = {b;;},uxn, A is majorized by B
(A < B)if A= BP,where P = {p;j},xn is a doubly stochastic matrix (this matrix
need not be unique but the existence of atleast one such matrix ensures majorization).
a is weakly submajorized by b (a <y b)) if

k k
Zan—i+l:n = an—i+l:n Vik= 17"'7” (6)
i=1 i=1
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and g is weakly supermajorized by b (a <% b)) if

k k
Y ain =Y b Vk=1,....n 7
i=1 i=1

Note that fora, b € R
a<"b<a<b=a=<wb

Definition 2 Schur-convexity (Schur-concavity) [11] A real valued function
defined on a subset of R” is Schur-convex (Schur-concave) if

a<b=1y@ < (=) yvd), (3
where a = (a1, ...,a,) and b = (by, ..., b,) are two real valued vectors.

Throughout the paper, the notation a £ b has been used to represent sign of a is
same as b. The following lemmas are useful for obtaining results in the next section.

Lemma 1 (Theorem 3.A.4, see [11])
For an open interval A C R, a continuously differentiable function i : A" — R
is Schur-convex (Schur-concave) if and only if it is symmetric on A" and for alli # j,

1= 00 (52 2D 52 0
i J

Lemma 2 (Theorem 3.A.8, see [11])
Let S C R”, a function [ : S — R satisfying

a=<wb(@<“"bonS = fla=fb

if and only if f is increasing (decreasing) and Schur-convex on S.

Lemma 3 Let v : (0, 00) x (0, 1) — (0, 00) be defined as

y(1 =yt

(o, y) = m

€))

Then

(i) Y1(a, y) increases with respect to y for0 < a < 1,
(ii) 1 (a, y) decreases with respect to y for a > 1.

Proof Differentiating 1, (o, ¥) partially with respect to y we obtain,

awl(a7 y) Sg1

3 -1 =%y +1A—=y*=1).
y
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Let fi(y) =ay+ (1 —y)*—1, 0 <y < 1and f1(0) = 0. The derivative of fi(y)
is

o) =ald—>1-y*"
= g1(y) (say).

Again the derivative of g;(y) is
g =ala— D1 =y

The two possible cases are
() for0<a<1, g1(y) <0and g;,(0) =0= g,(y) <0, ie., f{(y) <0.And
8 )
£1(0) = 0= £(y) < 0 which implies W >0,

(ii) forae > 1,g7(y) > 0andg;(0) =0 = g1(y) > 0,ie., f{(y) > 0.And f1(0) =

0 ;
0 = f1(y) > 0 which impliesw < 0. O

3 Results

In this section we shall compare two systems (series and parallel) by using the usual
stochastic ordering relations. We shall henceforth denote that the random variable
X follows Exponentiated Chen distribution as X ~ EC D(«, 3, \). Along with the
results we shall present few examples and counterexamples to support the results.
The first theorem shows the usual stochastic ordering between the sample minimum
or between two series system when only the parameter ) is varying and all the other
parameters remain constant.

Theorem 1 Let X, X», ..., X, beasetofnindependent random variables such that
X;i ~ECD(a,B,N),a>0,8>0,\ >0fori=1,2,...,n. Consider another
set of n independent random variables Y, Y», ..., Y, and the distribution function
of each random variable is ECD(«, B, ;) fori = 1,2,...,n. Then

A<WH:> Xim <a¢ Y100 <a<1)
A =<w = X1 > Yiw(o > 1),

where A = (A1, Aa, ..., Ay) and pp = (p, pa, -« s fin)-
Proof The survival function of the series system X., is
n

— R
FX]:”(x)zl_[[l—(l—e’\k“_” >) ] a>0,3>0 \>0Y¥k=12....n

k=1
(10)
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fx,:n (x) is symmetric with respect to the vector A = (A1, Az, ..., \,). Partially dif-
ferentiating (10) with respect to \;,

& f soya—l
OFx, (x) — a(l - ex‘j)e/\f(lfeﬁ) (1 _ pNill=e })>
—m = Fx,, (%) -
8/\i (1 — (1 — e)\[(l—ex‘ )) )

<0OVAN>0,i=1,2,...,n.

Assume \; # Aj fori, j=1,2,...,n and consider
OFyx, (x) OFx, (x)

A — )\i _ )\ 1:n _ 1:n

1= ) ( N O

= a(\ — \)Fx, @)1 =) (Vi y) — i, ).,

where y; = ¢*1=¢") and the function Y1 (e, y;) is same as in Eq. (9).

Thus using Lemma3, when0 < a < 1, Ay > 0= Fy,, (x) is Schur-convex with
respect to A. And for o > 1, A} < 0 = Fy,,(x) is Schur-concave with respect to
A

Finally using Lemmas 1 and 2, we obtain the following two cases:

(i) for0 < < LA <" = Fy,, (x) < Fy,_, (x),
(i) fora > 1, A <y pu = Fx,, (x) = Fy,, (x). O

Hence the result follows.

Since majorization implies weak majorization, a realization of the above result can
be observed with the help of the following example.

Example 1 Letus consider two series systems with 4 components each, such that the
parameter vectors are taken as A = (0.8, 1.2, 1.3, 1.9) and p= (0.5,0.7,1.5,2.5),

A < p, 8 = 2. The first plot shows FYM (x) — FXM (x) for a = 0.7 and the next plot
for a = 1.5 (Figs. 1 and 2).

It has also been observed that the above result cannot be extended to hazard rate

) . ) . Fy,(x)
ordering under the same conditions. For instance, we observe that the ratio —=—~

F X4 ()C )
is non-monotone for the above example (Fig.3 and 4).

The next result shows the usual stochastic ordering between two maximum order
statistic when the parameters « and 3 are constant but only the parameter ) is varying.

Theorem 2 Let X1, X, ..., X, be a set of n independent random variables where
each X; ~ ECD(a, B, ), a >0,8>0,\ >0fori=1,2,...,n Another set
Y\, Y, ..., Y, be nindependent random variables such that Y; ~ ECD(c, 3, 14;)
fori=1,2,...,n. Then

A <W E => Xn:n SSt Yil:l‘l’
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Fig.1 Fy,,(x) - Fyy.4 0)-Fxy.4 ()
Fx,,(x) > Owhena =0.7 ’ ’

0.008
0.006
0.004

0.002

Fig. 2 FYM (x) — ’—__Y . (X)—Fx "
Fx,,(x) < Owhena =1.5 1:4 1:4

—_
N
w |
N

-0.005

-0.010

-0.015

-0.020

where A = (A1, A2, ..., \n) and/_L = (U1, 25+ -5 )
Proof The distribution function corresponding to the maximum order statistic is

n

13 @
Fxm(x)=]_[(1—e““*€ >> ,a>0,6>0, \>0Vk=12,...,n (11)
k=1

Fx (x) is symmetric with respect to the parameter vector A = (Aq, A, ..., Ay).

nn

Differentiating (11) partially with respect to the parameter )\;, we obtain
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F
Fig.3 20sC) o

Fx4(x)
non-monotone for o = 0.7

F
Fig.d L)
Fx,(x)

non-monotone for o« = 1.5

OFyx,, (x)

O\

B
= — 1— X F _—
ol =)y, ()

Fy.4 W)

Fxq.4 ®)

1.06
1.05
1.04
1.03
1.02

1.01

M. Datta and N. Gupta

0.5 1.0

Fyy4 )

Fx.4 ®)

1.00

0.98

0.96

0.94

0.92

1.5

0.5 1.0

B
eril=e")

>0VAN,i=1,2,...,n.

Fx (x) is increasing in each \; fori = 1,2, ..., n.

nn

Consider for \; # Aj, i # J,

1.5
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Ay =\ — X)) (c’)FX,,:,, (x)  OFx,, (x))

O\ Y
=a(l — ") Fx,, ()N — A (@1 (A) — d1(A)),

. In order to determine the sign of A,, we evaluate

where QS]()\) =1- m

the derivative of ¢ (), )
@ — l)ex(l—e*'")

(1 _ e)\(l—ex‘*))z ’

N =

We observe that ¢ (A) > 0, i.e., ¢ () is an increasing function of A. Thus A, <0
= Fx,,(x) is Schur-concave. Clearly, —Fx,  (x) is decreasing and Schur-convex
w.r.t A. Hence using Lemma?2,

A <" p= Fyx,,(x) > Fy, (x)
= Xn:n st Yn:n~

Example 2 Consider Example 1, the same set of 4 components forms the parallel

F
system and we plot the difference between Fx,, (x) — Fy,,(x), the ratio FYM ((x)) and
Xag (X
F
the ratio _y4—4(x) for @ = 0.7 and o = 1.5 (Figs. 5 and 6).
FX4:4 (x)
F
Further the plot for the ratio M is Figs.7 and 8.
Xga (X
Fig. 5 Fy,,(x) — Fg.q 0)-Fyy 4 ()
Fy,,(x) > Owhena =0.7 0.20
0.15
0.10
0.05
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Fig. 6 Fx,,(x) — FX4:4(X)-FY4:4(X)
Fy,,(x) > Owhena = 1.5
0.25
0.20
0.15
0.10
0.05
X
0 1 2 3 4
Fig. 7 Froa @) is Fyy.q (x)
Fxy, (%)
increasing in x when Fxg.q ()
a=0.7 )
1.00
0.95
0.90
0.85
0.80
0.75
0.70
- X
1 2 3 4

Both the plot Figs. 7 and 8 shows that the ratio of Fy,, (x) and F¥,, (x) isincreasing
irrespective of the value of «, but the analytical proof includes rigorous calculations.
Hence it might be possible that the reversed hazard rate ordering exists for the parallel
system.

. FYM x) _.
Next we plot the ratio of ———— Figs.9 and 10.

F X44 (-x )
The ratio of Fy,,(x) and Fx,, (x) shows that the plot is non-monotone and surely
this implies that the hazard rate ordering for parallel system does not exist under

these circumstances.
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Fy,, (x) is

Fxy(x)
increasing in x when v = 1.5 FX4.4 (x)

Fig. 8

Fryq )

1.0

0.9

0.8

0.7

0.6

0.5

fY4;4 (x) .

Fig. 9 is Fyy )

F X4 ()C)
non-monotone when o = 0.7 FX4. 4 (%)

1.2x108
1.0x108
800000

600000

400000

200000

1.6 18 2.0 22 24

The next theorem proves that there exists usual stochastic ordering relation
between two parallel systems when the parameter (3 is varied and all the other param-
eters remain constant.

Theorem 3 Consider two parallel systems consisting of n components, the com-
ponents of one system corresponds to the set of n independent random vari-
ables X1, X2, ..., X, such that X; ~ ECD(«a, 3;,\) for i =1,2,...,n. Let
Y1,Y2,...,Y, be the random variables corresponding to the components of the
other system, and
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F
Fig. 10 Fria ) 4 Fygq )
Fxy,(x)
non-monotone when o = 1.5 Fxyq )
15x108
1.0x108
500000

1.85 1.90 1.95 2,00

Y ~ ECD(a, B, M) fori = 1,2,...,n. Then A > 1 and 3 < g* = X <« Yo,
where 8 = (01, B2, ..., B) and B* = (B}, B3, ..., By)-

Proof The distribution function corresponding to X, is
n y a
Fx, (x) = 1_[(1 _ e k>) La>0,8>0, A>0Vk=1,2....n (12)
k=1

Fy,, (x) is symmetric with respect to the parameter vector 3 = (81, 0z, - .., By)-
Differentiating (12) partially with respect to 3; we have

OFy,, (x) a)\xﬂ'eA(‘—exji)+X’3f Inx
—a = Fx,, (%)
96;

Consider for 8; # 3,1 # j

1 — er1—e’)

OFy,,(x)  OFy,, (x)
A=@—m( ) O )
’ 7\ B 9B;
= aXInxFy,, (X)(Bi — Bj)(da(x™) — a(x™)),
te/\(l—e’)-H

where ¢, () = T Computing ¢} (), we observe

MO (1 + 1M1 4 Mre! —1 — 1)
(er1=¢) — 1)2 ’

Ph(1) = —
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Let g(r) = (t + 1)e*=¢) 4+ \re! —t — 1 and g(0) = 0.

Also, g'(1) = (1 — M=) (\(r + 1)e' — 1). In order to determine the sign of
g'(@), let h(t) = A& + 1)e' — 1 and h(0) = A — 1. Again differentiating i (), we
obtain

B(@) = de'(t +2)
>0Vt >0,

i.e., h(¢) is an increasing function of 7. Thus, 2(¢) > 0 when \ > 1, and this implies
g(t) is an increasing function of . Hence g(¢) > 0. Finally we conclude that A3 < 0,
or in other words Fy, (x) is Schur-concave with respect to the parameter vector (3.
Using Lemma 1, 3 < #* = Fx,, (x) > Fy,, (x),1.e, Xpp <q Yy for A > 1.

We can realize the above theorem with the help of the following example.

Example 3 Let us consider a 4 component parallel system, such that the ran-
dom variables corresponding to each component follows ECD(0.6, 53;,2), i =
1,...,4 as described in the above theorem. Let 8 = (0.4,0.9,2,7.5) and 3* =
(0.2,1,1.9,7.7), here 3 < (3*. We shall now plot the difference between FX; (x)

Fy,,(x) and Fy,,(x)

nd — here
FX4:4(x) FX4:4(x)

and Fy,,(x), Fig.11 also we can observe the plot for

Figs. 12 and 13.

Thus the reversed hazard rate ordering is not possible but the hazard rate ordering
may exist. Now if the same set of components form a series system, in that case the
plot for Fy,,(x) — Fy,,(x) is Fig. 14.

This shows that there exists a possibility of usual stochastic ordering, but the
analytical proof is quite complicated, and this can be considered as a future problem
Fig. 14.

The next result describes the usual stochastic order relation for the minimum order
statistic with the parameters (3, A being constant and only the parameter « varies.

Theorem 4 Let X, X5, ..., X, be n independent random variables corresponding
to the components of a series system such that each X; ~ ECD(«;, 8, ) for i =
1,2,...,n. Let Y1, Ya, ..., Y, be the set of n independent random variables corre-

spondlng to another series system where the random variables Y; ~ ECD(a, 3, )
fori=1,2,...,n. Then as

((,l) Oé<WC¥ :>X1n>lelm
(b) Zak = Zak = Xnn <Ir Yn:n’

where o = (1, ap, ..., 0p), & = (af, a3, ..., o)

(a) Proof The survival function of X ., is
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Fig. 11 shows Fipd®- Fy (0

Fx,,(x) — Fy,,(x) >0 N

rrrryrrrryrrrrer o)

Fig. 12 shows the plot F,, () /Fy, (%)
Fy,. .
Fria@) is not monotone
Fxyq(x) 0.9084
0.9044
0.9

n

Xﬁ
fxl:n(x):]_[(l—(l—em*f ))ak>,ak>0,ﬁ>0,)\>0Vk:1,2,...,n (13)

k=1

Fyx,, (x)is symmetric with respect to the parameter vector o = (avy, o, . . ., @),
now differentiating (13) partially with respect to a; we obtain

8FXI:N ('x)
80[,'

_ )
= —Fx,, (x)In(1 — 17"

(1 _ e/\(lfe"‘g))a,-

1 — (1 _ e)\(lfe*’ﬁ))a,

>0, Vo, i =1,2,...,n.
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Fig. 13 shows the plot

Py Fy i) / Fyy ()
FY4:4 ) . . ) Y4:4 X4:4
—————— 1S Increasing
F Xq:4 ()C ) 1
200+
1004
0

llll!llll!llll!lllllllllg

Fig. 14 shows i«“Xl: LX) - -va(")
Fxp(x) = Fry,(x) >0 i
N

0.1+

T T T TG T T T T T T T e T T T T g T T T T

For o # «j,i # j, consider

OFx,, OFx,
Ay = (0 — o) ( g;‘(X) - gd"‘(X)>
i j

= (i — a;))Fx,, @) In(1 — 1) @by (ar) — 1a(a)))

1

where (o) =1 — 1— (1 —eXi—e))a’
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(1 _ e/\(l—e*d))n

1-Q1- eN1— e*")) )2'
Therefore, Ay <0, i.e., Fx, (x) is Schur-concave. Using Lemma?2, a <y, a
= Fx,, (x) > Fy, (x) and the result follows. (]
(b) Proof The distribution function of the parallel system represented as X,,., is

It has been observed that ¢,(a) = —In(1 — eA(l—ex"))

%
8
Fr, 0= (1= 0) T 0y =0, 550,450, VE=1,2,...n,

and the corresponding probability density function is

n

" Q-1

XJ f X3 £
S =D (1= 207D ) b BAxIeAI=e
k=1
X) . . ..
It is enough to prove that the ratio f—(() is increasing in x. And
X’l’l x

S¥o (X) ;a,’; =) ‘Zo‘k Zak)
Fam@ & (1 )

2o
k=1

Differentiating with respect to x, we find that

i(fyn;n(”)
x \ Sy (0
Zak ( Y

n n
n 5 (Z of — Z ap—1)
Zak Zo‘k (1 _M—e )) k=1 k=1

= Baxd—1 M- ) ’)k 1

> o
k=1
n n
> 0 for Zak < Za;:.
k=1 k=1

k=1 k=1

Hence the result follows. O

Example 4 Consider two series systems each having 3 components. For system 1,
the random variables corresponding to each component are X, X», X3 such that
X; ~ ECD(q;, 3, \), fori = 1,2,3 and for system 2, the random variables cor-
responding to each component are Y;, Y, Y3 and each Y; ~ ECD(o, 3, ), for
i =1,2,3. The parameter values are 3 =3, A =2, and o = (1, 1.6,2.8), a* =
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Fro() s Fy () - Fyy ()
Fx,;(x) = Fy,;(x) for X1:3 o vi:3
varying o

-0.44

Trrryrrrrgprrrrer e

(1.2, 1.5, 3). The plot for the difference of their survival function, Fx,,(x) — Fy,,(x)
See Fig. 15.

The above graph shows that the difference is negative and hence there exists an
usual stochastic ordering between X .3 and Y;.3. In other words Theorem 4 holds true
for a 3 component system.

4 Inference

The results discussed in this paper include the usual stochastic ordering between
X ., and Yy, (two series system) when the parameter A is varied, or when only
the parameter o has been varied. Whereas for two parallel systems, usual stochastic
ordering exists when only the parameter A is varied, or only the parameter 3 is varied.
A likelihood ratio ordering has been possible for X,,., and Y,,.,, (two parallel systems)
when the parameter « is varying.
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