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Abstract This article examines the impact of boundary conditions on the buck-
ling load for rectangular uniform isotropic plates of different aspect ratios and cut-
out shapes. Plates with cut-outs have been extensively used in many applications
like an aircraft fuselage, wings, etc. So proper understanding of their buckling is
a crucial step before implementing them in various applications. Tests have been
completed on aluminium alloy plates with circular holes and notches under different
boundary conditions comprising of clamped, fixed and their combinations are consid-
ered. For complex geometries like such, analytical methods are tiresome and time-
consuming, hence numerical methods are enforced to obtain very close results to
what is expected from an analytical solution. Analysis by the numerical method
is led and the effect of aspect ratio, boundary conditions, and cut-out shape on the
buckling behaviour of isotropic plates under in-plane axial compression load is inves-
tigated and discussed. Buckling analysis is performed by employing finite element
analysis software ANSYS. The numerical results received are in true agreement with
the formerly posted data.
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1 Introduction

Reddy defines a plate as: “A plate is a structural element with plan form dimen-
sions that are large compared to its thickness and is subjected to loads that cause
bending deformation in addition to stretching [1]”. These thin structural elements
are predominantly used in automobiles, ships, planes, bridges and buildings. When
these slender components are subjected to axial compressive loads, they fail suddenly
due to a phenomenon known as buckling instability [2]. Buckling of a plate is defined
as the loss of its stability under compressive loading [3].

Buckling of plates is an imperative topic in structural engineering, be it mechan-
ical, civil, marine, or aircraft structures. The prediction of buckling of structural
members restrained laterally is crucial for designing numerous engineering compo-
nents [4]. An important feature of this elastic buckling is that the instability may
also occur at a stress degree that is extensively lower than the yield strength of the
material.

Too often, it is almost inevitable to have holes in these plate elements due to their
practical requirements like maintenance, inspection and service and also to produce
lighter and more efficient structures. These perforations cause a redistribution of the
plate membrane stresses accompanied by changes within the mechanical behaviour
of the plate with notable modification in their stability [5, 6]. Loss of stability implies
that shape of the buckled structure vagaries into a different configuration when the
loads reach a critical value. At a certain given critical load, the plate will all of a
suddenpresent a large deflection in the out-of-plane transverse direction [7].Buckling
occurrence relies on the shape of the structure, properties of the material, loading
configuration and boundary conditions. Different bodies buckle in different ways.
Flat plates experience bifurcation buckling, aka classical buckling [8].

A large number of researches have been done to study the buckling behaviours of
perforated plates in the last decade. The first theoretical examination of buckling of
plates was attributed to Bryan. Using the energy criterion of stability, he was able to
perform the buckling analysis of rectangular plates subjected to uniaxial and uniform
compression loads [9, 10]. The analysis methods espoused in the published articles
can be segregated into two classes, i.e. linear elastic buckling and nonlinear elasto-
plastic buckling. Amongst the elastic buckling studies category, El-Sawy and Nazmy
explored how aspect ratio affected the critical buckling loads of rectangular platewith
rectangular and eccentric circular holes under uniaxial and uniform compression load
[11].

El-Sawy andMartini used the FEM techniques to find the elastic buckling stresses
of biaxial loaded perforated rectangular plates with circular holes located in the
longitudinal axis [12]. Finite element analysis (FEA) is by far the most effective and
widely used numerical method in structural engineering. That is due to its profound
theory and its ability to analyze complicated geometries and include nonlinearities.
ANSYS® [27] provides ready-to-use general-purpose FEA software that has the
capability of coupling different analysis fields. Most of the known exact buckling
loads of plates have been summarized in the text by Timoshenko and Gere [13]. On
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the other hand, Moen and Schafer formulated and authorized analytical expressions
for assessing the impact of single or multiple holes on the elastic buckling crit-
ical stress of plates on compression [14]. Subsequently, Paik examined the ultimate
strength properties of perforated plates under edge shear loading, axial compressive
loading, and the combined edge shear loads and biaxial compression, and put forward
empirical formulae to speculate the ultimate strength of the same, derived from the
regression analysis of the nonlinear FEA results [15–17]. Rao and Rao explored
the buckling load responses of circular plates with internal elastic ring support and
extended their study by restraining the edges against any translational and rotational
movements [18].

Buckling of circular and annular plates with guided edges [19–21] and with
elastic/rigid ring support [22] and elastic edges [23, 24] studied by Rao and Rao.
However, they have not considered the cut-out in their study. In the pool of studies
devoted to the problem of elasto-plastic buckling, El-Sawy et al. studied the elasto-
plastic buckling of uniaxially loaded square and rectangular plates with circular
cut-outs by using FEM techniques [25].

This article deals with buckling analysis of uniform isotropic aluminium plates
under diverse boundary conditions. The effects on critical buckling load by the
number of cut-outs, aspect ratio and specific boundary conditions are studied. First,
the problem statement is described. Next, the test specimens and final element model
are presented. Then, the consequences of different parameters are discussed in the
light of the results.

2 Problem Statement

In this study, buckling loads of aluminium alloy have been determined numerically;
effects of different parameters like boundary conditions, length to thickness ratio, and
cut-out shape were studied. The rectangular plates made of aluminium alloy with
and without cut-outs chosen for study are shown in Fig. 1. The elastic properties
of aluminium alloy used in this study are given in Table 1. The cut-out chosen are
central hole, central notch, 3 holes and 6 notches with diameter D. The diameter D
of the cut-outs are 2.5 mm, 5 mm, 10 mm, 15 mm, and other dimensional parameters
chosen for this study are given in Table 2.

3 Finite Element Model

In this investigation, the commercial finite element code ANSYS was used as a tool
for performing numerical analysis. The investigation included five different types of
rectangular plates (with and without cut-outs as seen in Fig. 1), four different lengths,
2 different thicknesses which contributed to eight different L/T ratios, four different
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Fig. 1 a Simple plate b plate with central hole c plate with 3 holes d plate with central notch e
plate with 6 notch

Table 1 Material property of
aluminium alloy

Elastic properties Values

Density kg mˆ−3 2770

Young’s modulus Pa 7.10E + 10

Poisson’s ratio 0.33

Bulk modulus Pa 6.90E + 10

Table 2 Plates considered in this study

Width (mm) Thickness (mm) Length (mm) Length/thickness ratio

30, 40 3, 4.5 75, 150, 250, 300 16.66, 25, 33.33, 50, 55.55, 66.66, 83.33,100

radii of cut-outs and finally 2 sets of boundary conditions. The boundary conditions
implemented in this study were as follows:

• Both opposite edge of the plates is clamped, whilst the remaining edges are free
(CC)

• Lower end of the plate is clamped, whilst all the remaining three edges are free
(CF).

Figure 2 represents the boundary conditions, and Fig. 3 shows a typical finite
element mesh used for plates with cut-outs. The element used in this study is eight-
noded SHELL 91 multi-layered shell elements which pose 3 rotational degrees of
freedom and 3 displacement degree of freedom. In the presence of cut-outs, large
numbers of nodes were used around the vicinity of cut-outs for proper results. From
Fig. 2, it can be noticed that a compressive load was applied to the rectangular plates
in the y-direction.
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Fig. 2 Boundary conditions used on rectangular plates

4 Validation of the Model

The verification of the present model was acknowledged through a paper published
by Baba, [26]. The reason behind referring to this particular paper was it has very
similar cut-outs and loading conditions with the present work. Table 3 shown below
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Percentage error   = (Pmodel buck   - Preference buck) × 100 / Preference buck

Fig. 3 Finite element mesh incorporated in the buckling analysis

Table 3 Buckling loads for validation and material properties

Plate without hole Plate with circular
hole

Plate with
semi-circular hole

CC CP CC CP CC CP

Buckling load [17] 234.81 118.64 228.78 116.65 229.25 116.81

Buckling load (FEA model) 235.82 120.79 230.92 119.18 228.26 119.17

Percentage error % 0.43 1.81 0.93 2.16 0.43 2.02
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provides buckling load for all three types of plates which are simple plates, a plate
with a central hole and a plate with semi-circular holes. The composite material
property used in the study are shown in Table 3 as well.

Mechanical properties Unit Values

E1 GPa 39

E2 = E3 GPa 8.2

G12 = G13 = G23 GPa 2.9

V12 = v13 = v23 GPa 0.29

t mm 0.1875

Buckling load for the stacking sequence 8 [0/45/-45/90] as with two boundary
conditions (CC, CP) for all types of plates was calculated using the present FEA
model. The validation process shown in Table 3 has an average percentage error of
1.29%. Thus, it can be observed there is a good agreement between the present study
and the values available in the literature.

Percentage error = (Pmodel buck− Preference buck)× 100/Preference buck

5 Result and Discussion

This study aims to understand the effect of cut-outs, boundary conditions and L/T
ratio on the buckling load under compression loading. The buckling loads (2 Modes)
for different aluminiumalloy plates are tabulated below.Buckling loadswith 2Modes
for a plate of chosen length L= 75 mm is tabulated in Table 4. Whilst the 2Modes of
buckling loads for a plate of length L = 150 mm are compiled in Table 5. Similarly,
Tables 6 and 7 speak for the buckling load of a plate of length L = 250 mm and
300mm respectively. Graphs are used in this study to compare the effects of different
dimensions of cut-outs and L/T ratio. In Fig. 4,Mode 1 buckling loads for a plate of L
= 75 mm are plotted against the different diameter of cut-outs, and graphs for Mode
2 buckling loads can be found in Fig. 5, the graphs are plotted after considering
the possible L/T ratio which can be found above each plot. Similarly, Figs. 6, 7,
8, 9, 10 and 11 represent Mode 1-Mode 2 buckling loads of a rectangular plate of
length L = 150 mm, 250 mm, 300 mm, respectively. To study the effect of the L/T
ratio, buckling loads from simple plates have been used. Figure 12 (Mode 1) and
Fig. 13 (Mode 2) show the influence of the L/T ratio on buckling loads for different
boundary conditions considering bothwidthsW = 30mm, 40mm into consideration.
A particular samplemodelwas chosen and the visualization of buckling of the sample
model for both modes is presented in Fig. 14. The following section deals with the
buckling results of aluminium alloy plates.
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Fig. 4 Variation of buckling load for a plate of length 75 mm-mode 1 a CC condition width 30 b
CC condition width 40 c CC condition width 30 d CC condition width 40 e CF condition width 30
f CF condition width 40 g CF condition width 30 h CF condition width 40
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Fig. 4 (continued)
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Fig. 4 (continued)

5.1 Effect of Cut-Outs

Aluminium alloy plates with and without cut-outs are extensively used in industries
for their easy manufacturability and low-cost purposes. To meet the design require-
ment, it is important to understand the buckling response of such plates. In this
section, the effect of the central hole, 3 holes along with the central notch, and 6
notches are taken into account.

It can be seen that the buckling load gradually decreases with the introduction of
holes and notches into the simple geometry (Figs. 4 and 5). Comparing the result
obtained for the plate of length L = 75 mm in Mode 1, we can notice that as the
diameter of the cut-out increased there’s a drop of about 17% in buckling load for
a plate with a central hole, 18% drop for a plate with 3 holes, 25% drop for a plate
with central notch and 22% drop for a plate with 6 notches in the CC boundary



Numerical Analysis of Buckling in Rectangular Plates … 227

Fig. 5 Variation of buckling load for a plate of length 75 mm-mode 2 a CC condition width 30 b
CC condition width 40 c CC condition width 30 d CC condition width 40 e CF condition width 30
f CF condition width 40 g CF condition width 30 h CF condition width 40
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Fig. 5 (continued)
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Fig. 5 (continued)

conditions. A similar decrease in buckling load for increasing diameter of cut-outs
can be observed in all other cases of varying lengths and other boundary conditions
(CF), especially in Mode 1 buckling analysis (Figs. 6, 8 and 10). As the investigation
is carried out with all possible L/T ratios it has become easy to compare the effect
of different cut-outs with varying L/T ratios.

With the increase in the L/T ratio, the influences of cut-outs on buckling loads
are boosted. There is a drastic drop in buckling load under CC boundary conditions
for different cut-outs as the L/T ratio increased. This can be noticeably seen in the
Mode 1 table for a plate of Length L = 75 mm (Table 5).

Similar trends are followed in all cases of varying lengths. After tabulating all
the buckling loads, it merits referencing that even though plates with central hole
patterns have somewhat less buckling load than those with a central notch pattern at
a lesser diameter range, but the diameter increased the buckling load of holes was a
little higher than the notches. The conduct of plates with holes and notch patterns is
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Fig. 6 Variation of buckling load for a plate of length 150 mm-mode 1 a CC condition width 30 b
CC condition width 40 c CC condition width 30 d CC condition width 40 e CF condition width 30
f CF condition width 40 g CF condition width 30 h CF condition width 40
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Fig. 6 (continued)
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Fig. 6 (continued)

very much alike, regarding buckling load. This can be clarified by the way that the
regions of holes and notch patterns are equivalent.

When the Mode 2 buckling analysis is considered, the same decrease in buckling
load has been noticed for increasing diameters of cut-outs for nearly all cases of
varying length, width and L/T ratio. However, at one special case, the buckling loads
increased as the diameter of the cut-out increased, these special cases were noticed
under the plate of length L= 75mm,widthW = 40 (Fig. 5). This increase in buckling
load was only observed in this case and all other types of the plate had their buckling
load decreasing for an increase in diameter of cut-outs (Figs. 7, 9 and 11).
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Fig. 7 Variation of buckling load for a plate of length 150 mm-mode 2 a CC condition width 30 b
CC condition width 40 c CC condition width 30 d CC condition width 40 e CF condition width 30
f CF condition width 40 g CF condition width 30 h CF condition width 40
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Fig. 7 (continued)
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Fig. 7 (continued)

5.2 Effect of Length to Thickness Ratio

This part of the paper deals with the effect of length to thickness ratio on buckling
load for different plate dimensions. As mentioned earlier in Table 2, totally eight
different L/T ratios were used in this study. All the possible buckling loads in both
Mode 1 and Mode 2 for different L/T ratios were tabulated in Tables 4, 5, 6, and
7. As mentioned earlier, buckling loads from simple plates are used to study the
effect of the L/T ratio. As expected, the numerical analysis showed the reduction in
buckling load for increasing L/T ratio which can be noticed in both Fig. 12 for Mode
1 and Fig. 13 for Mode 2. The reduction in buckling load as the L/T ratio increased
from 16.66 to 100 was about 98% in all the cases on which the buckling analysis
is studied. This drop has to be considered, whilst design components which include
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Fig. 8 Variation of buckling load for a plate of length 250 mm-mode 1 a CC condition width 30 b
CC condition width 40 c CC condition width 30 d CC condition width 40 e CF condition width 30
f CF condition width 40 g CF condition width 30 h CF condition width 40
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Fig. 8 (continued)
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Fig. 8 (continued)

plates because the L/T ratio plays a major role in buckling load and an optimum L/T
ratio must be picked in any case.

In many cases, the buckling loads of different cut-outs of the same diameter have
very similar values under the sameL/T ratio.Another special case can be noticed from
Figs. 12 and 13, i.e. the buckling load slightly increased for all boundary conditions
despite the width, when the L/T ratio was around 55.5 and then decreased gradually
as the L/T ratio increased further.
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Fig. 9 Variation of buckling load for a plate of length 250 mm-mode 2 a CC condition width 30 b
CC condition width 40 c CC condition width 30 d CC condition width 40 e CF condition width 30
f CF condition width 40 g CF condition width 30 h CF condition width 40
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Fig. 9 (continued)
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Fig. 9 (continued)

5.3 Effect of Boundary Conditions

In this study, the aluminium alloy plates are investigated with 2 different boundary
conditions to exhibit different characteristics under buckling load. Boundary condi-
tions have the highest effect on buckling loadwhen compared to other parameters like
cut-outs and L/T ratio. Tables 4, 5, 6, and 7 tabulates the buckling load of different
plates under both CC and CF boundary conditions.

Figures 4, 5, 6, 7, 8, 9, 10 and 11 show the effect of boundary condition on
rectangular plates under compression loads. It can be noticed from both table and
figure that different boundary condition has a different influence on buckling load. In
general, it can also be observed that the buckling loads under CCboundary conditions
are much higher than the CF boundary conditions in all studied cases.
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Fig. 10 Variation of buckling load for a plate of length 300 mm-mode 1 a CC condition width 30
b CC condition width 40 c CC condition width 30 d CC condition width 40 e CF condition width
30 f CF condition width 40 g CF condition width 30 h CF condition width 40
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Fig. 10 (continued)
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Fig. 10 (continued)

Results show that the buckling load of the plates impressively increased under all
boundary conditions as the L/T proportion diminished. The distinction in buckling
load brought about by the changing of L/T proportion is almost the equivalent for
every one of the boundary conditions. The test results likewise foresee essentially
a similar pattern. Due to the rigidity of the CC boundary condition, they usually
possess a higher buckling load than the CF boundary condition despite the influence
of other effects of cut-outs and L/T ratio.

From Fig. 12 and Fig. 13, we can notice that the buckling load for CC conditions is
much greater than the CF conditions for chosen width and a similar trend is followed
in bothModes of buckling analysis.When compared, there is a constant drop of about
70–75% in buckling load from CC boundary condition to CF boundary conditions
for all L/T ratios.
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Fig. 11 Variation of buckling load for a plate of length 300 mm-mode 2 a CC condition width 30
b CC condition width 40 c CC condition width 30 d CC condition width 40 e CF condition width
30 f CF condition width 40 g CF condition width 30 h CF condition width 40
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Fig. 11 (continued)
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Fig. 11 (continued)

6 Conclusion

In this article, the buckling reaction of aluminium alloy rectangular plates with two
different boundary conditions is considered. The considered rectangular plates have
changed the aspect ratio, cut-out shape. The test results for the numerical analysis
are obtained from ANSYS finite element code after proper validation of the integrity
of this tool.

From the present numerical analysis study, the following conclusions can bemade.

1. The diminishing buckling load for both Mode 1 andMode 2 due to the presence
of cut-outs was found to be prominent. With the increase in diameter of the
various cut-outs, the buckling load was found to be dropping exponentially.
This proves that the presence of cut-outs lowers the buckling load. From the
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Fig. 12 Effect of L/T ratio on the rectangular plate for different boundary condition and widths
(Mode 1)

Fig. 13 Effect of L/T ratio on the rectangular plate for different boundary condition and widths
(Mode 2)

discussion on the effect of cut-outs, we can also conclude that the effect of both
holes and notches behaves similarly.

2. The increase in buckling load in Mode 2 for L = 75 mm andW = 40 mm in CC
boundary condition was noticed because of the close dimensional parameters,
as the length and width dimensions are close to each other and also the rigidity
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Fig. 14 Visualization of both mode 1 and mode 2 buckling in a rectangular plate with different
cut-outs a cut-out with 3 holes b cut-out with 6 notches c cut-out with central hole d cut-out with
central notch e simple plate with no cut-outs
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increase for smaller plates in CC boundary conditions, combined effect of these
two reasons are the conclusion behind the increase in buckling load.

3. As the L/T ratio increased, the buckling load in both Modes decreased dras-
tically. From the earlier discussion, we can conclude that the buckling load
decreased about 98% when the L/T ratio increased from 16.66 to 100.

4. The clamped boundary condition showed the highest buckling load amongst
the other boundary conditions. As already mentioned, it is only because of the
rigidity that arises when components are clamped at ends. The buckling loads
of CF conditions are much smaller when compared to CC boundary conditions.
We can notice a drop of the buckling load of about 70–75% from CC to CF
boundary condition for all widths despite the change in L/T ratio.
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