Chapter 5 ®)
Permutation Groups oo

In this chapter, we construct some groups whose elements are called permutations.
Often, an action produced by a group element can be regarded as a function, and
the binary operation of the group can be regarded as function composition. The
symmetric group on a set is the group consisting of all bijections from the set to itself
with function composition as the group operation. These groups will provide us with
examples of finite non-abelian groups.

5.1 Inverse Functions and Permutations

In this section, we study certain groups of functions called permutation groups.

Theorem 5.1 If f: X —> Y, g:Y — Zand h : Z — W are functions, then their
compositions are associative, i.e., (hog)o f =ho (go f).

Proof 1t is straightforward. |

Definition 5.2 For any non-empty set X, the identity function is the function idy :
X — X defined by idx(x) = x, forall x € X.

Clearly, if f : X — Y is any function, then f oidx = f andidxo f = f.

Definition 5.3 Let f : X — Y be a function. We say that f has an inverse function
if there exists a function g : ¥ — X such that f o g = idy and g o f = idy.

Theorem 5.4 If a function f : X — Y has an inverse, then this inverse is unique.

Proof Suppose that g and 4 are both inverses for f. Then, wehave go f =ho f =
idy and f o g = f o h = idy. Thus, we obtain
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106 5 Permutation Groups
h=hoidy =ho(fog)=(hof)og=idxog=g.

This yields that the inverse of f is unique. |
The inverse of f is denoted by f~!.
Theorem 5.5 A function f : X — Y has an inverse if and only if f is a bijection.

Proof Assume that f is a bijection. We define a function g : ¥ — X as follows:
g =x & fx)=y.

Since f is one to one, it follows that g is a function. Now, by the definition, f o g =
idy and g o f = idy.

Conversely, suppose that f has an inverse f~!. First, we show that f is one to
one. If f(x1) = f(x2), then

xp =idx(x)) = f7H(f ) = f7(f () = idx(x2) = xa,
hence f is one to one. In order to show that f is onto, take any y € Y. Then,
y=idy(y)=fof7» =10 =f),

where x = f~!(y). So, f is onto. ]

Theorem 5.6 If f : X — Y and g : Y — Z are bijections, then so is the function
gof.

Proof Suppose that f and g have inverse functions £ ~! and g ', respectively. Then,
we obtain  (go f)(flog N =id;, and (flog N(go f)=idyx.
Hence, the inverse of go f is f~' o g~'. Consequently, by Theorem 5.5, go f
is a bijection. ]

Definition 5.7 Let X be a non-empty set. A bijective function from X to itself is
called a permutation of X.

For an arbitrary non-empty set X we define Sy to be the set of all permutations.

Theorem 5.8 The set Sx of all permutations of X is a group under composition of
functions.

Proof We check the group axioms for Sx. By Theorem 5.6,if f, g € Sx,then f o g €
Sx. The associativity axioms holds by Theorem 5.1. The identity element is idy.
Finally, the definition of an inverse function shows that if f~! is the inverse of f,
then f is the inverse of f~!. Consequently, £~ is a bijection. |

Since the composition of functions is not commutative, it follows that Sy is not
abelian, for | X| > 3.

Let us make a small example to understand better the connection between the
intuition and the formal definition.
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Example 5.9 Let X = {O, B, A}. Then, the permutations that belong to Sy are:

0—-0 oy |
ldX NN f12 B0
A— A A — A
OFeY | O—A
fa: H-A IEEEd Y |
A—O A—O
-0 0—- A
fa: H-A f5:«H-0
A—H A—H

Exercises

1. Define f : N — Nby f(1)=2, f2)=3,f3) =4, f4) =17, f(7) =1,and
f(n) = nforanyothern € N.Showthat f o f o fo fo f =idy. Whatis f~!
in this case?

2. Let f : Z — Z be a function. For each of the following cases, find a left and a
right inverses if exist.

X if x is even
2x + 1 if x is odd
x/3 if x = 0(mod 3)
x + 1 otherwise.

(a) f(x):{
(b) f(X)={

3. Let f : Z — Z be defined by f(x) = ax + b, where aandb are integers. Find
the necessary and sufficient conditions on a and b such that f o f = idz.

4. Let f : X — X be a function such that f(f(x)) = x, for all x € X. Prove that
f is a symmetric relation on X.

5. Afunction f : X — Y is said to be left cancellable if for any set Z and for any
mappings g and & from Z to X such that f o g = f o h, then g = h. Prove that
afunction f : X — Y is left cancellable if and only if f is one to one.

6. A function f : X — Y is said to be right cancellable if for any set Z and for
any mappings g and 4 from Y to Z such that go f = h o f, then g = h. Prove
that a function f : X — Y is right cancellable if and only if f is onto.

7. Given two sets X and Y we declare X < Y (X is smaller than Y) if there is a
mapping of Y onto X but no mapping of X onto Y. Prove that if X <Y and
Y <Z,then X < Z.

8. If X is afinite set and f is a one to one function of X, show that for some positive
integer n,
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fofo...of =idy.
—_—

n times

9. If X has m elements in Exercise 8, find a positive integer n (in terms of m) that
works simultaneously for all one to one mappings of X into itself.
10. Ifa € X and H = {f € Sx | f(a) = a}, show that H is a subgroup of Sy.
11. Let X be an infinite set and let H be the set of all permutations f € Sy such that
f(a) # a for at most a finite number of a € X.

(a) Prove that H is a subgroup of Sy;
(b) Show thatif f € Sx,then f~'Hf = H.

12. If X has three or more elements, show that we can find f, g € Sx such that
fog#gof.

13. Observe that for any positive integer x, we have x = 2" (2n + 1), for some non-
negative integers m and n. This means that we can define f : N — (NU {0}) x
(N U {0}) such that f(x) = (m, n), as indicated above. Prove that f is one to
one and onto.

14. (Schroder-Bernstein Theorem). Let X and Y be two sets such that

(a) For a subset A of X, there is a one to one correspondence between A and Y;
(b) For a subset B of Y, there is a one to one correspondence between B and X.

Prove that there exists a one to one correspondence between A and Y.
15. Let G be a group and let a be a fixed element of G. Show thatthe map f, : G —
G, given by f,(x) = ax, for x € G, is a permutation of the set G.

5.2 Symmetric Groups

In this section we briefly introduce some basic concepts and constructions that we
will need later. Permutations are usually studied as combinatorial objects, we will
observe that they have a natural group structure.

Definition 5.10 The group Sy is called the symmetric group or permutation group
on the set X.

The group of permutations of the set X = {1, ..., n} is denoted by S,.

Theorem 5.11 The order of S, is equal to n!.

Proof We count how many permutations of {1, 2, ..., n} exist. We have to fill the
e (I 1]

1 23 n
with numbers 1, 2, ..., n with no repetitions. For box 1, we have n possible choices.

When one number has been chosen, for box 2, we have n — 1 choices, and so on.
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Consequently, we have
nn—1)n-2)...2-1=n!

permutations and so the order of S, is |S,| = n!. |

We can describe a permutation o € S, in several ways. A convenient notation for
specifying a given permutation o € S, is

1 2 3 ... n

a a, az ... a, )’
where a; is the image of k under o, for each 0 < k < n. In this case, we write
ko = a;. Accordingly, regarding this notation one must be absolutely sure as to

what convention is being followed in writing the product of two permutations. If
7,0 € §,, then we reiterate that o T will always mean: first apply o and then t.

Example 5.12 Let
(12345 d._(12345
O =\23154) ™M™= 13542

be two permutations in Ss. Then, we have

m:<1 5) roz(l
3 4 ) 2
01_(1 5) 1

3 4 ) 1

There is another notation commonly used to specify permutations. It is called
cycle notation.

234
512
234
125

Definition 5.13 Let1 < k <mnandletay, a,, ..., a; be k disjoint integers between
1 and n. The cycle (a; a» ... a;) denotes the permutation of §,, that sends

ay — dp,
a; — as,

ag—1 —> A,
ay — ap,

and leaves the remaining n — k numbers fixed. We say that the length of the cycle
(a1 ar ... ay)isk.

It is clear that our choice of starting point for the cycle is not important. Thus,
(ayay ... ar) = (ay ... ar ay). The inverse of a cycle is a cycle. More precisely,
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Fig. 5.1 An illustration of a e
cycle notation

(arar ... a) " = (ar ar—1 ... a1).

Example 5.14 As an illustration of cycle notation, let us consider the permutation
1234567
5314762)°

This assignment of values could be presented schematically as in Fig.5.1.

Example 5.15 The cycle (3 4 1 6) means the permutation where 3 — 4, 4 — 1,
1 — 6, 6 — 3, and all the other elements are fixed. So, (34 1 6) € S7 corresponds

to
1234567
6416):(6241537)’

Example 5.16 Suppose that (1 3 4 2) and (2 5 3) are two cycles in Ss5. Then

12345\(12345
(1342)(253)—<31425)(15243)
(12345
—<21453>
= (12)(345).

Example 5.17 We may write S3, in Example 5.9, as
S3={id, (12), (13), (23), (123), (132)}.

The following is Cayley table for Ss.
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: id (12) (13) (23) (123 (132
id id (12) (13) (23) (123 (132
12 | 12 id  (123) (132) (13) (23)
13 | a3 132 id (123 23) (12
23) | 23 123 132 id (12)  (13)
123)| (123 @3 @12 (13 (132 id

132 132 13 @3 12 id  (123)

Definition 5.18 Two cycles (a; a; ... a;) and (by by ... b;) are distinct if
{ar,az, ...,y N {b1,ba, ..., b1} = 0.

Lemma5.19 I[fo = (ajay ... ax) and t = (by by ... b)) are distinct, then ot =
10.

Proof Let1 <i <k —1.Since a; ¢ {b1,..., b}, it follows that a;T = a;. Hence,
we get

a;(to) = a;o0 = a;y.
Also, since a; 41 ¢ {by, ..., b}, it follows that
a;(0T) = a; 1T = aj41.
Similar arguments for each 1 < j <[ show that

b](fo‘) = bj-l—la = bj+1 = b]T = b](O'T)

and
ar(ot) = a1t = a) = a0 = a(10),
bl(O"L') = b[‘L’ = b] = b]U = bl(TU).
Finally, if j € {ay, ..., a;, by, ..., b}, then
Jj(to) =)o =jo=j=jr= (o)t =j(o1).
Therefore, for each j € {1,...,n} we have j(ot) = j(ro). This yields that ot =
T0. |
Leto € S,. Foreach x, y € {1,2, ..., n}, we define the relation

X =,y & x =xo* for some integer k.

Lemma 5.20 The relation =, is an equivalence relation.

Proof Indeed, we have

(1) x =, x since x = xo0.
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(2) If x =, y, then y = xo*. Hence, x = yo —*. This implies that y =, x.
(3) Ifx =, yand y =, z,theny = xo/ and z = yo* for some integers j, k. Hence,

we obtain
7 = yok = xolok = xo k.
This implies that x =, z.
|
This equivalence relation induces a decomposition of {1, 2, ..., n} into disjoint

subsets, namely the equivalence classes. Suppose that m, is the smallest positive
integer such that xo” = x. Then, the equivalence class of x under o consists of the
numbers x, xo, xo2, ..., xo™"1,

Theorem 5.21 Every permutation in S, can be written as a cycle or as a product of
disjoint cycles. Up to reordering the factors, this is unique.

Proof Let o be any permutation in S,. Then, its cycles are of the form (x xo xo?2 ...

xo™~1). Since the cycles of o are disjoint, it follows that the image of a €
{1,2,...,n} under o is the same as the image of a under the product, &, of all
distinct cycles of o. Consequently, o and § have the same effect on each element of
{1,2,..., n}. Therefore, o = §. In this way, by Lemma 5.19, we observe that every
permutation can be uniquely expressed as a product of disjoint cycles. ]

This factorization is called the cycle decomposition of o. The cycle structure of
o is the number of cycles of each length in the cycle decomposition of o. For each
k =1, ..., n assume that m; denote the number of cycles of length k. Then, we say
that o has cycle structure

1,...,1,2,...,2,...,n,...,n.

S—— S—— N—— —’
m my my
As notation for cycle type, we abbreviate this to 17", 2™, ... n™".

Example 5.22 The permutation
0=(12)(356)(438)

in Sg has cycle structure consisting of one cycle of length 1, two cycles of length 2,
and one cycle of length 3.

Theorem 5.23 The number of permutations in S, of cycle structure of the form
1M 2m o n™ is equal to

n!

myl. .. myl1mi2me | pma
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Proof A permutation of the given cycle structure is produced by filling the integers
1,2, ..., n into the following boxes:

Cl--Cied O] CEfd-LE

—— —
mi my ms3

There exist n! ways of doing this. But some of these ways give the same permutation
of S,,. We try to count them.

(1) There exist m;! permutations of cycles of length 1, m;! permutations of cycles of
length 2, m3! permutations of cycles of length 3, and so on. So, we must divide
by mi!...m,!.

(2) Each cycle of length 2 can be written in two ways, i.e., (@ b) = (b a). Similarly,
each cycle of length 3 can be written in three ways, i.e., (a bc) = (b c a) =
(c a b), and so on. So we must divide by 172" .. . n™»,

This completes the proof. n
Definition 5.24 A cycle of length 2 is called a transposition.
Corollary 5.25 Any cycle in S, is a product of transpositions.

Proof 1f (a; a, ... ai) is an arbitrary cycle in S, then
(@1 ar ... ) = (a1 @2)(a1 a3) ... (a1 a,),

as desired. |

Theorem 5.26 Everypermutationin S, (n > 2)is either a transposition or a product
of transpositions. In other words, S, is generated by transpositions.

Proof First, note that the identity permutation can be expressed as (1 2)(1 2), so it
is product of transpositions. By Theorem 5.21, we know that every permutation is
a cycle or a product of cycles. By Corollary 5.25, since each cycle is a product of
transpositions, it follows that S, is generated by transpositions. ]

Theorem 5.27 The symmetric group S, is generated by n — 1 transpositions (1 2),
13),...,(n).

Proof By Theorem 5.26, we know that S, is generated by transpositions. Now, if
(a b) be an arbitrary transposition, then

(@ab)y=>1a)1b)1 a).

This yields the desired result. |

Theorem 5.28 The symmetric group S, is generated by n — 1 transpositions (1 2),
23),...,(m—1n).
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Proof By Theorem 5.26, it suffices to show that each transposition (a b) in S, is
a product of transpositions of the form (i i 4 1), where i < n. Suppose thata < b.
For the proof we use mathematical induction on b — a that (a b) is a product of
transpositions (i i + 1). This is obvious when b — a = 1, because (a b) = (aa + 1)
is one of the transpositions we want in the desired generating set. Now, suppose that
b — a = k > 1 and the theorem is true for all transpositions moving a pair of integers
whose difference is less than k. We have

(aby=(@a+1)a+1b)laa+1).

The transpositions (@ a + 1) and (a a + 1) lie in our desired generating set. For
the transposition (a + 1 ) we have b — (a + 1) = k — 1 < k. So, by assumption,
(a 4+ 1 b) is a product of transpositions of the form (i i + 1), so (a b) is as well. B

Lemma 5.29 A cycle of length m has order m.
Proof 1t is straightforward. u

Theorem 5.30 The order of a permutation written in disjoint cycle form is the least
common multiple of the lengths of the cycles.

Proof Suppose that o € S, and ¢ = 0103 ...0}, where the o; (i = 1,...,k) are
disjoint cycles of length m;. Let m be the least common multiple of my, m,, ..., my.
Since m;|m for each 1 <i <k, it follows that

o" = (0105...00)" =0o"0y)"...0} =id,

where id is the identity permutation in S,. Consequently, the order of o is at most
m.

Now, suppose that 0" = id. This implies that o{o; ...0; = id. Since o; (i =
1, ..., k) are disjoint, it follows that o/ = id. Since o; is of order m;, it follows that
m;|r. This yields that m|r. Therefore, we conclude that o is of order m. |

Example 5.31 We want to determine the number of permutations in S; of order 3.
By Theorem 5.30, it is enough to count the number of permutations of the form

(1) (abo),
(2) (@abo)xyz).

For the first case, there exist 7 - 6 - 5 such triples. But this product counts the permu-
tation (a b c) three times. Thus, the number of permutations of the form (1) is equal
to 70.

For the second case, there exist 70 ways to create the first cycle and % =8 to
create the second cycle. So, we have 70 x 8 = 560 ways. But this product counts
(abc)(xyz)and (x y z)(a b c) as distinct while they are equal permutations.
Consequently, the number of permutations in S7 of the form (2) is 280.

Therefore, we have 70 + 280 = 350 permutations of order 3 in S7.
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Lemma 5.32 Let o be any permutation in S,, and let
o=(a ...a;))by ... bj)...(ct ... cx)

be the cycle decomposition of o. Then, for each T € S,, we have

7 lor = (ait ... a;t)(byT ... bjl’)...(Cl'L' ... CkT) (5.1

which is a product of disjoint cycles.

Proof We have
(t)t ot = ajoT = at,

(ai_17)t ot = aj_j0T = a;T,
(@;0)t"'ot = agioT = ayt,

(bt)t ot = biot = by,

(bj_ﬂ')‘[_lO"L' = bj_]OT = bj'L',
(bjv)t ot =bjotr = by,

(c;)t ot =cioT = a1,

(Ck_l‘f)‘filo'f = Ck—10T = CkT,
(cxt)t ot = ot = 1.

Moreover, if o do not move integer d, then 77 o7 do not move dt. So, we see that

the right side of (5.1) acts on every integer of {1, ..., n} in the same way as T ~'o 7.

This completes the proof. |
Now we are ready to cut down the size of a generating set for S, to two.

Theorem 5.33 The symmetric group S, is generated by the transposition (1 2) and
the cycle (12 ... n).

Proof By Theorem 5.28, itis enough to show that the productsof (12)and (12 ... n)
give all transpositions of the form (i i 4+ 1). We may take n > 3. Suppose that T =
(12 ... n). Then, by Lemma 5.32, we have

711 2)r = (17 21) = (2 3),
and more generally fori = 2,...,n — 1, we obtain

=D 2)7i~! = (17~ 20y = (i i + 1).

This completes the proof. |
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Theorem 5.34 Two permutations in S, are conjugate if and only if they have the
same cycle structure up to ordering.

Proof Suppose that ¢ and § are conjugate. Then, there exists 7 € S, such that
7710t = §. Now, by Lemma 5.32, we conclude that o and 6 have the same cycle
structure.

Conversely, suppose that

o=(a ...a)by ... bj)...(ct ... ),
§=(ay ... a)®) ... b)...(c} ... ),

be two permutations of S,, with the same cycle structure. Now, we define 7 to be the
permutation of S, which sends

ap —aj, ...a; > a,
b]—)b/,...bj—>b;,

L= Cly oo k= €

By Lemma 5.32, 7~'o'7 and § are the same permutation. ]

Definition 5.35 Two permutations o and t in S, are said to be similar if there exists a
one to one correspondence between the cycles of o and 7 such that the corresponding
cycles have same length.

Corollary 5.36 Two permutations in S, are similar if and only if they are conjugate.
Definition 5.37 A group G is centerless if Z(G) = {e}.

Theorem 5.38 S, is centerless if n > 3.
Z(S,) = {id}.

This means that the center of symmetric group is the subgroup comprising only the
identity permutation.

Proof Suppose that o is a non-identity permutationin Z(S,) andleto = 007 ... 0y,
where o;s are distinct cycles with lengths /;s such thatl; < -.- <[, <[;. We consider
the following two cases:

Case 1: Letoy = (a; ar ... a,) withm > 3. Since o € Z(S,), it follows that
o(ay ax) = (a; ap)o . Since o;s are distinct, it follows that o (a; a») = (a; a»)oy, or
equivalently

(a1 ay ... ap)(a) az) = (a1 az ... ay)a) az).

This is a contradiction, because in the left side of the equality we have a,, — a;
while in the right side we have a,, — a>.
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Case 2: Let 01 = (a; ap). Since n > 3, it follows that there exists a3 such that
as # ay and az # ay. Since o € §,,, it follows that o (a; a, a3) = (a; a» az)o, or
equivalently

(a1 a2)os ...ox(ay ax az) = (a1 az az)(a; a)o . . . oy.

Since a; and a; do not appear in cycles o7, . . ., oy, it follows that in the left side of the
last equality a; — a3 while in the right side a; — a;. This is again a contradiction.
Therefore, we conclude that Z(S,) = {id}. [ |

Exercises
1. Let
_(12345678) 4, (12345678
“=\s6415723)™MPT\21586374)
Compute each of the following:

(@ a™l;
(b) afa;
(c) o’B;
(d) ap™>.

2. Write each of the following permutations as a product of distinct cycles:

(a) 3456)(43)(123);
(b) (12)(23)(24)(135).

3. Give the Cayley table for the cyclic subgroup of S5 generated by

o < 12345 >
“\24513)°

4. Determine eight elements in Sg that commute with (1 2)(5 6)(3 4). Do they form
a subgroup of Sg?
Find five subgroups of Ss of order 24.
Find the number of permutations in the set {o € S5 | 20 = 5}.
How many elements of order 6 are there in the symmetric group Sj;?
Find all powers of the cycle 0 = (x; x2 ... x,).
Find all permutations in the symmetric group S,, which commute with the cycle

(x1 x2 ... x,), where x| xp ... x, is a permutation of the numbers 1, 2, .. ., n.
10. Count the number of elements of S, having at least one fixed point.

Yoo
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11.

12.

13.

14.

15.

16.

18.

19.

20.

21.

22.
23.

24.

25.

26.

5 Permutation Groups

Given the permutations « = (1 2)(3 4) and 8 = (1 3)(5 6). Find a permutation
y such that y “lay = B. Is y unique?
Prove that the permutations

are conjugate in the symmetric group Sg, and find the number y € S¢ such that
ylay =B.

Show that the permutations in S9 which send the numbers 2, 5, 7 among them-
selves form a subgroup of Sg. What is the order of this subgroup?

If n is at least 3, show that for some f € S,, f cannot be expressed in the form
f =g forany g € S,.

What is the smallest positive integer n such that S, has an element of order
greater than 2n?

Show that in S7, the equation x> = (1 2 3 4) has no solutions but the equation
x3 = (123 4) has at least two.

. Let X be the set Z3;, and let f : X — X be the permutation f(x) = 2x. Decom-

pose this permutation into disjoint cycles.

Let X be the set Zyo, and let f : X — X be the permutation f(x) = x>. Decom-
pose this permutation into disjoint cycles.

Find the cycle decomposition of the permutation induced by the action of com-
plex conjugation on the set of roots of x> — x + 1.

In Sy, find the subgroup generated by (1 2 3) and (1 2). Also, for this subgroup,
find the corresponding subgroup o ! Ho, for o = (1 4).

Find necessary and sufficient conditions on the pair i and j in order that
(A2 ...n), (@ J) =S

Show thatforall 1 <i <n,wehave (23 ... n), (1i)) =3S,.

Determine a permutation o € S, such that forevery 1 <i, j <n,

i<j=io < jo.

Find the maximum possible order for a permutation in S, for n =5, n =6,
n=7,n=10,and n = 15.

A permutation is called regular if it can be decomposed into disjoint cycles
of the same length. Prove that every power of a cycle of length n in §, is a
regular permutation. Prove that the length of each of the disjoint cycles in this
decomposition divides .

Prove that every regular permutation is a power of some cycle.
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5.3 Alternating Groups

The alternating groups are among the most important examples of groups. We study
some of their properties in this section.

Theorem 5.39 If a permutation o can be expressed as a product of even number of
transpositions, then every decomposition of ¢ into a product of transpositions must
have an even number of transpositions. In symbols, if

O=T7T...T and O'=5152...5m

where the t’s and the §’s are transpositions, then k and m are both even or both odd.

Proof We consider a polynomial p of n variable

play,...,a,) = (a1 —ax)(a; —a3z) ... (a; — a,)
(ay —a3)(az —aq) ... (a2 —ay) ... (an—1 — ay)
= H(d,‘ —Clj).
i<j

If o € S, we define

(7*(p(a1, cees an)) = l_l(aia - aja)-

i<j
Suppose that T = (r s) is a transposition with » < s. Then, we have

t(plar, ..., a,)) = H(aif —ajy).

i<j

Note that a,, — ay; = a;, — a, = —(a, — ay), and if a, and a, do not exist in a factor,
then this factor is fixed under t. The other factors can be expressed in one of the
following forms:

(D) (ag —a)(a, —ar),if s <k,
2) (ap —ag)(a, —ay),ifr <k <s,
3) (ax — ay)(ay — a,),ifk < r.

Therefore, we conclude that t*(p(ay, ..., a,)) = — f(ai, ..., ay).
Ifo =11... 1%, where 71, 12, ..., T are transpositions, then
o*(plar,....an)) = (... w) (plar, ..., ay)) (52)

= (_l)kp(als e an)-

Similarly, if o = 68> ... 6,,, where §;, 82, . .., §,, are transpositions, then
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U*(p(al, ... ,a,,)) = (8182 ... Sm)*(p(al, e, an))
=(—D"p(ay,...,a,). (5-3)

Comparing (5.2) and (5.3), we conclude that
(=D = (=D

This implies that these two decompositions of o as the product of transpositions are
of the same parity. ]

Therefore, any permutation is either the product of an odd number of transpositions
or the product of an even number of transpositions, and no product of an even number
of transpositions can be equal to a product of an odd number of transpositions.

Definition 5.40 A permutation which can be expressed as a product of an even
number of transpositions is called an even permutation. A permutation which can be
expressed as a product of an odd number of transpositions is called an odd transpo-
sition.

If we define the sign of a permutation o as
P(alm cee ana)

sgn(o) = ———,
g plai,...,a,)

then
1 if o is even

sgn(o) = { —1 if o is odd.

Ifo,§ € §,, then

Algsy -0
sgn(a&) _ p( loé naS)
(al""vail)
plaiss, -~~7anm§) . p(ala’”-’ana)

p(a167-~-van0) p(alv"'7an)
sgn(o) - sgn(é).

To summarize in words, the sign of the product is the product of sign,

even x even = odd x odd = even,
even x odd = odd x even = odd.

Theorem 5.41 If A, is the set of all even permutations, then A, is a subgroup of S,,.

Proof 1If 0,5 € A, then we have 06 € A,. Since A, is a finite closed subset of the
finite group S,,, it follows that A,, is a subgroup of S,,. |

A, is called the alternating group of degree n.

Theorem 5.42 Ifn > 1, the order of A, is equal to n!/2.
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Proof For each even permutation o, the permutation (1 2)o is odd, and if o # §,
then (1 2)o # (1 2)4. Hence, there are at least as many odd permutations as there are
even ones. On the other hand, for each odd permutation o, the permutation (1 2)o
is even, and if o # §, then (1 2)o # (1 2)5. Hence, there are at least as many even
permutations as there are odd ones. This yields that there exist equal numbers of
even and odd permutations. Since |S,,| = n!, it follows that |A,| = n!/2. |

Theorem 5.43 For eachn > 3, A, is generated by cycles of length 3.

Proof Suppose that o € A,,. Then, o is a product of even number of transpositions.
Let a, b, ¢, and d are four different numbers between 1 and n. Then, we have

(ab)@c)=(abo),
(ab)(cd) = (ach)(chd).

This completes the proof. |

Theorem 5.44 Foreachn > 3, A, is generated by cycles of the form (1 a b), where
2<a,b<n,anda # b.

Proof 1f 0 € A,, then o is a product of transpositions. Since (a b) = (1 a)(1 b)
(1a)foreach2 < a,b < n,anda # b, it follows that o is a product of transpositions
of the form (1 a). Since o is even, the number of transpositions of the form (1 a)
in o is even. But for each a # b, we have (1 a)(1 b) = (1 a b). This completes the
proof. ]

Theorem 5.45 Foreachn > 3, A, is generated by cycles of the form (1 2 a), where
2<a<n.

Proof 1f n = 3, then A3 = {id, (12 3), (13 2)}is generated by (1 2 3). So, we
assume that n > 4.

Each cycle of length 3 in A, containing 1 and 2 is generated by the cycle of the
form (1 2 a), because (1a2) = (12a)"".

For each cycle of length 3 in A, containing 1 but not 2, we have

(Lab) = (12b)(12a)(12b)(12b).

Now, by Theorem 5.44, the proof completes. ]

Theorem 5.46 For each n > 3, A, is generated by consecutive cycles of the form
(@aa+1la+2),wherel <a<n-—2.

Proof 1If n =3, then A3 = ((1 2 3)). If n =4, then by Theorem 5.45, A, =
((123),(124)). Since

124)=(123)234)(123)(123),
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it follows that A4 = ((12 3), (23 4)). Now, assume that n > 5. By Theorem 5.45, it
suffices to show that (1 2 a) can be obtained from a product of consecutive cycles of
length 3. We apply mathematical induction on a. Leta > 5 and (1 2 b) be a product
of consecutive cycles of length 3, for 3 < b < a. We have

(12a)=(12a-1D)(12a-2(a—-2a—1a)(12a—1)(12a—2).

Now, the inductive assumption show that (1 2 a) is a product of consecutive cycles
of length 3. ]

Theorem 5.47 For eachn > 3, A, is generated by

(1) 123)and (12 ... n)ifnisodd;
(2) (123)and (23 ... n)ifniseven.

Proof Note that if n = 3, then we are done. So, we suppose that n > 4.
(1) Letnbeoddand t = (12 ... n). Then, we conclude that T € A,,. Moreover,
foreach 1 <a <n — 3, by Lemma 5.32, we get

T2t =11 2t"3tY) =(a+1a+2a+3) €A,

Now, by Theorem 5.46, we are done.
(2) Let nisevenand T = (2 3 ... n). Then, we have t € A,. Also, for each
1 <a <n—3,by Lemma 5.32, we obtain

123 =1t 2t 3t)=(1a+2a+3) € A,.
Finally, since (1a 4+ 1a+2) and (1 a a 4+ 1) are in A,,, we can write
la+la+2)(laa+1)=(@a+1a+2)eA,.
Now, by Theorem 5.46, the proof completes. ]

Theorem 5.48 Ifn > 5, then all cycles of length 3 are conjugate in A,,.

Proof Suppose that ¢ and § are two cycles of length 3in A,. By Theorem 5.34, there
exists a permutation t € S, such that 77 lot =68.If t € A, then we are done. So,
suppose that 7 ¢ A,.Leto = (a b c¢). Since n > 5, it follows that there exist x and y
notin{a, b, c}. Wesetd = (x y).Since#~'o0 = o, itfollowsthat (97) o (67) = 6,
where 67 € A,,. |

Theorem 5.49 For each n > 4, the center of A, is
Z(A,) = {id}.

This means that A, is centerless, for n > 4.
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Proof We show that, for every non-identity permutation o, there is a permutation in
A, that does not commute with o .

Since o is not the identity, it follows that o maps an element a into b with a # b.
Since n > 4, we can choose distinct ¢ and d not equal to a and b. Now, we claim
that the cycle (b ¢ d) does not commute with o. Indeed, o (b ¢ d) maps a into c, but
(b c d)o maps a into b. Therefore, no o other than the identity commutes with every
element of A,. In other words, no o other than the identity is in the center of A,,.

Thus, the only element of the center of A, is the identity. |
Exercises

1. Let o and 7 belong to S,. Prove that o ~'7~!o 7 is an even permutation.

2. Prove that there is no permutation o such that o ~'(1 3 4)o = (1 2)(4 6 7).

3. Compute the order of each member of A4. What arithmetic relationship do these
orders have with the order of A4?
4. Prove that As has a subgroup of order 12.
5. Show that A4 has no subgroup of order 6.
6. Show that the group As contains no elements of order 4, and precisely 15 elements
of order 2. How many elements of are there of orders 3, 6, respectively?
7. Show that Ag contains an element of order 15.
8. Find a cyclic subgroup of Ag that has order 4.
9. Find a non-cyclic subgroup of Ag that has order 4.
0. Suppose that H is a subgroup of S, of odd order. Prove that H is a subgroup of
A,
11. Let n be an even positive integer. Prove that A, has an element of order greater
than n if and only if n > 8.
12. Let n be an odd positive integer. Prove that A, has an element of order greater
than 2n if and only if n > 13.
13. Let n be an even positive integer. Prove that A, has an element of order greater
than 2n if and only if n > 14.
14. Let H = {0%| 0 € S,}and K = {062 |0 € S5}. Provethat H = A, and K = As.
15. Let H = {06? | 0 € Sg}. Prove that H # Ag.
16. Why does the fact that the orders of the elements of A4 are 1,2, and 3 imply that
|Z(A)] =17
17. For n > 1, let H be the set of all permutations in S,, that can be expressed as a
product of a multiple of four transpositions. Show that H = As.
18. Consider S, for a fixed n > 2 and let ¢ be a fixed odd permutation. Show that
every odd permutation in S, is a product of o and some permutation in A,,.
19. Show that if o is a cycle of odd length, then o? is a cycle.
20. Show that every permutation in A, is a product of cycles of length n.
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5.4 Worked-Out Problems

Problem 5.50 Show that if n > m, then the number of cycles of length m in S, is
given by
nn—1Dn—-2)..n—m+1)

m

5.4)

Solution We count how many cycles of length m in S, exist. We have to fill the
boxes:

1 2 3 m

with the numbers 1, 2, ..., n with no repetitions. We have n choice for the first
box. Then, n — 1 choice for the second box, n — 2 choice for the third box,
and so on. Finally, we have n —m + 1 choice for the last box. So, there are
nn—1)(n—2)...(n —m+ 1) choices for a cycle of length m, but we empha-
sis that some them are the same. For example, the following cycles are the same:

e If m =2, then (a b) = (b a) (2 equivalent notations);

e If m =3, then (a b c) = (b c a) = (c a b) (3 equivalent notations);

elf m=4,then @abcd)=0bcda)=(dab)=(dabc) 4 equivalent
notations).

In general, by induction we deduce that for cycles of length m, there are m equiv-
alent notations. Since we have n(n — 1)(n — 2)...(n — m + 1) choices to form a
cycle of length m in which there are m equivalent notations, it follows that the number
of cycles of length m in S, is equal to (5.4). |

Problem 5.51 If n is at least 4, show that every element of S, can be written as
a product of two permutations, each of which has order 2. (Experiment first with
cycles.)

Solution First, we begin with an example. Let (a; a; ... a7) be acycle. We consider

a = (ay a7)(az ag)(az as)
B = (ax a7)(az ae)(as as).

Since « and S are products of disjoint transpositions, it follows that o () = o(8) = 2.
Moreover, it is easy to see that ¢ = (a; a> ... a7). Next, we generalize the above
example to an arbitrary cycle o = (a; a» ... a,). We take

a = (Cl] an)(aZ anfl) o (ai an7i+l) cee (am an7m+l)a
ﬂ = (az ay)(az a,—1) . .. (aiJrl anfiJrl) cee (am+1 Cln,er]),

where m = [n/2]. Again, since « and 8 are products of disjoint transpositions, it fol-
lows that o(«) = o(B) = 2. Now, we claim that o = «. Since « and § are products
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Table 5.1 A short table of values p(n)
n 1 2 3 4 5 6 7 8 9 10
pn) 1 2 3 5 7 11 15 22 30 42

of disjoint transpositions, what they do to any one g; is determined just by the trans-
position containing that a;. Hence, fori < m, the transposition (¢; a,—;+1) in @ sends
a; 1o a, ;41 and then the transposition (@; | a,—;+1) in B sends a,_;+ to a; 4. In view
of this, if i < m, then @B sends a; to a;;1. Now, ifi > m,thenwetake j =n —i + 1.
We have j <m andi =n — j + 1. So, the transposition (a; a,—;4+1) is in & and it
sends ¢; = a,_j4+1 to a; and the transposition (a;_14+1 @y—(j—1)+1) = (@ ay—j42) in
B sends a; to a,_j,>. But since j =n —i + 1, it follows that n — j +2 =i + 1.
Therefore, we observe that «f8 sends a; to a;+; when i > m. Consequently, o = of3.

Finally, suppose that o is an arbitrary permutation. We can write 0 = 0103 . . . 0%,
where o;s are disjoint cycles. According to the above argument, each of o; can be
written as the product of two permutations «; and §;, where o(«;) = o(8;) = 2, and
a; and B; only permute the numbers appear in o;. Since o;s are disjoint, if j # i,
then «; and B; are disjoint from «; and B;. Consequently, o;; commutes with «; and
Bi, for alli # j. Therefore, we conclude that

O = 0102...0% =a1ﬁ1a2ﬁ2...akﬁk
:alaz...akﬁlﬁz...ﬁk.

Since a product of disjoint transpositions has order 2, it follows that

o(araty...ar) =o0(Bi1B2...Br).

This completes the proof.
|

Problem 5.52 Letn be a positive integer. A sequence of positive integers ny, ns, . . .,
nigsuchthatny > n, > --- >nrandn = ny +ny + - - - + ng, is called a partition of
n. Let p(n) denote the number of partitions of n. Table 5.1 is a short table of values
p(n): Show that the number of conjugate classes in the symmetric group S, is p(n).

Solution Let o be a permutation in S,. We can write o as a product of distinct cycles
as follows:

(al ay ... akl)(bl b2 bkz)...(cl Ccy ... ij)

such that ky > k, > --- > kj and k; + k» + - - - + k; = n. This is a unique expres-
sion, and so for each permutation we obtain a unique partition. By Corollary 5.36,
two permutations are conjugate if and only if they are similar; in other words, they
give rise to same partition. Hence, corresponding to a conjugate class we get a unique
partition of n.
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Conversely, letny > n, > --- >n, andn = n| + ny + - - - + n, be a partition of
n. Then, there is a permutation T which has a cycle decomposition of the type

X x2 oo %) Y2 oo V) (122 - Ty

Each § € S, similar to t is conjugate to 7, and every permutation in S,, conjugate to T
is similar to 7. In this way, for each permutation we can associate a unique conjugate
class, namely, conjugate class of t.
Therefore, there exists a one to one correspondence between conjugate classes in
S, and partitions of n. Consequently, the number of conjugate classes in S, is equal
to p(n).
]

Problem 5.53 Let s(n, k) denote the number of permutations in S, which have
exactly k cycles (including cycles of length 1). Show that

sn,)=m—-1)!
and fork > 2
sm,ky=smn—1,k—1)+n—1Dsn—1,k).

Also, prove that

n

Zs(n, Dxf=x":=x(x+1...x+n—-1).
k=1

The s(n, k) are known as Stirling numbers of the first kind. The expression x™ is
known as the nth upper factorial.

Solution Itiseasytoseethats(n, 1) = (n — 1)!. In general, we sort the permutations
in S, with exactly k cycles into two parts, depending on whether the permutation
contains the cycle (n) of length 1. There exist s(n — 1, k — 1) permutations con-
taining the cycle (n). The other permutations are formed by inserting » after any of
the n — 1 elements in the s(n — 1, k) permutations of n — 1 elements into k cycles.
Consequently, fork > 2, weobtains(n, k) =s(n — L,k— 1)+ (n — D)s(n — 1, k).
Now, we can verify the formula for s(n, k) by induction. It is easy to see that the for-
mula holds for n = 1. Suppose the formula is true for s(m, k), where m < n. Then,
we have
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n

Z s(n, k)xk

k=1

=(n— 1)!x+Zs(n —1Lk—Dx"+n— I)Zs(n— 1, k)x*

k=2 k=2

n—1

=@—Dlx+x) s(n—1kx
k=1

+(n—1) Zs(n —1,kx*—m— 2)!x>

k=1
=m—-Dx+xx®D 4+ @m— 1)(x("_1) —(n— 2)!x)
=x+n—x0D
= x™

as desired. |

5.5 Supplementary Exercises

1. Let G be a group of order 2m, let g € G have order 2, and let A, : G — G be
defined by g(x) = gx. Show that A, is a product of m disjoint transpositions.

2. Show that the symmetry group of a rectangle which is not a square has order 4.
By labeling the vertices, 1, 2, 3, 4 represents the symmetry group as a group of
permutations of the set {1, 2, 3, 4}.

3. Prove that Sy is abelian if and only if | X| < 2.

4. Let H be a subgroup of S,. Show that either H is a subset of A, or exactly half
of the elements of H are even permutation.

5. List the elements of the following subgroup in Sy:

((14)(23), (12)(34)).

6. Consider the permutation

123456 7 8 9 1011 12 13 14 15 16 s

831694101213 5 11151614 2 7 )

(a) Findits sign and its order. Compute the centralizer o and compute the number
of elements in this centralizer;

(b) Write down o'%% as a product of disjoint cycles.

7. Let G be a non-abelian group of order 2p for some prime p # 2. Prove that G
contains exactly p — 1 elements of order p and it contains exactly p elements
of order 2.

8. If p is a prime number, show that in S, there are (p — 1)! + 1 elements x satis-
fying x? = e.
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10.

11.

12.

13.
14.

15.

16.

17.
18.

5 Permutation Groups

In the symmetric group S4 find two elements that neither commute with each
other and are not conjugate to one another.

Let o be the cycle (12 ... m). Show that o is also a cycle of length m if and
only if k is relatively prime to m.

Which permutation of the set X = {x;, x2, x3, x4, x5} leave the polynomial
X1 4 xp — x3 — x4 invariant? Find a polynomial in these variables which is left
invariant under all permutations in the group ((x; x» x3 x4), (x2 x4)) but not by
all of Sy.

If o € A,, prove that

1
Cy4,(0) =Cs,(0) or [Cy,(0)] = §|Csn(0)|-

Ifo=(12... m)eS,, show that |Cs,(0)| = (n — m)!m.
Let a(n, m) denote the number of permutations ¢ € S, such that 6™ = Id (with
a(0, m) = 1). Show that

d

Z a(i;,!m)xn = exp Z %

n=0 dim

Letn > 2 and let A be the set of all permutations in S, of the form

o= [] k-0,

1<i<k/2

fork =3, 4, ..., n+ 1. Show that A generates S, and that each o € S, can
be written as a product of 2n — 3 or fewer elements from A.
Let p be a prime congruent to 1 (mod 4), and consider the set

X ={(x,y,2) e N | x? +4yz = p}.
Show that the function

x+2z,z,y—x—2) ifx<y—z
x,y, 90—~ 3 2y—x,y,x—y+z) ify—z<x <2y
(x =2y, x—y-+zy ifx >2y

is a permutation of order 2 on X with exactly one fixed point. Conclude that the
permutation (x, y, z) — (x, z, ¥) must also have at least one fixed point, and so
x? + 4y* = p for some positive integers x and y.

Find the permutation representation of a cyclic group of order n.

(Stirling Numbers of the Second Kind). In Problem 5.53, we have seen that the
Stirling numbers s (n, k) of the first kind count the number of ways to partition a
set of size n into k disjoint non-empty cycles. The Stirling numbers of the second
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kind, denoted by S(n, k), count the number of ways to partition a set of size n
into k non-empty disjoint subsets. It is clear that S(n, 1) = 1.

(a) Find S(n, 2);
(b) Forn > 0, show that S(n, k) =kS(n —1,k)+S(n — 1,k — 1);
(c) Show that

X" =" S(n, k)x®.

k=1

19. In the symmetric group S, foreachk =3, ..., n,let

53]
on =[]0k,
i=l

for example
o3 = (12),
oy = (13),
os = (14)(23),
0o = (15)24),
o7 =(16)(2534),
os = (17)(26)35).

Show that permutations o, o3, ..., o, generate S,_;.
20. An affine geometry comprises a set X whose elements are called points together
with various subsets of X called lines such that

(a) Each pair of distinct points is contained in exactly one line;

(b) Each pair of distinct lines has at most one point in common;

(c) Given aline L and a point P not on it, there exists exactly one line L" which
contains P and has no point in common with L;

(d) There are at least two lines. Figure 5.2 gives a pictorial representation of an
affine geometry with 4 points and 6 lines.

Fig. 5.2 Affine geometry D
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A collineation of an affine geometry is a permutation of the points of X which
maps lines to lines. Show that the set of all collineations form a group under
composition. What is the order of the collineation group of the above 4 element
affine geometry?
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