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— TO GET A TASTE OF GRAPH ALGORITHMS — it seems
a good idea to have a look at the early achievements that are
still widely in use today.

Before we start a word of warning.! Debugging may help
you find errors in your algorithm, but it can never prove that
your algorithm is correct.

— Actually 2 — there cannot be a procedure that tests if an
algorithm terminates or not. Minsky gives the following proof
of this. Assume there were a procedure proper(-) that takes as
input any procedure L and outputs TRUE if L terminates and

FALSE otherwise. The following example provides a contradiction.

Consider the procedure L shown in Algorithm 2. When L
is proper then it is improper and vice versa. Hence, the
procedure proper(-) can not exist.

: procedure L
use package proper

whistle once

1

2

3:

4: while proper(L) do
5

6 end while

7

: end procedure

© The Author(s), under exclusive license to Springer Nature Singapore Pte Ltd. 2022

T. Kloks, M. Xiao, A4 Guide to Graph Algorithms, https://doi.org/10.1007/978-981-16-6350-5_2

Check for
updates

LT read this in one of Dijk-
stra’s very early articles.

2In Concrete Math the side
note “skip to the next sec-
tion” would appear here.

Algorithm 2: Minsky’s exam-
ple of a procedure that is nei-
ther proper nor improper.
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18 Algorithms

2.1 Finding and counting small induced subgraphs

TRIANGLES IN GRAPHS can be found via fast matrix multipli-
cation of its adjacency matrix. This gives an algorithm to find a
triangle in O(n%) where & < 2.376.

In 1997 Alon, Yuster and Zwick showed that a triangle can
be found in O(m**/=+!) = O(m*!'). (This improved an earlier

O(m™?) algorithm by Itai and Rodeh.) 3 31n this section we express
the run - time of algorithms
In this section we show how their method can be used to find a as a function of n and m.

4

diamond in a graph in O(TTLB/2 + Tl‘x). 4 A diamond is a graph with

4 vertices; obtained from Ky
by removing one edge. A
graph is diamond-free if no
Exercise 2.1 induced subgraph is isomor-
phic to the diamond.
A graph is diamond - free if and only if the neighborhood of every

vertex induces a graph in which every component is a clique.

Hint: If a graph has no diamond then every neighborhood is P3-free
— ie — every component of a neighborhood is a clique.

The algorithm to check if a graph G has a diamond first
partitions the vertices in those that have ‘low’ degree and ‘high’
degree. Let D be some number. A vertex is low degree if its degree
is at most D and otherwise it is high degree. Let L be the set of
vertices that have low degree and let H be the set of vertices that
have high degree.

The search for a diamond is split in 4 parts.

Phase 1. check if G has a diamond with a vertex of degree 3 that is of low
degree

Phase 2. check if G has a diamond with a vertex of degree 2 that is of low
degree

Phase 3. if no diamond was found then remove all vertices of low degree.
Let G* be the graph that remains.

Phase 4. check if G* has a diamond.



2.1 Finding and counting small induced subgraphs

We show how each phase is implemented. We assume that the
adjacency matrix A is given. For each x € L construct adjacency
lists for the graph induced by N(x). This can be accomplished
in O(d(x)?) time. Then compute the components of G[N(x)] and
check if each component is a clique. This can be done in O(d(x)?)
time. If some component is not a clique then a P3 is found in
O(d(x)?) time. ® Tt follows that this phase can be completed in
time

) dx)? < 2:D-m
xeL

We describe the implementation of Phase 2. Let x € L and let C
be a maximal clique in N(x). For each pair y,z € C check if

A7, > ICl—1.

If that is the case then y and z have a common neighbor outside
N[x] — ie — we find a diamond. The diamond can be produced
in linear time when all adjacency lists are sorted. We leave it as an
exercise to check that Phase 2 runs in O(D - m + n%).

Assume that Phase 1 and Phase 2 do not produce a diamond. Notice

that 5
-m
I —
V(G*) < 5

Repeat the procedure described in Phase 1 for all vertices of G*.

This can be implemented to run in

S = ommem) — o).

D
x€H

Theorem 2.1. There exists an algorithm that finds a diamond in
a graph if there is one. With the adjacency matriz of the graph as
input the algorithm runs in O(n* +m™2).

Proof. BY THE ABOVE the total run - time is at most

2
O<D~m+nl;+n°‘>.

Choose D = /m. O

5 Exercise !
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Exercise 2.2

Use a similar technique to show there is an algorithm to check if a

connected graph is claw-free that runs in O(m'*""/2) = O(m'%9).

6

HINT: If a graph is claw-free then every vertex has at most 2/m
neighbors. When every vertex has at most 24/m neighbors then
do a fast matrix multiplication for each neighborhood and check
for a Ks. This step can be performed in time proportional to

> AT < VTt Y d) < 2 em(eHe

X

2.2  Bottleneck domination

Let G be a graph and let w:V — R be a function which assigns
to every vertex x a weight w(x). We assume that arithmetic
operations on vertex weights can be performed in O(1) time.

Definition 2.2. Let (G,w) be a weighted graph. For W C V the
bottleneck of W is

max{w(x) | x € V}

Definition 2.3. Let G be a graph. A set D CV is a dominating
set if every vertex of V\ D has a neighbor in D.

The bottleneck domination problem is the following.

Input: A weighted graph (G, w).
Output: A dominating set with minimal bottleneck.

Algorithms

8 The claw is shown in Fig-
ure 2.11 on Page 84. It is a
tree with 4 vertices of which
3 are leaves.

For example, every maximal
independent set in a graph
is a dominating set.

T. Kloks, D. Kratsch, C. Lee
and J. Liu, Improved bottle-
neck domination algorithms,
Discrete Applied Mathemat-
ics 154 (2006), pp. 1578—
1592.



2.2 Bottleneck domination

Exercise 2.3

Prove the following theorem.

Theorem 2.4. There exists a linear time - algorithm to solve the
bottleneck domination problem.

HINT: Let (G,w) be a weighted graph. For x € V let
m(x) = min{w(y) [y € N}

Let
p = max{m(x) | x € V}

Show that the minimal bottleneck is p.

Definition 2.5. Let G be a graph. A total dominating set is a

set D C V such that every vertex of V has a neighbor in D. 7

Exercise 2.4

Show that D is a total dominating set if it is a dominating set and
G[D] has no isolated vertices.

Exercise 2.5

Prove the following theorem.

Theorem 2.6. There exists a linear time - algorithm to compute a
total dominating set with smallest bottleneck in a weighted graph.

HINT: For x € V define
m'(x) = min{w(y) [y e N(x)}

and let

/

o/ = max{m'(x) | x €V}

Show that the smallest bottleneck of a total dominating set is p’.

21

"If the graph has isolated
vertices then there is no total
dominating set.
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2.3 The Bron € Kerbosch Algorithm

In this section we’ll have a look at the Bron-—Kerbosch al-
gorithm. It was developed in the early 1970s at Eindhoven’s
University of Technology in The Netherlands. It remains to
this day a winner.

Recall the definition of a clique (Definition 1.21).8

Definition 2.7. A clique C is maximal if

Vigc dyec {x,y} ¢ E. (2.1)

For a graph G let
Q(G)

represent the set of maximal cliques in G.

The algorithm of Bron and Kerbosch lists all the maximal
cliques in a graph. In this section we describe a variant of the
original Bron and Kerbosch —algorithm and we analyze its time

complexity.

When a graph G has only vertices of degree at most 2
In that

case the number of maximal cliques is at most n. It seems

then each component of G is a path or a cycle.

that when a graph has a lot of maximal cliques it has a lot
of vertices of high degree.

Let’s look at the case where all vertices of G have degree
at least n—3. We say that G is high degree .

Algorithms

8 A clique in a graph G is
a set of vertices that are all
pairwise adjacent.

Figure 2.1: A clique is maxi-
mal if it is not contained in
a larger one. Obviously, this
doesn’t mean that there is
no larger one! This graph is
called the net. Edges inci-
dent with pendant vertices
are maximal cliques. The
largest maximal clique is the
triangle. A largest maximal
clique is called a maximum
clique.



2.3 The Bron & Kerbosch Algorithm

Exercise 2.6

Show that a graph G is high degree if and only if every
induced subgraph of G is that.

Notice that, when G is high degree, every component of G
is a path or a cycle. Consider the case where G is a path —
say

[x1 -+ xnl
We can list the maximal cliques of G as follows. When n < 3

this is easy — so we assume henceforth that n > 4.

For the set of maximal cliques in P, we have

Q(1---1) ={{x1}}, Q(1---2) ={{x1}, {x2}}, and
Q(1---3) ={{x1, x5}, {x2}}.

and for n > 4,

Q(1---n)={{x,JUuC|CeQ(l---n—-2))
U (IxnalucCclCeq(i---n=3)} (22

Exercise 2.7

Implement this algorithm to list all maximal cliques in the
complement of a path.

For the number of maximal cliques in P, we have the recurrence

P(1) =1 P(2)=2 P(3)=2 and

P(n) =P(n—2)+P(n—3) for n > 4,
where P(n) = |Q(P,)|. This solves as O((%)n). (The
architect Dom van der Laan considered this the ideal fraction of

measurements for his buildings.)

23

AN A

Figure 2.2: This figure show
the complement of a high
degree-graph. For this graph
we use notations

Kg+---+ Kz =1t-Kg,

to be read as ‘a union of tri-
angles.’
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Exercise 2.8

Design a similar algorithm to list all the maximal cliques in the
complement of a cycle.
Hint: Can you adapt the algorithm for paths?

Some straightforward calculations show that the high—degree
graph — with the most maximal cliques — is a graph G —
satisfying one of the following.

i. If n = 0mod 3, all components of G are triangles, that is ,
G has 3™/ maximal cliques.

ii. fn=1mod3 and n > 1, all components of G, except
two, are triangles, and the two exceptional components are
edges.? This gives 4 -3 ™ 4/3 maximal cliques if n > 1.
We have one maximal clique if n = 1.

iii. If n = 2mod 3, all components of G — except one — are
triangles, and the exceptional component is a single edge.

n—2)/3

This case gives 2-3( maximal cliques.

It follows that every high degree—graph has at most 3m/3
maximal cliques.

Let us first show that — indeed — among all graphs these
graphs are the ones with the most maximal cliques.

Lemma 2.8. Let G be a graph which is not high degree. Then

lQ < p-3m/3 (2.3)
for some peR, 0<pu<1l. Here n=|V(G)].
Proof. The graph must have a vertex x of degree at most
Partition the set of maximal cliques into those that

The first set of
cliques are exactly the maximal cliques contained in G[N(x)],

n—4.
contain x and those that do not contain x.

with x added on to each of them.1® The second set of cliques

are maximal cliquesin G—x. Possibly this second set contains

Algorithms

9 The two exceptional com-
ponents induce the comple-
ment of a 4-cycle with 4 max-
imal cliques.

Exercise 2.9

Part 1
Consider the high degree-
graph G in Figure 2.2. This
graph is the complement of
T triangles. Show that

0(6)l = (32)"

= (1.442-- )™

Part 11
Show that the graph above
has the most
cliques among all high
degree-graphs.

maximal

OTf N(x) = &, the vertex x
is an isolated vertex. In that
case the only maximal clique
that contains x is {x}.
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cliques that are not maximal in G — but — as an upperbound

we get

(6 < [1EINRDIFIOG | ENK £,
1+1Q(G—x)]| otherwise.

By induction on the number of vertices in the graph
|Q(GIN(x)])| < 34/3 gince x has degree at most n —4.
By induction also

|Q(G—x)] < 3(n=1)/3,

It follows that ! 1 Since G is not high de-
gree we may assume n > 4.
< (n—4)/3 (n—1)/3 When x is isolated, we have,
QG < 3 +3 for some p € (0,1), since
— (374/3_'_371/3) . 3T1/3 TL>4,
= 343 .(143).3"3 Q] < 1+4301)/3
— 34/3 4. 3n/3 < p- 38,

< 33 gince 3%% > 4.326.

This completes the proof. O

Remark 2.9. T agree to it that the notation in (2.4) is *awful*
with all those (useless) brackets! One of my teachers, Professor
De Bruijn used to say: “ Our notation for functions is terrible. —
Unfortunately — it’s not bad enough for people to feel the need
to change it; so we’re stuck with it and we’d better get used
to it!”

Lemma 2.10. There is an algorithm that lists all the mazimal
cligues in a high degree graph in O(n2 . IQI) time.

Proof. There is an algorithm that runs in O(n2) time and

that computes the components of G.!'2 Since G is high degree, 12 We assume that G is suit-
ably represented.
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each component of G is a path or a cycle, and we can find a
suitable vertex ordering in each of these components.

The technique — explained on Page 23 ff— shows that there
is an algorithm, that lists all cliques in the complement of a
path or cycle in time O(|W/|-N), where N is the number of

maximal cliques in G[W] for a component W of G.

Let {Wi, ---, Wi} be the set of components of G. Then

Q(G) ={S3 U --- U S |
Vi Si is a clique in the component G[W;]}. (2.5)

It is now straightforward to show that all maximal cliques in
G can be listed in O(n2 . \Q(G)|) time. O

Exercise 2.10

Implement and run the algorithm described above for Cs.

Let A be the algorithm described above, that lists all maximal
cliques in graphs that are high degree in

O(n2 . |_O_|) :O(n2 . 3“/3) time (as n — o0).

We describe the algorithm of Bron and Kerbosch blow —
in Algorithm 3. The algorithm to list all the maximal cliques
consists of a call to the procedure with parameters:

B&K (@, V, o).

An invariant is a property that holds true for the parameters
of a procedure, at every call to it. An invariant is useful when
the termination condition together with the invariant yields

)

the desired solution, ie, the ‘post condition.’ The concept of
an invariant of a procedure was introduced by Dijkstra in the
early 1960s. As a concept it is a useful tool to prove the

correctness of programs.

In the case of the procedure B& K described above the
parameters can be described by the following invariant:

Algorithms

When we estimate time-
bounds of graph algorithms,
we are usually interested in
the case where n — co. We
usually omit this addendum.

Choose=pick=select
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Algorithm  3: The

1: procedure B & K(R’ P, X) Bron —Kerbosch Algorithm
2 if PUX =g then report R

3 else

4 if P =g then skip

5: else

6 if G[P] is high degree then

7 Compute Q(GI[P]) using Algorithm A and

8 extend them with R

9: else
10: Choose x € P such that |[N(x)NP|<|P|—4
11: B&K(RU{x}, PN N(x), XN N(x))
12: B & K(R, P\ {x}, XU{x})
13: end if
14: end if
15: end if

16: end procedure

1. R=2@ or R is a cliquein G.
2. P and X are disjoint sets and
PUX={y[RC Ny}

— that is — the set P U X contains those vertices y € V\R
such that {y} U R is a clique.

Notice that — by virtue of the invariant — the set R is a
maximal clique exactly when P U X = &; thence the Report
command in Line 2.

The set P is called the set of candidates. When x is a
candidate, chosen in Line 10, the algorithm lists all maximal
cliques that contain R U {x}. Then x is removed from the set
of candidates and put into the set X to maintain the invariant.

— Finally — the remaining set of maximal cliques, that is,
those that do not contain x, are listed via the call B& K with
parameters

R, P\ {x}, and X U{x}.
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Exercise 2.11

Implement and run the Bron —Kerbosch algorithm for the 5-
wheel W5 in Figure 2.3 and for the Petersen graph (Figure 1.2
on Page 3).

2.8.1 A Timebound for the B&K —Algorithm

We have seen that when G is high—degree, its maximal cliques
can be listed using algorithm A in O(n2 . 3“/3) time. The
sets P, X and R in the Bron and Kerbosch—algorithm may be

implemented by a pointer structure or an array.

Theorem 2.11. The Bron—Kerbosch algorithm runs in
o(n?-3"3)  time.

Proof. Let t(n) denote the time needed to list all maximal
cliques in a graph with n vertices. Write

tn)=t"(n)+r(n),

where r(n) is the time spent on reporting maximal cliques.
Then
r(n)=0(n-[Ql).

The variant of the Bron—Kerbosch algorithm, in which each
report statement is replaced by an O(1) statement — like in-
creasing a counter to count the number of maximal cliques —

has then running time t*(n).

When G[P] is high degree we have, by Lemma 2.10,

t*(p):o(3v/3) where p = |P|. (2.6)

We claim that — when G[P] is not high degree

t(p) <t (p—4)+t* (p—1)+0(p?). (2.7)

Algorithms

Figure 2.3: The 5-wheel Wp



2.3 The Bron & Kerbosch Algorithm

The term t*(p—4) corresponds to the case where a candidate
x of degree at most p —4 is added to R. The search space
reduces to N(x), which has at most p—4 vertices.

The term t*(p—1) is the time needed to count the maximal

13

cliques that do not contain x. — In that case — the search

space is P —x, ie, a graph with p—1 vertices.

The term O(p2) is the time needed to check if G[P] is
high degree, to update the sets R, P and X, and to find a
candidate x € P with at most p —4 neighbors in P.

The recurrence (2.7) is similar to what we obtained for the
number of maximal cliques in 2.4 on Page 25. It is readily
checked that

t*(n)=0 <n2 . 3“/3) )

This completes the proof. O

Remark 2.12. After having gathered a list of all the maximal
cliques in the graph G[N[x]], the remaining maximal cliques
must contain at least one nonneighbor of x. — So — instead of
finding all maximal cliques in G—x, we could list all maximal
cliques that contain some nonneighbor of x. The analysis of
Tomita et al. shows that this is ‘much of muchness’ — it does
not improve the worst—case time estimate.

Exercise 2.12

This idea can be built into the algorithm by replacing the
second recursive call (in Line 12) by a loop during which all
nonneighbors of x are tried. In order to minimize the number
of recursive calls Tomita et al. choose a vertex x with the most

neighbors.

Eppstein et al. analyze the complexity for sparse graphs in

terms of their ‘degeneracy.’ 14

29

13 That is, there must exist a
vertex y € P\ Np[x] that is
adjacent to all vertices of R.

IMPORTANT: Make sure that
you know how to solve a re-
currence as in (2.7). If not,
ask your teacher or check-
out Concrete Math!

14 A graph is k-degenerate if
every induced subgraph has
a vertex of degree at most k.
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Remark 2.13. For the maximal number of maximal cliques that
a graph with n > 1 vertices may have, Moon and Moser
derived the following formula.

3n/3 if n = 0mod3
g(n) =4¢4-3M3-1 if n = 1mod3 (2.8)
2 . 3n/3] if n = 2mod3.

For a slightly different proof see also Vatter.

The graph in Figure 2.2 is the unique '® graph with n vertices
and 3™3 maximal cliques (when n = 0mod 3).

2.4 Total Order!

A binary relation on a set P is a subset of the set of ordered
pairs in P, ie, a subset of the Cartesian product P2 = P x P
where

PxP={(q,r)| q€eP and r€P}.

Definition 2.14. A partial order — or poset — P is a pair
(P, <),

where P is a set and < is a binary relation on P satisfying:

Vxep x < X < is reflexive,
Vier Vyer (x <y &y <x) = x =1y antisymmetric,
VxeP Vyer Vzer (x Sy &y <z) = x <z and transitive.

Notice that possibly there are elements x € P and y € P for
which neither x <y mnor y < x holds.

Algorithms

15 up to isomorphism

When P is a poset, we use
the same symbol P also for
its set of elements. This
abuse of notation was also
common in graph theory.
De Bruijn used to say about
this: “ As long as you know
what you’re talking about,
there’s no problem at all ! ”
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Definition 2.15. A partial order (P, <)

every pair of its elements are related by <. 16

is a total order if

The TOTAL ORDERING PROBLEM is the problem to find a
total order of a set V satisfying a collection of ‘betweenness

9

constraints . We are given a collection R of ordered triples

(a,b,c) e V3.

The total order < should satisfy:

(a,b,c)eR = (a<b<c) or (c<b<a),

where we use p < q to denote that p < q and p # q.
(2.9)

Paraphrased — the required total order < puts b ‘between’

a and c.

Let’s look at the SIMPLE TOTAL ORDERING PROBLEM first.
That problem is similar to the one above — except that each
betweenness constraint has the form

(a,b,c)eR = a<b<ec. (2.10)

In the simple total ordering problem the collection of con-
straints builds a poset on the elements of V. In other words,
the betweenness constraints define arcs between elements of V,

say x — y if some betweenness relation implies that x < y.

Exercise 2.13

A simple total ordering problem on V has a solution if and
only if the directed graph — defined above — is a DAG.

A topological sort of a digraph is a total ordering of its
vertices such that for every arc x — y the vertex x comes
before y in the total order.

In 1962 Kahn described an algorithm that finds a topological
sort in a DAG — say G=(V,A) — in time O(n+m). 7

31

16 For example, [n] and N
are total orders. A to-
tal order is also called a
linear order .

‘ constraint > = ‘ restriction .’

A digraph is a graph in which
each edge {x,y} has a direc-
tion, either x -y ory — x.
A digraph is not a graph!
If a digraph has no directed
cycles, it is called a DAG, a
directed, acyclic graph.

"n=|V|]and m = |A|
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In Kahn’s algorithm, Algorithm 4 on Page 32, the set S is

the set of ‘start—nodes,” which is the set of vertices without

incoming arcs.

18

The set L contains the final linear ordering.

1:
2
3
4
5:
6
7
8
9

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:
21:
22:
23:
24:
25:

procedure KAHN(G = (V, A))

L+

S«—{xeV | Vyev =(y—x)} > Sis the set of sources.

while S # @ do
X €S
S+ S\ {x}

L+—L+ {x} > x is added at the end of L.

for (x,y) € A do
A« A\{(xy)}

if vV, =((z,y) € A) then >y is a new source.

S«SuU{y}
end if
end for

end while

if A # & then

G has a cycle: Report defeat
else

Report L
end if

26: end procedure

Exercise 2.14

Prove that any start—node may start a topological sort of a

DAG.

Algorithms

18 Start-nodes are ‘sources.’
The vertices without outgo-
ing arcs are called ‘sinks.’

Algorithm  4: Kahn’s
Topological Sort
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A start—node x is selected as a first element in L. The
vertex x is then removed from the graph and a topological
sort is performed on the remaining graph. In the remaining
graph, all arcs (x, y) are removed — since x is no longer a
vertex of the graph — and the set of start—mnodes of G —x
is determined. The process continues as long as the set of
start —nodes is nonempty.

Exercise 2.15

Prove that upon completion of the algorithm described above
— that is when S =@ — any remaining arc implies that G
has a cycle.

Hint: The remaining digraph — if any — has no source.

Theorem 2.16. There exists a linear—time algorithm 9 that
computes a topological sort in a DAG.

Proof. The graph is represented as a list of arcs. For each
vertex the algorithm maintains a list of out—neighbors and
a list of in—neighbors. These lists are updated in O(1) time

whenever an arc is removed.

To find the set of start—mnodes, define a Boolean array
b:V — {TRUE, FALSE}

and initialize it as TRUE for all vertices. Then the algorithm
passes through all arcs (x,y) € A and sets b:(y) = FALSE.
The start—mnodes are then the remaining vertices, ie, those x
for which b(x) remained TRUE. This part of the algorithm
can be implemented so that it runs in O(n+m) time.

At each pass of the loop in Kahn’s algorithm, starting at
Line 7, a vertex x is removed from S and added to L.
Effectively, x is removed from the graph. The removal of
arcs that leave x takes O(1) time per arc. The fact that each
arc is removed at most once proves the timebound.

This proves the theorem. O
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19 By ‘linear’ we mean that
the algorithm runs in O (n+
m) time.

Figure 2.4: The 8-wheel Wy
(The figure appears here for
no particular reason.)
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— By Theorem 2.16 — there exists a linear—time algorithm
that solves the simple total ordering problem. Unfortunately —
there is no method like that available for the total ordering
problem.

Opatnry shows that the problem to color a hypergraph of
rank 3 can be reduced to the total ordering problem. We

explore this issue in the next section.

2.4.1 Hypergraphs

Definition 2.17. A hypergraph H is apair (V, &) — where
V is a finite nonempty set and & = E(H) is a set of

nonempty subsets of V. 20
The elements of € are called hyperedges .

Definition 2.18. The rank of a hypergraph H is the maximal
cardinality of its hyperedges, ie,

rank(H) =max {|e| | e € £},

where & =E(H) denotes the set of hyperedges of H. (2.11)

The 2-coloring problem for hypergraphs H=(V, &) is to
find a partition of its vertices — say {A, B} — such that
each hyperedge has a nonempty intersection with A and B,
ie,
Vece eNA # @ and
When H is 2-uniform then H
2—coloring problem is easy to solve.

eNB + o. (2.12)

is a graph and then the
21

In the remainder of this section we show that the total
ordering problem is at least as hard as the 2-—coloring problem
for hypergraphs of rank 3. By that we mean that if there
exists a polynomial —time algorithm that solves the total order-
so that it

solves the 2-coloring problem for hypergraphs of rank 3 in

ing problem, then that algorithm can be adapted,

polynomial time.

Algorithms

20 Hypergraphs are sets of
subsets of a ‘universal set’
of vertices V.

A hypergraph is called
k-uniform if all its hyper-
edges have k vertices.

21 See exercise 1.14.

Exercise 2.16

An orientation of a graph
gives each edge a direction.
Show that any graph can be
oriented into a DAG.



2.4 Total Order!

Exercise 2.17

Orient the graph in Figure 2.4 into a DAG. Implement Kahn’s
algorithm, and find a topological sort.

Remark 2.19. Cook showed that the 2—coloring problem for
hypergraphs of rank 3 is NP-—complete. There are some
indications that show that there is — probably — no polyno-
mial - time algorithm for any NP —complete problem. We will
speak more about that in our chapter on complexity.

2.4.2 Problem Reductions

The method — to show that the total ordering problem is
at least as hard as the 2-—coloring problem — is called a
problem reduction. We reduce the 2-—coloring problem for

hypergraphs of rank 3 to the total ordering problem and we
show that this reduction takes polynomial time.

Assume that there exists a polynomial—time algorithm that
solves the total ordering problem in time O ((n+ [R]) k) , for
some k € N. Here n = |V|, the cardinality of the universal
set, and R is the set of betweenness constraints. We show
that there also exists an algorithm that solves the 2-coloring
problem for hypergraphs H of rank 3 in O ((n—i—m)k) time.
Here n=|V(H)| and m=|E(H)].

Proof. Let H be a hypergraph of rank 3 for which we wish
to solve the 2—coloring problem. Notice that we may assume
that there are no hyperedges of cardinality 1, otherwise there
cannot exist a 2—coloring of H and we are done. Henceforth,
we assume that every hyperedge is either a triple or a pair
of elements of V.

Number the vertices and hyperedges of H:
V(H):{hlvahn} and
E(H) ={(ai,bi,ci) [ {ai,bi,ci} CV and 1 <i<t}
U ((dj,¢) [ {dj, e} SV and 1<j<pl}. (213)
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Construct a universal set and a set of betweenness constraints
as follows. For each triple (ai, bi,ci) € E(H) introduce one
vertex, say Yi. Add one more vertex x. The universal set
V* is

V*=V(H)U{x}U{yi | (ai,bi,ci) € E(H)}. (2.14)

The set of betweenness constraints R is defined as follows.

For each triple (ai, by, ci) € E(H) the following two triples

are in R,
(ai,yi,bi)eR and (yi,X7Ci)€R. (215)
For each pair (di,e;) € E(H) the following triple is in R:

(di, x, ei) € R. (2.16)

This completes the description of the betweenness relations and

the universal set.

We claim that H has a 2-coloring if and only if there is a
total ordering of V* satisfying the betweenness constraints R.

Assume that the hypergraph H has a 2—coloring of its vertices.

Let {A, B} be a partition of V that contains an endpoint of
every hyperedge. We show that there is a linear ordering of
V* satisfying R.

Construct an injective map f: V* — Q as follows.

Algorithms

Figure 2.5: The figure illus-
trates the betweenness con-
straints.

Exercise 2.18

Show that the function f is
injective.

fix)= 0 (2.17)
{ ifhoeA
Vheev flhe) = _ (2.18)
—L if hy € B,
v f ) min{f(ai), f(bi)}+ g if sign(f(ai)) = sign( f(bi))
e flyd) = —sign(flei)) otherwise
i1 :

(2.19)

Notice that each vertex of H is mapped to i or to —i, for
some natural number i1 € N. It is positive when it is in

1 ifz>0
A4 sign(z) =
zez sign(z) {1 if z < 0.
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A and negative otherwise. Since the endpoints of each hyper-
edge (ci, di) € E(H) have opposite colors each betweenness
constraint (ci, x, di) € R is satisfied.

Consider (aji, by, ¢i) € E(H). We check if the betweenness
constraint (ai, yi, bi) is satisfied.

If a; and b; are both in the same sets of the partition, ie,
if

sign(f(ay)) = sign(f(by))

then — since f(ay) # f(by) 22 — wvy; is mapped to the
smallest of f(a;) and f(by) plus 1/(i+1), and so f(y;) lies
between f(a;) and f(by).

If sign(f(ai)) # sign(f(by)), then
flyi) € (=1,0) U (0, 1)

— and so — y; lies between f(a;) and f(bi) which are
integers of opposite sign.

Exercise 2.19

Check that also all betweenness constraints (yi, x, ci) are
satisfied.

This completes the proof that V* has a total order, namely,
since Q is a total order, the function f defines a total ordering
of V*.

Assume now that there is a total order of V* — say <. 23

Define a partition {A, B} of V(H) by

A={h|heV(H) and h>x} and B =V\A. (2.20)

By the betweenness constraints each hyperedge
(di, ei) € E(H)

has x between the two endpoints — and so — only one of
the two endpoints is in A.

37

22 f(ay) # f(by) because
a-l;ébi.

23 We're not done yet!
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Similarly, there cannot be a hyperedge
(ai, bi,ci),

with all three elements < x or all three > x.

Exercise 2.20
Check all four cases, that no hyperedge {a, b,c} € E(H) is

monochromatic.

— We are done — we have shown that given a hypergraph
of rank 3 we can construct an instance for the total ordering
problem in linear time. The universal set V* has a total
ordering if and only if the hypergraph has a 2-—coloring. O

Exercise 2.21

Implement Opatnry’s reduction — Start with the following
hypergraph (V, E):

V = [n] (2.21)
E={{i,i+1,i+2})|1<i<n—2}. (2.22)

Make a list of the betweenness constraints. What is the
universal set and what are the total orders that satisfy all
the betweenness constraints?

2.5 NP —Completeness

Let P be some problem that we wish to solve. — For
simplicity — assume that P is a ‘yes-or-no’ question —
or
a decision problem. 24
We would like to have a fast algorithm — eg, polynomial

— to solve P. The question whether we can do that concerns
the — complexity — of the problem.

Algorithms

24 Usually, the decision vari-
ant of a problem is sufficient
to solve it. For example, to
compute w(G) in polyno-
mial time, it would be suf-
ficient to have a polynomial-
time algorithm that checks
if w(G) > k, for each k €
(n].
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To acquire some information about the complexity of a
decision problem P, it is useful to consider the alternative
problem P*, which is the problem P equipped with an oracle 2°
that gives you the answer to P. Then the remaining question
that you need to solve is whether the oracle has given you
the correct answer.

Definition 2.20. The class of problems NP is the class of
decision problems P for which an answer — supplied by an
oracle — can be tested in polynomial time.

Definition 2.21. A decision problem P is NP -—complete if
it is in NP and every other problem in NP reduces to it
in polynomial time.

Example 2.22. For example, in Section 2.4.2 on Page 35 we
reduced the 2—coloring problem for hypergraphs of rank 3, to
the total ordering problem. — Given the fact that — the
2—coloring problem is NP —complete — we have shown that the
total ordering problem is NP —complete as well.

2.5.1 FEquivalence covers of splitgraphs

Definition 2.23. A graph is an equivalence graph if it is Pz-free

— that is — if it is a disjoint union of cliques. An equivalence cover

of a graph G is a set of equivalence subgraphs that covers E(G).

The minimal number of equivalence graphs in a cover of G is
denoted as q(G).

Definition 2.24. A graph is a splitgraph if there is a partition of
its vertices into a clique and an independent set.

25

eg, your teacher
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Exercise 2.22

Let G be a splitgraph and let {K, S} be a partition of V(G) such
that K induces a clique and S induces an independent set. For a
vertex x € K define

d(x) = IN(x) N S| and let D = max{d(x) | x € K}

1. Show that q(G) > A: Choose a vertex x € K that has D
neighbors in S. The star induced by x and its neighbors in S

has equivalence number D.

2. Show that q(G) < D+ 1: To see that enumerate the vertices of
S — say yi --- yi. Foreach x € K order its neighbors in S in
some arbitrary order. For i=1,--- D, define the equivalence
graph with cliques

Wi; = {yj;} U{xe€K| the " neighbor of x is yj -

Define one more equivalence graph that consists of one clique;
namely K.

In this section we show that computing the equivalence cover
number of splitgraphs is NP-complete.

Chromatic index

The chromatic index of a graph is the minimal number that is
needed to color the edges of a graph such that no two edges with a
nonempty intersection have the same color. The chromatic index is
denoted as x'(G). By Vizing’s theorem the chromatic index of a
graph is either A or A+ 1, where A is the maximal degree of a
vertex in the graph.

Holyer proved the following theorem. 26

Theorem 2.25. [t is NP-complete to decide whether the chromatic

indexr of a cubic graph is 3 or 4.

Algorithms

26]1.  Holyer, The NP-
completeness of edge -
coloring, STAM J. Comput.
10 (1981), pp. 718-720.

A graph is cubic if every ver-
tex has degree 3. For exam-
ple, the Petersen graph is cu-
bic.
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Exercise 2.23

Assume that G is triangle - free. Show that

Exercise 2.24

Let G be a cubic graph. Construct a graph G’ as follows.
Introduce a new vertex x. for every edge e € E(G). Make a new
vertex X. adjacent to the two endpoints of e.

Show that

Corollary 2.26. It is NP-complete to decide whether a graph
without K4 and with maximal degree at most 6 has equivalence
cover number 3 or 4.

LET G BE A CUBIC GRAPH. CONSTRUCT A SPLITGRAPH
G* AS FOLLOWS.

S1. The splitgraph G* has a clique K = V(G).

S2. For each e € E(G) the independent set S of G* contains two
vertices x. and y. which are both adjacent to the endpoints
of e in K.

S3. For each nonedge f € E(G) the independent set S of G* con-
tains one vertex zy which is adjacent to the endpoints of f in
K.

This completes the description of the splitgraph G*. Let’s hope it works!

Exercise 2.25

Let G be a cubic graph and let G* be the graph constructed as

above.
X/(G) =3 <& q(G*) =n+2 A. Blokhuis and T. Kloks,
On the equivalence covering
where n = [V(G)|. number of splitgraphs, In-

formation Processing Letters
This proves the following theorem. 54 (1995), pp. 301-304.



42 Algorithms

Theorem 2.27. [t is NP-complete to decide whether the equivalence
cover number of a splitgraph is D or D+ 1. This remains NP-
complete when the class is restricted so that all wvertices in the
independent sets of the splitgraphs have degree 2.

2.6 Lovasz Local Lemma

TO SHOW THE EXISTENCE of combinatorial objects the Lovész
Local Lemma can be of great use.

TO START consider the 2-coloring problem of a hypergraph H: we
wish to color the vertices with two colors such that no hyperedge is
monochromatic. Assume that H is k-uniform — that is — every
hyperedge of H has k vertices.

When I has less than 2%~ ! edges then I is 2-colorable.

To see that, color the vertices of H independently with proba-
bility 1/2 red or black. A BAD EVENT is an hyperedge that is
colored monochromatic.

The hypergraph is k-uniform — so — the probability that a
bad event occurs is at most 2! 7% (either all vertices of the hyperedge
are colored black or all vertices are colored red). The probability
that some bad event happens is at most their sum and this is less
than one (by the assumption on the number of hyperedges). The
conclusion is that there is a 2-coloring of H in which no bad event

occurs.

This result is not so great: for a graph it simply says that it
is bipartite whenever it has less than two edges (in which case
there can be no cycle). It is easy to do better; when each edge
intersects at most one other edge then the graph is bipartite also.
A generalization of this case is captured by Lovasz’ local lemma.

Assume that every hyperedge of a k-uniform hypergraph H
intersects at most d other hyperedges. Lovasz’ local lemma
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allows us to conclude that H is 2-colorable whenever
e-(d+1) < 21
(where e = 2.718 - - - is the basis of the natural logarithm).

IN A PROBABILITY SPACE consider a finite set of mutually inde-
pendent random variables. Let

Ay - An

be a collection of events. An event is determined by the values
of a subset of the variables in the outcome of an experiment. We
write P(A;) for the probability that an event A; occurs.

The A; are the (bad) events that we wish to avoid. (In the example
above the bad events are monochromatic hyperedges that turn up
in the outcome of an experiment which colors the vertices of the
hypergraph.)

We can avoid all bad events if we prove

P(ﬂAi) > 0.

When the events are independent then their complements A; are
also independent. In that case

P(NA;) = J[PA) > o0

— that is — there exists a way to assign values to the variables such
that no bad event happens (unless some A; surely happens). — On
the other hand — it is clearly impossible to avoid all events when
some subset of the Ajs implies some (other) event A;. Therefore
we need some upperbound for the conditional probabilities

for any set J C [n] \ i.

The local lemma deals with the case where the events are ‘almost’
independent. To formalize this we make use of a dependency graph.

The dependency graph has a vertex for each subset of variables that
determines an event. Two vertices are adjacent in the graph when
the intersection of the two subsets is nonempty.
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Definition 2.28. An event A is independent of a collection of events
By---Byif for all J C [k] and ] # @

P(A()B;j) = P(A) x P(()Bj).

j€) jeJ

Definition 2.29. Let A;--- A, be events in a probability space.
A graph D = (V,E) with V = [n] is a dependency graph if each
event A; is independent of the collection of events

A {4 ¢ EL

Spencer formulated and proved Lovész’ local lemma (originally
proved by Lovdsz and Erdés) as follows.

Lemma 2.30. Let Ay --- Ay be events with a dependency graph.
Let 0 < x4 <1 be real numbers assigned to the events such that

P(A;) < x4 H (1—x;).

{i,jlekE

Then
[TrnAd > JJa-x) > o

Proof. We first show that for any ] C [n]\1i
P(Ai | NjesAj) < X
This is true when |J = &, since

PIA) < x- J] 0—%) < x
{t,j}eE

We proceed by induction on |J|. Let

Ji = {je€Jl(i,j) et} andlet Jo=]\]1

We may assume that J; # @ otherwise the claim is clearly true.

We can write
PIA Djeyy Ay [ Dje Ay)
P(Njern Aj | Njer Ay)

P(AL | NjeAj) (2.23)

Algorithms
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The event A; is independent of the set of events {A;j | j € Jo}. We
use that to find an upperbound for the numerator in (2.23).

P(Ai Njey, Aj I Njer,Aj) < P(AL T Njeg, Aj)
= P(Ay) < x4 H (1—x5).
{i,j}€E

To find a lowerbound for the denominator in (2.23); write

Il = {j17 7j‘r‘}'

Using induction we obtain

P(Ajlﬂ~~ﬁAjr |ﬂj€]2Aj) =
P(Aj, | Njej, Aj) x P(A5, | Ay, Njeg, Aj) X
< POAG T A N DAL Nieg, A)
> [T a—x.
{i,j}ek
This proves the claim.

The following observation completes the proof of the lemma.

P(NAi) = P(A;) x P(A2 | A1) x -+
n
W P(An | AiN--NAn ) > (l-xi) > O

1

1

Remark 2.31. Assume that all degrees in a dependency graph are at
most d. Assume that the probability of any bad event satisfies

P(A;) < p

We claim that if e - p - (d+1) < 1 then P(NA;) > 0. To see
that set x; = 1/a+1. Since the degree of any vertex is at most d, we
have

xio [I 0=x) > —— (-t >

{i,jlek

So the local lemma applies.
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Exercise 2.26

Prove the claim we made at the start of this section: Let H be a
k-uniform hypergraph and assume that every hyperedge intersects
at most d other hyperedges. When e(d + 1) < 2%~ ! then  is
2-colorable.

Remark 2.32. In 2009 Moser and Tardos presented a constructive
proof of the Lovasz local lemma — that is — they present an
algorithm that finds a good object efficiently.

Remark 2.33. Thomassen shows that every hypergraph which is k-
regular and k-uniform (that is; every hyperedge has k vertices and
every vertex is in k hyperedges) is 2-colorable provided k > 4. The
Fano plane shows that not every 3-regular, 3-uniform hypergraph
is 2-colorable. The 2-regular graphs that are not 2-colorable are
— of course — the odd cycles.

2.6.1 Bounds on dominating sets

The following problem is an example of a problem which can be
tackled using the Lovasz Local Lemma.

Definition 2.34. Let a,b € N. A set S of vertices in a graph is an
(a,b)-dominating set if every vertex of S is adjacent to at least a
vertices in S and every vertex outside S is adjacent to at least b
vertices in S.

For a graph G with all degrees at least a let yq1(G) be the
smallest number of elements in an (a, b)-dominating set in G.

Lemma 2.35. Let % < a< 1. There exists a number R >0 such
that for all v > R any r-reqular graph satisfies
Yap £ &-M.

Proof. LET N € N and color (independently) the vertices of an
r-regular graph G with N colors. One of the colors appears at

Algorithms
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least /N times among the vertices of G. Say red is such a color
and write V \ red for the vertices that are not red.

We cLAIM that
V\ red

is with positive probability an (a,b)-dominating set.

For a vertex x define a bad event A, as a coloring of N[x] such
that either one of the following holds.

1. x is red and x has less than b neighbors in V '\ red

2. x is not red and x has less than a neighbors in V' \ red

The following formula expresses the probability that a bad event A,

occurs.
1 oy
PA) = - (Z (1) N-1F o+
i=0
a—1 T .
(N—1) - ; <1> (N—1) ) (2.24)

Notice that each event Ay is dependent of at most 12 other events;
namely the events A for vertices y at distance at most two from
x. — So — by Remark 2.31 (or by Lovdsz local lemma with all
variables x; = 1/+2) we are done when we show that

e-P-1? < 1,

where we write P = P(A,) for the probability of a bad event as in
Formula (2.24).

For any given number N > 2 since a and b are fixed numbers
in the formula (2.24) the numerator is a polynomial in v and the
denominator is an exponential function in r. — So — there exists

2

a number R such that e-P-1r° < 1 whenever r > R.

This proves the lemma. O

It is easy to cover the case where G is a graph with minimal
degree & and maximal degree A: Use § to adjust (2.24) and use A?
to bound the degree in the dependency graph.
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An (a,b)-dominating set that meets the requirements can be
constructed efficiently by the algorithm of Moser and Tardos.

2.6.2 The Moser & Tardos algorithm

Moser and Tardos developed (in 2009) a constructive proof of
Lovasz’ local lemma. — To be more precise — let A be a collection
of events with a dependency graph D.

To ease the notations we identify an event A with the set of variables
whose outcome determines A.27

For an event A € A we write N(A) C A\ A for its neighbors in
the dependency graph D and we write N(A) = N(A) U {A} for
its closed neighborhood.?® Let x: A — (0,1) be a function which
satisfies Lovasz’ condition

Vaea P(A) < x(A) x J] (-x(B)). (2:25)
BEN(A)

MoseEr AND TARDOS show that a very simple randomized algo-
rithm finds an assignment of the variables which avoids all events
A € A. — Furthermore — the expected number of resampling
steps used by this algorithm is bounded by

x(A)
Z 1—x(A)"

AcA

In this section we recapitulate Moser and Tardos’ result. In
their paper they show furthermore that when the dependency graph
has bounded degree and the function x satisfies a slightly stronger
condition than (2.25) then there is an ‘efficient’ deterministic al-
gorithm that finds an assignment of the variables which avoids all
events of A. (We refer to their paper for a precise description of
this and other results.)

We say that an experiment violates an event when the event
happens.

Algorithms

27 In their paper Moser and
Tardos introduce the nota-
tion vbl(A) for this set of
variables.

28 In the dependency graph
there is an edge between two
events A and B when A N
B # @. So an event A
is independent of the collec-
tion A\ ({AYUT(A)). (See
Definiton 2.28 on Page 44.)



2.6 Lovasz Local Lemma

THE RANDOMIZED ALGORITHM to find an assignment of the vari-
ables which avoids all the events of A is the following.

1. Start with a random asignment of all variables

2. If some event of A occurs then pick one arbitrarily and find
a new random assignment of the variables that it contains

3. Repeat this resampling step until no more bad event occurs.

BELOW we prove the following theorem.

Theorem 2.36. Let P be a finite set of mutually independent
random variables in a probability space. Let A be a finite set of
events and let x be a function which satisfies the condition of Lovdsz
local lemma (2.25). The algorithm described above resamples an
event A an expected number of times at most X(A)/1—x(A) —
that is — the expected total number of resampling steps is at most

2.6.3 Logs and witness trees

To PROVE THEOREM 2.36 we show that the algorithm is equivalent
to ‘checking’ sequences of ‘witness trees’ for the occurrence of bad

events.

The execution of the algorithm above produces a log — that

is — a sequence of events
C:N — A,

which are chosen for resampling during the execution. This is a
partial function when the algorithm terminates. We assume that
there is a fixed (randomized) procedure which selects the bad event
for resampling. (This makes the log a random variable.)
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Definition 2.37. A witness tree is a finite rooted tree T with a
labeling
[[]1:V(T) — A

such that for each node a its children are labeled by elements of
N([a]).

A witness tree is called proper if all children of a node in a

witness tree have different labels.

GIVEN A LOG C we identify a witness tree with each element
C(t) as follows. Start with a tree T which consists of a single root
node with label C(t). For i=t—1, --- 1 distinguish two cases to
construct the tree T*.

e If there is a vertex a in the tree T'*! with C(i) € N([a]) then
choose a such that it is furthest from the root. Attach a new
child to a and label it as C(1).

e IfN(C(i)) N V(TH1) = & then let Tt = T+,
The witness tree T(t) of the resampling step t in C is defined as

o(t) = T.

Definition 2.38. A witness tree T appears in C if there exists
some t € N such that T = 7(t).

Lemma 2.39. A witness tree which appears in a log is proper.

Proof. By definition of the algorithm that produces the witness tree;
no two elements of A that are the same or intersect can appear
at the same depth in a witness tree. O

WE WANT TO SHOW that the probability that a witness tree T
appears in C is at most the probability that it passes a certain
test.

Algorithms
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Definition 2.40. Let T be a witness tree. A T-check visits the
nodes of T in reversed BFS-order, it takes a random evaluation

of elements of each node [a] in T that it visits and checks if the
event [a] is violated. The witness tree T passes the check if all
events were violated when checked.

Lemma 2.41. The probability that a witness tree T passes its check

IT Pl

aceV(T)

8

Proof. The random evaluation of the variables in each node is
independent of earlier evaluations. O

Lemma 2.42. Let T be a fized witness tree and let C be the
random log produced by the algorithm. The probability that T appears
in the log is at most

IT Pl

aeV(T)

Proof. Assume that a random generator produces an infinite se-
quence of independent random evaluations for each variable P

Pl P2

Whenever the algorithm of Moser and Tardos (or a T-check) calls
for a new random sample of P the generator presents the next
element in the list.

Assume that a witness tree T appears in the log C — say T = 7(t)
for some t € N. (So the root of T is labeled as C(t)). We need to
prove that T passes the T-check.

Let a € V(T) and let P € [a]. Let S(P) be the set of nodes
w € V(T) that are at depth greater than v in T and for which
P € [w]. When the T-check visits v the random evaluation of P
produces PIS(P)l. That is so because the check visits the nodes in
order of decreasing depth and no two nodes at the same depth can
contain the same element P (since they are disjoint).

o1
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Notice that the randomized algorithm of Moser and Tardos re-
samples the variable P exactly in the same order (by definition of
the occurrence of T in the log). Since [a] is violated in the Moser
& Tardos algorithm it is also violated in the T-check.

This proves the lemma. U

Let Na be the number of times that an event A € A appears
in the log — that is — N is the number of times that A is
resampled during the execution of the Moser & Tardos algorithm.
Then Na is equal to the number of different witness trees that
appear in C and that have their root labeled A. To see that let t;
be such that C(t;) = A for the i*" time. The witness tree T(t;)
contains exactly i copies of A — so clearly — 7(t;) # t(t;)
whenever i # j.

It follows that we can bound the expectation of N by summing
the bounds on the probabilities of occurrences of witness trees. We
do that in the next section.

2.6.4 A Galton - Watson branching process

In this section we describe and analyze a process that generates
proper witness trees with a fixed root A € A.

Let x(-) be a function satisfying the Lovasz’ condition 2.25 on
Page 48. A process to generate a witness tree is the following.

1. In the first round the process generates a tree with a single
node labeled A

2. For each subsequent round choose (independently) an el-
ement a of the previous round and (also independently)
choose an element B € N([a])

3. With probability x(B) add a child node at the node a and
give it the label B. With probability 1 —x(B): skip.

Wassup ¢
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This process ends when no new vertices are created in some round.
Define
X(B) = x(B) - ] (-x(c).
CeN(B)

Lemma 2.43. Let T be a proper witness tree with its root labeled
A. The probability that the Galton-Watson process described above
produces exactly T is

ppo= XA T v,

X(A) aeV(T)

Proof. For a € V(T) let W, be the set of elements in N( [a]) that
do not appear as the label of a child of a. The probability that
the Galton-Watson process produces T is

Pro— [T xa)- J] (—x(i).

X(A) aceV(T) ueWq

(The leading factor appears because the root is always there.)

We get rid of the W, ’s as follows

ppo= AL MW T ),

x(A) X L
aeVv(T) ueN([a])

We can replace inclusive neighborhoods by exclusive ones

pro= 2 XA) T i) [T 0x() =

X(A) aeV(T) ueN([a])

This proves the lemma. O

We are now ready to complete the proof of Theorem 2.36 (which
is on Page 49).

33
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Proof. Let Ta be the set of all proper witness trees that have root
A. We find for the expected number of times that an event A
appears in the log C:

E(Na) = Z P(TappearsinC) <
TeTA

2 H < 2 Il x =
TeETA ae V(T TETA aeV(T)

x(A)

P <

1—x 2P 1—x(A)

TeTa

The first inequality follows from Lemma 2.42. The second inequality
follows from the assumptions in Theorem 2.36. The third inequality
follows from Lemma 2.43. The last inequality holds because the
Galton-Watson process produces exactly one tree at a time.

This proves the theorem. O

2.7 Szemerédi’s Regqularity Lemma

The regularity lemma plays an important role in extremal combina-

29

torics. 29 Extremal graph theory

studies maximal or minimal
graphs satisfying a certain

Let G be a graph and let X and Y be disjoint sets of vertices.
property.

Write e(X,Y) for the number of edges that intersect both X and Y.
The density of {X,Y}is defined as d(X,Y) = e(X,Y)/|x|.v|.

Definition 2.44. Let X and Y be disjoint sets. The pair {X, Y} is
e-regular if for all X’ C Xand Y CY

Xlixi > e and My > e =

[dX,Y)=dX,Y) | < e

Exercise 2.27
Show that {X,Y} is e-regular when d(X,Y) < €3
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Definition 2.45. A partition {Vy, - -+, Vi } of the vertices of a graph
is equitable if

[Vil=1[V;| foralll <i<j<k

The set Vo may be empty; it is called the exceptional class of the
partition.
Definition 2.46. An equitable partition {Vy,--- , Vi } is e-regular
if both of the following conditions hold.

(a) Vol <e-m

(b) all — except at most € -k? of the pairs {Vi,Vj} (1 <i<j<Kk)
—are e-regular.

In this chapter we prove Szemerédi’s regularity lemma:

THE REGULARITY LEMMA

Lemma 2.47. Let € € R and t € N. There exist N, T € N
such that any graph with at least N wvertices has an €-reqular
partition {Vg, -+ ,Vi} with t < k < T.

We will assume — throughout this chapter — that

0 < €€ < -.
2

This is not an important restriction since any €’-regular partition
is e-regular for € > €'.

Exercise 2.28
Assume G has at most € -n? edges. Show that any equitable

partition with [Vy| < € - n is e-regular.

A partition 77 is a refinement of another partition 7t if every
class of 7t is the union of some classes of 7.
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Definition 2.48. Let m = {Vi,---,Vx} be a partition of the
vertices of a graph. The index of 7t is

Vil - [Vl

. 2
index(m) = ) =5 (Vi V).
1<i<j<k
IMPORTANT MODIFICATION:
When m={Vy, -, Vi}is a partition with an exceptional class Vj

then we define index(7t) as the index of the refined partition where
each element of V| forms a class by itself (so index(7t) is the index
of a partition with [Vy| + k classes).

Exercise 2.29

Show that

IN THE SEARCH FOR AN €-REGULAR PARTITION we start with
an arbitrary equitable partition of the vertices {Vg,---,Vi} with

Vo| = t—1.

We refine this partition until it satisfies the conditions. To prove
that the number of classes in the final partition is independent of
n we use the fact that the index increases whilst it is bounded
from above by 1/2.

We first show that the index does not decrease in any refine-
ment. — Below (in Lemma 2.51) — we show that the increase
is substantial when there are ‘irregular pairs’ — that is — pairs
{Vi, V;} with subsets V] and Vj’ that satisfy

VIl > e-[Vil and V][ > e-[Vj| and
[d(Vi, Vi) —d(Vi, V5] > e (2.26)

Algorithms
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Lemma 2.49. If 7' refines 7 then
index(7') > index(m).

Proof. Consider a bipartition {X, Y}. Let {X1, X2} be a partition of
X. Then

e(X7Y) = e(XhY) + e(XQaY)'
Rewrite this as
XIYE-d(X,Y) = XullY]-d(Xq,Y)  + [Xo[|Y]-d(X2,Y).

By the Cauchy-Schwartz inequality we obtain

X4
x|

Sd%(X1,Y)  + Xal Sd%(Xo,Y).  (2.27)

d?(X,Y) <

Any refinement is obtained by repeated application of bipartitions.
This proves the lemma. U

Exercise 2.30

The Cauchy-Schwartz inequality says that for any real numbers a;
and bi,

(aibi+--+anbn)® < (@ +--+a)- (b7 +-- +b2).

Derive (2.27) (by suitable choice of a; and by).

Lemma 2.50. Let {X,Y} be an irreqular bipartition: let {X1,Xa}
and {Y1, Yo} be partitions of X and Y such that

(a) IXil = e-[X] and [Y1| = €-|Y];
(b) |d(X17Y1) - d(XaY)‘ 2 €,

then

WV

d?(X,Y) + €*
IXIIY\
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Proof. Notice that
XIVE-dX,Y) = Y XYl - d(Xi, Ys).

We have

XillYjl
et < | d(Xi,Y;) —d(X,Y))? =
Z\xnw 1) —d(X,Y)

XYl Xyl
UY'
2 Xy Ce) V2 W )
d?(x,y) =

X4l
> XIV] SA2(Xq,Y;) = d3(X,Y).

This proves the lemma. O

NoOTATION: For a partition 7@ ={Vj,---, Vi } with an exceptional
class Vy let |t =k

Lemma 2.51. Let mw={Vy,---,Vi} be an equitable partition with
an exceptional class Vy that satisfies |Vo| < €-n. Assume that there
are more than €-X? irreqular pairs. There exists a refinement 1
of T that satisfies

1
index(7@') > index(7r)+i-e5 and ] < k-2

Proof. When sets V; and V;j form an irregular pair {Vj, Vj} then
there are partitions {V}, VZ} and {le7 V]?} such that

VI > elVil, V)] > elVyl, |d(V11,Vj1)—d(Vi,Vj)| > e

By Lemma 2.50 this implies

VE|IVE
> #d%vhvf) > L v vy +
n Tl

k,Le{1,2}

VillVj
VNI
n

(2.28)

Let 7' be the common refinement of these partitions; say this
partitions a set V; as

{Vi.,lv e 7\/i,k-l }
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Then ki < 2% — so — || < k- 2k,

By (2.28) and Lemma 2.49 we have for all irregular pairs {Vj, Vj}

S ||v |
5y MealViel oy vy s

a=1b=1
VillV; VillV;
Wilvil :1”2 il ~d}(V4, V) + Villvs] ;|1|2 il e,
Since there are more than €k? irregular pairs — and since for
i>1: |Vi|>¥ — we find
index(w') >
(1—e)n/k)?2 1
index(m) + ek?- % e > index(m) + = - €
n 4
(since we may assume that 0 < e < 1/2).
This proves the lemma. O

WE NOW PROVE THE REGULARITY LEMMA (Lemma 2.47 on
Page 55).

[Vo| = t—1. We may assume that n is large enough ie t < en/2.

Proof. Start with an equitable partition 7y = {Vy, -,

If 7y is not e-regular there exists a refinement 7t which satisfies

1
index(7') > index(m) + Z-es and || < |27

Let A = |7|. To make 7U into an equitable partition 7t; partition
each class further into classes of size exactly ﬁ el %J and at most
one class of size less than that. All the small parts are moved into
the exceptional set. This increases the size of the exceptional set by
at most i -€%.n. 31 By Lemmas 2.49 and 2.51:

index(7t;) > index(mg) +

1=

REPEATING THIS PROCESS the kth partition 7ty satisfies

index(mg) + — - €”.

index(mt,) > 1

99

30 This leaves us some space
in the exceptional class —
which we need — because
the exceptional class grows
during the refinements.

31 That is so because the in-
crease is less than

Notice that for all this to
make sense we need n >
4A/e6 otherwise the refine-
ment does not exist. The
iteration blows up this lower
bound on n; but it remains
constant.

A-{eﬁ-
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However, any index is bounded from above by % Therefore, the
process ends in at most 2 - e ? iterations.

Notice that the increase of the exceptional set is smaller than

1 5 1
,.e.n.2.€7 — —-€-m,
4 2

— that is — since the original exceptional class satisfies

1
‘V()l < 5-6-1’1,

we obtain an e-regular partition. The number of classes is bounded
by a function of € and t.

This proves the regularity lemma. O

Remark 2.52. Tt is generally not possible to obtain e-regular parti-
tions that do not have any irregular pairs. The following bipartite
graph is an example of a graph in which every e-regular partition
has irregular pairs. Let

A:{Cll,"',(ln} and B:{b17"'7bn}
and let {ai,b;} € E if 1 <j. (This bipartite graph is called a chain
graph.)
2.7.1 Construction of reqular partitions

Alon et al. showed (in 1994) that it is co-NP-complete to decide
whether a given partition of a graph is e-regular. — On the other
hand — the lemma can be made constructive; an e-regular partition
can be found in O(M(n)) time, where M(n) = n?37 is the time

needed to multiply two n X n matrices with entries in {0, 1}.

The problem to decide whether a given partition is e-regular
remains co-NP-complete even when € =1/2 and k =2. To prove
that Alon et al. derive the following lemma (we omit the proof).

Lemma 2.53. The following problem is NP-complete. Given a
bipartite graph with color classes A and B satisfying |A| =|B|=n
and [E| = %-n2—1, Decide if the graph contains a complete bipartite

subgraph Kz n .

Algorithms

Let a function f : N — N
be defined by f(1) = t and
fk+1) = % : f(k)2flkﬂ.
The number of classes in
the e-regular partition 7ty
produced by the algorithm

satisfies
Il < f([2¢7°)).

Clearly, this is also the lower
bound for n.
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To see that e-regularity is co-NP-complete, Alon et al. make
the following observation.

Lemma 2.54. A bipartite graph with n vertices in each color class

and with exactly “72 — 1 edges contains Ko n if and only if it is

s

not e-reqular with € = 1/2.

Proof. Let the color classes be A and B. Assume |A| = [B] =n and
d(A,B) = % -1

F.
Assume the graph contains Kz n. Then there are sets X and Y of
size n/2 and d(X,Y) = 1. This implies
1
2 3
which shows that the graph is not e-regular with € = 1/2.

Assume that the graph is not e-regular with € = 1/2. Then there
are sets X and Y of size at least T that satisfy

1 1
~3 o3
Notice that this is only possible when d(X,Y) =1 — that is —
{X,Y} represents a complete bipartite subgraph (with at least /2

1
[AX, V) =5+ 51 >

vertices in each color class).

This proves the lemma. O

In their paper Alon et al. prove the following theorem (which is
a CONSTRUCTIVE EDITION of the Regularity Lemma (Lemma 2.47
on Page 55).

Theorem 2.55. For € >0 and t € N there exist N,T € N
such that every graph with at least N vertices has an e-regqular
partition with X+ 1 classes where k satisfies t < k < T.

Such a partition can be found in O(M(n)) time.

To prove the theorem we need to do some preliminary work.

61
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Definition 2.56. Let A and B be color classes of a bipartite graph
satisfying |A| = |B] = n. Let d be the average degree. For two
vertices p, q € B define their neighborhood deviation as

2
IN(P)AN(Q) | — L

G(pv q) = n

For Y C B (Y # @) define its deviation as 32

1
oY) = gz X olp.a)

P.qeY
P74

A constructive version of the regularity lemma depends on
the construction of suitable subsets V{ and V] satisfying (2.26) (of
irregular pairs {Vj, Vj}). These ‘witnesses’ to the irregularity are
hard to find.

The following lemma shows that it is possible to ‘approximate’

witnesses.

Lemma 2.57. Let a bipartite graph have color classes A and B
which satisfy |A] = Bl = n. Let d be the average degree. Let
0 < e < Vi6. Assume there exists a set Y C B such that

3
Yl > en and oY) > % n (2.29)
Then one of the following items holds true
I. d < e -n;
IL [{yly € B and |degly)—d| > e'n}| > $ony

II1. There exist subsets A’ C A and B’ C B that satisfy

4
% -|Bl and

| d(A’,B’) — d(A,B) | > €

4
A > %\A\ and B >

Algorithms

32 When the graph is com-
plete bipartite or empty
then

o(p,q)=0

for all pairs p,q € B. In
that case o(Y) = 0 for all
nonempty sets Y C B.

As another example, define
a bipartite graph H on the 7
points and 7 lines of the Fano
plane. A point and line are
adjacent of they are incident
in the plane. We have an av-
erage degree d = 3 since any
point lies on 3 lines. Since
any pair of points lie on one
line

2

U(qu) :1_9/7:_?'

When B is the set of points
of the Fano plane, we find

1 2 12
o(B) = 5'7'6'(—5) =19
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There exists an O(M(n))-algorithm that produces sets A’ and B’ as
specified in 111 when T and 11 do not hold.

Proof. Assume that I and II do not happen. We prove III.
Define

Y = {yeY | |deg(y)—dl < €' -n}

Then Y’ # @ since II does not occur.

Choose yo € Y that maximizes } .y 0(y,yo). By taking an
average we estimate Zer o(y,yo)-

> ) olyy) =M — > > olyy)

y'eyY’ yey y’eY\Y' yey
y#y’ y#y’
3 4
€ €

(Here we use Y’s property that o(Y) > €*n/2 and the assumption
that IT does not occur which implies [Y\ Y| < %4 1)
Since |Y'| <|Y] and |Y] > €-n, we have

el et 3 5
doolyy) > SomN-oon? > 2otV (2:30)

yey 2 8
We CLAIM
€4
l{y | yeY and o(y,yo) > 2¢*'-n}| > -
(2.31)
OTHERWISE
64
> olyy) < onitlV2eton
yey
€3 A 3
< Z-n-|Y|+2e n-lY] < g.e.n.m

and this contradicts (2.30).

It follows from (2.31) that there exists a set B’ C Y\ {yo} which
satisfies

4 2

d
€ n oand Veew IN(B)NN(yo)| > —42etn

Bl > —
[B| 1

63
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Let A’ =N(yg). Since d > €®-n and 16¢e < 1,

4
Al > d—e'n > &n—e'n > 15etn > %'n.
We CLAIM
|d(A/,B") —d(A,B)| > €*
TO SEE THAT notice
d2
A B) = N NN(b > — +2¢*. -|B].
(A B) = 3 NI AN > (Szeton ) B

beB’

It follows that

d? 1 d
' B)—d(A,B il 2tn). — - %
d(A’,B’) —d(A,B) > (n + 2 n) A -
d2
> _— 24—— g
n(d+ et n)+ €

de?
4 4
2¢8 — d+et-n z €.

(In the second line we use the fact that |A’| <n since A’ C A and
the fact that |A’| = |N(yo)| < d + e*-n since yo € Y'.)

AN ALGORITHM to compute the sets A’ and B’ proceeds by com-
puting for all yo € B with |deg(yo) —d| < €*-n the set
Bly)) = {y | yeB and o(y,yo) > 2¢e*-n}

There exists a vertex yo with [B(yo)l = & - n (see (2.31)). The
required sets are B’ = B(yg) and A’ = N(yp).
All quantities o(y,y’) can be obtained by squaring the adjacency

matrix.

This proves the lemma. U

Exercise 2.31

Let d be the average degree of a bipartite graph with color classes
A and B of size n. Assume d < €®-n (Case I of Lemma 2.57).
Prove that the graph is e-regular.

HINT: See Exercise 2.27.
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Exercise 2.32

Let the color classes A and B of a bipartite graph satisfy |A] = n
and |B| =n. Show that the graph is e-regular if for all X C A and
YCB

XI = [e-]Al] and |Y| =[e-B]] =
[d(X,Y) = d(AB)| < e

HINT: Compare Definition 2.44 (which is on Page 54).

Lemma 2.58. Let A and B be color classes of a bipartite graph and
assume that |A| = |B| =n. Assume

NI < e < i
16
Assume that case 11, in Lemma 2.57, does mot occur, ie
!
[{y€B|ldegly)—dl > e'n}l < —-n

If the graph is not e-regular then there exists a set Y C B which
satisfies (2.29) ie

YI = e-mn and oY) >

3
% . (2.32)

Proof. Assume that no set Y C B, [Y] > € - n satisfies (2.32). We
show that the graph is e-regular.

Let XC A and Y C B and let
X| = [e-]A]] and [Y] = [e-[B]].

We show that

We CLAIM

2
2
Z (IN(X)OYl - i~|Y|> < e(A,Y)+\Y|2-G(Y)+5e5~n3.
xeX

TO SEE THAT write (m; ;) for the bipartite adjacency matrix. Then
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2
> (Nonvi-Sm) <

xeX
d 2
). (|N(xmv|—-|v) -
n
XEA
2
d 9 d? 9
> me—;m = ) me7y+§-\Y|+
XEA \yeYy XEA \yey
2d
Z My~ My — 7 Y] Z M,y =
y,y'ey yey
y#y’
A+ L VP Y Ny AN - 2 veAy) =
5 n : Yy Yy - n : - e 5 -
y,y’'ey
y#y’
d? 9 , dz 2d
AN+ 5V Y (olyy)+ S ) -2 MeA ) <
y,y'ey
y#y’
2d? 2d

e(A,Y) +o(Y) - [Y[* + VPP — — VI-e(AY).

n
To prove the claim, we must show

d? d 5
TV Z Y eAY) < Sond
n n 5

that is,

we need to show that: |d(A,Y) > T hdVE
To see that notice
e(A,Y) _ (d—e* n)([Y|—< -n)
d(A,Y) = L > 8 =
(A Y) n-Y] n-Y]
E7€47€4-d+68-n - E7€47€j
n 8-1Y[ 8-y T n 8"
(Weused [Y[>2 e-n>e-d)

We now use the assumption that e*-m > 1 and that [Y| < e -n + 1:

e’ -n3 e’ - n? €’ e
- te€.

V5 2 T 5 2 5 =
5d - Y2 5(e-n+1)2 5(e +€1)? 8

Algorithms
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This proves the claim.

By the Cauchy-Schwartz inequality we have

2
> (INwnvi-S.m)
xeX n
2
d
|><|<Z'N JNY)) — n'X"Y>'

xeX
— So — by the previous claim
2
d
(D INKNY)—=—=-XI-Y[| <
n
xeX

IX| - <e(A,Y) + Y2 o(Y) + 2%5 .n3> .

When we divide by [X|? - [Y|? we obtain

1

2¢5 .
e(AY) + Y- oY) + ~n‘3>.
s (A VR o+

We now use that

(i) e(A,Y) < (d+e*-n)- Y+ <& -n?
.o 3

(i) o(V)< S -n

(iii) e >2n="1,

and we find

[d(X,Y) = d(A,B)[* <

1 et-n? e*.n 2e®
— = {(d+€er-n)-lY Y2 4 2= o3 <
n+ertn et n? &.n 2%.nd
= + + — - <
€Z.n2? 8e3-m3  2e-mn 5e3-n3
2 4 5
€ (1+€)+9i+i < 2
16 10 128

This proves that the graph is e-regular — that is — it proves the

lemma. O
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Corollary 2.59. Let a bipartite graph H have color classes A and
B that satisfy
Al = [Bl = mn

Assume
2.n7 < < —.
n € 16
There exists an algorithm that runs in O(M(n)) time and that
verifies that H is e-regular or finds sets A’ C A and B’ C B that

satisfy

€4 4

A>T B> on [dAB)—d(AB)| > €' (233)

Proof. If d < €3 -n, then we are done; we can check that in O(n?)
time and report that H is e-regular.

NExT if

{y|yeB |deg(y)—dl>e*n} > —-n,

then the degrees of at least half of them deviate from d in the same
direction. — That is — we can find a set B’ C B that satisfies
B| > % -n and that satisfies

|d(A,B)) —d(A,B)| > €

In that case we are done.

FINALLY, we need to show that we can find A’ and B’ as required
when H is not e-regular — that is (by Lemma 2.58) —when there
exists a set Y that satisfies Equation 2.29 ie

3
Y > e-n and oY) > %-n. (2.34)

By Lemma 2.57 there exists an O(M(n)) algorithm to compute
these sets A’ and B’ when Y exists.

This proves the claim. O

Alon et al proceed to formulate the key-Lemma 2.51 (on Page 58)
in a constructive form.

Algorithms
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Lemma 2.60. Let k € N and let 0 < vy < Y2. Let Ty =
Co, -+, Cy} be an equitable partition and assume
{ 0> ) q D

ICil > 4% and |Col < vy-n (2.35)

Assume that proofs are given as part of the input of more than 7y -k>
pairs of classes showing that they are not y-reqular. 33 There is
an algorithm that runs in O(n) time that produces a refinement TTy
of Ty satisfying

M| = k-4

Furthermore, the exceptional class increases by at most /2% and

1
index(ITy) > index(TTp) + 1 5.
Proof. By Lemma 2.51 there is a linear-time algorithm that com-
putes a refinement TT’ of TTy (leaving the exceptional class unaltered
but which may have other classes of unequal size) satisfying
M < %-2% and

1
index(TT") > index(TTy) + i Y5,

Since |C1| > 4%* we can refine TI into an equitable partition TT;
which satisfies 3¢ (by Lemma 2.49)
k : : L s
] = k-4 and index(TTy) > index(ITy) + 1 -ye.
This increases the size of the exceptional class of TTy (and of TT') by
at most m/2k, O

BELOW FOLLOWS THE PROOF OF THEOREM 2.55:

Theorem. For € >0 and t € N there exist N, T € N such
that every graph with at least N vertices has an e€-regular parti-
tion with k+ 1 classes where k satisfies t < k < T.

Such a partition can be found in O(M(n)) time.

69

33 By ‘proofs’ we mean ‘wit-
nesses’ ie subsets of the
color classes that violate y-
regularity.

34To obtain TT; partition
the parts of TT’ further into
parts of size

[(n=ICol)/k-ak | = [IC1l/ak].

This increases the excep-
tional class by at most

;| v —1Col n
|m[7k.4kj <
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Proof. Let € >0 and t€ N.

The following algorithm computes a sequence of equitable partitions
— say (TTq).
TT; that is not exceptional. Let y = €*/16.

1. Start with an equitable partition Ty ={Co, - - , Cy,} with

|Co| < ki and |C1‘ = mn = for 1> 0.

[k
(Below we determine a suitable value for k;.) Set i:=1.

2. To proceed from a partition TT; use Corollary 2.59 to determine
for every pair of classes in P; whether they are e-regular or
else to find pairs of subsets (of size at least ‘f—g -ny) as in
Equation 2.33. 35

3. If at most € - ki pairs are not e-regular then report IT; as an
e-regular partition. STOP.

4. Otherwise call on Lemma 2.60 to compute a refinement TT;, 1

of TT; satisfying

1

kiz1 = ki-4% and index(TTip1) > index(TT;) + 1 5.
Write C§ for the exceptional class of TT;. 36 Then the exceptional
class of TT; 1 satisfies

; . n
CE-ICH < e

Notice that to apply Lemma 2.60 we need to ensure Equation 2.35
- ie _

ni > 42 and IC)] < y-n

5. Set i:=14 1 and go to Step 2.

NOTICE THAT

index(TTy) >

v
index(TTy) + (1—1) - T

So — since the index cannot exceed /2 — the algorithm ends in
at most 1+ LQ "y*SJ iterations.

Write |TT;] = k; and let n; be the size of a class of

Algorithms

35 To apply the corollary we
need to ensure that n is large
enough to satisfy the con-
dition e€*-ny > 16 ie
Y- -ng > 1.

36 To compute TTi;; use
Lemma 2.51 to compute TT’
(on input TT;) with

IT| < Ky - 2F
Refine TT” into parts of size

n —|C§l
Nit1 = K 4k |
1

This increases the excep-
tional class

Ic5 —1Chl <

_ci
ki.Qki.\\nilco‘J <

ki -4k | T2k



2.7 Szemerédi’s Regularity Lemma

To define a lowerbound for the number of vertices in the graph
introduce a function f:N — N as follows

k1 ifi=1

fli) = .
f(i—1) 41 otherwise.

Let T = f(1+[2-v?]), let N=max{2.T42T, %} and assume
that n > N.

We show that the exceptional class does not exceed vy - n. We may
assume that
v-2k > 4, (2.36)

Cram: [Ch| < y-n-(1—1/2t). For i =1 we have

n > N 2> H > 2k =
Y Y

‘n
cll o< ko< X
2

This show that the claim is true for i = 1.

We have

: : n n n
ICBHI—ICEI < okr and we show: oI < Y'le

This is true for i = 1 by the assumption (2.36) and
ki1 =k 4% = y.2k0 > o2.y2ke >0y 0t
This proves the claim.
Corollary 2.59 requires that
vy-ng > 1.

To see that this holds true observe

(I—vy)n S A-v)-N _
ki T Y

ny =
Since y < 1/2 this implies

Yy o= 2-(1-vy) > 1
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Lemma 2.60 requires that
ng > 42k
We have
ny > 0=v)N/k, and ki < T and N > 2.T.42T,
It easily follows that

n
42;,[ > 2.(1—v) > L

This proves the theorem. O

Remark 2.61. In 2014 J. Fox and L. M. Lovasz proved tight
lowerbounds for the number of parts in an e-regular partition.

2.8 FEdge - thickness and stickiness
For a set S let
AS) = {A:S=RO DY AX) =1}
x€S

The elements of A(S) are called thickness functions. For a thickness
function A and A CS write A(A) =3 A A(x).

Definition 2.62. Let G be a graph. The thickness of G is
defined as

G) = inf Ale).
o) =, A

Exercise 2.33

Assume that G is a graph which is not empty. Show that

1 1

— < G) < —/—=,
where m is the number of edges and & is the minimal degree of a
vertex in G and «(G) is the size of a largest independent set in G.

Algorithms

T. Kloks, C. Lee and J. Liu,
Stickiness, edge-thickness,
and  clique-thickness in
graphs, Journal of Informa-
tion Science and Engineering

20 (2004), pp. 207-217.

The inf and sup may be
replaced by min and max.
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Exercise 2.34

(i) CLEARLY when G has an isolated vertex then its thickness is 0.

(ii) Assume that G has no isolated vertices. Let A be a thickness
function that realizes the thickness of G. Denote ¢ = ¢(G).
Show that every vertex is incident with an edge of weight ¢.

(iii) Assume that G has no isolated vertices. Show that there exists
a thickness function A that realizes the thickness of G and that

has a range

06

Definition 2.63. The stickiness of a graph G is

s(G) = max IX| — IN(X)|

where N(X) = Uyex N(x).

A graph is Hallian if
s(G) £ 0. A graph is Hal-
lian if and only if there is a

Exercise 2.35 partition of V into a match-
ing and a set of odd cycles.

When s(G) > 0 then it is realized by an independent set.

Exercise 2.36

If G has an isolated vertex then ¢(G) =0 otherwise

Computing stickiness

Let G be a graph. Construct a bipartite graph G’ as follows.
Create two copies of a vertex x € V. — say x! and x2. For
A CV write A ={x' | x € A}. The set of vertices of G’ is
VI U V2. The edges of G’ are

EG) = {{xy*} I {xy}eE(G))
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Construct a flow - network on G’ by giving each edge of G’ a
capacity oco. Add one source - vertex s and make it adjacent to
all vertices of V1. All edges that are incident with s have capacity
1. Add ome sink - vertex t and make it adjacent to all vertices of
V2. All edges incident with t have capacity 1.

A cut in the network is a set of the form A' U B2 U{s} where
A CV and N(A) C B. The capacity of such a cut is

IVNAl + Bl = n + [B] — Al
A cut of minimum capacity satisfies B = N(A) — and so — it
minimizes [N(A)|—]Al.

A minimum cut can be computed O(n-m) time.

Remark 2.64 (Motzkin - Straus Theorem (1965)). Let G be a graph
with vertex set [n]. Give each vertex 1 a values x; > 0 such that
> i xi =1. The largest value over these assignments of

E Xi'Xj

(i,j)€E

is equal to % (1 —Yw).

2.9 Clique Separators

Definition 2.65. Let G be a graph. A set S CV is a
clique separator if S=& or a clique and G—S is discon-
nected.

Whitesides showed that one can find a clique cutset in
O(n3) time. In this section we present a variation of this
algorithm. We show that there exists an O (n4) algorithm
that lists all minimal clique separators.

Definition 2.66. Let G be a graph. A set S CV is a minimal
clique separator if S is a minimal separator — and — either
S=o or a clique.

Algorithms

J. Orlin, Maz flows in
O (nm) time, or better, Pro-
ceedings STOC’13, pp. 765—
774.



2.9 Clique Separators

Example 2.67. Notice that the number of clique separators
that a graph may have is exponential. — For example —
consider the graph built up from a clique K; and a path Pj,
say [x,y,z]. Add additional edges from the midpoint y to all
vertices of the clique K. Then, for any subset W C V(K;)

W U {y} is a clique separator.

This shows that the graph has at least 2! clique separators,
and t+ 3 vertices.

On the other hand the graph has only one minimal separator
— namely — {y}.

For a graph G, write o(G) for the number of minimal clique
separators in G.

Lemma 2.68. For any graph o < |V].

Proof. We claim that, when G is connected, o(G) < n. Notice
that this implies the lemma. — In order to prove this — we
may assume that G is connected. We may also assume that
G is not a clique — as otherwise o(G) =0 < n.

Let x € V be a vertex for which the largest component in G—
N[x] is as large as possible. Let C be this largest component.
Let

S=N(C) and X =V \ N[C]. (2.37)
Then x € X — so X# @. Since G is connected S # @, and
since G is not a clique C#@ — so {X, S, C} is a partition
of the set V.
— By our choice of x — every vertex of X is adjacent to every

vertex of S. This implies that every minimal clique separator
in G[X U S] either contains X or else contains S. — So —

o(X) if S isaclique and X is not
o(XUS) =< o(S) if X isaclique and S is not (2.38)

0 if neither or both are cliques.

(6]

Figure 2.6: This graph has
an exponential number of
clique separators, as the size
of the clique goes to oco.

Here, we let a set stand in
for the graph induced by that
set.
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Any vertex of S has a neighbor in C, and since C is connected,
no two vertices in S are separated by a clique separator. This
reduces the number (2.38) of minimal clique separators in X U S
that are clique separators in G, to at most o(X).

A minimal clique separator which is contained in CUS may no
longer be a minimal separator in G —X. — To repair that
— in the graph CUS, add all edges between pairs in S.37
Denote this graph as CUS.

Some minimal clique separators in CUS may not be cliques in

G38 — but — as an upperbound for the number of minimal
clique separators — that are contained in CUS — we find
o(CUS).

Using induction on the number of vertices in the graph we
find:

o(G) < o(X)+o(CUS)
< |X|+|CUS| (since C U S is connected)
=n.
This proves the lemma. O

2.9.1 Feasible Partitions

To turn the proof of Lemma 2.68 into an algorithm we need
to find the partition {X, S, C} as mentioned there. — That is
— we need a feasible partition of V(G) — as defined below.

Definition 2.69. A partition {X, S, C} of V is feasible if

Algorithms

3T A clique separator T, con-
tained in CUS, has all ver-
tices of S that are not in T
in one component of G—T.
Removal of the set X may
disconnect this component
and possibly T is not a min-
imal separator in G — X.

38 In our algorithm, we will
sift the minimal clique sep-
arators of C U S, and select
those that are cliques in G.

Exercise 2.37

Prove the first inequality.

Hint: Show that every mini-
mal clique separator is one in
G[XUS] oronein G[CUS].

(a) G[C] is connected and
(b) S=N(C) and S separates X and C and

(c) every vertex of X is adjacent to every vertex of S.
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In this section we show how to find a feasible partition.

The idea is to start with C={R}, for some arbitrary vertex

R € V which is not universal.?39

As an invariant for the algorithm we let {X, S, C} be a
partitition of V with the property

C is connected and S = N(C) and S separates X and C.

(2.39)
Notice that the partition {X, S, C} satisfies (2.39) at the
initialization — when C = {R} — since R is nonuniversal. 40

TO MAKE PROGRESS — towards a feasible partition — let C
grow as follows:

Choose y € S with X ¢ N(y). (2.40)

The vertex y is added to C.

Notice that, when such a vertex y € S does not exist, we
may conclude the postcondition — that is — {X, S, C} is a
feasible partition.

The weakest precondition is a property that ensures progress
when valid, and that ensures the postcondition when not valid.
In our case, the weakest precondition is the existence of a vertex
y as in (2.40).

This proves the correctness of Algorithm 5.

Exercise 2.38

Let T(n) denote the worst—case running-time bound of algorithm 5.

Prove that

T(n) <T(n—1)+0(n?) = T(n)=0(n?). (241

7

39 A vertex is universal if it
it adjacent to all others.

40 If every vertex is universal,
then G is a clique, and then,
there is no minimal separa-
tor.
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1:
2
3
4
5:
6
7
8
9

10:
11:
12:
13:
14:
15:
16:
17:
18:
19:
20:

procedure FP (G)

if G is a clique then
there is no partition
else
R+e{x | xeV and dx)<n-—-1}
C «{R}
S+ N(R)
X+ V\ N[C]

while J,cs X ¢ N(y) do
C+ CuU{y}
S+ (S\{y})U(Ny)nX)
X < X\ N(y)

end while

report {X, S, C}
end if

end procedure

Algorithm 5:
Partition

Algorithms

Feasible
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2.9.2 Intermezzo

Another way to describe the inclusion of the vertex y in C
is by contractions.

Definition 2.70. Let {x, y} € E(G). The contraction of
{x,y} is the operation that replaces the two vertices x and y
by one new vertex — say xy — whose neighborhood is defined
as

Nixy) = (N(x) UN)) \ {x, y).

The operation that includes y in C could be replaced by
contracting the edge {R, y}.

Back TO BUSINESS:

Theorem 2.71. There exists an algorithm — that runs in
0] (n4) time — and that computes all minimal clique separators
m a graph G.

Proof. The algorithm we propose computes a feasible partition
{X,S,C} of V(G). When S is a clique, it recursively com-
putes o(X). All minimal clique separators in G[X], with S
tagged on, are minimal clique separators in G.

Next, all edges are added to make S a clique. Denote the
subgraph induced by CUS as C U S. Recursively, count the
minimal clique separators in C U S that are cliques in G.

The recursions take place on subsets of V that form a partition
of V(G), namely X and CUS. The overhead is dominated
by the computation of the feasible partition, which, by (2.41),
takes O(n3) time.

This proves that the time used by this algorithm is O (n4).

This completes the proof. O
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Figure 2.7: This exam-
ple shows that the number
of minimal separators in a
graph can be exponential.
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Remark 2.72. The number of minimal separators in a graph may be
exponential. — For example — consider the graph in Figure 2.7
on the previous page. An x |y—separator must contain a vertex
of each x~y—path. If there are t such paths, then there are 2t
minimal x|y —separators and the graph has 2t + 2 vertices.

There exists an algorithm that lists all minimal separators in
a graph with polynomial delay . That is, the algorithm produces

all minimal separators, and it spends polynomial time — either
to produce a next one or to end.

Exercise 2.39

Let G be a graph. Consider the following set R of betweenness

relations :

(x,y,z) ER &
there is a minimal clique separator that

contains y and separates x and z. (2.42)

Design an algorithm that finds a total ordering < of V
satisfying

(a,b,c)eR & a<b<c or c<b<a.

2.9.83 Another Intermezzo: Trivially perfect graphs

When a graph G is connected but has no induced C4 and no induced
P, then it has a UNIVERSAL VERTEX (that is a vertex adjacent to all
others). This was proved by Wolk in 1961. Let G be a connected
graph without induced C4 or P4. Then there exists a rooted tree T
with V(T) = V(G) such that any two vertices x and y are adjacent
in G if and only if one lies on the path to the root of the other one.

The graphs without induced P4 nor C, were given the epithet
‘trivially perfect’ by Golumbic. The reason for that name is that
in any induced subgraph of the graph the independence number
equals the number of maximal cliques.

Algorithms

Figure 2.8: The figure shows
the paw. It has no induced
P4 and no induced Cy4. It
does have a universal vertex.



2.10 Vertex ranking

2.10 Vertex ranking

Definition 2.73. Let G be a graph and let t € N. A t-ranking

is a coloring ¢ :V — [t] which satisfies the following property. For
any two vertices x and y with c(x) =c(y) any x~y-path contains
a vertex z with c(z) > c(x).

The rank of G is denoted as x(G) and it is the smallest t for
which G has a t-ranking. — CLEARLY — X < X, since a t-ranking

is a proper coloring.

Exercise 2.40

Let G be a connected graph and assume it has a t-ranking. There
exists at most one vertex that has color t.

Exercise 2.41

What is the rank of C4? What is the rank of P47 What is x,(G)
when G is trivially perfect?

Exercise 2.42

Let G be a graph which is not a clique. Show that
xr(G) = Hlsin mgx IS+ %+ (C)

where S varies over the set of minimal separators in G and C
varies over the collection of components of G —S.

2.10.1 Permutation graphs

Definition 2.74. A graph is a permutation graph if it is the

intersection graph of a set of line-segments in the plane that have
their endpoints on two parallel lines.

81
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(1)

Exercise 2.43

Show that a graph is a permutation graph if and only if its
complement is a permutation graph.

Show that a permutation graph is a comparability graph — that

is it has a transitive orientation of its edges. 41

Show that a graph is a permutation graph if and only if it and
its complement are comparability graphs.

Design efficient algorithms to compute & and w for permutation
graphs. You may assume that a permutation model is given as
input.

Show that any permutation graph has a dominating pair —
that is — a pair of vertices x and y with the property that any
x~y-path is a dominating set in the graph. 42

2.10.2 Separators in permutation graphs

CONSIDER A SCANLINE in a permutation model — that is —

a new line-segment s with its endpoints on the two parallel lines.

The line-segment s splits the set of vertices in three parts:

(a)
(b)
(©)

vertices of which the line-segment lies to the left of s
vertices of which the line-segment lies to the right of s

vertices of which the line-segment crosses with s.

Algorithms

Figure 2.9: The figure shows
a permutation model. The
graph has the black line-
segments as vertices; two
being adjacent if the line-
segments intersect.

41 That is, if x - y and
y — z then {x,z} € E and
X — z.

42 A set D C V is a dominat-
ing set if every vertex that is
not in D has a neighbor in
D.



2.10 Vertex ranking

Exercise 2.44

Let G be a permutation graph and let S be a minimal separator
in G. In any model for G there exists a scanline s such that the
vertices of S are the line-segments that cross s.

COROLLARY: the number of minimal separators in a permutation
graph is O(n?2).

Hint: Consider a permutation model. Remove the vertices of S from
the model. Let C; and Cy be two components of G —S such
that every vertex of S has a neighbor in both. For the scanline
s take any line-segment in the model that lies between any two
line-segments of C; and Cs and that crosses no other line-segments.
That line-segment must exist since C; and Co form connected parts
in the diagram. Since a vertex of S has a neighbor in C; and in
Cy it must cross s. The only vertices that were removed from the
model are in S so all line-segments that cross s are in S.

2.10.3 Vertex ranking of permutation graphs

Definition 2.75. Let s; and s; be two parallel scanlines in a
permutation model. The piece C(sy,s2) is the subgraph of G
induced by the following sets of vertices.

i. vertices of which the line-segment s between s; and s»

ii. vertices that cross at least one of s; and ss.

Definition 2.76. Let C(sy,s2) be a piece. A scanline t splits
the piece if t is between s; and ss.

83

Figure 2.10: Illustration of a
green scanline.
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Theorem 2.77. There exists an O(n®) algorithm to compute the

rank of a permutation graph.

Proof. A permutation model can be constructed in linear time via

a modular decomposition. 43

Organize the pieces according to the number of vertices that are in
it. To compute ¥, for a piece C(sy,s2) try all scanlines that split
the piece into smaller pieces. By Exercise 2.42 the rank of the
piece can be computed from the maximal rank of a smaller piece
and the size of the separator. O

2.11 Cographs

Definition 2.78. A cograph is a graph without induced Py.

ONE IMPORTANT OBSERVATION is that cographs are closed
under complementation. — That is — when G is a cograph
then so is its complement G. That is so because

P, is isomorphic to its complement Py.

— One other thing — a graph is a cograph if and only if
all of its components induce cographs. That is so because an
induced P4 cannot have points in more than one component.
Thus, whenever G; and Gs are two cographs, we can create
two new cographs by taking their union G; & Gy and their
join Gy ® Gy. % Folklore asserts that this property charac-
terizes cographs.

Theorem 2.79. A graph is a cograph if and only if every
induced subgraph has only one vertex — or else — it or its
complement s disconnected.

Algorithms

43 R. McConnell and J. Spin-
rad, Modular decomposition
and transitive orientation,
Discrete Mathematics 201
(1999), pp. 189-241.

/I\._._._.

Figure 2.11: The figure
shows the claw, ie, K1 3, on
the left and P4 on the right.

441n the union G1 @ G the
edges are just the edges of G
and Ga. In the join G; ® G2
we add all edges that have
one endpoint in G and the
other in Gy. So

G1®G2=G1 9 Ga.



2.11 Cographs

By Theorem 2.79 each cograph G is represented by a cotree —
that is — a rooted tree T and a bijection from the leaves of T to
V(G). The internal nodes of T are labeled: each internal node
has a label & or ®. Two vertices in G are adjacent if and only
if their lowest common ancestor in T is labeled with ®.

Definition 2.80. A pair of vertices x and y in a graph is a twin
if every third vertex z is either adjacent to both or neither of
x and y — that is — a twin is a module in the graph with two
elements. A twin is a true twin if the pair is adjacent and a false
twin if the pair is not adjacent.

Theorem 2.81. A graph is a cograph if and only if every induced
subgraph with at least two vertices has a twin.

Exercise 2.45

Characterize bipartite cographs.

Exercise 2.46

Design an efficient algorithm to compute the rank x, of a cograph.

2.11.1 Switching cographs

Definition 2.82. A two-graph is a pair (V,A) where V is a finite
set and where A is a collection of triples in V with the property
that every set with 4 elements from V contains an even number of
triples that are in A. 4°

Exercise 2.47

Let G be a graph and let A be the ‘odd triples in G’ — that is —
the set of triples in V that carry an odd number of edges between
them. Show that this is a two-graph.

85

45 Two-graphs look a lot like
graphs but in two-graphs
the ‘edges’ are triples.
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Exercise 2.48

Let G be a graph and let S C V. A switch of G with respect
to S replaces all edges that have one end in S by nonedges and all
nonadjacent pairs with one end in S by edges. Show that a switch
does not change the set of odd triples.

CALL TWO GRAPHS G AND H SWITCH-EQUIVALENT if one is
obtained from the other via a switch. Van Lint and Seidel showed
that two-graphs are switch equivalence - classes.

Exercise 2.49

A two-graph is the switch equivalence - class of a cograph if and
only if it does not contain the pentagon — that is — the set of
odd triples of the Cs.

The switch - class of cographs is characterized by the following
property. There exists a tree T without vertices of degree two. Let
V' be the set of leaves in T. Since T is bipartite it has a unique
coloring with two colors — say black and white. Define A as
the collection of triples {x,y,z} in V if the paths that connect the
three meet in a black vertex. Then (V,A) is a two-graph and the
two-graphs obtained in this manner are exactly the switching - class
of cographs.

Exercise 2.50

Show that a graph can be switched to a cograph if and only if it
does not contain Cs, the bull, the gem or the cogem as an induced
subgraph — that is — no subgraph with 5 vertices switches to
Cs.

Show that a graph G can be switched to a cograph if and only if

every induced subgraph with at least two vertices has a twin or an

anti-twin. 46

Algorithms

46 An anti-twin in a graph
is a pair of vertices x and y
such that every third vertex
z is adjacent to exactly one
of them.
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Exercise 2.51

Design a linear - time algorithm to compute x for graphs in the
switch - class of cographs. You may assume that a tree - model is
given as input.

HiNT: Show that x = w for any graph that switches to a cograph.

Exercise 2.52

The rank of the adjacency matrix of a cograph is equal to the
47

number of distinct non - zero rows.
For a proof of this see eg the following paper.

G. Royle, The rank of a cograph, Flectronic Journal on Combina-
torics 10, (2003), Note 11.

In this paper the question is raised whether any other “natural”
classes of graphs satisfy this property. What can you say about
the rank of a graph that switches to a cograph?

HINT: Pjs has eigenvalue zero — so — the rank of P5 is not equal
to the number of distinct rows in the adjacency matrix of Ps. —
Furthermore — P5 switches to a cograph.

Switching does not change the eigenvalues of the Seidel - matrix
of the graph. The Seidel - matrix has:

1. zeros on the diagonal
2. —1 at entries that represent edges in the graph

3. 41 at entries that represent nonedges in the graph.

SO it is the matrix ] —I—2A where A is the ordinary adjacency
matrix of the graph. When the graph is regular the eigenspaces of
A and ] —I—2A are the same.

The spectrum of the Seidel matrix is the same for any two graphs
that are switching - equivalent. For a proof see Corollary 3.3 in
the paper below.

J. Seidel, A survey of two - graphs, Atti Convegno Internazionale
Teorie Combinatorie, Tomo 1 (Rome, Italy, September 3-15, 1973),
Acdemia Nazionale dei Lincei, Roma (1976), pp. 481-511.
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47 For graphs in general this
is an upperbound.

Seidel’s favorite graph Cs+
K1 has Seidel spectrum
VAV AL This
graph switches to the net
(the complement of the 3-
sun).
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2.12  Parameterized Algorithms

LET’S START WITH A BIRD’S - EYE VIEW.

Exercise 2.53

Show that there is an algorithm that checks if a graph G has
aset SCV — |S| <k — such that G—S is a cograph —
where k € N is a parameter. Your algorithm should run in

O(4k-n3).

Hint: First design an O (n3) algorithm that finds an induced
P4 — if there exists one — eg, using a matrix multiplication.
Next, if P is an induced P4, then branch, each time putting
a different point of P in S. Since |S| < k, the depth of the

recursion is k.

Unless P = NP no NP - complete problem can be solved in
polynomial time. All known algorithms that solve NP-complete
problems are exponential. — Therefore — we wish to design ‘fast’
exponential - time algorithms to solve hard problems.

Parameterized algorithmics is a theory designed to help you do
this. The genesis of the theory is the notion of a parameterized
problem.

Definition 2.83. A parameterized problem is a pair (P, k) where P
is a computational problem and kis a parameter that differentiates
some solutions from others.

The parameter expresses the ‘size’ of a solution but the definition
of a size is up to the composer of the problem. — Below — we
give three examples of parameterized problems.

1. Let I be the vertex cover - problem: Let G be a graph. Find a
smallest set S C V(G) such that G — S is empty.

Let k € N. The parameterized vertex cover - problem (I, k) is to
find a vertex cover S with |S| < k.

Algorithms

The algorithm is a function
of k.

I’ve heard that before!

When the values of the pa-
rameter k ranges over N
then a parameterized prob-
lem is an ordering of the so-
lutions (by their size).

G — S is empty if
E(G—-S)=0
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2. Let II be the edge domination - problem: Let G be a graph. An

edge dominating set is a dominating set in the linegraph L(G)
— in other words — it is a set M C E(G) of edges in G such
that E(G — V(M)) = @. The problem asks for a smallest edge
dominating set.

The parameterized problem edge domination - problem (II,k) is
to find an edge dominating set with at most k edges.

3. Problem III is the feedback vertex set - problem. This problem

applies to graphs G that may have loops and multiple edges. The
problem is to find a smallest set S C V(G) such that G — S has
no cycles.

The parameterized problem parameterized feedback vertex set
problem (III, k) is to find a feedback vertex set of size at most k.

Definition 2.84. A fixed parameter - algorithm is an algorithm
that solves a parameterized problem (P, k) with parameter k € N
in

O (f(k) - [PI®)

time. Here f:N — N is a computable function and c € N.

Notice that c is a constant; (not a parameter); the run - time
of a fixed parameter algorithm is a polynomial in the size of the
instance of problem P. The influence of the parameter k on the
run - time is some arbitrary function f(k). The algorithm runs
in polynomial - time if we let the parameter k be a constant (then

f(k) disappears in the Big-Oh).

There are problems that can not be solved by a fixed parameter -
algorithm. The ‘good guys’ are called fixed parameter - tractable.

Definition 2.85. Let (P,k) be a parameterized problem. The
problem is fixed parameter tractable (FPT) if there is a fixed

parameter - algorithm that solves (P, k).
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For a set M of edges let
V(M) be the set of end-
points of edges in M — that
is — V(M) =Ueem e.

For ease of discussion in Def-
inition 2.84 we assume that
the parameter k ranges over
the natural numbers.

A computable function is a
function which can be evalu-
ated via an algorithm.

A constant is a natural num-
ber.

When P is NP - complete the
function f is not a polyno-
mial.

Nobody knows of an algo-
rithm that solves the pa-
rameterized problem w > k
and that runs in time O (n°)
where ¢ does not depend on
k. The clique problem is
W/1] - hard.
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Remark 2.86. In their book Downey and Fellows introduce a

Wo-hierarchy to capture the hardness of parameterized problems.

In this hierarchy W[0] = FPT. A parameterized problems is W/[1]
- hard if there is no fixed - parameter algorithm to solve it (under
certain logical assumptions).

2.13 The bounded search technique

LET’S TAKE A LOOK AT A BASIC TECHNIQUE to design fixed
parameter - algorithms. The bounded search technique is best

explained by example.

2.18.1 Vertex cover

Our example is the vertex cover problem parameterized by the size
of the solution.
— that is

Let G be a graph and let S be a vertex cover in G

ecE(G) = enS#£a.

The following algorithm searches for a vertex cover of size < k
(where the parameter k ranges over N U{0}).

If k =0 and
E(G) # & then there is no solution. Otherwise pick an edge e from

If the graph has no edges then & is a solution.

the graph and build a search tree with that edge as a root.

The search tree (with root e) branches at the root into two subtrees;
each subtree is labeled with an endpoint of e The subtrees are
evaluated as follows.

The selected endpoint of e is put in S and this endpoint is deleted
from the graph. The parameter k decreases with 1 and the subtree
searches for a vertex cover of size k — 1 (in the remaining graph).

The size of the search tree is O(2) (since the depth of the search
tree is at most k and every node has at most two children). This
proves the following theorem.

Algorithms

This section has too many
imprecise definitions and —
unexplained — assumptions.
Let’s hope that — in prac-
tice — it all works out fine.

We want a vertex cover with
at most k vertices.

Every edge of the graph has
at least one endpoint that is
in a vertex cover. The search
tree tries both endpoints and
searches for a small vertex
cover that contains an end-
point.



2.13 The bounded search technique

Theorem 2.87. The vertex cover problem is fized-parameter tractable

and can be solved in 2% - [I|°1) time.

2.13.2 Edge dominating set

The parameterized vertex cover problem is easy to solve via the
building of a search tree of size 2.

A DIFFERENT KETTLE OF FISH is the parameterized edge dom-
inating set problem. To build a search tree for this problem we
would want to find a set of edges M which satisfies the following
two conditions.

1. |M] is bounded by some function of k

2. any solution to the parameterized edge domination problem has
at least one edge in M.

This road doesn’t look very appealing. We take a different approach.

Instead of trying to locate the edges of a solution we first find
a collection of suitable sets S C V(G) that are endpoints of a
solution. Step two is to find a a solution — that is — a set of
edges that solves the parameterized edge domination problem and
that contains all elements of S.

Exercise 2.54

Let M be a minimum edge dominating set. Then V(M) is a vertex

cover.

Exercise 2.55

Prove or disprove:
Let S be a minimal vertex cover. A minimum edge dominating set
M which satisfies S C V(M) can be computed in polynomial time
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Why doesn’t this idea work?
What happens to the prob-
lem if we assume that the
degree of the graph is at
most 37
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as follows. Initialize M as a maximum matching in G[S]. For each
vertex x € S\ V(M) add one edge of G that contains x to M.

The exercises show that our job is done if we can find the right

minimal vertex cover.

Theorem 2.88. The parameterized edge dominating set problem is
fized-parameter tractable and can be solved in 4% - [I1|C(1) time.

Proof. The following algorithm solves the parameterized edge domi-
nation problem.

1. generate the set 8 of all minimal vertex covers with at most 2k
elements

2. for each S € § compute a minimum edge dominating set M with
S C V(M) as in Exercise 2.55

3. Output M when M| < k.

This proves the theorem. O

2.13.8 Feedback verter set

In the previous two examples we made use of the fact that a small
‘local’ part of the graph contain a solution. The feedback vertex
problem lacks this property.

IT 1S ALWAYS A GOOD IDEA to reduce the graph before going
on a venture that takes exponential time — so — that’s what

we do.

1. if a vertex is not in any cycle then we delete the vertex from the
graph

2. if there are two vertices with more than two edges running between
them then we delete one of those edges

Algorithms

A solution is some ‘small’ set
of vertices that hits all cycles
of the graph. What happens
to the feedback vertex set
problem if we assume that
the graph has no induced cy-
cles of length more than 37

Exercise:  Show that the
reductions take polynomial
time and that they are ‘safe:’
the graph has a solution
if and only if the reduced
graph has a solution.
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3. if a vertex is in a loop then we delete the vertex from the graph
and we decrease the parameter k by 1 (the vertex is in every
solution)

4. if x has only one neighbor y and if there are at least two edges
between x and y then we remove x and we add a loop at y

5. if a vertex is in exactly two edges that connect it to two different
neighbors then we remove the vertex and replace it with an edge
that connects the two neighbors.

Definition 2.89. A graph is reduced if none of the operations
above apply.

A reduced graph has no loops and at most two parallel edges
between any two vertices. Furthermore every vertex is in at
least three edges.

We turn our attention to the reduced graph. A solution is some
‘small’ set X of vertices that hits all cycles. If we remove X from
the graph the remainder is a ‘large’ forest F. All the vertices of

F that have at most two neighbors in F must have neighbors in X.

Not every vertex of X has a small degree; that is so because there
is no large forest with only a few leaves and only a few vertices of
degree two.

LET’S WORK THIS OUT. Order the vertices in the graph in a
descending order of their degree say

dvi) = - = dlva).

Define the set of high - degree vertices as the set of the first [3k/2]
vertices in this order:

H = {vla -5 V[3k/2] }

Call the elements of H the vertices of high degree.
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Lemma 2.90. Let G = (V,E) be a reduced graph. Any feedback
vertex set in G of size at most k contains at least one vertex of high

degree.

Proof. Let X be a feedback vertex set and let F =V \ X. Then G[F]
is a forest and the number of edges in G[F] is at most |[F| — 1. We
have that

D dl@) > [El-[F+L
zeX

Assume that there is a feedback vertex set X of size at most k and
assume that XN H = @. We show that this leads to a contradiction.

Following the idea outlined above we concentrate on the number of
edges that run between F and X.

Let f = |F\ H|. Each vertex in F\ H has degree in G at least three
since G is reduced. Let a = d(vrsk/21). Then a > 3.

By assumption H C F. 'We have that

Y dlz) = [3k/2]-a+3-f.
z€eF

The induced graph G[F] is a forest and the number of edges in GI[F]
is at most |F| — 1. Thus, the number of edges that run between F
and X is at least

3k/2la+3f—[F|+1 = [3k/2](a—1)+2f+1.

ON THE OTHER HAND each vertex in X has degree at most a —
and so — the number of edges between X and F is at most k - a.

So we have that
[Bk/2](a—1)+2f+1 < k-a.
and this leads to a < 3. This contradicts the fact that each vertex

in G has degree at least 3. 0

Lemma 2.90 allows the following parameterized algorithm for
feedback vertex set.

Algorithms
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Reduce the graph. The vertices of high degree in the reduced graph
form the root of a branching. A selected vertex is put in the solution
set and deleted from the graph.

Each branching operation results in at most [3k/2] subproblems.
The depth of the recursion is at most k. This proves the following
theorem.

Theorem 2.91. The parameterized feedback vertex set problem is
fized-parameter tractable and can be solved in (1.5k)¥% - |[III|CM) time.

Exercise 2.56

A set of vertices in a graph is called a P3 - cover if each path of
length two in the graph contains at least one vertex from the set.

Please design a fixed parameter algorithm for the problem to decide
if a graph has a P3 - cover of size at most k (where k is a parameter).

Hint: Any P3 - cover contains at least one of the three vertices of
any path of two edges.

2.13.4 Further reading

The fastest parameterized algorithm for the vertex cover problem
runs in 1.2738%*n®) time. This was obtained by Chen, Kanj and
Xia in 2010.

The edge dominating set problem can be solved in 2.3147%n© 1)
time by Xiao, Kloks and Poon. This is further improved to
2.2351*n°) by Iwaide and Nagamochi.

For the feedback vertex set problem, there is a 2.7%n°M)_time
randomized algorithm by Li and Nederlof. There is also a 3.46*n©(1)-
time deterministic algorithm by Iwata and Kobayashi.

Exercise: Check all this.
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2.14 Matchings

A matching in a graph G is a set of edges of which no pair
shares an endpoint.
Figure 2.12: The 5-wheel
Definition 2.92. Let G be a graph with at least one edge.
A set Exercise 2.57

SCE Check Definition 2.92 with

the text above it.
is a matching if S is an independent set in L(G). ¢ Tt aboved

We denote a matching of maximal cardinality in G by

A matching of maximal cardinality is called a maximum v is the 13" Greek alphabet
letter ‘nu.” In the English
alphabet, the 13 letter is
m, for matching.

matching.



2.15 Independent Set in Claw - Free Graphs

2.15 Independent Set in Claw - Free Graphs

CLAW - FREE GRAPHS GENERALIZE LINEGRAPHS. Of course
they can be recognized in polynomial time. Minty designed a
polynomial —time algorithm to find maximum independent sets in
claw—free graphs. We describe this algorithm. Since linegraphs
are claw—free, this implies that there is a polynomial—time
algorithm to find a maximum matching in a graph.

BTW Harary exhibits a complete list of nine forbidden induced
subgraphs that characterize linegraphs. (For example — the
5-wheel is claw-free but not a linegraph).

2.15.1 The Blossom Algorithm

Let us first recapitulate Edmonds’ algorithm to compute a maxi-

mum matching in a graph.

A chain is a sequence of vertices
P=1[vg - vl

such that successive elements are adjacent. Let M be a maximal
matching. Let X be the set of vertices that are not in any line of M.

Berge showed that M is not maximal if and only if there exists
an M-augmenting path — that is — a path that starts and ends
with distinct points in X and whose edges alternate between M and
E\M. Berge’s original proposal to find an augmenting path via a
depth-first-search procedure did not work because the path could
end up in an odd cycle. It was Edmonds’ idea to shrink the cycle
into one new point and start the search afresh.

Definition 2.93. A chain P=[vg --- wv] is alternating if for
each 1 exactly one of the edges {vi_1,vi} and {vi,vi;1} is in M.
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Figure 2.13: The claw

When JF is some finite collec-
tion of graphs, then the class
of F-free graphs is the set
of those graphs that have
no induced subgraph isomor-
phic to an element of F.

Vi Vo

Figure 2.14: The figure
shows a flower. The thick
lines represent edges of M.
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We first show that we can find a shortest alternating chain with
endpoints in X. Let A be the set of edges of a directed graph (V,A)
defined as follows

A={u—v|dev {ux}et and {x,v}ie M}

Then each alternating chain which starts and ends in X is a directed
path from X to Ng(X) in (V,A). Thus we can find an alternating
chain in G in polynomial time.

Definition 2.94. An alternating chain

P=1[vg - vl
is a flower if
1. tis odd
2. vg, ..., v¢_1 are distinct

3. v = v; for some i < t where 1 is even.

The circuit [vi,...,Vv¢] is called the blossom of the flower.

Lemma 2.95. A shortest alternating chain

P=lvy - vl
from X to X is either an augmenting path or [vo --- vj] is
a flower for some j < t.

Proof. Assume P is not a path. Let i < j be such that vi = v; and
such that j is as small as possible. Thus v, ...,vj_1 are distinct.

If j —iis even delete viy1,...,v; from P and obtain a shorter
alternating chain from X to X.

Assume j —1 is odd. The case where j is even and i is odd cannot
occur since this would imply that two edges of the matching meet
in Vi.
Thus we may assume that j is odd and i is even which implies
that

[vo -+ vj]

is a flower. O

Algorithms
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Let B the the blossom of a flower. The graph G/B replaces the
set of vertices of B by one new vertex. We call this new vertex B.
The edges of the graph G/B are

E(G/B) = {{x,y} | {x,y}eE and xy¢B}U
{{B,y} lyeNg(B)}. (243)

For the matching M in G we let M/B be the set of corresponding
edges in G/B. An edge of M with both ends in B is not an edge of
M/B.

Lemma 2.96. Let
B=[vi - v

be a blossom in G. Then M is a matching of mazimal cardinality in
the graph G if and only if M/B is a matching of maximal cardinality
in the graph G/B.

Proof. Assume that M/B is not maximum in G/B. Let P be an
augmenting path. If P does not contain B then it is an augmenting
path in G.

Assume that P enters B by an edge

{u,B} & M/B.
Thus {u,v;} € E for some j € {i,...,t}. Ifj is odd then replace
Bin P by [vjvjei -+ vl If j is even then replace B by
[vjvj—1 --- vi]. In both cases we obtain an augmenting path
in G.

Now assume that M| is not maximal. We may assume that 1 =
0 — that is — v; € X. Otherwise we can replace M by the
symmetric difference M + Q where Q is the set of lines in the chain
(Vo -+ wvil.

Let P = [ug -+ ug] be an augmenting path in G. When
P does not visit B then P is an augmenting path in G/B. If P
visits B then we may assume that ug ¢ B since otherwise we can
replace P by its reverse. Let u; be the first vertex of P in B. Then
[up -+ uj_; B]is an augmenting path in G/B. — Thus —
IM/B| is not maximal. O
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Edmonds’ algorithm can be implemented to run in O(n?-m)
time. Micali and Vazirani show that a maximum matching can be
computed in O(y/1 - m) time.

2.15.2 Minty’s Algorithm

We assume that the reader is familar with Edmonds’ algorithm to
find a maximum matching in graphs. Minty’s algorithm computes
a«(G) in claw-free graphs by reducing it to that of finding a maximum
matching in an auxiliary graph constructed from the input graph.

Let G be claw-free and let B be a maximal independent set in
G. Color the vertices of B black and the others white. Notice that
every white vertex has 1 or 2 black neighbors.

An augmenting path is a path that runs between two white
vertices — that each have only one black neighbor — and of which
the white vertices form an independent set.

Lemma 2.97. When two white vertices — both having two black

neighbors — are adjacent then they have a common black neighbor.

Proof. Let x and y be two white vertices that are adjacent. Notice
that
[ (INx)UN(y)) N B[> 4

implies a claw with one of the two whites as a center (since the
black vertices form an independent set). This is a contradiction. [J

If there exists an independent set of cardinality larger than |B|
then there must exist an augmenting path. Minty ’s algorithm finds
an augmenting path — if it exists — as follows.

Definition 2.98. A wing is a nonempty subset of white vertices

that is a single white vertex that has only one black neighbor or
the common neighborhood of two black vertices.

We refer to the wings of the second kind as the ‘tipped wings.’

Definition 2.99. A black vertex is regular if either

Algorithms
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1. it is incident with a white vertex that has only one black neighbor

2. it is incident with at least three tipped wings.

Lemma 2.100. Let b be a regular black vertex of the second kind.

Let p,q,r € N(b) and let them be in different tipped wings incident

with b. Then the number of pairs in {p,q,r} that are edges is odd.

Proof. The graph would have a claw when the number of edges in
{p, q, 7} were 0 or 2 (either with b as a center or the one of p, q
and T that is adjacent to the other two). O

2.15.8 A Cute Lemma

In an attempt to find an augmenting path we may try to find an
augmenting path that runs between a fixed pair of white vertices
that have one black neighbor. By trying all O(n?) feasible pairs
this will find an augmenting path if it exists.

This approach has the advantage that we can reduce the graph:
Let s and t be two white vertices that are not adjacent and that have
each exactly one black neighbor. In the search for an augmenting
s ~ t-path we can remove all white neighbors of s and t and all
other white vertices that have only one black neighbor. We refer to
this graph as the reduced structure.

Minty first shows that the neighborhood of any regular back
vertex has a partition into two classes such that all nonedges run
between vertices in different classes. For a regular vertex b that is
adjacent to s or to t one of the two classes is s or t and the other
class is N(b) \ {s, t}. The following lemma concerns itself with the
regular vertices that are incident with at least three tipped wings.

Lemma 2.101. Let b be a black vertex that is incident with at
least three tipped wings. There exists a unique partition of N(b)
into at most two parts such that all nonedges that run between
whites in different wings have their endpoints in different parts and
all edges between whites in different wings have their endpoints in
similar parts.
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Figure 2.15: A claw-free
graph; this one is a domino:
every vertex is in two maxi-
mal cliques.
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Proof. Notice that if x, y and z are three white vertices in different

tipped wings at b then the number of edges among {x,y, z} is odd.

We call a triple {x,y,z} with an odd number of edges among them
an odd triple.

First notice that — when each triple in a graph is odd — then the

graph is a union of at most two cliques. In that case we are done.

Consider a wing S and let z ¢ S. Define a binary relation L, on S
as follows. Any two elements x and y in S are related if and only if
{x,z} and {y, z} are both edges or both nonedges.

It is not difficult to check that any z’ ¢ S produces the same

relation L, =L, on S — that is — we can write L instead of L,.

Make two vertices in a wing S adjacent when they are related in L
and nonadjacent when they are not related in L. 48 Then every
triple in the wing is an odd triple.

It is now easy to check that any triple {x,y,z} in N(b) is odd.

It follows that N(b) has a partition as claimed in the lemma. [

Exercise 2.58

Let G be a graph and let Q be its collection of odd triples. A
Seidel switch with respect to some set S C V changes all edges with
one endpoint in S into nonedges and it changes all nonedges with
one endpoint in S into edges.

Prove that a Seidel switch does not change 3. When is a collection
of triples the set of odd triples of a graph?

Hint: A collection of triples is the collection of odd triples in a graph
if and only if every four elements contain an even number of even

triples.

2.15.4 Edmonds’ Graph

Notice that we lack a partition — into nonadjacent classes — of
the neighborhoods of black vertices whose neighborhoods consists of
two tipped wings. Minty calls these vertices irregular.

Algorithms

48 Notice that any augment-
ing path can use only one
white vertex in a wing. So
the graph on the white ver-
tices within a wing is of
no importance. The lemma
makes no claim on the edges
that run between whites that
are in the same wing.

Figure 2.16: Three wings
(edges with white endpoints
are not shown)
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As a subroutine the algorithm determines whether two regular
black vertices — say a and b — are connected by an alternating
path whose white vertices form an independent set.

B) Wn7 bna Wn+1) where
the b; are irregular black vertices and W; is the wing at b; with

Consider a sequence (Wp, bg, W1, by, ..

tip biy1. We may assume that this sequence is maximal — that
is — Wy and W, 4 are wings incident with regular vertices. By
dynamic programming we can determine whether there exists a
path

[a wg by w; by Wni1 bl

such that

1. a and b are the tips of Wy and Wy,

2. a is not adjacent to wg € Wy and b is not adjacent to wy 41 €
Wn+1

3. consecutive white vertices w; € W; and wi; € Wi, are nonad-
jacent.

We refer to such an a ~ b-path as an irregular path.

Let N be the number of regular vertices in the graph. Edmonds’
graph consists of a matching with N edges, representing the regular
vertices. The endpoints of an edge represent the two classes of the
partition of the regular black vertex. The graph has two more
vertices s and t. These are joined by an edge to the node-classes of
the two unique regular black neighbors.

By the subroutine described above for any two classes of regular
black vertices we can decide whether they are connected by an
augmenting path that uses no irregular vertices. Between any two
of the 2N endpoints of edges in the matching add an edge if the
two regular black vertices are connected by an irregular path that
uses the two classes.

Lemma 2.102. There exists an augmenting s ~t —path if and only
if Edmonds’ graph has an augmenting path.

We leave it as an exercise to check the correctness.
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Figure 2.17: This is the sun.
The sun is claw-free. It is the
linegraph of the net.

~

Figure 2.18: This graph
is called the bull. The
bull is claw-free, but has an
edge-contraction that pro-
duces a claw. Thus, the
class of claw-free graphs,
is not closed under edge-
contractions. BTW, what is
the complement of the bull?
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Theorem 2.103. There exists an O(n°) algorithm that computes

a maximum independent set in claw-free graphs.

Proof. The problem reduces to finding a augmenting path in Ed-
monds’ graph. The existence of irregular paths can be computed
in (overall) O(n?) time. Finding an augmenting path in Edmonds’
graph can be done in O(n?) time via the blossom algorithm. Since
the algorithm tries all feasible pairs s and t as endpoints of an
augmenting path the algorithm runs in O(n®) time. O

Exercise 2.59

The problem to find «(G) in a triangle—free graph is NP-
—complete. Reduce this problem to the clique problem in
claw—free graphs. Thus, finding w(G) in claw—{free graphs
is NP —complete.

Faenza et al. show that the independence number in claw-free
graphs can be computed in O(n3) time.

2.16 Dominoes

A natural generalization of the class of linegraphs of bipartite
graphs, is the class of dominoes.

Definition 2.104. A graph is a domino if every vertex is in

at most two maximal cliques.

Notice that linegraphs of bipartite graphs are dominoes. 49

Not all linegraphs are dominoes — for example — the linegraph

of the diamond is the 4-wheel W, and W, is not a domino.

Exercise 2.60

Show that every domino has at most m maximal cliques.

Algorithms

497 spell: ”one domino” and
?two dominoes.”

<

Figure 2.19: The linegraph
of the diamond, on the left,
is the 4-wheel, on the right.
The 4-wheel is not a domino.
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Exercise 2.61

Show that the class of dominoes is hereditary — that is — a
graph G is a domino if and only if every induced subgraph of
G is a domino.

Dominoes can be characterized in various ways.
Theorem 2.105. The following propositions are equivalent.
1. G is a domino

2. G is {Wy, claw, gem} —free.

Remark 2.106. The class of dominoes can be recognized in
linear time. — That is — there is a linear —time algorithm that
checks whether a graph is a domino. The algorithms operates
by identifying vertices that have the same closed neighborhood.
The graph on the equivalence classes is a linegraph (with some
additional properties). — Actually — a graph is a domino if and
only if its representative is the linegraph of a triangle-free graph in
which every vertex is adjacent to at most one pendant vertex.

Exercise 2.62

Let G be a graph. Call two vertices equivalent if they have
the same closed neighborhood. Show that this defines an equiva-
lence relation on V(G). of a graph

G is the graph with

The representative R(G)

V(R)={ X | XC V(G) is an equivalence class }.

Two vertices of R are adjacent if a pair of elements of the
classes are adjacent. Design a linear—time algorithm that com-
putes the representative of a graph.
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Figure 2.20: The gem

A binary relation is an
equivalence relation  if it
is  reflexive, symmetric,
and transitive. To be precise,
a binary relation ~ is an
equivalence relation if ~
satisfies

1. Vx x ~x,

2. WWVyx~y=y~x,

3. VxVyV: (x ~yandy ~
z) = x ~z.

The sets of mutually equiv-
alent vertices are called
equivalence classes.
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Exercise 2.63

A graph is strongly regular if there are numbers k, A and p
such that

(i) all vertices have the same degree — that is — the graph is
regular with degree k:

Vxev d(x) =I[N(x)| =k

Vxev VYyev X #y =
A if {x,y} et

IN(x) A N(y)| =
R W oif {x,y} ¢ E.

— For example — the Petersen graph is strongly regular with

parameters
(n, %k, A, p)=(10,3,0,1).

(I) Prove that L(K,) is strongly regular. Is it a domino?

(IT) Prove that the adjacancey matrix of a strongly regular graph
satisfies
A? =k -T+A-A+p-(J-1-A)
where I is the identity matrix and ] is the matrix with all

elements equal to 1.

HINT: Notice that J—I1—A is the adjacency matrix of G.

2.17 Triangle partition of planar graphs

Definition 2.107. A graph has a partition if its set of edges can

50 51 50 A triangle is a clique in

the graph with 3 vertices.

be partitioned into triangles.

51 Finding a minimum set of
In this chapter we show that there is a linear - time algorithm triangles that COVERS the
edges of a planar graph is

to check if a planar graph has a partition.
NP-complete.
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Definition 2.108. Let G be a plane graph — that is — the
graph G is planar and is given with an embedding in the plane.
A triangle T partitions the plane in two open regions say ‘inside’
and ‘outside.” If both regions contain vertices of G the triangle is

separating.

Definition 2.109. Let T be a separating triangle and let x € V(T).

The inside degree of x — say d(x) — is the number of edges that
is incident with x and some vertex inside T.
A separating triangle is even if d(x) is even for every x € V(T).

The dual

Exercise 2.64

Assume that G has an edge which is in only one triangle. Say the
triangle has edges e;, es and e3. Then G has a partition if and
only if G —{eq, e, e3} has a partition.

Exercise 2.65

Show that there is a linear-time reduction to the case where the
graph G is biconnected — that is — henceforth we assume that
G is biconnected. Furthermore we may assume that every vertex

of G has at least three neighbors. 52

Lemma 2.110. Let H be the dual of G. If G has a partition
then H is bipartite.

Proof. Assume G has a partition. Let C be a cycle in H. The
set of edges of C is a cut in G. Every triangle of the partition has
either all its vertices on the same side of the cut or one vertex on
one side and two on the other side. This shows that the cut has an
even number of edges — and so C is even. 0

107

52 A graph is biconnected if
each minimal separator has
at least two vertices.
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The triangle partition algorithm

— BY NOW — WE MAY ASSUME THE FOLLOWING. %3 53 Check !

1. G is biconnected
2. the dual H is bipartite
3. every vertex of G has even degree at least 4

4. every edge of G is in at least two triangles.

Graphs without separating triangles

If the graph has no separating triangles then every triangle is a
face.

Lemma 2.111. Assume G has no separating triangle. Then G
has a partition if and only if every vertex of one color class of H
has degree 3.

Proof. Let H; be a color class of H and assume that all vertices
of H; have degree 3. Then the vertices of H; form a partition of
E(G) into triangles.

Assume that G has a partition. The triangles of the partition are
faces and the corresponding vertices in H have degree 3. Between
any two of them the distance is even so they form a color class of
H. O

Graphs with separating triangles

Let P be a partition of E(G) into triangles. A separating triangle
S ={x,y,z} is of one of the following types.

Type 1. S € P or the three edges of S are in triangles with the third
vertex inside S

Type 2. the three edges of S are in triangles of P with the third vertex
outside S
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Type 3. some edge of S is in a triangle of P with the third vertex inside
S and some edge of S is in a triangle of P with the third vertex
outside S.

Exercise 2.66

If a separating triangle S is even then it is of Type 1 or Type 2

in any partition.

HiNT: Let S be a separating triangle and let P ve a partition of the
edges of G into triangles. Let G’ be the graph induced by S and
the vertices inside S. When S € P then S is even (otherwise G’ has
no partition).

Let {x,y} € E(S) and assume that {x,y} is in a triangle of P with
the third vertex outside S. Assume that the two other edges of S
are in triangle with their third vertex inside S. (So S is of Type 3.)

Remove the edge {x,y} from the graph G’. There is a partition of
the edges of G’ —{x,y} into triangles — and so — the degree of
x and y must be even in G’ — {x,y}. But then S is not an even
triangle in G.

54 Jiawei Gao, Ton Kloks
and Sheung-Hung Poon, Tri-
angle - partitioning edges
of planar graphs, toroidal
graphs, and k-planar graphs,
, . . Springer - Verlag, Lecture
HINT: Use Baker’s method to partition V(G) into layers. (See Notes in Computer Science

Theorem 4.246 on Page 323.) 54 7748 (2013), pp. 194-205.

Exercise 2.67

All even separating triangles can be found in linear time.

Definition 2.112. A separating triangle is outermost if none of
its vertices is inside any other separating triangle.

Consider the graph G* obtained from G by removing the interior
of all outermost even separating triangles. So the graph G* has no
even separating triangles. A special region of G* is a face that is
an outermost even separating triangle in G.

Let P be a partition of G*. Every even region or face is of one of
two types.
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Type a. the special region or face is a triangle of P

Type b. the edges of the boundary are in triangles of P that have their
third vertex outside.

Lemma 2.113. Assume G* has a partition. Let Hy and Hy be the
two color classes of the dual. Then all vertices of Hy are of Type a
and all vertices of Ha are of Type b or vice versa.

Proof. Along any path in the dual of G* the types of the vertices
must alternate. The dual is connected so all vertices of one color
class are of the same type.

This proves the lemma. O

Theorem 2.114. There exists a linear - time algorithm to find a
partition of the edges of a planar graph in triangles.

Proof. There are only two ways to partition G*.

Let S be an outermost even separating triangle. If S is labeled
Type a then a recursive step checks if the inside including S has a
partition. If S is labeled as Type b then the interior (without S)
is processed in a recursive step.

A list of all even separating triangles can be found in linear time.
All recursive steps are performed on separate subgraphs of G. This
proves that the algorithm runs in linear time.

This proves the theorem. O

2.17.1 Intermezzo: PQ - trees

Booth and Luecker introduced PQ - trees in 1976 as a data -
structure that is useful for the recognition of eg planar graphs

and interval graphs. Implementations of PQ -
trees allow linear - time
Let V be a finite set. A PQ - tree is a rooted tree T and a recognition algorithms for in-

. . . terval graphs and for planar
bijection from the elements of V' to the leaves of T. Each internal graphf

node is labeled P or Q and has at least two children.

The PQ - tree represents a set of permutations of V:
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1. the children of a P - node can be re-ordered in any way

2. the order of the children of a Q - node can be reversed (and
that is the only other valid order).

Let G be an interval graph — that is — there is an ordering
of the maximal cliques in G

C, --- Ci

such that each vertex is contained in a consecutive subset.

Consider the (0,1) - matrix with V as its columns and the maximal
cliques in G as its rows and that has a 1 precisely when a vertex
is in a clique. Then the rows can be permuted so that all the ones
in a column are consecutive.

Exercise 2.68

Design an algorithm:
INPUT: A graph G and the set of all the maximal cliques in G —
say — {Cy, -+, Cih.
OuTPUT: A permutation of the cliques such that the (clique -

vertex) - incidence matrix has all ones in each column consecutive.

HiNT: Build a PQ - tree. Start with a tree that has all its leaves
adjacent to the root and identified with Ci,--- C¢. Label the root
as a P - node. Add the vertices one by one and rebuild the tree
to satisfy the consecutive ones property.

2.18 Games

IT’s ALMOST CHRISTMAS — LET’S PLAY SOME GAMES!

One of my teachers used to say: “Only games played between
two people are interesting. Larger groups of players give rise to
fights and 1-player games are boring!”
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2.18.1 Snake

SNAKE IS A THRILLING GAME played on a graph as follows. —
Of course — the game is played between two players. The ‘game
- board’ is a graph G. The two players take turns in making (legal)
moves. The player who can’t make a legal move loses the game.

The two players together build a path in the graph. One endpoint
of the path is the ‘head’ and the only legal moves that are available
to a player (when it is his turn) extend the path with one vertex
that is adjacent to the head. ®® A newly added vertex becomes the
head of the path.

Player 1 makes the first move and he chooses one point in the
graph to start the path.

Exercise 2.69

Show that player 1 can easily win the game if the graph has an
isolated vertex.

We are interested in the question whether player 1 has a winning
strategy.

Snake was invented by Berge and he formulated the following
beautiful theorem in 1996.

Theorem 2.115. Player 1 wins the game snake if and only if
the graph has no perfect matching.

Proof. Suppose G has a perfect matching. We show that player 2
has a winning strategy.

To win the game player 2 fixes a perfect matching M and carries
that in his head. Player 1 chooses a vertex x to start the game.
There is a unique edge e € M that contains x. Player 2 chooses
the other endpoint of e to extend the path.

Algorithms

Johan Cruijff was once
the greatest football player
in Holland. One of his
proverbs was: “Football is
a game of mistakes. Who-
ever makes the fewest wins!”

55 Of course, only legal
moves are allowed. A player
is allowed to make a legal
move when it is his turn.

C. Berge, Combinatorial
games on a graph, Discrete
Mathematics 151 (1996),
pp- 59-65.

A perfect matching in a
graph is a matching with n/2
edges; so it covers all the
vertices.
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At any point in the game when player 1 enters a new edge of M
player 2 chooses the other end of that edge. Since M is perfect
this is a winning strategy for player 2.

The exercise below takes care of the converse.

This proves the theorem. O

Exercise 2.70

Suppose that G has no perfect matching. Show that player 1
has a winning strategy.

2.18.2  Grundy values

When it is a player’s turn he is faced with a position in the game.
Assume that the positions in a game form a DAG when there is an
arc from position x to position y if y is reached from x in one
move (by either player). 56

Give each position a Grundy value defined as follows. Each sink
in the DAG has Grundy value 0. Let x be a position with some
outgoing arcs. The Grundy value of x is the smallest element in
N U {0} that is not a Grundy value of any of its out-neighbors.

Let s denote the starting - position — ie — s is the position in
which player 1 has to make his first move. Call the Grundy value
of s the Grundy value of the game.

PLAYER 1 HAS A WINNING STRATEGY IF AND ONLY IF THE
GRUNDY VALUE OF THE GAME IS NOT O.

To see that assume that the Grundy value of s is not 0. By the
definition of the Grundy value there must be a position y that
player 1 can reach which has Grundy value 0. Player 1 makes that
move. Since the Grundy value of y is zero player 2 can only make
moves to positions that have a non-zero Grundy value. — So —
the game ends when player 1 makes the final move to a sink.

A natural question is whether player 1 has a winning strategy.

113

56 We want to consider only
finite games; if the digraph
has a directed cycle a game
can go on forever.

A sink in the DAG is a posi-
tion that ends the game.

My teacher once said that we
could try to simulate chess
with a DAG; but it’s made
hard by rules that involve
the history of the game (like
‘castling’). “And then —
you need to deal with a case
where you offer a draw and
your opponent gets a red face
and resigns!”
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Input: A graph G and a game (ie a rule which defines legal

moves).

Output: Decide whether the Grundy value of a the game is 0.

For example, there is a polynomial-time algorithm to decide if the
Grundy value of SNAKE is zero; just figure out if the graph has a
perfect matching.

2.18.8 De Bruyn’s game

De Bruijn shows that is can be quite difficult to find a winning

move.

Consider this game played on the set [n]. During the game
two players alternate and scratch out certain numbers of [n]. A
number can be scratched out only once and when no number is left

the player who has to make a move loses the game.

The rule to scratch out numbers is this. When it is a player’s turn he
chooses a number that has not been scratched out before. The move
scratches out this number and all its divisors (ie those divisors
that were not scratched out already).

PLAYER 1 HAS A WINNING STRATEGY.

To see that suppose player 1 chooses 1. This does not really change
the game — that is — if now player 2 wins the game then player 1
could have made that winning move instead of playing 1! — In
other words — player 1 wins the game.

Exercise 2.71

The NIM - game is played with some piles of stones. When it is a
player’s turn he must choose one nonempty pile and remove some
stones from it. When no pile has any stone left the player that has
to make a move loses the game.

Algorithms

To decide a game is to decide
whether its Grundy value is
0. If the Grundy value is
> 0 then player 1 has a win-
ning move. In this section
we show a game in which it is
not easy to find that winning
move.

So the number 1 gets
scratched out at the first
move.

In this game player 1 has a
‘waiting move.’

Player 1 wins the game but
finding the winning move is
not feasible —say — when
n > 100.
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Let there be k piles and let the number of stones in these piles be

ny Ng.

The Grundy value of this game is the nim - sum
ni @ PN @ Nk.

To obtain the nim - sum add the n; with the following addition
rule

a®b = min{k € NU{0} | Varca Vbr<b
k# d®b and k # adb’}

Another way to obtain a @ b is to write a and b in binary and
then to add them up bit - by - bit without using a carry.

Exercise 2.72

In this game the board is a forest F of k rooted trees. On the
root of each tree lies a coin. A legal move chooses one tree in the
forest and moves the coin in this tree to a point that is further
away from the root.

Let di denote the maximal distance of any point in T; € F from
the root. The Grundy number of this game is

di & -+ & dn

2.18.4 Poset games

POSET GAMES ARE PLAYED ON A POSET. Two players play
a game on a poset (P,<). When it is his turn a player selects an
element x of P; this removes x and all elements y > x.

Example 2.116. 1. Clearly NIM is a poset game: the poset is a
union of chains (the piles).
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2. HACKENDOT is a game played on a forest of rooted tree. The
selection as a move of a vertex removes all vertices that are on
the path from the vertex to a root. (When the forest is a tree
then player 1 wins.)

Deuber and Tomassé show that the Grundy value of an N - free
poset - game can be computed in O(n?) time.

2.18.5 Coin - turning games

LET A BOARD BE [n] WITH A COIN ON EVERY ELEMENT
THAT IS SHOWING head OR tail. A move is a turn of two
coins subject to the condition that the right - most coin of the
two turns from head to tail.

As usual, when a player can’t make a legal move he loses the game.

Exercise 2.73

Suppose there is only one coin that is showing head. Show that
the game is equivalent to NIM with one pile of stones. How many
stones are there in the pile of the NIM-game?

HinT: If there is only one coin that shows head then a legal move
is the same as ‘shifting the head to the left.” So, it is equivalent to
NIM with one pile of stones. The number of stones on the pile in
NIM is the number of positions the head can move to the left; if it
is in position k then it can move k — 1 positions to the left. (If the
head is in position 1 player 1 loses the game; accordingly g(1) =0.)

LET’S TAKE A BOLD STEP and see what happens if we simulate
the coin - turning game by a NIM - game that has one pile for
every head in the set.

Let A C [n] be the set of elements where the coin is showing head.

Simulate this game by a NIM - game; with a pile of stones for
every a € A. The number of stones in a pile — say g(a) — is
the number of positions it can move to the left.

Algorithms

J. Ulelha, A complete analy-
sis of Von Neumann’s Hack-
endot, International Journal
of Game Theory 9 (1980),
pp. 107-113.

W. Deuber and S. Thomassé,
Grundy sets of partial orders.
Technical report, University
Bielefeld, 1980.

Write the numbers 1---n
from left to right.
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CLAIM: THE TWO GAMES HAVE THE SAME GRUNDY VALUE:
P gl
acA
Proof. A difficulty arises only when two coins are turned that are
both head. In a ‘perfect’ simulation of the coin - turning game
the two piles would ‘disappear.’” The two piles in the NIM - game
become of equal size — that is — they have the same number of
stones and so the sum of their Grundy values equals 0.

This proves the claim. O

Exercise 2.74

Suppose the coin - turning game is played on an n x m - grid. Call
(n, m) - corner of the grid the North - East. One each point of
the grid lies a coin which shows head or tail.

A legal move turns all coins of a subgrid subject to the condition
that the North - East - corner of the subgrid turns from head to
tail.

Show that the Grundy value can be expressed as

P g(a), (2.44)

acA
where A is the set of vertices of the grid on which the coin shows
head. (What is g(a)?)

Exercise 2.75

Let (P, =) be a poset. Define the coin - turning game analogously
to the above. Show that there is an efficient way to decide if player 1
wins this game.

HINT: Introduce a turning set for each element in the poset. All
coins in a turning set T(a) turn when a player turns the coin in
a. In this game we assume that each element a is the unique
maximal element of its turning set T(a).

A legal move flips all coins of a turning set T(a) provided that the
coin in a shows head. Show that the Grundy value of the game can
be expressed as in (2.44).
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2.18.6 NIM - multiplication

H. W. Lenstra, Jr., NIM - multiplication. Technical Report Insti-
tute des Hautes Etudes Scientifiques IHES/M/78/211. Research
supported by the Netherlands Organization for the Advancement of
Pure Research (Z.W.0), 1978.

This paper defines a game as follows.

Definition 2.117. A game is a set.

TO EXPLAIN THIS DEFINITION a game is identified with its
initial position and a position is a set of options. Each option is
again a position. — So — an element of a game is a position (a
set of options) and every element of a position is again a position.
In this section all elements of a set are sets.

To play a set S Player 1 chooses an element of S — say — S’.
Then Player two chooses an element S” of S’ and so on. The
player who needs to choose an element from an empty set loses the
game. We assume that this will — eventually — occur, after a
finite number of moves.

WHILE WE’RE AT IT let’s define the Grundy number of a game
A as ¢g(@) =0 and

g(A) = min{k|k#g{) for LA}

Then player 1 has a winning strategy if and only if the Grundy
value of the game is not zero.

The sum of two game A and B is the game

A+B = {a+B,b+A|laeA and beB}

We assume that you are familiar with the sum - theorem.

Algorithms

This definition should end

with an exclamation mark!
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Theorem 2.118 (The sum theorem). The Grundy value of the sum
of two games A + B is

9(A+B) = g(A) @& g(B),

where @ is the NIM - addition:

a®p = min{klk#Zod ®pB and k#xdp’
for all o/ < o and B’ < B.}.

LET US DEFINE THE PRODUCT of two games as

AxB = {(axB)+(Axb)+(axb)lacA and beB}L

Then the Grundy value of the product is

g(AxB) = g¢g(A)og(B)
where the product nom of two numbers is the smallest number
different from (M om)® (mom’) ® (n' om’)

foralln’ <nand m' <m. (2.45)

We want no zero divisors:
(n—n')o(m—m') #0.

. So the Grundy value of nom
SUPPOSE WE PLAY THE PRODUCT GAME with two naturural is the smallest number differ-

numbers n and m. After t moves the position looks like ent from all

(a;oby) + (azoby) + -+ (azes1 0 baggr). (om) @ (nom)e

(m om/).
For any pair a,b the term (a o b) may appear many times
but only the parity of the number of occurrences of (aob) is of
interest.
A legal move is to replace a pair — say (a,b) — with three pairs
(a’ob)+ (aob’) + (a0 b),
where a’ < a and b’ < b. (N, @, 0) is a field of charac-

teristic two.
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If one of the three new term is already in the product then
the two equal terms cancel each other out because the sum of two
equal games is zero.

We can represent the positions of the mom - game by a rect-
angular n x m - grid. In each point of the grid there is a coin
showing red or blue (head or tail).

- =
/
1
! 1
N ”
-
/
\
\ \ g

The rule for a legal move is as follows. Choose a rectangle of
which the North - Fast corner is red. Switch the color at the 4
corners of the rectangle.

-

-

Theorem 2.119 (The product theorem). The Grundy number of
a product game is the sum over all the red nodes of the nim -
product of the two coordinates.

IN HIS PAPER (Exercise 4) Lenstra describes an algorithm to
calculate the NIM - product of two numbers n o m.

2.18.7 Ps3 - Games

Definition 2.120. Let G be a graph. A set S CV is P3 - convex
if
Vigs IN(XIJNS| < 2.
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Notice that this defines an alignment — that is

1. @ and V are P3-convex

2. if A and B are P3-convex then A N B is P3-convex.

Exercise 2.76

Let £ be the collection of Ps-convex sets. Define the hull

operator o:2Y — £ by
o(A) = the smallest P3-convex set that contains A.

Show that this is a proper definition.

set of labeled vertices S = @.

of labeled vertices as follows.
S + oS+x)

(The move labels all vertices of o(S + x).)

Two players play the Ps-game. The board is a graph. In a
move certain vertices of the graph get labeled. Initially the

A player selects an unlabeled vertex x. This changes the set

(At each point of the game prior to a move the set of labeled

vertices S is Ps-convex.)

Exercise 2.77

Prove the following theorem.

Theorem 2.121. There exists an O(n?) algorithm to decide the

Ps - game on paths.

121
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HinT: Compute the Grundy value of the game played on every
subpath — using dynamic programming.

In the connected Ps - game the moves are restricted so that

the set of labeled vertices S must induce a connected subgraph.

Exercise 2.78

1. Player 1 wins the connected Pj3 - game on P, if and only if
n # 2

2. Player 1 wins the connected Ps - game on the cycle C,, if and
only if
n =2 mod 3.

Exercise 2.79

1. Show that there is a polynomial - time algorithm to decide the
connected Ps3 - game on trees.

2. Show that there is a polynomial - time algorithm to decide the
P3s - game on cographs.

3. The ladder is the Cartesian product Ps X P;,. Show that Player 1
wins the connected Ps - game on the ladder if and only if

n = 0 mod®6.

2.18.8 Chomp

TWO PLAYERS PLAY A GAME ON A GRAPH. The name of the
game is CHOMP.  When it is his turn a player removes a vertex
or edge of the graph. 7 The game ends when there are no more
vertices or edges left. The game ends when there is no graph left to
play with.

Algorithms

Wing Kai Hon, Ton Kloks,
Fu-Hong  Liu, Hsiang-
Hsuan Liu and Tao-
Ming Wang, P3 - games.
Manuscript on arXiv:
1608.05169, 2016.

It is also called ‘the take-
away game.’

57 The removal of a vertex
also removes all edges that
are incident with it.
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Exercise 2.80

Show that player 1 loses the game on a triangle. Show that the
Grundy value for Chomp on K;; equals n mod 3.

Exercise 2.81

Show that there is an efficient way to decide the winner of a game
of chomp on K| which consists of a clique with n vertices and one
extra vertex that is adjacent to exactly one vertex in the clique.

A wuseful tool to compute the Grundy value of this game is the
flipping lemma. A flip is an automorphism o : V(G) — V(G)
which satisfies

1. for every x €V {x,0(x)} ¢ E
2. 02 =o.

The kernel of a flip is the set

{x]ox)=x}

Lemma 2.122 (The flipping lemma). The Grundy value for chomp
on G equals the Grundy value on any kernel of a flip.

Kandhawit and Ye — extending older results of Draisma and
Van Rijnswou for the Grundy value of forests — showed that for
bipartite graphs the Grundy value equals

$(G) = ng + 2-my, (2.46)
where ny and msy are the numbers of vertices and edges of the graph

modulo two.

Exercise 2.82

1. Show that an even wheel has a flip with kernel P3. — Conse-
quently — even wheels have Grundy value 1.

2. Show that also odd wheels have Grundy value 1.
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Exercise 2.83

Is there a polynomial time - algorithm to decide the winner of a
game of chomp played on a cograph?

HiNT: Every cograph is either one vertex or the join or the union
of two smaller cographs. — Clearly — the Grundy value of the
graph is the nim - sum of the Grundy values of its components.

Algorithms
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