Periodic Solutions for a Class of )
Impulsive Delay Differential Equations

updates

Dan Gamliel

Abstract We study two coupled linear delay differential equations (DDEs) with
additive impulses at regular time intervals. The equations are transformed to a DDE
coupled to an ODE. Conditions are found for positive periodic solutions, and some
examples are given for periodic solutions and for non-periodic solutions.
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1 Introduction

Periodic solutions to delay differential equations (DDE) have been studied by analogy
to Floquet theory of ODE [1], by lower and upper solutions [2], by Lyapunov’s second
method and the contraction mapping principle [3], or by fixed point arguments [4—
6]. In this work, we use the results of [4] to investigate the conditions for periodic
solutions for the following linear DDE with impulses:

d
EX(I)JrA(t)'X(t)-er(t)'X(t—r) =0 (=t (1
xwh) —xw)=Ipy H=to+k-T (keN) )
where the constant time delay satisfies: r > 0, and ¢, is related to the initial time

value t;, by fo — r > t;,. The impulses are assumed to be additive, as in [6]. The
arrays in (1) are defined as follows:
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(1)
o ar(®) —ai(r)
A= <—a2(t) ax(0) ) @

B@®) = b, (). (i }) 5)

Here, b is a constant, and the time interval T is the common period of the functions

h(v), a; (1), ax (7).
This is given together with the initial condition

x1(1) = ¢1(1)

() = $a() ©

for to—r <t <ty ,withxi(tgp) =m  x(ty) = ms.

2 Solutions for the DDE

In order to simplify the treatment of the coupled equations presented above, we define

the transformation
() _1/11 x1(8)
¥y = <y2<r)> =3 <1 —1) (xz(t)) @

Then Eq. (1) leads to

d
ayl(l) + (a1(t) —aa(t)) - y2(t) +2 by - h(t) - y1(t —r) =0 (8)
d
Eyz(l) + (@ @®)+a®) -»t)=0 9)

There are still two coupled functions, but now only one function, y; (), satisfies a
DDE, whereas y;(¢) satisfies an ODE. Impulses can be considered for each of these
functions. The initial conditions for the two functions are

N1 =3 (@1(1) + d2(1) (10)
» () =5 (@1() — $2(1))
for th—r <t <ty ,withy (o) = % (my 4+ my) ya(tg) = % (m; —myp)
Using the notation
a(t) = (a1(1) + ax(1))

the function y,(¢) is calculated (for fy < t) as
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y2 (1) = exp {—/ a(s) - dS} - y2 (t0) (1)

Note that if the initial conditions include m = m, then y,(¢y) = 0 so the function
remains zero for all times. We shall assume here that m| # m, so that y,(¢) is not
trivial.

Proposition 1 For the solution of Eq. (9), if

t+T
/ a(s)-ds =0
t

+

then the solution is periodic. Otherwise, if the solution is modified by adding for each
(k=1 2,...) the impulse

tw+T
Ly = {1 —exp{— /+ a(s)-ds}-y ()}
[
the resulting modified solution is periodic. If the function a(t) is continuous in the
interval [, t, + T, then the solution y(t) is bounded.

The periodicity is checked by the evolution of the solution between #; and #;; =
e+ T:

t+T
) =expl= [ a)-ds) o (1) (12

In the trivial case where
+T
/ a(s)-ds =0,
t

+

the solution for y,(¢) is already periodic, without any need for impulses. If

t+T
/ a(s)-ds >0
t+

and no impulses are applied, then the solution tends to zero for + — oo, so that the
zero solution is stable, but there is no periodicity. If

+T
/ a(s)-ds <0
t

+

and no impulses are applied, the solution diverges as t — oo. In the last two cases,
if the additive impulse

04T
boy = (1= expl= [ a(o)-ds) 22 (i) (13)
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is applied at the times t; = k - T, i.e.,

y2 () = y2 () = y2 (1) + L. (14)

then y, (¢) is periodic. If the function a(#) is continuous in each interval [#, #; + T,
then y,(¢) is bounded.
Equation (8) for y; (¢) will be re-written as

d
2O+ D@ -yt —r) == (@i(t) —a(t)) - y2() 15)

where b(¢) =2 - by - h(t). In [4], Schauder’s fixed point theorem is used in order to
prove that if there exists a continuous function w(t) such that

+T
/ b(s)-w(s)-ds=0 (for t—r >ty (16)

and also

/ b(s) - w(s)-ds =In(w(t)), 17

then there is a positive periodic solution to the homogeneous part of Eq. (15). A way
to construct the solution is given in [4]. If this periodic solution is denoted by yo(¢),
then the solution to full Eq. (15) is

yi(t) = yo(r) +/ X(t,5) - {—(ai(s) —ax(s))} - y2(s) - ds (18)

where X (¢, s) is the fundamental solution to Eq. (15) [7]. This solution evolves over
one period of yy(t) as

nt+T)—yt+T)= (19)

t+T
yl(t)—yo(t)+/+ X(t,s) - {=(ai(s) —ax(s))} - y2(s) - ds

Proposition 2 For the equation as Eq. (15) above, if

t+T
/ X(t, ) - {= (@1 (s) — as(s)} - ya(s) - ds = 0,

+

then the solution to the equation is positive and periodic. If the functions b(t) and
a(t) are continuous in each interval [ty, ty + T (with at most a finite number of finite
discontinuities), then the solution is bounded.

Note: If the integral in Eq. (19) is not zero, stability for Eq. (15) can hold if: (a) the
integral tends to zero as t — oo and (b) the equation for y((¢) is stable. The stability
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of yo(¢) can be checked as in [8]. However, if the integral in Eq. (18) diverges for
t — 00, then the equation for y;(¢) is not stable, even if the equation for yy(?) is
stable.

The original Equation (1) is solved (for #, <t < #, + T) by
t
xi(t) = exp{—f a(s) -ds}-y2 (&) + (20)
173

yo(r) + / X(t,5) - {=(ai(s) —ax(s))} - y2(s) - ds

Ik

x(1) = —exz?{—/ a(s) -ds} - yz () +

I

Yo() +/ X(t,s) - {=(ai(s) —ax(s))} - y2(s) - ds 2L

I

where the properties of the individual terms ( y, and y; ) determine the properties of
the original variables x; (¢), x2(¢).

3 Examples

3.1 Example 1

Consider a delay of  r = 6m and the following functions:

h(t) = cos(t)

ay(t) = co + ¢y - cos(t), a,(t) = ¢y - cos(t) where cg, c1, ¢, are constants.
For initial conditions, let us choose m; 7% m;, so that y,(#y) # 0 and take #y = 0.
Then for 0 < ¢,

y2 (1) = exp{—co - (t —tp) — (c1 + ¢2) - (sin(#) — sin(1))} - y» (07) (22)

As for y; (¢), the solution for the homogenous equation of Eq. (15) can be obtained
by choosing w(#) = 1, and then Eqgs. (16) and (17) become

t+2-
/ 2b; -cos(s) -ds =0
t

1
/ 2by -cos(s) -ds =0
t—6-
The solution for the homogeneous equation of y;(¢) is

yo(t) = exp{2 - by - (sin(ty) — sin(7))}
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so that the fundamental solution is
X(t,s) = exp{2 - by - (sin(s) — sin(z))}

The integral in Eq. (18) is

2
fm X(t,5) - {—co — (c1 —c2) - cos(s)} - y2(s) - ds

3.1.1 Casel.A

If c1 = ¢, the only contribution to this integral in the a; — a; term is from cy.
Substituting in Eq. (18), one gets

yi(t) = yo(r) +/ X(,s)-{—co} - exp{—co- (s — 1) —2-cy-sin(s)} - ds - y2(0)

1
i (23)
The integral term J = y;(t) — yo(?) is equal (for #p = 0) to

t
J = —co-exp{—2-by-sin(t)}- / exp{—cq - s +sin(s) - (2by — 2c1)} - ds - y2(tp)
! 24)

The result of the integral is a non-periodic function, so calculating the integral
between the limits:  fand # + T will not give zero. In the special case

b) = cy, the integral term is much simpler, but still the result is not periodic.Thus,
the function y;(¢) is not periodic, unlike yo(¢). Then the original variables x; (¢) and
X(t) are a combination of a periodic part (that of y,(¢) and y((¢)) and a non-periodic
part (J). If one adds an impulse to y;(¢):

L = 1) — yo@)} — it +T) — yoltx + 1)},

this will correct the value of the function only for a single time point. Due to the
dependence on the time delay, the behavior of the function for the next time interval
will in general be different from that in the previous interval, so y;(¢) will remain
non-periodic. Therefore, in both cases, b; # c| and b; = ¢y, the solution diverges
for t — oo.

3.1.2 Casel.B

Now assume c¢| # c¢; and ¢p = 0. Now the integral term is equal to
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J = / X(t,s)-{—(c1 —c2) -cos(s)} - exp{— (c1 + ¢2) - sin(s)} - ds - y2(0)

= —(c1 —¢2) - exp{=2- by -sin(1)} -

/ cos(s)explsin(s) - (2b1 — (1 + c2))} - ds - ya(to) 25)

4]

If 2b; # c| + c3, then the expression above is equal to

J=—(c1 —c)-exp{—2-b;-sin(t)}-
1
Qb — (c1 + )
{exp{(2- b1 — (c1 + ¢2)) - sin(t)} — exp{(2 - b1 — (c1 + ¢2)) - sin(to)}} - y2(to)

and this is a periodic function, so that also y;(¢) is periodic. If 2by = ¢ + ¢,
then the expression is
t
J=—(c1 —cp)-exp{—2-b; -sin(t)} - cos(s) - ds - y2(tp)

to

=—(c; —cp) -exp{—2-by -sin(t)} - (sin(t) — sin(ty))

which is also periodic. Thus, regardless of the value of by, the solution is periodic,
both for x1(¢) and for x;(¢).

3.2 Example 2

With the time delay: r = 7, consider the following functions:
h(t) = —sin(t) - exp{2b; - (sin(¢) — cos(?))}
and a, (1), ay(t) as in the previous example. Then y, () is the same as above, and for

v1(t), we define the function w(t) = exp{2b; - (cos(t) — sin(¢))}.
Then Egs. (16) and (17) become

t4+2-w
—/ 2b; -sin(s) -ds =0
t

—/ 2b; - sin(s) - ds = 2by - (cos(t) — sin(z))

2

Now the solution for the homogenous equation of Eq. (15) is
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Yo(t) = exp{2 - by - (cos(fy) — cos(1))}
so that the fundamental solution is

X(t,s) =exp{2 - by - (cos(s) — cos())}

3.2.1 Case2.A

If ¢; = ¢, the only contribution to this integral is from cg.
Substituting in Eq. (17), one gets

t
yi(®) = yo(t) +/ X(t,5) - {—co} - exp{—co - (t —10) —2-cy -sin(s)}-ds - y2(0)
1
' (26)
The integral term J = y;(¢) — yo(t) is equal to

J=—co-exp{—co-(t —19) —2-by-cos(t)} 27

/ exp{(2b; - cos(s) — 2c;y - sin(s))} - ds - y2(2p)

]

The result of the integral is a non-periodic function, so calculating the integral
between the limits: #; and #; + T will not give zero. In fact, for this case,

2
/ exp{(2b; - cos(s) — 2¢y - sin(s))} - ds = 27110(\/4 (b2 +4-(c)?
0

where Ip(x) is the modified Bessel function of order zero.

Thus, the function y; (¢) is not periodic, unlike yo(#). Then the original variables
x1(t) and x,(¢) are a combination of a periodic part (that of y,(¢) and y,(¢)) and a
non-periodic part (J).

3.2.2 Case2.B

Now assume c¢| # ¢, and ¢y = 0. Now the integral term is equal to

J= / X(1,8) - {— (c1 — e2) - cos(s)} - exp{— (c1 + ) - sin(s)) - ds - y2(0)

o

—(c1 —c2) - exp{=2-by - cos(1)} -

/ cos(s)exp{(2b; - cos(s) — (c1 + ¢3) - sin(s))} - ds - y2(to) (28)

fo
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The result of the integration is not a periodic function. Also, for the special case
(c1 + ¢2) = 0, the result is not periodic, and in that case,

2
/ cos(s) - exp{2b; - cos(s)} - ds = 2mx 1, (2by)
0

where I;(x) is the modified Bessel function of order one. Thus, regardless of the
value of b, the solution is not periodic, both for x;(¢) and for x,(¢) . The solutions
diverge for t — oo.

3.3 Example 3

With the time delay: » = 7 consider the following functions:

h(t) = —sin(t) - exp{2b; - (sin(¢) — cos(?))}

and
a1 (t) = co + ¢y -sin(t), ay(t) = ¢, - sin(t) where cg, c1, c, are constants.
Then for 0 < ¢,

y2 (t) = exp{—co - (t —1p) + (c1 + ¢2) - cos(t)} - y» (07) (29)

and for y; (¢), we define the function w(t) = exp{2b; - (cos(t) — sin(z))}.

Then Eqs. (16) and (17) are the same as in Example 2 above,

and also the solution for the homogenous equation of Eq. (15) and consequently
the fundamental solution are the same as in Example 2 above.

3.3.1 Case3.A
If ¢; = ¢y, the only contribution to this integral is from cy.
Substituting in Eq. (17), one gets

t
y1(1) = yo(0) +/ X(t,5) - {=co} - exp{—=co - (s —10) +2-c1 - cos(s)} - ds - y2(0)

1
' (30)
The integral term J = y;(¢) — yo(¢) is equal to

J =—co-exp{co- (o) —2- by -cos(t)}- (3D

/ exp{co-s 4+ (2b - cos(s) + 2c; - cos(s))} - ds - y2(tp)

fo
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Thus, the function y(¢) is not periodic, unlike y ().

3.3.2 Case3.B

Now assume c; # ¢, and ¢y = 0. Now the integral term is equal to

J = / X(t,5) - {=(c1 — c2) - sin(s)} - exp{— (c1 + ¢2) - cos(s)} - ds - y2(0)

fo

= —(c1 —c2) -exp{=2-by - cos(r)} -

/ sin(s)exp{(2b, - cos(s) + (c1 + ¢2) - cos(s))} - ds - y2(t0) (32)

fo

If 2by + ¢1 + ¢ # 0, then the expression above is equal to

J =4(c1 —cp)-exp{—2-by -sin(t)} -
1
by + (c1 +¢2))
{exp{(2- b1 + (c1 + ¢2)) - cos(t)} — exp{(2 - by + (c1 + ¢2)) - cos(tp)}} - ¥2 (o)

and this is a periodic function, so that also y;(¢) is periodic. If 2by = c1 + ¢,
then the expression is

J=—(c1 —cp)-exp{—2-b;-cos(t)}- / sin(s) - ds - y2(to)

=+ (c1 — ¢2) - exp{—=2- by - cos(t)} - (cos(t) — cos(tp))

which is also periodic. Thus, regardless of the value of by, the solution is periodic,
both for x;(¢) and for x, (7).
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