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1 Introduction

Stress path is very important in geotechnical engineeringwhich represents the succes-
sive states of stress in granular materials such as sand during loading or unloading
while carrying out the laboratory tests on test specimens. Due to the variation of
the stress states, granular materials also respond differently. The study of stress
paths is important for formulating different constitute equations. The stress paths
usually studied in geotechnical engineering include conventional triaxial compres-
sion, triaxial compression, axial extension, plane strain compression, mean stress
compression, reduced triaxial compression, reduced triaxial extension, and hydro-
static compression. Being a very important part of geotechnical engineering studies,
numerous experimental studies were carried out and reported in the literature consid-
ering stress paths [1–3]. The experimental results are then used to develop constitu-
tive equations to predict the complex behavior of granular materials under different
loading conditions. Since the constitutive modeling of granular materials under
different loading conditions mainly depends on the boundary behavior obtained
from the laboratory tests without considering the inherent particulate behavior, the
geotechnical engineers often rely on the experiences and judgments. To develop
a constitutive model based on the inherent micro-mechanics, the evolution of the
microstructures and their characteristics must be incorporated into the constitutive
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laws. Few studies in the literature have attempted to understand the complex inherent
microstructures that evolve under complex loading conditions. Among others, Ng
[4] studied six different stress paths and indicated that simulated behavior is very
similar to the laboratory results under different loading conditions for sands. It was
also reported that the difference between the triaxial compression and plane strain
compression is very similar to that observed for sands. A comparison between the
conventional triaxial compression and plane strain compression was also reported by
Sazzad and Suzuki [5], and a strong correlation between the evolution of the stress–
strain and the fabric ratio–strain was established under these loading conditions.
Their study observed a unique macro–micro-relationship regardless of the stress
paths and loading conditions. Similar other studies in the literatures [6–11] reported
the influence of stress paths on the macro-scale (behavior at the boundary) and the
micro-scale (behavior at the particle level). In this paper, a comprehensive study is
attempted to explore both the macro- and micro-mechanical behaviors of granular
materials under four different stress paths namely triaxial compression, plane strain
compression, axial extension, and mean stress compression. To carry out the simu-
lation, a numerical sample consisting of spheres was prepared. In this study, spheres
were used to reduce the computational costs of the simulation. The isotropically
compressed sample was subjected to four different stress paths. Same isotropically
compressed sample was used for each simulation to eliminate the biasness of the
initial fabric prior to shear of the sample under different stress paths. The simulated
data were investigated comprehensively, and the results were reported.

2 Discrete Element Method

The discrete element method (DEM) is a very popular method nowadays to study the
microstructural behavior of a granulate system. It is introduced byCundall and Strack
[12]. It is widely used in different branches of science and engineering particularly
in geotechnical engineering [4, 6, 9]. The basic structures and equations involved in
DEM are very simple, yet its computer programming is complicated and requires
huge time to run. Newton’s second law of motion is used to obtain the displacement
by double integrations for a very small time step. Force–displacement law is used to
compute the force using the incremental displacement. The equations involved are
as follows:

mẍi =
∑

Fi , i = 1− 3 (1)

I θ̈ =
∑

M (2)

whereFi , M , m, I , ẍi , and θ̈ are the force components, moment, mass of particle,
moment of inertia, translational acceleration components, and rotational acceleration,
respectively.
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3 Computer Program

In this study, the computer program OVAL is used [13, 14]. The code is written in
FORTRAN language and can run both onWindows and Linux platforms. OVALwas
used inmany simulations earlier, and its efficacy has been established through several
publications [13–17]. A linear contact model is used in the present study. In the linear
contact model, three linear springs are used. One linear spring is used in the normal
direction, and the others are used in the tangential directions to compute normal
and shear forces, respectively. Friction sliders have also been used to facilitate the
control of slippage between particles and to incorporate the effect of friction angle.
The viscosity coefficients (translation and rotational body damping) in OVAL are a
fraction of the critical damping.

4 Sample Generation and Preparation

A numerical sample is generated in a cubical frame. The particles were idealized as
spheres to reduce the computational cost of simulation. Consideration of complex
particle shapes and ahugenumber of particleswould otherwise require a huge compu-
tation time. The spheres were placed in the cube shape sample with the variation of
the particle diameters randomly. A representative sample was used, and the number
of particles of the representative sample was 8000. The initially generated sample
was subjected to isotropic compression step by step by using the periodic boundary,
a boundary condition in which a particle that straddled a periodic boundary has a
numerical image at the opposite boundary, till the isotropic stress reached 100 kPa.
When the isotropic stress reached 100 kPa, the void ratio of the sample became 0.57.
It should be noted that the interparticle friction at the stage of the isotropic compres-
sion was intentionally turned off to ensure the formation of the densest sample. Later,
the desired interparticle friction angle is introduced before the start of the simulation.

5 Simulation Conditions

Simulation of triaxial compression, axial extension, plane strain compression, and
mean stress compression was conducted. In the case of the triaxial compression test,
the vertical height along x1—direction decreased with a very small strain increment
of 0.00002%, while the stresses in the other two directions (x2—direction and x3—
direction) remained constant (100 kPa). In the case of the axial extension test, the
vertical height along x1—direction increased with a very small strain increment of
0.00002%, while the stresses in the other two directions (x2—direction and x3—
direction) remained constant (100 kPa). In the case of the plane strain compression
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Table 1 DEM parameters
used in the simulations

DEM parameters Values

Normal contact stiffness, kn (N/m) 1 × 106

Shear contact stiffness, ks (N/m) 1 × 106

Mass density (kg/m3) 2650

Increment of time step (s) 1 × 10–6

Interparticle friction coefficient (μ) 0–0.50

Damping coefficients 0.05

test, the vertical height along x1—direction decreased with a very small strain incre-
ment of 0.00002%, while the stress in x3—direction remained constant (100 kPa)
and the increment of strain in x2—remained is zero. In the case of the mean stress
compression, the vertical height along x1—direction decreased with a very small
strain increment of 0.00002%, while the mean stress remained constant by adjusting
the movement of the other two boundaries along x2—direction and x3—direction.
The DEM parameters and their corresponding values are presented in Table 1. The
simulated conditions are depicted in Fig. 1 as well. It should be noted that the same
isotropically compressed sample was used in the simulation, so that no bias of the
simulated results was noticed due to the variation of the initial fabric of the sample.

6 Macro-mechanical Behavior

Themacro-mechanical behavior is discussed in this section. The relationship between
the deviatoric stress andmean stress is depicted in Fig. 2. Here, the deviatoric stress is
defined as q = σ1−σ3, andmean stress is defined as p = (σ1+σ2+σ3)/3, where σ1,
σ2, and σ3 are the stresses along x1, x2 , and x3 directions, respectively. Figure 3a
depicts the evolution of deviatoric stress with axial strain ε1. The simulated behavior
of the present study is very similar to that observed in the experimental and numerical
investigation [4, 5, 10, 11, 18]. The highest deviatoric stress is obtained for plane
strain compression (PSC). This is also in accordance with similar other studies in the
literature [4, 9]. The deviatoric stress is the minimum for mean stress compression
(MSC) as expected. This is due to the continuous rearrangement of the contact fabric
during MSC to maintain the target mean stress [4]. Triaxial compression (TC) and
axial extension (AE) depict the intermediate behavior where the deviatoric stress
in AE is greater than TC [4]. This behavior is consistent with that observed in the
sand. The evolution of the volumetric strain defined as εv = ε1 + ε2 + ε3 with axial
strain ε1 is depicted in Fig. 3b. The positive sign of εv indicates compression, while
the negative sign indicates dilation. The compressive behavior is followed by huge
dilative behavior regardless of the stress path applied. Such tendency is usual in
dense sand. The huge dilation observed in this study particularly in AE is related to
the excessive dense soil (void ratio = 0.57) as compared to the other studies in the
literature [4, 8, 10].
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Fig. 1 Graphical representation of the simulation conditions for different stress paths

Fig. 2 Relationship between
the q and p for different
stress paths



86 M. M. Sazzad et al.

Fig. 3 a Relationship between a q and ε1, b εv and ε1 for different stress paths

7 Macro-mechanical Behavior

The evolution of different micro-mechanical quantities is discussed in this section.
The evolution of the average coordination number defined as twice the total number
of contacts divided by the total number of particles considered in the simulation with
axial strain is depicted in Fig. 4a. A sharp decrease of average coordination number
at the beginning of shear is noticed regardless of the stress path applied. This is
because of the disintegration of contacts between particles at the beginning of shear
and the fabric of the sample becomes anisotropic from the isotropic state. Although
the isotropic condition is the same, a huge loss of average coordination number is

Fig. 4 Evolution of coordination number with axial strain. a Average coordination number. b Slip
coordination number
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observed for MSC compared to the other stress paths like TC, PSC, and AE. In
the case of MSC, the boundaries of the sample need to move to adjust the target
mean stress, and consequently, more contact disintegration takes place resulting in
the decrease of average coordination number. On the contrary, the evolution of slip
coordination number defined as twice the total number of slip contacts divided by
the total number of particles with axial strain is depicted in Fig. 4b. Slip coordination
number is sharply picked at a very small strain level, and as the loading continues,
it reduces and depicts almost similar behavior regardless of the stress path applied
except MSC.

The evolution of deviatoric contact fabric quantified by a fabric tensor considering
all and strong contacts between particles is depicted in Fig. 5, while the evolution of
contact fabric ratio considering all and strong contacts between particles is depicted
in Fig. 6. The fabric tensors considering all and strong contacts are defined as follows
[19, 20]:

Fig. 5 Evolution of deviatoric contact fabric with axial strain. a Considering all contacts.
b Considering strong contacts only

Fig. 6 Evolution of contact fabric ratio with axial strain. a Considering all contacts. b Considering
strong contacts
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Hi j = 1

Nc

Nc∑

c=1

nci n
c
j i, j = 1− 3 (3)

Hs
i j =

1

Nc

Ns
c∑

s=1

nsi n
s
j i, j = 1− 3 (4)

Here, nci is the contact normal vector at the i-th contact, and nsi is the contact
normal vector at the i-th strong contact. Nc and Ns

c are the number of total contacts
and number of strong contacts, respectively. A contact is considered to be strong if
the normal force between particles during contacts is greater than the average normal
force of all contacts. The evolution of deviatoric fabric H11 − H33 considering all
contacts with axial strain is depicted in Fig. 5a, whereas the evolution of deviatoric
fabric Hs

11 − Hs
33 considering strong contacts with axial strain is depicted in Fig. 5b.

A qualitative similarity between the pattern of the evolution of H11 − H33 with ε1
and q = σ1 − σ3 with ε1 is noticed. Nevertheless, the quantitative pattern is not
similar. For example, q is highest for PSC, whereas H11 − H33 is highest for MSC.
Similar behavior is noticed in Fig. 5b. On the other hand, if the ratio of fabric is
considered in contrast to the deviatoric fabric and its evaluation is depicted in Fig. 6,
a quantitative similarity between the evolution of stress ratio and fabric ratio with
strain is noticed for all other stress paths (TC, PSC, AE) except MSC when strong
contacts are considered [compare Fig. 6b with Fig. 3a].

A relationship between fabric ratio considering strong contact and stress ratio is
also developed and shown in Fig. 7. A unique behavior is noticed regardless of the
stress paths only at a very small strain range (up to 1% of axial strain).

Fig. 7 Relationship between
fabric ratio (strong contacts
only) and stress ratio for
different stress paths



Macro- and Micro-mechanical Responses of Granular Materials … 89

8 Conclusions

A numerical study is conducted using the DEM to explore the micro-mechanical
characteristics of a granulate system such as sand for different stress paths. The
macro-mechanical behavior is also presented. For this, a numerical sample consisting
of 8000 sphereswasprepared andcompressed isotropically to 100kPa.Thenumerical
sample was subjected to shear under different stress paths. The same sample prior
to shear was used to eliminate the biasness of the initial fabric of the test samples as
usually occurred in experimental studies. The simulated macro-mechanical results
of the present study were compared with the experimental and numerical results
of the earlier published studies and found excellent qualitative agreements among
them. Average coordination number and slip coordination number evolve differently
with axial strain. A huge loss of average coordination number is observed for mean
stress compression compared to other stress paths considered in this study. Slip
coordination number sharply picked at a very small strain level and depicts almost
similar behavior at the higher strain except mean stress compression. The fabric
ratio rather than the deviatoric fabric matches well with the stress ratio rather than
the deviatoric stress with strain. The relationship between stress ratio and fabric ratio
considering only strong contacts is almost linear and unique regardless of the stress
paths only at a very small strain level.
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