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Binayak S. Choudhury and Nikhilesh Metiya

Abstract This chapter is a review work on the development of metric fixed point
theory. It begins with the description of Banach’s Contraction Mapping Principle and
finally contains results established in the recent years as well. The proofs are presented
for every theorem discussed here. Several illustrations are given. The development is
presented separately for functions with and without continuity property. Only results
on metric spaces without any additional structures are considered.

1 Introduction

It is widely held that metric fixed point theory originated in the year 1922 through the
work of S. Banach when he established the famous Contraction Mapping Principle
[2] which has come to be known by his name. It is a versatile domain of mathematics
having implications in several other branches of science, technology and economics
[1, 31, 43]. At present even after a century of its initiation, the subject area remains
vibrant with research activities.

Admittedly, putting together all basic theorems in metric fixed point theory in a
single chapter is an impossible task. One has to be selective on this issue. We do
not mean to undermine those results which are left out of our selection. They can
even be more important than those which are included in this chapter. For instance,
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Generalized Banach Contraction Conjecture (GBCC) result of Merryfield et al. [26]
is not included in this chapter. There are many important fixed point results which are
deduced in metric spaces having additional structures like partial order, graph, etc.
But here we consider only those results which are relevant to metric spaces without
any additional structures. The only additional property which we consider here is
the completeness property of the metric space. Further, we describe theorems for
mappings with or without continuity assumption.

Definition 1 (Fixed point) Let M be anonempty setand S : M — M be a mapping.
A fixed point of S is a point £ € M such that S& = &, that is, a fixed point of S is a
solution of the functional equation Sz = z, z € M.

A self-mapping may have no fixed point, a unique fixed point and more than one
fixed point. This is illustrated in the following examples.

Example 1 Take R the set of all real numbers equipped with usual metric.

(i) The mapping S : R — R, Sz = z°, z € R has three fixed points z =0, z = 1

and z = —1.
(ii) The mapping S : R — R defined by Sz = —z%, z € R has only fixed point
z=0.

(iii) The mapping S : R — R where Sz =z +sinz, z € R has fixed points z =
nw, n =0, %1, £2, ...
(iv) The mapping S : R — R defined as Sz = z + 1, z € R has no fixed point.

2 Banach’s Contraction Mapping Principle

The first result we describe is the famous Contraction Mapping Principle.

Definition 2 (Contraction mapping) A mapping S : M — M, where (M, p) is a
metric space, is called a Lipschitz mapping if there exists a real number £ > 0 such
that p (Su, Sv) < k p(u, v) holds for all u, v € M. The smallest positive real number
k for which the Lipschitz condition is valid is called the Lipschitz constant of S.

If the Lipschitz constant k lies between 0 and 1, that is, if 0 < k < 1, then the
Lipschitz mapping S is called a contraction mapping.

Obviously, a contraction mapping is continuous.

Example 2 (i) The mapping S : [0, 1) — [0, 1) defined by Sz = £ is a contrac-
tion mapping.

(i) The mapping S : R — R defined by Sz = SZ;’ 3 is not a contraction mapping.

In 1922, Banach established a fixed point result for a self-map S of a complete
metric space using a contractive condition, which is known as Banach’s contraction
mapping principle.
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Theorem 1 (Banach’s contraction mapping principle [2]) A self-mapping S of a
complete metric space (M, p) admits a unique fixed point if for allu, v € M,

p(Su, Sv) <k p(u, v), where0 < k < 1. (D

Proof Suppose ¢, n € M with ¢ # n are two fixed points of S. From (1), we have
p(&,n) = p(S¢, Sn) <k p(¢, n), which is a contradiction. Hence the fixed point of
S, if it exists is unique.

Choose any point zo € M. We construct a sequence {z,} in M such that

Zn = S7,-1 = S"zo forall n > 1. 2)
For each positive integer n, we have

IO(Zn1 Zn+1) = p(Sanl, SZn)
< k ;O(Zn—la Zn)
< K p(zn-2, Zu-1)

< k" p(z0, 21).

By triangular inequality, we have for n > m,

PZms 2n) < PEZms Zmt1) + P@mt1s Zmy2) + oo + P(Zn—1, 2n)
< K" p(z0,21) + K™ p(z0,21) + oo + K" (20, 21)
<K'M14+k+k+ ..+ p(zo, 21)
< kK"[14k+k>+..]1p0.21)

m

=1 p(zo,21) = 0, asn — +o0 [since o < 1],

which implies that {z,,} is a Cauchy sequence in M. By the completeness of M, there
exists £ € M such that z, — &, asn — +o0.

Being a contraction mapping, S is continuous. Therefore, we have S& =
lim,—, 0 Sz, = lim,— 100 2n4+1 = &. Hence, £ is a fixed point S. By what we have
already proved, £ is the unique fixed point of S.

Example 3 Take the complete metric space R equipped with usual metric and the
contraction mapping S : R — R defined as Sz = 2(1 — ). We see that z = % is
the unique fixed point of S.
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3 Generalizations of Contraction Mapping Principle

In 1969, Boyd and Wong [4] made a very interesting generalization of the Banach’s
contraction mapping principle in complete metric spaces. They replaced the con-
stant k in (1) of Theorem 1 by a function ¢ : [0, +00) — [0, +00) which is upper
semicontinuous from the right (thatis, 7, | ¢ > 0 = limsup ¢(#,) < @(?)).

The following result is due to Boyd and Wong [4].

Theorem 2 A self-mapping S of a complete metric space (M, p) admits a unique
fixed point if there exists a function ¢ : [0, 4+00) — [0, +00) which is upper semi-
continuous from the right with 0 < ¢(¢) < ¢ for ¢ > 0 and the following inequality
holds:

p(Su, Sv) < p(p(u, v)), forallu, ve M. 3)

Proof Let zy € M be any arbitrary element. We define a sequence {z,} in M such
that z, = Sz,-1 = §"z¢, forall n > 1. If z; = z;4; for some positive integer /, then
z; is a fixed point of S. So we assume that z,, # z,+1, foralln > 0.

Applying (3) and using the property of ¢, we have

,O(Zn+1, Zn+2) = p(SZn» Szn+1) < (P(P(Zn, Zn+1)) < IO(Zna Z}’Hrl)v for all n > 0.
4)

Therefore, {p(z,, zn,+1)} iS @ monotonic decreasing sequence which is bounded
below by 0 and hence there exists an § > 0 for which

lim (2, Zut1) = 6. &)

n——+o00

From (4), we have

0(Zn+15 Zn42) < (0 (20, Zng1)), foralln > 0.

Taking limit supremum as n — +o00 on both sides and using (5) and the properties
of ¢, we have § < ¢(8) < 4. It is a contradiction unless § = 0. Hence

lim 0(z,, Zug1) = 0. (6)

n—+o0
We prove that {z,,} is a Cauchy sequence by method of contradiction. If possible,
suppose that {z,} is not a Cauchy sequence. Then we have an € > 0 for which there

exist two sequences of positive integers {m(k)} and {n(k)} such that

nk) > mk) >k, p@mw, Znw) = € and p(Zmw), Zn@—1) < €.

Now,
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€ < PEmey> 2n@) = P@mk)s Znk)=1) + P(Znk)=1> Znk))
< €+ p@Zuk)-1> Zn))-

Using (6), we have
lim  p(zmys Znw) = €. Q)
k—+00

Again,

P@mwys Zn)) < PZmw)» Zmy+1) + P @m)+15 Zn@+1) + P Znys Zn+1)
< @)y Tmiy+1) + PP Emkys 2n))) + PZnkys Znk)+1)-

Taking limit supremum as n — 400 on both sides of the inequality and using (6), (7)
and the properties of ¢, we have € < ¢(¢€) < €. This is a contradiction. Hence {z,}
is a Cauchy sequence. As (M, p) is complete, there exists & € M such that z,, — &,
asn — +00.

We now show that & is a fixed point of S. It follows by the contraction condition
that S is continuous. Therefore, S& = lim,,_, ;oo Sz, = lim, 1o 2441 = &. Hence
& is a fixed point S.

Let z be a fixed point of S other than &. Then p(z, &) > 0. From (3), we have
0(z,8) = p(Sz, S&) < p(p(z,8)) < p(z, &), which is a contradiction. Hence, £ is
the unique fixed point of S.

Example 4 Take the metric space M = [0, 1] equipped with usual metric. Define
S:M— MasSz=z—§,f0rz € M. Let g : [0, +00) — [0, 4+00) be defined
by

t— S if0<r<1,

otherwise.

o) = {

t
2
Boyd and Wong fixed point theorem is applicable and z = 0 is the unique fixed point
of S.

In 1969, Meir and Keeler [25] established that the conclusion of Banach’s theo-
rem holds more generally from the following condition of weakly uniformly strict
contraction:

Given € > 0, there exists § > 0 such that

€ < p(x,y) <e+ 4 implies p(Sx, Sy) < €. ()

The following result is due to Meir and Keeler [25].

Theorem 3 A self-mapping S of a complete metric space (M, p) admits a unique
fixed point if (8) holds.

Proof We first observe that (8) implies that

p(Sx, Sy) < p(x,y) whenever x # y. ©))
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Suppose that ¢ and n are two distinct fixed points of S. Then from (9), we have
o, n) = p(S¢, Sn) < p(¢, n), which is a contradiction. Hence S may have at most
one fixed point.

Let zp € M be any arbitrary element. Take the same sequence {z,,} in M as in the
proof of Theorem 2. We take z,, # z,+1, for all n > 0. This is because in the case
71 = 7741, for some positive integer [, z; is a fixed point of S.

Let ¢, = p(zn, Zu+1). From (9), we can show that {c, = p(z,, Zu+1)} 1S a
monotonic decreasing sequence of nonnegative real numbers. Then there exists
an € > 0 such that ¢, — €, as n — +o00. If possible, suppose that € > 0. As
{c,} is decreasing and ¢, — €, as n — 400, for § > O there exists m such that
€ <c, <€+ 6 forall n > m. Therefore, € < ¢,, < € + . Then from (8) it follows
that ¢;,+1 = P(Zm+1> Zm+2) = P(SZm, SZm+1) < €, which is a contradiction. Hence
€ = 0. Therefore,

lim  p(zn, Zay1) = 0. (10)

n—+o0o

We suppose that {z,,} is not a Cauchy sequence. Then there exists 2¢ > 0 such
that lim sup p(z,,, 2,) > 2€. By the hypothesis, there exists a § > 0 such that

€ < p(x,y) <e+ 4 implies p(Sx, Sy) < €. (1

Formula (11) remains true if we replace § by §' = min {8, €}. By (10), there exists

a positive integer P for which cp < % Choose m,n > P so that p(z,,, z,) > 2¢.
Now for any j € [m, n], we have

B
| p@m,2j) — PEm, 2j+1) IS ¢j < 3

This implies, since p(zy, Zm+1) < € and p(zm, 2,) > € + 8, that there exists j €
[m, n] with

’

28 /
6+—3 < p@m,zj) <€+4. (12)
However, for all m and j,

P@Zm»2j) < PZms Zmt1) + P@ma1s 2j+1) + (25415 2)-

From (11) and (12), we have

’ ’

8 8
P@m2j) Scmtetc; < FTet 3
which contradicts (12). Therefore, {z,} is a Cauchy sequence.
Now (9) implies that S is continuous. As discussed in the proof of Theorem 1, we
conclude that S has a unique fixed point.
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Example 5 ([25])LetM =1[0,1]U{3,4,6,7, ...,3n,3n + 1, ...} be equipped with
Euclidean metric and S : M — M be defined by

5 if0<u<l,
S(u) = 0, if u = 3n,
- ifu=3n+1

Here, Theorem 3 is applicable and the unique fixed point of S is u = 0.

It is observed that in Banach’s contraction mapping principle, the contraction
condition is global, that is, the operators satisfy the contraction condition for every
pair of points taken from the metric space. A natural question arises whether the
conclusion of Banach’s theorem is true if the contraction condition is satisfied locally,
that is, for sufficiently close points only. The answer was given in the affirmative in
a paper by Michael Edelstein [14] in 1961.

Definition 3 (Local Contraction [14]) A self-mapping S : M — M, where (M, p)
is a metric space, is locally contractive if for every x € M there exist € > 0 and
A € [0, 1), which may depend on x, such that

P.q € S(x,e) ={y:px,y) <€} implies p(Sp, Sq) <A p(p, q). (13)

Definition 4 (Uniform Local Contraction [14]) A uniformly locally contractive
mapping on a metric space (M, p) is a locally contractive mapping S : M — M
where both € and A do not depend on x.

Definition 5 ([14]) Let (M, p) be a metric space such that for every a,b € M
there exists an n-chain, that is, a finite set of points a = xg, x1, ..., X, = b (n may
depend on both a and b) satisfying p(x;_1,x;) <n (j =1,2,...,n). Then (M, p)
is n-chainable.

Theorem 4 (Edelstein [14]) An (€, A)—uniformly locally contractive mapping S :
M — M on a e-chainable complete metric space (M, p) has a unique fixed point.

Proof Choose any point z € M. Take the e-chain : z = zg, z1, ..., 2z, = Sz. By the
triangular property, we have

n

p(z,82) <) p(i-1,7) < ne. (14)
1

For pairs of consecutive points of the e-chain, condition (13) is satisfied. Hence,
denoting S(S"z) = §"*'z (m = 1,2, ...), we have

p(8zi—1, 8zi) < A p(zi—1,2) < A€

and, by repeated application of the above inequality, we have
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p(S"ziz1, 8"zi) < A p(S"'zimy, 8" z) < MM e (15)

Using (14) and (15), we have

p(S"z, 8" 2y < Y p(S"ziny, S"z) < A" ne. (16)

i=1
Now, for any two positive integers j, k(j < k), we have

k—1
p(S7z,852) <> " p(S'z. 8 2) < me W+ AT 4 L 425
i=j
y¥i
1—x

< ne — 0, as j - +oo.

It follows that {S?z} is a Cauchy sequence in M. Now, M being complete, there exists
apoint £ € M such that S’z — &, asi — +oo.

Now (13) implies that S is continuous. Therefore, we have S& = lim;_, ;.. S(577) =
lim; o "'z = &. Hence £ is a fixed point S.

If possible, let ¢ (¢ # &) be another fixed point of S. Now p(&,¢) > 0. Let
& = z0, 21, ---, 2k = ¢ be an e-chain. Using (15), we have

p(€,¢) = p(S&, S¢) < p(S'E, 8'¢)
k
< Zp(Slz,-_l, Slzi) <Mke > 0asl — +o00,

i=1
which is a contradiction. Hence, £ = ¢ and our proof is completed.

Example 6 Let M = {(u,v) :u =cosf, v=sinf, 0<6 < %n} be equipped
with Euclidean metric. Define S: M — M as Sp = %, %), for p = (u,v) € M.
Theorem 4 is applicable here and p = (0, 0) is the unique fixed point of S.

In 2012, Samet et al. [37] introduced the new concept of @ — r-contractive type
mapping and established a fixed point theorem for such mappings in complete metric
spaces. The presented theorem therein extends, generalizes and improves the famous
Banach’s contraction mapping principle. We describe here the notions of o — -
contractive and «-admissible mappings.

Let ¥ denote the family of nondecreasing functions i : [0, +00) — [0, +00)
such that Zj:f Y"(t) < +oo for each t > 0, where ¢" is nth iterate of .

Lemmal ([37]) Ify : [0, +00) — [0, 400) be a nondecreasing function satisfy-
ing lim,_, o ¥"(¢t) = 0 foreacht > 0, then ¥ (t) < t for eacht > 0.

Definition 6 ([37])LetS : M — Manda : M x M — [0, +00) be two mappings.
The mapping T is ¢-admissible if «(u, v) > 1 = «(Tu, Tv) > 1,foru,v € M.
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Example7 Let M =[0, 1]. Let S: M - M and o : M x M — [0, +00) be
respectively defined as follows:
sin” z

Sz = T , forz e M and a(u, v):{

e if 0<u<l1,0<v<
0, otherwise.

1
87

Here S is «-admissible.

Definition 7 ([37]) A mapping T : M — M, where (M, d) is a metric space, is
called an o — y-contractive mapping if there exist two functions & : M x M —
[0, +00) and ¥ € W such that

a(u,v) p(Tu, Tv) < ¥(p(u,v)), forallu,v e M.

Remark 1 If a(u,v) =1 for all u, v € M and ¥ (t) = kt for all + > 0 and some
k € [0, 1), the @ — y-contractive mapping reduces to Banach’s contraction mapping.

Theorem 5 (Samet et al. [37]) Let (M, p) be a complete metric space, S : M — M
and o : M x M — [0, 400). Suppose that (i) S is a-admissible, (ii) there exists
z0 € M such that a(z9, Szo) > 1, (iii) S is continuous and (iv) there exists € W
such that S is an o — y-contractive mapping. Then S admits a fixed point.

Proof Let zo € M such that a(zo, Szo) > 1. We construct a sequence {z,} in M
such that
Znt1 = SZy, foralln > 0. (17)

Then o(zo, z1) > 1. As S is a-admissible, we have «(Szg, Sz1) = a(z1, z2) > 1.
Again, applying the admissibility assumption, we have «(Sz1, Sz2) = @ (z2, z3) > 1.
Continuing this process, we have

o (Zu, Zpy1) =1, foralln > 0. (18)
Like in the proof of Theorem 2, we show that the possibility of z; = z;4 occurring,
for some positive integer /, ensures that z; is a fixed point of S. So we consider the
case z, 7% Zna1, foralln > 0.

Applying (iv) with z = z,_; and y = z,,, where n > 1, and using (17) and (18),
we obtain

p(Zm Zn+]) = p(SZn—l ) SZn) f Ol(Zn_] ) Zn) p(SZn—l ) Szn) S W(P(Zn—l, Zﬂ))'
By repeated the application of the above inequality and a property of ¥/, we have

P Zn, Znr1) < ¥ (p(20, 21)), foralln > 1.

With the help of the above inequality, we have
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+o0 +00
Y 0 ) < YY" (020, 21)) < +00,

n=1 n=1

which implies that {z,} is a Cauchy sequence in M. As M is complete, we get
& € M such that lim,,_, {» z, = £. From the continuity of S, it follows that S& =
lim,—, 400 Sz, = lim,— 400 2n+1 = &. Hence £ is a fixed point S.

Example 8 ([37]) Take M = R the set of all real numbers endowed with the usual
metric p. Let S : M — M be defined as follows:

223, ifz> 1,
. if0<z<1,

, if z < 0.

Sz =

[«] ST

As p(S1, §2) =2 > 1 = p(2, 1), the Banach’s contraction mapping principle can-
not be applied in this case.
Define v : [0, 4+00) — [0, +o0) and @ : M x M — [0, 4+00) as follows:

1, if u,v e€[0,1],
0, otherwise.

wap:%mMam,m={

Here Theorem 5 is applicable and z = 0 is a fixed point of S.

In 1973, Geraghty [17] introduced a class of functions to generalize the Banach’s
contraction mapping principle. Let S be the class of all functions g : [0, +00) —
[0, 1) satisfying the property: B(t,) — 1, as ¢, — O.

An example of a function in S may be given by B(¢) = e~ fort > 0 and B(0) €
[0, 1).

Theorem 6 (Geraghty [17]) A self-mapping S of a complete metric space (M, p)
admits a unique fixed point if there exists a function 8 € S such that

p(Su, Sv) < B(p(u,v)) p(u,v), forallu,ve M. (19)

Proof Suppose that S has two fixed points ¢ and n with ¢ # n. From (19), we
have p(¢, n) = p (8¢, Sn) < B(p (&, ) p(&, n) < p(&, n), whichis acontradiction.
Hence the fixed point of S, if it exists, is unique.

Let zo € M be any arbitrary element. Take the same sequence {z,,} in M as in the
proof of Theorem 2. Like in the proof of Theorem 2, we show that the possibility
of z; = z;4+1 occurring, for some positive integer /, implies the existence of a fixed
point of S. So we assume that z,, # z,,41, foralln > 0.

First we prove lim,,—, 100 (24, Zu+1) = 0. Applying (19) and using the property
of B, we have for all n > 0,

0(Znt15 Zng2) = P(S2n, Szug1) < B (Zns 2as1)) P(Zns Zng1) < P(Zns Zng1). (20)
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Therefore, {p(z,, z,+1)} 1S a decreasing sequence of nonnegative real numbers. We
getan § > 0 such that lim,,—, + oo (24, Z4+1) = 8.
Suppose that § > 0. From (20), we have

1Y (Zn+l s Zn+2)

< B(o(zn, 2n41)) < 1, foralln > 0.
0(Zns Znt1)

Then
1 =< lim IB(IO(va ZnJrl)) < 11
n—+00

which implies that
Jm B0 (zas zn)) = 1. 2y

It follows by the property of g that lim,,—, 1~ 0(2s, Zn+1) = 0, which contradicts our
assumption. Hence § = 0, that is, lim,,_, o (24, Z0+1) = 0.

Next we show that {z,,} is a Cauchy sequence. If {z, } is not a Cauchy sequence then
arguing similarly as in the proof of Theorem 2, we get an € > 0 for which we can find
two sequences of positive integers {m(k)} and {n(k)} such that limy_, 100 0 (Zm@k),

Zn(k)) = €.
Now,

PZmy+1> Zn+1) < P@mw)+1> Zmk)) T P @m@k)s Znk)) T P Znk)s Znky+1)-
Again,

P@mwys Zn@) < PZm@y> Zm@+1) + PCm@+1> Zady+1) + 0 @nw+1> Znk))
that is,

P@Zmwys Zn®) — P@mk)> Zmwy+1) — PZuky+1> Znk) < PCmy+1> Zny+1)-

From the above inequalities we have that

P@mwys Znt) — PEmeys Zmy+1) — P Zny+1s Znw) < P@Zmw+1> Zny+1)
< PG@mky+1> Zmk)) T PZmys Zn) + PZnkys Zny+1)-

Taking limit as k — 400 in the above inequality and using the fact lim,_,
P (zn, Zn1) = 0 and limy—, 100 P (Zmekys Znr)) = €, We have

im o @Zm@E)y+1, Zn)+1) = €. (22)
k—+00

Applying (19), we have
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PEmwy+1> Zn@+1) = PSZmiys SZn) < B EZmw)> Zn®)) PEm@)s Znk))
< P@Zmk)s Zn),

that is,

PZmky+1> Znk)+1)
P Zmys Znk))

< B0 @mw), k) < 1.

Then
L= lim BoGnw, zaw)) <1,

which implies that
lim  B(o(zmw, Znw)) = 1. (23)
k—+00

It follows by the property of § that limy—, 400 0(Zm@), Znw) = 0, that is, € =0,
which is a contradiction. Hence {z,} is a Cauchy sequence. As (M, p) is complete,
there exists an £ € M such that z, — & as n — +4o00. Now applying (19), we have

P@nt1, SE) = p(Szn, §8) < (0 (20, §)) P(2n, 8) < (20, §).

Taking limit as n — 400 in the above inequality, we have p(§, S&) = 0, that is,
& = S¢&, that is, £ is a fixed point of S. From what we have already proved, £ is the
unique fixed point of S.

Example 9 Take the metric space M = [0, +00) equipped with usual metric. Let
B = I—_IH,forallt > 0.Then 8 € S. Define S : M — M as

Lif0<u<l,
Su—{; ifu>1.

Theorem 6 is applicable and here u = 0 is the unique fixed point of S.

The next theorem is a generalized weak contraction mapping theorem due to
Choudhury et al. [9] which was proved in 2013. It is the culmination of a series of
papers generalizing and weakening Banach’s result in a specific way. In metric spaces,
this line of research was originated by Rhoades [34] and was further contributed
through works like [7, 13, 44]. Prior to the work of Rhoades [34], such contractions
were considered in different settings and under different conditions, a description
of which can be found in [18, 19]. Although most of these results including [9]
are worked out in partially ordered metric spaces, we present the theorem here in a
complete metric space without order.

We denote by W the set of all functions v : [0, +00) — [0, +00) satisfying

(iy) V¥ is continuous and nondecreasing,

(iiy) ¥ () = 0if and only if 1 = 0;
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and by ® we denote the set of all functions «: [0, +00) — [0, +00) such that
(iy) « is bounded on any bounded interval in [0, +00),
(iiy) «a is continuous at 0 and «(0) = 0.

Theorem 7 Let S be a self-mapping of a complete metric space (M, p). Suppose
that there exist y € W and ¢, 6 € ® such that

v(x) <e(y) = x =<y, (24)
for any sequence {x,} in [0, +o00) with x, — # > 0,
Y (1) — lim @(x,) + lim 6(x,,) > 0, (25)

and
Y (p(Su, Sv)) < p(p(u, v)) —0(p(u,v)), forallu,v e M. (26)

Then § has a unique fixed point in M.

Proof Choose an arbitrary element zo € M and define a sequence {z,} in M such
that
Zny1 = Sz,, forallnm > 0. 27)

Let R, = p(Zy+1, 2n), foralln > 0.
Applying (26), we have

Y (0 (zna2, Zn1) = V(0 (Szny1, Sz0)) < ©(0(Znst1, 20)) — 0(0(Zns15 20)),

that is,
Y (Rup1) < 0(Ry) — 0(Ry), (28)

which, in view of the fact that9 > 0, yields ¥ (R,+1) < ¢(R,), which by (24) implies
that R,+1 < R,, for all positive integers n, that is, the sequence {R,} is monotonic
decreasing. Then we get an » > 0 such that

R, = p(Zp+1,20) = rasn — +00. 29)

Taking limit supremum on both sides of (28), using (29), the property (i,) of ¢ and
0, and the continuity of i, we obtain

Y (r) < lim (R,) + lim (— 0(R,)).
Since lim (— 0(R,)) = — lim 6(R,), we obtain
1/f(r) S m‘ﬂ(Rn) - li_mg(Rn)s

that is,
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¥ (r) — lim @(R,) + lim 6(R,) < 0,
which by (25) is a contradiction unless r = 0. Therefore,

R, = p(Zpt1, 20) = 0, asn — +oo.

(30)

Next we prove that {z,} is a Cauchy sequence. On the contrary, there exists an
€ > 0 for which we can find two sequences of positive integers {m(k)} and {n(k)}

such that for all positive integers k,
nk) > mk) >k, p@mw, nk) =€ and  p(Znk), Znw-1) < €.
Arguing similarly as in the proof of Theorem 5, we prove that
kEI}rloo 0Zmw)» Znky) = € and kEToo P Zm)+1> Zn)+1) = €.
Applying from (26) and (27), we have

Y (0 @) +15 Zm+1)) = ¥ (0 (Szuw), STmk)))
< (0 Zak)s Zmw)) — OO (Zntkys Zmw)))-

Using (31), the property (i,) of ¢ and 6, and the continuity of i/, we obtain
Y (€) < 1im @(0(Zngry: Zm@e)) + Hm (= 00 @y Zm@))))-
AsTim (= 0(p(Zuy» Zmwy)) = — 1im 0(p (Zuge), Zm@)))> We get
Y (€) <Tim @(p@ny: Zmk))) — M 0Pz Zmai))s
that is,

Y(€) — lim (0 (zugrys Zmy)) + im 0(0(Zagrys Zmwy)) < 0,

€1V

which is a contradiction by (25). Therefore, {z,} is a Cauchy sequence in M and

hence there exists & € M such that

lim z,,= lim Sz,= lim =§&.
n—+o00 n—+o00 n—+00

Now, applying (26), we have

V(0(2nt1, S8)) = ¥ (p(Szn, SE)) < 0(p(20,§)) — 0 (0 (20, §))-

(32)
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Taking limit as n — +o00 and using (32), the properties of ¥, ¢ and 6, we obtain
Y(p(&, S&)) = 0, which implies that p(§, S&) = 0, that is, £ = S&, that is, £ is a
fixed point of S.

Suppose that ¢ € M (¢ # &) be another fixed point of S. Then p (£, ¢) > 0. Now,
we consider a sequence {y,} in M such that y, — ¢ as n — 4-o00. Therefore,

P&, yn) = p(§,¢) >0, asn — +o0. (33)

By (26), we have

Yo, Syn) =¥ (p(SE, Sy) < (&, yu)) —0(p(&, yu)).

Using (33), the property (i, ) of ¢ and 6, and the continuity of v, we obtain

Y (p, 9)) < Tim g(p(, y)) +1im (= 6(p (&, ya))),

that is,

Y(pE, 0) —lim o(p(&, y,) +lim 6(p (&, y,)) <0,

which is a contradiction by (25). Therefore, p (&, ¢) = 0, that is, £ = ¢. Hence, T
has a unique fixed point.

Example 10 LetM = [O,2 1landp(x, y) = |x — y|,forx, ye M.LetS: M - M
be defined by Sx = x — "7, forallx € M.Let6, ¢, ¥: [0, +00) — [0, +00) be
given, respectively, by the formulas

t, if0<r<l1,

Vi) = {tz, otherwise.

2 nif0<r<1,
o) = 5 p(t) = {0, otherwise,

Applying Theorem 7, we see that the unique fixed point of S is x = 0.

Remark 2 Considering ¢ and ¢ to be the identity mappings and 6(¢) = (1 — k)¢,
where 0 < k < 1, in Theorem 7 we have Theorem 1.

Pata-type contractions are introduced in a recent paper due to Pata [29] in 2011
in which a fixed point theorem for such contractions was proved by using a new
approach. The result due to Pata [29] appeared to be stronger than Banach’s Con-
traction Mapping Principle, even stronger than the well-known Boyd-Wong fixed
point theorem.

We use the following class of functions for the following result. Let & denote
the family of all functions ¢ : [0, 1] — [0, 400) such that i is increasing and
continuous at zero with ¥ (0) = 0.

Theorem 8 (Pata [29]) Let A >0, « > 1 and B € [0, «] be some constants and
Y € W. Let (M, d) be a complete metric space and S : M — M be such that for
everye € [0, 1]andallx, y € M,
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B
p(Sx, Sy) < (1=, Y+ Ay @[ 1+ el +Iy1] . G4

where ||x|| = p(x, u) and ||y|| = p(y, u) for an arbitrary but fixed u € M. Then S
has a unique fixed point in M.

Proof Suppose that S has two fixed points ¢ and n with ¢ # 5. Then p(¢, ) > 0.
Applying (34) with 0 < ¢ < 1, we have

p&,m) =p(S¢, Sn) = (1 —¢)p,n+ A 8“1#(8)[1 + 1111+ IInII]ﬁ,
that is,

epem < Asy@1+ el +m]
that is,

B
P = A y@[1+1IEI+IInll]

Taking ¢ — 0 and using the property of v, we have p (¢, n) < 0, which is a contra-
diction. Hence S may have at most one fixed point.
Choosing an arbitrary element zo € M, we construct a sequence {z,,} in M such
that
Zn+1 € Sz, forall n > 0. 35)

Let
¢n = l|zall = (20, z0), forall n>0. (36)

Applying (34) with 0 < ¢ < 1, we get

P(Znt2s Znt1) < p(Szny1, Szn)

< (1= ) pGansr 2 + A €Y1+ lznall + 11z l1]
Since o« > 1, taking ¢ — 0 and using the property of v, we have
P@ny2s Zn1) < P(2nt1s 2a) foralln >0, (37
that is, the sequence {0(z,+1, Z»)}is a decreasing. So
P(znt1, zn) = p(z1, 20) = c1 = |lz1ll, foralln =0, (38)

and also there exists a real number [ > 0 such that
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0(Zntts 2n) — 1 as n — +oo. (39)

We claim that {c,} is bounded.
Applying (34) of the theorem, (35), (36), (37) and (38), we have

cn = pZn, 20) < P20y Zn+1) + 0(Zut1, 21) + 021, 20)
= p(Znt1s 2n) + P (201, 21) + 1
< p(z1, 20) + p@nt1, 21) 1 =c1 + p(Zur1, 271) + 1
< p(Szn, Sz0) + 2cy

B
< (1) plzns 20) + A" W) [+ llzall +1l20ll] +2¢1
B
sU-o) e+ A y@[1+lall] +20
<(I—¢8)c,+ A" Y(e) [1 +cn]a + 2cy, (sinceﬁ < oe).

<(I—¢) e+ A& Y(e) [1 Yo, +c1] + 26, (sinceﬂ < a).

So, we have
en < (1 —¢) ¢y + A& 0e) [l+cn+c1]a+201. (40)
Now
(1+a+a) =a+a)r(1+; i‘cn)” <+ d+e)™ (@)

If possible, suppose that the sequence {c,} is unbounded. Then we have a sub-
sequence {c,, } with ¢,, — +00 as k — +00. Then there exist a natural number N*
such that

Cn, = 1+2¢; forall k> N*. (42)

Now, for all k > N* from (40) and using (41), we have

@ 1
(1+an+a) =A+a) U+ < cd+—)" A +e)",

Ny
which implies
(14 e +er) = e+ 1" (+e)” =2 (4. 3)
Then for all k > N*, we have from (40) and (43) that

Cny < (1= 8)en, + A e Y(e) 2% ¢; (14 c)* + 2¢,
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that is,

ecn < Ae*Y(e) 2% ¢ (1+c)” +2¢
- [A 2 (1 +c1)“] £ Y (e) ¢ + 2.

Leta = A2% (1 +c¢)* and b = 2c;. Here a and b are fixed positive real numbers.
So, we have

ecy <ae” Y(e)c, +0.

Choose ¢ = g = 4 _ lifﬁ, where k > N*. Then by (42), 0 < ¢ < 1. Now we
ng

Cp k

have
I1<ad+Db)*yY(eg) —> 0 as k — +oo,

which is a contradiction. Hence {c,} is bounded.
Applying (34) with ¢ € (0, 1], we have

p(Zn+27 ZnJrl) S IO(SZI'!+17 SZn)

B
< (L= &) pGasts 20+ A6 Y@ [L+ Izl + 1zl -

Since {c, } is bounded, there exists areal number H > Osuchthatc, = ||z,|| < H
for all n > 0. Then

B
P (Zng2s Zng1) < (1 =€) p(Zng1s 20) + A ¥ Y (o) [1 + lzn1ll + ||Zn||]
B
= (1= 0) panss )+ Ac® Ye) [1+2H] .
Taking n — 400 and using (39), we have
B
I<(—e)l+ A& () [1+2H] ,
which implies that
B
el < A Y(e) [1+2H] ,
that is,

I<Ae* o) [l +2H]ﬂ.
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Taking ¢ — 0 and using the property of iy, we have [ < 0, which implies that/ = 0.

So, we get
lim  p(zu41, z0) = 0. (44)
—+00

n

Next we prove that the sequence {z,,} is Cauchy. On the contrary, there exists a
& > 0 and two sequences of positive integers {m(k)} and {n(k)} such that for all
positive integers k,

nk) >mk) >k, p@mw, 2nwy) =& and o (Zme), Znk-1) < §.
Now,
& < p@mekys 2n) = PEmeys Znty—-1) + PZay=1> Zn));
that is,
§ < p@Emwys Znw) <&+ PZnw-15 Znw))-

Using (44), we have
im  o(zZmw), zZnw) = §. (45)
k— 00

Again,

PZmys Zn)) < P@mey> Zmw+1) + LEmw+15 Znt+1) T P Zny+1> Znk))

and

PZmy+1> Zn+1) = P@mw+1> Zm)) T P @m@kys Znk)) + P Znk)s Znk)+1)-

Using (44) and (45), we have
lim  o(Zm@y+1> Zagy+1) = §. (46)
k—+00
Applying (34) with ¢ € (0, 1], we have

PZmay+15 Zny+1) < P(SZmeys SZnk))

B
= (1 =) pCnys ) + A & Y@ 1+ Nzl + 1wl -

Since ¢, = ||z,]| < H foralln > 0,

B
PGyt Znoi) = (1= ) p(Emtrs ) + A e Y@ 1+2H] .
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Taking limit as k — 400 and using (45), (46) and the property of yr, we have

B
55(1—8)$+A£“¢(8)[1+2H] ,

which implies that

B
fE<Ag® w(g)[l +2H] ,
that is,
a—1 B
E<Ae <p(a)[1 +2H] .
Taking limit as ¢ — O and using the property of i, we have & < 0, which is a
contradiction. Therefore, {z,} is a Cauchy sequence in M and hence there exists
y € M such that
Zp —> Yy as n — +oo. @7

Applying (34) with ¢ € (0, 1], we have

0 zZnt1, Sy) < p(Szu, Sy)

B
< (1=8) plan, V) + A Y[+ llzll +1y11] -

Since ¢, = ||z,|| < H for all n > 0. Then

B
Pty $9) = (1=8) p(aas )+ Ay (@[ 14+ H+1Iy1I] -

Taking n — +o00 and using (44), (47), we get
o B
PG Sy = Aey@[1+H+ 1]

Taking limit as ¢ — 0 and using the property of v, we have p(y, Sy) = 0, that is,
y = Sy, that is, y is a fixed point of S. From what we have already proved, y is the
unique fixed point of S.

Example 11 ([29]) Let M = [1, +o00) and let S : M — M be defined by
Sz=-2+47-27+4Yz.
It has a unique fixed point z = 1. For any given r > O and z > 1, if

0@z, 1) =2[Vz+r -zl — 4Nz +r — Iz,



Basic Fixed Point Theorems in Metric Spaces 21

then
Sz+7r)—S@|=r—0(,7r)

holds for all  and z. On the other hand, for every ¢ € [0, 1], one can prove that

2

2 3/2 -
—£r+£(2z+”) +Q(Z,”)ZQ(Z,”)_4(r+zz)3/220
It follows that

SC+7) = S@I=r— 0 r) < (1 —e)r + &2z + 1),

and the conditions of Theorem 8 are fulfilled.

4 Metric Fixed Point Without Continuity

In 1976, Caristi [5] proved an elegant fixed point theorem on complete metric spaces,
which is a generalization of the Banach’s contraction mapping principle and is equiv-
alent to the Ekeland variational principle [15].

Definition 8 A function ¢ : X — R is said to be lower semicontinuous at x if for
any sequence {x,} C X, we have

Xp > x€X = @) <liminf ¢(x,).
n—+o00

Definition 9 Let (M, p) be a metric space. A mapping S : M — M is called a
Caristi mapping if there exists a lower semicontinuous function ¢ : M — R™ such
that

po(u, Su) < () —¢o(Su), forall ue M.
Theorem 9 ([24]) Let (M, p) be a complete metric space. A mapping S: M — M
admits a fixed point in M if there exists a lower semicontinuous functiong : M — R*
such that

p(u, Su) < p(u) — o(Su), forall u e M. (48)
Proof From (48) it follows immediately that

©(Su) < p(u), forevery u € M. (49)

For u € M, define

OQw)={yeM:pu,y) <o) — o))
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QO (u) is nonempty because u € Q(u) and Su € Q(u). Let y € Q(u). Now, we have

p, Sy) < p(,y)+pQ,Sy) <o) —e(y) +e(y) — o(Sy),

that is,

p(u, Sy) < ¢(u) — ¢(Sy). (50)

It follows that Sy € Q(u). Hence, we have that if y € Q(u) then Sy € Q(u).
Define

qw) =inf {p(y) : y € Q(w)}.

As Q(u) is nonempty for each u € M and the function ¢ is nonnegative, the function
q (u) is well-defined. Then, we have that for any u € M,

0=<q) < e(Su) < ). (51

Let u; € M be arbitrary. By the definition of ¢g(u;), there exists u, € Q(u;) such
that ¢(uz) < q(u;) + 1. Again, by the definition of g (u,), there exists usz € Q(u»)
such that p(u3) < g(uy) + % In this way, we define a sequence {u, } in M such that
Upt1 € Q(u,) with

1
Qpy1) < q(u,) + —, for n > 1. (52)
n
Since u,+1 € Q(u,), we have

0 < pun, uns1) < @un) — @Uni1), (33)

that is,
o(Unt1) < p(u,), for n>1. (54)

Hence {¢(u,)} is a nonincreasing sequence of nonnegative numbers and therefore
there exists » > 0 such that
Iim ¢, =r. (55)

n—+o0o

Therefore, {¢(u,)} is a Cauchy sequence. Hence, for every k € N (set of all natural
number), there exists Ny € N such that for every pair of natural numbers m, n with
m > n > N, we have

1
0= @) —pun) < 7 (56)

From (51) and (52), we have



Basic Fixed Point Theorems in Metric Spaces 23

1 1
(0(14n+1) < ‘I(Mn) + ; = (P(Mn) + ;

Taking limit as n — +o0 and using (55), we have

lir4r_1 qu,) =r. &)
We claim that form > n > Ny,
1
,O(Mn, um) =< (P(Mn) - (p(um) < 7. (58)

k

(58) is trivially valid for n = m. Therefore, it is sufficient to show that (58) is true
for m > n. Using triangular inequality, (53) and (56), we have for m > n that

P, ) < p WUy, Ung1) + P Wng1, Ung2) + -+ 01, Up)
= 90(14;1) - (0(Mn+1) + (p(un+l) - (p(un+2) +---+ (p(um—l) - (P(Mm)

It follows that

1
p(”nv le) =< (/)(M,,) - QD(Mm) < % (59)

Therefore, (58) is true for m > n > N;. From (58), it follows that {u,} is a Cauchy
sequence and hence by completeness of M, there exists z € M such that

lim p(u,,z) =0. (60)
n——+0o00
Hence, foreveryn € N,
im oy, uy) = p(Up, 7).
m——+00
Using this, (59) and the lower semicontinuity of ¢,

Py, 2) = lim  p(up, uy) <limsup [¢(u,) — @Un)]

m——+00 m—+00

(P(Mn) — liminf (P(Mm)
m—+00

IA

< ou,) —92).
Therefore,
p(Un, 2) < @(u,) — @), (61)

which implies that z € Q(u,) for every n € N. Then we have
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qu,) < 9(2) < e(u,) — p(u,,z), forevery n e N. (62)

Taking limit as n — +o0 in the above inequality and using (55) and (57), we have

o) =r. (63)

Since, as proved above, z € Q(u,) for every n € N, (50) implies that Sz € Q(u,)
for every n € N. Therefore, by (49), we conclude from (63) that

q(up) < 9(S2) < @(z) =r. (64)
Letting n — +o00 and using (57), we obtain ¢(Sz) = ¢(z). By (48) again,
0 <p(z,82) = 9(2) —9(S2) = 0.
Hence p(z, Sz) = 0, that is, Sz = z. Therefore, S has a fixed point.

Example 12 Take M = [0, 1] endowed with the usual metric p. Define S : M — M

as .
_ %,ncu;é],
S”_{l, ifu=1

The conditions of Theorem 9 are satisfied and S has fixed points 0 and 1.

Itis easy to see that Caristi’s fixed point theorem is a generalization of the Banach’s
contraction mapping principle by defining p(u) = ﬁ o(u, Su), where 0 < k < 1
is the Lipschitz constant associated with the contraction S from Banach’s principle.
It has been shown by Kirk in [22] that the validity of Caristi’s fixed point theorem
implies that the corresponding metric space is complete while the Banach’s con-
traction mapping principle does not characterize completeness. The above example
shows that Caristi’s contraction can also be discontinuous.

Suzuki [42] in the year 2008 established a new fixed point theorem which is
a generalization of Theorem 1 and characterizes the metric completeness. Though
there are many generalizations of Theorem 1, the direction of Suzuki is new and
very simple. Suzuki-type contractions form an important class of contractions in the
domain of fixed point theory.

Define a function 6 : [0, 1) — (4, 1]as

1, if 0<r <3
— - 5—1 1.
9(}‘): r_zr’lf 2 SFSE,
Lt L < <1,
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Theorem 10 (Suzuki [42]) A self-mapping S of a complete metric space (M, p)
admits a unique fixed point if there exists a real number r € [0, 1) such that for all
X, yEM,

0(r) p(x, Sx) < p(x, y) implies p(Sx, Sy) <r p(x, y). (65)

Proof Since0(r) <1, 0(r) p(x, Sx) < p(x, Sx) holds forevery x € M. By (65),
we have
p(Sx, §?x) <r p(x, Sx), forallx € M. (66)

Choose any point # € M and construct a sequence {u,} in M such that

u, = S"u forall n> 1. 67)
It follows from (66) that p(u,, u,i1) <" p(u, Su). Then Y cop(u,, u,41) <
400, which implies that {u,, } is a Cauchy sequence. As M is complete, {u, } converges
to some point z € M. Next, we show

p(Sx,z) <rp(x,z), forallx € M\ {z}. (68)

For x € M \ {z}, there exists a positive integer m such that p(u,, z) < @, for all
n > m. Then we have for all n > m that

Or) oy, Suy) < p(uy, Suy) = p U, Uns1)
< p(um Z) + ;O(un-‘rla Z)

IA

2 - 1
glo('xﬂz) _p(xaz)_glo(xaz)

IA

p(x,2) = p(up, 2) < p(Utn, X).

Then it follows by (65) that p(u,+1, Sx) <r p(u,, x), for all n > m. Taking n —
400, we get p(Sx, z) < rp(x, z). Hence (68) is true. Assume that §"z # z for all
n € N. By (68), we have

(8" Mz, 2) <r"p(Sz,z), foralln € N. (69)

We consider the following three cases:
00 <r<¥-l
V51 1.
— <r < 7
oL <r<1.

7

fo<r< @, then r2+r —1 <0 and 2r2 < 1. If we assume ,o(Szz, 7)) <
,o(Szz, $37), then we have



26 B. S. Choudhury and N. Metiya

p(z, 82) < p(z, $%2) + p(Sz, $72)

< p(8%z, 8°2) + p(Sz, $%2)
< r’p(z, Sz) +rp(z, Sz)
< p(z, 82),

A

which is a contradiction. So we have p(S°z, z) > p(5%z, $%2) > 0(r)p(S°z, §5%z).
By hypothesis and (69), we have

0(z, 82) < p(z, $°2) + p(S°z, Sz)

< r’p(z, S2) +rp(S%z, 2)

<r’p(z, 82) + r*p(Sz, 2) = 2r’p(z, S2)
p(z, Sz).

A

A

It is a contradiction. If @ <r< Lz then 2r? < 1. If we assume p(5%z,z) <

0(r) p(8%z, §37), then we have in view of (66)

p(z, 82) < p(z, $*2) + p(Sz, §%z2)
< 0(r) p(8%z, $32) + p(Sz, §%2)
<0(r)r*p(z, S2) +rp(z, S2) = p(z, S2),

which is a contradiction. Hence p(5%z, z) > 0(r) p(S%z, $S%z). As in the previous
case, we can prove

0(z, 8z) < 2r*p(z, Sz) < p(z, $2).

This is a contradiction. Take the case «/LE <r < 1. We note that for x, y € M, either

6(r) p(x, Sx) < p(x,y) or 6(r) p(Sx, $x) < p(Sx, y)
holds. Indeed, if
0(r) p(x, Sx) > p(x,y) and 6(r) p(Sx, S°x) > p(Sx, y),
then we have

px,Sx) < p(x,y) + p(Sx,y)
< 0(r) (p(x, Sx) + p(Sx, §°x))
<0@) (p(x, Sx) +rp(x, Sx))
= p(x, Sx).

This is a contradiction. Since either
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09(1') p(uZna u2n+l) S /0(142:1, Z) or 0(7‘),0(112,,4,.] 5 u2n+2) < p(u2n+l’ Z)

holds for every n € N, either

pWant1, 82) <1 p(ua, 2) or p(Uai2, S2) <r p(U2t1,2)

holds for every n € N. Since {u,} converges to z, the above inequalities imply there
exists a subsequence of {u,} which converges to Sz. This implies Sz = z. This is
a contradiction. Therefore, there exists n € N such that $”z = z. Since {S"z} is a
Cauchy sequence, we obtain Sz = z, that is, z is a fixed point of S. The uniqueness
of a fixed point follows easily from (68).

Example 13 ([42]) Take the metric space M = {(0, 0), (4, 0), (0,4), (4,5), (5,4)}
equipped with metric p defined as p((x1, x2), (¥1, ¥2)) = |x1 — y1| + |x2 — y»|. Let
S : M — M be defined by

(x1,0), if x1 < x2,
0, x7), if x1 > x,.

S(x1, x2) ={

Here, Theorem 10 is applicable and the unique fixed point of S is (0, 0).

All the results described above are generalizations of Banach’s result. In the
next theorem, we deal with a contraction condition which is of a different category
and does not generalize Banach’s contraction. The contraction condition is also
satisfied by discontinuous functions. The result is due to Kannan [20, 21] which
was established in the year 1968.

Definition 10 (Kannan-type mapping [20, 21]) A mapping S : M — M, where
(M, p) is a metric space, is called a Kannan-type mapping if there exists 0 < k < %
such that

p(Sx, Sy) <k[p(x, Sx)+ p(y, Sy)], forall x, y e M. (70)

Theorem 11 (Kannan [20, 21]) Let (M, p) be a complete metric space and S :
M — M be a Kannan type mapping. Then T admits a unique fixed point.

Proof Let zp € M be any arbitrary element. We take the same sequence {z,} in M
as in the proof of Theorem 1. Applying (70), we have

IO(Zn-Ha Zn+2) = p(SZn’ SZn-H) S k [,O(Zn, Szn) + Io(Zn-H s SZn-H)]
=k [p(va Zn+1) + )O(ZnJrls Zn+2)]’ for all n > 0,

which implies that

k
PZns1s Zng2) < 1% 0(zn, Zn+1), forall n > 0. (71)
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Now 0 < k < %impliesthatO <2k < 1,thatis,0 <k <1 —k.HenceO < ﬁ <
1. Leta = 1ka Then we have from (71) that

p(Zn+lv Zn+2) <« /O(Zn, Zn+1), for all n > 0.

Applying similar arguments as in the proof of Theorem 1, we prove that {z,} is a
Cauchy sequence and there exists £ € M such that z, — &, as n — +o0.
Now applying (70), we have

P (Znt1, S&) = p(Szy, SE) < k [p(zn, Sz) + p(&, SE)]
=k [0(zn, Zny1) + p(&, SE)], for all n > 0.

Taking the limit as n — 400, we have

p(&.88) <k p(&, &), thatis, (1—k)p(§,S5) <0.

As (1 — k) > 0, it follows that p(&, S§€) = 0, that is, & = S&, that is, £ is a fixed
point of S.
If possible, suppose that { be another fixed point of S. Applying (70), we have

p(g,8) = p(S¢, S8) <k [p(, S¢)+p(E, $6]=0,

which implies that p(¢, §) = 0, that is, { = n, which is a contradiction. Hence the
fixed point of S is unique.

Example 14 ([32], p. 262) Take M = [0, 1] endowed with the usual metric. Define

S: M — M as
L if0<z <1,

z
Sz = .
< {% ifz=1.

Theorem 11 is applicable and z = 0 is the unique fixed point of S. It is observed that
S is not continuous on M.

Following the appearance of the results in [20, 21], many persons created contrac-
tive conditions not requiring continuity of the mapping and established fixed point
and common fixed point results for them; see, for example, [6, 35, 36].

There is another reason for which the Kannan-type mappings are considered to be
important. The Banach’s contraction mapping principle does not characterize com-
pleteness. In fact, there are examples of noncomplete spaces where every contraction
has a fixed point [11]. It has been shown in [38, 40] that the necessary existence of
fixed points for Kannan-type mappings implies that the corresponding metric space
is complete. The above are some reasons for which the Kannan-type mappings are
considered important in mathematical analysis. There are several extensions and
generalizations of Kannan-type mappings in various spaces as, for instance, those in
the works noted in [8, 12, 16].
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Fixed point theorem due to Chatterjea [6] which was established in the year 1972
and which is actually a sort of dual of the Kannan fixed point theorem is based on a
condition similar to (70).

Definition 11 (C-contraction [6]) A mapping S : M — M, where (M, p) is a met-
ric space, is called a C-contraction if there exists 0 < k < % such that

p(Sx, Sy) <kl[p(x, Sy)+ p(y, Sx)], forall x, y € X. (72)

Theorem 12 (Chatterjea [6]) Let (M, p) be a complete metric space and S : M —
M be a C-contraction. Then T admits a unique fixed point.

Proof The proof follows by the same method as in Theorem 11. The details are
omitted.

Example 15 Take M = [0, 1] equipped with usual metric p. Define S : M — M

as
{O, if0<z<l,
SZZ 1 .
5’ 1fZ=1.

The conditions of Theorem 12 are satisfied and here z = 0 is the unique fixed point
of S. It is observed that S is not continuous on M.

One of the most general contractive conditions was given by Ciri¢ [10] in 1974
which is known as quasi-contraction.

Definition 12 (Quasi-contraction [10]) A mapping S : M — M, where (M, d) is
a metric space, is called a quasi-contraction if there exists 0 < k < 1 such that, for
allu, ve M,

d(Su, Sv) < k max{d(u, v), d(u, Su), d(v, Sv), d(u, Sv), d(v, Su)}. (73)

Let S be a self-mapping of a metric space M.For A C M let§(A) = sup{d(a, b) :
a,b € A} and for eachu € M, let

Ou,n) = {u, Su, S*u, ..., S"u}, n=1,2, ...
O(u, 00) = {u, Su, S%u, ...}.

A space M is said to be S-orbitally complete if and only if every Cauchy sequence
which is contained in O (u, co) for some u € M converges in M.

Lemma 2 (éirié [10]) Let (M, d) be a metric space, S : M — M be a quasi-
contraction and n be any positive integer. Then for each z € M and for all positive
integersi and j, i, j € {1,2, ..., n} implies d(Siz, S/7) < k8[O(z, n)].

Proof Let z € M be arbitrary. Let n be any positive integer and let i and j satisfy
the condition of lemma 2. Then S'~!z, Siz, S/~'z, S/z € O(z, n) (where $°7 = 7)
and since § is a quasi-contraction, we have
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d(S'z, §72) = d(8S'"'z, 8877 17)
< kmax{d(S' 'z, 87 12),d(S" "z, S'z), d(S' 7'z, §77),
d(S"7'z,872),d(S7 7z, §'2)}
< k8[O(z,n)],

which proves the lemma.

Remark 3 From this lemma, it follows that if S is quasi-contraction and z € M,
then for every positive integer n there exists a positive integer k < n, such that
d(z, S¥z) = 8[O(z, n)].

Lemma 3 (éirié [10]) Let (M, d) be a metric space and S : M — M be a quasi-
contraction. Then

§[0(z,00)] < ﬁ d(z, Sz)

holds for all z € M.

Proof Let z € M be arbitrary. Since 5§[O(z, 1)] < §[0(z,2)] < ..., we have that
8[O(z, 00)] = sup{§[O(z, n)] : neN}.Now itis sufficient to prove that 5[ O (z, n)] <
T d(z, Sz), foralln € N.

Let n be any positive integer. From the remark of the previous lemma, there
exists S¥z € O(z,n)] (1 < k < n) suchthatd(z, S¥z) = 8[0(z, n)]. By atriangular
inequality and Lemma 2, we have

d(z, S¥z) = d(z, Sz) +d(Sz, S¥2) < d(z, S2) + k8[O(z, n)]
<d(z, S2) + kd(z, $*2).

Therefore, §[O(z, n)] = d(z, S¥z) < ﬁ d(z, Sz). Since n is arbitrary, the proof is
completed.

Now we state the main result.

Theorem 13 (Cirié [10]) Let S : M — M, where (M, d) is a metric space, be a
quasi-contraction. If M is S-orbitally complete, then S has a unique fixed point in
M.

Proof Let z € M be arbitrary. First, we prove that the sequence {S"z} is a Cauchy
sequence. Let n and m be two positive integers with n < m. By Lemma 2, we have

d(S"z, 8"7) =d(§§" 'z, SISl < Kk S[O(S" 'z, m —n + D).
Following Remark 3, we get an integer / with 1 <[ <m — n + 1 such that

S[O(S" ™ z.m —n + )] = d($" 'z, 8’8" "2).
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By Lemma 2, we have

d(S" 'z, §'S" 1) = d(S§" %z, SITS"27)
<k8[O(S" %z, 14+ 1]
<k8[OS" *z,m —n+2)].

Therefore, we have

d(S"z, 8"z) <k 8[O(S" 'z,m —n+ 1)] <k*>8[O(S"2z,m —n +2)].
Continuing this process, we obtain

d(8"z, $"2) <k S[O(S" ' zom —n+ D] < k*[O(S"z,m —n+ )] < -+ <K"5[0(z. m)].

Now it follows from Lemma 3 that

n

11—k

d(S"z,8"7) < d(z,Sz) = 0 as n — +o0, (74)

which implies that {S"z} is a Cauchy sequence. As M is S-orbitally complete, there
exists & € M such that §"z — & asn — 400. Now

d(Sg, S"1z) = d(Sg, S8"2)
< k max{d(&, $"z),d(&, S£),d(S"z, $"T'2), d(&, §"T'2), d(8"z, S€)).

Taking the limit as n — 400, we have

As (1 — k) > 0, it follows that d(&, S&) = 0, that is, £ = S&, that is, £ is a fixed
point of S.

Suppose that ¢ € M (¢ # &) be another fixed point of S. As S is a quasi-
contraction, we have

d(§,5) =d(S§, S¢)
< kmax{d(§,¢),d(&, §§),d(¢, $¢).d(§, S¢),d(&, §&)}
< kmax{d(§,¢),0,0,d(§.¢).d(¢. &)}
<kdE, %)

which is a contradiction. Therefore, d (&, ¢) = 0, that is, £ = ¢. Hence fixed point
of S is unique.

Example 16 Take the metric space M = [0, 1] equipped with usual metric. Define
S:M— M as
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i, ifz=1.

Sz:{o’ if0<z<l,
Then Theorem 13 is applicable and z = 0 is the unique fixed point of S. It is observed
that S is not continuous on M.

In 1988, Rhoades [33] examined that there exists a large number of discontinuous
contractive mappings which produce a fixed point but do not require the map to be
continuous at the fixed point. Rhoades [33] raised an open question whether there
exists a contractive definition which produces a fixed point but which does not require
the map to be continuous at the fixed point. In 1999, Pant [27] answered the open
question in the affirmative. In 2017, Bisht et al. [3] gave one more solution to the
open question of the existence of contractive definitions which ensure the existence
of a fixed point where the fixed point is not a point of continuity [33].

In the following theorem, the notation Q (u, v) stands for

O(u,v) = max{p(u, v), p(u, Tu), p(v, Tv), p(u, TU);—,O(U, Tu)}

Theorem 14 (Bishtetal.[3]) Let (M, p) be a complete metric space and S be a self-
mapping on M such that S2 is continuous. Suppose that (i) p(Su, Sv) < ¢(Q(u, v)),
where ¢ : Ry — R, issuchthat ¢ (t) < tforeacht > 0; (ii) fora givene > 0, there
exists a 5(€) > O such that e < Q(u,v) < € + & implies p(Su, Sv) < €. Then there
exists unique z € M such that Sz = z. Moreover, S is discontinuous at z if and only

iflim Q(u, z) # 0.

Proof Let zp € M be any arbitrary element. We define a sequence {z,} in M such
that z, = Sz,—1 = S"zo for all n > 1. If z; = z;4, for some positive integer /, then
z; is a fixed point of S. So we assume z,, # z,+1, foralln > 0. Letc, = p(24, Zu+1),
for n > 0. By assumption (i)

Cpnt+1 = p(Zn—H» Zn+2) = ,O(SZn» SZn—H)
< ¢max{p(zn, Zn+1)s Py Szn)s P(Znt1, SZn1),
P(Zn, SZIH—I) + p(zn-&-l, Szn)
5 1y
S ¢(maX{p(va Zn+1), p(va Zl‘l+1)1 IO(ZVI+11 Zn+2)7
,O(Zn, Zn+2) + P(Zn-H, le+l)
> D
S ¢(maX{P(Zn, Zn+1)a ,O(Zn, Zn+l)a IO(ZIH—I’ Zn+2)’
/O(Zn, Zn+1) + /O(Zn+1, Zn+2)
5 1y
= ¢(max{p(znv ZnJrl)v /O(Zn+1, Zn+2)})

= ¢(max{c,,, Cn+l}) < max{cn, Cn+1}-
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Suppose that ¢, < c¢,+1. Then we have from the above inequality thatc,+; < ¢,+1,
which is a contradiction. Hence ¢, < ¢, for all n. Then {c,} tends to a limit ¢ > 0.
If possible, suppose ¢ > 0. Then we have a positive integer k such that n > k

implies
c<c, <c+68(). (75)

It follows from assumption (ii) and ¢, +; < ¢, that ¢,+1 < ¢, for n > k, which con-
tradicts the above inequality. Thus we have ¢ = 0.

Let us fix € > 0. Without loss of generality, we may assume that §(¢) < €. Since
cn = 0asn — +o00, there exists a positive integer k such that ¢, < %, foralln > k.
We shall use induction to show that for any n € N,

)
P2k, Zkyn) < €+ > (76)

The inequality (76) is true for n = 1. Assuming (76) is true for some n, we shall
prove it for n 4+ 1. Now

0 s Zignt1) < 0(2ky Zh1) + P(Zkt15 Thgnt1)- a7

It sufficient to show that
P (k415 Zhnt1) < €. (78)

By assumption (i),

P (Zrt1s Zant1) = P(S2ies SZiean) = P(Q(2ks Zhtn)) < Q(2kes Zktn) (79)

where

O (ks Zhktn) = Max{0(zx, Zk4n)> P (k> S2k)s P (Zhtns SZhtn)s
0k, SZktn) + 0 (Zktns S2k)
> }
= max{p(zx, Zktn)s P(Zk> Za+1)s P Zhtns Zhtnt1),
P (Zks Zkgnt1) + P (Zkgns Zk+l)}
2

Now, p(2k, 2itn) < € + 5, 0(2ks Zkt1) < 35 P@htns Ttntt) < 3,

P (ks Zk+n+l)+,0(zk+n Tkt 1) < P2k Zhtn) +P Zhtn,s Zk+n+l)+p(«.k+n k) +0 (ks Zk+1) < €4 6. Hence
O (Zks Zkan) < €+68.If 0 < Oz, 2ktn) <€, then by (79), it follows that p(zx+1,
Zr+n+1) < €,thatis, (78) is true. Again, if € < Q(zk, Zx+n) < € + &, then by assump-
tion (ii) and (79) we have that p(Zx+1, Zk+n+1) < €, that is, (78) is true. There-
fore, p(Zk+1, Zk+n+1) < €, that is, (78) is true. Then from (77), we have that
0 (Zks Zhtn+1) < € + % Then by the induction method, (76) is true for any n € N.
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This implies that {z,,} is a Cauchy sequence. Since M is complete, there exists a point
y € M suchthatz, — y asn — +o0. Also Sz, — y and S%z, — y. By continuity
of 82, we have S%z, — S?y. This implies S?y = y.

We claim that Sy = y.

If possible, suppose that y # Sy. Then by (i), we get

p(y, Sy) = p(S%y, Sy) < ¢(Q(Sy,y)) < Q(Sy,y)

p(Sy, Sy) + p(y, S%y)
= max {p(Sy, ), p(Sy, S*y), p(y, Sy), 5 Y =00, Sy),

which is a contradiction. Thus y = Sy, that is, y is a fixed point of S.
Suppose that ¢ € M (¢ # y) is another fixed point of S. Then p(y, ¢) > 0. By
(i), we have

p(y,8) =p(Sy,S¢) <¢(0(y,2)) < 0y, 0)

SO + o, S
— maxlp(, £), p3. S3), P&, SO, p(y §)2p(§ y)

}: ,O(y, é-),

which is a contradiction. Therefore, p(y, ¢) = 0, that is, y = ¢. Hence, S has a
unique fixed point.

Example 17 ([3]) Take the metric space M = [0, 2] with the metric. Define S :

M — M as
Sy — 1,ifu <1,
10, ifu>1.

The mapping S satisfies assumption (i) with ¢(¢) = 1 for > 1 and ¢ (¢) = % for
t < 1. Also, § satisfies assumption (ii) with §(¢) = 1 fore > 1 and §(¢) = 1 — € for
€ < 1. Hence S satisfies all the assumptions of Theorem 14 and has a unique fixed
point u = 1. Here, l}l_)ﬁll Q(u, 1) # 0and S is discontinuous at the fixed point u = 1.

5 Remark

We have already mentioned that the present chapter is not sufficient for a com-
prehensive description of the topic under consideration. Among important results
which form integral parts of the theory but are not covered here are the follow-
ing. Asymptotic contractions in fixed point theory were introduced by Kirk [23].
Further generalizations of Kirk’s result were done in works like [39, 41]. A very
generalized fixed point theorem unifying many important results was introduced by
Pant [28] which is significantly important. In 2006, Proinov [30] introduced a gen-
eralization of Banach’s contraction mapping principle in a new direction which was
subsequently shown to be even more general than Cirié’s quasi-contraction [10]. The
review paper of Rhoades [32] is important for comprehending comparisons between
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several contractive conditions used in fixed point theory. Although not discussed in
their technical details, the reader is strongly advised to consult these works.

Many of the results described above have initiated new lines of research in fixed
point theory. For instance, the result of Caristi [5] is the origin of a study in fixed
point theory and variational principles which by its vastness and importance is itself
a chapter of mathematics. We do not dwell on these matters within the limited scope
of this chapter. But we must say that without these considerations, the appreciation
of the results presented here is bound to be partial.
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