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Probabilistic Graphical Models by
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Kazuyuki Tanaka

Abstract We review sublinear modeling in probabilistic graphical models by statis-
tical mechanical informatics and statistical machine learning theory. Our statistical
mechanical informatics schemes are based on advanced mean-field methods includ-
ing loopy belief propagations. This chapter explores how phase transitions appear in
loopy belief propagations for prior probabilistic graphical models. The frameworks
are mainly explained for loopy belief propagations in the Ising model which is one
of the elementary versions of probabilistic graphical models. We also expand the
schemes to quantum statistical machine learning theory. Our framework can provide
us with sublinear modeling based on the momentum space renormalization group
methods.

10.1 Introduction

Statistical machine learning frameworks using probabilistic graphical models are
useful for many applications, including information communication technologies
[1-3], compressed sensing [4, 5] and neural information processing systems [6—10]
in data-driven sciences.

Most probabilistic graphical models belong to the exponential family [11] and can
be regarded as classical spin systems in statistical mechanical informatics [12-17].
However, it is well known that many applicable formulations in data sciences as well
as computational sciences can be reduced to combinatorial problems with some con-
straint conditions which can be regarded as an Ising Model in statistical mechanical
informatics [18, 19]. Moreover, much interest has focused on applying quantum
annealing as a novel high-speed optimization technology to massive optimization
problems [20-24].
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10.2 Statistical Machine Learning

In statistical machine learning, most of the mathematical frameworks for machine
learning are based on maximum likelihood frameworks [25, 26] from statistical math-
ematical sciences. The important points are how to assume the prior distribution and
the data generative probability distribution and how to express the joint probability
between the parameters and the data vector. In this section, we explore maximum
likelihood frameworks in terms of model selection and parameter selection from a
given data vector.

10.2.1 Bayesian Statistics and Maximization of Marginal
Likelihood

Let us consider a graph specified by nodes and edges, (V, E), where V is the set of all
nodes i and E is the set of all edges {i, j}. State variables s; and d; are associated with

S1 d 1
52 do
eachnodei. The vectors s = . andd = . correspond to the parameters
S|v| dyy

and the data vector, respectively. The state spaces of s; and d; are given by €2 and
(—o00, +00), respectively. Now p(d|s, B) and P(s|«e) which correspond to the data
generative and prior models, respectively, are assumed to be as follows:

| B 1 2
p(dls, B) = —eXP<——,3(di —5;) ) (10.1)
iel_[V 2 2

[T exo(~5a(s - 5)')

li.j}eE

S T ew(—5eti-s))

51€EQsHER siv1eQli,jIeE

P(s|la) = (10.2)

The expressions for the posterior probability P(s|d, «, 8), joint probability
po(s,d|o, B), and marginal likelihood p(d|a, B) are given by Bayes formulas as
follows:

p(s. dle, ) _ pdls, B)P(s|e)
p(dla, B) p(dla, B)

P(sld,a, B) = , (10.3)
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p(s.dla, p) = p(d|s, B) P(s|a), (10.4)

pla, ) =) ) -y pls,dla, p)

s1EQsHEN sy €Q

= ZZ Zp(dls,ﬁ)P(sla). (10.5)

S]EQSQEQ X‘\/|EQ
Estimates of the hyperparameters and the parameter vector @, 8, § = (51,5 5v)
are determined by

@d), ) = arg%}%(p(dh, B), (10.6)

Si(d) = argmax P, (s; ) GeV). (10.7)
5;€Q

Equations (10.6) and (10.7) are referred to as the maximization of marginal likeli-
hood (MML) [25, 26] and the maximization of posterior marginal (MPM) [27],
respectively.

10.2.2 Expectation-Maximization Algorithm

The expectation-maximization (EM) algorithm is often used to maximize the marginal
likelihood in Eq. (10.6) [25, 26]. The Q-function for the EM algorithm in the present
framework is defined by

Q. Blo'. B.d) =D - > P(s|d.o, B)In(p(s. d|e, B)). (10.8)

51695269 S‘V|€Q

The EM algorithm is a procedure that performs the following procedures of E- and
Mb-step repeatedly forz =0, 1,2, - - - until @(d) and B(d) converge:

E-step: Compute Q(a, /3|a(d, 1), 8dd,1), d) for various values of @ and .

M-step: Determine (oz d,t+1),8d,t+ 1)) so as to satisfy the extremum con-
ditions of Q(a, ,3|Ol(d, 1), B, 1), d) with respect to « and S. Update
@d)<—a(d,t+ 1) and Bd)<pd, t + 1).

The update rule from (e (d, 1), B(d, t))to (a(d, t + 1), B(d, t + 1)) for the extremum
conditions can be written as
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\E| Z ZZ Z _SJ 31732,'~',S|V|’a(d,t+1))

{i,jleEs1€Qs2€Q  s)v|€Q

— o L XY i) Pl

{l JYEES1€Qs2€Q 5y |€Q

)s

(10.9)

).

(10.10)

.B(dl-i-l) |V|ZZZ Z(Yl_d)Psl 52, -

i€Vs1€QsreQR sy |€Q

The marginal probability distributions of P (s

) and P (s |a) are introduced as

Z Z Z 8si.7; 71,727"',T|V||d,0!, B) (ieV), (10.11)

T1EQTRER 1)V ER

St

Pij(si.sj|d, o, B) = Pji(sj.si|d. ., B)

= Z Z Z SSi’,i(SSj,rjP(fl,rzﬁ...’

T1EQTER 1)y EQ

) (i, j}eE),

(10.12)

Pij(sissj|a) = Pji(s;, sile)

=20 > D dambsg Plu o myfe) (i J)€E).

T1€EQTHER TV ER

(10.13)

In this way, the extremum conditions can be reduced to

|E| Z ZZ ~—sj l, s,,sj|<x(d t+1))

{i,j eEs,er]eQ
|E| D 2D (si—sy) Pylsi ,1), (10.14)
{i,j}EEsi€Qs;€Q
1

Bd,r+1) |V|ZZ(~‘I di)* P (sid. D). (10.15)

ieVsieQ

To realize the EM procedure as a practical algorithm, Markov chain Monte
Carlo (MCMC) Methods are often used, which are powerful probabilistic methods
[28, 29]. In some recent developments, advanced mean-field methods from statis-
tical mechanical informatics are also used as powerful deterministic algorithms, as
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shown in Sect. 10.3. Consider the expectation values for both sides of Egs. (10.9) and
(10.10) with respect to the state vector d of a data point according to the following
probability density function where the hyperparameters « and S are set to their true
values o* and B*, respectively:

pla*, ) = > p(dit.a*, B*)P(z|a*), (10.16)

TeQlVl

such that

pdidy. - dyle® %) = Y Y o Y pldida. o diyy|ti T Ty BY)

TIEQTER Ty |ERQ
><P('L'1, . Y| ‘a*)

(dle(—oo, +00), dye(—00, +00), - - -, d|v|E(—OO, +oo)). (1017)

‘We can then derive simultaneous equations for the statistical trajectory {e(a*, 8%, 1),
Ba*, p*, 1)t =1,2,3,---}) in the convergence process {(x(d, 1), B(d,1))|t =
1,2, 3, -} of the above EM algorithm.

Equations (10.9) and (10.10) can be rewritten as follows:

1 1
mm(ln(z(a(‘lv t+1))) = m dad. 1) (In(Zd,a(d, 1), B(d,1)))),
(10.18)
1 1
FrRES YRl 3ﬂ(d Iz a(d.0), Bd, 1)), (10.19)
where
zZ=>3"3 1] exp(——oe - sj)2>, (10.20)
51€Qs5EN sy eQfi, jleE
Zd, o, B =Y Y w(siis. e, ), (10.21)
51€Qs5eQ S|y €EQ
w(s ) =w(si. 52, sv|di. do, - dyvy o, B)

= (Hexp(—lﬂ(si - di)2)> H eXp<_lO‘(si - sj)2>
ieV 2 {i.j}eE 2

(10.22)

By taking the expectation values of both sides of Eqgs. (10.18) and (10.19) with
respect to the state vector of the data point d in the probability density function
p(dla*, B*), the simultaneous deterministic equation for the statistical trajectory
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{a(a*, p*, 1), E(a*, B, )t =1,2,3,---} of the EM procedure can be derived as
follows:

1 3
IE| ()E(a* ﬁ* (+1)

I Tl W T )
(10.23)

(In(Z(a(e*, B*, 1 + 1))

1 1 9
B, B 1+1) VI aB@*, B*.1)

(]+xf+w f+°° (d|o*, B*)(In(Z(d, @(@*, p*1), B@*, B*,1))))ddydd>.- - ddm)

(10.24)

In the case of a continuous state space Q2 = (—o0, +00), the posterior and prior
probabilistic models correspond to Gaussian graphical models, and the statistical
trajectory in Eqgs. (10.23) and (10.24) can be exactly computed by means of the
multi-dimensional Gaussian integral formula [30].

For a discrete state space €2, it is generally hard to treat Eqs. (10.23) and (10.24)
analytically. To estimate Eqgs. (10.23) and (10.24), the following quantity is often
introduced in statistical mechanical informatics [13, 17]:

+00 p+o00 +00
/ / / p(dla*, B*)(In(Z(d, o, B)))dd\dd>- - -ddyy|. (10.25)

The quantity in Eq. (10.25) can be rewritten as follows:

+oo ptoo +0o0 1
/ / / pld|e*, £) (lim ;(Z(d,a,ﬂ)”fI))dd;ddz~~ddm

= lim f / / o(da*, B*)((Zd, o, B)" — 1))dd1ddy- - -ddyy,

n—>+0n

+00 p+oo "
Hwn/ [ [ o(d|a*, p* (Z >y w(sd,a,ﬂ)) ddyddy---ddyy) — 1

S1EQER 5y ERQ

([ e

XH( 2o D 2 wlsigusasld. e ﬁ))ddlddz'”ddlw) -

j=1\s1j€Q5,€Q  sypjeQ

%)
im0 /W( 2 2wl dm)

T1EQTER 7|y | €Q

xﬁ(z DIEEDY W(»‘l-ijZA.z"“SIVl,/'dﬂ,ﬂ)))ﬂ“lddzmddv}lA (10.26)

J=1\51,j€Rs2,;€Q sy €Q
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Equation (10.26) means that computation of the statistical quantity in Eq. (10.25)
can be reduced, up to some normalization constant, to computation of the statistical
quantity in the probabilistic model given by the weight factor

n
d, o B[ [wsrjosnjs - sivij

j=1

W(Tu T, Ty d, a, ,3) . (10.27)

We remark that the weight factor (10.27) is expressed by considering some replicas
of the posterior probabilistic model P(s|d, «, 8) and the analysis starting from the
weight factor (10.27) is referred to as a replica method [13, 17]. One possible case
for analytical treatment is the EM algorithm with the prior and posterior probabilistic
models in Egs. (10.2) and (10.3) for the compete graph (V, E). The dynamics of the
EM algorithm with the MCMC method can be analyzed by using the replica method
and the master equations for Glauber dynamics [31].!

10.2.3 Expectation-Maximization Algorithm for Probabilistic
Image Segmentations

This section extends the previous section to the statistical machine learning frame-
work for probabilistic image segmentation. In probabilistic image segmentations,
we consider a square grid graph (V, E) in which a light intensity vector d; =
(dir, dig, di) for the three components red d;r, green d;g and blue d;p is assigned
to each node i. The state vector s for the labeled configuration and the data matrix
D for the color image configuration are expressed as

51 d, dr dic dis
55 d dor dyg doB

s=| % |.p=| & |=| dr dc di | (10.28)
S|V dyy) dyvr dyvic dyvs

Here p(D|s, a(+1),a(—1), C(+1),C(—1)) and P(s|x) are assumed to be as fol-
lows:

p(Dls.a(+1), a(=1), C(+1), C(—1)) = [ [g(di|si. a(s;). C(s1)). (10.29)

ieV

! Glauber dynamics was proposed in Ref. [32].
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1_[ exp(—Zot(l — 85,.,5].))
P(sla) = LJ1eE , (10.30)

2.2 ) [T exw(-2(1-46:))

51E€EQsHER siv1eQli,jIeE

where
o ats) Co e | b S o= d — a(sinT
g(d,lsl,a(s,),as,))_‘/det(an(Si))exp( 5 @i —as)C™ () (d; —a(s) )
(10.31)
ar(+1) ar(=1)
a(+1) = [ ag(+1) |, a(=1) = | ag(-1) |, (10.32)
ag(+1) ap(=1)

Cgr(+1) Cgg(+1) Cgp(+1) Cor(=1) Cgg(=1) Cgp(—1)
CBr(+1) Cpg(+1) Cp(+1) Cr(—1) Cpg(—1) Cgp(—1)
(10.33)

CRr(+1) Crg(+1) Crp(+1) Crr(—1) Crg(—1) Cre(—1)
C(+1) = c-1)=

Note that the probabilistic graphical model in Eq. (10.30) is referred to as a Potts
mode [33].

In probabilistic segmentation and clustering, p(D|s, a(+1), a(—1), C(+1), C(—1))
in Eq. (10.29) and P (s|«) in Eq. (10.30) correspond to the data generative and prior
models, respectively. The joint probability of s and D is expressed in terms of the
data generative and prior distributions, p(D|s, a(+1),a(—1), C(+1), C(—1)) and
P(s|a), as follows:

p(s. Dle, a(+1), a(—1), C(+1), C(~1)) = p(D[s, a(+1), a(~1), C(+1), C(~1)) P(sa).
(10.34)

By wusing the joint probability distribution, the posterior probability
P(s|D,a,a(+1),a(—1),C(+1),C(—1)) and the marginal likelihood
p(D|a, a(+1),a(—1), C(+1), C(—1)) are defined by using Bayes formulas as fol-
lows:

p(s, Do, a(+1),a(—1), C(+1), C(—1))
p(Dla, a(+1), a(—1), C(+1), C(-1)) °
(10.35)

P(s|D,a,a(+1),a(-1),C(+1),C(-1)) =

p(Dla, a(+1),a(=1), C(+1), C(=1))
=Y > -+ Y ps, Dla,a(+1),a(=1), C(+1),C(=1).  (10.36)

s1€QsHER sy €Q
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Estimates of the hyperparameters and parameter vector, namely, a(D), a(+1|D),
a(—1|D), C(+1|D) C( 1|D), s(D) = (sl(D) (D), - s‘v‘(D)) are deter-
mined by

(&D). @+11D), @(~1D), E(+1D), E(-11D))

= D 1), a(—1 1 —1 10.
Elrg«x.a(+1),a<—nl]>e,lt)§<+1>,C<—1>)p( [ a(+D), a(=D), €D, C(-1)), (10.37)

5i(D) = argmaxP; (s,-|D,&(D),E(+1\D),E(71\D), C(+1|D), 6(71|D)) (ieV).
Si €

(10.38)
The Q-function for the EM algorithm in the present framework is defined by

Q(a, s(+1),a(=1), C(+1), C(=D)|s'"(+1), s'(=1), C"(+1), C'(—1), D)

=Y Y P(sID.a.a (+1).a'(—1). C'(+1), C' (1))

$1E€QsHEN S|v|€Q

xIn(p(s, D|a, a(+1),a(—1), C(+1), C(—1))). (10.39)

The EM algorithm is a procedure that performs the following E-step and M-
step repeatedly for t =0, 1,2, --- until @(D), @(+1, D), a(—1, D), C(+1, D),
C(—l D) converge:

E-step: Compute Q (o, a(+1), a(—1), C(+1), C(=D|a(t), a(+1,1), a(—1, 1),
C(+1,1),C(—1,1)) for various values of a(+1), a(—1), C(+1), and
C(—1).

M-step: Determine «(t+ 1), a(+1,t+1), a(—1,t+1), C(+1,r+ 1), and
C(—1,t+ 1) that satisfy the extremum conditions of Q-function with
respect to a(+1), a(—1), C(+1) and C(—1) as follows:

(x(t+1),a(+1,t+1),a(-1,t+1),C(+1,t+1),C(—1,t+ 1))

<« extremum
a,a(+1),a(=1),C(+1),C(-1)

O, a(+1), a(—1), C(+1), C(—D|a(t), a(+1,1),a(—1,1), C(+1,1), C(—1,1), D).
(10.40)

Update oc(D)<—(x(t+1) a+1, D)<a(+1,1+ 1), a(—1, D)<a(-1,
t+1), C(—H D)< C(+1, t+1)andC( 1, D)« C(—1,t+1).

By using the equalities in Eqs. (10.29), (10.30), (10.34), and (10.35), the EM algo-
rithm by the Q-function can be reduced to the following simultaneous update rules:

\E| 22 X (1 sy ) i late + 1)

{i,j}eEs; erjeQ

IEI S 2 Y (1 =bss; ) Pijlsios Do a, a1, 0, a(= 1,0, C(+1,), C(=1,1),

{i,j}€Es; eQr eQ

(10.41)
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Y di Pi(si|D.a(t). a(+1,1). a(=1.1), C(+1,1), C(~1.1)

aGsit+1) = < (si€9),
ZPl- (si|D,ar), a(+1,0),a(=1,1), C(+1,1), C(—1,1))
ieV
(10.42)
C(si,t+1)
Z(d,- —a(s;, ) (d; — a(s;, 1) P; (si|D,a@), a(+1,1),a(~1,1), C(+1,1), C(—1,1))
ieV
= (5;€€2),
> Pi(si| D, ), a(+1, 1), a(=1,1), C(+1,1), C(~1,1))
ieV
(10.43)
where

Pi(si|D, o, a(+1), a(=1), C(+1), C(=1))
=) > Y Sen Pt Ty | DL s a(+1), a(=1), C(+1), C(=1)) (i€V),

T1€QT2€Q T‘V‘GQ

(10.44)

Pij(si.sj|D, o, a(+1), a(—1), C(+1), C(—1))
= Pji(sj, si|D, @, a(+1),a(=1), C(+1), C(=1))
=)D Y 8w Pt - vy Do a(+1), a(=1), C(+1), C(=1D) (i, jI€E),

TIEQRER TV |EQ

(10.45)

Pij(si, sjle) = Pji(sj, sile)

=33 D 8wl Pt T vi|e) (L JEE).

T]EQl'zEQ T‘V‘EQ

(10.46)

10.3 Statistical Mechanical Informatics

In statistical mechanical informatics [13—17], Ising models are very familiar prob-
abilistic models for which computations are done by statistical mechanical tech-
niques, including advanced mean-field methods, renormalization group methods,
Monte Carlo simulations, and replica methods [36, 37]. This section reviews the
framework of the Ising model and associated advanced mean-field methods.>

2 A review of both exact results and approximate results as well as perturbative computations for
Ising models is given in Refs. [34, 35].
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10.3.1 Ising Model

Let us consider an Ising model defined by the following probability distribution for
the state space 2 = {+1, —1} for the state variable s; at each node i (eV):

J h J h
P s‘d,i,i =P 51~52»"‘»~V\V\‘dlvd2n"'nd\V|v7~7
kT kgT kT kgT

1 1 1
exp(—”(zj Z (SI—S_,')2+2hZ(Si—d[)2))
B {i,j}eE ieV

InoT ep((if ) <xi-sj>2+;hz<-sidi>2))

51 €QspEQ SW|EQ {i,.jleE ieV

(>0,, T >0, de(—00, +00) (VieV)). (10.47)

Because s;> = 1 (ieV), the probability distribution P(s) can be reduced to

h 1 1
( ’d kgT’ kBT) - EGXP<—ﬁH(S)> (T >0), (10.48)

H(s) = H(s1, 52, 51v])

=—J Y sisj—hYy dis; (J >0, h=0, dje(—o0, +00) (VieV)), (10.49)
{i,jleE ieV

z=> 3" Zexp(——H(s)) (10.50)

S[EQSQEQ S‘V|EQ

where H (s) and Z are referred to in statistical mechanical informatics as the energy
function (or Hamiltonian) and the partition function, respectively, the probability
distribution in Eq. (10.47) is called the Gibbs distribution, kg is the Boltzmann
constant, 7 is the (absolute) temperature, J is the (ferromagnetic) interaction,
and £ is the external field.

Let us suppose the Kullback-Leibler Divergence

KL[P||R]EZZ--~ZR(S)1n __R® , (10.51)
Pl )

51€QsHER s)yER kgT’ kgT

which is always non-negative for two probability distributions P (s ‘ kBLT, kBLT) and
R(s) and is regarded as a pseudo-distance between them. By substituting the explicit
expression for P(s) in Egs. (10.48), (10.49) and (10.50) into Eq. (10.51), the expres-
sion for the Kullback-Leibler divergence (10.51) in terms of the partition function Z

and the free energy functional F[R] can be derived as follows:
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KL[P||R] = ks TIn(Z) + F[R]), (10.52)

el

where

FIRI= Y Y - Y HORES) +ksT Y Y -+ Y RIn(R(). (10.53)

S1€QEQ 5y e 51€QHEQ sy EQ

For the free energy functional F[R], it is valid that

. J h
argmlgn ]-'[R]‘Zzn- Z R(rl, T, 'qv‘) =1; = P<s‘kB—T, kB_T>

T1€EQTER T)v|EQ

(10.54)

min f[R]‘ZZ--. > R(t. o y)) = 1§ = ~kpTIn(Z). (10.55)

T1€EQRER Tv|€EQ

Note that —kgT'In(Z) is referred to as the free energy for the Gibbs distribution in
Eq. (10.47).

10.3.2 Advanced Mean-Field Method

This section reviews the fundamental framework of advanced mean-field methods
[12], including the mean-field approximation [35-37] and the Bethe approxima-
tion [35, 39—41]. Our framework is given for the Ising model in Egs. (10.48), (10.49),
and (10.50). Itis known that a generalization of the present framework can be realized
by using the cluster variation method in Refs. [42—45].

We introduce a trial probability distribution R(s) = R(s1, 52, - - -, 5|y) Which is
restricted to the following functional form:

R(s) = R(s1. 52, -+ syvy) = [ [RiGso). (10.56)

ieV

Ri(s) =Y Y Y 8ynR(ti. 72 1)) (GEV). (10.57)

T1EQTRLER Ty €Q

By using the definition of R;(s;) and the normalization condition
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ZZ”'ZR(TI’TZ’.“’T‘VI)z 1, (1058)

1’1691’269 T‘V‘EQ

we confirm that

ZR,'(‘L’,') =R (+D+R(—=1)=1(@GeV). (10.59)
T eQ
By substituting the expression R(s) in terms of the marginal probability distribution
R;(s;) (i€eV), such that R; = R; ((;H) R (0_1) ) into Egs. (10.56)—(10.53), the
free energy functional F[R] can be reduced to the following mean-field free energy
functional:

FIR] = Fmel{R;lieV}], (10.60)
where

R;(+1
fMF[{R,-\ieV}J:fMF[K ’(S—)R'(Oil))iev}]

=-J > (Zn&-(ri)) ( > r,-R,—(r,-)) —thi(Z an))

{i,j}eE \1;€Q ieV T;EQ

+kBT Y Y Ri(t)In(R; (). (10.61)

ieVreQ

Let us suppose the following conditional minimization of the free energy func-
tional:

5 _[(RED 0 N\, o
R,-_{( A k\i(_l)>‘zev,s,e§2}

ZR,-(I,-) =1, ieV}. (10.62)

A9

= arg min_ {fMF[{Ri lieV}]

First we introduce the Lagrange multiplier A; (i€V) to ensure the normalization
conditions ZRi(r) =1 (i€V) as follows:

TeQ

Lyrl{RilieVY] = Fupl{RilieV = Y (D Ri(z)—1).  (10.63)

ieV 5 €Q

ﬁi (i€V) are determined so as to satisfy the following extremum condition:
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0 . B '
[—3Ri(—1)EMF[{Ri|leV}]]{Ri=1?,»\iev} =0 (@ieV), (10.64)
[—aRi(—H)EMF[{Ri|iGV}]]{Ri:E|ieV] =0(@GeV), (10.65)

such that
|:8T£MF[{R IzeV}]] RieRiev) = 0GeV). (10.66)

It needs to be shown that I’i\, (ieV) are derived as follows:
Ri(s)
= exp 1y exp 1 hd; + J iRt | |si | (ieV,sieQ).
¢ kT

k r jeoi \1;eQ
(10.67)

Finally, A; needs to be determined such that it satisfies the normalization condition
of the marginal probability R; (s;). The marginal probabilities {Ri |ie V} are derived

as
Aol szl
Jjedi \7,€Q (iGV, sieg), (1068)

Rl mzore)))

We introduce the local magnetization

Ri(si) =

mi =Y uRi(T). (10.69)

'L’,‘EQ

By solving the simultaneous equations

Y Ri(t) = Ri(+1) + Ri(=1) = 1 (ieV), (10.70)
7, €Q
Y nRi(r) = Ri(+1) — Ri(—1) = m; (ieV), (10.71)
'L’,’EQ

with respect to I/Q\,-(+1) and E(—l), we derive the following expression for the
marginal probability:
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Ri(s) = %(1 +mysi) (V). (10.72)

The extremum conditions in Eq. (10.68) can be reduced to the following simultaneous
deterministic equation of {m;|ieV}:

tanh [ —— [ ha +I (ieV) (10.73)
m; = tan — i m; s .
kgT raiid l
jeai
which is referred to as the mean-field equation.’
By substituting Eq. (10.72) into Eq. (10.61), the mean-field free energy functional

can be reduced to

Fue[{Ri (=1, Ri(+D]ieV}] = Fur(mi, ma, - -, mpy), (10.74)

FMp(ml,mz, . ',m‘v‘) =—-J Z mim; — th,-mi
{

i,j}eE iev
+kBT§%(1 + m,)ln(%(l + m,-))
+kBT§%(1 - mi)ln(%(l - mi)>. (10.75)
The extremum conditions
iEwp(m,,mz, ympyy) =0 (€V) (10.76)

3m,'

can be reduced to the mean-field equations in Eq. (10.73).

We now explore the framework of the Bethe approximation for the Ising model in
Egs. (10.48), (10.49), and (10.50). Our framework is based on the cluster variation
method [39, 42-45].

We introduce a trial probability distribution R(s) = R(sy, s2, - -, sjv|) that is
restricted to the following functional form:

3 Equation (10.73) is often referred to as the naive mean-field equation in statistical machine
learning theory [2, 3, 12].
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Rij(si, s))
R():R( LS80, e, ): R[(i) RS
s S1, 52 S| <H § ) {l_[ Ri(si)R;(s;)

ieV i,jleE
= (HRi(Si)llail) l—[ Rij(sivsj) ,(1077)
ieV {i.j}€E

where

Rij(sissj) = Rji(sj, i)

= Z Z Z 85,185, R(z1, 72, -+ qyvy) (i, jYeE). (10.78)

TIEQTER Ty |ER

By using Egs. (10.57) and (10.78), we can derive the normalization and reducibil-
ity conditions in the marginal probabilities as follows:

D Ri(r) =1GeV), D Y Rij(z.t)) =1({i. j}eE).  (10.79)

T, €Q T €EQT;EQ

Ri(s) = Y Rij(si. 7). Ri(s)) = Y Rij(zi.sp) (i, j}€E).  (10.80)

T;€EQ T EQ

By substituting the explicit expression for P(s) and the expression In(R(s)) in

terms of the marginal probability distributions R; = < R; ((—)H) R (0_ l ) (ieV)and
Rij(+1, +1) 0 0 0
i 0 Rij(+1,=1) 0 0 o .
Rij = 0 0 Rij(—1,+1) 0 ({i, j}€E) in Eq.
0 0 0 Ry(=1,-D)

(10.77) into Eq. (10.51), the Kullback-Leibler divergence can be reduced to the
following expression in terms of the partition function Z and the Bethe free energy
functional Fgeme[{R; i€V}, {R;;|{i, j1€E}:

1
KLIPIIR] = 1 (ks TInZ + Foane[(Ri<V), (Ry i, j<EY]), (108D

where
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Freme[{Rili€ V), {Rij|{i, }€E)]

=7 ) [ X umRipm. 1) _hZ<ZTiRi(Ti)>

{i,jleE \1,€Q1,€Q ieV \t;eQ
+hsTY (1— |ai|><ZRi(r,-)ln(R,-(n)))
ieV 7, €Q
+kBT Z ZZR,'J'(T,',Tj)ll’l(Rij('L'i,Tj)) . (1082)

{i,j}eE \1:€Qr1,€Q

Let us suppose the following conditional minimization of the Bethe free energy
functional:

(1

= ar min Fi R;lieV}], {Ry ih|li, jl€E
g(R,IiEV),(R(,-,,-)Hi,j)eE){ Bethe[{ il H ARG I, J} }]

ieV], {I?u,/) {i’j}EE})

D R =1GeV), Y Y Rij(wi.v)) = 1 ({i, j)€E),

T EQ T EQTEQR

Ri(—=1) = ZR,-,-(—l,r,-) (jedi, ieV),
rjeQ

Ri(+1) = ) Rij(+1, 1)) (jedi, ieV)}A (10.83)
T EQ

We introduce the Lagrange multiplier A; (i€V), Ay jy, Aiij(—=1) = X; ji(—=1),
Aiij(+1) = A, ;i (+1) ({i, j}€E) to ensure the normalization and reducibility con-
ditions as follows:

Lpethe [{R;1i€V). {RijI{i. J}EE}] = Fpethe[{RilicV}. {R;jIli, jI€E}]

=D x( D] Ri@) = 1)

ieV  1eQ

= 2 (X D0 Rijmit) —1)

{i.j}eE r,-eSZr-eSZ

=3 Y hi (DR (=) — ZR,,( 1.1))

ieVjedi

=303 A FD(Ri(+1) — Z Rij(+1.7p). (10.84)
ieVjedi

The marginal probabilities ﬁ,- (ieV) and ﬁi i ({i, j}€E) are determined so as to
satisfy the following extremum condition:

Coene[(RilieV), Ryl jleE)]| =0 (ieV),

[3R [Ri=R;|ieV}.(Ry=Ri|li,j}€E)
(10.85)
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Coane[(RilieV), (Rijlti, jleEY]] o o =0 jleb).

[3R {Ri=R;lieV}{R;j=Ri;|{i,j}€E}
(10.86)

ij

It needs to be shown that I/Q\i(s,-) (ieV)and I/Q\,, (si,87) = ﬁj,‘(sj, s;) ({i, j}€E) are
derived as follows:

o~ )\i
Ri(si) = exp(—l - m)

1 1 .
xexp(kBT (— T hd si— T | — Zk, i (si) )) (ieV), (10.87)

jeoi

- Mij)
Rl](slssj)_le(sjsSl)_exp -1+
kgT

1 .
Xexp<kB7T (JS,‘S]' — Xiij(8i) — Ajij (S/))) {i, j}€E). (10.88)
Finally, A; and A; ;) need to be determined so as to satisfy the normalization condition

of the marginal probabilities R (s;) and R, i (8iy85).
By introducing the messages (tx—;(s;) and p;, ;(s;) in the transformations

)\.,‘ ,‘j(S,‘) l’l
BRIV ASCEAN R | | ; si ), 10.
exp( ko ) Mi—i(s;i) exp(k d;s > (10.89)

kedi\{j}

Aiii(s: L
eXp<_ J;quéfﬂ)z l_[ Mi—j(87) exp(k d; j). (10.90)

ledj\li}

The expressions of the marginal probabilities R; and R;; in Eqs. (10.87) and (10.88)
can be reduced to the following expressions:

E(s»-—(]"[ukﬁ,(s, )eXp< " s,-) (ieV), (1091)

kedi
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Rij(si,s;) = R;ji(sj,81) =

l_[ i (8i) 1_[ i (s5)

)\ kedingj) 1€dj\{i}
1
xexp(ﬁ(Js,»s_,- + hd;s; + hdjsj)) i, j}€E),
B
(10.92)

Z; = Z(l_[:u'k—)z(fz )exp(khT r,-) (ieV), (10.93)

7, €Q \kedi

Zin=>_ > T] Mk—n(ft) [T i@

1,€Q1;eQ \ kedi\[j l€dj\li)
1
xexp(ﬁ(Jrirj + hd;T; + hdjrj)) (i, j}eE). (10.94)
B
By substituting Eqs. (10.91) and (10.92) into the reducibility conditions in Eq.

(10.80), the simultaneous deterministic equations for the messages can be derived as
follows:

Z; ..
/'Lj»i(si) = 7 1_[ Ml%j(rj) eXP( (Js,‘[j + hd; ‘Ej)) i, jleE),

{i.j) 7;€Q \ledj\li}
(10.95)

7.
/’Li%j(sj) = 7 .J Z 1_[ Mi—i (Ti) exp( (J‘Clsj + hd; 751)) i, .]}EE)

7} o eq \keair(j)
(10.96)

The Bethe free energy functional is given by

Foene[{Rili€V), (Ri; i, jI€E}] = —kBTZ(l — 19i|)InZ; — kg T Z InZj; .
ieV {i,jleE

(10.97)
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The framework in the Bethe approximation using Egs. (10.91), (10.92), (10.93),
and (10.94) with Egs. (10.95) and (10.96) is referred to as a loopy belief propa-
gation in statistical machine learning theory [12, 46-48]. The present derivation
is based on the cluster variation method in Refs. [39, 42-44], and [45]. Recently,
some novel approaches for loopy belief propagation methods have been proposed,
including the approximate message passing algorithm [49], and replica cluster
variation method [50, 51]. A review summarizing recent developments in loopy

belief propagation methods is given in Ref. [52].
By solving

33 Rty = Rij(+1,+1) + Rij (=1 +1) + Rij(+1, D) + Rij(—1, 1) = 1,
T,‘EQ{_,‘EQ

(10.98)

3 3 Rt = Rij(+1,+1) = Rij(— 1 +1) + Rij(+1, = 1) = Rj (=1, =1) = m;,
‘L',‘EQ‘EJ'EQ

(10.99)

D >R (Gt = Rij(hL A1) 4 Rij (=1 4+1) = Rij(+1, =) = Rij(~1. =1) = m},
T,‘EQTJ'GQ

(10.100)

szifjk\ij(fia 7)) = Rij(+1,+1) — Rij(—1,+1)

T, €QT;EQ
—Rij(+1,=1) + Rij(—=1, =1) = cji jy = ¢y
(10.101)

as simultaneous linear equations for I/?\,-j(—i-l, +1), 1/3\,»]'(—1, +1), }/fij(+l, —1), and
R;j(—1, —1), we can confirm the following equality:

~ 1
Rij(si,s)) = Z(l + misi +mjs; + ¢ jysis;)- (10.102)

By substituting Eqgs. (10.72) and (10.102) into Eq. (10.82), the Bethe free energy
functional can be reduced to

fBe[he[{§i|ieV}, {if,ﬂ{i,j}eE}] = Faetne({mi]ieV), {eq i |li, j1eE)), (10.103)
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FBcihc({m,"iGV}, {C(i,j)‘{i, J}GE}) =-J Z Clij)y — th,'mi

{i,j}eE ieV

BTy (1 —13i]) Y RiGsln(Ris)) +ksT > Y Rij(si.spn(Rij(si. s)).-

ieV si=%1 {i,j}eEsj==%1

(10.104)

The extremum conditions

3
g e ({mili€V ) {ew [, J)€E}) = 0 (ke V), (10.105)
3

P Faeme({mi]ieV}, {ciplli. jI€E}) =0 ((k, [}€E)  (10.106)

can be reduced to the following simultaneous equations:

h 1 _ - 1 = .
mrdi=30- 10i) Y win(Ri () + ZZ 3> win(Ry(zi. 1)) (ev),  (10.107)

T EQ JediTieQr;eQ

J o1 ~
T Zzzmjln(ze,-j(t,-, 1)) (i, j)€E). (10.108)

T, €QT;€Q

The schemes for the derivations of Eqs. (10.107) and (10.108) from the Bethe free
energy (Egs. (10.103)—(10.104)) are given in Refs. [41, 53-55].

In the advanced mean-field method, some researchers are interested in perturba-
tive computation of the correction terms with respect to kBLT from the mean-field
free energy [56, 57], which is referred to as a Thouless-Anderson-Palmar (TAP)
free energy. The scheme used in the derivations has been extended to a classical
Heisenberg model [58]. One familiar perturbative method in statistical mechanical
informatics is the Plefka expansion, in which we obtain higher-order correction terms
with respect to ,(BLT from the mean-field free energy [12]. By substituting Eq. (10.102)

into Eq. (10.108), c(;, jy can be expressed in terms of m;, m;, and kBLT It is known
that the TAP equation can be derived by expanding the expression for cy; j; up to the

second-order term (,{BLT> with respect to an infinitesimal ,{BLT and by substituting it
into Eq. (10.82) with Eqgs. (10.72) and (10.102) [41], The fundamental framework
of the TAP free energy and its expansion using the advanced mean-field method has
been clarified [59]. The Bethe free energy functional and the TAP free energy as well
as loopy belief propagation have been applied to Boltzmann machine learning [53,
60-64]. Some recent developments appear in Chap. 7 of Part 3 in this book.

The EM schemes with advanced mean-field methods in the previous sections have
been applied to noise reduction in probabilistic image processing [30, 51, 65-69].

The basic frameworks are based on Egs. (10.14) and (10.15) with the two-body and
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Bayesian Noise Reductions by Generalized Sparse Prior

1 P
PGuss-smipap)« [| [] ow(-tackic—se)0<ps2)
{ij1EE ce[RG,B]

1
P(dydy, -, dy|s1, 52,519, B) % 1_] 1_[ exp (_Eﬁ(di,c = si,c)z)
ieV ce(RGB)

P(sq,52, '“.S|V||d1; dz, -, dy,p, a-ﬂ) g gzm
o« P(dy,dy, -, dyyy|S1, 52, , Sy, B)P (51, 52, S| [, @) B: Blue

State Vector of Parameters s = (54,52, 5y|) $i = (Sip. Sic Sip)

State Vector of Data Point d = (dy,dy, . dy;)  d; = (dyp dyc dig) (e, @, @p)

Deterministic Equations of Hyperparameters o and

N
Tl Z Z Z |s,‘,—s_;‘:|pP”(s“.s;.c|p,&) =% Z Z Z |51.c—5;.c|v3’u(si,c.-$,-.:|d-P: @p)

[ifIEE 5; €0 5; EQ [LJ]EE 5;.E0 5, EQ
1 1 2 -
E = m Z (si,: Vs d!,c) P!.c(sl.c |dapra-ﬂ)
{EV ce{RG.B) 5;€0 /
EM Procedure: Repeat E step and M step until a(f) and o(f) converge
|E step] Compute \

1
u(t+1) « il Z Z |sie— sj,tippu,c(sl,c' Sjc|d.p, a(t), B(t))(Vc € {R,G,B})
[IJ}EE 51,60 5.0
1 -1
B(t+1)= (mz DD (st i) Puclsic [, am.p(:))) :
iV ce{R,G,B} 5, €N

1
[M step] Solve TE |sic— sj,,|p.PU',{er,s_,',|p, a(t+1)) =u.t+1)(vc e (R GB))
{IJIEE 3y c€0 5) €0

with respect to ae(t + 1).
QIPM step] Update ¢ « ¢ + 1 and $,.(d,p) = argmax P (s;c |d,p, @& B) (viev,vce (R, G,W

Gk[mld,p.a.ﬂ}s z z Z Z Z z By Pl T2 [y, dy, oo dyy poa B) Compute
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Timell TigER TiRED Ty pEl Ty gER Ty gl

Fig. 10.1 Fundamental framework of Bayesian noise reduction by generalized sparse prior and
additive white Gaussian noise

one-body posterior marginal probability distributions in Egs. (10.11) and (10.12) as
well as the two-body prior marginal probability distribution in Eq. (10.13). They can
be computed by means of the message passing algorithms in Egs. (10.91) and (10.92)
with Egs. (10.93), (10.94), (10.95), and (10.96) for the Ising model in Egs. (10.47),
(10.48), and (10.50) with the prior and posterior probability distributions in Egs.
(10.2) and (10.3), respectively. The framework and some numerical experimental
results are shown in Figs. 10.1 and 10.2, respectively. Moreover, the loopy belief
propagation is applicable to Bayesian image segmentation in the framework of Sect.
10.2.3 [70]. They are also useful for community detection be means of the stochastic
block model for modular networks [71-73].
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Bayesian Noise Reductions by
Generalized Sparse Priors and Loopy Belief Propagation
RGB Color image with 256 grades K. Tanaka, M. Yasuda and
Original Image § Degraded Image D. M. Titterington: JPSJ, 81,

114802, 2012.
Derivative of Additive White
Gaussian Noise g~1=402
Red: 4.02 (dB)
SNRq Green:2.52 (dB)
Blue: 3.83 (dB)

Gaussian Graphical

: p=1.0 Model 7=2.0
Red: 13.09 (dB) Red: 12.07 (dB) Red: 11.28 (dB)
SNR+ Green: 12.07 (dB) SNRj Green: 11.09 (dB) SNR{ Green:10.43 (dB)
Blue: 12.77 (dB) Blue:11.83(dB) Blue:11.10(dB) /

Fig. 10.2 Numerical experiments in Bayesian noise reduction by the generalized sparse prior and
additive white Gaussian noise

10.3.3 Free Energy Landscapes and Phase Transitions
in the Thermodynamic Limit

In this section, we consider the Ising model defined by
P SR _ L H(s) (10.109)
s s = €X s 5 .
ksT " kgT Z(L L) P\t
ksT’ ksT
where

H(s) = H(s1, 82, -, 8v))
—J Y sisp—hY s (J>0), (10.110)

{i,j}eE ieV

z(kBT kBT> ZZ Zexp(——H(s)) (10.111)

51€Qs5EQ YW‘EQ

The energy function in Eq. (10.110) corresponds to the one in Eq. (10.49) for the
case of d; = 1 for every node i (€ V). In the present section, we consider a regular of
degree 4 that includes a square grid graph with periodic boundary conditions along
the x- and y-direction as shown in Fig. 10.3.
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Fig. 10.3 Square grid graph
(V, E) with periodic
boundary conditions along
the x- and y-direction in the
case V =
{1,2,3,4,5,6,7,8,9, 10, 11, 12} 1

.9_

(=)

(&)
¢

-]
(p—
=

-0~

For the Ising model in Eq. (10.110) and its partition function in Eq. (10.50), we
have the free energy per node

1
FURT) = ~ksTx lim —In(Z), (10.112)
—+oo|V|

the internal energy for zero external field

ad
Ju = m(}quf(J h=0, T))

.VH+OO|E| Y- s,s,)P( ‘k - kBT > (10.113)

JJIEE s

and the spontaneous magnetization

my

ACH T))

0
Ehhrio h (k T
o(air) Vo
J h
= lim — — ], 10.114
h—)iO\V\—>+oo|V|ZZ < kgT kBT) ( )

as important statistical quantities in the thermodynamic limit |V |— + oo. The exis-
tence of the thermodynamic limit |V |— + oo means that the limit of the right-hand
side in Eq. (10.110) converges. Sufficient conditions for the existence of the thermo-
dynamic limit of the Ising model of Eqgs. (10.109), (10.110), and (10.111) have been

given by Ruelle in Ref. [38].
In the thermodynamic limit |V |— 4 oo for the Ising model in Eq. (10.110) on a
square grid graph with periodic boundary conditions along the x- and y-direction as
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shown in Fig. 10.3,

27 27 2\ (% 2““*’(*") ’ ’

2 : k
u :—colh(—) l+(2tanh2<—)—l><7)/ 11— 2580 Y G2y | ae |,
J kgT kg T e 0 Coshz( 2J )

(10.115)
J h
2 _ 3 ] L. —_— =
e = |ri—t!_ﬂl—l>+ooVllnglrooXS:SIsjP<s‘kBT ’ kgT 0)
0 (kBLT < %arcsinh(l))
— | , (10.116)

&1

s 4 2]
(1 — sinh <1<B_T)>
where r; is the position vector of each node i (e V) [34, 74, 75]. In Eq. (10.116), the
spontaneous magnetizations m and m_ correspond to each branch of m_ >0 and

m_=<0, respectively. They are as shown in Fig. 10.4. Note that for the Ising model
in Eq. (10.110) on such regular graphs,

J o h I h
[, ) =3P ‘__ 10.117
m’v<kBT kBT) XS:S <s keT kBT> ( )

for every i (e V), does not depend on i but can be expressed as my (,(BLT, k%)

(kBLT > %arcsinh(l))

In the mean-field approximation of the previous subsection, the spontaneous mag-
netizations

J h
my = lim lim my|-—, — ), (10.118)
h—=£0]V|—+00 kgT kgT

are given as solutions of the following mean-field equation:

1
my = tanh(k—T(h + 4Jmi)> (h—+0), (10.119)
B

and the internal energy Ju in Eq. (10.113) in the mean-field approximation is given
as

u=—my’. (10.120)

The solutions of Eq. (10.119) correspond to the extremum values of the following
mean-field free energy:
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Onsager Solution for Ising Model
on Square Grid Graph (V,E) with Periodic Boundary Conditions

|k_ 7(_ ( 1_[ exp( s;sj,)) (Z exp (kh'r )) 5; €N ={+1,-1}
IV|—»+oo 1E| Z Z( s’si)‘n | kgT"' g':" 0) my k-.+n|v|-.+m lezg[

BT nT
0 JIEE 5 1
-0.5 P,
0 \ Phase Transition Point _‘_]_f__
1 ¥ / ,—‘J—T— 2art:smh(l) 0 -—Hh‘“"""“
\/ du
—J—>—oo
-1.5 \ a(m) 0.5
. | p
0 02 %4 06 .08 0 0.2 04 /06 , 08
ksT ksT

Ju:Internal Energy

m- -o— -H-a:. 51 1:_1:_
m,,m_:Spontaneous Magnetization T 0'"' MZZ ‘

Fig. 10.4 Internal energy Ju in Eq. (10.113) and magnetization m in Eq. (10.114) in the Onsager
solution in the Ising model of Egs. (10.48) and (10.50) with Eq. (10.110) on the square grid graph
(V, E) with the periodic boundary conditions along the x- and y-direction

FMF(ml,mz, ,mm)

Sve(m) = v

= —2Jm*+ kBTG(l + m))ln(%(l + m))
+ kBT<%(1 -~ m))ln(%(l - m)>, (10.121)

which corresponds to - \VI Fur (ml, my, - m|v|) in Eq. (10.75) for h = 0. The spon-
taneous magnetization my and the mternal energy u for h = 0 are computed by

setting 0 < ‘—‘ < 1073 and using the iteration method for Eq. (10.119) numeri-
cally. The graphs of ( T ) and ( T mi> are shown in Fig. 10.5. Moreover, the

graphs of (m o TfMF(m)> for = = 0.20, 0.25, and 0.40 are shown in Fig. 10.6.

It is known that the mean-field equatlon always has the trivial solution my = 0, and
begins to have some non-trivial solutions for m, > 0 and m_ < 0. The mean field
equation (10.119) begins to have some non-trivial solutions in the region of == > le
by expanding the right-hand side of Eq. (10.119) around m = 0 and keeplng the

first-order term of m.
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Mean Field Approximation for Ising Model
on Square Grid Graph (V,E) with Periodic Boundary Conditions

|7c_ k_) ( 1:[ exp (k]rsls")) (; exp (k%s*)) S €0 ={+1,-1)

(Lj)e

< ) 1 h
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Fig. 10.5 Internal energy u from Eq. (10.113) and magnetization m4 from Eq. (10.118) in mean-

field approximation for the Ising model in Egs. (10.48), (10.50), and (10.110) on the regular graph
(V, E) of degree 4
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Next, we consider the Bethe approximation for the Ising model in Egs. (10.48),
(10.50), and (10.110) on the regular graph (V, E) of degree 4. In this case, the average
m;, the correlation ¢;; and the messages ;. j(41) and ;. ;(—1) do not depend on
i and j, and can be expressed as m, ¢, u(+1) and p(—1). We now introduce

1 n(+1)

A

The message passing equations in Egs. (10.95) and (10.96) and the magnetization

are reduced to
A J h+3A
—— = arctanh( tanh| — )tanh + . (10.123)
kg T kgT kg T

Moreover, since the marginal probabilities 1/3\, (+1) and ﬁ, (—1) are also independent
of i, we can derive the expression for the magnetization in terms of A as follows:

h+4A
<Zs,R(s,)=tanh< + ).(10.124)
kg T
ieV \s;eQ

J h
(57 77) = %

For the infinitesimal small limits of %, such that 4— + 0 and 7— — 0, the magneti-
zation Mpehe ( T kBT) in Eq. (10.124) can be computed numerically by using the
iteration method. Moreover, Egs. (10.104) and (10.108) can be reduced to

1
fBethe(m, ©) = IVIFBethe({mz}lGV} {eu i, JYEEY)

= —2Jc—hm

_3kBT<1(1 +m))m(l(1 +m)) - SkBT(%(I - m))ln(%(l - m))

1
+2kgT( ~(142m +c )ln(z(l +2m +c))

e
sar({o- (-0
e

+2kgT % 1—2m+c) )ln(i(l—Zm—!—c)), (10.125)
and
J 1 2
N O ke (10.126)
ksl (1—-c)?

such that
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c= 1(1 —/1 —(1 —2m2)tanh2<2—J> —2m2tanh( 2/ )) (10.127)
tanh(%) kgT ksT

The graphs of
1 1 27 2J
(m, kaTfBeme<m, mnh(k%) (1 - \/1 —a 72m2)tanh2(kB—T> - 2mztanh<kBT>))),
(10.128)
for or T =0. 25, nT = arctanh( ) and kBT = 0.40 in the case of & = 0 are shown in

Figs. 10.7,10.8, and 10. 9, respectively. Flgure 10.7 shows the internal energy u from
Eq. (10.113) and the spontaneous magnetization m4 in Eq. (10.118) in loopy belief
propagation (Bethe approximation) for the Ising model in Egs. (10.48), (10.50), and
(10.110) on the regular graph (V, E) of degree 4. These quantities u and my are
obtained by

6A 2J
J h cosh(kB—T) — exp(—kB—T)
UBethe k Tv k_T =0)= oA 7\ (10129)
B B cosh(;) + exp(—g)
/ h 0 tanh 44 (10.130)
MBethe| —=, —= = 0) = tanh{ — |, .
B\ kT~ kpT ks T
where
A J 3A
—— = arctanh| tanh tanh (10.131)
kgT kBT kBT

These always give the same results as in Eq. (10.110) on the regular graph (V, E)
of degree 4. In particular, it is known that the results for Egs. (10.48), (10.50), and
(10.110) on the regular tree graph (V, E) of degree 4 are exact. It is known that Eq.
(10.123) always has the trivial solution A = 0, but begins to have some non-trivial
solutions in the region of - L 7J > arctanh( ) by expanding the right-hand side of
Eq. (10.123) around A = O and keeping the first-order term of A. In Fig. 10.7, the
blue curves correspond to global minimum states that are stable states and the red
lines correspond to the local maximum state that are unstable states for each value
of kBLT in the Bethe free energy fgeme (2, ¢) of Eq. (10.125) for the case of & = 0.
The Bethe free energy landscapes JBethe (1, ) of Eq. (10.125) in the case of h = 0
for several values of —— or T are shown in Figs. 10.8 and 10.9. It is known that Eq.
(10.123) always has the trlvial solution A = 0, but begins to have some non-trivial
solutions in the region of =% > arctanh( ) by expanding the right-hand side of Eq.
(10.123) around A =0 and keepmg the first-order term of A. In Fig. 10.7, the blue
curves correspond to global minimum states that are stable states and the red lines
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Loopy Belief Propagation for Ising Model
on Regular Graph (V,E) with Degree 4
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Fig. 10.7 Internal energy u from Eq. (10.113) and magnetization m from Eq. (10.118) in loopy
belief propagation (Bethe approximation) for the Ising model in Egs. (10.48), (10.50), and (10.110)
on the regular graph (V, E) of degree 4

correspond to the local maximum state that are unstable states for each value of oT T
in the Bethe free energy fgewme (7, ¢) in Eq. (10.125) for the case of 7 = 0. The Bethe
free energy landscapes fgewme (71, ¢) in Eq. (10.125) in the case of & = 0 for several
values of == ] are shown in Figs. 10.8 and 10.9.

Now We con51der the |€2|-state Potts model [33] given by

p J hy hp y hiQ|—1
kBT kT’ kBT © kgT

([i’QEexp<kBJT )) (Hnexp(k b, )) (10.132)

N|—

ieVneQ
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Fig. 10.8 Bethe free energy for fgethe (1, ¢) for the Ismg model 1n Egs. (10.48), (10.50), and
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Fig.10.9 Bethe free energy Extremum fgehe (11, ¢) for the Ising model of Eqgs. (10 48), and (10.50)
c
with Egs. (10. 110) on the regular graph (V, E) with degree 4. a /7 = 0.25, =0.b 7 =
arctanh(%) ==0.¢ kBT = 0.4, ho—0

ul exp(kJTzSSls )) (1‘[ Hexp(khTSSl )) (10.133)

{i,j}eE ieVneQ

=rrex

S]EQER sy |ER

where Q2 ={0,1,2,---,|Q2] — 1}. By sin/1\i1ar arguments to those for Eqgs. (10.72)
and (10.102), the marginal probabilities R;(s;) and R;;(s;, s;) can be expressed as
orthonormal expansions as follows:

I?r(s,-)=< |) > mP s, (10.134)

ke\{0}
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~ 1\?
Rigtsiesn = (@) (|§2|> 2 ’"(k)@"“’

keQ\{0

( )Zm“)@,(sjwr Z 3 et Dopsn @iy, (10.135)

1e2\{0} keQ\{0}e\{0}

where {®(s;)|s; €2, ke2} is the set of orthonormal polynomials satisfying the
following relationships:

1
Do(s;) = (Iﬁ) (10.136)

ZCIDk(s,-)QDZ(s,-) = 6 (ke,1e2). (10.137)

NS

Because it is valid that

DD Puls)Pils)8s, = Y Puls)Pils) = s (keQ, 1€Q), (10.138)

5;€Qs; €Q s;i€Q

we have the following orthonormal expansion of dy, ; :

Sos; = D Y | DD k(s Pi(s)8ys, | Puclsi) Pi(s)

keQleQ 5;€Qs7€Q

=) Du(s)Dis)) (5,€Q, 5,€Q). (10.139)
keQ

By using Egs. (10.134) and (10.135) and the orthonormal expansion of the two-body
interaction part of the Potts model, the Bethe free energy functional for the Potts
model in Egs. (10.132) and (10.133) can be reduced to

Frene {Riliev). Ryl j1eE}]

:FBethe<{m§k)|i€V, keQ\(0}}, {c(ii)|i. jI€E. K, leQ\{O}}),(lO.MO)

where
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k)| . k,l
Foane({m°]ieV, ke@\(0}). {c{)| . j1<E. k.le@\(0}})

——JZ|81|< > —JZ|81|— dYoomP -7y Z el
ieV |Q| keQ\{O {i,j}eEkeQ\{0
+kBTZ(1 - |3i|)Ri(si)1n(Ri(Si))
ieV
kT Y Rij(siis)In(Rij(si. 5)). (10.141)

{i.j}eE

( (k.1

For the case of spatially uniformity, m b and ¢;;” are independent of i and {7, j}
and can be represented by m® and ¢*: 1), respectlvely, in the Bethe free energy in
Eq. (10.141). For the three-state and four-state Potts model, the Bethe free energy in

Eq. (10.141) can be represented by

m(l) C(l-,l) C(1,2)
Fgethe m® )\ e e )

(10.142)
and
m® LD (1) ((1.3)
Foeme | | m@ |, [ ¢@®P @2 &3 | ], (10.143)
m® cB:D (B2 (63

respectively. Figures 10.10 and 10.11 show the internal energy with no external fields

J h h hiq—
S 3 () P[] e =0, S =0, M2 ),
\V\%+OO|E| j kgT kT kgT ks T

JJI€E s
(10.144)

in loopy belief propagation (Bethe approximation) on the regular graph (V, E) of
degree 4. We now consider also the moments m® and m? as order parameters
for the three-state and four-state Potts model, respectively, for the following cases:

(D lim m() hy=h, =0,

ho—+
{n hh“lom( " ho=hz =0, (10.145)
1= .
(I11) hlimom@, ho=hy =0,
2—>+

(IV) m® under hg = hy = hy = 0 and 11(0) = u(1) = n(2) = 1,

for the three-state Potts model, and
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o, l£n+0m(2), hy=hy=h3=0,
0
{0 /1ll£n+om(2)’ ho =hy =h3 =0,

(111 hzli_r)n+0m(2>, ho=hy =h3 =0, (10.146)

Iv) h}li_r)n+0m(2), ho=hy =hy =0,

(V) m@ under ho = hy = hy = 0 and 1 (0) = u(1) = u(2) = uG3) = 1,

for the four-state Potts model. These are also shown in Figs. 10.10 and 10.11. In
Figs. 10.10 and 10.11, blue, green, and red lines show the global minimum states,
local minimum states, and local maximum states, respectively, of the Bethe free
energies which are given by Eq. (10.142) for the three-state Potts model and by Eq.
(10.143) for the four-state Potts model. In the global minimum states, there exist
discontinuous points in m® and m as well as u. Although the first derivative Ju
of the free energy with respect to kBLT is always continuous, the second derivative
diverges or has discontinuity in the Ising model as shown in Figs. 10.4, 10.5, and
10.7. This kind of singularity is referred to as a second-order phase transition in
statistical mechanics. However, the first derivative Ju of the free energy with respect
to kB#T has a discontinuity as shown in Figs. 10.10 and 10.11. This singularity is
referred to as a first-order phase transition in statistical mechanics. Figures 10.12

and 10.13 show the Bethe free energy landscapes

1 m® oD (1.2)
fBethe (m(l)’ m(z)) = —— extremum FBC[hC((m(Z) ’ C(2’1) c(zqz) s

VI (0D 12
@D (22)
for the three-state Potts model and

| mD\ /D (1) (13)
[Bethe (m(]),m(3)> =T extremum Fgethe m® |, | @D 22 23 ,
Vi (c<'~1> @2 c<1v3>) m® ) \ 6D 62 63
me,

(10.147)

@D (2D 23
B (3D (33

(10.148)

for the four-state Potts model, respectively.

10.3.4 Ising Model on a Complete Graph

This section considers a complete graph (V, E) for which the energy function H (s)
is defined by
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Loopy Belief Propagation for Three State Potts Model

on Regular Graph (V,E) with Degree 4 5;€0=1{0,1,2}
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Fig. 10.10 Internal energy u in Eq. (10.144) and (I) Jim Om<2> forhy = hy =0.() lim om@)
0—>+ 1=+
for ho =hy =0, () 1im0m<2> for hg =h; =0, IV) m® under hg = h; = hy =0 and
2>+

n0) =) =pnR) = % such that P;(0) = P;(1) = P;(2) in loopy belief propagation (Bethe
approximation) for the three-state Potts model in Eqs. (10.132) and (10.133) on the regular graph
(V, E) of degree 4

J

H(s) = H(s1, 82, - Sjy) = —

sisj—hY _si (J > 0), (10.149)

{i,jleE ieV

instead of Eq. (10.110) in Egs. (10.109) and (10 111). Note that the interaction
between every pair of connected nodes is set to = \V\ to guarantee the existence of the
thermodynamic limit in |V |— + oo for the complete graph in the sense of Ruelle in
Ref. [38].
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Loopy Belief Propagation for Four State Potts Model
on Regular Graph (V,E) with Degree 4 5;€0=1{0,1,2,3}
J hy hy h, h J
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[o,m],o,(n,o,[zm,txus(i—'—,s-.—?}.?,i—f%.—?\lvs
hg hy h
= |V|-.+==|£| Z Z s:f.r)P( |'k_'f 'kﬁf ) mm_wg'-o"lmmzzm’(”w ’l EsT mﬁé'iﬁ')
[~ Phase Transition Point
) ---__;:h_____* i s I
. e 4
u 4 m® ‘5 ‘I;l

L6 ‘ L p

0.5 \‘L =E 0.4 " Ill
o o
-1 I1v 0.8 lv
09 1 1.1 L 1.2 (%] 1 1.1 L 1.2
kgT kT

= Global Minimum State (Stable)
Local Minimum State (Metastable) -for Bethe Free Energy

e Local Maximum State (Unstable) my (1) (12) (13)
Fpethe ( ) ( )

m® ), 2D cer a3
m®/) \cBD 62 63

Lhg—= +0,hy = h; = hy = 0: lim (P;(0),P;(1),P;(2),Py(3)) = (1,0,0,0)
rls-r-"hm

ILhy = +0,hg = hy = h3 = 0: lim (P;(0), P((1),P(2),P(3)) = (0,1,0,0),  V.(P,(0),P,(1),P,(2),Py(3))
B O Y Y ey
1L hy = +0,hg = hy = hy = O:RL:T (P((0), P, (1), P,(2),P,(3)) = (0,0,1,0) 4'4°4'4/\ kyT
foo

IV.hg = +0,hg = hy = hy = 0: lim (Py(0), Py(1),P,(2),Py(3)) = (0,0,0,1)
Eér-ﬂhm

= J ho hy h; h;
Pi(s)) = Z Z P(slkBT‘RBT‘kBT‘k T gl )(\fi EV,VsiEQ)

51ER 526N 5 1EN5;41EN 542ER 5 ER

Fig. 10.11 Internal energy u in Eq. (10.144) and order parameter m" in loopy belief propagation
(Bethe approximation) for the four-state Potts model in Eqgs. (10.132) and (10.133) on the regular

graph (V, E) of degree 4
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The free energy in Eq. (10.55) is expressed as follows:

J h
—kgThn| Z| —, —
kgT kT

_kBrln(ZZ Ze"p(krz VT Z; ))

'E[GQIZEQ r|v‘€§2

;_kBTln(ZZ ZeXP kr ( |vkaT )2))

T1EQTER TV | €EQ
(10.150)

By using the Gauss integral formula

— ool L2
«/_/ exp(——x —i—ax)dx _exp<2a ), (10.151)

the expression for the free energy is rewritten as

—kBTln Z
k T’ kBT

1,

2

SLPIPITD I

T1EQNER T|v|ER

1 1 +oo 1 J h
= 51_1"<ﬁ/m ¢ lev(zex"«\/ VikeT " m)”))dx)
1 1 T 1, [ J h
51 —IH<E/;DC e 2 E/(Zcosh< |V\kBTX+ kB—T>>dx). (10152)

Note that the procedure in which a new continuous variable x is introduced in Eq.
(10.152) is referred to as a Hubbard-Stratonovich transformation [13]. Moreover,

by replacing the variable x by y = x_| |V| the free energy can be written as

J 1
_ann< (kBT kBT)) 7J 1n<m/_oo exprll/f(y))dy) (10.153)

where

1/ J 1
W(y)———<ﬁ> +m ln(Zcosh<—(Jy+h))). (10.154)
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We now consider the magnetization

J h J h
(5 or) = wlim i 2o (o] ) for

ieVs1eQseQ sy ER

Egs. (10.109) and (10.111) with Eq. (10.149) as follows:
m(haLT kBLT> - |vwli»n«1+o<>|17| 3(:%) (_kBTln(z(kBLT’ kBLT)>>
/7-:Cexp<|vl(10(y) + ﬁln(tanh(klg%(ly+h))>)>dy. (10155)

+o0
/ exp(IVIy (y)dy

lim
[V]—>+o0

Because it is valid that

ad 1
|V\hn§oo5¢(y) im oy (I/f(y) + mln<tanh<—(fy + h))))
B B

we obtain the magnetization as

1 1
() = i e (1V1(¥0m0+ o (von g v+ ) ) )

m| —, =
keT " ksT ) Vimoo exp(1V 1Y (ma) )
1
- tanh(kB—T(Jymax + h)), (10.157)
where
1
Vs = tanh(k—(Jymax + h)) (10.158)
o7

by using a saddle point method [37]. Equations (10.157) and (10.158) reduce to the

following mean-field equation for m (kBLT, kBLT :

J h 1 J h
L) —tanh( —(Jm h 10.159
m(kBT kBT) an (kBT( (kBT kBT) * )) ( )

This means that it is possible to treat the Ising model on the complete graph in the
thermodynamic limit analytically using the mean-field method.

By combining the replica method with the Hubbard-Stratonovich transformation
and the saddle point method, it is possible to treat the random average in Eq. (10.25)
for the Ising model with non-uniform external fields on the complete graph analyti-
cally [13, 76]. In statistical mechanics, this kind of approach has been developed as
the spin glass theory [77-80]. Such computational techniques that use the replica
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method for Ising models with spatially non-uniform interactions and external fields
on the complete graph have been used to estimate statistical performance analysis
for many probabilistic information processing systems [13, 15-17].

Next, we consider the belief propagation method for the Ising model on the com-
plete graph in Eq. (10.149) with Egs. (10.109) and (10.111). For an infinitesimal
small |V|~!, the message passing rule in Eq. (10.95) can be expanded to

Zi 1 J
Mj—n'(si) = Z(' Z( 1_[ Ml—)](‘r]))e P(k T<\V\S’Tf +/’l‘lfj>>

)TGQ

ledj\i}

(I (7)) (1+ o )
= i () |exp T {1+ — —=sit; + O(|V]

Zy;, ”zeQ(leB/\[} ) kgT |V kgT ( )

J
J —

= Ri(t)) <1+ siti +O(|V]| )

MT%’ P VT (v17)

Z,‘Zj 1 J =~ _2
= T [ DR s+ o(1v)
Z(i.j)( chT(IVlTle;2 SR )

_ ZiZj 1 -
=5 (exp(kBT (VI > tR; (r,))s,) +0(1v] )) (10.160)

By substituting Eq. (10.160) into Eq. (10.91), the marginal probabilities can be
expressed as follows:

J
exp k |V| Z ZTJR (tj) +h |si

JjeV\{ilr;eQ

1
| o7 |V| Z Zr,R (tj) +h |z

jeV\{i}rjeQ

+(9 |V| 1) V]— + o0, 5,€Q,i€V),
(10.161)

Rij(si,5j) = Ris)R; (55) + O(IVI™Y) (V= + 00, 5,€9,5;€Q, (i, j)eE).  (10.162)

Equation (10.161) can be regarded as a system of simultaneous deterministic equa-
tions for E(si)‘sieﬂ, i€V and is equivalent to the mean-field equation in Eq.
(10.68) for Eq. (10.149) with Egs. (10.109) and (10.111).
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10.3.5 Probabilistic Segmentation by Potts Prior and Loopy
Belief Propagation

In Sect. 10.2.3, we gave the fundamental framework of probabilistic segmentation
based on the Potts prior, and reduced the framework of the EM procedure for esti-
mating hyperparameters to the extremum conditions of the Q-function as shown in
Eqgs. (10.41), (10.42), and (10.43) with Egs. (10.44), (10.45), and (10.46). These
frameworks can be realized by combining them with the loopy belief propagation in
Sect. 10.3.2 to give the following practical procedures [70]:

‘ Probabilistic segmentation algorithm (Input : D, Output : (D), u(D), a(D), C(D),5(D)) ‘

Step 1:  Input the data vector d and set the initial values of hyperparameters a(D),
a(D), C(D) and messages in the loopy belief propagation {ft;_.;(s;, D)|i€V,
j€ai, s;€Q2} for the posterior probability distribution. We set ¢ < 0 as the number
of iterations of the EM procedure.

Step 2 (E-step) Sets<—r + 1 and update u(D), @(D), C(D), {iLj-i(si, D)|sie2,
i€V, jedi} using the following procedures:

Z exp(2a(D)éy; +;)g(dj|zj. a(z;, D), C(j, D)) l_[ Hk—j(tj, D)

Wi () < —2<2 kedj\li}
! 33 exp(2@(D)8y, +,)g(d|rs. Ary. D). Czj. D)) [ fwsj(zj. D)
T €QT;EQ kedj\{i}
(s;ie, i€V, jedi), (10.163)
ﬁj%i(s,-, D) <~ /,Lj*)i(S,‘) (S,'GQ, eV, ]681), (10164)

Bl' < Zg(d,-|r,»,2i(ri,D),&‘(r,«,D))l_[ﬁk_),-(r,»,D) (iEV), (10165)

T EQ kedi

By jy < Z Z( ]_[ ﬁk%i(fi,D))g(dihi’a(fisD)ae(fisD))
GeQreQ kedi\lj)

Xexp (26?(D)8Ti 7 )

xg(djlz;. @) ). Ce;. D) [] Boaesj(ejo D)) Ui j)EE),
kedj\{i}
(10.166)
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Zédig(d,- [si.@(s1. D), CGsi, D)) ([ i1, )

iev ! kedi
a(s;) < (5:€€2),
Zig(d“& a(s;, D), C(si D))(Hﬁk (s D))
' B,‘ 1 I IRl ’ 1y 1 —1 1
ieV kedi
(10.167)

I
> 5 (@ —ats. D) (d; —tsi. D)) g (di i, aCss. D). C(si. D)) ([T s (1. D))
iev ! kedi
C(si) < i — (5;€2),
> 5 8(dilsi. @t D). €. D)) ([ i 1. D))

iev ! kedi

(10.168)

A(D) — % > < ZZ 8z, )exp(2a(D)S, ;)

{i,j}eE ‘[EQT eQ
x([] fiitmi D)g(di]n @@, D), €z, D)
kedi\(j}
<( 1 ﬁkﬂ(r,-,D))g(d,-h,»,a(r,,D)ﬁ(r,-,D))),
kedj\{i}
(10.169)
a(si, D) < a(s;) (s;eR), (10.170)
C(si, D) < C(s;) (5;€9). (10.171)

Here, g(di , D), 6(%‘, D)) is defined by Eq. (10.31) for each state £(€£2).

Step 3 (M-step): Set the initial values of the messages {/X(S)EGQ} in the loopy
belief propagation for the Potts prior and repeat the following procedure until
@(d) and {A(§)|E€Q) converge:

> exp(2a(D)8,, +, )A(1;, DY’
7,€Q

Z Zexp(ﬁi(D)Sn,f/)/X(rj, Dy’

T, €QT;EQ

A(si) < (5:€Q),  (10.172)
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Asi,d) < A(s;) (s;€9), (10.173)

> 0 (1= 80 )ic, DYexp(2@(D)og, o) )A(x). D)
1 T €QT;EQ )1/4
1+a(D) > Zi(r,-,D)3exp(2a(l))5ri,,j)i(rj,D)3 '

'L’iEQ'L’fEQ

a(D) < &(D)x(

(10.174)

Step4  Compute the output (D) = (5,(D), 52(D), - - -, Sy (D)) as follows:

5(D) < argma g(d,|s, @Gsi. D), Cs;, D))l_[uk_”(s, D) (ieV). (10.175)
kedi

Stop if the hyperparameters a (D), a(s;, D) (s; €2), and 6(s,- , D) (5;€Q) converge
and return to Step 2 otherwise.

Some of the numerical experimental results are shown in Fig. 10.14. The Potts
prior has the first-order phase transition as shown in Sect. 10.3.6. Figure 10.14 shows
how the hyperparameter 2 = oT T converges in the EM procedure with loopy belief
propagation under the first-order phase transition.

10.3.6 Real-Space Renormalization Group Method and
Sublinear Modeling of Statistical Machine Learning

First, we explore the most fundamental real-space renormalization procedure for the
Ising model in Eq. (10.49) on the ring graph (V, E), where

E= !{1,2}, {2,3}1 (3,4}, - {IVI =1L |VILA{IVI, 1}}, (10.176)

in the case of |V| = 2%. We have the following equality:

D) HAED I § [C4 (artey

52€Qs,€Qs6€Q2 sy €Qfi, jleE

(Zexr’(L](S] + S;)Sz)) <Zexp<—](sa + S5)S4))
$HEQR S4€Q

1
N Z exp(kB—TJ(Sm_s + SV|—1)SV—2>

S‘V\EQ
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Bayesian Image Segmentations
by Potts Model and Loopy Belief Propagation

34, 124002, 2 14./ Hyperparameter Estimation
by EM Algorithm

Four State Potts Model

Four Labels

u | B

Observed Image

2a=
S TaT

g Eight State Potts Model

-0.2 ~oe]
U o4 =y,
-0.6 |
b
-0.8 l’ e

1 s of 7 )
N W/ Eight Labels

Fig. 10.14 Numerical experimental results of probabilistic segmentations by Potts prior and loopy
belief propagation. The graph (V, E) is a square grid graph with periodic boundary conditions along
the x- and y-directions

> exp(k lT (svi1 + Sl)sw)

S‘V‘EQ

Wi 1 3 (1+s183) 1 1 (1+s355)
=27 (cosh(k—TJ>> (cosh(— )
B
1 S (1svi-ssivi-r) L (1+syvi-1s1)
x~-x<cosh(ﬁJ)) <cosh( J))
B

A4 _2

wi [ E 1 2
=27 exp((l + $2i4152i43) X —ln(cosh(—l>>>
im0 2 kgT
1 2
exp (1 + s|V|_1s1) X Eln cosh T J .
B

For the |zﬂ—dimensional state vector (ai, a3, ds, - - -, ajy—3|, djy|—1), the marginal
probability  distribution P{1,3,5,...,|V|_3,|V|_1}(al ,a3,0s, +++, A[y|=3, AV |1 |0() is

(10.177)
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expressed as

P{1,3,5,--~,|V|—3,\V\—1}(51» 83,85, * 5 S|V|-3; S|V|—1)

E E E E E P(S1,S2,S3,S43S5,S6,"',S|V|73,SW|725|V|71,S\V|)

SQEQMEQS(‘GQ S‘v‘_QEQSW‘EQ

H_s
2
HCXP(W(1)52i+1,S2i+3) exp(a(l)sw\—l,sl)
i=0
,  (10.178)
M2
Yod o 2| [Tew(@sniir, sa43) Jexpla®syyi-1, 1)
a169a3€Q a|V‘,1€Q i=0
where
oV = l1n cosh iJ (10.179)
2 kgT ’ '
The remaining nodes, which are denoted by odd numbers, are now renumbered by
replacing i with % fori =1,3,5,---,|V| —3,|V| — 1 and new sets V() and E®D
T
of nodes and edges and a new state vector s = (s{l), s, sV s&)il, s&))
are introduced as follows: ’ ’
\%4 \%
V(I)E{1’2”3’4’...’%_1,2—'}, (10.180)

ED = {{1,2}, (2,3}, (3,4}, -, {% -1, %}, {|2ﬂ, 1}}, (10.181)

sV =5y 1 (i =1,2,---,|V|/2). (10.182)
T
For the |zﬂ—dimentional state vector s = (Sfl),sél),sél), e -,S‘(é\) I,SS\)) , We
2T

define a new renormalized probability distribution by

1_[ eXp(Ol(l)S[(l)SJ(-l))
P(l)(s(l)) = {i,j}eE® (10.183)

Z Z Z H eXp(a<1>sf‘)s;”)'

ail)eﬂaél)eQ a‘(‘l,)‘/zeﬁ{i-j}GEm

By repeating the above renormalizing procedures,
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S Y Y X T (gt sn)

Vet Veqsi e Sye-n € jleECD

PAR)

12|

—2% eXp((l + $2i4182i43) X éln(cosh(Za(’l))))
i=0

1 2
exp (1+sw‘_1s1)len cosh kB_TJ s

(10.184)
a” = %ln(cosh(Za(’_'))), (10.185)

14
50 = 50D (i =12, ., |2r|), (10.186)

the renormalized probability of the r-th step is generated as follows:

[1 exP(“(r)Si(r)Si(21>
PO(s) = i jleEm (10.187)

S X T ewlanss)

sPeqseq s \V\/2’ cqli.jleE®

where

4
2r

v =112, —}, (10.188)

(10.189)

)

\%4 Vi. |V
vi_, Vi ||}

E® = {{1,2}, (2.3 3.4} (5 i

Note that VO =V, EO® = E, ¢©@ = kBLT, s =g, and PO (s©) = P(s).
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Equation (10.185) corresponds to the update rule from ¢~ o”. By solving Eq.
(10.185) with respect to "~ !, we can derive the inverse transformation rule of the
real-space renormalization group procedure as follows:

a D = %arccosh(exp(Za(’))). (10.190)

If the hyperparameter o " in the r-th renormalized probability distribution P (s (’))
has been estimated from given data vectors by means of the EM algorithm for renor-
malized probabilistic graphical models on ring graphs (V(’), E (’)), we can estimate
the hyperparameter a® = - of the probabilistic graphical models (10.49) on ring
graphs (V, E) by using the inverse transformation rule of the real-space renormal-
ization group procedure (10.190).

Now, we extend the real-space renormalization group scheme for the probabilistic
graphical model on the ring graph to the square grid graph as a pair approximation
in the real-space renormalization group framework as follows:

exp(a”s1s3) o Z Zexp(a(’_l)(slsz + 5283 + 5154 + s453)). (10.191)

SzEQS4€Q
Equation (10.191) can be reduced to
a” =In(cosh(2a""V)). (10.192)

The r-th renormalized probability distribution for Eq. (10.49) is expressed as

P(r)(s(’))O( 1—[ exp(a(’)s[(r)sj(.r)). (10.193)

{i.j}eE®

The inversion formula in Eq. (10.192) can be derived as
(r—1) ! (r)
o = Earccosh (exp(a™)). (10.194)

The above framework can be extended to the |2|-state Potts model, as shown in
Fig. 10.15. The inverse renormalization group transformation can also be applied
to the probabilistic segmentations in Eqs. (10.41), (10.42), and (10.43) with Egs.
(10.44), (10.45), and (10.46) in Sect. 10.2.3 [81]. One of the numerical experimental
results in the inverse renormalization group transformation in probabilistic segmen-
tations is shown in Fig. 10.16.



10 Review of Sublinear Modeling in Probabilistic Graphical Models ... 213

Real Space Renormalization Group Theory

r-1)
Q] =1 + e
240 a® =In ( 201
szeﬂ s,Eﬂ Q-2+ 2e
a1 n=8
s (=1
— Fl | e ——
|1 0] —2 + 2e*
|
2 '/y =x
L x =Ko
= 1)
=V, E) ¢ = (p(u}) LEM) 6@ = y(a))‘gtzy) 0 . %= %:lz? ia :
= 2a 2a( E
o k'-"' v x

Fig. 10.15 Fundamental framework of sublinear computational modeling by the inverse renormal-
ization group transformation in probabilistic segmentations

RSRG in Bayesian Image Segmentation

Potts Prior Hyperparameter  [§ = 0.7566 ...
P(s1,52,15v1) Estimation in 297 Seconds IR
- 1_[ exp Maximization of %
Marginal Likelihood
K. Tanakd/d&ai: JPSJ with Belief Propagation
34, 124002, 2014. for Original Image

v

Hyperparameter Estimation in
Maximization of Marginal Likelihood
with Belief Propagation after Coarse

Graining Procedures
; Segmentation by

Belief Propagation
1“-" for Original Image
K. Tanaka et al: JPSJ,

| BHOAE0OLA01S,
&® =0.6322...

20x 30
s @®) = 0.8458...
Coarse Graining Labeled

S Lane a® = 09021

321 x 481 Procedures (r =8) Image &(2} 09158

B ;
a® = 0.6322.. = S Pttty
&=009191.. | 39 Seconds

Fig. 10.16 Numerical experimental results of sublinear computational modeling in the inverse
renormalization group transformation in probabilistic segmentations
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10.4 Quantum Statistical Machine Learning

This section explores the fundamental frameworks of quantum probabilistic graph-
ical models based on energy matrices and density matrices. Note that every energy
matrix needs to be Hermitian and have a density matrix that is defined by all the
eigenvalues and all the eigenvectors of each energy matrix. If all the off-diagonal
elements of the density matrix are zero, the diagonal elements correspond to the
probability distribution in the probabilistic graphical model. First, we explain gen-
eral frameworks of density matrices and their differentiations and define the min-
imization of free energies of density matrices. Second, we give the definitions of
tensor products of matrices as well as vectors. By using Pauli spin matrices as well
as tensor products, we introduce quantum probabilistic graphical models. Finally,
we extend the conventional EM algorithm to a quantum expectation-maximization
(QEM) algorithm.

10.4.1 Elementary Function and Differentiations
of Hermitian Matrices

Before proceeding with the quantum statistical mechanical extension of statistical
machine learning, we need to explore some essential formulas for Hermitian matrices
and their derivatives. Some fundamental properties of matrices for statistical infer-
ence have appeared in Ref. [82]. In the present section, we give some useful formulas
for treating the entropy in quantum probabilistic graphical models.

We consider the M x M Hermitian matrix A

Ay Ap - Ay

Ay Ay -+ Ay
ac | o (10.195)
Ayi Ayo -+ - Aum

. . —T _
which satisfies A = A . Here we remark that AT and A are the transpose and con-
jugate matrix of A, respectively. We introduce vertical and horizontal basis vectors
in the M-dimensional space as follows:

1 0 0 0 0

0 1 0 0 0

0 0 1 0 0

0 0 0 0 0
m=|.l2=|.{»=|.|-m-n=]..Mm=].[| (10.196)

0 0 0 0 0

0 0 0 1 0
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and
<1| = (1709 03 07 ° 70’ 05 0)9
2 =1(0,1,0,0,---,0,0,0),
(31=1¢0,0,1,0,---,0,0,0),
(10.197)
(M -1 =(0,0,0,0,---,0,1,0),
(M| =(0,0,0,0,---,0,0, 1).
We can confirm that
(i|Alj) = A ((€{1,2,---, M}, je{l,2,---, M}). (10.198)
The Hermitian matrix A is diagonalized as
A=UAU"", (10.199)
A 00---0
0x 0--- 0
A=| 0020 | (10.200)
000 -y
where all the eigenvalues, A, Ao, - - -, Ay, are always real numbers. For the eigen-
Ui
Ui
vector u; = . corresponding to the eigenvalue A;, such that Au; = A;u;, for
Uyi
every ie{l, 2,3, ---, M} the matrix U is defined by
Uy Up Up -+ Uy
Uy Uxp Uy -+ Uy
U= @ uus, - uy)=| Ust U2 Uss - Usm | (10.201)

Umi U2 Ups -+ Uum
. . . . . _ —T .-
It is known that U is a unitary matrix that satisfies U~' = U for any Hermitian
matrix s. If A; is the maximum eigenvalue, its corresponding eigenvector u; is

expressed using the following notation:

uy = argmaxA. (10.202)
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Note that argmaxA is the eigenvector that corresponds to the maximum eigenvalue

of A.
For any Hermitian matrix A, the exponential function is defined by

+00 1
exp(A) = Z—’A"
—n!

eXp()q) 0 0 Ce 0
0 expry) 0 - 0

U 0 0 exp(hs)--- 0 U~', (10.203)
0 0 0 ---exp(iy)

and In(A) is defined by the inverse function of exp(A) such that
exp(In(A)) = A. (10.204)
In the present definition, we have
exp(ARI) = (exp(A))®I, exp(IQA) = IQ(exp(A)), (10.205)

where I is an identity matrix.
For |1 — x| < 1,|1 =Xzl < 1,--+, |1 — An| < 1, 1n(A) is defined by

+oc1
In(A) =In(I — (I — A)) = —27(1 —A)"
}’l=ln
In(Ax;) O 0 -~ 0
0 Inxy) O .- 0

=yl O 0 WGy 0y (10.206)
0 0 0 G
By using Egs. (10.203) and (10.206), we can confirm that

+00

1
exp(In(4)) = 3 —(In(4))"
n=0
(In(A)* 0 o .- 0
oo 0 (n())" 0 -+ 0
vy 0 0  (n(3)"--- 0 U1
n! . . . .
n=0 :

0 0 0 e (nGon)”
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exp(In(Xy)) 0 0 e 0
0 exp(In(ry)) 0 e 0
- U 0 0 exp(In(Az)) --- 0 U-!
0 0 0 -~ exp(In(Ap))
A0 0---0
0ArAn 0 --- 0
=u| 0040 lpt=a (10.207)
000 - Ay
Moreover, we have
N N
DU-A"—T-5) T-A"
n=0 n=0
=I+I-s)+T-A*+---+UT-AY
—I-5)—T-A)?> - —(I —5)N —(I — AN
=1— (- A", (10.208)
such that
N
Z(I —A)"'=I-I-A) ' (I-U-"). (10.209)
n=0
‘We have
1 =N+l 0 0 0
0 (1= ap)N+1 0 0
AN+ _ 0 0 (1—ag)N+L .. 0 U=150 (N— + 00).
0 0 0 G —W)NH
(10.210)
so it is valid that
+00
A= -U-A)"'=)U-A). (10.211)

n=0

Note that exp(A and In(A) as well as A™" are also Hermitian matrices in the present

—T

case. (This can be shown by using ?T = (A

)I’L.)
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We now introduce a Hermitian matrix function G(x) for any real number x as
follows:

Gnx) Gk Gikx) --- Giux)
G(x) Gn(x) Gux) -+ Gay(x)
G(x) = | Gai(x) Gxnkx) Guix) --- Gaulx) | (10.212)

G (1) Gann(¥) Gara®) -+ Gaaae ()
We have
Gij(x) = Gji(x) (ie{l,2,---, M}, je{l,2,---, M}), (10.213)
such that
(1G)1j) = (JIGW)i) Gell,2,---, M}, je{l,2,---, M}). (10.214)
It is obvious that the derivative of the matrix G (x) with respect to x, namely,
LG1(x) £Gp(x) £Gi(x) -+ LGiyx)

D Gn(x) Lon(0) LG -+ LGayx)

diG(X)E LGy £6nw) LGu0) - LG 10215
X . . . . .

LG (x) LGya(x) LGyz(x) -+ LGy (x)
is also a Hermitian matrix such that

d d —
(ild—G(x)lj) = (jl-—GWX)|j) (Ge{1,2,---, M}, je{l,2,---, M}).
X dx
(10.216)

We have the following equalities:
d d
—(Tr[G(x)]) = Tr| —G(x) |, (10.217)
dx dx

and

Tr<<ic<x>)c<x>) - Tr(G(x)(iGu))). (10218)
dx dx

Equation (10.218) can be confirmed as follows:
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M M M

Tr((%G(x)>G(x)> Z (xG(x))G(x)|i>=ZZM(%G@))\j><j|G(x)|i>

i=1j=1

I I d d
ZZJIG(x)Iz z|< G(x))m Tr(G(x)( G(x)))

(10.219)

By using Egs. (10.217) and (10.219), we derive the following fundamental for-
mula

ditr(mx) ) = ((j G(x)) (G<x)"1)) +Tr<G<x>< L6 1))
( G(X)) (Gx)"~ 1))
+Tr G(x)(( G(x))(G(x)” 2)+G(x)< d G()"” 2)))
d
( EG(x)) (G~ 1))
+Tr G(x)< G(x)) G(x)"z)) +Tr(G(x)2( G(x)"™ 2))

(i
(
(
(
((diGm)G(x)" ‘)
(
(
(
(

=

+Tr (iG(x)>G(x)G(x)" 2) +Tr<G(x) <d G(x)”_z))
dx dx

d d

( —G(x) >2G(x)" 1>+Tr<G(x)2< G(x)"~ 2))
dx

(o) o) {0 (o))
—Gx) J(n—1DG(x) + Tr{ G(x) —G(x)
d dx

= {3760 ) - v6er) + 1 (Zow) o)
—Gx) |(n—1DGx) +Tr| [ —G(x) )G (x)
dx dx

=Tr (( G(x))nG(x)” 1) (10.220)

From Egs. (10.217) and (10.220), we can confirm the following equality:

=
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iTr(ln(G()C))) = iTr(ln(I - - Gx))))
dx dx

= —Tr( Z (I—-G(x ))”)

= —;;ETr((I - G(x)")
= 1 (( d ) nl)
—in dx

d +00 .
= Tr((—a(l - G(x))) (;(1 —G(x)) 1))
d +00 -
=Tr (EG(x)) ;(l — G(x))
(o) )
=T —Gx) )T =T -G)").
dx

d _
= Tr<<aG(x))(G(x) ‘)). (10.221)

By using Eqgs. (10.221), we can confirm the following equality:

Tr[Aln(A)] d;(—nTr[Aln(A)] ﬁTr[Aln(A)]
Tr[AIn(A)] Z74-Tr[AIn(A)] - ﬁTr[Aln(A)]

d
74 rlAn(A))]

dfmTf[Aln(A)] JmTr[;‘\ln(A)] ﬁTr['Aln(A)]
=In(4)+I. (10.222)

10.4.2 Minimization of Free Energy Functionals for Density
Matrices

.. . . -1 .
For any M x M Hermitian matrix H that satisfies H = H , the free energy functional
for an M x M trial density matrix

Rii Rz -+ Riy
Ry Ry -+ Ry
r=| 1 E (10.223)

Ryt Rya -+ Rym
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is defined by
FIR] =Tr[R(H + kg TIn(R))]. (10.224)

The density matrix P is determined so as to satisfy the following conditional mini-
mization with the normalization condition as follows:

P = argmlgn{]-'[RHTr[R] = 1}, (10.225)
and this reduces to

P ! ! H (10.226)

= —exp| ——— .

Z29P\ Tt )

Z=T ! H (10.227)

=Tr|lexp| ——— . .

P\ ket

First, we introduce the Lagrange multiplier A to ensure the normalization condition
as follows:

L[R] = F[R] — A(Tr[R] — 1). (10.228)

R are determined so as to satisfy the following extremum condition:

9
LIRI=0m=1,2,--- M, m"=1,2,---,M). (10.229)

ol mm'’

Finally, by determining A so as to satisfy the normalization condition Tr[ﬁ] =1,

Egs. (10.226) and (10.227) can be derived.
Because the energy matrix H is a Hermitian matrix, all the eigenvalues #,, are

v (1)
Y™ (2)
always real numbers and all the eigenvectors . can be chosen as real
w.(m) (M)
vectors and are defined by
(1) (1)
Y (2) ¥ (2)
_ = pm _ m=1,2,---,M),  (10.230)
Y (M) Y (M)

where
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ym (1)
¥m(2)
(w("”(l), w<'">(2>,-~,w<’"><M)) . —1lm=12--M. (10.231)

¥ (a1

By using these eigenvalues and eigenvectors of H, the density matrix can be
expressed as

T

v y@a) gy p 0 0 ) yAa) - M)
yD@) y@@) .. yM(2) 0 p® ... 0 yD@) y@@) ... yM(Q)

R= :
00 @00 w0 on )\ o o 00 ) \pWan p@an - ponan
(10.232)
where
exp(—kBLTh(’"))
pm = m=1,2,---, M). (10.233)
Tr[exp(—kB#Th(’"))]
¥ (1)
v (2)
This means that the probability of each state , is pt™ form =1,2,---, M.
P )

10.4.3 Tensor Products

This section explores tensor products (Kronecker products) [82]. Tensor products
include some fundamental mathematical concepts for achieving quantum statistical
mechanical extensions of probabilistic graphical models.

We introduce tensor products for matrices and vectors by the following defini-
tions:

A“(Bn 312> A12<B” Bu)
<A11 A12>®<311 312> _ By By By1 By
Azl A By By A B11 B2 A B11 Bz
21\ By By 2\ By Bxn
A11B11 A11B12 ApBr AnBr2
_ | AutBar A11B A1aBay A12By 10.234
A1 B A21B12 An B ABrz | (10.234)
A21B21 A21B2y AaBoy A12By
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A B1> A1 By

Ay B\ _ B, _ | AuBxn
(A2>®<Bz> = A B =1 Ay, | (10.235)

2\ B, As By

We remark that
A Ap ® By By Cii Ci2 ® Dy Dy
Ar Ap By By Cy1 Cx Dy Dy
At A\ [ Ci1 Cr2 Bi1 Bi2 \( D11 D12
= . (10.236
((A21 Azz)(C21 C22>>®((321 Bzz><D21 Dzz)) ( )

Moreover, for the following general matrices A and B,

A A - Ay Biy Bix --- By
Ay Axn - Aoy By By -+ Boy
A= . . , B= . .|, (10.237)
Ami Amz -+ Aum By1 By2 -+ Byn
we define the tensor product AQB as
A A - An By Bip --- By
Ay Axn - A Byy By --- Bon
A@B=| . . . |e
Ami Am2 -+ Aum Bni B2 --- ByN
AnB ApB --- AiuB
Ay B AnB --- AyyB
AmiB Am2B --- AyuB
AuBn AnBi -+ AuBiv ApBu ApBi - ApBiv - AimBu AwmBiz oo AwmBin
AnBy AnBxn -+ AuBawn AnBa ApBy - ApBayv c-- AimBa AwmBxn - AwmBay
AnByi AuByz -+ AuByy AnByni AnByy - ApByn o0 AimBni Awm Bz -0 Ay Bnn
A21Biy A2Bia -+ AaiBin AnBi AnBip - AnBiv --- AwyBi AayBia - AamBiy
A21By A21Byn -+ AaiBoy AnBa ApBy co- ApBay co- Ay Ba AayBxn - AcuBay
A21By1 A21Bnz - AaiByn AnBni AnByy - AnByn co- Ay Byt Acu Bz - AayBnn
AmiBii AmiBia -+ AmiBin AmaBii AmaBiz - AmaBin - AumBu AmmBiz - AumBin
AmiBai AmiBn -+ AmiBan AmaBai AmaBxn - AmaBon - AumBai Amm B -+ AwmBon
AmiBn1 AmiBNn2 -+ AmiBNn Am2Bny Am2Bnz --- AmaByn -+ AumBNn1 Aum BNz - Aum BNN
(10.238)

Similarly, for vectors
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ai by
aj b2

a=| " |.b=| |, (10.239)
ay bN

the tensor product a®b is defined as

by ayb
by ayb;
4]
bN ale
by axby
a by arb by azby
az by axb al| . .
ab=| . I®] . |= . = : = : . (10.240)
: : : by azby
ay by ayb
by ay by
by ayby
am
by ayby

a"®b" = (a1, a2, -+, apy)® (b1, by, -+, by) = (1", azb", -, ayb")
= (albl, Cllbz, sy, ale, azbl, azbz, ey, asz, ey, aMbl, Clez, s, aMbN).
(10.241)

We introduce the following two-dimensional fundamental vectors:
(1 (0
|1)=<0>, |2)=<1>, (10.242)

1) = (1,0), (2] = (0, 1). (10.243)

By using the fundamental vectors in two-dimensional space, we define the vertical
and horizontal fundamental vectors in four-dimensional space by using the tensor
product as follows:
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Ly =meiy=|,| 11.2=mep=
(10.244)

2,1) = 12)®|1) = 12,2) = 2)®12) =

O =, OO OO O~
— O oo oo ~O

(1, 1] = (1|®(1] = (1,0,0,0), (1,2]| = (1|®(2] = (0, 1,0, 0),
(10.245)
(2,1 = 2|®(1] = (0,0, 1,0), (2,2] = (2|®(2] = (0,0,0, 1),

It is easy to confirm the following equality:

.. Al Ap By Bia \,., — A, B.
g J|<A21 A22>®<le Bzz)|l )= A B (10:240

By extending the above example to general-dimensional fundamental vectors, the
(i, jli’, j")-components of Ax B for any M x M matrix A and N x N matrix B are
expressed as
(i, /IA®BIi’, j') = (i|Ali")(j|BIj") = AiiBjj. (10.247)
For M x M matrices A and C and N x N matrices B and D, we have
(A®B)(C®D) = (AC)®(BD), (10.248)
and
Tr[A®B] = (Tr[A])(Tr[B]). (10.249)
In deriving the equality in Eq. (10.248), the (i, j|i’, j')-components of the M N x M N

matrix (AQ B)(C® D) are given by

M N
(i, JI(A®B)(C®D)|, j')y = Y > (i, jl(A®B)|i", j") ", j"|(CRD)|i', j')

i"=1j"=1
(ie{l,2,---, M}, i'e{1,2,---, M}, jefl,2,--- N}, j'e{1,2,---, N}).
(10.250)

For the M x M and N x N identity matrices I™ and IV, it is valid that
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(AQI™M)(I™@B) = (I'"®B)(AI™M)) = AQB. (10.251)

Moreover, by using mathematical induction, we can confirm the following binomial
expansion:

(A®I(N) + I(M’®B)" - Zkv("iik)‘(/ml“v)) (I(M)®B)n_k‘ (10.252)

By using Eq. (10.252), we can derive the following equality:

+o00
exp(ARIN + 1™ @B) = an ARIN + 1™MgB)"
+

_ MYk (oD n—k
_;;n'zk‘(n_k)' (ARI™) (1" @ B)
+00 +00

= Zzn' k‘(n —~ k)‘ ®I(N))k(I(M)®B)ﬂ—k

+00 +00 1

n—k
= ZZW(A@”(M) (1*"@B)
k=0n
~+00 400 1

Il
S
¢
3

| =
b

®
=~

z
v»
~——

I Il
»/\ -é_
i
| = —_
>
~—— @‘
g =
> ~
2
\/A/—\
S +
~ 3
T ==
® ~
— %
el ®
=]~ -]
% N>
N—
v

= (exp(A)RI™M) (I'™ @exp(B))
= exp(A)®exp(B). (10.253)

By taking the logarithm of both sides of Eq. (10.253), we have

In(exp(ANRIN + 1™ @In(exp(B)) = In(exp(A)Qexp(B)). (10.254)
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10.4.4 Quantum Probabilistic Graphical Models and
Quantum Expectation-Maximization Algorithm

This section explores a type of probabilistic graphical modeling based on Pauli spin
matrices from the quantum statistical mechanical point of view. Our review focuses
on the transverse Ising model in statistical mechanical informatics [37, 83, 84]. Note
that generalization of the framework is possible.

Consider a graph specified by nodes and edges (V, E) where V is the set of all
nodes i and E is the set of all edges {7, j}. We introduce Pauli spin matrices a* and
o* as well as an identity matrix I defined by

ot (+01 _01> o = <+01 +01>, I= (f)l 4?1)' (10.255)

The Pauli spin matrices at each node i€ V={1, 2, - - -, N} are defined by

of =0*RIRI® --®IRI, oi o YQURIR--RIRI , alz =0'RIxI® - -RIRI,
af = IRc* QIR --RIRI, o IR6VQN®---QRIRI, azz = IR*QUR---QIRI,

"|xV| = IQIRI® - -®RIQc™, "IyVI = IQIRI® - -RIRcY, aleI = IQIRIR- - -®IRc*.
(10.256)

The vertical and horizontal N-dimensional state vectors are defined by

|1, 82, -, S|v|) = |51)®[52)Q- - -®|S|v|) (51€2, 52€82, - -+, S|v|€§2), (10257)

(51,82, -+, v || = (511Q(521®- - -Q(s)v|| (51€RQ, 262, - - -, 51v|€RQ), (10.258)

where
1 0
By using the state vector representations, (s, $2, - - -, 8|v| |s;, sé, cee s‘/w)-elements
of o, 0% and 00 are given as
J ivj
(51,82, =, sv107 5], 85, -, 8|y)) = 1_[ Ssesy | (silo1s])

keV\{i}
(51€Q, $2€Q, -+, 5v|€Q; 51€Q, $5€Q, -+ ~,s|’V‘€Q), (10.260)
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(5152, sywiloflst s siy) = | [T 8oy | (silo®ls))
keV\{i}

(S1€Q, €92, - -+, 5jv|€Q; 51€Q, $HEQ, - -,SWIEQ), (10.261)

(51,82, sy lof o Flst, 83, sy = ( l_[ 8, gk)(sl sil(@* @D I ®a%)ls], s)

keV\{i,j}
(51€RQ2, 52692, - -+, s|v| € $1€Q, $5€Q, - -+, s"v‘eﬂ). (10.262)

The prior density matrix P (¢, y) and the data generative density matrix P (d|S)
for a given data vector d are assumed to be

exp(——a Z (o —a) ~|—y26ix)

P(a,y) = s Vo (10.263)
Tr[exp(—oz Z (aiz —af) —i—yZai")]
{i,jleE ieV
VI )
P|B) = (@) exp(—%ﬁZ(d,-I(zM) —a;) ) (10.264)
ieV

where «, B, and y are hyperparameters. The data generative density matrix P (d|8)
is expressed as a |Q|VIx|Q|!Y! diagonal matrix in which all the off-diagonal
elements are zero. Each diagonal element (si, 52, - - -, 8| P(d|B)Is1, $2, - - -, Syv|)
((s1, 82, -, s|V|)TeQ‘ V1) corresponds to the probability of the data vector d accord-
ing to additive white Gaussian noise when the state vector (si, 52, - - -, §)v|) is given,
and B corresponds to the inverse of variance in the additive white Gaussian noise.
By considering a quantum statistical mechanical extension of the Bayes formula, a
posterior density matrix P(d, «, 8, y) and a joint density matrix P (d|«, B, y) can
be expressed as follows:

exp(In(P@1B) +1n(P (e, y)))
Tr[exp(ln(P(dlﬁ)) +In(Pa, y)))]

1 2 1 v 2
exp(—ia Z (oriz - 0‘;) - EﬂZ(dil(z ) af) + yZaix)
{i,j}eE ieV

on( 3o 3 (o)) - ST e v Eer)]

{i.jleE iev

P, o, B,y)

(10.265)
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P(d|o, B,v) = exp(ln(P(d“S)) +1In(P(a, y))>

eXP<_%O‘ > <0,.‘" - GJZ->2 + %ﬂZ(dil(zm) — 07 + Vzaix>

{i.j}eE iev ieV

(%) loo(-e % oo+ )]

{i.j}eE
(10.266)

The estimates of the states of the hyperparameters (&(d ), B\(d ), y(d )) are found
that maximize the marginal likelihood Tr[P (d|e, B, y)] as follows:

@@, B@), 7(@) = mg(g;§)Tr[p(d

@ B, y)]. (10.267)

To achieve the estimation criteria for hyperparameters «, B, and y in Egs. (10.267),
we extend the Q-function in Eq. (10.8) to the following expression from a quantum
statistical mechanical point of view:

(. By

R d) = Tr[P(d, o, B, y/)ln(P(d}a, B, y))](10.268)

The quantum EM algorithm can be summarized as a procedure consisting of the fol-
lowing E- and M-step which are repeated forz = 0, 1, 2, - - - until @ and 8 converge:

E-step: Compute Q(a, B|a(t), B(t), d) for various values of o and B.
M-step: Determine (a t+ 1,0+ 1)) so as to satisfy the extremum of condi-
tions of
Q(ot, B |a(t), B(), d) withrespecttoa and 8. Update@ <—a(f + 1) and B\<—,8(t +
1).

The quantum EM algorithm can obtain the solution of the extremum condition in the
marginal likelihood Tr[P (d

o, B, y)] because we have the following equalities:

[% Q(a, B. V‘a, B.7V d)]<a,,s,y)=(aﬁ,m = [san(te[P(dle B 7)) p 1 1-@ 5.9
i 5B —[a
[@Q@’ P V‘a’ Pov. dﬂ(mﬂ,w:@ﬁ,% B [3‘3 n(Te[P(d]e. p. y)])]m,ﬂ.y):(a‘.ﬁ,?)’
i >3 [ =~
[WQ(OA/S 1 V,ﬂ,y,d> @ = (TP BV p @9
(10.269)

By substituting Eq. (10.265) into Eq. (10.268), the O-function can be rewritten as
follows:

Q. Byl . B v d) = —%(x Z Tr(o*®I — I®az)2Pij(d, a B y)
li.j}eE
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1
—3B) T[dil — ")’ Pid.a’ p'.y")]

ieV

+yZTr[aix Pid. o B.y)]

ieV

)

—Hn(Tr[exp(—%a Z (o*QI — I®az)2 + yZaf)]).

{i.j}eE ieV

(10.270)

The extremum conditions of Q(oz, B,y ‘a(t), B(),y (@), d) with respect to «, 8
and y, such that,

?Q(“ B.y|a@), ), y(1),d) =0,
35 Qe B.y|e(), B(1). ¥ (1).d) =0, (10.271)
379, B, y|a®), B(1), y(1),d) =0

can be reduced to the following simutaneous update rules in the quantum EM algo-
rithm:

> T @i @l — 1803 Py + 1,y + 1)

{i,jleE
= 3 T Rl — 1807 Py(d, a(t), ). y )],
{i.j}eE
(10.272)
b 7 _ 22 p.
S ;Tf[(dll o®)’Pid,a(), B(), y®)],  (10.273)

D Te[o* Pi(a(t + 1), y(t + 1)] = Y Tr[o* Pi(d. a(t). (). y(t)]. (10.274)

ieV ieV

where

(si|Pi(d, &, B, y)ls}) = {si|Tryi P(d, . B, p)ls)

)IDDED DD D MDD LI

nEQDER Ty |EQeQreQ 1R

( I1 ‘Sw) sy [P o BT T Ty

JEVA\Li}

(5i€Q, s|eQ.ieV), (10.275)
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(si.8j1Pij(d. . B y)ls}.s)) = (si.5j|Pji(d. . B.y)ls}.s)

(sivsjITr\G, jy P(d. o B.y)ls. )

Z Z Z Z Z Z SS[,fiS‘Vjsfjasl{,ri/ss/-.t/-

J
T11€Q0ER Ty €] eQrfeQ z"v‘eﬂ

<\ T b [ av I P@ o B 75, gy
keV\{i.j}

(si€QsjeQ, sjeQ, s}eQ, i€V, jeV, i< j), (10.276)

(57251 Pij e YIS s = (s, 51 Pji (@ p)ls]. )

(siv 81T\, jy P v)ls]s s5)

)BDIEED MDD DS 8s;.7:0s .70 2/ 05" o

JT
T11EQ0ER Ty €] eQrie r‘/V‘eQ

<\ T by [fmm v P ] 73, gy
keV\{i,j}

(si€QsjeQ, sjeQ, s’jeQ, ieV, jeV, i< j). (10.277)

Finally, we explain how the state at each node is estimated from the reduced
posterior density matrix P;(d, «, 8, y) in Eq. (10.276) for each node i(€V). The
reduced posterior density matrix P;(d, «, B, y) is a real symmetric matrix and can
be diagonalized as

1) 2
p,.(d,a,,a,y>:<‘/’f (+11d. e B, ) ¥ <+1|d,a,ﬂ,y>>

v (11d, @, B.7) v (~11d, o, B, )

X<Pi(1)(dsa! ﬂ! y) @ 0 )
0 P (d,a,B,y)

1 2 '
o[ Vi GHllds e By by (G s B ) (0 978
Y (=1d,a, B, y) ¥, (=1d, o, B, y)

where the eigenvalues, Pi(l)(d, o, B,y) and Pi(z) d,a, B, y), are always real num-

(1) 2
bers. The vectors (‘/’1(1)(+1|d, a, B, V)) and (Wi(z)(+1|d, o, B.y)
v (—1ld, o, B, y) v (—1ld, a, B, y)

to the eigenvectors for the eigenvalues Pi(])(d ,a, B,y) and Pl.(z) d,a, B, y), such
that

) correspond
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(n) (n)
¥ (+11d. o, B y) v+ 11d. o, B y)
Pid.a.p.y) — Pi(nld.a B.y)
« y(w (lldaﬁy)> e y(w (1daﬁy))

i€V, nef{l,2)). (10.279)

This means that the eigenvectors correspond to all possible states and probabilities of

(D 2)
the states wi(,)(—i_l'd’ @ p.y) and 1/fi(2)(+1|d7 o p.y) are Pl.(z)(d, a, B,y)
1//1- (_1|d7 «, ﬂ7 )’) 1/f,- (—l|d,0{, 137 y)

and P,-(Z) d, «, B, y), respectively, in the reduced density matrix P;d,«, B,y). The

‘ﬁz( d. ”3’)/) , are given by

estimates for the state at each node i (€V), (

( Pi(+1
vi(—1
These estimation criteria in Eqs. (10.267) and (10.280) correspond to quantum statis-

tical mechanical extensions of the maximizations of marginal likelihood and posterior
marginal.

.@.8.79) o ¢
2B ?)) = argmaxP; (d, @ . B, y) GeV). (10.280)

10.4.5 Quantum Expectation-Maximization (EM) Algorithm
Jor Probabilistic Image Segmentation

This section applies the framework of Sect. 10.4.5 to the EM algorithm for prob-
abilistic image segmentations in Sect. 10.2.3. In our present framework, Hubbard
Operators [85] are used instead of Pauli spin matrices.

First, we introduce Hubbard operators X l” at each node i (€V) as follows:

X" = xeeI0le- - -RIRI,

X" ) = IRXTTRIR- QIR
(e, TeQ), (10.281)

(r,7) __ (z,7)

X7 I®I®I® RISX ",

where

10 00 01 00
41 _ -1 _ - =1,-1) _
xome = () wemn= (Vo) x5 v = (1)

(10.282)

In probabilistic segmentation and clustering, p(D|s, a(+1), a(—1), C(+1), C(—1))
in Eq. (10.29) and P (s|«) in Eq. (10.30) correspond to the data generative and prior
models, respectively. By using the Hubbard operators and extending Eq. (10.29)
and Eq. (10.30) from the standpoint of quantum statistical mechanical informatics,
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the density matrices of the data generative model and the prior model in quantum
machine learning systems for probabilistic image processing can be expressed as
follows:

R(Dla(+1),a(-1),C(+1),C(-1))

mﬁ”ﬁ (_l (e NC— (N — (e T)
[1>x —exp( — (d; — a(s)C ™ (s)) (d; — alsp)
ieveen det(2 C(s;)) 2

1 e
exp (—22 > (@i~ e i —atsi)” + 1n(det<2nC<sl~)>))X§“’S’)) ,

ieVs,eQ

(10.283)

exp (7261 (e - XD X(/+1,+n _ X:—l.—l)X;—l,—l)) 4 yZ(X}“"” I X;—l,+l)))
li.j}eE ieV

R(a.y)= s
Tr|:exp(—2a Z (l‘z“') B X}+l'+l)x(,»+l'+” 7Xl{—l,—llx(j—l,—l)) +VZ(X;+|,-|; +X§—I,+I))):|
{i.j}eE ieV
(10.284)
where
ar(+1) ar(—1)
a(+1) = | ag(+1) |, a(=1) = | ac(—D |, (10.285)
ag(+1) ag(—1)

Cor(+1) Cog(+1) Cop(+D) Cor(—1) Cgg(—1) Cgp(—1)
CBr(+1) Cpg(+1) Cp(+1) Cr(—1) Cpg(—1) Cgp(—1)
(10.286)

CRr(+1) Crg(+1) Crp(+1) Crr(—1) Crg(—1) Crp(—1)
C(+1) = L C(=) = :

The joint density matrix of s and D is expressed in terms of the data generative and
prior density matrix as follows:

P(Dla, a(+1), a(=1), C(+1), C(=1))
= exp(In(P(Dla(+1), a(—1), C(+1), C(=1))) + In(P(a, ¥))).  (10.287)

By using the joint density matrix P (D, «, y, a(+1), a(—1), C(+1), C(—1)), the
posterior density matrix P(D, «, y, a(+1),a(—1), C(+1), C(—1)) is defined by
using Bayes formulas as follows:

P(Dla,y,a(+1),a(-1), C(+1),C(-1))

P(D.ay.a(+D, a(=1), €D, €)= g e e T

(10.288)
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Estimates Qf the hypgmarameters and parameter vector, a(D), y(D), a(+1|D),
a(—1|D), C(+1|D), C(—1|D), are given by
(a(D), 7(D),a@(+1|D),a(—1|D), C(+1|D), 6(—1|D))
Tr[P(Dlo, v, a(+1), a(=1), C(+1), C(—1))],
(10.289)

= arg max
(@, y,u(+ D), pu(=1),C(+1),C(=1))

The parameter vector $(D) = (51(D),5:(D), -+, 5jy|(D)) can be estimated
from the reduced posterior marginal density matrix at each node i of
P(D,a,a(+1),a(—1),C(+1),C(—1)) by similar arguments to those for Egs.
(10.278), (10.279), and (10.280).

The Q-function for the EM algorithm in the present framework is defined by

(v, a(+1), a(=1), C(+1), C(=Dle/, ¥/, @' (+1), &' (=), C"(+1), C"(~1), D)
= Tr[P(D, a, y.d (+1),d (=), C'(+1), C'(~1))

xIn(P(Dla, v, a(+1), a(=1), C(+1), C(—l)))]. (10.290)

The EM algorithm is a procedure that performs the following E- and M-step repeat-
edly for t =0, 1,2, --- until @(D), a(+1, D), a(-1, D), C(+1, D), C(—1, D)
converge:

E-step: Compute Q(«, a(+1), a(=1), C(+1), C(=D]a(n), a(+1,1),a(~1,1), C(+1,1, C(~1,n) for vari-
ous values of a(+1), a(—1), C(+1) and C(—1).

M-step: Determine o(t +1), a(+1,t+1), a(—-1,t+1), C(+1,t+1) and
C(—1,t+1
so as to satisfy the extremum conditions of Q-function with respecttoa(+1),
a(—1), C(+1) and C(—1) as follows:

(@ +1D,a+1,t+1),a(=1,t+1),C(+1,t+1),C(—1,t+ 1))

<~ extremum
a,a(+1),a(=1),C(+1),C(-1)

Q(a, a(+1), a(=1), C(+1), C(~Da(r), a(+1,1),a(~1,1), C(+1,1), C(~1,1), D).
(10.291)

Update @(D)<a(t+1), @(+1,D)<a(+1,t+1), @-1,D)<a
(=1, 4 1), C(+1, D)<C(+1,1 + 1) and C(—1, D)«~C(—1,1 + 1).
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By using some equalities in Eqs. (10.283), (10.284), (10.287), and (10.288), the EM
algorithm using the Q-function can be reduced to the following expression:

% Z Tr[(l@l — XHLADQ Y HLAD _ Y HAD g y HLAD) oo (1 4 1), (1 + 1))]
Bl ek
1
— _ yEL4D (+1,+1) _ y(+1,+1) (+1,+1)
= E Z Tr[(l@l X ®X X ®X )
{i.j}€E
XPij(D,a(t),y(t),a(+1,t),a(71,t),C(+1,t),C(—1,z))], (10.292)
1
e Tr[(X("'l’_” n X<—"+‘))P,- @+ 1), y(t + 1))]
| |i€V
- Tr[<X(+1,—1) +x1)
|V|iEV
X Pi(D, (1), 7(1), a(+1,0,a(~1,0), C(+1,0), C(=1,m) |, (10.293)
ZdiTr[X(g’E)Pi(D,a(t),y(t),a(+l,t),a(7l,t), C(+l,t),C(7l,t))]
pg i+ 1) =Y (EeQ),
ZTr[X@vf)Pi(D.a(z),y(z),a(+1$z>$a(—1.z).C(+1$z)A, C(—l,z))]
ieV
(10.294)
CéE;t+1)
30— ate50)(ds - aes )T XEE) P, a0, 700 alH1, 1,011, CC+1.0, C(-1,1)]
ieV
_ i (E€9),
YT XEE D, e, y (1), at+1,0,a(-1,1), €10, C(=1,1)]
ieV
(10.295)
where

(si|Py(D, ., y, a(+1), a(=1), C(+1), C(=D)s})
= (si[Tr\i P(D, . y, a(+1), a(=1), C(+1), C(—=1))|s})

SDIDIED I 3 IS ILLIE

TERNER Ty |EQT QT EQ r‘/v‘eﬂ

x ( I1 Sw;) (t1, 2, - Oy P(D, @, y, a(+1), a(=1), C(+1), C(=D)Ie(, 53, -+, Ty))
jEV\i)

(si€RQ, s]eQ.ieV), (10.296)

(si, 8| Pij (D, &, y, a(+1), a(=1), C(+1), C(=D))Is, 5})
= {si,5;1Pji(D, o, y,a(+1), a(=1), C(+1), C(=D))Is], 5)
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= (si, 5j|Tr\i, ) P(D, e, B, v, a(+1), a(=1), C(+1), C(fl)))ls,{»xﬁ

= Z Z Z Z Z Z ‘Sx[.f;53/.118.&',-'1,-'8.&'}1}

TEQnER  TvEQreQreR  1/y,eQ

x( I1 SW;) (T 02, Ty [ P(D oy, a(+1), a(=1), C(+1), C(= D))t T, -+, Ty

keV\{i,j}
(5i€Q 5jEQ, 5/€Q, 5;€Q, i€V, jeV, i< j), (10.297)

(5| Pi (o, )Is)) = (s:| Ty, P, ¥)ls))

2 IS DD D) DTS DL NI

TEQRDER  TvEQTeQEQ 1/, €Q

)| T 8o (m o v Pl e 7. Ty
keV\{i}

(5;€Q 5;€Q, s5/€Q, s}eQ, ieV), (10.298)

(si, 5| Pij (e, s, s5) = (sivsjIPji(e, p)lsi. s5)
= (Si,Sj\Tr\(i,j}P(Ot,V)\S,{,S_/,-)

D IDIRED DD DD DEED BRI I IR

TEQRER v |EQr QT EQ r‘/v‘eQ

X( 1_[ éfkyfk{)<rl’rz""’r|vP(av)/)lfl/stzls"'sf/v>

keV\{i.j}
(5i€Qsj€Q, 5/€Q, sj€Q, i€V, jeV, i< j). (10.299)

10.5 Quantum Statistical Mechanical Informatics

This section explains some quantum graphical modeling using some quantum
mechanical extensions of statistical mechanical informatics, such as quantum statisti-
cal mechanical informatics, and particularly, advanced quantum mean-field methods.
Fundamental frameworks and recent developments have been explored in some text-
books in statistical mechanics [37, 86]. In some applications of quantum annealing
to massive optimization problems, a transverse Ising model is an important quan-
tum probabilistic graphical model [83, 84] and it is known that the density matrices,
for example, in Eqs. (10.263), (10.265), and (10.266), in some familiar quantum
statistical machine learning systems can be reduced to transverse Ising models.



10 Review of Sublinear Modeling in Probabilistic Graphical Models ... 237

In quantum statistical mechanical informatics, one of most important schemes is
Suzuki-Trotter decompositions [87, 88]. This was used to realize the quantum Monte
Carlo methods by mapping d-dimensional density matrices to corresponding (d +
1)-dimensional probability distributions [89]. Recently, some quantum annealing
schemes have been realized as actual quantum computers, for example, the d-wave
machine.

In the first part of this section, we explain some basic frameworks in advanced
quantum mean-field methods for realizing familiar quantum statistical machine learn-
ing systems for the transverse Ising models, including conventional frameworks of
quantum belief propagations. In the second part, we propose a quantum adaptive
Thouless-Anderson-Palmar (TAP) method and a new approach using the momen-
tum space renormalization group method to realize coarse graining for the transverse
Ising model not only for regular graphs but also for random graphs. In the third part,
we introduce Suzuki-Trotter decompositions [87, 88], and show the basic scheme
for mapping a d-dimensional transverse Ising model to a (d + 1)-dimensional Ising
model and apply the scheme to the message passing rules of the conventional quan-
tum belief propagation.

10.5.1 Advanced Mean-Field Methods for the Transverse
Ising Model

This section explores the detailed derivation of the deterministic equations in both the
quantum mean-field method and the quantum loopy belief propagation method for
the transverse Ising model [83, 84]. Note that the present framework of the quantum
mean-field method and the quantum loopy belief propagation method are constructed
in real space, while other familiar frameworks in quantum statistical mechanics such
as spin wave theory are constructed in momentum space.

For a graph (V, E) with a set of nodes V and set of edges E, we consider a density
matrix P as

(( % (i =) yry(of —ar®™)’ VZ“""))

P {i,j}eE ieV ieV
Tr|:exp(—kBlT( J Z (a —a]) + hZ( I(2|VI)> anix)):|
{i,jleE ieV ieV
(10.300)

Because o0 =1 @") " the density matrix in Eq. (10.300) can be reduced to Egs.
(10.226) and (10.227) with

H=-J )Y ofoi—h) diof—T) o} (10.301)

{i,j}eE ieV ieV
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Here, all the nodes j connected with the node i by an edge {i, j} are referred to as
neighboring nodes of the node i, and the set of all neighboring nodes of the node
i is denoted by the notation di. The quantum probabilistic graphical model in Egs.
(10.300) and (10.301) is referred to as the Transverse Ising Model [83, 84].

First, we explain the conventional quantum mean-field method for the transverse
Ising model. We introduce a 2V x 2" trial density matrix R and its 2 x 2 trial reduced
density matrix R; for each node i (e€V)) defined by

(10.302)

R = TooR = <<+1|R,~|+1> <+1|R,~|—1>>

(= 1R+ 1) (= 1|R;| = 1)
where
(si|Rils}) = (s;i|Tr\; R|s})

= Z Z Z Z Z Z Sl‘hﬂ‘ss/.r[( 1_[ 51,-,1;)<Tls72,"',1'|vthl/,té,'n,r"‘/)

nEQnER TR eQreQ T/ eQ VAU

(5;€Q, sieQ.ieV). (10.303)

By using Eq. (10.303), the average Tr(o;* R) can be expressed in terms of the reduced
density matrix R; as follows:

T R) = DD e D DD e D snsa s swiloflsi. sa. o siy)

51€Q5€Q sy EQs[eQsHEQ 5y €Q

X<S|’ Sz, ) S‘IV‘|R|S17 82,00 SIVl)

—o2 222 | ]

SIEQER 5y EQs| QL EQ SMEQ keV\{i

X (silo™[s;)(s1, 85, - -, S\V||R|Slv 52,50 S|v|)
P ICLACDIMEDIPIPMED DL L
5 €Qs]eQ TEQRER Ty EQTeQEQ 1/, €R
<| T] (Sn 7 [T o Ty IRITL Ty i)
keV\{i
= ZZ(si|a*|s,-’><s;|R,-|s,~>
5 €QsleQ
= Tr(6*R;). (10.304)

By similar arguments to those for Eq. (10.304), we derive

Tr(aizR) =Tr(c*R;). (10.305)
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Now, we assume that the trial density matrix R is expressed as
R = RQR,® - -QRy|. (10.306)

In this case, the average Tr(aizafR) and the entropy —kgTr RInR can be expressed
as

Tr(ofoiR) = Tr(aizajz.(R1®R2®- : '®R|V|))
S ID D DD I TS DD S SIS ( I1 ﬁsk,s,;)“il"“ﬁ
s1€Q22ER 8|y | EQs| eQsheQ xl’weri’eré’eQ sﬁ/‘eQ keV\{i}
x( I1 as;,slff)<s;|o"-|s;’><si/R1|s1><s§/Rz|s2>x---x<s”v||R|V||s|v>
LeVA{j}
= X > Gsilo®ls))s]IRils)
siEQs;GQ
| 22 2o wilossiIR sy [ TT | 22 D0 88 sy | 5K 1ReIsi)
51€95eQ keV\(ij) \ s} eQsf/ e
= (Tr(0*R;))(Tr(e*R))) | [ (TF(Rk)))
keV\{i,j}
= (Tr(0?R;))(Tr(o*R)). (10.307)
— kgTr(RIn(R)) = 7Tr((R1®R2®-'~®R|V|)ln(R1®R2®~-~®R|V|))

N
- 7kBZTr((R1®R2®' . ~®R|V|)(I(i")®1n(Ri)®I(N’i)))

i=1

N
kg DN DN Y (salRulsy) (sa| Ralsh) X - x sy | RywyIs]y))

i=151€Q926Q  5v|€Q| Q)R 5y €Q

x( I1 8.‘-k_si)<s;|1n(Ri)|s,->

keV\li}

N
kBZ(ZZmRi|s;><s;|1n<R,~)|s,->)( I1 (Z Zaxk.sgsmmb))

i=1 \5i€Qs/eQ keV\{i}) \sxeQs;eQ

_kBXN:(Tr(R,-ln(R,-)))( I1 Tr(Rk))

i=1 keV\{i}
N

—kg ) _Tr(RiIn(R))). (10.308)

i=1

The free energy functional can be reduced to
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FIRl = Fyr(Ry. Ry, Ryl = =J Y (Tr(@*Ry))(Tr(0*R;)) — Yy Tr(0*R;)
{i.j}eE ieV

7F2Tr(axR,-) +kBTZTr(R,-]n(R,~)). (10.309)

ieV ieV

We define the optimal reduced density matrix I?i for each node i(€V) by

-~

R; = arg extr%mum{fM]:[I?l, ﬁ], cee ﬁi—h R;, ﬁi.'.], 1?,4_2, s ﬁ|v|]‘TrRi = l} (ieV).
(10.310)

The simultaneous self-consistent equations for reduced density matrices are
expressed as

R = 70| 7 JZ(Tr(aZie‘j))+hd,- o’ +Tao* ||, (10311
jeoi
1 ~
Z; =Tr|exp| — JZ(Tr(asz)) + hd; |o* +To* .(10.312)
ksT jedi

From Eg. (10.311), we can derive the following simultaneous self-consistent equa-
tions for the magnetizations m; = Tr(6°R;) (ieV) and m} = Tr(6*R;) (ieV):

J . h J
ksT &—~"" " kT '
ﬁ? _ jeai
l 2 2
J h
Nz d; _
BTZ it kgT " <k T)
jeoi
2
J r\’
xtanh — Y mi+ l +(— ,
kgT ~—~ ' kT kgT
jeai

(10.313)
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r
. kaT
2 2
7 h r
N w4+ g _
kBTme+kBT +(kBT>
jeai
2 2
J h r
tanh LNy g, _
whan kT 2+ er ] Tt (kBT>

jedi

(10.314)

The mean-field free energy Fvr [1/3\1, ﬁz, e I’ﬂ v |] of the present system is expressed
as

FMFI:I?L 1?2, CEEN I?|V|] = Z( — kBTln(Z,-))

= —kBTZln (Tr |}Xp(kBIT ((] (Z(Tr(dzl’i\j)))az + Fa"))):|)
ieV jeai
2
J ~z
= —kBTgln 2cosh (kBTjEZa’.mj) +r2| . (10.315)

Next, we extend the above framework for the mean-field method for the transverse
Ising model to the quantum loopy belief propagation method based on the quantum
cluster variation method in Ref. [90]. We introduce a 2V x 2" trial density matrix R
and its 2x 2 trial reduced density matrix R; for each node i (€V')) defined by

Rjj =Rj; =Tr\; R

(+ L +URG I+ LA+ (+ 1L +1R 1= L+1) (+ LRI+ 1,=1) (+1,+1R;j1—1,—1)
| GE LSRG AL ) (L =HRGI= LD (£ L =UR I+ 1 =1 (1, =1 R — 1, 1)
T =L HURG AL D) (= LAURG = LA (= LR+ 1, =1 (=1, +1R 51— 1, 1)
(—1,71|Rij\+l,+l) (—l,—llRij|—1,+l) (—1,—1|Rij|+l,—1) (—l,—l\Rijlfl.—l)
i€V, jeV, i< j), (10.316)
where

! / / !

(si, 871 Rijls;s s5) = (si, sjIRjils;, s5)
! !
= (Si,Sj\Tr\{i,j}R\Si,Sj)

IIDIED D IDIEDD

T1EQRER Ty €] eQr)eQ r‘/v‘ eQ

/ / /
X8s;.5,8s.7;85, 015 o/ I1 S | (T2 Ty IRIT Tty
keV\{i.j)

(5;€2 s, €9, s[€Q, sj€Q, i€V, jeV, i< )). (10.317)
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By similar arguments to those for Eq. (10.304), we derive
Tr(ofafR) = Tr((a"’®l)(l®oz)R,-j). (10.318)
We now assume that the free energy functional can be expressed as

FIR] = Fpene[{Ri|ieV}, {Rup|li, ji€E}]
=—J ) Tr((0*®D IRy ;)

{i,jleE
—th,-Tr(azRi) — FZTr(a"Ri)
ieV ieV
—i—kBTZTr(Riln(R,»))
ieV
+kgT Z (Tr(Ry,jIn(Ry; ;) — Tr(RiIn(R;)) — Tr(R;In(R))))
{i,jleE
=_J Z Tr((0*@1)(I®0%)Ry; ;)
{i,jleE
—h) d;Tr(o*R;) — T Tr(o™ R;)
ieV ieV
+kgT Z Tr(Ry, yIn(Ry ) +kBTZ(1 — 13i|)Tr(R;In(R;)).
{i,jleE ieV

(10.319)
We define the reduced density matrix I’l\, for each node i (€ V) by

ﬁk = arg eth‘Ieat:um[fBethe[Rk, {ﬁi‘iEV\{k}], {ﬁ(l,]}‘{l* j}€E}]|TI‘Rk =1, Ry = Tr\kié{k,j) (]63/())}

(keV). (10.320)

ﬁlk,l} = arg eXtIraemum{fBethel:R(k,l}s {I’ii\ieV}, {ﬁli,j}‘{i, j}EE\{k,l}”‘
W)

TrRy,y =1, Ri = Tr\k,0y Ryk, 1y R = Tr\{k,l)R{k,l}} ({k, l}eE).
(10.321)

To ensure the constraint conditions, we introduce the Lagrange multipliers as
follows:

L[{RilieV}, {Rij|li, jleE}] = =7 ) Tr(@*@)(I®c%)R;j)
li.j)eE
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—hY diTr(@*R;) — T Tr(o™ R;)

ieV ieV
+kgT Y Tr(RijIn(Rij)) + ks T (1 — |3i])Tr(R;In(R;)).

ik iev

=D i(TrRi — 1) — ) i jy(TrRij — 1)
ieV {i,jleE

— D Trkiij(Ri = TryRij) — ) Trkjij(R; = Try;Rij)
{i,j}eE {i,j}eE

= Z Tr(R,-j(— J(0*@I)(I®c*) + kgln(R,-j) + Xi,ij QI + IQAj ij — )\,ij(l@l)))

i€k
+ZTr(R,~<7 hdio® — To™ + ks T (1 — 9i )In(R) — 3 hiij — Ai1)>
iev jedi
Yt Y (10.322)
ieV {i,j}eE

Here we remark that )"i,ij = Avi,ji and )'vj,ij = )"j,ji (i, jleE,i < j).
We define the reduced density matrix I’@ for eachnode i(eV) and R;; = R;; for
each edge {i, j}€E by

R = are extrflzemum{Ri(f hdio® — To™ — 3 Aiij +ksT (1 — [3i])In(Ry) — A,-I)}
i jedi

V), (10.323)

~

R;j = arg extrgmum{Rij(— J(@*®DI®0%) + Ai,ij QI + IQLj,ij + ks TIn(R;;) — A(i.”(1®[))]
ij

(i j)eE). (10.324)

The simultaneous self-consistent equations for reduced density matrices are
expressed as

~ Ai 1 1
R; = exp(—l + kB—T)eXp kB_T(|81| — 1) —hd;g* —Te* — Zli,ij ,

jeoi

(10.325)

R — exp( 14 M) 1 e Y rin @l — IOk
Rij =exp| -1+ exp (J(@*®D (IR0 — X ij QI — I®L},ij) |,
ke T ke T

(10.326)
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Ai 1 1
- — =T — —hd;o® —T0™ =Y A ,
exP( kBT) e kBT<|8i|—1> ’ 7 ki

jeai

(10.327)

M) 1
exp<1 - k;%) Tr[exp(k (J(0*@D)(I®07) — Ai,;j®T — I®x,-,,~,~)>}.
(10.328)

By introducing the linear transformations

Miij = Miji = —hdio® —To* — > ki, (10.329)
kedi\{j}

Equations (10.325) and (10.326) can be rewritten as

~ 1 1
R = Zexp<k - (hd o+ o + Zxk_,,)) (10.330)

kedi

- 1 1
Rij = - exv<k (](az®1)(1®az)+h(d (@*QI) +d;(I®c?)) + ' (0" QI + I®c™)
{i.j}
Y el Y zmw)), (10.331)
kedi\(j) 1€dj\ti}

1
Z; =Tr|exp| — | hd;oc* +To* + E Aioi , (10.332)
ksT ~
kedi
Ziijy = Tr[exp( ! (J(0z®1)(l®<rz)+h(d (@I +d;(I®c%)) + T (6" QI + I®c™)

+ Y el Y I®x,_,,-)>}. (10.333)

kedi\(j) ledj\ (i)
Then, by substituting Eq. (10.330) and Eq. (10.331) into

R; =TrR;;, (10.334)
\i B4ij
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we derive the following simultaneous self-consistent equations for the effective
1 1
exp| fophimi + o | hdio® + To” & D Mo
kedi\(j}
1
ks T

Tr\,[exp( (J(a ®I)(I®az)+l®(hda +Te* + ) x,_,,))

N J)

1eaj\li)
‘o7 (hda +re*+ Y kk_,,)®l>]
kedi\(j)
(10.335)
such that
! i = _ b (hd,-oz +To*+ Y xk_,,-)
ksT kgT kedi\{j}
+ In Zi !
Ziii

Tr\,[exp<k (J(O-Z®I)(I®o'l)+l®(hd0' +To*+ ) x,_,,))
1607\ i}

keai\{j}

+k (hda T+ ) xk_,,)m)])

(10.336)
passing rule quantum loopy belief propagation
i

Note that Egs. (10.335) and (10.336) can be regarded as conventional message
fgethe[{ﬁ }zeV}, {R,-j |{i, j}eE}] of the present system is given by

The Bethe free energy
FBethe[{§i|ieV}, [ﬁij|{i,j eEH =Y (- kpTIn(Z))
ieV
+ 2 (

— kgTIn(Z; ;) + kgTIn(Z;) + kpTIn(Z;))
{i,j}eE

(10.337)

The conventional quantum message passing rules in Eqgs. (10.335) and (10.336)

reduce to Egs. (10.95) and (10.96) for the case of ' = 0

Because we have the orthonormal relationships
Trlo%0*] = Trlo*0*] = 2,
Trlo*1] = Tr[Io?] = Tr[oc*I]

=Tr[lo*] =0,
Trlo*c*] = Trle*a*] =0

(10.338)

Tt[(@*®D)(6*®D)] = Te[(6* @) (6*®D)] = Tr[(I®0 ) (I®e™)] = Tr[(I®0*)(I®s™)| =
Tr[(0*®@D)(6*®1)] = Tr[(6* 1) (0*®1) | = Tr[(I®e*)(I®0e?)] = Tr[(I®az)(I®ax)] =
Trl(c* @ (I®0c%)] = Tr[(6* R (I®6™*)]| = Tr[(6* @) (I ®¢™)| = Tr[(6* @) (I®0c?)| =

(10.339)
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the reduced density matrices R; and R;; = Rj; expand to the following orthonormal
expansions:

1
; 5(1 + mio* +mio?), (10.340)
Rij = Rj;

1
2 ((1@1) +mf(6*QI) +mi(c°RI) + m}(IQc*) + m5(I®a*)
+eif (07 @D 0Y) + ¢y (0" RT) (I ®07)

i@ @D (180) + cif (o ®1)(1®0"))’ (10.341)

where
m} = Tr[o" Ri] —Tr[( "®I)R;j],

mij’ =Tr[o" R;] = Tr[(I®0") R;;]. (i, jYeE, i < j, velx,z},v'elx, 2}).
i =Trl(c"®1) (180 Ryj],

Q

(10.342)

By using these orthonormal expansions of the reduced density matrices, the Bethe
free energy functional in Eq. (10.319) can be rewritten as

FIR] = Foene| {m!|ieV, vetr, i}, {ci [t j1eE, vix, 21, vetx, a1}

=—J > cif —hY dimi—TY m}

{i,jleE ieV ieV
+kpT Y (1= [9i D Tr(R:In(R;))
ieV
+kBT Z TI'(R{,‘,]‘}IH(R[,‘J‘})). (10343)
{i,jleE

The extremum conditions

0

ol v/
K —

=0 (keV, ve(x, z)),

(10.344)

0

8 vy’ ]:Belhe[{m,“} i€V7 Ve{x, Z}}’ {C;‘j;}‘{l, j}eE, U{xa Z}’ U/G{x, Z}}]
{k,1}
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=0 ({k,l}€E, velx,z},, Vel z}),
(10.345)

can be reduced to the following simultaneous equations:

LA %(1 —18iDTe]o%n(R;)] +

Trl:(az®1)ln(Rij):|+% > m(ree®)n(Re)].

—

k‘?_T l 1 | i) | tkedik<i) eV,
v 50— |ai\)Tr[ox|n(Ei)] +3 Z 4 Tr[(a"®1)ln(1?ij)] +7 Z . Tr[(l®a")1n(l?ki)].
{jedi,j>i} {kedik<i}
(10.346)
I T (%@ 1) (190%)in(Ryj)
kgT sy

4
(10.347)
where
R = %(1 +mie* + i) (ieV), (10.348)
Ej = ﬁji
= % QD) + i (o*®1 ) + i (0*®1) + i} (I®0™) + i’ (@0 )

+0i @ @D ®0") + ¢ (0" @I ) (I ©07)
+0 (@ @D (I80™) +E@fj1(“x®1)(l®“x)> ({i. JYEE, i < j).
(10.349)

For I' = 0, Eq. (10.347) with Egs. (10.348) and (10.349) reduces to Egs. (10.107)
and (10.108) with Egs. (10.72) and (10.102).

Before finishing the present subsection, we briefly review another framework
of the quantum advanced mean-field method. As we mentioned above, advanced
quantum mean-field methods have also been formulated in the momentum space. One
familiar formulation is spin wave theory [91]. A general formulation of the quantum
cluster variation method from the viewpoint of spin wave theory was proposed in
Refs. [92, 93].
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10.5.2 Real-Space Renormalization Group Method for the
Transverse Ising Model

We now present sublinear modeling in statistical machine learning procedures by
using the real-space renormalization group method for the transverse Ising model in
Eq. (10.301) on the ring graph (V, E) of Eq. (10.176) for the case of |V| = 2 and
h = 0. The present scheme follows the one in Refs. [37, 94]. Some extensions of the
present frameworks for the ring graph in Eq. (10.176) to higher-dimensional graphs

such as the torus graph may be available according to the frameworks of Ref. [94].
The important part of the transverse Ising model in Eq. (10.301),
—J(0*QI)(IQ®0c*) — I'(6*QI) can be diagonalized as

-J 0 -I' 0
~ieen) 1oy - rren = [ O 7 0T
0 - 0 —J
%< +«/sz-l—il"z) 0 0 %( 7\/sz+71~2>
|0 ) ) o
1(1- ) 0 0 -3+ )
o k) M)
—VJ2+12 0 0 0
0 —VIZ¥T2 0 0
" 0 0 VIZETZ 0
0 0 0 JVITFI?
T
%<1+\/ﬁ) 0 0 %<_\/ﬁ)
10 ) i) o
%“Jﬁ) 0 0 %(J’ﬁ)
0 Y1+ o) \/%<1—¢ﬁ) .
(10.350)

The eigenvalues &1 = &, = —+/J2 + T2, &3 = &4 = ++/J? + I'? have the relation-
ship €] = &3 < &3 = &4 and their corresponding eigenvectors are given by
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1+ == 0
1) = 2( OW) 2) = ’ %(1_Jﬁ)
th— 2| : |
2( OW) + %(“F JZJ+F2) (10.351)
1 . J %(l_\/ﬁ)
1(1
3) (1 ) 4) = .
- 0 I 3 :
+ %(l‘ﬁ) \/212—”7“2)

To realize the coarse graining of the present transverse Ising model for the case of

zero temperature 7 = 0 for the density matrix P in Eq. (10.300), we introduce the
following projection operator:

P = PgP®- - -QF,

2L s

(10.352)

where

(l il
(m)“”“' + ) = (<2|>
11+ 7m) 0 V- 75=) 0
0 0

1 (1 _ 4) 1 <1 n 4)
2 /J24T2 2 /J24T2

(10.353)
Because it is valid that
-J 0 -I' 0
Pl o 0 0 [FT =G B ) =Y (03s4)
0 - 0 —J

we can derive the following equalities

@b .z © \pehT
P (_ J 0103 — F"zi—l)Pi

Tensor Products of (i—1) Matrices (IQ1I)

=p™( (1en)e(lel)e - e(Ial) &(-J(0*al)(I18) - I(e*oI))

® (I01)e(I)®---®(I0]) )IP’,QL)T

Tensor Products of (2L—1—i) Matrices (IQ1I)
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Tensor Products of (i—1) Matrices (]P(I®I)]P’T)

= (PuenP )2 (PUSDP )@ - @(PUSDP))o(P( - J(°01)(180%) ~ T (a*o1))P")

o((PURDP)@(PUSDPT)g: - @(PUSDPT))

Tensor Products of (26=!—i) Matrices (P(IQI)PT)

Tensor Products of (i—1) Matrices (]P(I®I)]P’T)

= (PuenP )2 (PUSDP )@ - @(PUSDP))o(P( - J (°01)(180%) - I (a*o1))P")

o((PURDP)@(PURDPT)g: - @(PUSDPT))

Tensor Products of (2£=!—i) Matrices (P(IQI)PT)

=1 I's
= (1e1@-ol)e( - V72 +T21)8(I81s  @I), (10.355)

@L-1-i) I's

@b on
P; (— Jazziozz“_] - Fo;i)ﬂj’i
Tensor Products of (i—1) Matrices (I®1)
L
=P ( (1ens(ene e(Iel)

(- J(I9e*RIRI)(I®I®s*®I) — T (I®c*@IRI))

® (IeNe(Isl)® --o(Ixl) )LP,‘?"’T

Tensor Products of (2L~!—i—1) Matrices (I®1)

Tensor Products of (i—1) Matrices (P(I®1)PT)

= ((PaenPe(PUenP")e- @ (PUeDPT))
®((]P’®]P’T)( — J(I80*RIRI)(IRIa*RI) — F(I®a"®l®1))(IF’®IF’T)>

o((PUsDP")8(PUSDP )@ - ®(PUSDPT))

Tensor Products of (2L~ —i—1) Matrices (P(IQI)PT)

Tensor Products of (i—1) Matrices (P(I®I)PT)

= ((P(I@I)]PT)®(P(I®1)PT)®- . -®(1P(1®1)1P>T))
®( —J((P(I®0%)P")@(PURDPT)) (PURDPT)@(P(c*I)PT)) — F‘(]P(I@a“)]PT@]P(I@I)IP’T))

o((PaeDP)e(PIeDP e - @(PURDPT))

Tensor Products of (2L~ —i—1) Matrices (P(IQI)PT)
i-1I's
7 z z r x
= (1@1@---@1)@(— T eenies) - <o ®1)>®(1®1®- 81, (10.356)
QL-1—i-1) I's

@5 hT
P; (— Jojoy — FGZ"L)R

Tensor Products of (2¢~'—2) Matrices (IQ1)

:IPIFZL)<_J<(0'Z®I)® (I®I)®(I®I)®...®(]®I) ®(I®I))
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Tensor Products of (2£~'—2) Matrices (IQ1)
x ((I®1)® (I1)Q(IRI)®---®(IRI) ®(I®a“))
Tensor Products of (2-~!'—2) Matrices (I®1)

—TIN® (IR/R(IRI)®: - R(IRI) ®(,®Gx)>szL)T

) QL1-2) I's QL 1-2) I's
- —ﬁ(a"@(l@l@ : ~®1)®1) (1@(1@1@ : ‘®I)®O’z)
Q-1
- %(1@(1@1@ . ~<XS>I)®0"). (10.357)

By using these equalities, the first step of the renormalized energy matrix H e =

T
IP’;ZL)H ]P’IQL) can be reduced as follows:

HOY = B gpeh
1 v

QY I's
———
=2/ g r2(1®1®‘ . -®1)
Sio -1 I's 2 .
-3 (I®I®< - @1)@(27(&@1)(1@01) + 7(&@1))@(1@1@- : -®1)
P J? + r2 J2 + r2 T,_,
QL-1—i-1) I's
@L-1-2) I's QL-1_2) I's
J? . .
- W(a ®(1®I®-~®I)®I)(I®(1®I®---®I)®a )
5 QL-1-2) I's
r ———
_—— I®(I®I®-~®I>® X). 10.358
VJI2+ FZ( 7 ( )

By similar arguments to those for the above procedure, the r-th step of the renor-
. . - L—ry L—r+1 L LT L—r+1yT )T
malized energy matrix HC"™") = (sz Dp@ T p ))H(IP’I(Z VL@ @ )

can be reduced to the following recursion formulas:

H(ZL—r} — ]szL—rJrl)H(ZL—r+l)]P§2L—r+])T
1 1

@ty I's
= 2L”£Y) (m>
st =D s
-3 (1®1®, . .®1)®(1<r> (o*®I)(I®c?) + T (ax®1))®(1®1®. . .®1)
i=1

QL=r—i-1) I's
QLr-2) I's QLr-2) I's

_ J(’)<az®<M)®1> (18(1e1e- @l )g0*)
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QLr-2) I's
-1 (19(1ele oI )8c®), (10.359)
where
(r—1)y2

JO = o ) )

(r—1))2 (r—1)2
VU (r)<r jg)ng ) (10.360)

r™ =

\/(J(r—l))2 + (r(r—l))Z’

EY) — _\/(J(r—l))Z 4 (]“(r—l))z’ (10.361)

H®) =H,
JO =, (10.362)
ro =

The inverse of the real-space renormalization group is given by

Jo=Y = [0 (10 4 170),
(10.363)
re—n — /]"(r)(](r) + ]"(r))7

If the hyperparameters J ) and I'" in the r-th renormalized density matrix H @
have been estimated from given data vectors by using the QEM algorithm for a
renormalized density matrix on ring graphs (V), E®), we can estimate the hyper-
parameters J@ = J and I'” = T of the transverse Ising model (10.301) on the ring
graph E of Eq. (10.176) for the case of |V| = 2 and h = 0 by using the inverse
transformation rule of the real-space renormalization group procedure (10.363).

10.5.3 Sublinear Modeling Using a Quantum Adaptive TAP
Approach and Momentum Space Renormalization
Group in the Transverse Ising Model

This section proposes a novel scheme for the momentum space renormalization
group approaches in Adaptive Thouless-Anderson-Palmar(TAP) Approaches for
the transverse Ising model on random graphs. The adaptive TAP approach is a famil-
iar advanced mean-field method for the probabilistic graphical model and many
extensions have been proposed [95-98]. Furthermore, sublinear modeling for the
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EM procedure in probabilistic graphical models has been realized by introducing
Momentum Space Renormalization Group Approaches [99, 100]. The method
proposed in this section is formulated by combining the adaptive TAP approaches
with the momentum space renormalization group approaches. Moreover, our method
is applicable not only to regular graphs but also to random graphs.

The density matrix P in Eq. (10.300) can be rewritten as

7 . 2 h eVl VI
e"P(szrmZE (oF =)~ sy 2o ! ~agr 2\

N 2 2\ 1"
Tr|:exp(—2k;7_ Z (aiz—ajz.) —ﬁ%(aiz_dﬂ(le)) _ﬁig‘;(aix—l"lﬂw) ):|
(10.364)

The density matrix P satisfies the following minimization of the free energy func-
tional:

P = argmin | F[R][TrR = 1}, (10.365)

FIR] = %J > T[(f - o ]+ ShY_Te| (oF — di1®")R|

(i, j1€E iev
1
+§ZTr[(0'ix —TI®) R + ks TTrRIn(R)]. (10.366)
ieV

. 2
Because all the off-diagonal elements of (aiz - ajz.) are zero, we have

= —J Z ZZ Z S1 52, * S‘V||(0' —0') |S13S27. S\VI)

{i,j}EEs €s5,€Q S|y €EQ
X (s1, 82, -+, Sy || R|s1, 52, -+, 51v)
1
2V 2
+§hZZZ Y sty 52, swil(0F = did T0) Isy, 50, syy)
iEVS1€QSzEQ S|V‘EQ
X (81,82, -, Sy | R[s1, 52, -+, s)v))

+%2Tr[(orix - I‘I(Z'V'))zR] + kg TTr[RIn(R)]

ieV

= —J Z ZZ Z 51,527"’7S\V\|R|51752,"',S|V|>

{i,j}€Es1€Qs€R sy €Q

+§hZZZ' CY (s = d) st 52 Sy RIS 20 spy)

ieVs eQseQ sy ER
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—i—%ZTr[(ai" —T1®")R] + ks TTH{ RIn(R)]. (10.367)

ieV
By introducing the reduced density matrix R; in Eq. (10.275) and

p(s1,52, - spv)) = (51,52, -, sy | RIst, 52, -+, sy, (Gs1y 52, - sy e@')),
(10.368)

and by extending ,o(s1 82, SIV\) to
p@) = p(91.62.- . dyv)) (& = (#1.92. - dv))e(=00, +00)"T),  (10.369)

the free energy functional can be expressed as

+oo 400
Z / / / ( (8(dx — D)+ 8(ex + 1))) (i — ¢>j)2,0(¢)d¢71d¢2~ —dgyy)|

(i.jleE keV

+oo ptoo
+= hZ/ [ / < (8( — 1) + 8(g + 1))>(¢z - di)zp(¢)d¢>1d¢2- —dgpy|

ieV keV
4= ZTr[ o —T1@")? Rl]+kBTTr[Rln(R)] (10.370)
1€V

Now we consider the following approximate free energy:

+o0 ptoo
Fadapiive TAP[ 0, {Ri, pili€V}] = *J Z / / / p(¢)d¢1d¢2 Ay
{i,jleE
+o00 p+oo +oo
+a hZf f f 91 — i) p@ddrddr- -y,
ieV
+ ZTr[ of —T12")’ k]
lEV

“+o0 “+0o0 “+0o0
+kgrf / / @) n(o(®)ddrddy---dyy,

+kBTZ(TrR,~lnR,- 7f

ieV -

+o0

pi@n(pi@0)dgi ), (10.371)

where
+o0 pFo00 +oo
p,(¢,)_f / / o (81,95, - 9y, )dsidds- - -dg]y,
(ieV, pie(—o0, +00)). (10.372)

The reduced density matrix R; and the marginal probability density functions p; (¢;)
and p(¢) need to satisfy the consistencies
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+oo +o0
[ / / Sip@)dprden- - -dyy) = f i0i(¢)d¢i = Tra*R; (i€V),

o {8 (10.373)
_Z[ /+ f 02 p@)ddrder dyy, = Z/ 620 @i = 1,
and the normalizations
[ / / p@dgrddy--ddyy, = 1,
(10.374)

/ pi(¢)dg; =1 (i€V).
TrR; = 1.

R;, pi(¢;) and p(¢) are determined so as to minimize the above approximate free energy
Flp. {Ri, pilicV}] under the constraint conditions in Egs. (10.373) and (10.374). We

M 81

. o f 82
introduce Lagrange multipliers f = ~ land g = |, D, L, », and A; to ensure

Sivi 8|v|

the constraint conditions in Egs. (10.373) and (10.374) as follows:

LAdaptive TAP[ 0+ {Ri, pili€V}]
= Fadaptive TAP[ 2+ {Ri. pili€V}]

+0o0 p+o0 +00 +00
—Zgz</ f / dip(@)dorden---dyy) — / ¢ipi(¢i)d¢i>

ieV

+oo p+o0 +o0
fo,</ [ ] eo@niderdoy - TroR)

ieV

+00 r+00
D(EZV / / / $:20(@)dd1den- -d¢V|1)
—L(Z/ &% pi ($1)d i —1)

ieV

NN

~h ( L o1 (65)ddbs — ) (10.375)

ieV

By taking the first variation of the approximate free energy Ladapive Tap[ 0 {Ri, pili€V}]
with respect to the marginals, we can derive the approximate expressions of R;, 5; (¢;),
and 5(¢) as follows:

exo( gl (i + 1))

k .
) Trexp( g7 (hio? +To%)) (ieV), (10.376)

<
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)

exp(AlT<7lD§¢,z+§(ﬁ+g,) 12(4, &) 7712 b~ ¢)) ))

lijleE

/-+x/~+x /-+x (ﬁ _ ,D’;w,z +;(j, +i)bi — Eh’; b —di) — E" N ,¢/)2))41¢,d¢2..vd¢m

lijleE

(10.377)
1 T I PO
_ exp(m(_i ¢i" + 8idi 3 (¢l - l) ))
PO = T T, 1 ; (10.378)
I T )
where C is the |V|x|V| matrix in which the (i, j)-elements are defined by
[9i] (@ = j)
Cij=1 -1 ({i, jleb), (10.379)
0  (otherwise),

for any nodes i(eV) and j(eV). Equations (10.376), (10.377), and (10.378) can be
rewritten as

N
R = ! fit VT4 ! fita/ £i24T2
;=
2cosh( A=/ 2+ T2) 2V fi*+T?2 7/—7 1
kT /”, +I'=

r
X(exp(JrkBlT /7fi2+rz) 0 )( 1 +;+;Z+r)
| :

r
0 o~V +12) )\~ me

(10.380)

N det((h + D)1V 4 JC)
o) = \/ a7

XeXP( - TcLT (¢ —(+D) I+ i) (f+ g+ hd))T((h +D)1'V JC)

x(6— (@ + DI 4 ¢ (f g+ hd))), (10.381)

o [h+L gi +hd \?\
0i(¢i) = oy ep<_2kT(h+ )( WL >)(lEV), (10.382)

The Lagrange multipliers f, g, L, and D are often referred to as the effective fields and
are determined so as to satisfy the consistencies in Eq. (10.373), which reduce to the
following simultaneous equations:
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g+hd=(n+L)((0 -1 4 sc) ', (10.383)

f+g+hd= ((D L)1 4 JC)il V2T

fiv 1 2
N CACTE

(10.384)
L:—h+;+\/l+‘]/l(f+g+hd)T(f+g+hd), (10.385)
1 1 1
= —Tr(((h+ D)1 +y0)7").
Y [T+ e+ hdT(f+g+nd) V] ( )
(10.386)
The real symmetric matrix C is diagonalized as
C=UAU"', (10.387)
A 0 0 0
0 A O 0
A=|0 02 0 | (10.388)
000 Ay

where A; > Ay > A3 > .-+ > Ajy|. All the eigenvalues 11, Ay, - - -, Ay are always real num-
Uy

Ui
bers. For the eigenvector u; = . l corresponding to the eigenvalue 4; such that

Ui
Au; = )u;, for every ief1,2,3, - -, M}, the matrix U is defined by
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Upyp U U -+ Upy
Up Uxn U -+ Uzy

U=, upuz, - uy)=| Ust U2 Uss - Usy| | (10.389)

Uvin Uyp Uy - Uy

It is known that U is a unitary matrix that satisfies U~! = UT for the real symmetric
matrix C. By using the diagonal matrix A and unitary matrix U, the density matrix R
in Eq. (10.390) can be represented as follows:

__ o0 evhy, 1 .1
exp( TRy ((hl +IA)RI ); e

k= 1 vl vl 1 s (10390)
(@) @V _ L gt
Tr[eXP< Ul ((hl +JA)eI )§ szT’;' E)]
where
s of d
z
d.
=] 2 |- (vTer®™h) 2 w1 yawt| | |er@™,
914 "IZV| dy|
(10.391)
& of 1evhvy
& of 1evhvy
e=| T |= (UT®1(2|V|)> L | . (10392)
§v) oy 7@V

By using the Gram-Schmidt orthonormalization in the framework of Fig. 10.17,
we introduce a new unitary matrix

fjll 512 ﬁ13 ﬁ”f/‘|
Uar Un Uy - Uy,
O=| Usi U Usz -+ Uy, 5(51,52,53,...,5”,;'), (10.393)

Uion Ygp Yps - Uiy

where
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Graph 3 -1 0 -1 0 -1 4 0 0 0 0 o0
Laplacian -1 2 -1 0 0 O 0 4 0 0 0 O
Matrix | = 0o -1 3 -1 0 -1 |_ u 0 0 4 0 0 0 uT

=1 0 -1 4 =1 -1 0 0 0 4 0 O
0 0 0 -1 2 =1 00 0 0 A 0
-1 0 -1 -1 -1 4 00 0 0 0 A
Unitary Matrix of L Ry o A dg A R g
Ull U‘IZ UIB U‘14 UlS U‘IB U U U
Upi Uzp Uz Uzy Ups Uz 1 ta e
= Uy Uy Up
U= UJI U3Z U33 U31 UZS U36 U U. U
Usyy Usp Uss Ugy Uys U 31 2 Uss
UE 1 USZ U53 US4 USS USB
Uﬁ]. UGZ U63 US4 UES UGB
Gram-Schmidt Orthonormalization
s Uy, U Uy 4, 0 0
U= UZI 522 UZS Y L:U(U A; D)UT
Usi Uiz Uss New Graph ¥k
where 1 0 0 Laplacian
Uo0T=0"0=(0 1 0 Matrix
001
Fig. 10.17 Momentum space renormalization group for graphical models on random graphs
Un Uiz Ui
Uz Uz Uy
v = P S T A | (10.394)
Y Uiz Ui
u’
u'1 = vy, iy = 1_
i T
u'Tv ~ ),
Wy =w-h = /72T ,
o u'z u'2
’ u’lTUS ’ u’va3 ’ ~ ué
Wy =vy- B 2By =2, (10.395)
1" 2 "2 TAA
u'Tv~ u’Tv~ u Vs u
2P S |7 2 WVl wi-1 vt o, o~ VI
o TV T Ty T T e T g gy S R
1 2 V-1 "171-1 717

By using the new unitary matrix & and a diagonal matrix A
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A 00 - 0
02 0 - 0
A=]002- 0 | (10.396)
00 0 - A

we introduce a renormalized density matrix R from the standpoint of the momentum
space renormalization group for general graphs as

I ~p (2|‘7|) ~ (2|‘7|) ~ 1 ~pe
—— 7 (n1 IX)I -
5o exP( 2T ® <( +IA)® § = 2iprt ¢

1 1V 71 1 (10397)
b0 L Her@)\ 7 1
B ST
where
B3] of 4
z. 5 oz - b7 .
i=| s(ﬁT®1<2'V'>> o e s axyer| T er@™,
s z ~
571 7 d
(10.398)
gl of 1(2":'|‘7I)
~ & = oy 72VhP)
E=| . E(UT®1<2'V'>> ] T B (10.399)
: ,; i
&7 %7 eV
a IZII le gl3 (ZI\VI Ui Uyn U - Uyp di
d> Uar U Uz - Uy U Uxn U -+ Uyp >
Tl = | U U Uz -+ Uy Us Uy Uss - Uyps ds
me NZN ~:~ Ni - U'~ U.~ U.~ ~--U.~ d.
Ui Ui Yz - Uiy 17 Uy Uy v/ \dy
(10.400)

For this density matrix P in Eq. (10.397), we can formulate the approximate reduced

density matrix R; and the approximate Gaussian marginal probability density func-
tion (@) = 21, ¢2, - -, o) and 5(¢;) for the corresponding quantum adaptive TAP

approximation as follows:
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_ r
2 _ fi+ A +12 ! Fi+\ /7412
i r
2cosh<k ‘/ ) 2\ /; +F2 f+/f +r2 !
r
( (%m) 0 )( : f,,/f+1“2)
: .

r
exp(kaLT 2+ r2)

JiwJJ4T2

(10.401)
. det((h+ D) 147D 4 JR)
P(¢]~¢2""»¢‘V‘) = (ZyrkBT)|‘7|
1 7 -1 '
xexp( - W(a— ﬁ((lt + ﬁ)I(IVI) + JX) ﬁT(f+§+h;))

((h + D)y 4 JA)UT

xU
(" ﬁ((h + D)1 4 JX)ilﬁT(f+§+hZ)>),

(10.402)

X

~ | h+L 1 % + hd; s
pi(¢i) = 2nkBTexP( YT T(h+ )<¢, I N ))(lEV). (10.403)

The reduced density matrix ;t%i and the marginal probability density functions 7; (¢;)
and 'ﬁ(m, ¢, -, ¢|‘7‘) need to satisfy the consistencies

too =~ ~
Gip; (i)ddi = Tro*R; (i€V),
—00

00

+OC “+o00 —+o00 ~
/ [ 0o ao)dndon: vy =
+oc ® +oo +00 ~
/ ¢12P ¢l 2, ¢\\7\)d¢ld¢2' : ‘d¢|x7\ = Z/ ¢i2,0i(¢i)d¢i =1
V" T

(10.404)

The Lagrange multipliers f, g, Z, and D are determined so as to satisfy the consis-
tencies in Eq. (10.404), which reduce to the following simultaneous equations:

~ —1
F+hd= (h+Z)z7<(5_Z)1<IVI> +J‘A”) gy, (10.405)



262 K. Tanaka

~ ~f o~ o~ = ~\ 1~ s
F+E+ha=0((B-T)10% X)) g7 Vi

(10.406)
L= —htiy l+L(fﬂ?+izz7)T(er§+f15’> (10.407)
277V 4 W ’

/N

(B - D)1 Jx)“].

<

! = Tr|:
%+\/i+r¢7(f+§+hd)T(f+§+hc7) |
(10.408)

10.5.4 Suzuki-Trotter Decomposition in the Transverse Ising
Model

In this section, we review the Suzuki-Trotter formulas and extensions from con-
ventional quantum loopy belief propagation using them. In quantum probabilistic
graphical models, the state space is defined by all the eigenvectors of the density
matrix R and the probability of each eigenvector is given by the eigenvalue as men-
tioned in Sect. 10.4.2. To compute some statistical quantities by using the Monte
Carlo method, it is necessary to diagonalize the energy matrix H, which is a massive
computation. Instead of such a scheme, quantum Monte Carlo methods based on
the Suzuki-Trotter formulas were proposed [89]. One important part of the quan-
tum Monte Carlo method is the mapping from a quantum probabilistic graphical
model to a conventional (classical) probabilistic graphical model by introducing the
techniques of Suzuki-Trotter decompositions. It is known that some statistical quan-
tities for conventional (classical) probabilistic graphical models can be computed by
MCMC methods. This is a basic idea behind quantum Monte Carlo methods. Let
us first review the Suzuki-Trotter formulas and explicitly give a detailed scheme of
Suzuki-Trotter decompositions for the transverse Ising model in Eqgs. (10.226) and

(10.227) with Eq. (10.301).
From the definition of the exponential function for square matrices, we have
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exp(x(A+B)=1+x(A+B)+ %xz(A +B)2 + 03 (x—0), (10.409)
exp(xA) = I +xA + %szz + 063 (x— +0), (10.410)
exp(xB) = I +xB + %x282+0(x3) (x— +0). (10.411)

From these equalities, the following formula can be confirmed:
exp(x(A + B)) = exp(xA)exp(xB) + O(xz) (x— +0). (10.412)

Moreover, we have

exp(xA) = [exp(%A)]M + o(fj) 2 < M), (10.413)

exp(x(A + B)) = [exp(%A)exp(%BﬂM + O(f;) ()c2 <L M). (10.414)

Generally, for a graph (v, E) with the set of nodes vV = {1, 2, - - -, N} and the set of edges
E = {{i, j}}, we have

M
2
exp(x Z A{i,”) :|: l_[ exp(j/[A{i’j})i| +O<)ICW> 2 < M), (10.415)

{i,jleE {i,j}eE

CXP(X D Auptr ) Bri,n)

{i,j}eE {i,jeE
M 2
= [( I1 exp(;A{i,ﬂ))( [1 exp(;B{i,n))} +O<fw> o2 < M),
{i,jleE {i,jleE
(10.416)

These are referred to as a Suzuki-Trotter Decomposition [87, 88].
For the case of N =2, we consider an energy matrix H defined by

H = —Jofoi — hjof — haof —Tof —Toy. (10.417)



264 K. Tanaka

Itis referred to as a quantum transverse Ising model on a chain (v = {1, 2}, E = {{1,2}})
with three nodes and two edges. By using the above Suzuki-Trotter formula, we have

1
(s1.1, Sz,lleXp(—kaTH>|s{,] 285 9)

1 1 M
— 7,2 z z x x
= MIHR [exp(kBT (Jofa + hiof +h262)>exp<kBT (Tof + o3 ))]

N D IS DD IED DIEED DIED DL NN
T]V|EQ'L'z_]6951_26952126911,2€QT2'2€Q SI_MEQSQ.MEQ
1 1

X l_[ ((Sl,m:52,m‘exp<kBTM (Jo'lzazz +h]0']z +h2‘72z)>|f],mv ™.m)

m=1

1
(5t 2lexp (s (Cof 4 T05) Jstmersnmin) ). (10418)

Note that

Fof + oy =To*®I +TI®c". (10.419)

By using Eq. (10.253), Eq. (10.418) can be rewritten as

1
{s1,1, 82,1 Iexp<—kaTH)|Si$1, $5.1)

:ML‘TOO Z Z Z Z LENTIRRL S

S12€RQ8522€Q 51 MEQSL, MER

M
1
Xml_[:l(exp(kBTM (Js1,ms2,m + hisim + h252,m)>

1 1
X (Sl,m: 52.m| <eXp(kBTM F(Tx>®l> (I®eXp(kBTM rax)> |51.m+1 s 52.m+1>>~

(10.420)

Moreover, by the definition of the tensor product for A®I and I®A for any matrix A
in terms of Eq. (10.238), we have

1 1
($1,m> S2.m|<exp<kBTM Fox>®l> <I®exP(kBTM F0x>> [$1,m+1552,m+1)
= Stnlesp( 1 P Yt s2miexp( o 70 i)

cosh(#l“) sinh(#lﬁ
kgTM kg TM
= (Sl,ml( B B S1,m+1)

. 1 1
smh(m l") cosh(m 1")

cosh( 1 F) sinh( ! F)
*{52,m] ( o (::;Zr> o CB{T“; ) ) I2,m41)- (10.421)
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Equation (10.420) can be rewritten in terms of the two-dimensional representation
as
1 / /
(51,1, 52,1]exp _KH Is1.1,59.1)

= lim Z Z Z Z S1M+1‘|1‘2M+1Y2|

M—+o00
+ s1, 2€QS2 2€Q S1, MEQSz MERQ

1
X 1_[ <exp(m(151,ms2,m + hlsl,m + h2x2,m)>
(5t m] cosh(kBTMF> sinh(kBTMF) s 0
" h( LT cosh( LT tmt
sinh( o7 e TM

cosh( 1 F) sinh( ] F)
X (82 ml(sinh(;:;:jf) cosh(:z% >)52.m+1))- (10422)

Eventually, the density matrix P of the transverse Ising model for two nodes in Eq

(10.417), such that
orH
xp(“rr 1) (10.423)

i e

can be reduced to the probability distribution P (sy, 55,53, -, spr, spr1) TOT s =

(Sl"” ) (m=1,2,---,M+1) on the 2x(M + 1) ladder graph as follows:

2.m
/ /
(51,1, 92,11Plsy 1. 85 1)
o (M)
_Mﬂﬂw )RR DD DR SLM+1-5] 1 Ssymyrs P (152,83, SM SM+1),
51€9255€Q?  speQlsyyygeQ?
(10.424)
where

PM(sy, 59,53, -, Sm. Sp41)

M
1 1
l:[ (eXP(m(“l,mSZ,m +histm + h252,m)>

VAL

1
xexp(m(K(MT, 1—‘)Sl,msl,m+1 + KMT, F)SZ,m52,m+l))>s
(10.425)
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zM = Z Z Z Z 851 ma151,1 052, p1052,1

$12€R222€R2 5|y ERSY Y ER

M
1
X l_[l (SXP(kBTM (Jsl,mSZ,m + hlsl,m + h252,m)>
m=

1
XexP(kBTM (K(MT,T)s1,ms1,m+1 + K(MT, F)Sz,msz,m+1)>),

(10.426)

cosh(

’ﬂ‘_
L
SN—"

kp

K(T,T') =kgTln _
sinh(kBLTF)

(10.427)

The density matrix P in Eq. (10.423) of the transverse Ising model for |V| nodes

vV =1{1,2,---,|V|}, which is given by Eqgs. (10.226) and (10.227) with Eq. (10.301),

can be reduced to the matrix representation for s probability distribution
S1,m

$2.m
PM)(s1,55,53, - Sp1> Spp41) TOT s = ) (m=1,2,---,M+1) on the |V|x(M + 1)

ladder graph as follows:

! / /
<~V1,1~5241’""S\V\.]|P|S|v1aszvl~"‘~-“‘V|,1)

:MET-DC oy ey > (

||5,_ J/ P(M)(S1,Sz,S3,~~-SM~SM+1),
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sleQW‘szeﬂ‘W SMEQW'SM leQW‘

ieV
(10.428)

where

PM (51, 52,83, SM, SM+1)

1
= ——JSimSi
) l_[ eXp( i,m j,m)
U (i, j)eE ksTM

1 1
X (Hexp(kBTM K(MT’ F)si,lnsi,m—O—l)) (iel_‘[/exp(whisi.m>> 5

(10.429)
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T T ()

51€QlVis, eVl spyeQlVl \ieV

M
1
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m=1 \{i,j}eE
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e p ke T M i,mSi,m+1 - p ke TM iSi,m

(10.430)

The dynamics of quantum Monte Carlo methods based on Suzuki-Trotter decom-
positions have been analyzed by using Glauber dynamics [101, 102] and Langevin
dynamics [103, 104]. Recently, these analyses are applied to some statistical machine
learning systems with quantum annealing [105, 106]. Some statistical analysis of
quantum Monte Carlo methods for statistical inferences based on Suzuki-Trotter
decompositions [87, 88] are shown in Chaps. 12 and 13 of Part III of this book.

We now try to construct a modification of the conventional quantum message
passing rule in Eq. (10.335) for the transverse Ising model in Egs. (10.226) and
(10.227) with Eq. (10.301) by imposing the assumption that all off-diagonal elements
ofx;_,; and A;_, ; for any edge {i, j}(<E) are zero. By using the Suzuki-Trotter formulas
in Egs. (10.415)—(10.416), Eq. (10.335) can be represented as follows:
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M
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X Z Z s. 1S M1 l_[( <k ™ Jstmsjm)>exp<k TMhd Sjm>
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The sufficient conditions for Eq. (10.432) are given by
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(10.433)

By taking the summations )" .- " and the limit M— + oo on both sides of Eq.
S,‘yzEQ Si.M eQ
(10.433), modified message passing rules can be derived as follows:

1 1
exp(k T)‘J_”+k TFG >

— i . L z z x
= Zu l]Tr\, [exp(k T(J(a ®I)(I®s?) + (o ®I))

+ﬁl®(hd 0% 4 To* + ‘Z.x,ﬂ.)ﬂ. (10.434)
l€dj\{i}

We remark that the modified message passing rules of Eq. (10.434) can be derived by
considering the Bethe free energy functional in the cluster variation method with a
ladder-type basic cluster for the probabilistic graphical model [107] in Egs. (10.429)—
(10.430). While the conventional framework of quantum belief propagations was
given as a quantum cluster variation method in Ref. [90], some extensions of loopy
belief propagations have been proposed in Refs. [108—111] from a quantum statistical
mechanical standpoint.
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10.6 Concluding Remarks

This chapter explored sublinear modeling based on statistical mechanical informat-
ics for statistical machine learning. In statistical machine learning, we need to com-
pute some statistical quantities in massive probabilistic graphical models. Statistical
mechanical informatics can provide us with many statistical approximate computa-
tional techniques. One is the advanced mean-field framework, which includes mean-
field methods and loopy belief propagation methods such as the Bethe approximation.
The advanced mean-field framework can provide good accuracy for statistical quan-
tities, including averages and covariances. Some statistical quantities in probabilistic
graphical models sometimes have phase transitions when computing the advanced
mean-field method. As we have already shown in Sect. 10.3.3, we have two familiar
phase transitions, namely, the first- and second-order phase transitions. Each step
of the EM algorithm is often affected by the first-order phase transition because the
internal energy in the prior probabilistic model has a discontinuity. This difficulty
appears in the convergence procedure of the EM algorithm, in which the trajectory of
a hyperparameter passes through not only the equilibrium state but also metastable
and unstable states in the loopy belief propagation of probabilistic segmentations in
Sect. 10.3.5. We show that some algorithms based on loopy belief propagation in
probabilistic segmentations can be accelerated by the inverse real-space renormal-
ization group techniques in Sect. 10.3.6.

The second part of this chapter explored quantum statistical machine learning
and some statistical approximate algorithms in quantum statistical mechanical infor-
matics for realizing the framework. Quantum mechanical computations for machine
learning are rapidly developing in terms of both academic research and industrial
implementation. In Sect. 10.4, we explained the modeling framework of density
matrices and some fundamental mathematics for it and expanded the modeling frame-
work to the quantum expectation-maximization algorithm. In Sect. 10.5, we showed
the fundamental frameworks of quantum loopy belief propagation and quantum sta-
tistical mechanical extensions of the adaptive TAP method. Moreover, we reviewed
the Suzuki-Trotter expansion, and the real and the momentum space renormalization
group for sublinear modeling of density matrices.

Recently, we have the framework of massive fundamental mathematical model-
ing in the statistical machine learning theory for many practical applications, such
that, mainly the sparse modeling [4, 5] and the deep learning [10]. Many academic
researchers are interested in interpretations of such modelings in the stand point of
probabilistic graphical models in the statistical mathematics [2, 3, 7] and the statisti-
cal mechanical informatics [8, 9, 13, 17]. Now we have novel technologies for real-
izing quantum computing in the stand point of quantum mechanical extensions of the
statistical mechanical informatics, such that, for example, D-wave Quantum Annealer.
Some results in which the D-Wave quantum annealers have achieved high perfor-
mance computing have appeared in Refs. [112-116]. Some recent developments
of the probabilistic graphical modelings and their static and dynamical analysis of
the advanced mean-field methods and the Suzuki-Trotter decompositions as well as
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the replica methods for realizing sublinear modeling are shown in the subsequent
Chaps. 12 and 13 of the present part of this book, in the statistical mechanical point
of view.
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