
Chapter 10
Review of Sublinear Modeling in
Probabilistic Graphical Models by
Statistical Mechanical Informatics and
Statistical Machine Learning Theory

Kazuyuki Tanaka

Abstract We review sublinear modeling in probabilistic graphical models by statis-
tical mechanical informatics and statistical machine learning theory. Our statistical
mechanical informatics schemes are based on advanced mean-field methods includ-
ing loopy belief propagations. This chapter explores how phase transitions appear in
loopy belief propagations for prior probabilistic graphical models. The frameworks
are mainly explained for loopy belief propagations in the Ising model which is one
of the elementary versions of probabilistic graphical models. We also expand the
schemes to quantum statistical machine learning theory. Our framework can provide
us with sublinear modeling based on the momentum space renormalization group
methods.

10.1 Introduction

Statistical machine learning frameworks using probabilistic graphical models are
useful for many applications, including information communication technologies
[1–3], compressed sensing [4, 5] and neural information processing systems [6–10]
in data-driven sciences.

Most probabilistic graphical models belong to the exponential family [11] and can
be regarded as classical spin systems in statistical mechanical informatics [12–17].
However, it is well known that many applicable formulations in data sciences as well
as computational sciences can be reduced to combinatorial problems with some con-
straint conditions which can be regarded as an Ising Model in statistical mechanical
informatics [18, 19]. Moreover, much interest has focused on applying quantum
annealing as a novel high-speed optimization technology to massive optimization
problems [20–24].
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10.2 Statistical Machine Learning

In statistical machine learning, most of the mathematical frameworks for machine
learning are based onmaximum likelihood frameworks [25, 26] fromstatisticalmath-
ematical sciences. The important points are how to assume the prior distribution and
the data generative probability distribution and how to express the joint probability
between the parameters and the data vector. In this section, we explore maximum
likelihood frameworks in terms of model selection and parameter selection from a
given data vector.

10.2.1 Bayesian Statistics and Maximization of Marginal
Likelihood

Let us consider a graph specified by nodes and edges, (V, E), where V is the set of all
nodes i and E is the set of all edges {i, j}. State variables si and di are associated with

each node i . The vectors s =

⎛
⎜⎜⎜⎝

s1
s2
...

s|V |

⎞
⎟⎟⎟⎠ and d =

⎛
⎜⎜⎜⎝

d1
d2
...

d|V |

⎞
⎟⎟⎟⎠ correspond to the parameters

and the data vector, respectively. The state spaces of si and di are given by � and
(−∞,+∞), respectively. Now ρ(d|s, β) and P(s|α) which correspond to the data
generative and prior models, respectively, are assumed to be as follows:

ρ(d|s, β) =
∏
i∈V

√
β

2π
exp

(
−1

2
β(di − si )

2

)
, (10.1)

P(s|α) =

∏
{i, j}∈E

exp

(
−1

2
α
(
si − s j

)2)

∑
s1∈�

∑
s2∈�

· · ·
∑
s|V |∈�

∏
{i, j}∈E

exp

(
−1

2
α
(
si − s j

)2) . (10.2)

The expressions for the posterior probability P(s|d, α, β), joint probability
ρ(s, d|α, β), and marginal likelihood ρ(d|α, β) are given by Bayes formulas as
follows:

P(s|d, α, β) = ρ(s, d|α, β)

ρ(d|α, β)
= ρ(d|s, β)P(s|α)

ρ(d|α, β)
, (10.3)
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ρ(s, d|α, β) = ρ(d|s, β)P(s|α), (10.4)

ρ(d|α, β) =
∑
s1∈�

∑
s2∈�

· · ·
∑
s|V |∈�

ρ(s, d|α, β)

=
∑
s1∈�

∑
s2∈�

· · ·
∑
s|V |∈�

ρ(d|s, β)P(s|α). (10.5)

Estimates of the hyperparameters and the parameter vector α̂, β̂, ŝ = (̂
s1, ŝ2, · · ·, ŝ|V |

)
are determined by

(̂
α(d), β̂(d)

) = argmax
(α,β)

ρ
(
d
∣∣α, β

)
, (10.6)

ŝi (d) = argmax
si∈�

Pi
(
si
∣∣d, α̂(d), β̂(d)

)
(i∈V ). (10.7)

Equations (10.6) and (10.7) are referred to as themaximization of marginal likeli-
hood (MML) [25, 26] and the maximization of posterior marginal (MPM) [27],
respectively.

10.2.2 Expectation-Maximization Algorithm

Theexpectation-maximization (EM)algorithm is oftenused tomaximize themarginal
likelihood in Eq. (10.6) [25, 26]. TheQ-function for the EM algorithm in the present
framework is defined by

Q(
α, β

∣∣α′, β ′, d
) ≡

∑
s1∈�

∑
s2∈�

· · ·
∑
s|V |∈�

P
(
s
∣∣d, α′, β ′)ln(ρ(s, d∣∣α, β

))
. (10.8)

The EM algorithm is a procedure that performs the following procedures of E- and
M-step repeatedly for t = 0, 1, 2, · · · until α̂(d) and β̂(d) converge:

E-step: Compute Q(
α, β

∣∣α(d, t), β(d, t), d
)
for various values of α and β.

M-step: Determine
(
α(d, t + 1), β(d, t + 1)

)
so as to satisfy the extremum con-

ditions of Q(
α, β

∣∣α(d, t), β(d, t), d
)
with respect to α and β. Update

α̂(d)←α(d, t + 1) and β̂(d)←β(d, t + 1).

Theupdate rule from (α(d, t), β(d, t)) to (α(d, t + 1), β(d, t + 1)) for the extremum
conditions can be written as
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1

|E |
∑

{i, j}∈E

∑
s1∈�

∑
s2∈�

· · ·
∑

s|V |∈�

(
si − s j

)2P(s1, s2, · · ·, s|V |
∣∣α(d, t + 1)

)

= 1

|E |
∑

{i, j}∈E

∑
s1∈�

∑
s2∈�

· · ·
∑

s|V |∈�

(
si − s j

)2P(s1, s2, · · ·, s|V |
∣∣d, α(d, t), β(d, t)

)
,

(10.9)

1

β(d, t + 1)
= 1

|V |
∑
i∈V

∑
s1∈�

∑
s2∈�

· · ·
∑

s|V |∈�

(si − di )
2P

(
s1, s2, · · ·, s|V |

∣∣d, α(d, t), β(d, t)
)
.

(10.10)

The marginal probability distributions of P
(
s
∣∣d, α, β

)
and P

(
s
∣∣α) are introduced as

Pi
(
si
∣∣d, α, β

) ≡
∑
τ1∈�

∑
τ2∈�

· · ·
∑

τ|V |∈�

δsi ,τi P
(
τ1, τ2, · · ·, τ|V |

∣∣d, α, β
)
(i∈V ), (10.11)

Pi j
(
si , s j

∣∣d, α, β
) = Pji

(
s j , si

∣∣d, α, β
)

≡
∑
τ1∈�

∑
τ2∈�

· · ·
∑

τ|V |∈�

δsi ,τi δs j ,τ j P
(
τ1, τ2, · · ·, τ|V |

∣∣d, α, β
)
({i, j}∈E),

(10.12)

Pi j
(
si , s j

∣∣α) = Pji
(
s j , si

∣∣α)

≡
∑
τ1∈�

∑
τ2∈�

· · ·
∑

τ|V |∈�

δsi ,τi δs j ,τ j P
(
τ1, τ2, · · ·, τ|V |

∣∣α) ({i, j}∈E).

(10.13)

In this way, the extremum conditions can be reduced to

1

|E |
∑

{i, j}∈E

∑
si∈�

∑
s j∈�

(
si − s j

)2
Pi j

(
si , s j

∣∣α(d, t + 1)
)

= 1

|E |
∑

{i, j}∈E

∑
si∈�

∑
s j∈�

(
si − s j

)2
Pi j

(
si , s j

∣∣d, α(d, t), β(d, t)
)
, (10.14)

1

β(d, t + 1)
= 1

|V |
∑
i∈V

∑
si∈�

(si − di )
2Pi

(
si
∣∣d, α(d, t), β(d, t)

)
. (10.15)

To realize the EM procedure as a practical algorithm, Markov chain Monte
Carlo (MCMC)Methods are often used, which are powerful probabilistic methods
[28, 29]. In some recent developments, advanced mean-field methods from statis-
tical mechanical informatics are also used as powerful deterministic algorithms, as
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shown in Sect. 10.3. Consider the expectation values for both sides of Eqs. (10.9) and
(10.10) with respect to the state vector d of a data point according to the following
probability density function where the hyperparameters α and β are set to their true
values α∗ and β∗, respectively:

ρ(d|α∗, β∗) =
∑

τ∈�|V |
ρ
(
d|τ , α∗, β∗)P(τ |α∗), (10.16)

such that

ρ
(
d1, d2, · · ·, d|V |

∣∣α∗, β∗) =
∑

τ1∈�

∑
τ2∈�

· · ·
∑

τ|V |∈�

ρ
(
d1, d2, · · ·, d|V |

∣∣τ1, τ2, · · ·, τ|V |, β∗)

×P
(
τ1, τ2, · · ·, τ|V |

∣∣α∗)
(
d1∈(−∞,+∞), d2∈(−∞,+∞), · · ·, d|V |∈(−∞,+∞)

)
. (10.17)

We can then derive simultaneous equations for the statistical trajectory {α(α∗, β∗, t),
β(α∗, β∗, t)|t = 1, 2, 3, · · ·}) in the convergence process {(α(d, t), β(d, t))|t =
1, 2, 3, · · ·} of the above EM algorithm.

Equations (10.9) and (10.10) can be rewritten as follows:

1

|E |
∂

∂α(d, t + 1)
(ln(Z(α(d, t + 1)))) = 1

|E |
∂

∂α(d, t)
(ln(Z(d, α(d, t), β(d, t)))),

(10.18)

1

β(d, t + 1)
= 1

|V |
∂

∂β(d, t)
(ln(Z(d, α(d, t), β(d, t)))), (10.19)

where

Z(α) ≡
∑
s1∈�

∑
s2∈�

· · ·
∑
s|V |∈�

∏
{i, j}∈E

exp

(
−1

2
α
(
si − s j

)2)
, (10.20)

Z(d, α, β) ≡
∑
s1∈�

∑
s2∈�

· · ·
∑
s|V |∈�

w
(
s1, s2, · · ·, s|V |

∣∣d, α, β
)
, (10.21)

w
(
s
∣∣d, α, β

) = w
(
s1, s2, · · ·, s|V |

∣∣d1, d2, · · ·, d|V |, α, β
)

≡
(∏
i∈V

exp

(
−1

2
β(si − di )

2

))⎛
⎝ ∏

{i, j}∈E
exp

(
−1

2
α
(
si − s j

)2)
⎞
⎠.

(10.22)

By taking the expectation values of both sides of Eqs. (10.18) and (10.19) with
respect to the state vector of the data point d in the probability density function
ρ(d|α∗, β∗), the simultaneous deterministic equation for the statistical trajectory
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{α(α∗, β∗, t), β(α∗, β∗, t)|t = 1, 2, 3, · · ·} of the EM procedure can be derived as
follows:

1

|E |
∂

∂α(α∗, β∗, t + 1)

(
ln
(
Z
(
α(α∗, β∗, t + 1)

)))

= 1

|E |
∂

∂α(α∗, β∗, t)

(∫ +∞

−∞

∫ +∞

−∞
· · ·

∫ +∞

−∞
ρ
(
d
∣∣α∗, β∗)(ln(Z(d, α(α∗, β∗, t), β(α∗, β∗, t)

)))
dd1dd2· · ·dd|V |

)
,

(10.23)

1

β(α∗, β∗, t + 1)
= 1

|V |
∂

∂β(α∗, β∗, t)
(∫ +∞

−∞

∫ +∞

−∞
· · ·

∫ +∞

−∞
ρ
(
d
∣∣α∗, β∗)(ln(Z(d, α(α∗, β∗t), β(α∗, β∗, t)

)))
dd1dd2· · ·dd|V |

)
.

(10.24)

In the case of a continuous state space � = (−∞,+∞), the posterior and prior
probabilistic models correspond to Gaussian graphical models, and the statistical
trajectory in Eqs. (10.23) and (10.24) can be exactly computed by means of the
multi-dimensional Gaussian integral formula [30].

For a discrete state space �, it is generally hard to treat Eqs. (10.23) and (10.24)
analytically. To estimate Eqs. (10.23) and (10.24), the following quantity is often
introduced in statistical mechanical informatics [13, 17]:

∫ +∞

−∞

∫ +∞

−∞
· · ·

∫ +∞

−∞
ρ
(
d
∣∣α∗, β∗)(ln(Z(d, α, β)))dd1dd2· · ·dd|V |. (10.25)

The quantity in Eq. (10.25) can be rewritten as follows:
∫ +∞

−∞

∫ +∞

−∞
· · ·

∫ +∞

−∞
ρ
(
d
∣∣α∗, β∗)

(
lim

n→+0

1

n

(
Z(d, α, β)n − 1

))
dd1dd2· · ·dd|V |

= lim
n→+0

1

n

∫ +∞

−∞

∫ +∞

−∞
· · ·

∫ +∞

−∞
ρ
(
d
∣∣α∗, β∗)((Z(d, α, β)n − 1

))
dd1dd2· · ·dd|V |

= lim
n→+0

1

n

∫ +∞

−∞

∫ +∞

−∞
· · ·

∫ +∞

−∞
ρ
(
d
∣∣α∗, β∗)

⎛
⎝∑

s1∈�

∑
s2∈�

· · ·
∑

s|V |∈�

w
(
s
∣∣d, α, β

)
⎞
⎠

n

dd1dd2· · ·dd|V | − 1

= lim
n→+0

1

n

(∫ +∞

−∞

∫ +∞

−∞
· · ·

∫ +∞

−∞
ρ
(
d
∣∣α∗, β∗)

×
n∏
j=1

⎛
⎝ ∑

s1, j∈�

∑
s2, j∈�

· · ·
∑

s|V |, j∈�

w
(
s1, j , s2, j , · · ·s|V |, j

∣∣d, α, β
)
⎞
⎠dd1dd2· · ·dd|V |

)
− 1

= 1

Z(α∗)

(√
β∗
2π

)|V |

×
{

lim
n→+0

1

n

(∫ +∞

−∞

∫ +∞

−∞
· · ·

∫ +∞

−∞

⎛
⎝∑

τ1∈�

∑
τ2∈�

· · ·
∑

τ|V |∈�

w
(
τ1, τ2, · · ·τ|V |

∣∣d, α∗, β∗)
⎞
⎠

×
n∏
j=1

⎛
⎝ ∑

s1, j∈�

∑
s2, j∈�

· · ·
∑

s|V |, j∈�

w
(
s1, j , s2, j , · · ·s|V |, j

∣∣d, α, β
)
⎞
⎠
)
dd1dd2· · ·dd|V |

}
− 1. (10.26)
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Equation (10.26) means that computation of the statistical quantity in Eq. (10.25)
can be reduced, up to some normalization constant, to computation of the statistical
quantity in the probabilistic model given by the weight factor

w
(
τ1, τ2, · · ·τ|V |

∣∣d, α∗, β∗) n∏
j=1

w
(
s1, j , s2, j , · · ·s|V |, j

∣∣d, α, β
)
. (10.27)

We remark that the weight factor (10.27) is expressed by considering some replicas
of the posterior probabilistic model P(s|d, α, β) and the analysis starting from the
weight factor (10.27) is referred to as a replica method [13, 17]. One possible case
for analytical treatment is the EM algorithmwith the prior and posterior probabilistic
models in Eqs. (10.2) and (10.3) for the compete graph (V, E). The dynamics of the
EM algorithm with the MCMCmethod can be analyzed by using the replica method
and the master equations for Glauber dynamics [31].1

10.2.3 Expectation-Maximization Algorithm for Probabilistic
Image Segmentations

This section extends the previous section to the statistical machine learning frame-
work for probabilistic image segmentation. In probabilistic image segmentations,
we consider a square grid graph (V, E) in which a light intensity vector di =
(diR, diG, diB) for the three components red diR, green diG and blue diB is assigned
to each node i . The state vector s for the labeled configuration and the data matrix
D for the color image configuration are expressed as

s =

⎛
⎜⎜⎜⎜⎜⎝

s1
s2
s3
...

s|V |

⎞
⎟⎟⎟⎟⎟⎠

, D =

⎛
⎜⎜⎜⎜⎜⎝

d1
d2
d3
...

d|V |

⎞
⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎝

d1R d1G d1B
d2R d2G d2B
d3R d3G d3B
...

...
...

d|V |R d|V |G d|V |B

⎞
⎟⎟⎟⎟⎟⎠

. (10.28)

Here ρ(D|s, a(+1), a(−1),C(+1),C(−1)) and P(s|α) are assumed to be as fol-
lows:

ρ(D|s, a(+1), a(−1),C(+1),C(−1)) =
∏
i∈V

g
(
di
∣∣si , a(si ),C(si )

)
, (10.29)

1 Glauber dynamics was proposed in Ref. [32].
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P(s|α) =

∏
{i, j}∈E

exp
(−2α

(
1 − δsi ,s j

))

∑
s1∈�

∑
s2∈�

· · ·
∑
s|V |∈�

∏
{i, j}∈E

exp
(−2α

(
1 − δsi ,s j

)) , (10.30)

where

g
(
di
∣∣si , a(si ),C(si )

) ≡
√

1

det(2πC(si ))
exp

(
− 1

2
(di − a(si ))C

−1(si )(di − a(si ))
T
)

,

(10.31)

a(+1) =
⎛
⎝

aR(+1)
aG(+1)
aB(+1)

⎞
⎠, a(−1) =

⎛
⎝

aR(−1)
aG(−1)
aB(−1)

⎞
⎠, (10.32)

C(+1) =
⎛
⎝

CRR(+1) CRG(+1) CRB(+1)
CGR(+1) CGG(+1) CGB(+1)
CBR(+1) CBG(+1) CBB(+1)

⎞
⎠, C(−1) =

⎛
⎝

CRR(−1) CRG(−1) CRB(−1)
CGR(−1) CGG(−1) CGB(−1)
CBR(−1) CBG(−1) CBB(−1)

⎞
⎠.

(10.33)

Note that the probabilistic graphical model in Eq. (10.30) is referred to as a Potts
mode [33].

In probabilistic segmentation and clustering, ρ(D|s, a(+1), a(−1),C(+1),C(−1))
in Eq. (10.29) and P(s|α) in Eq. (10.30) correspond to the data generative and prior
models, respectively. The joint probability of s and D is expressed in terms of the
data generative and prior distributions, ρ(D|s, a(+1), a(−1),C(+1),C(−1)) and
P(s|α), as follows:

ρ(s, D|α, a(+1), a(−1),C(+1),C(−1)) ≡ ρ(D|s, a(+1), a(−1),C(+1),C(−1))P(s|α).

(10.34)

By using the joint probability distribution, the posterior probability
P(s|D, α, a(+1), a(−1),C(+1),C(−1)) and the marginal likelihood
ρ(D|α, a(+1), a(−1),C(+1),C(−1)) are defined by using Bayes formulas as fol-
lows:

P(s|D, α, a(+1), a(−1),C(+1),C(−1)) ≡ ρ(s, D|α, a(+1), a(−1),C(+1),C(−1))

ρ(D|α, a(+1), a(−1),C(+1),C(−1))
,

(10.35)

ρ(D|α, a(+1), a(−1),C(+1),C(−1))

≡
∑
s1∈�

∑
s2∈�

· · ·
∑

s|V |∈�

ρ(s, D|α, a(+1), a(−1),C(+1),C(−1)). (10.36)
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Estimates of the hyperparameters and parameter vector, namely, α̂(D), â(+1|D),
â(−1|D), ̂C(+1|D), ̂C(−1|D), ŝ(D) = (̂

s1(D), ŝ2(D), · · ·, ŝ|V |(D)
)
are deter-

mined by
(
α̂(D), â(+1|D), â(−1|D), ̂C(+1|D), ̂C(−1|D)

)

= arg max
(α,a(+1),a(−1),C(+1),C(−1))

ρ
(
D
∣∣α, a(+1), a(−1),C(+1),C(−1)

)
, (10.37)

ŝi (D) = argmax
si∈�

Pi
(
si
∣∣D, α̂(D), â(+1|D), â(−1|D), ̂C(+1|D), ̂C(−1|D)

)
(i∈V ).

(10.38)

The Q-function for the EM algorithm in the present framework is defined by

Q(
α, s(+1), a(−1),C(+1),C(−1)|s′(+1), s′(−1),C ′(+1),C ′(−1), D

)

≡
∑
s1∈�

∑
s2∈�

· · ·
∑
s|V |∈�

P
(
s|D, α, a′(+1), a′(−1),C ′(+1),C ′(−1)

)

×ln(ρ(s, D|α, a(+1), a(−1),C(+1),C(−1))). (10.39)

The EM algorithm is a procedure that performs the following E-step and M-
step repeatedly for t = 0, 1, 2, · · · until α̂(D), â(+1, D), â(−1, D), ̂C(+1, D),
̂C(−1, D) converge:

E-step: Compute Q (
α, a(+1), a(−1),C(+1),C(−1)

∣∣α(t), a(+1, t), a(−1, t),
C(+1, t),C(−1, t)) for various values of a(+1), a(−1), C(+1), and
C(−1).

M-step: Determine α(t + 1), a(+1, t + 1), a(−1, t + 1), C(+1, t + 1), and
C(−1, t + 1) that satisfy the extremum conditions of Q-function with
respect to a(+1), a(−1), C(+1) and C(−1) as follows:

(α(t + 1), a(+1, t + 1), a(−1, t + 1),C(+1, t + 1),C(−1, t + 1))

← extremum
α,a(+1),a(−1),C(+1),C(−1)

Q(
α, a(+1), a(−1),C(+1),C(−1)

∣∣α(t), a(+1, t), a(−1, t),C(+1, t),C(−1, t), D
)
.

(10.40)

Update α̂(D)←α(t + 1), â(+1, D)←a(+1, t + 1), â(−1, D)←a(−1,
t + 1), ̂C(+1, D)←C(+1, t + 1) and ̂C(−1, D)←C(−1, t + 1).

By using the equalities in Eqs. (10.29), (10.30), (10.34), and (10.35), the EM algo-
rithm by theQ-function can be reduced to the following simultaneous update rules:

1

|E |
∑

{i, j}∈E

∑
si∈�

∑
s j∈�

(
1 − δsi ,s j

)
Pi j

(
si , s j

∣∣α(t + 1)
)

= 1

|E |
∑

{i, j}∈E

∑
si∈�

∑
s j∈�

(
1 − δsi ,s j

)
Pi j

(
si , s j

∣∣D, α(t), a(+1, t), a(−1, t),C(+1, t),C(−1, t)
)
,

(10.41)
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a(si , t + 1) =

∑
i∈V

di Pi
(
si
∣∣D, α(t), a(+1, t), a(−1, t),C(+1, t),C(−1, t)

)

∑
i∈V

Pi
(
si
∣∣D, α(t), a(+1, t), a(−1, t),C(+1, t),C(−1, t)

) (si∈�),

(10.42)

C(si , t + 1)

=

∑
i∈V

(di − a(si , t))
T(di − a(si , t))Pi

(
si
∣∣D, α(t), a(+1, t), a(−1, t),C(+1, t),C(−1, t)

)

∑
i∈V

Pi
(
si
∣∣D, α(t), a(+1, t), a(−1, t),C(+1, t),C(−1, t)

) (si∈�),

(10.43)

where

Pi (si |D, α, a(+1), a(−1),C(+1),C(−1))

≡
∑
τ1∈�

∑
τ2∈�

· · ·
∑

τ|V |∈�

δsi ,τi P
(
τ1, τ2, · · ·, τ|V |

∣∣D, α, a(+1), a(−1),C(+1),C(−1)
)
(i∈V ),

(10.44)

Pi j (si , s j |D, α, a(+1), a(−1),C(+1),C(−1))

= Pji (s j , si |D, α, a(+1), a(−1),C(+1),C(−1))

≡
∑
τ1∈�

∑
τ2∈�

· · ·
∑

τ|V |∈�

δsi ,τi δs j ,τ j P
(
τ1, τ2, · · ·, τ|V |

∣∣D, α, a(+1), a(−1),C(+1),C(−1)
)
({i, j}∈E),

(10.45)

Pi j (si , s j |α) = Pji (s j , si |α)

≡
∑
τ1∈�

∑
τ2∈�

· · ·
∑

τ|V |∈�

δsi ,τi δs j ,τ j P
(
τ1, τ2, · · ·, τ|V |

∣∣α) ({i, j}∈E).

(10.46)

10.3 Statistical Mechanical Informatics

In statistical mechanical informatics [13–17], Ising models are very familiar prob-
abilistic models for which computations are done by statistical mechanical tech-
niques, including advanced mean-field methods, renormalization group methods,
Monte Carlo simulations, and replica methods [36, 37]. This section reviews the
framework of the Ising model and associated advanced mean-field methods.2

2 A review of both exact results and approximate results as well as perturbative computations for
Ising models is given in Refs. [34, 35].
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10.3.1 Ising Model

Let us consider an Ising model defined by the following probability distribution for
the state space � = {+1,−1} for the state variable si at each node i(∈V ):

P

(
s
∣∣∣d,

J

kBT
,

h

kBT

)
= P

(
s1, s2, · · ·, s|V |

∣∣∣d1, d2, · · ·, d|V |,
J

kBT
,

h

kBT

)

≡
exp

⎛
⎝− 1

kBT

⎛
⎝ 1

2
J

∑
{i, j}∈E

(
si − s j

)2 + 1

2
h
∑
i∈V

(
si − di

)2
⎞
⎠
⎞
⎠

∑
s1∈�

∑
s2∈�

· · ·
∑

s|V |∈�

exp

⎛
⎝− 1

kBT

⎛
⎝ 1

2
J

∑
{i, j}∈E

(
si − s j

)2 + 1

2
h
∑
i∈V

(
si − di

)2
⎞
⎠
⎞
⎠

(
J > 0, , T > 0, di∈(−∞,+∞) (∀i∈V )

)
. (10.47)

Because si 2 = 1 (i∈V ), the probability distribution P(s) can be reduced to

P

(
s
∣∣∣d,

J

kBT
,

h

kBT

)
= 1

Z
exp

(
− 1

kBT
H(s)

)
(T > 0), (10.48)

H(s) = H(s1, s2, · · ·, s|V |)
≡ −J

∑
{i, j}∈E

si s j − h
∑
i∈V

di si
(
J > 0, h≥0, di∈(−∞, +∞) (∀i∈V )

)
, (10.49)

Z ≡
∑
s1∈�

∑
s2∈�

· · ·
∑
s|V |∈�

exp

(
− 1

kBT
H(s)

)
, (10.50)

where H(s) and Z are referred to in statistical mechanical informatics as the energy
function (orHamiltonian) and the partition function, respectively, the probability
distribution in Eq. (10.47) is called the Gibbs distribution, kB is the Boltzmann
constant, T is the (absolute) temperature, J is the (ferromagnetic) interaction,
and h is the external field.

Let us suppose the Kullback-Leibler Divergence

KL[P||R] ≡
∑
s1∈�

∑
s2∈�

· · ·
∑
s|V |∈�

R(s)ln

⎛
⎝ R(s)

P
(
s
∣∣∣ J
kBT

, h
kBT

)
⎞
⎠, (10.51)

which is always non-negative for two probability distributions P
(
s
∣∣∣ J
kBT

, h
kBT

)
and

R(s) and is regarded as a pseudo-distance between them. By substituting the explicit
expression for P(s) in Eqs. (10.48), (10.49) and (10.50) into Eq. (10.51), the expres-
sion for the Kullback-Leibler divergence (10.51) in terms of the partition function Z
and the free energy functional F[R] can be derived as follows:
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KL[P||R] = 1

kBT

(
kBT ln(Z) + F[R]), (10.52)

where

F[R] ≡
∑
s1∈�

∑
s2∈�

· · ·
∑

s|V |∈�

H(s)R(s) + kBT
∑
s1∈�

∑
s2∈�

· · ·
∑

s|V |∈�

R(s)ln
(
R(s)

)
. (10.53)

For the free energy functional F[R], it is valid that

argmin
R

⎧⎨
⎩F[R]

∣∣∣
∑
τ1∈�

∑
τ2∈�

· · ·
∑

τ|V |∈�

R
(
τ1, τ2, · · ·, τ|V |

) = 1

⎫⎬
⎭ = P

(
s
∣∣∣ J

kBT
,

h

kBT

)
,

(10.54)

min
R

⎧⎨
⎩F[R]

∣∣∣
∑
τ1∈�

∑
τ2∈�

· · ·
∑

τ|V |∈�

R
(
τ1, τ2, · · ·, τ|V |

) = 1

⎫⎬
⎭ = −kBT ln(Z). (10.55)

Note that −kBT ln(Z) is referred to as the free energy for the Gibbs distribution in
Eq. (10.47).

10.3.2 Advanced Mean-Field Method

This section reviews the fundamental framework of advanced mean-field methods
[12], including the mean-field approximation [35–37] and the Bethe approxima-
tion [35, 39–41]. Our framework is given for the Isingmodel in Eqs. (10.48), (10.49),
and (10.50). It is known that a generalization of the present framework can be realized
by using the cluster variation method in Refs. [42–45].

We introduce a trial probability distribution R(s) = R(s1, s2, · · ·, s|V |) which is
restricted to the following functional form:

R(s) = R
(
s1, s2, · · ·, s|V |

) =
∏
i∈V

Ri (si ), (10.56)

Ri (si ) =
∑
τ1∈�

∑
τ2∈�

· · ·
∑

τ|V |∈�

δsi ,τi R
(
τ1, τ2, · · ·, τ|V |

)
(i∈V ). (10.57)

By using the definition of Ri (si ) and the normalization condition
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∑
τ1∈�

∑
τ2∈�

· · ·
∑

τ|V |∈�

R
(
τ1, τ2, · · ·, τ|V |

) = 1, (10.58)

we confirm that

∑
τi∈�

Ri (τi ) = Ri (+1) + Ri (−1) = 1 (i∈V ). (10.59)

By substituting the expression R(s) in terms of the marginal probability distribution

Ri (si ) (i∈V ), such that Ri =
(
Ri (+1) 0

0 Ri (−1)

)
into Eqs. (10.56)–(10.53), the

free energy functional F[R] can be reduced to the following mean-field free energy
functional:

F[R] = FMF[{Ri |i∈V }], (10.60)

where

FMF[{Ri |i∈V }] = FMF

[{(
Ri (+1) 0

0 Ri (−1)

)∣∣∣∣i∈V
}]

≡ −J
∑

{i, j}∈E

⎛
⎝∑

τi∈�

τi Ri (τi )

⎞
⎠
⎛
⎝ ∑

τ j∈�

τ j R j (τ j )

⎞
⎠ − h

∑
i∈V

di

⎛
⎝∑

τi∈�

τi Ri (τi )

⎞
⎠

+kBT
∑
i∈V

∑
τi∈�

Ri (τi )ln(Ri (τi )). (10.61)

Let us suppose the following conditional minimization of the free energy func-
tional:

̂Ri =
{(

R̂i (+1) 0
0 R̂i (−1)

)∣∣∣i∈V, si∈�

}

= arg min{Ri |i∈V }

{
FMF[{Ri |i∈V }]

∣∣∣∣
∑
τi∈�

Ri (τi ) = 1, i∈V
}
. (10.62)

First we introduce the Lagrange multiplier λi (i∈V ) to ensure the normalization
conditions

∑
τ∈�

Ri (τ ) = 1 (i∈V ) as follows:

LMF[{Ri |i∈V }] ≡ FMF[{Ri |i∈V }] −
∑
i∈V

λi
(∑
τi∈�

Ri (τi ) − 1
)
. (10.63)

̂Ri (i∈V ) are determined so as to satisfy the following extremum condition:
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[ ∂

∂Ri (−1)
LMF[{Ri |i∈V }]

]
{Ri=̂Ri |i∈V }

= 0 (i∈V ), (10.64)

[ ∂

∂Ri (+1)
LMF[{Ri |i∈V }]

]
{Ri=̂Ri |i∈V }

= 0 (i∈V ), (10.65)

such that

[ ∂

∂Ri
LMF[{Ri |i∈V }]

]
{Ri=̂Ri |i∈V }

= 0 (i∈V ). (10.66)

It needs to be shown that ̂Ri (i∈V ) are derived as follows:

R̂i (si )

= exp

(
−1 + λi

kBT

)
exp

⎛
⎝ 1

kBT

⎛
⎝hdi + J

∑
j∈∂i

⎛
⎝∑

τ j∈�

τ j R̂ j (τ j )

⎞
⎠
⎞
⎠si

⎞
⎠ (

i∈V, si∈�
)
.

(10.67)

Finally, λi needs to be determined such that it satisfies the normalization condition
of the marginal probability R̂i (si ). The marginal probabilities

{
̂Ri

∣∣i∈V } are derived
as

R̂i (si ) =
exp

⎛
⎝ 1

kBT

⎛
⎝hdi + J

∑
j∈∂i

⎛
⎝∑

τ j∈�

τ j R̂ j (τ j )

⎞
⎠
⎞
⎠si

⎞
⎠

∑
τi∈�

exp

⎛
⎝ 1

kBT

⎛
⎝hdi + J

∑
j∈∂i

⎛
⎝∑

τ j∈�

τ j R̂ j (τ j )

⎞
⎠
⎞
⎠τi

⎞
⎠

(
i∈V, si∈�

)
. (10.68)

We introduce the local magnetization

mi ≡
∑
τi∈�

τi R̂i (τi ). (10.69)

By solving the simultaneous equations

∑
τi∈�

R̂i (τi ) = R̂i (+1) + R̂i (−1) = 1 (i∈V ), (10.70)

∑
τi∈�

τi R̂i (τi ) = R̂i (+1) − R̂i (−1) = mi (i∈V ), (10.71)

with respect to R̂i (+1) and R̂i (−1), we derive the following expression for the
marginal probability:
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R̂i (si ) = 1

2

(
1 + misi

)
(i∈V ). (10.72)

The extremumconditions inEq. (10.68) can be reduced to the following simultaneous
deterministic equation of {mi |i∈V }:

mi = tanh

⎛
⎝ 1

kBT

⎛
⎝hdi + J

∑
j∈∂i

m j

⎞
⎠
⎞
⎠ (i∈V ), (10.73)

which is referred to as the mean-field equation.3

By substituting Eq. (10.72) into Eq. (10.61), the mean-field free energy functional
can be reduced to

FMF
[{
R̂i (−1), R̂i (+1)

∣∣i∈V }] = FMF
(
m1,m2, · · ·,m|V |

)
, (10.74)

FMF
(
m1,m2, · · ·,m|V |

) ≡ −J
∑

{i, j}∈E
mim j − h

∑
i∈V

dimi

+kBT
∑
i∈V

1

2

(
1 + mi

)
ln

(
1

2

(
1 + mi

))

+kBT
∑
i∈V

1

2

(
1 − mi

)
ln

(
1

2

(
1 − mi

))
. (10.75)

The extremum conditions

∂

∂mi
FMF

(
m1,m2, · · ·,m|V |

) = 0 (i∈V ) (10.76)

can be reduced to the mean-field equations in Eq. (10.73).
We now explore the framework of the Bethe approximation for the Ising model in

Eqs. (10.48), (10.49), and (10.50). Our framework is based on the cluster variation
method [39, 42–45].

We introduce a trial probability distribution R(s) = R(s1, s2, · · ·, s|V |) that is
restricted to the following functional form:

3 Equation (10.73) is often referred to as the naive mean-field equation in statistical machine
learning theory [2, 3, 12].
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R(s) = R(s1, s2, · · ·, s|V |) =
(∏
i∈V

Ri (si )

)⎛
⎝ ∏

{i, j}∈E

Ri j (si , s j )

Ri (si )R j (s j )

⎞
⎠

=
(∏
i∈V

Ri (si )
1−|∂i |

)⎛
⎝ ∏

{i, j}∈E
Ri j (si , s j )

⎞
⎠, (10.77)

where

Ri j (si , s j ) = R ji (s j , si )

≡
∑

τ1∈�

∑
τ2∈�

· · ·
∑

τ|V |∈�

δsi ,τi δs j ,τ j R
(
τ1, τ2, · · ·, τ|V |

)
({i, j}∈E). (10.78)

By using Eqs. (10.57) and (10.78), we can derive the normalization and reducibil-
ity conditions in the marginal probabilities as follows:

∑
τi∈�

Ri (τi ) = 1 (i∈V ),
∑
τi∈�

∑
τ j∈�

Ri j (τi , τ j ) = 1 ({i, j}∈E), (10.79)

Ri (si ) =
∑
τ j∈�

Ri j (si , τ j ), R j (s j ) =
∑
τi∈�

Ri j (τi , s j ) ({i, j}∈E). (10.80)

By substituting the explicit expression for P(s) and the expression ln(R(s)) in

terms of the marginal probability distributions Ri =
(
Ri (+1) 0

0 Ri (−1)

)
(i∈V ) and

Ri j =

⎛
⎜⎜⎝

Ri j (+1,+1) 0 0 0
0 Ri j (+1,−1) 0 0
0 0 Ri j (−1,+1) 0
0 0 0 Ri j (−1,−1)

⎞
⎟⎟⎠ ({i, j}∈E) in Eq.

(10.77) into Eq. (10.51), the Kullback-Leibler divergence can be reduced to the
following expression in terms of the partition function Z and the Bethe free energy
functional FBethe[{Ri |i∈V }, {Ri j |{i, j}∈E}]:

KL[P||R] = 1

kBT

(
kBT lnZ + FBethe

[{Ri |i∈V }, {Ri j |{i, j}∈E}]), (10.81)

where
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FBethe
[{Ri |i∈V }, {Ri j |{i, j}∈E}]

≡ −J
∑

{i, j}∈E

⎛
⎝∑

τi∈�

∑
τ j∈�

τiτ j R{i, j}(τi , τ j )

⎞
⎠ − h

∑
i∈V

(∑
τi∈�

τi Ri (τi )

)

+ kBT
∑
i∈V

(1 − |∂i |)
(∑

τi∈�

Ri (τi )ln
(
Ri (τi )

))

+ kBT
∑

{i, j}∈E

⎛
⎝∑

τi∈�

∑
τ j∈�

Ri j (τi , τ j )ln
(
Ri j (τi , τ j )

)
⎞
⎠. (10.82)

Let us suppose the following conditional minimization of the Bethe free energy
functional:

({
̂Ri

∣∣∣i∈V
}
,
{

̂R{i, j}
∣∣∣{i, j}∈E

})

= arg min{Ri |i∈V },{R{i, j} |{i, j}∈E}

{
FBethe

[{Ri |i∈V }], {R{i, j}|{i, j}∈E}]

∣∣∣∣
∑
τi∈�

Ri (τi ) = 1 (i∈V ),
∑
τi∈�

∑
τ j∈�

Ri j (τi , τ j ) = 1 ({i, j}∈E),

Ri (−1) =
∑
τ j∈�

Ri j (−1, τ j ) ( j∈∂i, i∈V ),

Ri (+1) =
∑
τ j∈�

Ri j (+1, τ j ) ( j∈∂i, i∈V )

}
. (10.83)

We introduce the Lagrange multiplier λi (i∈V ), λ{i, j}, λi,i j (−1) = λi, j i (−1),
λi,i j (+1) = λi, j i (+1) ({i, j}∈E) to ensure the normalization and reducibility con-
ditions as follows:

LBethe
[{Ri |i∈V }, {Ri j |{i, j}∈E}] ≡ FBethe

[{Ri |i∈V }, {Ri j |{i, j}∈E}]

−
∑
i∈V

λi
( ∑
τi∈�

Ri (τi ) − 1
)

−
∑

{i, j}∈E
λ{i, j}

( ∑
τi∈�

∑
τ j∈�

Ri j (τi , τ j ) − 1
)

−
∑
i∈V

∑
j∈∂i

λi,i j (−1)
(
Ri (−1) −

∑
τ j∈�

Ri j (−1, τ j )
)

−
∑
i∈V

∑
j∈∂i

λi,i j (+1)
(
Ri (+1) −

∑
τ j∈�

Ri j (+1, τ j )
)
. (10.84)

The marginal probabilities ̂Ri (i∈V ) and ̂Ri j ({i, j}∈E) are determined so as to
satisfy the following extremum condition:

[ ∂

∂Ri
LBethe

[{Ri |i∈V }, {Ri j |{i, j}∈E}]
]

{Ri=̂Ri |i∈V },{Ri j=̂Ri j |{i, j}∈E}
= 0 (i∈V ),

(10.85)
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[ ∂

∂Ri j
LBethe

[{Ri |i∈V }, {Ri j |{i, j}∈E}]
]
{Ri=̂Ri |i∈V },{Ri j=̂Ri j |{i, j}∈E} = 0 ({i, j}∈E).

(10.86)

It needs to be shown that R̂i (si ) (i∈V ) and R̂i j (si , s j ) = R̂ ji (s j , si ) ({i, j}∈E) are
derived as follows:

R̂i (si ) = exp

(
−1 − λi

kBT (|∂i | − 1)

)

×exp

⎛
⎝ 1

kBT

⎛
⎝− 1

|∂i | − 1
hdi si − 1

|∂i | − 1

∑
j∈∂i

λi,i j (si )

⎞
⎠
⎞
⎠ (i∈V ), (10.87)

R̂i j (si , s j ) = R̂ ji (s j , si ) = exp

(
−1 + λ{i, j}

kBT

)

×exp

(
1

kBT

(
Jsi s j − λi,i j (si ) − λ j,i j (s j )

))
({i, j}∈E). (10.88)

Finally,λi andλ{i, j} need to be determined so as to satisfy the normalization condition
of the marginal probabilities R̂i (si ) and R̂i j (si , s j ).

By introducing the messages μk→i (si ) and μl→ j (s j ) in the transformations

exp

(
−λi,i j (si )

kBT

)
=
⎛
⎝ ∏

k∈∂i\{ j}
μk→i (si )

⎞
⎠exp

(
h

kBT
di si

)
, (10.89)

exp

(
−λ j,i j (s j )

kBT

)
=
⎛
⎝ ∏

l∈∂ j\{i}
μl→ j (s j )

⎞
⎠exp

(
h

kBT
d j s j

)
. (10.90)

The expressions of the marginal probabilities ̂Ri and ̂Ri j in Eqs. (10.87) and (10.88)
can be reduced to the following expressions:

R̂i (si ) = 1

Zi

(∏
k∈∂i

μk→i (si )

)
exp

(
h

kBT
di si

)
(i∈V ), (10.91)
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R̂i j (si , s j ) = R̂ ji (s j , si ) = 1

Z{i, j}

⎛
⎝ ∏

k∈∂i\{ j}
μk→i (si )

⎞
⎠
⎛
⎝ ∏

l∈∂ j\{i}
μl→ j (s j )

⎞
⎠

×exp

(
1

kBT

(
Jsi s j + hdi si + hd j s j

))
({i, j}∈E),

(10.92)

Zi ≡
∑
τi∈�

(∏
k∈∂i

μk→i (τi )

)
exp

(
h

kBT
diτi

)
(i∈V ), (10.93)

Z{i, j} ≡
∑
τi∈�

∑
τ j∈�

⎛
⎝ ∏

k∈∂i\{ j}
μk→i (τi )

⎞
⎠
⎛
⎝ ∏

l∈∂ j\{i}
μl→ j (τ j )

⎞
⎠

×exp

(
1

kBT

(
Jτiτ j + hdiτi + hd jτ j

))
({i, j}∈E). (10.94)

By substituting Eqs. (10.91) and (10.92) into the reducibility conditions in Eq.
(10.80), the simultaneous deterministic equations for the messages can be derived as
follows:

μ j→i (si ) = Zi

Z{i, j}

∑
τ j∈�

⎛
⎝ ∏

l∈∂ j\{i}
μl→ j (τ j )

⎞
⎠exp

(
1

kBT

(
Jsiτ j + hd jτ j

))
({i, j}∈E),

(10.95)

μi→ j (s j ) = Z j

Z{i, j}

∑
τi∈�

⎛
⎝ ∏

k∈∂i\{ j}
μk→i (τi )

⎞
⎠exp

(
1

kBT

(
Jτi s j + hdiτi

))
({i, j}∈E).

(10.96)

The Bethe free energy functional is given by

FBethe
[{̂Ri |i∈V }, {̂Ri j |{i, j}∈E}] = −kBT

∑
i∈V

(
1 − |∂i |)lnZi − kBT

∑
{i, j}∈E

lnZ{i, j}.

(10.97)
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The framework in the Bethe approximation using Eqs. (10.91), (10.92), (10.93),
and (10.94) with Eqs. (10.95) and (10.96) is referred to as a loopy belief propa-
gation in statistical machine learning theory [12, 46–48]. The present derivation
is based on the cluster variation method in Refs. [39, 42–44], and [45]. Recently,
some novel approaches for loopy belief propagation methods have been proposed,
including the approximate message passing algorithm [49], and replica cluster
variation method [50, 51]. A review summarizing recent developments in loopy
belief propagation methods is given in Ref. [52].

By solving

∑
τi∈�

∑
τ j∈�

R̂i j (τi , τ j ) = R̂i j (+1,+1) + R̂i j (−1,+1) + R̂i j (+1,−1) + R̂i j (−1, −1) = 1,

(10.98)

∑
τi∈�

∑
τ j∈�

τi R̂i j (τi , τ j ) = R̂i j (+1, +1) − R̂i j (−1, +1) + R̂i j (+1, −1) − R̂i j (−1, −1) = mi ,

(10.99)

∑
τi∈�

∑
τ j∈�

τ j R̂i j (τi , τ j ) = R̂i j (+1, +1) + R̂i j (−1, +1) − R̂i j (+1, −1) − R̂i j (−1, −1) = m j ,

(10.100)

∑
τi∈�

∑
τ j∈�

τiτ j R̂i j (τi , τ j ) = R̂i j (+1,+1) − R̂i j (−1,+1)

−R̂i j (+1,−1) + R̂i j (−1,−1) = c{i, j} = c{ j,i},
(10.101)

as simultaneous linear equations for R̂i j (+1,+1), R̂i j (−1,+1), R̂i j (+1,−1), and
R̂i j (−1,−1), we can confirm the following equality:

R̂i j (si , s j ) = 1

4

(
1 + misi + m js j + c{i, j}si s j

)
. (10.102)

By substituting Eqs. (10.72) and (10.102) into Eq. (10.82), the Bethe free energy
functional can be reduced to

FBethe

[{
̂Ri
∣∣i∈V }, {̂Ri j

∣∣{i, j}∈E}
]

= FBethe
({
mi

∣∣i∈V }, {c{i, j}
∣∣{i, j}∈E}), (10.103)



10 Review of Sublinear Modeling in Probabilistic Graphical Models … 185

FBethe
({
mi

∣∣i∈V }, {c{i, j}
∣∣{i, j}∈E}) ≡ −J

∑
{i, j}∈E

c{i, j} − h
∑
i∈V

dimi

+kBT
∑
i∈V

(1 − |∂i |)
∑
si=±1

R̂i (si )ln
(
R̂i (si )

) + kBT
∑

{i, j}∈E

∑
s j=±1

R̂i j (si , s j )ln
(
R̂i j (si , s j )

)
.

(10.104)

The extremum conditions

∂

∂mk
FBethe

({
mi

∣∣i∈V }, {c{i, j}
∣∣{i, j}∈E}) = 0 (k∈V ), (10.105)

∂

∂c{k,l}
FBethe

({
mi

∣∣i∈V }, {c{i, j}
∣∣{i, j}∈E}) = 0 ({k, l}∈E) (10.106)

can be reduced to the following simultaneous equations:

h

kBT
di = 1

2
(1 − |∂i |)

∑
τi∈�

τi ln
(
R̂i (τi )

) + 1

4

∑
j∈∂i

∑
τi∈�

∑
τ j∈�

τi ln
(
R̂i j (τi , τ j )

)
(i∈V ), (10.107)

J

kBT
= 1

4

∑
τi∈�

∑
τ j∈�

τiτ j ln
(
R̂i j (τi , τ j )

)
({i, j}∈E). (10.108)

The schemes for the derivations of Eqs. (10.107) and (10.108) from the Bethe free
energy (Eqs. (10.103)–(10.104)) are given in Refs. [41, 53–55].

In the advanced mean-field method, some researchers are interested in perturba-
tive computation of the correction terms with respect to J

kBT
from the mean-field

free energy [56, 57], which is referred to as a Thouless-Anderson-Palmar (TAP)
free energy. The scheme used in the derivations has been extended to a classical
Heisenberg model [58]. One familiar perturbative method in statistical mechanical
informatics is the Plefka expansion, inwhichwe obtain higher-order correction terms
with respect to J

kBT
from themean-field free energy [12]. By substituting Eq. (10.102)

into Eq. (10.108), c{i, j} can be expressed in terms of mi , m j , and J
kBT

. It is known
that the TAP equation can be derived by expanding the expression for c{i, j} up to the

second-order term
(

J
kBT

)2
with respect to an infinitesimal J

kBT
and by substituting it

into Eq. (10.82) with Eqs. (10.72) and (10.102) [41], The fundamental framework
of the TAP free energy and its expansion using the advanced mean-field method has
been clarified [59]. The Bethe free energy functional and the TAP free energy as well
as loopy belief propagation have been applied to Boltzmann machine learning [53,
60–64]. Some recent developments appear in Chap. 7 of Part 3 in this book.

The EM schemes with advancedmean-fieldmethods in the previous sections have
been applied to noise reduction in probabilistic image processing [30, 51, 65–69].
The basic frameworks are based on Eqs. (10.14) and (10.15) with the two-body and

http://dx.doi.org/10.1007/978-981-16-4095-7_7
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Fig. 10.1 Fundamental framework of Bayesian noise reduction by generalized sparse prior and
additive white Gaussian noise

one-body posterior marginal probability distributions in Eqs. (10.11) and (10.12) as
well as the two-body prior marginal probability distribution in Eq. (10.13). They can
be computed bymeans of themessage passing algorithms in Eqs. (10.91) and (10.92)
with Eqs. (10.93), (10.94), (10.95), and (10.96) for the Ising model in Eqs. (10.47),
(10.48), and (10.50) with the prior and posterior probability distributions in Eqs.
(10.2) and (10.3), respectively. The framework and some numerical experimental
results are shown in Figs. 10.1 and 10.2, respectively. Moreover, the loopy belief
propagation is applicable to Bayesian image segmentation in the framework of Sect.
10.2.3 [70]. They are also useful for community detection be means of the stochastic
block model for modular networks [71–73].
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Fig. 10.2 Numerical experiments in Bayesian noise reduction by the generalized sparse prior and
additive white Gaussian noise

10.3.3 Free Energy Landscapes and Phase Transitions
in the Thermodynamic Limit

In this section, we consider the Ising model defined by

P

(
s
∣∣∣ J

kBT
,

h

kBT

)
≡ 1

Z
(

J
kBT

, h
kBT

)exp
(

1

kBT
H(s)

)
, (10.109)

where

H(s) = H(s1, s2, · · ·, s|V |)

≡ −J
∑

{i, j}∈E
si s j − h

∑
i∈V

si (J > 0), (10.110)

Z

(
J

kBT
,

h

kBT

)
≡

∑
s1∈�

∑
s2∈�

. . .
∑
s|V |∈�

exp

(
− 1

kBT
H(s)

)
. (10.111)

The energy function in Eq. (10.110) corresponds to the one in Eq. (10.49) for the
case of di = 1 for every node i(∈V ). In the present section, we consider a regular of
degree 4 that includes a square grid graph with periodic boundary conditions along
the x- and y-direction as shown in Fig. 10.3.
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Fig. 10.3 Square grid graph
(V, E) with periodic
boundary conditions along
the x- and y-direction in the
case V =
{1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12}

For the Ising model in Eq. (10.110) and its partition function in Eq. (10.50), we
have the free energy per node

f (J, h, T ) = −kBT× lim|V |→+∞
1

|V | ln(Z), (10.112)

the internal energy for zero external field

Ju ≡ ∂

∂
(

1
kBT

)
(

1

kBT
f (J, h = 0, T )

)

= lim|V |→+∞
1

|E |
∑

{i, j}∈E

∑
s

(−si s j )P

(
s
∣∣∣ J

kBT
,

h

kBT
= 0

)
, (10.113)

and the spontaneous magnetization

m± ≡ lim
h→±0

∂

∂
(

h
kBT

)
(

1

kBT
f (J, h, T )

)

= lim
h→±0

lim|V |→+∞
1

|V |
∑
i∈V

∑
s

si P

(
s
∣∣∣ J

kBT
,

h

kBT

)
, (10.114)

as important statistical quantities in the thermodynamic limit |V |→ + ∞. The exis-
tence of the thermodynamic limit |V |→ + ∞ means that the limit of the right-hand
side in Eq. (10.110) converges. Sufficient conditions for the existence of the thermo-
dynamic limit of the Ising model of Eqs. (10.109), (10.110), and (10.111) have been
given by Ruelle in Ref. [38].

In the thermodynamic limit |V |→ + ∞ for the Ising model in Eq. (10.110) on a
square grid graph with periodic boundary conditions along the x- and y-direction as
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shown in Fig. 10.3,

u

J
= −coth

(
2J

kBT

)
⎛
⎜⎜⎝1 +

(
2tanh2

(
2J

kBT

)
− 1

)(
2

π

)∫ π
2

0

⎛
⎜⎝1 −

⎛
⎝ 2sinh

(
2J
kBT

)

cosh2
(

2J
kBT

)
⎞
⎠

2

sin2(θ)

⎞
⎟⎠

− 1
2

dθ

⎞
⎟⎟⎠,

(10.115)

m±2 = lim|r i−r j |→+∞ lim|V |→+∞
∑
s

si s j P

(
s
∣∣∣ J

kBT
,

h

kBT
= 0

)

=
⎧⎨
⎩
0

(
J

kBT
< 1

2 arcsinh(1)
)

(
1 − sinh−4

(
2J
kBT

)) 1
4

(
J

kBT
> 1

2 arcsinh(1)
) , (10.116)

where r i is the position vector of each node i(∈V ) [34, 74, 75]. In Eq. (10.116), the
spontaneous magnetizations m+ and m− correspond to each branch of m+≥0 and
m−≤0, respectively. They are as shown in Fig. 10.4. Note that for the Ising model
in Eq. (10.110) on such regular graphs,

mi,V

(
J

kBT
,

h

kBT

)
≡
∑
s

si P

(
s
∣∣∣ J

kBT
,

h

kBT

)
, (10.117)

for every i(∈V ), does not depend on i but can be expressed as mV

(
J

kBT
, h
kBT

)
.

In themean-field approximation of the previous subsection, the spontaneousmag-
netizations

m± = lim
h→±0

lim|V |→+∞mV

(
J

kBT
,

h

kBT

)
, (10.118)

are given as solutions of the following mean-field equation:

m± = tanh

(
1

kBT

(
h + 4Jm±

))
(h→±0), (10.119)

and the internal energy Ju in Eq. (10.113) in the mean-field approximation is given
as

u = −m±2. (10.120)

The solutions of Eq. (10.119) correspond to the extremum values of the following
mean-field free energy:
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Fig. 10.4 Internal energy Ju in Eq. (10.113) and magnetizationm± in Eq. (10.114) in the Onsager
solution in the Ising model of Eqs. (10.48) and (10.50) with Eq. (10.110) on the square grid graph
(V, E) with the periodic boundary conditions along the x- and y-direction

fMF(m) ≡ 1

|V | FMF
(
m1,m2, · · ·,m|V |

)

= −2Jm2 + kBT

(
1

2

(
1 + m

))
ln

(
1

2

(
1 + m

))

+ kBT

(
1

2

(
1 − m

))
ln

(
1

2

(
1 − m

))
, (10.121)

which corresponds to 1
|V | FMF

(
m1,m2, · · ·,m|V |

)
in Eq. (10.75) for h = 0. The spon-

taneous magnetization m± and the internal energy u for h = 0 are computed by

setting 0 <

∣∣∣ h
kBT

∣∣∣ < 10−5 and using the iteration method for Eq. (10.119) numeri-

cally. The graphs of
(

J
kBT

, u
)
and

(
J

kBT
,m±

)
are shown in Fig. 10.5. Moreover, the

graphs of
(
m, 1

kBT
fMF(m)

)
for J

kBT
= 0.20, 0.25, and 0.40 are shown in Fig. 10.6.

It is known that the mean-field equation always has the trivial solution m± = 0, and
begins to have some non-trivial solutions for m+ > 0 and m− < 0. The mean-field
equation (10.119) begins to have some non-trivial solutions in the region of J

kBT
> 1

4
by expanding the right-hand side of Eq. (10.119) around m = 0 and keeping the
first-order term of m.
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Fig. 10.5 Internal energy u from Eq. (10.113) and magnetization m± from Eq. (10.118) in mean-
field approximation for the Ising model in Eqs. (10.48), (10.50), and (10.110) on the regular graph
(V, E) of degree 4

Fig. 10.6 Free energy from Eq. (10.121) in mean-field approximation for the Ising model in Eqs.
(10.48), (10.50) and (10.110) on the regular graph (V, E) of degree 4. a J

kBT
= 0.2, h

kBT
= 0.

b J
kBT

= 0.25, h
kBT

= 0. c J
kBT

= 0.4, h
kBT

= 0
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Next, we consider the Bethe approximation for the Ising model in Eqs. (10.48),
(10.50), and (10.110) on the regular graph (V, E) of degree 4. In this case, the average
mi , the correlation ci j and the messages μi→ j (+1) and μi→ j (−1) do not depend on
i and j , and can be expressed as m, c, μ(+1) and μ(−1). We now introduce

� ≡ 1

2
kBT ln

(
μ(+1)

μ(−1)

)
. (10.122)

The message passing equations in Eqs. (10.95) and (10.96) and the magnetization
are reduced to

�

kBT
= arctanh

(
tanh

(
J

kBT

)
tanh

(
h + 3�

kBT

))
. (10.123)

Moreover, since the marginal probabilities R̂i (+1) and R̂i (−1) are also independent
of i , we can derive the expression for the magnetization in terms of � as follows:

mBethe

(
J

kBT
,

h

kBT

)
≡ 1

|V |
∑
i∈V

(∑
si∈�

si R̂(si )

)
= tanh

(
h + 4�

kBT

)
. (10.124)

For the infinitesimal small limits of h, such that h→ + 0 and h→ − 0, the magneti-

zation mBethe

(
J

kBT
, h
kBT

)
in Eq. (10.124) can be computed numerically by using the

iteration method. Moreover, Eqs. (10.104) and (10.108) can be reduced to

fBethe(m, c) = 1

|V | FBethe
({
mi

∣∣i∈V }, {c{i, j}
∣∣{i, j}∈E})

= −2Jc − hm

−3kBT

(
1

2

(
1 + m

))
ln

(
1

2

(
1 + m

)) − 3kBT

(
1

2

(
1 − m

))
ln

(
1

2

(
1 − m

))

+2kBT

(
1

4

(
1 + 2m + c

))
ln

(
1

4

(
1 + 2m + c

))

+4kBT

(
1

4

(
1 − c

))
ln

(
1

4

(
1 − c

))

+2kBT

(
1

4

(
1 − 2m + c

))
ln

(
1

4

(
1 − 2m + c

))
, (10.125)

and

J

kBT
= ln

(1 + c)2 − 4m2

(1 − c)2
, (10.126)

such that
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c = 1

tanh
(

2J
kBT

)
(
1 −

√
1 − (1 − 2m2)tanh2

(
2J

kBT

)
− 2m2tanh

(
2J

kBT

))
. (10.127)

The graphs of

⎛
⎝m,

1

kBT
fBethe

(
m,

1

tanh
(

2J
kBT

)
(
1 −

√
1 − (1 − 2m2)tanh2

(
2J

kBT

)
− 2m2tanh

(
2J

kBT

)))⎞⎠,

(10.128)

for J
kBT

= 0.25, J
kBT

= arctanh
(
1
3

)
, and kBT

J = 0.40 in the case of h = 0 are shown in
Figs. 10.7, 10.8, and 10.9, respectively. Figure 10.7 shows the internal energy u from
Eq. (10.113) and the spontaneous magnetization m± in Eq. (10.118) in loopy belief
propagation (Bethe approximation) for the Ising model in Eqs. (10.48), (10.50), and
(10.110) on the regular graph (V, E) of degree 4. These quantities u and m± are
obtained by

uBethe

(
J

kBT
,

h

kBT
= 0

)
=

cosh
(

6�
kBT

)
− exp

(
− 2J

kBT

)

cosh
(

6�
kBT

)
+ exp

(
− 2J

kBT

) , (10.129)

mBethe

(
J

kBT
,

h

kBT
= 0

)
= tanh

(
4�

kBT

)
, (10.130)

where

�

kBT
= arctanh

(
tanh

(
J

kBT

)
tanh

(
3�

kBT

))
. (10.131)

These always give the same results as in Eq. (10.110) on the regular graph (V, E)

of degree 4. In particular, it is known that the results for Eqs. (10.48), (10.50), and
(10.110) on the regular tree graph (V, E) of degree 4 are exact. It is known that Eq.
(10.123) always has the trivial solution � = 0, but begins to have some non-trivial
solutions in the region of J

kBT
J > arctanh

(
1
3

)
by expanding the right-hand side of

Eq. (10.123) around � = 0 and keeping the first-order term of �. In Fig. 10.7, the
blue curves correspond to global minimum states that are stable states and the red
lines correspond to the local maximum state that are unstable states for each value
of J

kBT
in the Bethe free energy fBethe(m, c) of Eq. (10.125) for the case of h = 0.

The Bethe free energy landscapes fBethe(m, c) of Eq. (10.125) in the case of h = 0
for several values of J

kBT
are shown in Figs. 10.8 and 10.9. It is known that Eq.

(10.123) always has the trivial solution � = 0, but begins to have some non-trivial
solutions in the region of J

kBT
> arctanh

(
1
3

)
by expanding the right-hand side of Eq.

(10.123) around � = 0 and keeping the first-order term of �. In Fig. 10.7, the blue
curves correspond to global minimum states that are stable states and the red lines
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Fig. 10.7 Internal energy u from Eq. (10.113) and magnetization m from Eq. (10.118) in loopy
belief propagation (Bethe approximation) for the Ising model in Eqs. (10.48), (10.50), and (10.110)
on the regular graph (V, E) of degree 4

correspond to the local maximum state that are unstable states for each value of J
kBT

in the Bethe free energy fBethe(m, c) in Eq. (10.125) for the case of h = 0. The Bethe
free energy landscapes fBethe(m, c) in Eq. (10.125) in the case of h = 0 for several
values of J

kBT
are shown in Figs. 10.8 and 10.9.

Now we consider the |�|-state Potts model [33] given by

P

(
s
∣∣∣ J

kBT
,

h0
kBT

,
h1
kBT

, · · ·, h|�|−1

kBT

)

= 1

Z

⎛
⎝ ∏

{i, j}∈E
exp

(
J

kBT
δsi s j

)⎞
⎠
(∏
i∈V

∏
n∈�

exp

(
hn
kBT

δsi ,n

))
, (10.132)
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Fig. 10.8 Bethe free energy for fBethe(m, c) for the Ising model in Eqs. (10.48), (10.50), and
(10.110) on the regular graph (V, E) of degree 4. a J

kBT
= 0.25, h

kBT
= 0. b J

kBT
= arctanh

( 1
3

)
,

h
kBT

= 0. c J
kBT

= 0.4, h
kBT

= 0

Fig. 10.9 Bethe free energy Extremum
c

fBethe(m, c) for the Isingmodel of Eqs. (10.48), and (10.50)

with Eqs. (10.110) on the regular graph (V, E) with degree 4. a J
kBT

= 0.25, h
kBT

= 0. b J
kBT

=
arctanh

( 1
3

)
, h
kBT

= 0. c J
kBT

= 0.4, h
kBT

= 0

Z ≡
∑
s1∈�

∑
s2∈�

· · ·
∑

s|V |∈�

⎛
⎝ ∏

{i, j}∈E
exp

(
J

kBT
δsi s j

)⎞
⎠
⎛
⎝∏
i∈V

∏
n∈�

exp

(
hn
kBT

δsi ,n

)⎞
⎠, (10.133)

where � = {0, 1, 2, · · ·, |�| − 1}. By similar arguments to those for Eqs. (10.72)
and (10.102), the marginal probabilities R̂i (si ) and R̂i j (si , s j ) can be expressed as
orthonormal expansions as follows:

R̂i (si ) =
(

1

|�|
)

+
∑

k∈�\{0}
m(k)

i k(si ), (10.134)
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R̂i j (si , s j ) =
(

1

|�|
)2

+
(

1

|�|
) ∑
k∈�\{0}

m(k)
i k(si )

+
(

1

|�|
) ∑
l∈�\{0}

m(l)
j l(s j ) +

∑
k∈�\{0}

∑
l∈�\{0}

c(k,l)
i j k(si )l(s j ), (10.135)

where {k(si )|si∈�, k∈�} is the set of orthonormal polynomials satisfying the
following relationships:

0(si ) ≡
(

1

|�|
)

, (10.136)

∑
si∈�

k(si )l(si ) = δk,l (k∈�, l∈�). (10.137)

Because it is valid that

∑
si∈�

∑
si∈�

k(si )l(s j )δsi ,s j =
∑
si∈�

k(si )l(si ) = δk,l (k∈�, l∈�), (10.138)

we have the following orthonormal expansion of δsi ,s j :

δsi ,s j =
∑
k∈�

∑
l∈�

⎛
⎝∑

s ′
i∈�

∑
s ′
j∈�

k(s
′
i )l(s

′
j )δs ′

i ,s
′
j

⎞
⎠k(si )l(s j )

=
∑
k∈�

k(si )k(s j ) (si∈�, s j∈�). (10.139)

By using Eqs. (10.134) and (10.135) and the orthonormal expansion of the two-body
interaction part of the Potts model, the Bethe free energy functional for the Potts
model in Eqs. (10.132) and (10.133) can be reduced to

FBethe

[{
̂Ri

∣∣i∈V }, {̂Ri j

∣∣{i, j}∈E}
]

= FBethe

({
m(k)

i

∣∣i∈V, k∈�\{0}}, {c(k,l)
{i, j}

∣∣{i, j}∈E, k, l∈�\{0}}
)
,(10.140)

where
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FBethe

({
m(k)

i

∣∣i∈V, k∈�\{0}}, {c(k,l)
{i, j}

∣∣{i, j}∈E, k, l∈�\{0}}
)

≡ −J
∑
i∈V

|∂i |
(

1

|�|
)2

− J
∑
i∈V

|∂i | 1

|�|
∑

k∈�\{0}
m(k)

i − J
∑

{i, j}∈E

∑
k∈�\{0}

c(k,k)
i, j

+kBT
∑
i∈V

(1 − |∂i |)R̂i (si )ln
(
R̂i (si )

)

+kBT
∑

{i, j}∈E
R̂i j (si , s j )ln

(
R̂i j (si , s j )

)
. (10.141)

For the case of spatially uniformity, m(k)
i and c(k,l)

i j are independent of i and {i, j}
and can be represented by m(k) and c(k,l), respectively, in the Bethe free energy in
Eq. (10.141). For the three-state and four-state Potts model, the Bethe free energy in
Eq. (10.141) can be represented by

FBethe

((
m(1)

m(2)

)
,

(
c(1,1) c(1,2)

c(2,1) c(2,2)

))
,

(10.142)

and

FBethe

⎛
⎝
⎛
⎝
m(1)

m(2)

m(3)

⎞
⎠,

⎛
⎝
c(1,1) c(1,2) c(1,3)

c(2,1) c(2,2) c(2,3)

c(3,1) c(3,2) c(3,3)

⎞
⎠
⎞
⎠, (10.143)

respectively. Figures 10.10 and 10.11 show the internal energywith no external fields

u = lim|V |→+∞
1

|E |
∑

{i, j}∈E

∑
s

(−δsi ,s j
)
P

(
s
∣∣∣ J

kBT
,

h0
kBT

= 0,
h1
kBT

= 0, · · ·, h|�|−1

kBT
= 0

)
,

(10.144)

in loopy belief propagation (Bethe approximation) on the regular graph (V, E) of
degree 4. We now consider also the moments m(2) and m(1) as order parameters
for the three-state and four-state Potts model, respectively, for the following cases:

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

(I) lim
h0→+0

m(2), h1 = h2 = 0,

(II) lim
h1→+0

m(2), h0 = h2 = 0,

(III) lim
h2→+0

m(2), h0 = h1 = 0,

(IV) m(2) under h0 = h1 = h2 = 0 and μ(0) = μ(1) = μ(2) = 1
3 ,

(10.145)

for the three-state Potts model, and



198 K. Tanaka

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(I) lim
h0→+0

m(2), h1 = h2 = h3 = 0,

(II) lim
h1→+0

m(2), h0 = h2 = h3 = 0,

(III) lim
h2→+0

m(2), h0 = h1 = h3 = 0,

(IV) lim
h3→+0

m(2), h0 = h1 = h2 = 0,

(V) m(2) under h0 = h1 = h2 = 0 and μ(0) = μ(1) = μ(2) = μ(3) = 1
4 ,

(10.146)

for the four-state Potts model. These are also shown in Figs. 10.10 and 10.11. In
Figs. 10.10 and 10.11, blue, green, and red lines show the global minimum states,
local minimum states, and local maximum states, respectively, of the Bethe free
energies which are given by Eq. (10.142) for the three-state Potts model and by Eq.
(10.143) for the four-state Potts model. In the global minimum states, there exist
discontinuous points in m(2) and m(1) as well as u. Although the first derivative Ju
of the free energy with respect to 1

kBT
is always continuous, the second derivative

diverges or has discontinuity in the Ising model as shown in Figs. 10.4, 10.5, and
10.7. This kind of singularity is referred to as a second-order phase transition in
statistical mechanics. However, the first derivative Ju of the free energy with respect
to 1

kBT
has a discontinuity as shown in Figs. 10.10 and 10.11. This singularity is

referred to as a first-order phase transition in statistical mechanics. Figures 10.12
and 10.13 show the Bethe free energy landscapes

fBethe
(
m(1),m(2)

) ≡ 1

|V | extremum⎛
⎝ c

(1,1) c(1,2)

c(2,1) c(2,2)

⎞
⎠
FBethe

((
m(1)

m(2)

)
,

(
c(1,1) c(1,2)

c(2,1) c(2,2)

))
,

(10.147)

for the three-state Potts model and

fBethe
(
m(1),m(3)

)
≡ 1

|V | extremum

m(2),

⎛
⎜⎜⎝
c(1,1) c(1,2) c(1,3)

c(2,1) c(2,2) c(2,3)

c(3,1) c(3,2) c(3,3)

⎞
⎟⎟⎠

FBethe

⎛
⎝
⎛
⎝
m(1)

m(2)

m(3)

⎞
⎠,

⎛
⎝
c(1,1) c(1,2) c(1,3)

c(2,1) c(2,2) c(2,3)

c(3,1) c(3,2) c(3,3)

⎞
⎠
⎞
⎠,

(10.148)

for the four-state Potts model, respectively.

10.3.4 Ising Model on a Complete Graph

This section considers a complete graph (V, E) for which the energy function H(s)
is defined by



10 Review of Sublinear Modeling in Probabilistic Graphical Models … 199

Fig. 10.10 Internal energy u in Eq. (10.144) and (I) lim
h0→+0

m(2) for h1 = h2 = 0, (II) lim
h1→+0

m(2)

for h0 = h2 = 0, (III) lim
h2→+0

m(2) for h0 = h1 = 0, (IV) m(2) under h0 = h1 = h2 = 0 and

μ(0) = μ(1) = μ(2) = 1
3 such that Pi (0) = Pi (1) = Pi (2) in loopy belief propagation (Bethe

approximation) for the three-state Potts model in Eqs. (10.132) and (10.133) on the regular graph
(V, E) of degree 4

H(s) = H(s1, s2, · · ·, s|V |) ≡ − J

|V |
∑

{i, j}∈E
si s j − h

∑
i∈V

si (J > 0), (10.149)

instead of Eq. (10.110) in Eqs. (10.109) and (10.111). Note that the interaction
between every pair of connected nodes is set to J

|V | to guarantee the existence of the
thermodynamic limit in |V |→ + ∞ for the complete graph in the sense of Ruelle in
Ref. [38].
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Fig. 10.11 Internal energy u in Eq. (10.144) and order parameter m(1) in loopy belief propagation
(Bethe approximation) for the four-state Potts model in Eqs. (10.132) and (10.133) on the regular
graph (V, E) of degree 4
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Fig. 10.12 Bethe free energy for fBethe(m(1),m(2)) for the three-state Potts model in Eqs. (10.132)
and (10.133) on the regular graph (V, E) of degree 4. a J

kBT
= 0.850. b J

kBT
= 0.880. c J

kBT
=

0.881. d J
kBT

= 0.882. e J
kBT

= 0.885. f J
kBT

= 0.920
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Fig. 10.13 Bethe free energy for fBethe(m(1),m(2)) for the four-state Potts model in Eqs. (10.132)
and (10.133) on the regular graph (V, E) of degree 4. a J

kBT
= 0.900. b J

kBT
= 1.000. c J

kBT
=

1.010. d J
kBT

= 1.020. e J
kBT

= 1.050. f J
kBT

= 1.100
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The free energy in Eq. (10.55) is expressed as follows:

−kBT ln

(
Z

(
J

kBT
,

h

kBT

))

= −kBT ln

⎛
⎝∑

τ1∈�

∑
τ2∈�

· · ·
∑

τ|V |∈�

exp

⎛
⎝ h

kBT

∑
i∈V

τi + J

|V |kBT
∑

{i, j}∈E
τi τ j

⎞
⎠
⎞
⎠

= J

2
− kBT ln

⎛
⎝∑

τ1∈�

∑
τ2∈�

· · ·
∑

τ|V |∈�

exp

(
h

kBT

∑
i∈V

τi

)
exp

⎛
⎝1

2

(√
J

|V |kBT
∑
i∈V

τi

)2⎞
⎠
⎞
⎠.

(10.150)

By using the Gauss integral formula

1√
2π

∫ +∞

−∞
exp

(
−1

2
x2 + ax

)
dx = exp

(
1

2
a2
)

, (10.151)

the expression for the free energy is rewritten as

− kBT ln

(
Z

(
J

kBT
,

h

kBT

))

= 1

2
J − ln

(∑
τ1∈�

∑
τ2∈�

· · ·
∑

τ|V |∈�

1√
2π

∫ +∞

−∞
e− 1

2 x
2

×exp

(∑
i∈V

(√
J

|V |kBT x + h

kBT

)
τi

)
dx

)

= 1

2
J − ln

(
1√
2π

∫ +∞

−∞
e− 1

2 x
2∏
i∈V

⎛
⎝∑

τi∈�

exp

((√
J

|V |kBT x + h

kBT

)
τi

)⎞
⎠dx

)

= 1

2
J − ln

(
1√
2π

∫ +∞

−∞
e− 1

2 x
2∏
i∈V

(
2cosh

(√
J

|V |kBT x + h

kBT

))
dx

)
. (10.152)

Note that the procedure in which a new continuous variable x is introduced in Eq.
(10.152) is referred to as aHubbard-Stratonovich transformation [13]. Moreover,

by replacing the variable x by y = x

√
|V |

(
kBT

J

)
, the free energy can be written as

− kBT ln

(
Z

(
J

kBT
,

h

kBT

))
= 1

2
J − ln

(
1√
2π

∫ +∞

−∞
exp

(|V |ψ(y)
)
dy

)
, (10.153)

where

ψ(y) ≡ −1

2

(
J

kBT

)
y2 + 1

|V |
∑
i∈V

ln

(
2cosh

(
1

kBT
(J y + h)

))
. (10.154)
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We now consider the magnetization

m

(
J

kBT
,

h

kBT

)
= lim|V |→+∞

1

|V |
∑
i∈V

∑
s1∈�

∑
s2∈�

· · ·
∑
s|V |∈�

si P

(
s
∣∣∣ J

kBT
,

h

kBT

)
for

Eqs. (10.109) and (10.111) with Eq. (10.149) as follows:

m

(
J

kBT
,

h

kBT

)
= lim|V |→+∞

1

|V |
∂

∂
(

h
kBT

)
(

−kBT ln

(
Z

(
J

kBT
,

h

kBT

)))

= lim|V |→+∞

∫ +∞

−∞
exp

(
|V |

(
ψ(y) + 1

|V | ln
(
tanh

(
1

kBT
(J y + h)

))))
dy

∫ +∞

−∞
exp(|V |ψ(y))dy

. (10.155)

Because it is valid that

lim|V |→+∞
∂

∂y
ψ(y) = lim|V |→+∞

∂

∂y

(
ψ(y) + 1

|V | ln
(
tanh

(
1

kBT
(J y + h)

)))

= − J

kBT

(
y − tanh

(
1

kBT
(J y + h)

))
, (10.156)

we obtain the magnetization as

m

(
J

kBT
,

h

kBT

)
= lim|V |→+∞

exp

(
|V |

(
ψ(ymax) + 1

|V | ln
(
tanh

(
1

kBT
(J ymax + h)

))))

exp
(
|V |ψ(ymax)

)

= tanh

(
1

kBT
(J ymax + h)

)
, (10.157)

where

ymax = tanh

(
1

kBT
(J ymax + h)

)
(10.158)

by using a saddle point method [37]. Equations (10.157) and (10.158) reduce to the

following mean-field equation for m
(

J
kBT

, h
kBT

)
:

m

(
J

kBT
,

h

kBT

)
= tanh

(
1

kBT

(
Jm

(
J

kBT
,

h

kBT

)
+ h

))
. (10.159)

This means that it is possible to treat the Ising model on the complete graph in the
thermodynamic limit analytically using the mean-field method.

By combining the replica method with the Hubbard-Stratonovich transformation
and the saddle point method, it is possible to treat the random average in Eq. (10.25)
for the Ising model with non-uniform external fields on the complete graph analyti-
cally [13, 76]. In statistical mechanics, this kind of approach has been developed as
the spin glass theory [77–80]. Such computational techniques that use the replica
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method for Ising models with spatially non-uniform interactions and external fields
on the complete graph have been used to estimate statistical performance analysis
for many probabilistic information processing systems [13, 15–17].

Next, we consider the belief propagation method for the Ising model on the com-
plete graph in Eq. (10.149) with Eqs. (10.109) and (10.111). For an infinitesimal
small |V |−1, the message passing rule in Eq. (10.95) can be expanded to

μ j→i (si ) = Zi

Z{i, j}

∑
τ j∈�

⎛
⎝ ∏

l∈∂ j\{i}
μl→ j (τ j )

⎞
⎠exp

(
1

kBT

(
J

|V | si τ j + hτ j

))

= Zi

Z{i, j}

∑
τ j∈�

⎛
⎝ ∏

l∈∂ j\{i}
μl→ j (τ j )

⎞
⎠exp

(
h

kBT
τ j

)(
1 + 1

|V |
J

kBT
si τ j + O

(
|V |−2

))

= Zi Z j

Z{i, j}

∑
τ j∈�

R̂ j (τ j )

(
1 + 1

|V |
J

kBT
si τ j + O

(
|V |−2

))

= Zi Z j

Z{i, j}

⎛
⎝1 + 1

kBT

⎛
⎝ J

|V |
∑
τ j∈�

τ j R̂ j (τ j )

⎞
⎠si + O

(
|V |−2

)⎞⎠

= Zi Z j

Z{i, j}

⎛
⎝exp

⎛
⎝ 1

kBT

⎛
⎝ J

|V |
∑
τ j∈�

τ j R̂ j (τ j )

⎞
⎠si

⎞
⎠ + O

(
|V |−2

)⎞⎠. (10.160)

By substituting Eq. (10.160) into Eq. (10.91), the marginal probabilities can be
expressed as follows:

R̂i (si ) =
exp

⎛
⎝ 1

kBT

⎛
⎝ J

|V |
∑

j∈V \{i}

∑
τ j∈�

τ j R̂ j (τ j ) + h

⎞
⎠si

⎞
⎠

∑
τi∈�

exp

⎛
⎝ 1

kBT

⎛
⎝ J

|V |
∑

j∈V \{i}

∑
τ j∈�

τ j R̂ j (τ j ) + h

⎞
⎠τi

⎞
⎠

+O(|V |−1
)
(|V |→ + ∞, si∈�, i∈V ),

(10.161)

R̂i j
(
si , s j

) = R̂i (si )R̂ j
(
s j
) + O(|V |−1) (|V |→ + ∞, si∈�, s j∈�, {i, j}∈E). (10.162)

Equation (10.161) can be regarded as a system of simultaneous deterministic equa-

tions for
{
R̂i (si )

∣∣∣si∈�, i∈V
}
and is equivalent to the mean-field equation in Eq.

(10.68) for Eq. (10.149) with Eqs. (10.109) and (10.111).
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10.3.5 Probabilistic Segmentation by Potts Prior and Loopy
Belief Propagation

In Sect. 10.2.3, we gave the fundamental framework of probabilistic segmentation
based on the Potts prior, and reduced the framework of the EM procedure for esti-
mating hyperparameters to the extremum conditions of the Q-function as shown in
Eqs. (10.41), (10.42), and (10.43) with Eqs. (10.44), (10.45), and (10.46). These
frameworks can be realized by combining them with the loopy belief propagation in
Sect. 10.3.2 to give the following practical procedures [70]:

Probabilistic segmentation algorithm (Input :D,Output : α̂(D), û(D), â(D), Ĉ(D), ŝ(D))

Step 1: Input the data vector d and set the initial values of hyperparameters α̂(D),
â(D), Ĉ(D) and messages in the loopy belief propagation {μ̂ j→i (si , D)|i∈V,

j∈∂i, si∈�} for the posterior probability distribution.We set t ← 0 as the number
of iterations of the EM procedure.

Step 2 (E-step) Set t←t + 1 and update û(D), â(D), Ĉ(D), {μ̂ j→i (si , D)|si∈�,
i∈V, j∈∂i} using the following procedures:

μ j→i (si ) ←

∑
τ j∈�

exp
(
2α̂(D)δsi ,τ j

)
g
(
d j
∣∣τ j , â(τ j , D), Ĉ(τ j , D)

) ∏
k∈∂ j\{i}

μ̂k→ j (τ j , D)

∑
τi∈�

∑
τ j∈�

exp
(
2α̂(D)δτi ,τ j

)
g
(
d j
∣∣τ j , â(τ j , D), Ĉ(τ j , D)

) ∏
k∈∂ j\{i}

μ̂k→ j (τ j , D)

(si∈�, i∈V, j∈∂i), (10.163)

μ̂ j→i (si , D) ← μ j→i (si ) (si∈�, i∈V, j∈∂i), (10.164)

Bi ←
∑
τi∈�

g
(
di
∣∣τi , â(τi , D), σ̂ (τi , D)

)∏
k∈∂i

μ̂k→i (τi , D) (i∈V ), (10.165)

B{i, j} ←
∑
τi∈�

∑
τ j∈�

( ∏
k∈∂i\{ j}

μ̂k→i (τi , D)
)
g
(
di
∣∣τi , â(τi , D), Ĉ(τi , D)

)

×exp
(
2α̂(D)δτi ,τ j

)

×g
(
d j
∣∣τ j , â(τ j , D), Ĉ(τ j , D)

)( ∏
k∈∂ j\{i}

μ̂k→ j (τ j , D)
)

({i, j}∈E),

(10.166)
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a(si ) ←

∑
i∈V

1

Bi
dig

(
di
∣∣si , â(si , D), Ĉ(si , D)

)(∏
k∈∂i

μ̂k→i (si , D)
)

∑
i∈V

1

Bi
g
(
di
∣∣si , a(si , D),C(si , D)

)(∏
k∈∂i

μ̂k→i (si , D)
) (si∈�),

(10.167)

C(si ) ←

∑
i∈V

1

Bi

(
di − â(si , D)

)(
di − â(si , D)

)T
g
(
di
∣∣si , â(si , D), Ĉ(si , D)

)(∏
k∈∂i

μ̂k→i (si , D)
)

∑
i∈V

1

Bi
g
(
di
∣∣si , â(si , D), Ĉ(si , D)

)(∏
k∈∂i

μ̂k→i (si , D)
) (si∈�),

(10.168)

û(D) ← 1

|E |
∑

{i, j}∈E

(
1

B{i, j}

∑
τi∈�

∑
τ j∈�

( − δτi ,τ j

)
exp

(
2α̂(D)δτi ,τ j

)

×
( ∏
k∈∂i\{ j}

μ̂k→i (τi , D)
)
g
(
di
∣∣τi , â(τi , D), Ĉ(τi , D)

)

×
( ∏
k∈∂ j\{i}

μ̂k→ j (τ j , D)
)
g
(
d j

∣∣τ j , â(τ j , D), Ĉ(τ j , D)
))

,

(10.169)

â(si , D) ← a(si ) (si∈�), (10.170)

Ĉ(si , D) ← C(si ) (si∈�). (10.171)

Here, g
(
di
∣∣ξ, â(ξ, D), Ĉ(ξ, D)

)
is defined by Eq. (10.31) for each state ξ(∈�).

Step 3 (M-step): Set the initial values of the messages {̂λ(ξ)|ξ∈�} in the loopy
belief propagation for the Potts prior and repeat the following procedure until
α̂(d) and {̂λ(ξ)|ξ∈�} converge:

λ(si ) ←

∑
τ j∈�

exp
(
2α̂(D)δsi ,τ j

)̂
λ(τ j , D)3

∑
τi∈�

∑
τ j∈�

exp
(
2α̂(D)δτi ,τ j

)̂
λ(τ j , D)3

(si∈�), (10.172)
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λ̂(si , d) ← λ(si ) (si∈�), (10.173)

α̂(D) ← α̂(D)×
(

1

1 + û(D)

∑
τi∈�

∑
τ j∈�

(
1 − δτi ,τ j

)̂
λ(τi , D)3exp

(
2α̂(D)δτi ,τ j

)̂
λ(τ j , D)3

∑
τi∈�

∑
τ j∈�

λ̂(τi , D)3exp
(
2α̂(D)δτi ,τ j

)̂
λ(τ j , D)3

)1/4

.

(10.174)

Step 4 Compute the output ŝ(D) = (̂
s1(D), ŝ2(D), · · ·, ŝ|V |(D)

)
as follows:

ŝi (D) ← argmax
si∈�

g
(
di
∣∣si , â(si , D), ̂C(si , D)

)∏
k∈∂i

μ̂k→i (si , D) (i∈V ). (10.175)

Stop if the hyperparameters α̂(D), â(si , D) (si∈�), and Ĉ(si , D) (si∈�) converge
and return to Step 2 otherwise.

Some of the numerical experimental results are shown in Fig. 10.14. The Potts
prior has the first-order phase transition as shown in Sect. 10.3.6. Figure 10.14 shows
how the hyperparameter 2α = J

kBT
converges in the EM procedure with loopy belief

propagation under the first-order phase transition.

10.3.6 Real-Space Renormalization Group Method and
Sublinear Modeling of Statistical Machine Learning

First, we explore the most fundamental real-space renormalization procedure for the
Ising model in Eq. (10.49) on the ring graph (V, E), where

E ≡
{
{1, 2}, {2, 3}, {3, 4}, · · ·, {|V | − 1, |V |}, {|V |, 1}

}
, (10.176)

in the case of |V | = 2L . We have the following equality:

∑
s2∈�

∑
s4∈�

∑
s6∈�

· · ·
∑
s|V |∈�

∏
{i, j}∈E

exp

(
1

kBT
Jsi si+1

)

=
(∑
s2∈�

exp

(
1

kBT
J (s1 + s3)s2

))(∑
s4∈�

exp

(
1

kBT
J (s3 + s5)s4

))

×· · ·×
⎛
⎝ ∑

s|V |∈�

exp

(
1

kBT
J
(
s|V |−3 + s|V |−1

)
s|V |−2

)⎞
⎠
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Fig. 10.14 Numerical experimental results of probabilistic segmentations by Potts prior and loopy
belief propagation. The graph (V, E) is a square grid graphwith periodic boundary conditions along
the x- and y-directions

⎛
⎝ ∑

s|V |∈�

exp

(
1

kBT
J
(
s|V |−1 + s1

)
s|V |

)⎞
⎠

= 2
|V |
2

(
cosh

(
1

kBT
J

)) 1
2 (1+s1s3)(

cosh

(
1

kBT
J

)) 1
2 (1+s3s5)

×· · ·×
(
cosh

(
1

kBT
J

)) 1
2 (1+s|V |−3s|V |−1)(

cosh

(
1

kBT
J

)) 1
2 (1+s|V |−1s1)

= 2
|V |
2

⎛
⎝

|V |
2 −2∏
i=0

exp

((
1 + s2i+1s2i+3

)×1

2
ln

(
cosh

(
2

kBT
J

)))⎞
⎠

exp

((
1 + s|V |−1s1

)×1

2
ln

(
cosh

(
2

kBT
J

)))
.

(10.177)

For the |V |
2 -dimensional state vector (a1, a3, a5, · · ·, a|V−3|, a|V |−1), the marginal

probability distribution P{1,3,5,···,|V |−3,|V |−1}
(
a1, a3, a5, · · ·, a|V |−3, a|V |−1

∣∣α) is
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expressed as

P{1,3,5,···,|V |−3,|V |−1}
(
s1, s3, s5, · · ·, s|V |−3, s|V |−1

)

≡
∑
s2∈�

∑
s4∈�

∑
s6∈�

· · ·
∑

s|V |−2∈�

∑
s|V |∈�

P
(
s1, s2, s3, s4, s5, s6, · · ·, s|V |−3, s|V |−2s|V |−1, s|V |

)

=

⎛
⎝

|V |
2 −2∏
i=0

exp
(
α(1)s2i+1, s2i+3

)
⎞
⎠exp

(
α(1)s|V |−1, s1

)

∑
a1∈�

∑
a3∈�

· · ·
∑

a|V |−1∈�

⎛
⎝

|V |
2 −2∏
i=0

exp
(
α(1)s2i+1, s2i+3

)
⎞
⎠exp

(
α(1)s|V |−1, s1

)
, (10.178)

where

α(1) ≡ 1

2
ln

(
cosh

(
2

kBT
J

))
. (10.179)

The remaining nodes, which are denoted by odd numbers, are now renumbered by
replacing i with i−1

2 for i = 1, 3, 5, · · ·, |V | − 3, |V | − 1 and new sets V (1) and E (1)

of nodes and edges and a new state vector s(1) =
(
s(1)
1 , s(1)

2 , s(1)
3 , · · ·, s(1)

|V |
2 −1

, s(1)
|V |
2

)T

are introduced as follows:

V (1) ≡
{
1, 2, , 3, 4, · · ·, |V |

2
− 1,

|V |
2

}
, (10.180)

E (1) ≡
{
{1, 2}, {2, 3}, {3, 4}, · · ·, { |V |

2
− 1,

|V |
2

}, { |V |
2

, 1}
}
, (10.181)

s(1)
i = s2i−1 (i = 1, 2, · · ·, |V |/2). (10.182)

For the |V |
2 -dimentional state vector s(1) =

(
s(1)
1 , s(1)

2 , s(1)
3 , · · ·, s(1)

|V |
2 −1

, s(1)
|V |
2

)T
, we

define a new renormalized probability distribution by

P (1)
(
s(1)

) ≡

∏
{i, j}∈E (1)

exp
(
α(1)s(1)

i s(1)
j

)

∑

a(1)
1 ∈�

∑

a(1)
2 ∈�

· · ·
∑

a(1)
|V |/2∈�

∏
{i, j}∈E (1)

exp
(
α(1)s(1)

i s(1)
j

) . (10.183)

By repeating the above renormalizing procedures,
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∑

s(r−1)
2 ∈�

∑

s(r−1)
4 ∈�

∑

s(r−1)
6 ∈�

· · ·
∑

s|V (r−1) |∈�

∏
{i, j}∈E (r−1)

exp

(
1

kBT
Js(r−1)

i s(r−1)
i+1

)

= 2
|V |
2r

⎛
⎝

|V |
2r −2∏
i=0

exp

((
1 + s2i+1s2i+3

)×1

2
ln
(
cosh

(
2α(r−1)

)))
⎞
⎠

exp

((
1 + s|V |−1s1

)×1

2
ln

(
cosh

(
2

kBT
J

)))
,

(10.184)

α(r) ≡ 1

2
ln
(
cosh

(
2α(r−1)

))
, (10.185)

s(r)
i = s(r−1)

2i−1

(
i = 1, 2, · · ·, |V |

2r

)
, (10.186)

the renormalized probability of the r -th step is generated as follows:

P (r)
(
s(r)

) ≡

∏
{i, j}∈E (r)

exp
(
α(r)s(r)

i s(r)
i+1

)

∑

s(r)
1 ∈�

∑

s(r)
2 ∈�

· · ·
∑

s(r)
|V |/2r ∈�

∏
{i, j}∈E (r)

exp
(
α(r)s(r)

i s(r)
i+1

) , (10.187)

where

V (r) ≡ {
1, 2, · · ·, |V |

2r
}
, (10.188)

E (r) ≡
{
{1, 2}, {2, 3}, {3, 4}, · · ·, { |V |

2r
− 1,

|V |
2r

}, { |V |
2r

, 1}
}
. (10.189)

Note that V (0) = V , E (0) = E , α(0) = J
kBT

, s(0) = s, and P (0)
(
s(0)

) = P(s).
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Equation (10.185) corresponds to the update rule from α(r−1) α(r). By solving Eq.
(10.185) with respect to α(r−1), we can derive the inverse transformation rule of the
real-space renormalization group procedure as follows:

α(r−1) = 1

2
arccosh

(
exp

(
2α(r)

))
. (10.190)

If the hyperparameter α(r) in the r -th renormalized probability distribution P (r)
(
s(r)

)
has been estimated from given data vectors by means of the EM algorithm for renor-
malized probabilistic graphical models on ring graphs

(
V (r), E (r)

)
, we can estimate

the hyperparameter α(0) = J
kBT

of the probabilistic graphical models (10.49) on ring
graphs (V, E) by using the inverse transformation rule of the real-space renormal-
ization group procedure (10.190).

Now, we extend the real-space renormalization group scheme for the probabilistic
graphical model on the ring graph to the square grid graph as a pair approximation
in the real-space renormalization group framework as follows:

exp
(
α(r)s1s3

)
∝

∑
s2∈�

∑
s4∈�

exp
(
α(r−1)(s1s2 + s2s3 + s1s4 + s4s3)

)
. (10.191)

Equation (10.191) can be reduced to

α(r) = ln
(
cosh

(
2α(r−1)

))
. (10.192)

The r -th renormalized probability distribution for Eq. (10.49) is expressed as

P (r)
(
s(r)

) ∝
∏

{i, j}∈E (r)

exp
(
α(r)s(r)

i s(r)
j

)
. (10.193)

The inversion formula in Eq. (10.192) can be derived as

α(r−1) = 1

2
arccosh

(
exp

(
α(r)

))
. (10.194)

The above framework can be extended to the |�|-state Potts model, as shown in
Fig. 10.15. The inverse renormalization group transformation can also be applied
to the probabilistic segmentations in Eqs. (10.41), (10.42), and (10.43) with Eqs.
(10.44), (10.45), and (10.46) in Sect. 10.2.3 [81]. One of the numerical experimental
results in the inverse renormalization group transformation in probabilistic segmen-
tations is shown in Fig. 10.16.
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Fig. 10.15 Fundamental framework of sublinear computational modeling by the inverse renormal-
ization group transformation in probabilistic segmentations

Fig. 10.16 Numerical experimental results of sublinear computational modeling in the inverse
renormalization group transformation in probabilistic segmentations
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10.4 Quantum Statistical Machine Learning

This section explores the fundamental frameworks of quantum probabilistic graph-
ical models based on energy matrices and density matrices. Note that every energy
matrix needs to be Hermitian and have a density matrix that is defined by all the
eigenvalues and all the eigenvectors of each energy matrix. If all the off-diagonal
elements of the density matrix are zero, the diagonal elements correspond to the
probability distribution in the probabilistic graphical model. First, we explain gen-
eral frameworks of density matrices and their differentiations and define the min-
imization of free energies of density matrices. Second, we give the definitions of
tensor products of matrices as well as vectors. By using Pauli spin matrices as well
as tensor products, we introduce quantum probabilistic graphical models. Finally,
we extend the conventional EM algorithm to a quantum expectation-maximization
(QEM) algorithm.

10.4.1 Elementary Function and Differentiations
of Hermitian Matrices

Before proceeding with the quantum statistical mechanical extension of statistical
machine learning, we need to explore some essential formulas for Hermitianmatrices
and their derivatives. Some fundamental properties of matrices for statistical infer-
ence have appeared in Ref. [82]. In the present section, we give some useful formulas
for treating the entropy in quantum probabilistic graphical models.

We consider the M×M Hermitian matrix A

A =

⎛
⎜⎜⎜⎝

A11 A12 · · · A1M

A21 A22 · · · A2M
...

...
. . .

...

AM1 AM2 · · · AMM

⎞
⎟⎟⎟⎠, (10.195)

which satisfies A = A
T
. Here we remark that AT and A are the transpose and con-

jugate matrix of A, respectively. We introduce vertical and horizontal basis vectors
in the M-dimensional space as follows:

|1〉 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
0
0
0
.
.
.

0
0
0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, |2〉 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0
1
0
0
.
.
.

0
0
0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, |3〉 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0
0
1
0
.
.
.

0
0
0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, · · ·, |M − 1〉 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0
0
0
0
.
.
.

0
1
0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, |M〉 =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0
0
0
0
.
.
.

0
0
1

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (10.196)
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and
⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

〈1| = (1, 0, 0, 0, · · ·, 0, 0, 0),
〈2| = (0, 1, 0, 0, · · ·, 0, 0, 0),
〈3| = (0, 0, 1, 0, · · ·, 0, 0, 0),

...

〈M − 1| = (0, 0, 0, 0, · · ·, 0, 1, 0),
〈M | = (0, 0, 0, 0, · · ·, 0, 0, 1).

(10.197)

We can confirm that

〈i |A| j〉 = Ai j (i∈{1, 2, · · ·, M}, j∈{1, 2, · · ·, M}). (10.198)

The Hermitian matrix A is diagonalized as

A = U�U−1, (10.199)

� ≡

⎛
⎜⎜⎜⎜⎜⎝

λ1 0 0 · · · 0
0 λ2 0 · · · 0
0 0 λ3 · · · 0
...

...
...

. . .
...

0 0 0 · · · λM

⎞
⎟⎟⎟⎟⎟⎠

, (10.200)

where all the eigenvalues, λ1, λ2, · · ·, λM , are always real numbers. For the eigen-

vector ui =

⎛
⎜⎜⎜⎝

U1i

U2i
...

UMi

⎞
⎟⎟⎟⎠ corresponding to the eigenvalue λi , such that Aui = λiui , for

every i∈{1, 2, 3, · · ·, M} the matrix U is defined by

U ≡ (u1, u2, u3, · · ·, uM) =

⎛
⎜⎜⎜⎜⎜⎝

U11 U12 U13 · · · U1M

U21 U22 U23 · · · U2M

U31 U32 U33 · · · U3M
...

...
...

. . .
...

UM1 UM2 UM3 · · · UMM

⎞
⎟⎟⎟⎟⎟⎠

. (10.201)

It is known that U is a unitary matrix that satisfies U−1 = U
T
for any Hermitian

matrix s. If λ1 is the maximum eigenvalue, its corresponding eigenvector u1 is
expressed using the following notation:

u1 = argmaxA. (10.202)
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Note that argmaxA is the eigenvector that corresponds to the maximum eigenvalue
of A.

For any Hermitian matrix A, the exponential function is defined by

exp(A) ≡
+∞∑
n=0

1

n! A
n

= U

⎛
⎜⎜⎜⎜⎜⎝

exp(λ1) 0 0 · · · 0
0 exp(λ2) 0 · · · 0
0 0 exp(λ3) · · · 0
...

...
...

. . .
...

0 0 0 · · · exp(λM)

⎞
⎟⎟⎟⎟⎟⎠
U−1, (10.203)

and ln(A) is defined by the inverse function of exp(A) such that

exp(ln(A)) = A. (10.204)

In the present definition, we have

exp(A⊗I) = (exp(A))⊗I, exp(I⊗A) = I⊗(exp(A)), (10.205)

where I is an identity matrix.
For |1 − λ1| < 1, |1 − λ2| < 1, · · ·, |1 − λN | < 1, ln(A) is defined by

ln(A) = ln(I − (I − A)) ≡ −
+∞∑
n=1

1

n
(I − A)n

= U

⎛
⎜⎜⎜⎜⎜⎜⎝

ln(λ1) 0 0 · · · 0
0 ln(λ2) 0 · · · 0
0 0 ln(λ3) · · · 0
.
.
.

.

.

.
.
.
.

. . .
.
.
.

0 0 0 · · · ln(λM )

⎞
⎟⎟⎟⎟⎟⎟⎠
U−1. (10.206)

By using Eqs. (10.203) and (10.206), we can confirm that

exp(ln(A)) =
+∞∑
n=0

1

n! (ln(A))n

=
+∞∑
n=0

1

n!U

⎛
⎜⎜⎜⎜⎜⎝

(ln(λ1))
n 0 0 · · · 0

0 (ln(λ2))
n 0 · · · 0

0 0 (ln(λ3))
n · · · 0

...
...

...
. . .

...

0 0 0 · · · (ln(λM))n

⎞
⎟⎟⎟⎟⎟⎠
U−1
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= U

⎛
⎜⎜⎜⎜⎜⎝

exp(ln(λ1)) 0 0 · · · 0
0 exp(ln(λ2)) 0 · · · 0
0 0 exp(ln(λ3)) · · · 0
...

...
...

. . .
...

0 0 0 · · · exp(ln(λM))

⎞
⎟⎟⎟⎟⎟⎠
U−1

= U

⎛
⎜⎜⎜⎜⎜⎝

λ1 0 0 · · · 0
0 λ2 0 · · · 0
0 0 λ3 · · · 0
...

...
...

. . .
...

0 0 0 · · · λM

⎞
⎟⎟⎟⎟⎟⎠
U−1 = A. (10.207)

Moreover, we have

N∑
n=0

(I − A)n − (I − s)
N∑

n=0

(I − A)n

= I + (I − s) + (I − A)2 + · · · + (I − A)N

− (I − s) − (I − A)2 − · · · − (I − s)N − (I − A)N+1

= I − (I − A)N+1, (10.208)

such that

N∑
n=0

(I − A)n = (I − (I − A))−1(I − (I − A)N+1). (10.209)

We have

AN+1 = U

⎛
⎜⎜⎜⎜⎜⎜⎝

(1 − λ1)
N+1 0 0 · · · 0

0 (1 − λ2)
N+1 0 · · · 0

0 0 (1 − λ3)
N+1 · · · 0

.

.

.
.
.
.

.

.

.
. . .

.

.

.

0 0 0 · · · (1 − λM )N+1

⎞
⎟⎟⎟⎟⎟⎟⎠
U−1→0 (N→ + ∞),

(10.210)

so it is valid that

A−1 = (I − (I − A))−1 =
+∞∑
n=0

(I − A)n. (10.211)

Note that exp(A and ln(A) as well as A−1 are also Hermitian matrices in the present

case. (This can be shown by using AnT = (
A
T)n

.)
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We now introduce a Hermitian matrix function G(x) for any real number x as
follows:

G(x) ≡

⎛
⎜⎜⎜⎜⎜⎝

G11(x) G12(x) G13(x) · · · G1M(x)
G21(x) G22(x) G23(x) · · · G2M(x)
G31(x) G32(x) G33(x) · · · G3M(x)

...
...

...
. . .

...

GM1(x) GM2(x) GM3(x) · · · GMM(x)

⎞
⎟⎟⎟⎟⎟⎠

. (10.212)

We have

Gi j (x) = G ji (x) (i∈{1, 2, · · ·, M}, j∈{1, 2, · · ·, M}), (10.213)

such that

〈i |G(x)| j〉 = 〈 j |G(x)|i〉 (i∈{1, 2, · · ·, M}, j∈{1, 2, · · ·, M}). (10.214)

It is obvious that the derivative of the matrix G(x) with respect to x , namely,

d

dx
G(x) ≡

⎛
⎜⎜⎜⎜⎜⎝

d
dx G11(x)

d
dx G12(x)

d
dx G13(x) · · · d

dx G1M(x)
d
dx G21(x)

d
dx G22(x)

d
dx G23(x) · · · d

dx G2M(x)
d
dx G31(x)

d
dx G32(x)

d
dx G33(x) · · · d

dx G3M(x)
...

...
...

. . .
...

d
dx GM1(x)

d
dx GM2(x)

d
dx GM3(x) · · · d

dx GMM(x)

⎞
⎟⎟⎟⎟⎟⎠
(10.215)

is also a Hermitian matrix such that

〈i | d
dx

G(x)| j〉 = 〈 j | d
dx

G(x)| j〉 (i∈{1, 2, · · ·, M}, j∈{1, 2, · · ·, M}).
(10.216)

We have the following equalities:

d

dx
(Tr[G(x)]) = Tr

[
d

dx
G(x)

]
, (10.217)

and

Tr

((
d

dx
G(x)

)
G(x)

)
= Tr

(
G(x)

(
d

dx
G(x)

))
. (10.218)

Equation (10.218) can be confirmed as follows:
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Tr

((
d

dx
G(x)

)
G(x)

)
=

M∑
i=1

〈i |
(

d

dx
G(x)

)
G(x)|i〉 =

M∑
i=1

M∑
j=1

〈i |
(

d

dx
G(x)

)
| j〉〈 j |G(x)|i〉

=
M∑
j=1

M∑
i=1

〈 j |G(x)|i〉〈i |
(

d

dx
G(x)

)
| j〉 = Tr

(
G(x)

(
d

dx
G(x)

))
.

(10.219)

By using Eqs. (10.217) and (10.219), we derive the following fundamental for-
mula

d

dx
tr
(
G(x)n

) = Tr

((
d

dx
G(x)

)(
G(x)n−1

)) + Tr

(
G(x)

(
d

dx
G(x)n−1

))

= Tr

((
d

dx
G(x)

)(
G(x)n−1

))

+Tr

(
G(x)

((
d

dx
G(x)

)(
G(x)n−2

) + G(x)

(
d

dx
G(x)n−2

)))

= Tr

((
d

dx
G(x)

)(
G(x)n−1

))

+Tr

(
G(x)

(
d

dx
G(x)

)(
G(x)n−2)

)
+ Tr

(
G(x)2

(
d

dx
G(x)n−2

))

= Tr

((
d

dx
G(x)

)
G(x)n−1

)

+Tr

((
d

dx
G(x)

)
G(x)G(x)n−2

)
+ Tr

(
G(x)2

(
d

dx
G(x)n−2

))

= Tr

((
d

dx
G(x)

)
2G(x)n−1

)
+ Tr

(
G(x)2

(
d

dx
G(x)n−2

))

= · · ·
= Tr

((
d

dx
G(x)

)
(n − 1)G(x)n−1

)
+ Tr

(
G(x)n−1

(
d

dx
G(x)

))

= Tr

((
d

dx
G(x)

)
(n − 1)G(x)n−1

)
+ Tr

((
d

dx
G(x)

)
G(x)n−1

)

= Tr

((
d

dx
G(x)

)
nG(x)n−1

)
. (10.220)

From Eqs. (10.217) and (10.220), we can confirm the following equality:
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d

dx
Tr(ln(G(x))) = d

dx
Tr(ln(I − (I − G(x))))

= d

dx
Tr

(
−

+∞∑
n=1

1

n
(I − G(x))n

)

= −
+∞∑
n=1

1

n

d

dx
Tr
(
(I − G(x))n

)

= −
+∞∑
n=1

1

n
Tr

((
d

dx
(I − G(x))

)
n(I − G(x))n−1

)

= Tr

((
− d

dx
(I − G(x))

)(+∞∑
n=1

(I − G(x))n−1

))

= Tr

((
d

dx
G(x)

)(+∞∑
n=1

(I − G(x))n−1

))

= Tr

((
d

dx
G(x)

)
(I − (I − G(x)))−1

)
.

= Tr

((
d

dx
G(x)

)(
G(x)−1)

)
. (10.221)

By using Eqs. (10.221), we can confirm the following equality:

d

dA
Tr[A(ln(A))] ≡

⎛
⎜⎜⎜⎝

d
d A11

Tr[Aln(A)] d
d A12

Tr[Aln(A)] · · · d
d A1M

Tr[Aln(A)]
d

d A21
Tr[Aln(A)] d

d A22
Tr[Aln(A)] · · · d

d A2M
Tr[Aln(A)]

...
...

. . .
...

d
d AM1

Tr[Aln(A)] d
d AM2

Tr[Aln(A)] · · · d
d AMM

Tr[Aln(A)]

⎞
⎟⎟⎟⎠

= ln(A) + I . (10.222)

10.4.2 Minimization of Free Energy Functionals for Density
Matrices

For anyM×M Hermitianmatrix H that satisfies H = H
T
, the free energy functional

for an M×M trial density matrix

R =

⎛
⎜⎜⎜⎝

R11 R12 · · · R1M

R21 R22 · · · R2M
...

...
. . .

...

RM1 RM2 · · · RMM

⎞
⎟⎟⎟⎠ (10.223)
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is defined by

F[R] = Tr[R(H + kBT ln(R))]. (10.224)

The density matrix P is determined so as to satisfy the following conditional mini-
mization with the normalization condition as follows:

P = argmin
R

{F[R]∣∣Tr[R] = 1
}
, (10.225)

and this reduces to

P = 1

Z
exp

(
− 1

kBT
H
)

, (10.226)

Z ≡ Tr

[
exp

(
− 1

kBT
H
)]

. (10.227)

First,we introduce theLagrangemultiplierλ to ensure the normalization condition
as follows:

L[R] ≡ F[R] − λ
(
Tr[R] − 1

)
. (10.228)

̂R are determined so as to satisfy the following extremum condition:

∂

∂Rmm ′
L[R] = 0 (m = 1, 2, · · ·, M, m ′ = 1, 2, · · ·, M). (10.229)

Finally, by determining λ so as to satisfy the normalization condition Tr
[
̂R
]

= 1,

Eqs. (10.226) and (10.227) can be derived.
Because the energy matrix H is a Hermitian matrix, all the eigenvalues hm are

always real numbers and all the eigenvectors

⎛
⎜⎜⎜⎝

ψ(m)(1)
ψ(m)(2)

...

ψ(m)(M)

⎞
⎟⎟⎟⎠ can be chosen as real

vectors and are defined by

H

⎛
⎜⎜⎜⎝

ψ(m)(1)
ψ(m)(2)

...

ψ(m)(M)

⎞
⎟⎟⎟⎠ = h(m)

⎛
⎜⎜⎜⎝

ψ(m)(1)
ψ(m)(2)

...

ψ(m)(M)

⎞
⎟⎟⎟⎠ (m = 1, 2, · · ·, M), (10.230)

where
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(
ψ(m)(1), ψ(m)(2), · · ·, ψ(m)(M)

)
⎛
⎜⎜⎜⎜⎝

ψ(m)(1)
ψ(m)(2)

.

.

.

ψ(m)(M)

⎞
⎟⎟⎟⎟⎠

= 1 (m = 1, 2, · · ·, M). (10.231)

By using these eigenvalues and eigenvectors of H , the density matrix can be
expressed as

̂R =

⎛
⎜⎜⎜⎜⎝

ψ(1)(1) ψ(2)(1) · · · ψ(M)(1)
ψ(1)(2) ψ(2)(2) · · · ψ(M)(2)

.

.

.
.
.
.

. . .
.
.
.

ψ(1)(M) ψ(2)(M) · · · ψ(M)(M)

⎞
⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎝

p(1) 0 · · · 0
0 p(2) · · · 0
.
.
.

.

.

.
. . .

.

.

.

0 0 · · · p(M)

⎞
⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎝

ψ(1)(1) ψ(2)(1) · · · ψ(M)(1)
ψ(1)(2) ψ(2)(2) · · · ψ(M)(2)

.

.

.
.
.
.

. . .
.
.
.

ψ(1)(M) ψ(2)(M) · · · ψ(M)(M)

⎞
⎟⎟⎟⎟⎠

T

,

(10.232)

where

p(m) =
exp

(
− 1

kBT
h(m)

)

Tr
[
exp

(
− 1

kBT
h(m)

)] (m = 1, 2, · · ·, M). (10.233)

This means that the probability of each state

⎛
⎜⎜⎜⎝

ψ(m)(1)
ψ(m)(2)

.

.

.

ψ(m)(M)

⎞
⎟⎟⎟⎠ is p(m) for m = 1, 2, · · ·, M.

10.4.3 Tensor Products

This section explores tensor products (Kronecker products) [82]. Tensor products
include some fundamental mathematical concepts for achieving quantum statistical
mechanical extensions of probabilistic graphical models.

We introduce tensor products for matrices and vectors by the following defini-
tions:

(
A11 A12
A21 A22

)
⊗
(
B11 B12
B21 B22

)
=

⎛
⎜⎜⎝

A11

(
B11 B12
B21 B22

)
A12

(
B11 B12
B21 B22

)

A21

(
B11 B12
B21 B22

)
A22

(
B11 B12
B21 B22

)

⎞
⎟⎟⎠

=

⎛
⎜⎜⎝

A11B11 A11B12 A12B11 A12B12
A11B21 A11B22 A12B21 A12B22
A21B11 A21B12 A22B11 A12B12
A21B21 A21B22 A22B21 A12B22

⎞
⎟⎟⎠, (10.234)
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(
A1

A2

)
⊗
(
B1

B2

)
=

⎛
⎜⎜⎝

A1

(
B1

B2

)

A2

(
B1

B2

)

⎞
⎟⎟⎠ =

⎛
⎜⎜⎝

A11B11

A11B21

A21B11

A21B21

⎞
⎟⎟⎠. (10.235)

We remark that
((

A11 A12

A21 A22

)
⊗
(
B11 B12

B21 B22

))((
C11 C12

C21 C22

)
⊗
(
D11 D12

D21 D22

))

=
((

A11 A12

A21 A22

)(
C11 C12

C21 C22

))
⊗
((

B11 B12

B21 B22

)(
D11 D12

D21 D22

))
. (10.236)

Moreover, for the following general matrices A and B,

A =

⎛
⎜⎜⎜⎝

A11 A12 · · · A1M

A21 A22 · · · A2M
...

...
. . .

...

AM1 AM2 · · · AMM

⎞
⎟⎟⎟⎠, B =

⎛
⎜⎜⎜⎝

B11 B12 · · · B1N

B21 B22 · · · B2N
...

...
. . .

...

BN1 BN2 · · · BNN

⎞
⎟⎟⎟⎠, (10.237)

we define the tensor product A⊗B as

A⊗B =

⎛
⎜⎜⎜⎜⎜⎝

A11 A12 · · · A1M

A21 A22 · · · A2M

.

.

.

.

.

.

.
.
.

.

.

.

AM1 AM2 · · · AMM

⎞
⎟⎟⎟⎟⎟⎠

⊗

⎛
⎜⎜⎜⎜⎜⎝

B11 B12 · · · B1N

B21 B22 · · · B2N

.

.

.

.

.

.

.
.
.

.

.

.

BN1 BN2 · · · BNN

⎞
⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎝

A11B A12B · · · A1M B
A21B A22B · · · A2M B

.

.

.

.

.

.

.
.
.

.

.

.

AM1B AM2B · · · AMM B

⎞
⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

A11B11 A11B12 · · · A11B1N A12B11 A12B12 · · · A12B1N · · · A1M B11 A1M B12 · · · A1M B1N

A11B21 A11B22 · · · A11B2N A12B21 A12B22 · · · A12B2N · · · A1M B21 A1M B22 · · · A1M B2N

.

.

.

.

.

.

.
.
.

.

.

.

.

.

.

.

.

.

.
.
.

.

.

.

.
.
.

.

.

.

.

.

.

.
.
.

.

.

.

A11BN1 A11BN2 · · · A11BNN A12BN1 A12BN2 · · · A12BNN · · · A1M BN1 A1M BN2 · · · A1M BNN

A21B11 A21B12 · · · A21B1N A22B11 A22B12 · · · A22B1N · · · A2M B11 A2M B12 · · · A2M B1N

A21B21 A21B22 · · · A21B2N A22B21 A22B22 · · · A22B2N · · · A2M B21 A2M B22 · · · A2M B2N

.

.

.

.

.

.

.
.
.

.

.

.

.

.

.

.

.

.

.
.
.

.

.

.

.
.
.

.

.

.

.

.

.

.
.
.

.

.

.

A21BN1 A21BN2 · · · A21BNN A22BN1 A22BN2 · · · A22BNN · · · A2M BN1 A2M BN2 · · · A2M BNN

.

.

.

.

.

.

.
.
.

.

.

.

.

.

.

.

.

.

.
.
.

.

.

.

.
.
.

.

.

.

.

.

.

.
.
.

.

.

.

AM1B11 AM1B12 · · · AM1B1N AM2B11 AM2B12 · · · AM2B1N · · · AMM B11 AMM B12 · · · AMM B1N

AM1B21 AM1B22 · · · AM1B2N AM2B21 AM2B22 · · · AM2B2N · · · AMM B21 AMM B22 · · · AMM B2N

.

.

.

.

.

.

.
.
.

.

.

.

.

.

.

.

.

.

.
.
.

.

.

.

.
.
.

.

.

.

.

.

.

.
.
.

.

.

.

AM1BN1 AM1BN2 · · · AM1BNN AM2BN1 AM2BN2 · · · AM2BNN · · · AMM BN1 AMM BN2 · · · AMM BNN

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

(10.238)

Similarly, for vectors
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a =

⎛
⎜⎜⎜⎝

a1
a2
...

aM

⎞
⎟⎟⎟⎠, b =

⎛
⎜⎜⎜⎝

b1
b2
...

bN

⎞
⎟⎟⎟⎠, (10.239)

the tensor product a⊗b is defined as

a⊗b =

⎛
⎜⎜⎜⎝

a1
a2
.
.
.

aM

⎞
⎟⎟⎟⎠⊗

⎛
⎜⎜⎜⎝

b1
b2
.
.
.

bN

⎞
⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎝

a1b
a2b
.
.
.

aM b

⎞
⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

a1

⎛
⎜⎜⎜⎝

b1
b2
.
.
.

bN

⎞
⎟⎟⎟⎠

a2

⎛
⎜⎜⎜⎝

b1
b2
.
.
.

bN

⎞
⎟⎟⎟⎠

.

.

.

aM

⎛
⎜⎜⎜⎝

b1
b2
.
.
.

bN

⎞
⎟⎟⎟⎠

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

a1b1
a1b2

.

.

.

a1bN
a2b1
a2b2

.

.

.

a2bN
.
.
.

aMb1
aMb2

.

.

.

aMbN

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

, (10.240)

aT⊗bT = (a1, a2, · · ·, aM)⊗(b1, b2, · · ·, bN ) = (
a1b

T, a2b
T, · · ·, aMbT

)

= (
a1b1, a1b2, · · ·, a1bN , a2b1, a2b2, · · ·, a2bN , · · ·, aMb1, aMb2, · · ·, aMbN

)
.

(10.241)

We introduce the following two-dimensional fundamental vectors:

|1〉 ≡
(
1
0

)
, |2〉 ≡

(
0
1

)
, (10.242)

|1〉 ≡ (1, 0), 〈2| ≡ (0, 1). (10.243)

By using the fundamental vectors in two-dimensional space, we define the vertical
and horizontal fundamental vectors in four-dimensional space by using the tensor
product as follows:
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⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

|1, 1〉 ≡ |1〉⊗|1〉 =

⎛
⎜⎜⎝
1
0
0
0

⎞
⎟⎟⎠, |1, 2〉 ≡ |1〉⊗|2〉 =

⎛
⎜⎜⎝
0
1
0
0

⎞
⎟⎟⎠,

|2, 1〉 ≡ |2〉⊗|1〉 =

⎛
⎜⎜⎝
0
0
1
0

⎞
⎟⎟⎠, |2, 2〉 ≡ |2〉⊗|2〉 =

⎛
⎜⎜⎝
0
0
0
1

⎞
⎟⎟⎠,

(10.244)

⎧⎨
⎩

〈1, 1| ≡ 〈1|⊗〈1| = (1, 0, 0, 0), 〈1, 2| ≡ 〈1|⊗〈2| = (0, 1, 0, 0),

〈2, 1| ≡ 〈2|⊗〈1| = (0, 0, 1, 0), 〈2, 2| ≡ 〈2|⊗〈2| = (0, 0, 0, 1),
(10.245)

It is easy to confirm the following equality:

〈i, j |
(
A11 A12

A21 A22

)
⊗
(
B11 B12

B21 B22

)
|i ′, j ′〉 = Ai,i ′ Bj, j ′ . (10.246)

By extending the above example to general-dimensional fundamental vectors, the
(i, j |i ′, j ′)-components of A×B for any M×M matrix A and N×N matrix B are
expressed as

〈i, j |A⊗B|i ′, j ′〉 = 〈i |A|i ′〉〈 j |B| j ′〉 = Ai,i ′ Bj, j ′ . (10.247)

For M×M matrices A and C and N×N matrices B and D, we have

(A⊗B)(C⊗D) = (AC)⊗(BD), (10.248)

and

Tr[A⊗B] = (Tr[A])(Tr[B]). (10.249)

In deriving the equality in Eq. (10.248), the (i, j |i ′, j ′)-components of theMN×MN
matrix (A⊗B)(C⊗D) are given by

〈i, j |(A⊗B)(C⊗D)|i ′, j ′〉 =
M∑

i ′′=1

N∑
j ′′=1

〈i, j |(A⊗B)|i ′′, j ′′〉〈i ′′, j ′′|(C⊗D)|i ′, j ′〉
(
i∈{1, 2, · · ·, M}, i ′∈{1, 2, · · ·, M}, j∈{1, 2, · · ·, N }, j ′∈{1, 2, · · ·, N }).

(10.250)

For the M×M and N×N identity matrices I (M) and I (N), it is valid that
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(
A⊗I (N)

)(
I (M)⊗B

) = (
I (M)⊗B

)(
A⊗I (N)

) = A⊗B. (10.251)

Moreover, by using mathematical induction, we can confirm the following binomial
expansion:

(
A⊗I (N) + I (M)⊗B

)n =
n∑

k=0

n!
k!(n − k)!

(
A⊗I (N)

)k(
I (M)⊗B

)n−k
. (10.252)

By using Eq. (10.252), we can derive the following equality:

exp
(
A⊗I (N) + I (M)⊗B

) =
+∞∑
n=0

1

n!
(
A⊗I (N) + I (M)⊗B

)n

=
+∞∑
n=0

1

n!
n∑

k=0

n!
k!(n − k)!

(
A⊗I (N)

)k(
I (M)⊗B

)n−k

=
+∞∑
k=0

+∞∑
n=k

1

n!
n!

k!(n − k)!
(
A⊗I (N)

)k(
I (M)⊗B

)n−k

=
+∞∑
k=0

+∞∑
n=k

1

k!(n − k)!
(
A⊗I (N)

)k(
I (M)⊗B

)n−k

=
+∞∑
k=0

+∞∑
l=0

1

k!l!
(
A⊗I (N)

)k(
I (M)⊗B

)l

=
(+∞∑

k=0

1

k!
(
A⊗I (N)

)k
)(+∞∑

l=0

1

l!
(
I (M)⊗B

)l
)

=
(+∞∑

k=0

1

k!
(
Ak⊗I (N)

))(+∞∑
l=0

1

l!
(
I (M)⊗Bl

))

=
((+∞∑

k=0

1

k! A
k

)
⊗I (N)

)(
I (M)⊗

(+∞∑
l=0

1

l! B
l

))

= (
exp(A)⊗I (N)

)(
I (M)⊗exp(B)

)

= exp(A)⊗exp(B). (10.253)

By taking the logarithm of both sides of Eq. (10.253), we have

ln(exp(A))⊗I (N) + I (M)⊗ln(exp(B)) = ln(exp(A)⊗exp(B)). (10.254)
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10.4.4 Quantum Probabilistic Graphical Models and
Quantum Expectation-Maximization Algorithm

This section explores a type of probabilistic graphical modeling based on Pauli spin
matrices from the quantum statistical mechanical point of view. Our review focuses
on the transverse Ising model in statistical mechanical informatics [37, 83, 84]. Note
that generalization of the framework is possible.

Consider a graph specified by nodes and edges (V, E) where V is the set of all
nodes i and E is the set of all edges {i, j}. We introduce Pauli spin matrices σ z and
σ x as well as an identity matrix I defined by

σ z =
(+1 0

0 −1

)
, σ x =

(
0 +1

+1 0

)
, I =

(+1 0
0 +1

)
. (10.255)

The Pauli spin matrices at each node i∈V≡{1, 2, · · ·, N } are defined by

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

σ x
1 ≡ σ x⊗I⊗I⊗· · ·⊗I⊗I, σ

y
1 ≡ σ y⊗I⊗I⊗· · ·⊗I⊗I, σ z

1 ≡ σ z⊗I⊗I⊗· · ·⊗I⊗I,
σ x
2 ≡ I⊗σ x⊗I⊗· · ·⊗I⊗I, σ

y
2 ≡ I⊗σ y⊗I⊗· · ·⊗I⊗I, σ z

2 ≡ I⊗σ z⊗I⊗· · ·⊗I⊗I,
.
.
.

.

.

.
.
.
.

σ x
|V | ≡ I⊗I⊗I⊗· · ·⊗I⊗σ x , σ

y
|V | ≡ I⊗I⊗I⊗· · ·⊗I⊗σ y, σ z

|V | ≡ I⊗I⊗I⊗· · ·⊗I⊗σ z .

(10.256)

The vertical and horizontal N -dimensional state vectors are defined by

|s1, s2, · · ·, s|V |〉 ≡ |s1〉⊗|s2〉⊗· · ·⊗|s|V |〉 (s1∈�, s2∈�, · · ·, s|V |∈�), (10.257)

〈s1, s2, · · ·, s|V || ≡ 〈s1|⊗〈s2|⊗· · ·⊗〈s|V || (s1∈�, s2∈�, · · ·, s|V |∈�), (10.258)

where

〈 + 1| ≡ (1, 0), 〈 − 1| ≡ (0, 1), | + 1〉 ≡
(
1
0

)
, | − 1〉 ≡

(
0
1

)
. (10.259)

Byusing the state vector representations, (s1, s2, · · ·, s|V ||s ′
1, s

′
2, · · ·, s ′

|V |)-elements
of σ x

i , σ
z
j and σ z

i σ
z
j are given as

〈s1, s2, · · ·, s|V ||σ x
i |s ′

1, s
′
2, · · ·, s ′

|V |〉 =
⎛
⎝ ∏

k∈V \{i}
δsk ,s ′

k

⎞
⎠〈si |σ x |s ′

i 〉

(s1∈�, s2∈�, · · ·, s|V |∈�; s ′
1∈�, s ′

2∈�, · · ·, s ′
|V |∈�), (10.260)



228 K. Tanaka

〈s1, s2, · · ·, s|V ||σ z
i |s ′

1, s
′
2, · · ·, s ′

|V |〉 =
⎛
⎝ ∏

k∈V \{i}
δsk ,s ′

k

⎞
⎠〈si |σ z|s ′

i 〉

(s1∈�, s2∈�, · · ·, s|V |∈�; s ′
1∈�, s ′

2∈�, · · ·, s ′
|V |∈�), (10.261)

〈s1, s2, · · ·, s|V ||σ z
i σ z

j |s′
1, s

′
2, · · ·, s′|V |〉 =

⎛
⎝ ∏

k∈V \{i, j}
δsk ,s′k

⎞
⎠〈si , s j |(σ z⊗I)(I⊗σ z)|s′

i , s
′
j 〉

(s1∈�, s2∈�, · · ·, s|V |∈�; s′
1∈�, s′

2∈�, · · ·, s′|V |∈�). (10.262)

The prior density matrix P(α, γ ) and the data generative density matrix P(d|β)

for a given data vector d are assumed to be

P(α, γ ) =
exp

(
−1

2
α
∑

{i, j}∈E

(
σ z
i − σ z

j

)2 + γ
∑
i∈V

σ x
i

)

Tr
[
exp

(
−α

∑
{i, j}∈E

(
σ z
i − σ z

j

)2 + γ
∑
i∈V

σ x
i

)] , (10.263)

P(d|β) =
(√

β

2π

)|V |
exp

(
−1

2
β
∑
i∈V

(
di I (2|V |) − σ z

i

)2)
, (10.264)

where α, β, and γ are hyperparameters. The data generative density matrix P(d|β)

is expressed as a |�||V |×|�||V | diagonal matrix in which all the off-diagonal
elements are zero. Each diagonal element 〈s1, s2, · · ·, s|V ||P(d|β)|s1, s2, · · ·, s|V |〉
((s1, s2, · · ·, s|V |)T∈�|V |) corresponds to the probability of the data vector d accord-
ing to additive white Gaussian noise when the state vector (s1, s2, · · ·, s|V |) is given,
and β corresponds to the inverse of variance in the additive white Gaussian noise.
By considering a quantum statistical mechanical extension of the Bayes formula, a
posterior density matrix P(d, α, β, γ ) and a joint density matrix P(d|α, β, γ ) can
be expressed as follows:

P(d, α, β, γ ) ≡
exp

(
ln
(
P(d|β)

)
+ ln

(
P(α, γ )

))

Tr
[
exp

(
ln
(
P(d|β)

)
+ ln

(
P(α, γ )

))]

=
exp

(
−1

2
α

∑
{i, j}∈E

(
σ z
i − σ z

j

)2 − 1

2
β
∑
i∈V

(
di I (2|V |) − σ z

i

)2 + γ
∑
i∈V

σ x
i

)

Tr
[
exp

(
−1

2
α

∑
{i, j}∈E

(
σ z
i − σ z

j

)2 − 1

2
β
∑
i∈V

(
di I (2|V |) − σ z

i

)2 + γ
∑
i∈V

σ x
i

)] ,

(10.265)
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P
(
d
∣∣α, β, γ

) ≡ exp
(
ln
(
P(d|β)

) + ln
(
P(α, γ )

))

=
exp

(
−1

2
α

∑
{i, j}∈E

(
σ z
i − σ z

j

)2 + 1

2
β
∑
i∈V

(di I (2|V |) − σ z
i )2 + γ

∑
i∈V

σ x
i

)

(√
2π

β

)|V |
Tr
[
exp

(
−1

2
α

∑
{i, j}∈E

(
σ z
i − σ z

j

)2 + γ
∑
i∈V

σ x
i

)] .

(10.266)

The estimates of the states of the hyperparameters
(̂
α(d), β̂(d), γ̂ (d)

)
are found

that maximize the marginal likelihood Tr
[
P
(
d
∣∣α, β, γ

)]
as follows:

(̂
α(d), β̂(d), γ̂ (d)

) ≡ arg max
(α,β,γ )

Tr
[
P
(
d
∣∣α, β, γ

)]
. (10.267)

To achieve the estimation criteria for hyperparameters α, β, and γ in Eqs. (10.267),
we extend the Q-function in Eq. (10.8) to the following expression from a quantum
statistical mechanical point of view:

Q
(
α, β, γ

∣∣∣α′, β ′, γ ′, d
)

≡ Tr
[
P
(
d, α′, β ′, γ ′)ln

(
P
(
d
∣∣α, β, γ

))]
.(10.268)

The quantum EM algorithm can be summarized as a procedure consisting of the fol-
lowing E- andM-stepwhich are repeated for t = 0, 1, 2, · · · until α̂ and β̂ converge:

E-step: Compute Q(
α, β

∣∣α(t), β(t), d
)
for various values of α and β.

M-step: Determine
(
α(t + 1), β(t + 1)

)
so as to satisfy the extremumof condi-

tions of
Q(

α, β
∣∣α(t), β(t), d

)
with respect toα andβ.Update α̂←α(t + 1) and β̂←β(t +

1).

The quantum EM algorithm can obtain the solution of the extremum condition in the

marginal likelihood Tr
[
P
(
d
∣∣α, β, γ

)]
, because we have the following equalities:

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

[
∂
∂α
Q
(
α, β, γ

∣∣∣̂α, β̂, γ̂ , d
)]

(α,β,γ )=(̂α,β̂,γ̂ )
= [

∂
∂α

ln
(
Tr
[
P
(
d
∣∣α, β, γ

)])]
(α,β,γ )=(̂α,β̂,γ̂ )

,[
∂
∂β
Q
(
α, β, γ

∣∣∣̂α, β̂, γ̂ , d
)]

(α,β,γ )=(̂α,β̂,γ̂ )
=
[

∂
∂β
ln
(
Tr
[
P
(
d
∣∣α, β, γ

)])]
(α,β,γ )=(̂α,β̂,γ̂ )

,[
∂
∂γ

Q
(
α, β, γ

∣∣∣γ̂ , β̂, γ̂ , d
)]

(α,β,γ )=(̂α,β̂,γ̂ )
= [

∂
∂α

ln
(
Tr
[
P
(
d
∣∣α, β, γ

)])]
(α,β,γ )=(̂α,β̂,γ̂ )

.

(10.269)

By substituting Eq. (10.265) into Eq. (10.268), the Q-function can be rewritten as
follows:

Q(
α, β, γ

∣∣α′, β ′, γ ′, d
) = −1

2
α

∑
{i, j}∈E

Tr
(
σ z⊗I − I⊗σ z)2Pi j (d, α′, β ′, γ ′)
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−1

2
β
∑
i∈V

Tr
[
di I − σ z)2Pi (d, α′, β ′, γ ′)

]

+γ
∑
i∈V

Tr
[
σ x
i Pi (d, α′, β ′, γ ′)

]

+|V |ln
(√

2π

β

)

+ln
(
Tr
[
exp

(
−1

2
α

∑
{i, j}∈E

(
σ z⊗I − I⊗σ z)2 + γ

∑
i∈V

σ x
i

)])
.

(10.270)

The extremum conditions of Q
(
α, β, γ

∣∣∣α(t), β(t), γ (t), d
)
with respect to α, β

and γ , such that,

⎧⎨
⎩

∂
∂α
Q(

α, β, γ
∣∣α(t), β(t), γ (t), d

) = 0,
∂
∂β
Q(

α, β, γ
∣∣α(t), β(t), γ (t), d

) = 0,
∂
∂γ
Q(

α, β, γ
∣∣α(t), β(t), γ (t), d

) = 0
(10.271)

can be reduced to the following simutaneous update rules in the quantum EM algo-
rithm:

∑
{i, j}∈E

Tr
[
(σ z⊗I − I⊗σ z)

2P i j (α(t + 1), γ (t + 1))
]

=
∑

{i, j}∈E
Tr
[
(σ z⊗I − I⊗σ z)

2P i j (d, α(t), β(t), γ (t))
]
,

(10.272)

1

β(t + 1)
=
∑
i∈V

Tr
[
(di I − σ z)2P i (d, α(t), β(t), γ (t))

]
, (10.273)

∑
i∈V

Tr
[
σ x P i (α(t + 1), γ (t + 1))

] =
∑
i∈V

Tr
[
σ x P i (d, α(t), β(t), γ (t))

]
, (10.274)

where

〈si |Pi (d, α, β, γ )|s′
i 〉 = 〈si |Tr\i P(d, α, β, γ )|s′

i 〉
≡

∑
τ1∈�

∑
τ2∈�

· · ·
∑

τ|V |∈�

∑

τ ′
1∈�

∑

τ ′
2∈�

· · ·
∑

τ ′|V |∈�

δsi ,τi δs′i ,τ ′
i

×
⎛
⎝ ∏

j∈V \{i}
δτ j ,τ

′
j

⎞
⎠〈τ1, τ2, · · ·, τ|V ||P(d, α, β, γ )|τ ′

1, τ
′
2, · · ·, τ ′|V |〉

(si∈�, s′
i∈�. i∈V ), (10.275)
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〈si , s j |Pi j (d, α, β, γ )|s′i , s′j 〉 = 〈si , s j |P j i (d, α, β, γ )|s′i , s′j 〉
= 〈si , s j |Tr\{i, j}P(d, α, β, γ )|s′i , s′j 〉
≡

∑
τ1∈�

∑
τ2∈�

· · ·
∑

τ|V |∈�

∑

τ ′
1∈�

∑

τ ′
2∈�

· · ·
∑

τ ′|V |∈�

δsi ,τi δs j ,τ j δs′i ,τ ′
i
δs′j ,τ ′

j

×
⎛
⎝ ∏
k∈V \{i, j}

δτk ,τ
′
k

⎞
⎠〈τ1, τ2, · · ·, τ|V ||P(d, α, β, γ )|τ ′

1, τ
′
2, · · ·, τ ′|V |〉

(si∈� s j∈�, s′i∈�, s′j∈�, i∈V, j∈V, i < j), (10.276)

〈si , s j |Pi j (α, γ )|s′i , s′j 〉 = 〈si , s j |P j i (α, γ )|s′i , s′j 〉
= 〈si , s j |Tr\{i, j}P(α, γ )|s′i , s′j 〉
≡

∑
τ1∈�

∑
τ2∈�

· · ·
∑

τ|V |∈�

∑

τ ′
1∈�

∑

τ ′
2∈�

· · ·
∑

τ ′|V |∈�

δsi ,τi δs j ,τ j δs′i ,τ ′
i
δs′j ,τ ′

j

×
⎛
⎝ ∏
k∈V \{i, j}

δτk ,τ
′
k

⎞
⎠〈τ1, τ2, · · ·, τ|V ||P(α, γ )|τ ′

1, τ
′
2, · · ·, τ ′|V |〉

(si∈� s j∈�, s′i∈�, s′j∈�, i∈V, j∈V, i < j). (10.277)

Finally, we explain how the state at each node is estimated from the reduced
posterior density matrix Pi (d, α, β, γ ) in Eq. (10.276) for each node i(∈V ). The
reduced posterior density matrix Pi (d, α, β, γ ) is a real symmetric matrix and can
be diagonalized as

Pi (d, α, β, γ ) =
(

ψ
(1)
i (+1|d, α, β, γ ) ψ

(2)
i (+1|d, α, β, γ )

ψ
(1)
i (−1|d, α, β, γ ) ψ

(2)
i (−1|d, α, β, γ )

)

×
(
P(1)
i (d, α, β, γ ) 0

0 P(2)
i (d, α, β, γ )

)

×
(

ψ
(1)
i (+1|d, α, β, γ ) ψ

(2)
i (+1|d, α, β, γ )

ψ
(1)
i (−1|d, α, β, γ ) ψ

(2)
i (−1|d, α, β, γ )

)T

, (10.278)

where the eigenvalues, P (1)
i (d, α, β, γ ) and P (2)

i (d, α, β, γ ), are always real num-

bers. The vectors

(
ψ

(1)
i (+1|d, α, β, γ )

ψ
(1)
i (−1|d, α, β, γ )

)
and

(
ψ

(2)
i (+1|d, α, β, γ )

ψ
(2)
i (−1|d, α, β, γ )

)
correspond

to the eigenvectors for the eigenvalues P (1)
i (d, α, β, γ ) and P (2)

i (d, α, β, γ ), such
that
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Pi (d, α, β, γ )

(
ψ

(n)
i (+1|d, α, β, γ )

ψ
(n)
i (−1|d, α, β, γ )

)
= Pi (n|d, α, β, γ )

(
ψ

(n)
i (+1|d, α, β, γ )

ψ
(n)
i (−1|d, α, β, γ )

)

(i∈V, n∈{1, 2}). (10.279)

Thismeans that the eigenvectors correspond to all possible states and probabilities of

the states

(
ψ

(1)
i (+1|d, α, β, γ )

ψ
(1)
i (−1|d, α, β, γ )

)
and

(
ψ

(2)
i (+1|d, α, β, γ )

ψ
(2)
i (−1|d, α, β, γ )

)
are P (2)

i (d, α, β, γ )

and P (2)
i (d, α, β, γ ), respectively, in the reduced density matrix Pi (d, α, β, γ ). The

estimates for the state at each node i(∈V ),

(
ψ̂i
(+1

∣∣d, α̂, β̂, γ̂
)

ψ̂i
(−1

∣∣d, α̂, β̂, γ̂
)
)
, are given by

(
ψ̂i
(+1

∣∣d, α̂, β̂, γ̂
)

ψ̂i
(−1

∣∣d, α̂, β̂, γ̂
)
)

≡ argmaxPi
(
d, α̂, β̂, γ̂

)
(i∈V ). (10.280)

These estimation criteria in Eqs. (10.267) and (10.280) correspond to quantum statis-
ticalmechanical extensions of themaximizations ofmarginal likelihood andposterior
marginal.

10.4.5 Quantum Expectation-Maximization (EM) Algorithm
for Probabilistic Image Segmentation

This section applies the framework of Sect. 10.4.5 to the EM algorithm for prob-
abilistic image segmentations in Sect. 10.2.3. In our present framework, Hubbard
Operators [85] are used instead of Pauli spin matrices.

First, we introduce Hubbard operators Xτ,τ ′
i at each node i(∈V ) as follows:

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

X (τ,τ ′)
1 ≡ X (τ,τ ′)⊗I⊗I⊗· · ·⊗I⊗I,

X (τ,τ ′)
2 ≡ I⊗X (τ,τ ′)⊗I⊗· · ·⊗I⊗I,

...

X (τ,τ ′)
|V | ≡ I⊗I⊗I⊗· · ·⊗I⊗X (τ,τ ′)

|V | ,

(τ∈�, τ ′∈�), (10.281)

where

X (+1,+1) ≡
(
1 0
0 0

)
, X (+1,−1) ≡

(
0 0
1 0

)
, X (−1,+1) ≡

(
0 1
0 0

)
, X (−1,−1) ≡

(
0 0
0 1

)
.

(10.282)

In probabilistic segmentation and clustering, ρ(D|s, a(+1), a(−1),C(+1),C(−1))
in Eq. (10.29) and P(s|α) in Eq. (10.30) correspond to the data generative and prior
models, respectively. By using the Hubbard operators and extending Eq. (10.29)
and Eq. (10.30) from the standpoint of quantum statistical mechanical informatics,
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the density matrices of the data generative model and the prior model in quantum
machine learning systems for probabilistic image processing can be expressed as
follows:

R(D|a(+1), a(−1),C(+1),C(−1))

=
∏
i∈V

∑
si∈�

X(si ,si )
i

√
1

det(2πC(si ))
exp

(
−1

2
(di − a(si ))C

−1(si )(di − a(si ))
T
)

= exp

⎛
⎝−1

2

∑
i∈V

∑
si∈�

(
(di − a(si ))C

−1(si )(di − a(si ))
T + ln(det(2πC(si )))

)
X(si ,si )
i

⎞
⎠,

(10.283)

R(α, γ ) =
exp

⎛
⎝−2α

∑
{i, j}∈E

(
I (2|V | ) − X(+1,+1)

i X(+1,+1)
j − X(−1,−1)

i X(−1,−1)
j

) + γ
∑
i∈V

(
X(+1,−1)
i + X(−1,+1)

i

)
⎞
⎠

Tr

⎡
⎣exp

⎛
⎝−2α

∑
{i, j}∈E

(
I (2|V | ) − X(+1,+1)

i X(+1,+1)
j − X(−1,−1)

i X(−1,−1)
j

) + γ
∑
i∈V

(
X(+1,−1)
i + X(−1,+1)

i

)
⎞
⎠
⎤
⎦

,

(10.284)

where

a(+1) =
⎛
⎝
aR(+1)
aG(+1)
aB(+1)

⎞
⎠, a(−1) =

⎛
⎝
aR(−1)
aG(−1)
aB(−1)

⎞
⎠, (10.285)

C(+1) =
⎛
⎝

CRR(+1) CRG(+1) CRB(+1)
CGR(+1) CGG(+1) CGB(+1)
CBR(+1) CBG(+1) CBB(+1)

⎞
⎠, C(−1) =

⎛
⎝

CRR(−1) CRG(−1) CRB(−1)
CGR(−1) CGG(−1) CGB(−1)
CBR(−1) CBG(−1) CBB(−1)

⎞
⎠.

(10.286)

The joint density matrix of s and D is expressed in terms of the data generative and
prior density matrix as follows:

P(D|α, a(+1), a(−1),C(+1),C(−1))

≡ exp(ln(P(D|a(+1), a(−1),C(+1),C(−1))) + ln(P(α, γ ))). (10.287)

By using the joint density matrix P(D, α, γ, a(+1), a(−1),C(+1),C(−1)), the
posterior density matrix P(D, α, γ, a(+1), a(−1),C(+1),C(−1)) is defined by
using Bayes formulas as follows:

P(D, α, γ, a(+1), a(−1),C(+1),C(−1)) ≡ P(D|α, γ, a(+1), a(−1),C(+1),C(−1))

P(D|α, γ, a(+1), a(−1),C(+1),C(−1))
,

(10.288)
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Estimates of the hyperparameters and parameter vector, α̂(D), γ̂ (D), â(+1|D),
â(−1|D), ̂C(+1|D), ̂C(−1|D), are given by

(
α̂(D), γ̂ (D), â(+1|D), â(−1|D), ̂C(+1|D), ̂C(−1|D)

)

= arg max
(α,γ,μ(+1),μ(−1),C(+1),C(−1))

Tr
[
P(D|α, γ, a(+1), a(−1),C(+1),C(−1))

]
,

(10.289)

The parameter vector ŝ(D) = (̂
s1(D), ŝ2(D), · · ·, ŝ|V |(D)

)
can be estimated

from the reduced posterior marginal density matrix at each node i of
P(D, α, a(+1), a(−1),C(+1),C(−1)) by similar arguments to those for Eqs.
(10.278), (10.279), and (10.280).

The Q-function for the EM algorithm in the present framework is defined by

Q(
α′, γ ′, a(+1), a(−1),C(+1),C(−1)|α′, γ ′, a′(+1), a′(−1),C ′(+1),C ′(−1), D

)

≡ Tr
[
P
(
D, α, γ, a′(+1), a′(−1),C ′(+1),C ′(−1)

)

×ln(P(D|α, γ, a(+1), a(−1),C(+1),C(−1)))
]
. (10.290)

The EM algorithm is a procedure that performs the following E- andM-step repeat-
edly for t = 0, 1, 2, · · · until α̂(D), â(+1, D), â(−1, D), ̂C(+1, D), ̂C(−1, D)

converge:

E-step: Compute Q(
α, a(+1), a(−1),C(+1),C(−1)

∣∣α(t), a(+1, t), a(−1, t),C(+1, t),C(−1, t)
) for vari-

ous values of a(+1), a(−1), C(+1) and C(−1).
M-step: Determine α(t + 1), a(+1, t + 1), a(−1, t + 1), C(+1, t + 1) and

C(−1, t + 1)
so as to satisfy the extremumconditions ofQ-functionwith respect to a(+1),
a(−1), C(+1) and C(−1) as follows:

(α(t + 1), a(+1, t + 1), a(−1, t + 1),C(+1, t + 1),C(−1, t + 1))

← extremum
α,a(+1),a(−1),C(+1),C(−1)

Q(
α, a(+1), a(−1),C(+1),C(−1)

∣∣α(t), a(+1, t), a(−1, t),C(+1, t),C(−1, t), D
)
.

(10.291)

Update α̂(D)←α(t + 1), â(+1, D)←a(+1, t + 1), â(−1, D)←a
(−1, t + 1), ̂C(+1, D)←C(+1, t + 1) and ̂C(−1, D)←C(−1, t + 1).
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By using some equalities in Eqs. (10.283), (10.284), (10.287), and (10.288), the EM
algorithm using the Q-function can be reduced to the following expression:

1

|E |
∑

{i, j}∈E
Tr
[(
I⊗I − X (+1,+1)⊗X (+1,+1) − X (+1,+1)⊗X (+1,+1))Pi j (α(t + 1), γ (t + 1))

]

= 1

|E |
∑

{i, j}∈E
Tr
[(

I⊗I − X (+1,+1)⊗X (+1,+1) − X (+1,+1)⊗X (+1,+1)
)

×Pi j (D, α(t), γ (t), a(+1, t), a(−1, t),C(+1, t),C(−1, t))
]
, (10.292)

1

|V |
∑
i∈V

Tr
[(

X(+1,−1) + X(−1,+1)
)
Pi (α(t + 1), γ (t + 1))

]

= 1

|V |
∑
i∈V

Tr
[(

X(+1,−1) + X(−1,+1)
)

×Pi (D, α(t), γ (t), a(+1, t), a(−1, t),C(+1, t),C(−1, t))
]
, (10.293)

μ(ξ, t + 1) =

∑
i∈V

diTr
[
X(ξ,ξ) Pi (D, α(t), γ (t), a(+1, t), a(−1, t),C(+1, t),C(−1, t))

]

∑
i∈V

Tr
[
X(ξ,ξ) Pi (D, α(t), γ (t), a(+1, t), a(−1, t),C(+1, t),C(−1, t))

] (ξ∈�),

(10.294)

C(ξ ; t + 1)

=

∑
i∈V

(
di − a(ξ ; t))T(di − a(ξ ; t))Tr

[
X(ξ,ξ ′) Pi (D, α(t), γ (t), a(+1, t), a(−1, t),C(+1, t),C(−1, t))

]

∑
i∈V

Tr
[
X(ξ,ξ ′) Pi (D, α(t), γ (t), a(+1, t), a(−1, t),C(+1, t),C(−1, t))

] (ξ∈�),

(10.295)

where

〈si |Pi (D, α, γ, a(+1), a(−1),C(+1),C(−1))|s′
i 〉

= 〈si |Tr\i P(D, α, γ, a(+1), a(−1),C(+1),C(−1))|s′
i 〉

≡
∑
τ1∈�

∑
τ2∈�

· · ·
∑

τ|V |∈�

∑

τ ′
1∈�

∑

τ ′
2∈�

· · ·
∑

τ ′|V |∈�

δsi ,τi δs′i ,τ ′
i

×
⎛
⎝ ∏

j∈V \{i}
δτ j ,τ

′
j

⎞
⎠〈τ1, τ2, · · ·, τ|V ||P(D, α, γ, a(+1), a(−1),C(+1),C(−1)))|τ ′

1, τ
′
2, · · ·, τ ′|V |〉

(si∈�, s′
i∈�. i∈V ), (10.296)

〈si , s j |Pi j (D, α, γ, a(+1), a(−1),C(+1),C(−1)))|s′
i , s

′
j 〉

= 〈si , s j |Pj i (D, α, γ, a(+1), a(−1),C(+1),C(−1)))|s′
i , s

′
j 〉
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= 〈si , s j |Tr\{i, j} P(D, α, β, γ, a(+1), a(−1),C(+1),C(−1)))|s′
i , s

′
j 〉

≡
∑
τ1∈�

∑
τ2∈�

· · ·
∑

τ|V |∈�

∑

τ ′
1∈�

∑

τ ′
2∈�

· · ·
∑

τ ′|V |∈�

δsi ,τi δs j ,τ j δs′i ,τ ′
i
δs′j ,τ ′

j

×
⎛
⎝ ∏

k∈V \{i, j}
δτk ,τ

′
k

⎞
⎠〈τ1, τ2, · · ·, τ|V ||P(D, α, γ, a(+1), a(−1),C(+1),C(−1)))|τ ′

1, τ
′
2, · · ·, τ ′|V |〉

(si∈� s j∈�, s′
i∈�, s′

j∈�, i∈V, j∈V, i < j), (10.297)

〈si |Pi (α, γ )|s ′
i 〉 = 〈si |Tr\{i}P(α, γ )|s ′

i 〉
≡

∑
τ1∈�

∑
τ2∈�

· · ·
∑

τ|V |∈�

∑
τ ′
1∈�

∑
τ ′
2∈�

· · ·
∑

τ ′|V |∈�

δsi ,τi δs ′
i ,τ

′
i

×
⎛
⎝ ∏

k∈V \{i}
δτk ,τ

′
k

⎞
⎠〈τ1, τ2, · · ·, τ|V ||P(α, γ )|τ ′

1, τ
′
2, · · ·, τ ′

|V |〉

(si∈� s j∈�, s ′
i∈�, s ′

j∈�, i∈V ), (10.298)

〈si , s j |Pi j (α, γ )|s′
i , s

′
j 〉 = 〈si , s j |Pj i (α, γ )|s′

i , s
′
j 〉

= 〈si , s j |Tr\{i, j}P(α, γ )|s′
i , s

′
j 〉

≡
∑
τ1∈�

∑
τ2∈�

· · ·
∑

τ|V |∈�

∑

τ ′
1∈�

∑

τ ′
2∈�

· · ·
∑

τ ′|V |∈�

δsi ,τi δs j ,τ j δs′i ,τ ′
i
δs′j ,τ ′

j

×
⎛
⎝ ∏

k∈V \{i, j}
δτk ,τ

′
k

⎞
⎠〈τ1, τ2, · · ·, τ|V ||P(α, γ )|τ ′

1, τ
′
2, · · ·, τ ′|V |〉

(si∈� s j∈�, s′
i∈�, s′

j∈�, i∈V, j∈V, i < j). (10.299)

10.5 Quantum Statistical Mechanical Informatics

This section explains some quantum graphical modeling using some quantum
mechanical extensions of statisticalmechanical informatics, such as quantum statisti-
cal mechanical informatics, and particularly, advanced quantummean-fieldmethods.
Fundamental frameworks and recent developments have been explored in some text-
books in statistical mechanics [37, 86]. In some applications of quantum annealing
to massive optimization problems, a transverse Ising model is an important quan-
tum probabilistic graphical model [83, 84] and it is known that the density matrices,
for example, in Eqs. (10.263), (10.265), and (10.266), in some familiar quantum
statistical machine learning systems can be reduced to transverse Ising models.
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In quantum statistical mechanical informatics, one of most important schemes is
Suzuki-Trotter decompositions [87, 88]. This was used to realize the quantumMonte
Carlo methods by mapping d-dimensional density matrices to corresponding (d +
1)-dimensional probability distributions [89]. Recently, some quantum annealing
schemes have been realized as actual quantum computers, for example, the d-wave
machine.

In the first part of this section, we explain some basic frameworks in advanced
quantummean-fieldmethods for realizing familiar quantumstatisticalmachine learn-
ing systems for the transverse Ising models, including conventional frameworks of
quantum belief propagations. In the second part, we propose a quantum adaptive
Thouless-Anderson-Palmar (TAP) method and a new approach using the momen-
tum space renormalization group method to realize coarse graining for the transverse
Ising model not only for regular graphs but also for random graphs. In the third part,
we introduce Suzuki-Trotter decompositions [87, 88], and show the basic scheme
for mapping a d-dimensional transverse Ising model to a (d + 1)-dimensional Ising
model and apply the scheme to the message passing rules of the conventional quan-
tum belief propagation.

10.5.1 Advanced Mean-Field Methods for the Transverse
Ising Model

This section explores the detailed derivation of the deterministic equations in both the
quantum mean-field method and the quantum loopy belief propagation method for
the transverse Ising model [83, 84]. Note that the present framework of the quantum
mean-fieldmethod and the quantum loopy belief propagationmethod are constructed
in real space, while other familiar frameworks in quantum statistical mechanics such
as spin wave theory are constructed in momentum space.

For a graph (V, E)with a set of nodes V and set of edges E , we consider a density
matrix P as

P =
exp

⎛
⎝− 1

kBT

⎛
⎝1

2
J

∑
{i, j}∈E

(
σ z
i − σ z

j

)2 + 1

2
h
∑
i∈V

(
σ z
i − di I (2|V |)

)2 − γ
∑
i∈V

σ x
i

⎞
⎠
⎞
⎠

Tr

⎡
⎣exp

⎛
⎝− 1

kBT

⎛
⎝1

2
J

∑
{i, j}∈E

(
σ z
i − σ z

j

)2 + 1

2
h
∑
i∈V

(
σ z
i − di I (2|V |)

)2 − �
∑
i∈V

σ x
i

⎞
⎠
⎞
⎠
⎤
⎦

.

(10.300)

Because σ z
i σ

z
i = I (2|V |), the density matrix in Eq. (10.300) can be reduced to Eqs.

(10.226) and (10.227) with

H = −J
∑

{i, j}∈E
σ z
i σ

z
j − h

∑
i∈V

diσ
z
i − �

∑
i∈V

σ x
i . (10.301)
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Here, all the nodes j connected with the node i by an edge {i, j} are referred to as
neighboring nodes of the node i , and the set of all neighboring nodes of the node
i is denoted by the notation ∂i . The quantum probabilistic graphical model in Eqs.
(10.300) and (10.301) is referred to as the Transverse Ising Model [83, 84].

First, we explain the conventional quantum mean-field method for the transverse
Ising model. We introduce a 2N×2N trial density matrix R and its 2×2 trial reduced
density matrix Ri for each node i(∈V )) defined by

Ri = Tr\i R =
( 〈 + 1|Ri | + 1〉 〈 + 1|Ri | − 1〉

〈 − 1|Ri | + 1〉 〈 − 1|Ri | − 1〉
)

, (10.302)

where

〈si |Ri |s′
i 〉 = 〈si |Tr\i R|s′

i 〉

≡
∑
τ1∈�

∑
τ2∈�

· · ·
∑

τ|V |∈�

∑

τ ′
1∈�

∑

τ ′
2∈�

· · ·
∑

τ ′|V |∈�

δsi ,τi δs′i ,τ ′
i

⎛
⎝ ∏

j∈V \{i}
δτ j ,τ

′
j

⎞
⎠〈τ1, τ2, · · ·, τ|V ||R|τ ′

1, τ
′
2, · · ·, τ ′|V |〉

(si∈�, s′
i∈�. i∈V ). (10.303)

By using Eq. (10.303), the average Tr(σ x
i R) can be expressed in terms of the reduced

density matrix Ri as follows:

Tr(σ x
i R) =

∑
s1∈�

∑
s2∈�

· · ·
∑
s|V |∈�

∑
s ′
1∈�

∑
s ′
2∈�

· · ·
∑
s ′|V |∈�

〈s1, s2, · · ·, s|V ||σ x
i |s ′

1, s
′
2, · · ·, s ′

|V |〉

×〈s ′
1, s

′
2, · · ·, s ′

|V ||R|s1, s2, · · ·, s|V |〉

=
∑
s1∈�

∑
s2∈�

· · ·
∑
s|V |∈�

∑
s ′
1∈�

∑
s ′
2∈�

· · ·
∑
s ′
|V |∈�

⎛
⎝ ∏

k∈V \{i}
δsk ,s ′

k

⎞
⎠

×〈si |σ x |s ′
i 〉〈s ′

1, s
′
2, · · ·, s ′

|V ||R|s1, s2, , · · ·, s|V |〉
=

∑
si∈�

∑
s ′
i∈�

〈si |σ x |s ′
i 〉
∑
τ1∈�

∑
τ2∈�

· · ·
∑

τ|V |∈�

∑
τ ′
1∈�

∑
τ ′
2∈�

· · ·
∑

τ ′|V |∈�

δsi ,τi δs ′
i ,τ

′
i

×
⎛
⎝ ∏

k∈V \{i}
δτk ,τ

′
k

⎞
⎠〈τ ′

1, τ
′
2, · · ·, τ ′

|V ||R|τ1, τ2, , · · ·, τ|V |〉

=
∑
si∈�

∑
s ′
i∈�

〈si |σ x |s ′
i 〉〈s ′

i |Ri |si 〉

= Tr(σ x Ri ). (10.304)

By similar arguments to those for Eq. (10.304), we derive

Tr
(
σ z
i R

) = Tr(σ z Ri ). (10.305)



10 Review of Sublinear Modeling in Probabilistic Graphical Models … 239

Now, we assume that the trial density matrix R is expressed as

R = R1⊗R2⊗· · ·⊗R|V |. (10.306)

In this case, the average Tr(σ z
i σ

z
j R) and the entropy −kBTrRlnR can be expressed

as

Tr(σ z
i σ z

j R) = Tr
(
σ z
i σ z

j

(
R1⊗R2⊗· · ·⊗R|V |

))

=
∑
s1∈�

∑
s2∈�

· · ·
∑

s|V |∈�

∑

s′1∈�

∑

s′2∈�

· · ·
∑
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∑
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⎛
⎝ ∏
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′
k

⎞
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×
⎛
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⎞
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⎜⎝
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×
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⎜⎝
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⎞
⎟⎠
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(
σ z Ri

))(
Tr
(
σ z R j
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⎛
⎝ ∏
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(
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(
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))
⎞
⎠
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Tr
(
σ z Ri

))(
Tr
(
σ z R j
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, (10.307)

− kBTr(Rln(R)) = −Tr
((
R1⊗R2⊗· · ·⊗R|V |

)
ln
(
R1⊗R2⊗· · ·⊗R|V |

))

= −kB

N∑
i=1

Tr
((

R1⊗R2⊗· · ·⊗R|V |
)(

I (i−1)⊗ln(Ri )⊗I (N−i)
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i |ln(Ri )|si 〉
⎞
⎠
⎛
⎝ ∏

k∈V \{i}

⎛
⎝∑

sk∈�

∑

s′k∈�

δsk ,s′k 〈sk |Rk|s′
1〉
⎞
⎠
⎞
⎠

= −kB

N∑
i=1

(
Tr
(
Ri ln(Ri )

))
⎛
⎝ ∏

k∈V \{i}
Tr(Rk)

⎞
⎠

= −kB

N∑
i=1

Tr
(
Ri ln(Ri )

)
. (10.308)

The free energy functional can be reduced to
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F [R] = FMF[R1, R2, · · ·, R|V |] ≡ −J
∑

{i, j}∈E

(
Tr(σ z Ri )

)(
Tr(σ z R j )

) − h
∑
i∈V

Tr(σ z Ri )

−�
∑
i∈V

Tr(σ x Ri ) + kBT
∑
i∈V

Tr(Ri ln(Ri )). (10.309)

We define the optimal reduced density matrix ̂Ri for each node i(∈V ) by

̂Ri = arg extremum
Ri

{
FMF

[
̂R1, ̂R1, · · ·, ̂Ri−1, Ri , ̂Ri+1, ̂Ri+2, · · ·, ̂R|V |

]∣∣∣TrRi = 1
}

(i∈V ).

(10.310)

The simultaneous self-consistent equations for reduced density matrices are
expressed as

̂Ri = 1

Zi
exp

⎛
⎝ 1

kBT

⎛
⎝
⎛
⎝J

∑
j∈∂i

(
Tr(σ z

̂R j )
) + hdi

⎞
⎠σ z + �σ x

⎞
⎠
⎞
⎠, (10.311)

Zi ≡ Tr

⎡
⎣exp

⎛
⎝ 1

kBT

⎛
⎝
⎛
⎝J

∑
j∈∂i

(
Tr(σ z

̂R j )
) + hdi

⎞
⎠σ z + �σ x

⎞
⎠
⎞
⎠
⎤
⎦. (10.312)

From Eq. (10.311), we can derive the following simultaneous self-consistent equa-
tions for the magnetizations m̂z

i ≡ Tr(σ z
̂R j ) (i∈V ) and m̂x

i ≡ Tr(σ x
̂R j ) (i∈V ):

m̂z
i =

J

kBT

∑
j∈∂i

m̂z
i + h

kBT
di

√√√√√
⎛
⎝ J

kBT

∑
j∈∂i

m̂z
j + h

kBT
di

⎞
⎠

2

+
(

�

kBT

)2

×tanh

⎛
⎜⎜⎝

√√√√√
⎛
⎝ J

kBT

∑
j∈∂i

m̂z
j + h

kBT
di

⎞
⎠

2

+
(

�

kBT

)2

⎞
⎟⎟⎠,

(10.313)
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m̂x
i =

�

kBT√√√√√
⎛
⎝ J

kBT

∑
j∈∂i

m̂z
j + h

kBT
di

⎞
⎠

2

+
(

�

kBT

)2

×tanh

⎛
⎜⎜⎝

√√√√√
⎛
⎝ J

kBT

∑
j∈∂i

m̂z
j + h

kBT
di

⎞
⎠

2

+
(

�

kBT

)2

⎞
⎟⎟⎠.

(10.314)

Themean-field free energyFMF

[
̂R1, ̂R2, · · ·, ̂R|V |

]
of thepresent system is expressed

as

FMF

[
̂R1, ̂R2, · · ·, ̂R|V |

]
=

∑
i∈V

( − kBT ln(Zi )
)

= −kBT
∑
i∈V

ln

⎛
⎝Tr

⎡
⎣exp

⎛
⎝ 1

kBT

⎛
⎝
⎛
⎝J

⎛
⎝∑

j∈∂i

(
Tr(σ z

̂R j )
)
⎞
⎠σ z + �σ x

⎞
⎠
⎞
⎠
⎞
⎠
⎤
⎦
⎞
⎠

= −kBT
∑
i∈V

ln

⎛
⎜⎜⎝2cosh

⎛
⎜⎜⎝

√√√√√
⎛
⎝ J

kBT

∑
j∈∂i

m̂z
j

⎞
⎠

2

+ �2

⎞
⎟⎟⎠

⎞
⎟⎟⎠. (10.315)

Next, we extend the above framework for themean-fieldmethod for the transverse
Ising model to the quantum loopy belief propagation method based on the quantum
cluster variation method in Ref. [90]. We introduce a 2N×2N trial density matrix R
and its 2×2 trial reduced density matrix Ri for each node i(∈V )) defined by

Ri j = R j i = Tr\{i, j}R

=

⎛
⎜⎜⎜⎝

〈 + 1, +1|Ri j | + 1, +1〉 〈 + 1, +1|Ri j | − 1, +1〉 〈 + 1, +1|Ri j | + 1, −1〉 〈 + 1, +1|Ri j | − 1, −1〉
〈 + 1, −1|Ri j | + 1, +1〉 〈 + 1, −1|Ri j | − 1, +1〉 〈 + 1, −1|Ri j | + 1, −1〉 〈 + 1, −1|Ri j | − 1, −1〉
〈 − 1, +1|Ri j | + 1, +1〉 〈 − 1, +1|Ri j | − 1, +1〉 〈 − 1, +1|Ri j | + 1, −1〉 〈 − 1, +1|Ri j | − 1, −1〉
〈 − 1, −1|Ri j | + 1, +1〉 〈 − 1, −1|Ri j | − 1, +1〉 〈 − 1, −1|Ri j | + 1, −1〉 〈 − 1, −1|Ri j | − 1, −1〉

⎞
⎟⎟⎟⎠

(i∈V, j∈V, i < j), (10.316)

where

〈si , s j |Ri j |s′i , s′j 〉 = 〈si , s j |R j i |s′i , s′j 〉
= 〈si , s j |Tr\{i, j}R|s′i , s′j 〉
≡

∑
τ1∈�

∑
τ2∈�

· · ·
∑

τ|V |∈�

∑

τ ′
1∈�

∑

τ ′
2∈�

· · ·
∑

τ ′|V |∈�

×δsi ,τi δs j ,τ j δs′i ,τ ′
i
δs′j ,τ ′

j

⎛
⎝ ∏
k∈V \{i, j}

δτk ,τ
′
k

⎞
⎠〈τ1, τ2, · · ·, τ|V ||R|τ ′

1, τ
′
2, · · ·, τ ′|V |〉

(si∈� s j∈�, s′i∈�, s′j∈�, i∈V, j∈V, i < j). (10.317)
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By similar arguments to those for Eq. (10.304), we derive

Tr
(
σ z
i σ

z
j R

)
= Tr

(
(σ z⊗I)(I⊗σ z)Ri j

)
. (10.318)

We now assume that the free energy functional can be expressed as

F[R] = FBethe
[{
Ri

∣∣i∈V }, {R{i, j}
∣∣{i, j}∈E}]

≡ −J
∑

{i, j}∈E
Tr
(
(σ z⊗I)(I⊗σ z)R{i, j}

)

−h
∑
i∈V

diTr(σ
z Ri ) − �

∑
i∈V

Tr(σ x Ri )

+kBT
∑
i∈V

Tr(Ri ln(Ri ))

+kBT
∑

{i, j}∈E

(
Tr
(
R{i, j}ln(R{i, j}

) − Tr(Ri ln(Ri )) − Tr
(
R j ln(R j )

))

= −J
∑

{i, j}∈E
Tr
(
(σ z⊗I)(I⊗σ z)R{i, j}

)

−h
∑
i∈V

diTr(σ
z Ri ) − �

∑
i∈V

Tr(σ x Ri )

+kBT
∑

{i, j}∈E
Tr
(
R{i, j}ln(R{i, j})

) + kBT
∑
i∈V

(1 − |∂i |)Tr(Ri ln(Ri )).

(10.319)

We define the reduced density matrix ̂Ri for each node i(∈V ) by

̂Rk = arg extremum
Rk

{
FBethe

[
Rk ,

{
̂Ri
∣∣i∈V \{k}

}
,
{

̂R{i, j}
∣∣{i, j}∈E

}]∣∣∣TrRk = 1, Rk = Tr\k ̂R{k, j} ( j∈∂k))
}

(k∈V ). (10.320)

̂R{k,l} = arg extremum
R{k,l}

{
FBethe

[
R{k,l},

{
̂Ri
∣∣i∈V

}
,
{

̂R{i, j}
∣∣{i, j}∈E\{k, l}

}]∣∣∣

TrR{k,l} = 1, ̂Rk = Tr\{k,l}R{k,l}, ̂Rl = Tr\{k,l}R{k,l}
}

({k, l}∈E).

(10.321)

To ensure the constraint conditions, we introduce the Lagrange multipliers as
follows:

L[{Ri
∣∣i∈V }, {Ri j

∣∣{i, j}∈E}] = −J
∑

{i, j}∈E
Tr
(
(σ z⊗I)(I⊗σ z)Ri j

)
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−h
∑
i∈V

diTr(σ
z Ri ) − �

∑
i∈V

Tr(σ x Ri )

+kBT
∑

{i, j}∈E
Tr
(
Ri j ln(Ri j )

) + kBT
∑
i∈V

(1 − |∂i |)Tr(Ri ln(Ri )).

−
∑
i∈V

λi (TrRi − 1) −
∑

{i, j}∈E
λ{i, j}

(
TrRi j − 1

)

−
∑

{i, j}∈E
Trλi,i j

(
Ri − Tr\i Ri j

) −
∑

{i, j}∈E
Trλ j,i j

(
R j − Tr\ j Ri j

)

=
∑

{i, j}∈E
Tr

(
Ri j

(
− J (σ z⊗I)(I⊗σ z) + kBln(Ri j ) + λi,i j⊗I + I⊗λ j,i j − λi j (I⊗I)

))

+
∑
i∈V

Tr

(
Ri

(
− hdiσ

z − �σ x + kBT
(
1 − |∂i |)ln(Ri ) −

∑
j∈∂i

λi,i j − λi I
))

+
∑
i∈V

λi +
∑

{i, j}∈E
λ{i, j}. (10.322)

Here we remark that λi,i j = λi, j i and λ j,i j = λ j, j i ({i, j}∈E ,i < j).
We define the reduced density matrix ̂Ri for each node i(∈V ) and Ri j = R j i for

each edge {i, j}∈E by

̂Ri = arg extremum
Ri

{
Ri

(
− hdiσ

z − �σ x −
∑
j∈∂i

λi,i j + kBT (1 − |∂i |)ln(Ri ) − λi I
)}

(i∈V ), (10.323)

̂Ri j = arg extremum
Ri j

{
Ri j

(
− J (σ z⊗I)(I⊗σ z) + λi,i j⊗I + I⊗λ j,i j + kBT ln(Ri j ) − λ{i, j}(I⊗I)

)}

({i, j}∈E). (10.324)

The simultaneous self-consistent equations for reduced density matrices are
expressed as

̂Ri = exp

(
−1 + λi

kBT

)
exp

⎛
⎝ 1

kBT

(
1

|∂i | − 1

)⎛
⎝−hdiσ

z − �σ x −
∑
j∈∂i

λi,i j

⎞
⎠
⎞
⎠,

(10.325)

̂Ri j = exp

(
−1 + λ{i, j}

kBT

)
exp

(
1

kBT

(
J (σ z⊗I)(I⊗σ z) − λi,i j⊗I − I⊗λ j,i j

))
,

(10.326)
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exp

(
1 − λi

kBT

)
= Tr

⎡
⎣exp

⎛
⎝ 1

kBT

(
1

|∂i | − 1

)⎛
⎝−hdiσ

z − �σ x −
∑
j∈∂i

λk,k j

⎞
⎠
⎞
⎠
⎤
⎦,

(10.327)

exp

(
1 − λ{i, j}

kBT

)
= Tr

[
exp

(
1

kBT

(
J (σ z⊗I)(I⊗σ z) − λi,i j⊗I − I⊗λ j,i j

))]
.

(10.328)

By introducing the linear transformations

λi,i j = λi, j i = −hdiσ
z − �σ x −

∑
k∈∂i\{ j}

λk→i , (10.329)

Equations (10.325) and (10.326) can be rewritten as

̂Ri = 1

Zi
exp

(
1

kBT

(
hdiσ

z + �σ x +
∑
k∈∂i

λk→i

))
, (10.330)

̂Ri j = 1

Z{i, j}
exp

(
1

kBT

(
J (σ z⊗I)(I⊗σ z) + h

(
di (σ

z⊗I) + d j (I⊗σ z)
) + �

(
σ x⊗I + I⊗σ x)

+
∑

k∈∂i\{ j}
λk→i⊗I +

∑
l∈∂ j\{i}

I⊗λl→ j

))
, (10.331)

Zi = Tr

[
exp

(
1

kBT

(
hdiσ

z + �σ x +
∑
k∈∂i

λk→i

))]
, (10.332)

Z{i, j} = Tr

[
exp

(
1

kBT

(
J (σ z⊗I)(I⊗σ z) + h

(
di (σ

z⊗I) + d j (I⊗σ z)
) + �

(
σ x⊗I + I⊗σ x)

+
∑

k∈∂i\{ j}
λk→i⊗I +

∑
l∈∂ j\{i}

I⊗λl→ j

))]
. (10.333)

Then, by substituting Eq. (10.330) and Eq. (10.331) into

Ri = Tr\i Ri j , (10.334)
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we derive the following simultaneous self-consistent equations for the effective
fields:

exp

⎛
⎝ 1

kBT
λ j→i + 1

kBT

⎛
⎝hdiσ

z + �σ x +
∑

k∈∂i\{ j}
λk→i

⎞
⎠
⎞
⎠

= Zi

Z{i, j}
Tr\i

[
exp

(
1

kBT

(
J (σ z⊗I)(I⊗σ z) + I⊗

(
hdiσ

z + �σ x +
∑

l∈∂ j\{i}
λl→ j

))

+ 1

kBT

(
hdiσ

z + �σ x +
∑

k∈∂i\{ j}
λk→i

)
⊗I

)]
,

(10.335)

such that

1

kBT
λ j→i = − 1

kBT

⎛
⎝hdiσ

z + �σ x +
∑

k∈∂i\{ j}
λk→i

⎞
⎠

+ ln

(
Zi

Z{i, j}
Tr\i

[
exp

(
1

kBT

(
J (σ z⊗I)(I⊗σ z) + I⊗

(
hdiσ

z + �σ x +
∑

l∈∂ j\{i}
λl→ j

))

+ 1

kBT

(
hdiσ

z + �σ x +
∑

k∈∂i\{ j}
λk→i

)
⊗I

)])
.

(10.336)

Note that Eqs. (10.335) and (10.336) can be regarded as conventional message
passing rule quantum loopy belief propagation. The Bethe free energy

FBethe

[{
̂Ri

∣∣i∈V
}
,
{

̂Ri j

∣∣{i, j}∈E
}]

of the present system is given by

FBethe

[{
̂Ri
∣∣i∈V

}
,
{

̂Ri j
∣∣{i, j}∈E

}]
=

∑
i∈V

( − kBT ln(Zi )
)

+
∑

{i, j}∈E

( − kBT ln
(
Zi, j

) + kBT ln(Zi ) + kBT ln(Z j )
)
. (10.337)

The conventional quantum message passing rules in Eqs. (10.335) and (10.336)
reduce to Eqs. (10.95) and (10.96) for the case of � = 0.

Because we have the orthonormal relationships

⎧⎨
⎩
Tr[σ zσ z] = Tr[σ xσ x] = 2,
Tr[σ z I] = Tr[Iσ z] = Tr[σ x I] = Tr[Iσ x] = 0,
Tr[σ zσ x] = Tr[σ xσ z] = 0,

(10.338)

⎧⎨
⎩
Tr[(σ z⊗I)(σ z⊗I)] = Tr

[
(σ x⊗I)(σ x⊗I)

] = Tr[(I⊗σ z)(I⊗σ z)] = Tr
[
(I⊗σ x)(I⊗σ x)

] = 4,
Tr
[
(σ z⊗I)(σ x⊗I)

] = Tr
[
(σ x⊗I)(σ z⊗I)

] = Tr
[
(I⊗σ x)(I⊗σ z)

] = Tr
[
(I⊗σ z)(I⊗σ x)

] = 0,
Tr[(σ z⊗I)(I⊗σ z)] = Tr

[
(σ x⊗I)(I⊗σ x)

] = Tr
[
(σ z⊗I)(I⊗σ x)

] = Tr
[
(σ x⊗I)(I⊗σ z)

] = 0,

(10.339)
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the reduced density matrices Ri and Ri j = R j i expand to the following orthonormal
expansions:

Ri = 1

2

(
I + mx

i σ
x + mz

i σ
z), (10.340)

Ri j = R j i

= 1

4

(
(I⊗I) + mx

i

(
σ x⊗I

) + mz
i (σ

z⊗I) + mx
j

(
I⊗σ x) + mz

j (I⊗σ z)

+czz{i, j}(σ
z⊗I)(I⊗σ z) + cxz{i, j}

(
σ x⊗I

)
(I⊗σ z)

+czx{i, j}(σ
z⊗I)

(
I⊗σ x) + czx{i, j}

(
σ x⊗I

)(
I⊗σ x)

)
, (10.341)

where

⎧⎨
⎩
mν

i = Tr[σ ν Ri ] = Tr
[(

σ ν⊗I
)
Ri j

]
,

mν ′
j = Tr

[
σ ν′

R j
] = Tr

[(
I⊗σ ν′)

Ri j
]
,

cν,ν ′
{i, j} = Tr

[(
σ ν⊗I

)(
I⊗σ ν′)

Ri j
]
,

({i, j}∈E, i < j, ν∈{x, z}, ν ′∈{x, z}).

(10.342)

By using these orthonormal expansions of the reduced density matrices, the Bethe
free energy functional in Eq. (10.319) can be rewritten as

F[R] = FBethe

[{
mν

i

∣∣∣i∈V, ν∈{x, z}
}
,
{
cν,ν ′
{i, j}

∣∣∣{i, j}∈E, ν{x, z}, ν ′∈{x, z}
}]

≡ − J
∑

{i, j}∈E
cz,z{i, j} − h

∑
i∈V

dim
z
i − �

∑
i∈V

mx
i

+kBT
∑
i∈V

(1 − |∂i |)Tr(Ri ln(Ri ))

+kBT
∑

{i, j}∈E
Tr
(
R{i, j}ln(R{i, j})

)
. (10.343)

The extremum conditions

∂

∂mν
k

FBethe

[{
mν

i

∣∣∣i∈V, ν∈{x, z}
}
,
{
cνν ′
{i, j}

∣∣∣{i, j}∈E, ν{x, z}, ν ′∈{x, z}
}]

= 0 (k∈V, ν∈{x, z}),
(10.344)

∂

∂cνν ′
{k,l}

FBethe

[{
mν

i

∣∣∣i∈V, ν∈{x, z}
}
,
{
cνν ′
{i, j}

∣∣∣{i, j}∈E, ν{x, z}, ν ′∈{x, z}
}]
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= 0 ({k, l}∈E, ν∈{x, z}, , ν ′∈{x, z}),
(10.345)

can be reduced to the following simultaneous equations:

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

h

kBT
di = 1

2
(1 − |∂i |)Tr

[
σ z ln

(
̂Ri

)]
+ 1

4

∑

{ j∈∂i, j>i}
Tr
[(

σ z⊗I
)
ln
(
̂Ri j

)] + 1

4

∑

{k∈∂i,k<i}
Tr
[(
I⊗σ z)ln(̂Rki

)]
,

�

kBT
= 1

2
(1 − |∂i |)Tr

[
σ x ln

(
̂Ri

)]
+ 1

4

∑

{ j∈∂i, j>i}
Tr
[(

σ x⊗I
)
ln
(
̂Ri j

)] + 1

4

∑

{k∈∂i,k<i}
Tr
[(
I⊗σ x )ln(̂Rki

)]
,

(i∈V ),

(10.346)

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

J

kBT
= 1

4
Tr
[(

σ z⊗I
)(
I⊗σ z)ln(̂Ri j

)]
,

0 = 1

4
Tr
[(

σ z⊗I
)(
I⊗σ x)ln(̂Ri j

)] = 1

4
Tr
[(

σ x⊗I
)(
I⊗σ z)ln(̂Ri j

)]
,

0 = 1

4
Tr
[(

σ x⊗I
)(
I⊗σ x)ln(̂Ri j

)]
,

({i, j}∈E),

(10.347)

where

̂Ri = 1

2

(
I + m̂x

i σ
x + m̂z

i σ
z) (i∈V ), (10.348)

̂Ri j = ̂R j i

= 1

4

(
(I⊗I) + m̂x

i

(
σ x⊗I

) + m̂z
i (σ

z⊗I) + m̂x
j

(
I⊗σ x) + m̂z

j (I⊗σ z)

+ĉzz{i, j}(σ
z⊗I)(I⊗σ z) + ĉxz{i, j}

(
σ x⊗I

)
(I⊗σ z)

+ĉzx{i, j}(σ
z⊗I)

(
I⊗σ x) + ĉxx{i, j}

(
σ x⊗I

)(
I⊗σ x)

)
({i, j}∈E, i < j).

(10.349)

For � = 0, Eq. (10.347) with Eqs. (10.348) and (10.349) reduces to Eqs. (10.107)
and (10.108) with Eqs. (10.72) and (10.102).

Before finishing the present subsection, we briefly review another framework
of the quantum advanced mean-field method. As we mentioned above, advanced
quantummean-fieldmethods have also been formulated in themomentum space.One
familiar formulation is spin wave theory [91]. A general formulation of the quantum
cluster variation method from the viewpoint of spin wave theory was proposed in
Refs. [92, 93].
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10.5.2 Real-Space Renormalization Group Method for the
Transverse Ising Model

We now present sublinear modeling in statistical machine learning procedures by
using the real-space renormalization group method for the transverse Ising model in
Eq. (10.301) on the ring graph (V, E) of Eq. (10.176) for the case of |V | = 2L and
h = 0. The present scheme follows the one in Refs. [37, 94]. Some extensions of the
present frameworks for the ring graph in Eq. (10.176) to higher-dimensional graphs
such as the torus graph may be available according to the frameworks of Ref. [94].

The important part of the transverse Ising model in Eq. (10.301),
−J (σ z⊗I)(I⊗σ z) − �(σ x⊗I) can be diagonalized as

−J
(
σ z⊗I

)(
I⊗σ z) − �

(
σ x⊗I

) =

⎛
⎜⎜⎝

−J 0 −� 0
0 J 0 −�

−� 0 J 0
0 −� 0 −J

⎞
⎟⎟⎠

=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

√
1
2

(
1 + J√

J 2+�2

)
0 0

√
1
2

(
1 − J√

J 2+�2

)

0

√
1
2

(
1 − J√

J 2+�2

)
−
√

1
2

(
1 + J√

J 2+�2

)
0

√
1
2

(
1 − J√

J 2+�2

)
0 0 −

√
1
2

(
1 + J√

J 2+�2

)

0

√
1
2

(
1 + J√

J 2+�2

) √
1
2

(
1 − J√

J 2+�2

)
0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

×

⎛
⎜⎜⎝

−√
J 2 + �2 0 0 0
0 −√

J 2 + �2 0 0
0 0

√
J 2 + �2 0

0 0 0
√
J 2 + �2

⎞
⎟⎟⎠

×

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

√
1
2

(
1 + J√

J 2+�2

)
0 0

√
1
2

(
1 − J√

J 2+�2

)

0

√
1
2

(
1 − J√

J 2+�2

)
−
√

1
2

(
1 + J√

J 2+�2

)
0

√
1
2

(
1 − J√

J 2+�2

)
0 0 −

√
1
2

(
1 + J√

J 2+�2

)

0

√
1
2

(
1 + J√

J 2+�2

) √
1
2

(
1 − J√

J 2+�2

)
0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

T

.

(10.350)

The eigenvalues ε1 = ε2 = −√
J 2 + �2, ε3 = ε4 = +√

J 2 + �2 have the relation-
ship ε1 = ε2 < ε3 = ε4 and their corresponding eigenvectors are given by
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⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

|1〉 =

⎛
⎜⎜⎜⎜⎜⎜⎝

√
1
2

(
1 + J√

J 2+�2

)

0√
1
2

(
1 − J√

J 2+�2

)

0

⎞
⎟⎟⎟⎟⎟⎟⎠

, |2〉 =

⎛
⎜⎜⎜⎜⎜⎜⎝

0

+
√

1
2

(
1 − J√

J 2+�2

)

0

+
√

1
2

(
1 + J√

J 2+�2

)

⎞
⎟⎟⎟⎟⎟⎟⎠

,

|3〉 =

⎛
⎜⎜⎜⎜⎜⎜⎝

0

−
√

1
2

(
1 + J√

J 2+�2

)

0

+
√

1
2

(
1 − J√

J 2+�2

)

⎞
⎟⎟⎟⎟⎟⎟⎠

, |4〉 =

⎛
⎜⎜⎜⎜⎜⎜⎝

√
1
2

(
1 − J√

J 2+�2

)

0

−
√

1
2

(
1 + J√

J 2+�2

)

0

⎞
⎟⎟⎟⎟⎟⎟⎠

.

(10.351)

To realize the coarse graining of the present transverse Ising model for the case of
zero temperature T = 0 for the density matrix P in Eq. (10.300), we introduce the
following projection operator:

P
(2L )
i = P⊗P⊗· · ·⊗P︸ ︷︷ ︸

2L P′s

, (10.352)

where

P ≡
( 〈1|

〈2|
)

(|1〉〈1| + |2〉〈2|) =
( 〈1|

〈2|
)

=

⎛
⎜⎜⎝

√
1
2

(
1 + J√

J 2+�2

)
0

√
1
2

(
1 − J√

J 2+�2

)
0

0 +
√

1
2

(
1 − J√

J 2+�2

)
0

√
1
2

(
1 + J√

J 2+�2

)

⎞
⎟⎟⎠.

(10.353)

Because it is valid that

P

⎛
⎜⎜⎝

−J 0 −� 0
0 J 0 −�

−� 0 J 0
0 −� 0 −J

⎞
⎟⎟⎠P

T = −
√
J2 + �2

( 〈1|1〉 〈1|2〉
〈2|1〉 〈2|2〉

)
= −

√
J2 + �2 I, (10.354)

we can derive the following equalities

P
(2L )
i

(
− Jσ z

2i−1σ
z
2i − �σ x

2i−1

)
P

(2L )
i

T

= P
(2L )
i

(Tensor Products of (i−1) Matrices (I⊗I)︷ ︸︸ ︷(
I⊗I

)⊗(
I⊗I

)⊗· · ·⊗(
I⊗I

) ⊗( − J
(
σ z⊗I

)(
I⊗σ z) − �

(
σ x⊗I

))

⊗ (
I⊗I

)⊗(
I⊗I

)⊗· · ·⊗(
I⊗I

)
︸ ︷︷ ︸

Tensor Products of (2L−1−i) Matrices (I⊗I)

)
P

(2L )
i

T
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=
(

Tensor Products of (i−1) Matrices
(
P(I⊗I)PT

)
︷ ︸︸ ︷(
P(I⊗I)PT)⊗(

P(I⊗I)PT)⊗· · ·⊗(
P(I⊗I)PT))⊗

(
P
( − J

(
σ z⊗I

)(
I⊗σ z) − �

(
σ x⊗I

))
P
T
)

⊗
((
P(I⊗I)PT)⊗(

P(I⊗I)PT)⊗· · ·⊗(
P(I⊗I)PT)

︸ ︷︷ ︸
Tensor Products of (2L−1−i) Matrices (P(I⊗I)PT)

)

=
(

Tensor Products of (i−1) Matrices
(
P(I⊗I)PT

)
︷ ︸︸ ︷(
P(I⊗I)PT)⊗(

P(I⊗I)PT)⊗· · ·⊗(
P(I⊗I)PT))⊗

(
P
( − J

(
σ z⊗I

)(
I⊗σ z) − �

(
σ x⊗I

))
P
T
)

⊗
((
P(I⊗I)PT)⊗(

P(I⊗I)PT)⊗· · ·⊗(
P(I⊗I)PT)

︸ ︷︷ ︸
Tensor Products of (2L−1−i) Matrices (P(I⊗I)PT)

)

=
( (i−1) I ′s︷ ︸︸ ︷
I⊗I⊗· · ·⊗I

)
⊗
(

−
√
J 2 + �2 I

)
⊗
(
I⊗I⊗· · ·⊗I︸ ︷︷ ︸
(2L−1−i) I ′s

)
, (10.355)

P
(2L )
i

(
− Jσ z

2iσ
z
2i+1 − �σ x

2i

)
P

(2L )
i

T

= P
(2L )
i

(
Tensor Products of (i−1) Matrices (I⊗I)︷ ︸︸ ︷(

I⊗I
)⊗(

I⊗I
)⊗· · ·⊗(

I⊗I
)

⊗( − J
(
I⊗σ z⊗I⊗I

)(
I⊗I⊗σ z⊗I

) − �
(
I⊗σ x⊗I⊗I

))

⊗ (
I⊗I

)⊗(
I⊗I

)⊗· · ·⊗(
I⊗I

)
︸ ︷︷ ︸

Tensor Products of (2L−1−i−1) Matrices (I⊗I)

)
P

(2L )
i

T

=
(

Tensor Products of (i−1) Matrices
(
P(I⊗I)PT

)
︷ ︸︸ ︷(
P(I⊗I)PT)⊗(

P(I⊗I)PT)⊗· · ·⊗(
P(I⊗I)PT))

⊗
((

P⊗P
T)( − J

(
I⊗σ z⊗I⊗I

)(
I⊗I⊗σ z⊗I

) − �
(
I⊗σ x⊗I⊗I

))(
P⊗P

T)
)

⊗
((
P(I⊗I)PT)⊗(

P(I⊗I)PT)⊗· · ·⊗(
P(I⊗I)PT)

︸ ︷︷ ︸
Tensor Products of (2L−1−i−1) Matrices (P(I⊗I)PT)

)

=
(

Tensor Products of (i−1) Matrices
(
P(I⊗I)PT

)
︷ ︸︸ ︷(
P(I⊗I)PT)⊗(

P(I⊗I)PT)⊗· · ·⊗(
P(I⊗I)PT))

⊗
(

− J
((
P
(
I⊗σ z)

P
T)⊗(

P(I⊗I)PT))((
P(I⊗I)PT)⊗(

P
(
σ z⊗I

)
P
T)) − �

(
P
(
I⊗σ x)

P
T⊗P(I⊗I)PT)

)

⊗
((
P(I⊗I)PT)⊗(

P(I⊗I)PT)⊗· · ·⊗(
P(I⊗I)PT)

︸ ︷︷ ︸
Tensor Products of (2L−1−i−1) Matrices (P(I⊗I)PT)

)

=
( (i−1) I ′s︷ ︸︸ ︷
I⊗I⊗· · ·⊗I

)
⊗
(

− J 2√
J 2 + �2

(
σ z⊗I

)(
I⊗σ z) − �2

√
J 2 + �2

(
σ x⊗I

))⊗
(
I⊗I⊗· · ·⊗I︸ ︷︷ ︸
(2L−1−i−1) I ′s

)
, (10.356)

P
(2L )
i

(
− Jσ z

1 σ z
2L − �σ x

2L

)
P

(2L )
i

T

= P
(2L )
i

(
− J

(
(σ z⊗I)⊗

Tensor Products of (2L−1−2) Matrices (I⊗I)︷ ︸︸ ︷(
I⊗I

)⊗(
I⊗I

)⊗· · ·⊗(
I⊗I

) ⊗(I⊗I)
)
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×
(
(I⊗I)⊗

Tensor Products of (2L−1−2) Matrices (I⊗I)︷ ︸︸ ︷(
I⊗I

)⊗(
I⊗I

)⊗· · ·⊗(
I⊗I

) ⊗(I⊗σ z)
)

− �(I⊗I)⊗
Tensor Products of (2L−1−2) Matrices (I⊗I)︷ ︸︸ ︷(

I⊗I
)⊗(

I⊗I
)⊗· · ·⊗(

I⊗I
) ⊗(

I⊗σ x)
)
P

(2L )
i

T

= − J 2

√
J 2 + �2

(
σ z⊗

( (2L−1−2) I ′s︷ ︸︸ ︷
I⊗I⊗· · ·⊗I

)
⊗I

)(
I⊗

( (2L−1−2) I ′s︷ ︸︸ ︷
I⊗I⊗· · ·⊗I

)
⊗σ z

)

− �2

√
J 2 + �2

(
I⊗

( (2L−1−2) I ′s︷ ︸︸ ︷
I⊗I⊗· · ·⊗I

)
⊗σ x

)
. (10.357)

By using these equalities, the first step of the renormalized energy matrix H (2L−1) ≡
P

(2L )
i HP

(2L )
i

T
can be reduced as follows:

H(2L−1) ≡ P
(2L )
i HP

(2L )
i

T

= −2L−1
√
J 2 + �2

( (2L−1) I ′s︷ ︸︸ ︷
I⊗I⊗· · ·⊗I

)

−
2L−1∑
i=1

( (i−1) I ′s︷ ︸︸ ︷
I⊗I⊗· · ·⊗I

)
⊗
(

J 2√
J 2 + �2

(
σ z⊗I

)(
I⊗σ z) + �2

√
J 2 + �2

(
σ x⊗I

))⊗
(
I⊗I⊗· · ·⊗I︸ ︷︷ ︸
(2L−1−i−1) I ′s

)

− J 2√
J 2 + �2

(
σ z⊗

( (2L−1−2) I ′s︷ ︸︸ ︷
I⊗I⊗· · ·⊗I

)
⊗I

)(
I⊗

( (2L−1−2) I ′s︷ ︸︸ ︷
I⊗I⊗· · ·⊗I

)
⊗σ z

)

− �2

√
J 2 + �2

(
I⊗

( (2L−1−2) I ′s︷ ︸︸ ︷
I⊗I⊗· · ·⊗I

)
⊗σ x

)
. (10.358)

By similar arguments to those for the above procedure, the r -th step of the renor-

malized energy matrix H(2L−r ) ≡
(
P

(2L−r )
i P

(2L−r+1)
i · · ·P(2L )

i

)
H

(
P

(2L )
i

T
· · ·P(2L−r+1)

i

T
P

(2L−r )
i

T
)

can be reduced to the following recursion formulas:

H(2L−r ) ≡ P
(2L−r+1)
i H(2L−r+1)

P
(2L−r+1)
i

T

= 2L−r ε
(r)
1

( (2L−r ) I ′s︷ ︸︸ ︷
I⊗I⊗· · ·⊗I

)

−
2L−1∑
i=1

( (i−1) I ′s︷ ︸︸ ︷
I⊗I⊗· · ·⊗I

)
⊗
(
J (r)(σ z⊗I

)(
I⊗σ z) + �(r)(σ x⊗I

))⊗
(
I⊗I⊗· · ·⊗I︸ ︷︷ ︸
(2L−r−i−1) I ′s

)

− J (r)
(
σ z⊗

( (2L−r−2) I ′s︷ ︸︸ ︷
I⊗I⊗· · ·⊗I

)
⊗I

)(
I⊗

( (2L−r−2) I ′s︷ ︸︸ ︷
I⊗I⊗· · ·⊗I

)
⊗σ z

)
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− �(r)
(
I⊗

( (2L−r−2) I ′s︷ ︸︸ ︷
I⊗I⊗· · ·⊗I

)
⊗σ x

)
, (10.359)

where
⎧⎪⎪⎪⎨
⎪⎪⎪⎩

J (r) = (J (r−1))2√
(J (r−1))2 + (�(r−1))2

,

�(r) = (�(r−1))2√
(J (r−1))2 + (�(r−1))2

,

(10.360)

ε
(r)
1 = −

√
(J (r−1))2 + (�(r−1))2, (10.361)

⎧⎨
⎩

H (2L) ≡ H,

J (0) ≡ J,
�(0) ≡ �.

(10.362)

The inverse of the real-space renormalization group is given by

⎧⎨
⎩

J (r−1) =
√
J (r)

(
J (r) + �(r)

)
,

�(r−1) =
√

�(r)
(
J (r) + �(r)

)
,

(10.363)

If the hyperparameters J (r) and �(r) in the r -th renormalized density matrix H (2L−r )

have been estimated from given data vectors by using the QEM algorithm for a
renormalized density matrix on ring graphs

(
V (r), E (r)

)
, we can estimate the hyper-

parameters J (0) = J and �(0) = � of the transverse Ising model (10.301) on the ring
graph E of Eq. (10.176) for the case of |V | = 2L and h = 0 by using the inverse
transformation rule of the real-space renormalization group procedure (10.363).

10.5.3 Sublinear Modeling Using a Quantum Adaptive TAP
Approach and Momentum Space Renormalization
Group in the Transverse Ising Model

This section proposes a novel scheme for the momentum space renormalization
group approaches inAdaptive Thouless-Anderson-Palmar(TAP) Approaches for
the transverse Ising model on random graphs. The adaptive TAP approach is a famil-
iar advanced mean-field method for the probabilistic graphical model and many
extensions have been proposed [95–98]. Furthermore, sublinear modeling for the
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EM procedure in probabilistic graphical models has been realized by introducing
Momentum Space Renormalization Group Approaches [99, 100]. The method
proposed in this section is formulated by combining the adaptive TAP approaches
with the momentum space renormalization group approaches. Moreover, our method
is applicable not only to regular graphs but also to random graphs.

The density matrix P in Eq. (10.300) can be rewritten as

P =
exp

⎛
⎝− J

2kBT

∑
{i, j}∈E

(
σ z
i − σ z

j

)2 − h

2kBT

∑
i∈V

(
σ z
i − di I

(2|V |)
)2

− 1

2kBT

∑
i∈V

(
σ x
i − γ I2

|V |)2
⎞
⎠

Tr

⎡
⎣exp

⎛
⎝− J

2kBT

∑
{i, j}∈E

(
σ z
i − σ z

j

)2 − h

2kBT

∑
i∈V

(
σ z
i − di I

(2|V |)
)2

− 1

2kBT

∑
i∈V

(
σ x
i − � I2

|V |)2
⎞
⎠
⎤
⎦

.

(10.364)

The density matrix P satisfies the following minimization of the free energy func-
tional:

P = argmin
R

{
F[

R
]∣∣∣TrR = 1

}
, (10.365)

F[
R
] ≡ 1

2
J
∑

{i, j}∈E
Tr
[(

σ z
i − σ z

j

)2
R
]

+ 1

2
h
∑
i∈V

Tr
[(

σ z
i − di I (2|V |))2R

]

+1

2

∑
i∈V

Tr
[(

σ x
i − � I (2|V |))2R

]
+ kBTTr[Rln(R)]. (10.366)

Because all the off-diagonal elements of
(
σ z
i − σ z

j

)2
are zero, we have

F[
R
] = 1

2
J
∑

{i, j}∈E

∑
s1∈�

∑
s2∈�

· · ·
∑
s|V |∈�

〈s1, s2, · · ·, s|V ||
(
σ z
i − σ z

j

)2|s1, s2, · · ·, s|V |〉

×〈s1, s2, · · ·, s|V ||R|s1, s2, · · ·, s|V |〉
+1

2
h
∑
i∈V

∑
s1∈�

∑
s2∈�

· · ·
∑
s|V |∈�

〈s1, s2, · · ·, s|V ||
(
σ z
i − di I (2|V |))2|s1, s2, · · ·, s|V |〉

×〈s1, s2, · · ·, s|V ||R|s1, s2, · · ·, s|V |〉
+1

2

∑
i∈V

Tr
[(

σ x
i − � I (2|V |))2R

]
+ kBTTr[Rln(R)]

= 1

2
J
∑

{i, j}∈E

∑
s1∈�

∑
s2∈�

· · ·
∑
s|V |∈�

(
si − s j

)2〈s1, s2, · · ·, s|V ||R|s1, s2, · · ·, s|V |〉

+1

2
h
∑
i∈V

∑
s1∈�

∑
s2∈�

· · ·
∑
s|V |∈�

(si − di )
2〈s1, s2, · · ·, s|V ||R|s1, s2, · · ·, s|V |〉
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+1

2

∑
i∈V

Tr
[(

σ x
i − � I (2|V |))2R

]
+ kBTTr[Rln(R)]. (10.367)

By introducing the reduced density matrix Ri in Eq. (10.275) and

ρ
(
s1, s2, · · ·, s|V |

) ≡ 〈s1, s2, · · ·, s|V ||R|s1, s2, · · ·, s|V |〉,
(
(s1, s2, · · ·.s|V |)∈�|V |),

(10.368)

and by extending ρ
(
s1, s2, · · ·, s|V |

)
to

ρ(φ) = ρ
(
φ1, φ2, · · ·, φ|V |

) (
φ = (

φ1, φ2, · · ·.φ|V |
)∈(−∞, +∞)|V |), (10.369)

the free energy functional can be expressed as

F[
R
] = 1

2
J

∑
{i, j}∈E

∫ +∞

−∞

∫ +∞

−∞
· · ·

∫ +∞

−∞

(∏
k∈V

(
δ(φk − 1) + δ(φk + 1)

))(
φi − φ j

)2
ρ(φ)dφ1dφ2· · ·dφ|V |

+ 1

2
h
∑
i∈V

∫ +∞

−∞

∫ +∞

−∞
· · ·

∫ +∞

−∞

(∏
k∈V

(
δ(φk − 1) + δ(φk + 1)

))(
φi − di

)2
ρ(φ)dφ1dφ2· · ·dφ|V |

+ 1

2

∑
i∈V

Tr
[(

σ x
i − � I (2|V |))2Ri

]
+ kBTTr[Rln(R)]. (10.370)

Now we consider the following approximate free energy:

FAdaptive TAP
[
ρ, {Ri , ρi |i∈V }] ≡ 1

2
J

∑
{i, j}∈E

∫ +∞

−∞

∫ +∞

−∞
· · ·

∫ +∞

−∞
(
φi − φ j

)2
ρ(φ)dφ1dφ2· · ·dφ|V |

+ 1

2
h
∑
i∈V

∫ +∞

−∞

∫ +∞

−∞
· · ·

∫ +∞

−∞
(
φi − di

)2
ρ(φ)dφ1dφ2· · ·dφ|V |

+ 1

2

∑
i∈V

Tr
[(

σ x
i − � I (2|V |))2Ri

]

+kBT
∫ +∞

−∞

∫ +∞

−∞
· · ·

∫ +∞

−∞
ρ(φ)ln

(
ρ(φ)

)
dφ1dφ2· · ·dφ|V |

+kBT
∑
i∈V

(
TrRi lnRi −

∫ +∞

−∞
ρi (φi )ln

(
ρi (φi )

)
dφi

)
, (10.371)

where

ρi (φi ) ≡
∫ +∞
−∞

∫ +∞
−∞

· · ·
∫ +∞
−∞

δ
(
φi − φ′

i
)
ρ
(
φ′
1, φ

′
2, · · ·, φ′|V |

)
dφ′

1dφ′
2· · ·dφ′|V |

(i∈V, φi∈(−∞,+∞)). (10.372)

The reduced density matrix Ri and the marginal probability density functions ρi (φi )

and ρ(φ) need to satisfy the consistencies
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⎧⎪⎪⎪⎨
⎪⎪⎪⎩

∫ +∞

−∞

∫ +∞

−∞
· · ·

∫ +∞

−∞
φiρ(φ)dφ1dφ2· · ·dφ|V | =

∫ +∞

−∞
φiρi (φi )dφi = Trσ z Ri (i∈V ),

∑
i∈V

∫ +∞

−∞

∫ +∞

−∞
· · ·

∫ +∞

−∞
φi

2ρ(φ)dφ1dφ2· · ·dφ|V | =
∑
i∈V

∫ +∞

−∞
φi

2ρi (φi )dφi = 1,
(10.373)

and the normalizations

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

∫ +∞
−∞

∫ +∞
−∞

· · ·
∫ +∞
−∞

ρ(φ)dφ1dφ2· · ·dφ|V | = 1,
∫ +∞
−∞

ρi (φi )dφi = 1 (i∈V ).

TrRi = 1.

(10.374)

Ri , ρi (φi ) and ρ(φ) are determined so as tominimize the above approximate free energy
F[

ρ, {Ri , ρi |i∈V }] under the constraint conditions in Eqs. (10.373) and (10.374). We

introduce Lagrange multipliers f =

⎛
⎜⎜⎜⎜⎜⎝

f1
f2
.
.
.

f|V |

⎞
⎟⎟⎟⎟⎟⎠
and g =

⎛
⎜⎜⎜⎜⎜⎝

g1
g2
.
.
.

g|V |

⎞
⎟⎟⎟⎟⎟⎠
, D, L, λ, and λi to ensure

the constraint conditions in Eqs. (10.373) and (10.374) as follows:

LAdaptive TAP
[
ρ, {Ri , ρi |i∈V }]

≡ FAdaptive TAP
[
ρ, {Ri , ρi |i∈V }]

−
∑
i∈V

gi

(∫ +∞
−∞

∫ +∞
−∞

· · ·
∫ +∞
−∞

φiρ(φ)dφ1dφ2· · ·dφ|V | −
∫ +∞
−∞

φiρi (φi )dφi

)

−
∑
i∈V

fi

(∫ +∞
−∞

∫ +∞
−∞

· · ·
∫ +∞
−∞

φiρ(φ)dφ1dφ2· · ·dφ|V | − Trσ z Ri

)

−D

⎛
⎝∑
i∈V

∫ +∞
−∞

∫ +∞
−∞

· · ·
∫ +∞
−∞

φi
2ρ(φ)dφ1dφ2· · ·dφ|V | − 1

⎞
⎠

−L

⎛
⎝∑
i∈V

∫ +∞
−∞

φi
2ρi (φi )dφi − 1

⎞
⎠

−λ

(∫ +∞
−∞

∫ +∞
−∞

· · ·
∫ +∞
−∞

ρ(φ)dφ − 1

)

−
∑
i∈V

λi

(∫ +∞
−∞

ρi (φi )dφi − 1

)
. (10.375)

By taking thefirst variationof the approximate free energyLAdaptive TAP
[
ρ̂, {Ri , ρi |i∈V }]

with respect to themarginals, we can derive the approximate expressions of ̂Ri , ρ̂i (φi ),
and ρ̂(φ) as follows:

̂Ri =
exp

(
1

kBT

(
fiσ

z + �σ x
))

Trexp
(

1
kBT

(
hiσ

z + �σ x
)) (i∈V ), (10.376)
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ρ̂(φ)

=
exp

⎛
⎝ 1

kBT

(
− 1

2
D
∑
i∈V

φi
2 +

∑
i∈V

(
fi + gi

)
φi − 1

2
h
∑
i∈V

(
φi − di

)2 − 1

2
J

∑
{i, j}∈E

(
φi − φ j

)2)
⎞
⎠

∫ +∞

−∞

∫ +∞

−∞
· · ·

∫ +∞

−∞
exp

⎛
⎝ 1

kBT

(
− 1

2
D
∑
i∈V

φi
2 +

∑
i∈V

(
fi + gi

)
φi − 1

2
h
∑
i∈V

(
φi − di

)2 − 1

2
J

∑
{i, j}∈E

(
φi − φ j

)2)
⎞
⎠dφ1dφ2 · · ·dφ|V |

,

(10.377)

ρ̂i (φi ) =
exp

(
1

kBT

(
− 1

2
Lφi

2 + giφi − 1

2
h
(
φi − di

)2))

∫ +∞
−∞

exp

(
1

kBT

(
− 1

2
Lφi

2 + giφi − 1

2
h
(
φi − di

)2))dφi

(10.378)

where C is the |V |×|V | matrix in which the (i, j)-elements are defined by

Ci j ≡

⎧⎪⎨
⎪⎩

|∂i | (i = j),

−1 ({i, j}∈E),

0 (otherwise),

(10.379)

for any nodes i(∈V ) and j(∈V ). Equations (10.376), (10.377), and (10.378) can be
rewritten as

̂Ri = 1

2cosh
(

1
kBT

√
fi 2 + �2

) fi +
√

fi 2 + �2

2
√

fi 2 + �2

⎛
⎝

1 − �

fi+
√

fi 2+�2

+ �

fi+
√

fi 2+�2
1

⎞
⎠

×
⎛
⎝ exp

(
+ 1

kBT

√
fi 2 + �2

)
0

0 exp
(
− 1

kBT

√
fi 2 + �2

)
⎞
⎠
⎛
⎝

1 + �

fi+
√

fi 2+�2

− �

fi+
√

fi 2+�2
1

⎞
⎠.

(10.380)

ρ̂(φ) =
√
det

(
(h + D)I |V | + JC

)
(2π)|V |

×exp

(
− 1

2kBT

(
φ − (

(h + D)I |V | + JC
)−1

( f + g + hd)
)T(

(h + D)I |V | + JC
)

×
(
φ − (

(h + D)I |V | + JC
)−1

( f + g + hd)
))

, (10.381)

ρ̂i (φi ) =
√
h + L

2π
exp

(
− 1

2kBT
(h + L)

(
x − gi + hdi

h + L

)2
)

(i∈V ), (10.382)

The Lagrange multipliers f , g, L, and D are often referred to as the effective fields and
are determined so as to satisfy the consistencies in Eq. (10.373), which reduce to the
following simultaneous equations:



10 Review of Sublinear Modeling in Probabilistic Graphical Models … 257

g + hd = (
h + L

)((
D − L

)
I (2|V |) + JC

)−1
f , (10.383)

f + g + hd =
((

D − L
)
I (|V |) + JC

)−1

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

f1√
f12+�2

tanh

(
1

kBT

√
f12 + �2

)

f2√
f22+�2

tanh

(
1

kBT

√
f22 + �2

)

.

.

.

f|V |√
f|V |2+�2

tanh

(
1

kBT

√
f|V |2 + �2

)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

(10.384)

L = −h + 1

2
+
√
1

4
+ 1

|V | ( f + g + hd)T( f + g + hd), (10.385)

1

1
2 +

√
1
4 + 1

|V | ( f + g + hd)T( f + g + hd)
= 1

|V |Tr
((

(h + D)I |V | + JC
)−1

)
.

(10.386)

The real symmetric matrix C is diagonalized as

C = U�U−1, (10.387)

� ≡

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

λ1 0 0 · · · 0

0 λ2 0 · · · 0

0 0 λ3 · · · 0
.
.
.

.

.

.
.
.
.

. . .
.
.
.

0 0 0 · · · λ|V |

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

, (10.388)

where λ1 ≥ λ2 ≥ λ3 ≥ · · · ≥ λ|V |. All the eigenvalues λ1, λ2, · · ·, λ|V | are always real num-

bers. For the eigenvector ui =

⎛
⎜⎜⎜⎜⎜⎝

U1i

U2i
.
.
.

U|V |i

⎞
⎟⎟⎟⎟⎟⎠
corresponding to the eigenvalue λi such that

Aui = λi ui , for every i∈{1, 2, 3, · · ·, M}, the matrix U is defined by
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U ≡ (u1, u2, u3, · · ·, uM ) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

U11 U12 U13 · · · U1 V |
U21 U22 U23 · · · U2 V |
U31 U32 U33 · · · U3 V |

.

.

.
.
.
.

.

.

.
. . .

.

.

.

U|V |1 U|V |2 U|V |3 · · · U|V ||V |

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

. (10.389)

It is known that U is a unitary matrix that satisfies U−1 = UT for the real symmetric
matrix C. By using the diagonal matrix � and unitary matrix U, the density matrix R

in Eq. (10.390) can be represented as follows:

R =
exp

(
− 1

2kBT
ζT

((
h I (2|V |) + J�

)⊗I (2|V |)
)
ζ − 1

2kBT
ξTξ

)

Tr

[
exp

(
− 1

2kBT
ζT

((
h I (2|V |) + J�

)⊗I (2|V |)
)
ζ − 1

2kBT
ξTξ

)] , (10.390)

where

ζ =

⎛
⎜⎜⎜⎜⎜⎝

ζ1

ζ2
.
.
.

ζ|V |

⎞
⎟⎟⎟⎟⎟⎠

≡
(
UT⊗I (2|V |)

)

⎛
⎜⎜⎜⎜⎜⎝

σ z
1

σ z
2
.
.
.

σ z
|V |

⎞
⎟⎟⎟⎟⎟⎠

−

⎛
⎜⎜⎜⎜⎜⎝
(
h I (|V |) + J�

)−1UT

⎛
⎜⎜⎜⎜⎜⎝

d1
d2
.
.
.

d|V |

⎞
⎟⎟⎟⎟⎟⎠

⎞
⎟⎟⎟⎟⎟⎠

⊗I (2|V |),

(10.391)

ξ =

⎛
⎜⎜⎜⎜⎜⎝

ξ1

ξ2
.
.
.

ξ|V |

⎞
⎟⎟⎟⎟⎟⎠

≡
(
UT⊗I (2|V |)

)

⎛
⎜⎜⎜⎜⎜⎝

σ x
1

σ x
2
.
.
.

σ x
|V |

⎞
⎟⎟⎟⎟⎟⎠

− γ

⎛
⎜⎜⎜⎜⎜⎝

I (2|V ||V |)

I (2|V ||V |)
.
.
.

I (2|V ||V |)

⎞
⎟⎟⎟⎟⎟⎠

. (10.392)

By using the Gram-Schmidt orthonormalization in the framework of Fig. 10.17,
we introduce a new unitary matrix

˜U =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

Ũ11 Ũ12 Ũ13 · · · Ũ1|Ṽ |
Ũ21 Ũ22 Ũ23 · · · Ũ2|Ṽ |
Ũ31 Ũ32 Ũ33 · · · Ũ3|Ṽ |

.

.

.
.
.
.

.

.

.
. . .

.

.

.

Ũ|Ṽ |1 Ũ|Ṽ |2 Ũ|Ṽ |3 · · · Ũ|Ṽ ||Ṽ |

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

≡
(
ũ1, ũ2, ũ3, · · ·, ũ| ˜V |

)
, (10.393)

where
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Fig. 10.17 Momentum space renormalization group for graphical models on random graphs

v1 =

⎛
⎜⎜⎜⎜⎜⎝

U11

U21
.
.
.

U|Ṽ |1

⎞
⎟⎟⎟⎟⎟⎠

, v2 =

⎛
⎜⎜⎜⎜⎜⎝

U12

U22
.
.
.

U|Ṽ |2

⎞
⎟⎟⎟⎟⎟⎠

, · · ·, v|Ṽ | =

⎛
⎜⎜⎜⎜⎜⎝

U1|Ṽ |
U2|Ṽ |

.

.

.

U|Ṽ ||Ṽ |

⎞
⎟⎟⎟⎟⎟⎠

, (10.394)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

u′
1 = v1, ũ1 = u′

1√
u′
1
Tu′

1

,

u′
2 = v2 − u′

1
T

v2

u′
1
Tu′

1

u′
1, ũ2 = u′

2√
u′
2
Tu′

2

,

u′
3 = v3 − u′

1
T

v3

u′
1
Tu′

1

u′
1 − u′

2
T

v3

u′
2
Tu′

2

u′
2, ũ3 = u′

3√
u′
3
Tu′

3

,

.

.

.

u′
| ˜V | = v| ˜V | −

u′
1
T

v| ˜V |
u′
1
Tu′

1

u′
1 −

u′
2
T

v| ˜V |
u′
2
Tu′

2

u′
2 + · · · +

u′
| ˜V |−1

T
v| ˜V |

u′
| ˜V |−1

Tu′
| ˜V |−1

u′
| ˜V |, ũ| ˜V | =

u′
| ˜V |√

u′
| ˜V |

Tu′
| ˜V |

.

(10.395)

By using the new unitary matrix ˜U and a diagonal matrix �
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˜� ≡

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

λ1 0 0 · · · 0

0 λ2 0 · · · 0

0 0 λ3 · · · 0
.
.
.

.

.

.
.
.
.

. . .
.
.
.

0 0 0 · · · λ|Ṽ |

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

, (10.396)

we introduce a renormalized density matrix ˜R from the standpoint of the momentum
space renormalization group for general graphs as

˜P ≡
exp

(
− 1

2kBT
˜ζT

((
h I (2| ˜V |) + J ˜�

)⊗I (2| ˜V |)
)

˜ζ − 1

2kBT
˜ξT˜ξ

)

Tr

[
exp

(
− 1

2kBT
˜ζT

((
h I (2| ˜V |) + J ˜�

)⊗I (2| ˜V |)
)

˜ζ − 1

2kBT
˜ξT˜ξ

)] , (10.397)

where

˜ζ =

⎛
⎜⎜⎜⎜⎜⎝

˜ζ1
˜ζ2
.
.
.

˜ζ| ˜V |

⎞
⎟⎟⎟⎟⎟⎠

≡
(

˜UT⊗I (2| ˜V |)
)
⎛
⎜⎜⎜⎜⎜⎝

σ z
1

σ z
2
.
.
.

σ z
| ˜V |

⎞
⎟⎟⎟⎟⎟⎠

−

⎛
⎜⎜⎜⎜⎜⎝
(
h I (| ˜V |) + J ˜�

)−1
˜UT

⎛
⎜⎜⎜⎜⎜⎝

d̃1
d̃2
.
.
.

d̃|Ṽ |

⎞
⎟⎟⎟⎟⎟⎠

⎞
⎟⎟⎟⎟⎟⎠

⊗I (2| ˜V |),

(10.398)

˜ξ =

⎛
⎜⎜⎜⎜⎜⎝

˜ξ1
˜ξ2
.
.
.

˜ξ| ˜V |

⎞
⎟⎟⎟⎟⎟⎠

≡
(
UT⊗I (2| ˜V |)

)
⎛
⎜⎜⎜⎜⎜⎝

σ x
1

σ x
2
.
.
.

σ x
| ˜V |

⎞
⎟⎟⎟⎟⎟⎠

− γ

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

I (2| ˜V || ˜V |)

I (2| ˜V || ˜V |)
.
.
.

I (2| ˜V || ˜V |)

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

, (10.399)

⎛
⎜⎜⎜⎝

d̃1
d̃2
.
.
.

d̃|Ṽ |

⎞
⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎜⎜⎝

Ũ11 Ũ12 Ũ13 · · · Ũ1|Ṽ |
Ũ21 Ũ22 Ũ23 · · · Ũ2|Ṽ |
Ũ31 Ũ32 Ũ33 · · · Ũ3|Ṽ |
.
.
.

.

.

.
.
.
.

. . .
.
.
.

Ũ|Ṽ |1 Ũ|Ṽ |2 Ũ|Ṽ |3 · · · Ũ|Ṽ ||Ṽ |

⎞
⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎝

U11 U21 U31 · · · U|V |1
U12 U22 U32 · · · U|V |2
U13 U23 U33 · · · U|V |3
.
.
.

.

.

.
.
.
.

. . .
.
.
.

U1|Ṽ | U2|Ṽ | U3|Ṽ | · · · U|V ||Ṽ |

⎞
⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎝

d1
d2
d3
.
.
.

d|V |

⎞
⎟⎟⎟⎟⎟⎠

.

(10.400)

For this density matrix ˜P in Eq. (10.397), we can formulate the approximate reduced
density matrix ̂

˜Ri and the approximate Gaussian marginal probability density func-
tion ̂̃ρ(˜φ) = ̂̃ρ(φ1, φ2, · · ·, φ|Ṽ |) and ̂̃ρ(φi ) for the corresponding quantum adaptive TAP
approximation as follows:



10 Review of Sublinear Modeling in Probabilistic Graphical Models … 261

̂

˜Ri = 1

2cosh

(
1

kBT

√
f̃ 2i + �2

)
f̃i +

√
f̃ 2i + �2

2
√

f̃ 2i + �2

⎛
⎜⎜⎝

1 − �

f̃i+
√

f̃ 2i +�2

+ �

f̃i+
√

f̃ 2i +�2
1

⎞
⎟⎟⎠

×

⎛
⎜⎜⎝

exp

(
+ 1

kBT

√
f̃ 2i + �2

)
0

0 exp

(
− 1

kBT

√
f̃ 2i + �2

)

⎞
⎟⎟⎠

⎛
⎜⎜⎝

1 + �

f̃i+
√

f̃ 2i +�2

− �

f̃i+
√

f̃ 2i +�2
1

⎞
⎟⎟⎠.

(10.401)

̂̃ρ(φ1, φ2, · · ·, φ|Ṽ |) =

√√√√√ det
((
h + D̃

)
I(| ˜V |) + J ˜�

)

(2πkBT )|Ṽ |

×exp

(
− 1

2kBT

(
˜φ − ˜U

((
h + D̃

)
I(| ˜V |) + J ˜�

)−1
˜UT

(
˜f + g̃ + h˜d

))T

× ˜U
((

h + D̃
)
I(| ˜V |) + J ˜�

)
˜UT

×
(

˜φ − ˜U
((

h + D̃
)
I(| ˜V |) + J ˜�

)−1
˜UT

(
˜f + g̃ + h˜d

)))
,

(10.402)

̂̃ρi (φi ) =
√

h + L̃

2πkBT
exp

(
− 1

2kBT

(
h + L̃

)(
φi − g̃i + hd̃i

h + L̃

)2
)

(i∈Ṽ ). (10.403)

The reduced density matrix ̂

˜Ri and the marginal probability density functions ̂̃ρi (φi )
and ̂̃ρ

(
φ1, φ2, · · ·, φ|Ṽ |

)
need to satisfy the consistencies

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

∫ +∞

−∞

∫ +∞

−∞
· · ·

∫ +∞

−∞
φî̃ρ

(
φ1, φ2, · · ·, φ|Ṽ |

)
dφ1dφ2· · ·dφ|Ṽ | =

∫ +∞

−∞
φî̃ρi (φi )dφi = Trσ ẑ

˜Ri
(
i∈Ṽ ),

∑

i∈Ṽ

∫ +∞

−∞

∫ +∞

−∞
· · ·

∫ +∞

−∞
φi

2̂̃ρ
(
φ1, φ2, · · ·, φ|Ṽ |

)
dφ1dφ2· · ·dφ|Ṽ | =

∑

i∈Ṽ

∫ +∞

−∞
φi

2̂̃ρi (φi )dφi = 1.

(10.404)

The Lagrange multipliers ˜f , g̃, L̃, and D̃ are determined so as to satisfy the consis-
tencies in Eq. (10.404), which reduce to the following simultaneous equations:

g̃ + h˜d = (
h + L̃

)
˜U
((

D̃ − L̃
)
I (| ˜V |) + J ˜�

)−1
˜UT

˜f , (10.405)
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˜f + g̃ + hd = ˜U
((

D̃ − L̃
)
I (| ˜V |) + J ˜�

)−1
˜UT

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

f̃1√
f̃ 21 +�2

tanh

(
1

kBT

√
f̃ 21 + �2

)

f̃2√
f̃ 22 +�2

tanh

(
1

kBT

√
f̃ 22 + �2

)

.

.

.
f̃|Ṽ |√

f̃ 2|Ṽ |+�2
tanh

(
1

kBT

√
f̃ 2|Ṽ | + �2

)

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

,

(10.406)

L̃ = −h + 1

2
+
√
1

4
+ 1

|Ṽ |
(

˜f + g̃ + h˜d
)T(

˜f + g̃ + h˜d
)
, (10.407)

1

1
2 +

√
1
4 + 1

|Ṽ |
(

˜f + g̃ + hd
)T(

˜f + g̃ + h˜d
) = 1

|Ṽ |Tr
[((

D̃ − L̃
)
I (| ˜V |) + J ˜�

)−1
]
.

(10.408)

10.5.4 Suzuki-Trotter Decomposition in the Transverse Ising
Model

In this section, we review the Suzuki-Trotter formulas and extensions from con-
ventional quantum loopy belief propagation using them. In quantum probabilistic
graphical models, the state space is defined by all the eigenvectors of the density
matrix R and the probability of each eigenvector is given by the eigenvalue as men-
tioned in Sect. 10.4.2. To compute some statistical quantities by using the Monte
Carlo method, it is necessary to diagonalize the energy matrix H, which is a massive
computation. Instead of such a scheme, quantum Monte Carlo methods based on
the Suzuki-Trotter formulas were proposed [89]. One important part of the quan-
tum Monte Carlo method is the mapping from a quantum probabilistic graphical
model to a conventional (classical) probabilistic graphical model by introducing the
techniques of Suzuki-Trotter decompositions. It is known that some statistical quan-
tities for conventional (classical) probabilistic graphical models can be computed by
MCMC methods. This is a basic idea behind quantum Monte Carlo methods. Let
us first review the Suzuki-Trotter formulas and explicitly give a detailed scheme of
Suzuki-Trotter decompositions for the transverse Ising model in Eqs. (10.226) and
(10.227) with Eq. (10.301).

From the definition of the exponential function for square matrices, we have
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exp(x(A + B)) = I + x(A + B) + 1

2
x2(A + B)2 + O(x3) (x→0), (10.409)

exp(x A) = I + x A + 1

2
x2A2 + O(x3) (x→ + 0), (10.410)

exp(xB) = I + xB + 1

2
x2B2 + O(x3) (x→ + 0). (10.411)

From these equalities, the following formula can be confirmed:

exp(x(A + B)) = exp(x A)exp(xB) + O(x2) (x→ + 0). (10.412)

Moreover, we have

exp(x A) =
[
exp

( x

M
A
)]M + O

(
x2

M

)
(x2 � M), (10.413)

exp(x(A + B)) =
[
exp

( x

M
A
)
exp

( x

M
B
)]M + O

(
x2

M

)
(x2 � M). (10.414)

Generally, for a graph (V, E)with the set of nodes V = {1, 2, · · ·, N } and the set of edges
E = {{i, j}}, we have

exp

⎛
⎝x

∑
{i, j}∈E

A{i, j}

⎞
⎠ =

⎡
⎣ ∏

{i, j}∈E
exp

( x

M
A{i, j}

)⎤⎦
M

+ O
(
x2

M

)
(x2 � M), (10.415)

exp

⎛
⎝x

∑
{i, j}∈E

A{i, j} + x
∑

{i, j}∈E
B{i, j}

⎞
⎠

=
⎡
⎣
⎛
⎝ ∏

{i, j}∈E
exp

( x

M
A{i, j}

)⎞⎠
⎛
⎝ ∏

{i, j}∈E
exp

( x

M
B{i, j}

)⎞⎠
⎤
⎦
M

+ O
(
x2

M

)
(x2 � M).

(10.416)

These are referred to as a Suzuki-Trotter Decomposition [87, 88].
For the case of N = 2, we consider an energy matrix H defined by

H = −Jσ z
1 σ z

2 − h1σ
z
1 − h2σ

z
2 − �σ x

1 − �σ x
2 . (10.417)
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It is referred to as a quantum transverse Isingmodel on a chain
(
V = {

1, 2
}
, E = {{1, 2}})

with three nodes and two edges. By using the above Suzuki-Trotter formula, we have

〈s1,1, s2,1|exp
(

− 1

kBT
H
)

|s′1,1, s′2,2〉

= lim
M→+∞

[
exp

(
1

kBT M

(
Jσ z

1 σ z
2 + h1σ

z
1 + h2σ

z
2
))

exp

(
1

kBT M

(
�σ x

1 + �σ x
2
))]M

= lim
M→+∞

∑
τ1,1∈�

∑
τ2,1∈�

∑
s1,2∈�

∑
s2,2∈�

∑
τ1,2∈�

∑
τ2,2∈�

· · ·
∑

s1,M∈�

∑
s2,M∈�

δs1,M+1,s
′
1,1

δs2,M+1,s
′
2,1

×
M∏

m=1

(
〈s1,m , s2,m |exp

(
1

kBT M

(
Jσ z

1 σ z
2 + h1σ

z
1 + h2σ

z
2
))|τ1,m , τ2,m 〉

×〈τ1,m , τ2,m |exp
(

1

kBT M

(
�σ x

1 + �σ x
2
))|s1,m+1, s2,m+1〉

)
. (10.418)

Note that

�σ x
1 + �σ x

2 = �σ x⊗I + � I⊗σ x . (10.419)

By using Eq. (10.253), Eq. (10.418) can be rewritten as

〈s1,1, s2,1|exp
(

− 1

kBT
H
)

|s′
1,1, s

′
2,1〉

= lim
M→+∞

∑
s1,2∈�

∑
s2,2∈�

· · ·
∑

s1,M∈�

∑
s2,M∈�

δs1,M+1,s′1,1δs2,M+1,s′2,1

×
M∏

m=1

(
exp

(
1

kBT M

(
Js1,ms2,m + h1s1,m + h2s2,m

))

×〈s1,m , s2,m |
(
exp

(
1

kBT M
�σ x

)
⊗I

)(
I⊗exp

(
1

kBT M
�σ x

))
|s1,m+1, s2,m+1〉

)
.

(10.420)

Moreover, by the definition of the tensor product for A⊗I and I⊗A for any matrix A

in terms of Eq. (10.238), we have

〈s1,m , s2,m |
(
exp

(
1

kBT M
�σ x

)
⊗I

)(
I⊗exp

(
1

kBT M
�σ x

))
|s1,m+1, s2,m+1〉

= 〈s1,m |exp
(

1

kBT M
�σ x

)
|s1,m+1〉〈s2,m |exp

(
1

kBT M
�σ x

)
|s2,m+1〉

= 〈s1,m |
⎛
⎝ cosh

(
1

kBT M �
)

sinh
(

1
kBT M �

)

sinh
(

1
kBT M �

)
cosh

(
1

kBT M �
)
⎞
⎠|s1,m+1〉

×〈s2,m |
⎛
⎝ cosh

(
1

kBT M �
)

sinh
(

1
kBT M �

)

sinh
(

1
kBT M �

)
cosh

(
1

kBT M �
)
⎞
⎠|s2,m+1〉. (10.421)
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Equation (10.420) can be rewritten in terms of the two-dimensional representation
as

〈s1,1, s2,1|exp
(

− 1

kBT
H
)

|s′1,1, s′2,1〉

= lim
M→+∞

∑
s1,2∈�

∑
s2,2∈�

· · ·
∑

s1,M∈�

∑
s2,M∈�

δs1,M+1,s
′
1,1

δs2,M+1,s
′
2,1

×
M∏

m=1

(
exp

(
1

kBT M

(
Js1,ms2,m + h1s1,m + h2s2,m

))

×〈s1,m |
⎛
⎝ cosh

(
1

kBT M �
)

sinh
(

1
kBT M �

)

sinh
(

1
kBT M �

)
cosh

(
1

kBT M �
)
⎞
⎠|s1,m+1〉

×〈s2,m |
⎛
⎝ cosh

(
1

kBT M �
)

sinh
(

1
kBT M �

)

sinh
(

1
kBT M �

)
cosh

(
1

kBT M �
)
⎞
⎠|s2,m+1〉

)
. (10.422)

Eventually, the density matrix P of the transverse Ising model for two nodes in Eq.
(10.417), such that

P ≡
exp

(
− 1

kBT
H
)

Tr
[
exp

(
− 1

kBT
H
)] , (10.423)

can be reduced to the probability distribution P(M)(s1, s2, s3, · · ·, sM , sM+1) for sm =(
s1,m
s2,m

)
(m = 1, 2, · · ·, M + 1) on the 2×(M + 1) ladder graph as follows:

〈s1,1, s2,1|P |s′1,1, s′2,1〉
= lim

M→+∞
∑

s1∈�2

∑

s2∈�2

· · ·
∑

sM∈�2

∑

sM+1∈�2

δs1,M+1,s
′
1,1

δs2,M+1,s
′
1,2

P(M)(s1, s2, s3, · · ·, sM , sM+1),

(10.424)

where

P(M)(s1, s2, s3, · · ·, sM , sM+1)

≡ 1

Z (M)

M∏
m=1

(
exp

(
1

kBT M

(
Js1,ms2,m + h1s1,m + h2s2,m

))

×exp

(
1

kBT M

(
K (MT, �)s1,ms1,m+1 + K (MT, �)s2,ms2,m+1

)))
,

(10.425)
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Z (M) ≡
∑

s1,2∈�

∑
s2,2∈�

· · ·
∑

s1,M∈�

∑
s2,M∈�

δs1,M+1,s1,1δs2,M+1,s2,1

×
M∏

m=1

(
exp

(
1

kBT M

(
Js1,ms2,m + h1s1,m + h2s2,m

))

×exp

(
1

kBT M

(
K (MT, �)s1,ms1,m+1 + K (MT, �)s2,ms2,m+1

)))
,

(10.426)

K (T, �) ≡ kBT ln

⎛
⎜⎝

√√√√√
cosh

(
1

kBT
�
)

sinh
(

1
kBT

�
)
⎞
⎟⎠. (10.427)

The density matrix P in Eq. (10.423) of the transverse Ising model for |V | nodes
V = {1, 2, · · ·, |V |}, which is given by Eqs. (10.226) and (10.227) with Eq. (10.301),
can be reduced to the matrix representation for s probability distribution

P(M)(s1, s2, s3, · · ·, sM , sM+1) for sm =

⎛
⎜⎜⎜⎜⎜⎝

s1,m
s2,m

.

.

.

sN ,m

⎞
⎟⎟⎟⎟⎟⎠

(m = 1, 2, · · ·, M + 1) on the |V |×(M + 1)

ladder graph as follows:

〈s1,1, s2,1, · · ·, s|V |,1|P |s′1,1, s′2,1, · · ·, s′|V |,1〉

= lim
M→+∞

∑

s1∈�|V |

∑

s2∈�|V |
· · ·

∑

sM∈�|V |

∑

sM+1∈�|V |

⎛
⎝∏
i∈V

δsi,M+1,s′i,1

⎞
⎠P(M)(s1, s2, s3, · · ·, sM , sM+1),

(10.428)

where

P(M)(s1, s2, s3, · · ·, sM , sM+1)

≡ 1

Z (M)

M∏
m=1

⎛
⎝ ∏

{i, j}∈E
exp

(
1

kBT M
Jsi,ms j,m

)⎞
⎠

×
(∏
i∈V

exp

(
1

kBT M
K (MT, �)si,msi,m+1

))(∏
i∈V

exp

(
1

kBT M
hi si,m

))
,

(10.429)
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Z (M) ≡
∑

s1∈�|V |

∑

s2∈�|V |
· · ·

∑

sM∈�|V |

(∏
i∈V

δsi,M+1,si,1

)

×
M∏

m=1

⎛
⎝ ∏

{i, j}∈E
exp

(
1

kBT M
Jsi,ms j,m

)⎞
⎠

×
(∏
i∈V

exp

(
1

kBT M
K (MT, �)si,msi,m+1

))(∏
i∈V

exp

(
1

kBT M
hi si,m

))
.

(10.430)

The dynamics of quantum Monte Carlo methods based on Suzuki-Trotter decom-
positions have been analyzed by using Glauber dynamics [101, 102] and Langevin
dynamics [103, 104]. Recently, these analyses are applied to some statisticalmachine
learning systems with quantum annealing [105, 106]. Some statistical analysis of
quantum Monte Carlo methods for statistical inferences based on Suzuki-Trotter
decompositions [87, 88] are shown in Chaps. 12 and 13 of Part III of this book.

We now try to construct a modification of the conventional quantum message
passing rule in Eq. (10.335) for the transverse Ising model in Eqs. (10.226) and
(10.227)with Eq. (10.301) by imposing the assumption that all off-diagonal elements
of λ j→i and λi→ j for any edge {i, j}(∈E) are zero.Byusing the Suzuki-Trotter formulas
in Eqs. (10.415)–(10.416), Eq. (10.335) can be represented as follows:

lim
M→+∞

⎡
⎣exp

(
1

kBT M
�σ x

)
exp

(
1

kBT M
hdiσ

z
)
exp

(
1

kBT M
λ j→i

)
exp

⎛
⎝ 1

kBT M

∑
k∈∂i\{ j}

λk→i

⎞
⎠
⎤
⎦
M

= Zi
Z{i, j}

lim
M→+∞Tr\i

[
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(
1

kBT M
�σ x⊗I

)
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(
1

kBT M
hdi

(
σ z⊗I

))
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(
1

kBT M
J
(
σ z⊗I)(I⊗σ z)

)
exp

(
1

kBT M
hd j

(
I⊗σ z)

)
exp

(
1

kBT M
� I⊗σ x

)

×exp

⎛
⎝ 1

kBT M
I⊗

⎛
⎝ ∑
l∈∂ j\{i}

λl→ j

⎞
⎠
⎞
⎠exp

⎛
⎝ 1

kBT M

⎛
⎝ ∑
k∈∂i\{ j}

λk→i

⎞
⎠⊗I

⎞
⎠
]M

, (10.431)

such that,

lim
M→+∞

∑
si,2∈�

· · ·
∑

si,M∈�

⎛
⎝

M∏
m=1

〈si,m |exp
⎛
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1
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⎠
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1

kBT M
λ j→i

)
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⎞
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⎠
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δs j,1,s
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The sufficient conditions for Eq. (10.432) are given by
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By taking the summations
∑

si,2∈�

· · ·
∑

si,M∈�

and the limit M→ + ∞ on both sides of Eq.

(10.433), modified message passing rules can be derived as follows:
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. (10.434)

We remark that the modified message passing rules of Eq. (10.434) can be derived by
considering the Bethe free energy functional in the cluster variation method with a
ladder-type basic cluster for the probabilistic graphicalmodel [107] in Eqs. (10.429)–
(10.430). While the conventional framework of quantum belief propagations was
given as a quantum cluster variation method in Ref. [90], some extensions of loopy
belief propagations have been proposed inRefs. [108–111] from a quantum statistical
mechanical standpoint.
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10.6 Concluding Remarks

This chapter explored sublinear modeling based on statistical mechanical informat-
ics for statistical machine learning. In statistical machine learning, we need to com-
pute some statistical quantities in massive probabilistic graphical models. Statistical
mechanical informatics can provide us with many statistical approximate computa-
tional techniques. One is the advanced mean-field framework, which includes mean-
fieldmethods and loopy belief propagationmethods such as theBethe approximation.
The advanced mean-field framework can provide good accuracy for statistical quan-
tities, including averages and covariances. Some statistical quantities in probabilistic
graphical models sometimes have phase transitions when computing the advanced
mean-field method. As we have already shown in Sect. 10.3.3, we have two familiar
phase transitions, namely, the first- and second-order phase transitions. Each step
of the EM algorithm is often affected by the first-order phase transition because the
internal energy in the prior probabilistic model has a discontinuity. This difficulty
appears in the convergence procedure of the EM algorithm, in which the trajectory of
a hyperparameter passes through not only the equilibrium state but also metastable
and unstable states in the loopy belief propagation of probabilistic segmentations in
Sect. 10.3.5. We show that some algorithms based on loopy belief propagation in
probabilistic segmentations can be accelerated by the inverse real-space renormal-
ization group techniques in Sect. 10.3.6.

The second part of this chapter explored quantum statistical machine learning
and some statistical approximate algorithms in quantum statistical mechanical infor-
matics for realizing the framework. Quantum mechanical computations for machine
learning are rapidly developing in terms of both academic research and industrial
implementation. In Sect. 10.4, we explained the modeling framework of density
matrices and some fundamentalmathematics for it and expanded themodeling frame-
work to the quantum expectation-maximization algorithm. In Sect. 10.5, we showed
the fundamental frameworks of quantum loopy belief propagation and quantum sta-
tistical mechanical extensions of the adaptive TAP method. Moreover, we reviewed
the Suzuki-Trotter expansion, and the real and the momentum space renormalization
group for sublinear modeling of density matrices.

Recently, we have the framework of massive fundamental mathematical model-
ing in the statistical machine learning theory for many practical applications, such
that, mainly the sparse modeling [4, 5] and the deep learning [10]. Many academic
researchers are interested in interpretations of such modelings in the stand point of
probabilistic graphical models in the statistical mathematics [2, 3, 7] and the statisti-
cal mechanical informatics [8, 9, 13, 17]. Now we have novel technologies for real-
izing quantum computing in the stand point of quantummechanical extensions of the
statistical mechanical informatics, such that, for example, D-wave Quantum Annealer.
Some results in which the D-Wave quantum annealers have achieved high perfor-
mance computing have appeared in Refs. [112–116]. Some recent developments
of the probabilistic graphical modelings and their static and dynamical analysis of
the advanced mean-field methods and the Suzuki-Trotter decompositions as well as
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the replica methods for realizing sublinear modeling are shown in the subsequent
Chaps. 12 and 13 of the present part of this book, in the statistical mechanical point
of view.
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