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Abstract Carbon nanotube has attracted many researchers from last two decades
due to its exceptional mechanical and multiuse properties. In this article, a semi-
analytical study is performed to determine the dynamic instability of a Functionally
Graded Carbon Nanotube Reinforced Composite (FG-CNTRC) plate exposed to
uniform and various non-uniform in-plane loadings. The efficient mechanical prop-
erties for the plate are estimated using rule of mixture where CNTs are distributed
aligned and distributed across the plates’ thickness such as Uniformly distributed
(UD) and Functionally Graded (FG-X and FG-O). Here, The FG-CNTRC plate is
modeled by means of higher order shear deformation theory (HSDT) and the stress
distributions (o, 0y, Txy) Within the plate because of non-uniform loadings are
calculated using Airy’s stress method. Then, the Hamilton’s principle is applied to
obtain the governing partial differential equations of the FG-CNTRC plate, and which
is later solved with the help of Galerkin’s method to convert it to ordinary (Mathieu
type) differential equations. Next, these Mathieu type equations are solved employing
Bolotin’s method to trace the instability boundaries corresponding to period 2T. At
last, the consequence of different parameters like volume fraction of CNT, types of
non-uniform loading, static load factor, types of CNTs distribution on instability of
the FG-CNTRC plate are examined.

Keywords FG-CNTRC - Galerkin’s method - Bolotin’s method - Non-uniform
loading

1 Introduction

Carbon nanotubes (CNT), because of its versatile nature in different applications has
drawn the attention of many investigators after its discovery by scientist lijima (1991)
and which is due to its very effective thermal, electrical, and mechanical properties
(Ciecierska et al. 2013). CNTs when mixed with polymer epoxy is found to be
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increasing the strength and stiffness of the matrix (Gojny et al. 2004; Liew et al. 2015)
and also increases the strength-weight and stiffness-weight ratios of the plate (Macias
et al. 2017). Mehrabadi et al. (2012) and Arani et al. (2011) reported in their study
that the increase in CNTs volume fraction within the matrix, increases the buckling
load carrying capacity of plate. In this viewpoint, Kiani (2017) has investigated an
FG-CNTRC plate loaded with parabolic loading for the analysis of buckling load,
where the plate has been modeled using FSDT to approximate the kinematics of plate
and solved using Ritz method and Airy stress function formulation. On similar field,
Malekzadeh and Dehbozorgi (2016) works on FG-CNTRC skew plate to check its low
velocity impact behavior employing first order shear deformation theory (FSDT) and
solved via. finite element method (FEM) combining Newmark and Newton—Raphson
methods.

It is very well understood from the above investigation that how addition of CNTs
increase in strength and stiffness of the plate and which ultimately increases the
buckling load carrying capacity of the plate. But estimating the buckling load and
strength increment for composite plates is not only the parameters for the design of a
composite plate, the effected due to dynamic loading and dynamic instability plays a
important role in the design of aerospace related applications. Thus, the knowledge
for dynamic stability of plate is required for proper design of composite plates. In this
context CNT has some beneficial impact on the plate’s dynamics stability. Rafiee et al.
(2014) has investigated a piezoelectric FG-CNTRC plate with imperfection to study
the nonlinear dynamic instability using FSDT and von-kdrmén geometric nonlin-
earity and solve employing Galenkin’s method. Again, a temperature-dependent
FG-CNTR visco-plate was analyzed for its dynamic instability behavior by Kolahchi
et al. (2016) using FSDT and solved via. Generalized differential quadrature method
(GDQM). In the same context, Thanh etal. (2017) has investigated nonlinear dynamic
response of FG-CNTRC plate with temperature-dependent material properties using
Reddy’s higher order shear deformation theory (HSDT) and solved using Airy stress
function, Galerkin method and fourth-order Runge—Kutta method. A dynamic insta-
bility analysis of CNTs reinforced sandwich plate under uniform in-plane loading
was investigated by Sankar et al. (2016) after modeling the plate with both HSDT
and FSDT, which was later solved using shear flexible QUAD-8 serendipity element.
Lee (2018) performed the dynamic instability of the CNT reinforced fiber composite
skew plate with delamination based on HSDT using FEM. In an investigation by Pathi
and Vasudevan (2019), rotating CNT reinforced composite plate has been modeled
using FSDT for the dynamic instability in the presence uniform in-plane periodic
loading.

From the above literature survey, it can be predicted that study on dynamic insta-
bility of FG-CNTRC has been performed by many researchers but those were mainly
oriented to uniform in-plane loading or thermal loading conditions but dynamic
instability of FG-CNTRC exposed to non-uniform loading is not yet report as per
the authors knowledge. The aim of this study is to investigate the dynamic insta-
bility region and behavior of UD-CNTRC and FG-CNTRC plate exposed to non-
uniform in-plane loading where CNTs are aligned and distributed throughout the
thickness of the plate. Mainly, the consequence of different parameters like volume
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fraction of CNT, types of non-uniform loading, types of CNTs distribution, static
load factor on dynamic instability of the UD-CNTRC and FG-CNTRC plate (FG-O
and FG-X) are examined and the results obtained from the current work will help in
appropriate design of UD-CNTRC and FG-CNTRC plate against dynamic instability
under non-uniform loading conditions.

2 Formulation

In the current study, a functionally graded carbon nanotube reinforced composite
(FG-CNTRC) plate is semi-analytically analyzed for dynamic instability using the
formulation, as stated in this section. The constituents used in each lamina are
SWCNT (chiral indices (ng, mg) = (10, 10)) and polymer matrix (epoxy resin). The
effective mechanical properties of the lamina (CNT embedded matrix) are obtained
using rule of mixture technique as given in next subsection. Figure 1 shows the
pictorial representation of the FG-CNTRC plate and CNTs distribution across the
thickness of plate.
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Fig. 1 Schematic view of a UD-CNTRC plate, b non-uniform loading ¢ UD-CNTRC, d FG-X
CNTRC and e FG-O CNTRC
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Table 1 Various cases of o .

CNTs distribution as a Distribution of CNTs in CNTRC plate Venr

function thickness (Kiani UD V ent

2017) FG-O 2V_C,,,<1 _ 2\%)
FG_X 4V7C)‘lt ‘iTl

2.1 The Rule of Mixture

The effective mechanical properties of the FG-CNTRC plate are obtained using the
rule of mixtures. However, the scale dependent properties of nanocomposite media
are accounted using efficiency parameters which is mentioned in result and discussion
section. According to the rule, the effective mechanical properties are estimated as:

Ei=mVenrEQNT + Vi, E, (D

M2 Venr | Vi

= 2

Ex EQCZNT * En ( )
n3 Vent | Vi

2 =r " 3

Gn ~ GO + G. 3

Vent + Vi =1 “4)

Hi12 = V_cntﬂlc1NT + Vil (5)

In Egs. (1)—(5), n1, 12, and 13 are the efficiency parameters. The efficiency param-
eters are considered to equate the values acquired of shear modulus and Young’s
modulus of the current modified rule of mixtures with that of the results acquired
according to the molecular dynamics simulations (Shen 2011). Besides, EGMT,
EZCZN T and GICZN T are the elastic moduli and shear modulus of SWCNTs, respec-
tively. Moreover, E,, and G,, are the properties of isotropic matrix. Also, V¢ y7 and
V,, denotes the volume fraction of CNTs and matrix, respectively (Kiani 2017) (Table
1).

The volume fraction of all these cases is equal to V ., although the distribution
of the CNTs are different in all cases.

2.2 Kinematics of CNTRC Plate

In the current study, the CNTRC plate is modeled considering HSDT developed
by Reddy (1985). The displacement fields according to this theory, such that the
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transverse shear strains at both the top and bottom surfaces are zero, for rectangular
plate is as stated below:

u=u’ + - 4—Z3 0 6

= 2x = 35 (0 ul) (6)
3

v=1" + 2y — W(q)y + u)o‘) (7

w=w’ (®)

In the above equations, u, v, and w indicate the displacements of a material point
(x, y) which is at a distance ‘z” away from the neutral surface of the plate in the
three principal directions. Similarly, #°, v* and w® denote the displacements of the
point on the neutral surface. ¢, and ¢, represent the rotation of the cross-section
perpendicular to the x-axis and y-axis, respectively. The suffix (), and (),, symbolize
the differentiation with respect to x and y respectively. To simplify Eqgs. (6) and (7),
(ox + w?x) is represented by ¢? and (¢, + w?y) is represented by ¢3. On further
simplifying these equations (Egs. 6 and 7) as per Soldatos (1991),

u=u’—zu’ + f(2)¢? )
v=2"—zu’ + f()¢) (10)
w=uw’ (11)

where f(z) = z(l — %) At ‘z’ distance ahead of the neutral surface of the plate,
the strain—displacement equations can be written as:

eox = £, — 2w’ + f(2)Py (12)
£y = €0, — 2w’ + f(2)P) (13)
_ .0 0 0 0
Yoy = Vay — 2205, + [0, + [y, (14)
Vee =l +wy = [ Q) (15)
Yy =vetw, = ()¢ (16)
where, egx, 58), and yfy are the strains at the neutral surface of the plate as defined in

Egs. (17)~(19).
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Eox = U (17)
e, =1, (18)
Viy =l + 0, (19)

According to constitutive law, the stress and strain of a lamina are related as:

Oxx On@r 0 0 O Exx
Oyy 0120» 0 0 O Eyy
Txy (= 0 0 Qe 0O O Vxy (20)
Tyz 0 0 0 Qu O Vyz
Txz 0 0 0 0 Qs Vxz

where, Q;; (i, j = 1, 2, 6) refers to the plane stress material stiffness constants which
are expressed in terms of engineering constants of CNT embedded matrix as follows:

011 =020 =Em/(1- V;%m), Q12 = VimEpm/(1 — V;%,n)
Q66 = Qa4 = Os5 = Epp /2(1 + vp).

The force, moment, and additional moment resultants in curvature due to
additional changes are related to strains as defined in Egs. (21)—(24).

Nyx A A A | | &l Bii Bio Bis || i
Nyy = | A2 Az A |1 €y ¢+ | Bia B By |} —ul,
Nyy Ats A Aes | | V2, Bis Bas Beo | | —2u,
Ci1 Ci2 Cis | .
+ | Cia Cop Co S,y D
Ci6 C2 Cep g,y + ¢8,x
M, B By Bis | | €1, D1 Di2 Dis ~Wi
My, t = | Bia By Byg | €0y { + | D12 D Do |} —w0,
Mxy B¢ Byg Bgg )/)?V D16 Dys Des _2w.,0xy
E\ Epz Ee | ¢)(c),x
+ | En2 Exn E S,y (22)
Eis Exs Ess | | 2, + ).,
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M;‘x Ci1 Cip Cyg ng En En Eis _w,Oxx
M;Zy = | Cip Cyy Cy Sgy + | En Exn Ex _w,oyy
Mg, Ci6 Ca6 Ces V)?y Ei6 Ez6 Eeo —wa)xy
Fi1 Fia Fie | .'v:(),x
+ | Fi2 F2 Fe 9, (23)
Fig Fas Fes | | &), + 99,
0
(o)=L e 1) a
04, Hys Hss || ¢?

where, N,., Ny, and N,, are the force resultants; M,,, M, and M, are the moment
resultants; M¢ ., M f} and M ij are the additional moment resultants in curvature due
to additional change, and Qf, and Qf, are the transverse shear force resultants. The
additional change of curvature is denoted by ¢ ., ¢9  and ¢? '+ ¢? . The overall
CNTRC plate stiffness constants; A, B;;, Cy;, Dy, Ej;, Fyj, and H;; are expressed as
stated in Eqs. (25)-(27).

n/2
(Aij, Bij, Dij) = / 0ii(1,z,2%)dz (i, j) = (1,2,6) (25)
—h/2
h/2
(Cij, Eij, Fij) = / Qi;(,z, fNfdz @, j)=(1,2,6) (26)
—h)2
h/2
(Hij) = / 0, f'@f (dz @, j)=45) (27)

—h/2

2.3 In-Plane Elasticity Problem

It is well known that due to uniform in-plane loading at the edge of the plate, the
developed pre-buckling stress distribution is also uniform and uni-axial and matches
with the applied loading. However, when the non-uniform loading is applied, these
three stresses components (o, (i, j = x, y)) are developed within the plate. This needs
to be evaluated for estimating the internal stress resultants ((n;;, (i, j = x, y)) due to
various non-uniform loadings which are applied in-plane at the edge of the plate,
to develop the governing equation of motions of the FG-CNTRC plate. The explicit
analytical expressions for the pre-buckling stresses (o, (i, j = x, y)) within the FG-
CNTRC plate under non-uniform in-plane mechanical loadings are developed by
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solving in-plane elasticity problem using Airy’s approach. Furthermore, equilibrium
equation for in-plane stress in terms of Airy’s stress function (¢) for FG-CNTRC
plate is estimated using strain-compatibility conditions and is given as,
4 4 9%
¢ "¢ ¢
25 4+(26112+066) Er a5 ta e =0 (28)

and Airy’s stress function (¢) is described by

029 0%¢ 0%¢
Xx = S 5 5y — T xy = — 29
L dy? Ty =552 dxdy 29)
where, (A)~! is the flexibility matrix of the FG-CNTRC plate.
ap diz die
(A" = | @ an ax (30)
aie 26 des

Here, A = A;; (i, j = 1, 2, 6) is the extensional stiffness of the CNTRC plate and
obtained using Eq. (25)
Now, Airy’s stress function is assumed in the form of series as,

oo

$(x, ) = Y _ri(y)cos(ix) + Y s;(x) cos(B;y) + Roy> 31)

i=1 j=1

where, a; = 2in/a, Bj = 2jm/b, ri(y) and s;(x) are unknown functions in y and
x, respectively. Substituting the above expression in the in-plane stress equilibrium
Eq. (28) and then the coefficients of cos(«;x) and cos (/3 j y) are equated which gives
out the results in two ordinary differential equations in r; (y) and s; (x) respectively,

52
a M ay + 066)0{ ri(y) + a22a ri(y)=0 (32a)
By ay?
4o,
an s;x) — (Rann + 6166)/3 ,(x) + 011/3 5j(x) =0 (32b)

x4

Substituting 7; (y) = exp(kgy) and s;(x) = exp()» 1x) in the above equations,
roots of the above equation are A = i, 2ajp and A = £8 i1, £Bj2.

Qaiz+aee) A/ Qai+ass)> —4ariax
Where, o, = Oéi\/ o and  Bj1, B2
’8\/(2012+a66)i\/(2012+066) —4ajan

axn
about y and x axes respectively, we can write

. Since the functions r; (y) and s;(x) are symmetric
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ri(y) = Ri1 cos h(ai1y) + Riz cos h(ajzy) (33)

si(x) =85 cosh(,lex) +Sjp cosh(ﬁjzx) (34)

Substituting the expressions for r;(y) and s;(x) in Eq. (31), the expression for
Airy’s stress function is written as,

¢(x,y) = Y {Ri1cos h(ei1y) + Riz cos h(einy)} cos(ex)

i=l1

Z j1cosh(Bj1x) + Sjpcosh(Bjpx)} cos(B;y) + Roy>  (35)

The in-plane stress resultants are determined by substituting the stress function
(Eq. 35) in Eq. (29). Thus,

Nex = Z cos(a;x)(Ri1 cos h(e1y)ef; + Rip cos h(ainy)as)
i=1

- Z cos(B;y)(Sj1 cosh(Bjix) + Sj2 cosh(ﬂjzx)),BJz. +2Ro (36)

o0

Ny = — »_ cos(e;x)(Riy cos h(airy) + Riz cos h(eiy))e}
i=1

0s(B,)(Sj1 cos h(Bj1x) B7, + Sjzcos h(Bj2x)B7,) (37)

||[Vj8

oo
Ny = Z sin(a; x)e; (Ri1 sin h(aqy)ein + Rip sinh(aizy))etin
i=1

+ ) sin(8,y)B; (S sinh(Bj1x)Bj1 + Sincosh(Bjax)Bjn)  (38)

j=1

The coefficients, R;i, Rz, Sj1,Sj> in expressions nyc(x,y), ny,(x,y) and
Nyy(x, y) are calculated using in-plane stress boundary conditions, which are written
as

77xx<:|:%’ y) = R(y), WX)’(i%’ y) =0, 1y <x’ ig) =0, '7”'<x’ i%) =0

(39)
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where, R(y) represents different types of in-plane non-uniform mechanical edge
load distributions. Satisfying the in-plane stress boundary conditions which results
in following set of simultaneous equations in the form of unknown coefficients,

(070 Sinl’laiz—zh
Riy ==\ — ) =7 R (40)
@1/ sin h=3=
. Bja
B2\ sin h =5~
Sip = —<4 ——aSh (41)
Bj1 sin h=5-
iob i b . b
ociz coshO{—2 — 2cotha—1 s1nhOt—2 R;»
2 ai 2 2

2\ < Bjacos L2 ; ;
= —<—> Z Bracos 5 (ﬂjl sinhﬁ’;a LI — Bj2 Sinhﬂjzlab)sz (42)

a inh B
‘o1 sinh=3

: . : . 2
ﬁjz(cos Bia _ @cothﬁ’—la sinh'Bﬂa>sz+ (Z)Io

2 Bi 2 2
2\ & Qo COS % . o;ob . aib
= _<E>;M<all 3111th3 —()tizsthI4>Ri2 (43)
b/2
1
ro= 1 [ ROX (44)
0
Here,
b/2 a2
Iy = 2/ R(y)cos(B;y)dy, I = 2/c0sh(ﬂj1x) cos(a;x)dx,
0 0
a2 b/2

L = chosh(ﬂjzx) cos(aix)dx, Iz = 2/cosh(ocj1y) cos(B;y)dy,
0

b2
Iy =2 / cos h(aj2y) cos(B;y)dy.
0
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2.4 Governing Equations

Hamilton’s principle Eq. (45) is employed to get the equations of motion for the FG-
CNTRC plate in terms of forces, moments, additional moments and shear resultants,
11
st /(U—W—T) =0 (45)
fo
In the above equation, U implies strain energy, W is the external work done by the
applied loads and T represents plate kinetic energy in the time interval ¢, to ¢; whereas

8D denotes the first variation. The partial differential equations of the CNTRC plate
exposed to non-uniform in-plane compressive loading (time-dependent) as follows:

A A

Nixx + Niyy = pg”?zz (46)
NXy-,x + Nyy,y = Pg U,On 47

My xx +2Myy xy + My vy + (Nxxw,x + Nww,y)

X

+ (Mgwa+ Nyywy) = pul, (48)
sy

M,?x,x + M,?y.y - sz = ph(p)?,tt (49)

M+ M, — Q5. = ey, (50)

In the above equations, p, = ff;/jz Onmdz, pp = ffﬁz onmz>dz and ]\A!,ﬂj =
[Ni- —n; j], where i, j = (x, y) and n;; are the internal stress resultants due to
applied non-uniform in-plane loading, and N;; are the stress resultants due to the
large deformation. Therefore, Ni ; are the net stress resultants within the FG-CNTRC
plate.

2.5 Galerkin’s Method

The Galerkin’s method is employed to minimize the error by orthogonalizing it with
respect to a set of assumed basis shape function satisfying the prescribed boundary
conditions. This method helps in reducing the governing partial differential equations
into the set of ordinary differential equations. The displacement fields that satisfy
the boundary conditions are expressed as,
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M* N*

W =" Um0, y) (51)
m=1 n=1
M* N*

W= V(O x, ) (52)
m=1 n=1
M* N*

w =" W ()6}, (x, ) (53)
m=1 n=1
M* N*

Y= Ku()©},(x.) (54)
m=1 n=1
M* N*

0= Lu()0},(x.y) (55)

m=1 n=1

where, U,,,,(t), Vi (1), Wyn (), K,un(t) and L,,,(t) are undetermined coeffi-
cients. ®! (x,y), ®2 (x,y), 3, (x,y), O} (x,y) and ®3 (x,y) are assumed
basis functions satisfying the boundary conditions of the given problem. m and
n are the numbers of modes considered in the approximate displacement fields
(u®, 0%, w?, ¢%and qﬁg) along x and y directions respectively. Here, the total number
of terms is SxM* x N*. Where, M* and N* are decided based on the converged
solution. The simply supported boundary conditions along all the edges are consid-
ered in which only normal in-plane displacement is allowed and in-plane tangential
displacements and out of plane displacements are restricted. This may be written as,

A

Ryx — Nyx = —Nyy, M;:x =M, = UO = U)O = (,b? =0 atx = —a/2,a/2

and

A

Ny — Nyy = =Ny, M =My, =u’=w’=¢)=0 aty =—b/2,b/2.

The trigonometric basis functions, which satisfy the above boundary conditions
at all, the edges of plate can be expressed as,

onx. (") o2
R =2 ("2
o1 =2 ()
x5 o2
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@ (x.y) = cos(”“a”) sin(WTy) (60)

Galerkin’s method implies that, [[, L;(u®, v°, w®, ¢, ¢>(y)) @, (x,y);dxdy =0
fori =1,2,3,4,5and j = 1,2,... M* x N* where L;is the non-linear partial
differential equations and A is the total area of the plate.

2.6 Dynamic Instability

The applied time-dependent non-uniform in-plane load is considered to be of the form
(Ny = N+ N, cos(pt)), where N is the static load component, N, is the dynamic
load component and ‘p’ denotes the excitation frequency. The dynamic instability
behavior of the plate is explained by the following ordinary differential equation (i.e.,
Mathieu-Hill equation):

[M1{8} + [K — (Ns + Ny cos(pt))[Kg11{8} = {0} (61)

According to Eq. (61), [M] stands for mass matrix, [ K ] stands for stiffness matrix
and [K] stands for the geometric stiffness matrix of the plate. Bolotin’s method
(Bolotin 1964) is employed to trace the boundaries of instability regions. In the
above equations, dynamic and static loading component are varied as Ny = nN,,
and Ny = uN, such that (u + n)< 1, where N, is the buckling load. The Eq. (61) has
periodic solutions on the boundaries, with period 27. These solutions are assumed
in terms of Fourier series as shown in Egs. (62) and (63), where a; and b; are
some arbitrary constants. In the graph of dimensionless excitation frequency (£2) vs
dynamic load factor (), the region between curves with period 27 is known as the
principal dynamic instability region. The region between curves of a different time
period, is the region of stability.

o0
kpt kpt
8(1) = bo + Z ay, sin s + by cos =t (62)
2 2
k=246
o0
. kpt kpt
5(t) = —+b - 63
®) k%j(aksm 5 + by cos 2) (63)

On substituting the above solutions of §(¢) in Eq. (61) and equating coefficients of
identical sine and cosine terms, we get a homogeneous algebraic equation in terms
of arbitrary constants a; and by. For the solution to be non-trivial, the determinant
of coefficients of a; and bymust be equal to zero. The equations thus obtained give
the boundaries of instability. Equation (64) gives the upper and lower boundaries
of the first-order approximation of principal dynamic instability region (period 27),
while Eq. (65) gives a corrected principal instability region considering second-order
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approximation.
| K* £ 0.58N,,Kg —0.25Mp} | =0 (64)
K*+0.58N,.Kg —0.58N., K¢ ,[0.25M 0
. , | — P2 =0 (65)
—BN.Kg K —225Mp? 0 0

where K= [K]-Ns[K].

3 Result and Discussion

Following material properties is consider for the present study as per Kiani (2017).
The Young’s modulus (E,,) is 2.5 GPa, Mass density (p,,) is 1150 kg/m*® and
Poisson’s ratio (u,,) is 0.34 for matrix and for armchair single-walled carbon
nanotube (SWCNT) with chiral indices (np = mp = 10) having T(k) = 300,
ESNT = 5.6466 Tpa, ESNT = 7.08 Tpa, GOV = 1.9445 Tpa, uSVT = 0.175
pent = 1400 kg/m?. The efficiency parameters for three different CNTs volume
fraction are: n; = 0.137 and n, = 1.022 for V ,, =0.12, n; = 0.142 and n, = 1.626
forV ., =0.17,and n; =0.141 and n, = 1.585 for V .,,, = 0.28. Here, the efficiency
parameter 7; is considered equal to 0.7 n,. The shear modulus Gi3 = G, whereas
Gy; is 1.2 times of Gj,. The properties mentioned here will be used in the study
further unless mentioned separately. In this section, various non-uniform in-plane
edge loadings such as parabolic, concentrated, partial edge loading are considered
along with uniform loading for evaluating the buckling load and boundaries of insta-
bility of the FG-CNTRC plate. The various non-uniform in-plane loading functions
are given below,
Partial edge loading function is expressed as,

. rrrd 2rmy
Ny =N, = ( + Z sm cos 3 ) (66)
Here, partial edge loading at the edge of the plate is modeled using a single Fourier
series along the y-direction. In which 50 terms (i.e., r = 1 to 50) in Fourier series
are considered for the converged pre-buckling stresses (oy;,(7, j = x. y)) within the
CNTRC plate.
Parabolic loading function is expressed as,

3 - y2
N =N, = 5NO(1 _ 4172) ©67)

Concentrated loading function is expressed as,
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No y?
NS = Nt = ﬁexp(—c—2> (68)

In this above expression, ¢ = 1/24 is chosen based on converged pre-buckling
stresses (0i;, (i, j = x. y)) within the CNTRC plate. Here, the loading function for all
the different types of loadings is considered in such a way that total load (i.e., area
due to the loading distribution at the edge of plate) is same.

3.1 Validation Study

To validate the accuracy and effectiveness of the current semi-analytical model, the
obtained results of validation study from the present semi-analytical model along
with the published one has been carried out and presented in Table 2 for the buck-

ling load parameter (kcr = %; D= 12(511%;2)) of FG-CNTRC plates exposed to
12

parabolic in-plane edge loading N; = 1\_10(1 — 4,%2) for three cases of CNT distri-
bution patterns, four aspect ratios with simply supported boundary conditions. The
length-to-thickness ratio is chosen as b/h = 50, and CNTs volume fraction of set
to V_cnt = 0.17. The results are well matched with the published results of Kiani
(2017).

Table 3 presents the dimensionless fundamental frequencies parameter (2, =
w,a’/h/ Pep/ Eep) of FG-CNTRC plates under uniform edge loading for three
different CNT distribution patterns, three side-to-thickness ratios along with simply
supported (SSSS) boundary conditions. The length-to-thickness ratio is chosen as
b/h = 50, and the volume fraction of CNT (V ) is considered as 0.11, 0.14 and
0.17. The results are very well matched with the published results given by Zhu et al.
(2012).

The first and second (corrected) order approximation of principal instability region
of a SSSS composite plate (a/b = 1, b/h = 25, 0/90/90/0, = V .,,0) having the
mechanical properties as E/E, =40, E, = 6.595 GPa, G»/E, = 0.6, G»3/E, = 0.5,

Table 2 Buckling load coefficient (k) of FG-CNTRC plate for V .,;= 0.17 with b/h = 50

Distribution Method a/b
0.8 1 1.5 2
UD Kiani (2017) 85.8715 59.1758 32.8725 26.0732
Present 86.4724 59.1761 32.7528 26.0783
FG-X Kiani (2017) 122.1227 84.3354 45.5584 34.2909
Present 123.2382 84.3704 45.3957 34.2520
FG-O Kiani (2017) 47.4787 33.2042 20.3205 18.3286
Present 48.0089 33.4528 20.4415 18.4381
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Table 3 Comparison of dimensionless fundamental natural frequency (2, = wna? [ h/Pep/ Eep)
of a simply supported square plate (a/b = 1) with different distribution of CNTs, volume fraction
of CNTs and edge-thickness ratios

V ent 0.11 0.14 0.17
b/h | Distribution |Method | (1,1) | (1,2) |(LD) |(1,2)  |[(LD | (1,2)
10 UD Zhuetal. |13.532 [17.7 14306 |18.362 |16.815 |22.063
(2012)
Present | 13.59 |17.85 | 14391 |18.552 |16.882 |22.257
FG-X Zhuetal. |14.616 |18.646 |15.368 |19.385 |18.278 |[23.541
(2012)
Present | 14.711 |18.803 | 15425 |19.51 |1821 |22.553
FG-O Zhuetal. |11.55 |16.265 |12.338 |17.003 |14.282 [20.091
(2012)
Present | 11.395 |16.301 |12.188 |16.902 |14.168 |20.224
20 UD Zhuetal. |17.355 |21.511 [18.921 [22.867 |21.456 |26.706
(2012)
Present | 17.336 |21.495 |18.931 |22.885 |21.428 |26.68
FG-X Zhuetal. |19.939 [23.776 [21.642 [25.359 |24.735 |29.809
(2012)
Present | 19.935 [23.763 |21.621 |25.335 |24.631 |29.665
FG-O Zhuetal. |13.523 |18.486 |14.784 |19.462 |16.628 |22.739
(2012)
Present | 13.43 |18.423 |14.703 |19.418 |16.552 |22.714
50 UD Zhuetal. |19.233 [23.408 [21.354 |25.295 |23.697 |28.987
(2012)
Present | 19.159 [23.286 |21.322 |25.205 |23.613 |28.829
FG-X Zhuetal. [2291 [26.66 25555 |29.192 |22416 |33.434
(2012)
Present  |22.904 [26.635 |25.499 |29.065 |22.287 |33.187
FG-O Zhuetal. |14.302 [19.373 |15.801 |20.563 |17.544 |23.783
(2012)
Present | 14.252 [19.279 |15.772 |20.494 |17.494 |23.697

vip = 0.25, Gi3 = Gyp, vi3 = vy, is compared with the principal instability region
given by Moorthy et al. (1990) in Fig. 2. It can be seen that the region of instability
is in proximity to those of the result given by authors.

3.2 Influence of CNT Distribution

The dimensionless buckling load coefficient (k.,) and dimensionless fundamental
natural frequency (§2,) of the SSSS UD-CNTRC and FG-CNTRC plate for (b/h =
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—#— Moorthy et al. (1990)

12 - - @ - Corrected principal stability region (Present Study)
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Fig. 2 Validation of principal instability region of SSSS composite plate (a/b = 1, b/h = 25,
0/90/90/0, V_¢ps = 0)

20) under uniform and different types of non-uniform loadings with varying volume
fraction of CNT (V .,,) is given in Table 4. It can be noted from the results that
the dimensionless fundamental natural frequency (£2,,) has no effect of the types of
loading applied at the edge of the plate rather it is affected by the volume fraction of
CNT and type of CNT distribution over the thickness of the plate. While dimension-
less buckling load coefficient (k. ) is affected by both the type of loading applied at
the edges of the CNTRC plate and volume fraction of CNT (V ;). Itis also observed
that the value of k., decreases in sequences as uniform > parabolic > partial edge (d/b
= 0.25) > concentrated loading but rises with the increase in CNTs volume fraction,
this is because the increase in CNTs volume fraction increases the stiffness of the
FG-CNTRC plate while concentration of loading at the edge of the plate, decreases
its stiffness. Also, the K, value of FG-X distribution is higher in comparison to K,
of other two distributions, which shows that FG-X shape distribution increases the
stiffness of the plate.

As per Fig. 3, the dynamic instability region (DIR) of a SSSS UD-CNTRC and
FG-CNTRC plate (a/b = 1, V ., = 0.17, b/h = 20) under in-plane partial edge
(d/b = 0.25) loading has been plotted for different CNT distributions with respect
to the K., of FG-O. The origin of instability of FG-X distribution is having higher
frequency compared to UD and FG-O type distribution, which shows that the FG-X
has higher stiffness of plate than the other two. At the same time, the width of DIR at
dynamic load factor A4, = 0.5 in decreasing sequence is given as 8.17 h./(Eep/pep),
6.38h./(Eep/pep), 5.56 h\/(Eeplpep) for FG-O, UD and FG-X respectively. This is
because UD have uniformly distributed CNTs, FG-O has CNTs distribution as such
that the top and the bottom layers have minimum and middle layer has maximum
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Table 4 Dimensionless buckling load coefficient (k) and dimensionless fundamental natural
frequency (§2,) for different CNT distribution model of CNTRC plate (b/h = 20) subjected to
uniform and different types of non-uniform loadings with varying volume fraction (V ¢,;)

Distribution |V ¢n; | K¢/ 2, | Uniform | Parabolic | Partial edge (d/b = | Concentrated
0.25)
UD 0.12 | K. 28.103 21.716 15.049 11.834
2, 15.853 15.853 15.853 15.853
0.17 | K¢ 42.348 32.765 22.688 18.249
2, 19.359 19.359 19.359 19.359
028 |K¢ 61.765 47.658 33.066 25.178
2, 23.113 23.113 23.113 23.113
FG-X 0.12 | K. 36.774 28.418 19.692 15.500
2, 18.133 18.133 18.133 18.133
0.17 | K¢ 55.812 43.188 29.904 24.100
2, 22.223 22.223 22.223 22.223
028 |K¢ 78.881 60.8847 | 42.230 32412
2, 26.117 26.117 26.117 26.117
FG-O 0.12 | K¢ 17.171 13.269 9.195 7.237
2, 12.393 12.393 12.393 12.393
0.17 | K¢ 25.650 19.848 13.743 11.076
2, 15.067 15.067 15.067 15.067
028 | K¢ 38.080 29.392 20.387 15.647
2, 18.150 18.150 18.150 18.150

*
0.9+
g 0.8
= ]
2 0.7
g ]
[
= 0.6
N 4
L 054
2 1
E 04
<
s ]
E 0.3
0.2 ] CNT Distributions
] —e— UD
0.1+ -%*- FG-X
1 --4--FG-O
0.0 L e
20 55 60 65 70

Dimensionless excitation frequency (£2)

Fig. 3 Effect of CNTs distribution on principal instability zone of a SSSS UD and FG-CNTRC
plate (a/b = 1, V_cnt = 0.17, b/h = 20) under in-plane partial edge (d/b = 0.25) loading
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—®—FG-X, V_cnt=0.12 --® - FG-X, V_cnt=0.17
1 & FG-X,V_cnt=0.28
129 = - FG.0,V cnt=0.12 - FG-0, V_cnt=0.17
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Dynamic load factor (4)

Dimensionless excitation frequency (£2)

Fig. 4 Effect of type of CNTs distribution and volume fraction on principal instability zone of a
SSSS FG-CNTRC plate (a/b = 1, b/h = 20) under in-plane partial edge (d/b = 0.25) loading

volume fraction CNTs, while, FG-X has CNTs distribution as such that the top and
bottom layers have maximum and middle layer has minimum volume fraction CNTs.

In case of Fig. 4, dynamic instability region for both the types of CNTs distribution
(FG-X and FG-O) are plotted with different volume fraction of CNT (V ,,) for a
SSSS FG-CNTRC plate (a/b = 1, b/h = 20) under in-plane partial edge (d/b = 0.25)
loading with respect to the Kcr of FG-O with V ,;, = 0.12 and it is observed that the
DIR of FG-X with V ,, = 0.12 is overlapped to DIR of FG-O with V .,, = 0.28,
which signifies that the stiffness of CNTRC plate having FG-X with V .,,, = 0.12 is
equal to CNTRC plate having FG-O with V .,,, = 0.28.

3.3 Influence of Various Non-uniform Loadings on Dynamic
Instability Region

As per Fig. 5, it is observed that under the action of various non-uniform in-plane
periodic loadings, the width of principal instability zone of a SSSS FG-X CNTRC
plate (a/b = I, b/h = 20, V ,,= 0.17) with static load factor (A;) = 0 is minimum
for uniform loading and maximum for concentrated loading. The width of the
dynamic instability region (DIR) at dynamic load factor (14) = 0.5 can be repre-
sented as 5.23h./(Eep/pep), 6.75h./(Eeplpep), 8.40h./Eeplpep), 9.73h./(Eep!pep)
and 12.05h./(Eep/pep) for uniform, parabolic, partial edge (d = 0.5), partial edge
(d = 0.25) and concentrated loadings respectively with respect to the buckling load
of concentrated loading.
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1.3
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Fig. 5 Effect of different loading conditions on principal instability zone of a SSSS FG-X CNTRC
Plate (a/b = 1, b/h = 20, A; = 0)

This reveals that with increase in concentration of loads at the edge of FG-X
CNTRC plate, stiffness of the plate decreases which leads to the increase in the
width of instability region. Moreover, the origin of stability region is same for all
the cases of loading due to A; = 0. Again, from Fig. 6, it is observed that under
the action of various non-uniform periodic loadings, a SSSS FG-X CNTRC plate
(a/b = 1, b/h = 20, V ., = 0.17) with static load factor (A;) = 0.4 shows that
the origin of instability region is different for every loading as compared to Fig. 5.
The width of the dynamic instability region (DIR) at dynamic load factor (A;) =
0.5 can be represented as 5.74h./(Eep/pep), 1.65h./(Eepl/pep), 9.86h./Eep/pep),
11.75h.4/(Eep/pep) and 15.26h./(Eep/pep) for uniform, parabolic, partial edge (d =
0.5), partial edge (d = 0.25) and concentrated loadings respectively with respect to
the buckling load of concentrated loading.

4 Conclusion

In this article, authors have investigated the dynamic instability region of a simply
supported (SSSS) FG-CNTRC plate under uniform and various types of non-uniform
in-plane loadings. Here, the effect of different parameters like CNTs volume fraction,
types of non-uniform loading, CNTs distribution types (UD, FG-X or FG-0O), static
load factor on dynamic instability of the CNTRC plate are examined. The remarks
from the present investigation are summarized as,
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Fig. 6 Effect of different loading conditions on principal instability zone of a simply supported
FG-X CNTRC Plate (a/b = 1, b/h = 20, 1y = 0.4)

e With the increase in CNTs volume fraction for any type of CNTs distribution in
the FG-CNTRC plate, the stiffness of the plate increases which results in reducing
the width of instability region.

e [t was observed that the instability region for FG-X with V ,;, = 0.12 is same as
the instability region of FG-O with V ., = 0.28. Which indicates the affect of
CNT distribution on composite plate and minimization in use of volume fraction
of CNT.

e Out of various loading conditions, concentrated load has maximum width of
instability region and uniform loading shows minimum width of instability.
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