Chapter 6 )
Consensus of Networked Multi-agent Qs
Systems with Antagonistic Interactions

and Communication Delays

A common feature of previous consensus results is the focus on cooperative
systems [1-3]. The consensus of these systems is asymptotically achieved through
collaboration, which is characterized by the diffusive coupling [4] and the non-
negative weights among agents [5-8]. In many real-world cases, however, it is
more reasonable to consider that some agents collaborate with each other, while
others are competitive. Networks with antagonistic interactions are ubiquitous in
real world [9], and it becomes a focus for studying in recent years [10—15]. Altafini
[10] proved that bipartite consensus can be achieved over networks with antagonistic
interactions. Furthermore, in [16], emergent behaviors were investigated over signed
random dynamical networks. In [17], flocking behaviors were studied by using
results about signed graph. In [18], the leader-following bipartite consensus issue
for single-integrator multi-agent systems was investigated, where the signed digraph
was considered to be structurally balanced and had a spanning tree.

To achieve the consensus, each node in a network has to transmit its state
information to its neighbors via connections. However, because of physical and
environmental limitations, communication constraints between connected nodes
are unavoidable. As is well-known, the communication delay is one of the most
universal communication constraints. Motivated by the aforementioned discussions,
we investigate the consensus problem of signed networks with antagonistic inter-
actions and communication delays in this chapter. To the best of our knowledge,
only a few results have been done concerning such problem. Due to the difficulty
that antagonistic interactions and communication delays need to be simultaneously
considered, new techniques are required to deal with this problem. According to
matrix theory, Lyapunov theorem, and some other mathematical analysis, we found
that bipartite consensus can be achieved for those systems with communication
delays. Furthermore, in order to obtain the final bipartite consensus solution, we
construct an invariant function to study the relationship of the states of nodes and
their initial states. Using some mathematical analysis skills, we provide the bipartite
consensus solution with an explicit expression.
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6.1 Continuous-Time Multi-agent Consensus

6.1.1 Linear Coupling

In this section, we consider a multi-agent system formed by N linearly coupled
identical nodes, where each node’s dynamic is described as follows:

N
%) = Y |aij | [sgn(aij)x;(t — ;) —x; ()], i € N, (6.1)

j=1

where x;(t) € R" is the state of node i at time ¢, and 7;; > O denotes the
communication delay from v; to v; fori # j and 7;; = 0. A = [a;;jInxp is the
adjacency matrix of the network that is symmetric. Here it is assumed that there is
no self-closed loop, which means that a;; = 0.

Throughout this section, the bipartite consensus of dynamical system (6.1) is said
to be realized if lim;_, o x; (#) = « fori € V| and lim;_,  x; (1) = —a fori € V.

Theorem 6.1 Consider the networked multi-agent system (6.1) with a connected
signed graph G(A). The bipartite consensus can be asymptotically reached if
G (A) is structurally balanced. If instead G(A) is structurally unbalanced, then
lim; 00 x(2) = 0.

Proof We first consider the case that G(A) is structurally balanced. According to
Lemma 1.8, one can obtain that 3D € D such that D A D has all nonnegative entries.
Let z(t) = Dx(t), we obtain that

zi(t) = oixi (1), i € N. (6.2)

Substituting (6.2) into (6.1) results in

N
0izi(t) = Y |aij | [sgn(aij)ojzj(t — tj) —oizi(®)],i € N.
=1

Since DAD is a nonnegative matrix, we have o;sgn(a;;)o; = 1. Using ol.z =1, o0ne

can obtain the following equation:

N
Zi (1) =Z | aij | [oisgn(aij)o;zj(t — 5ij) — 07zi (1)]

j=1
N

=Y laij | lzjt =) =201, i € N. 6.3)
j=1
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Following [19], the consensus of networks system (6.3) is asymptotically reached.
That is

lim z;(t) — «, Vi e N, (6.4)
11— o0

where @ € R" is a constant vector.
Hence, we can get that lim x;(t) — o;a for i € N. Then, the bipartite
—o0

consensus of system (6.1) can be reached if G(A) is structurally balanced.

Next, we consider the case that G(A) is structurally unbalanced. Following
Lemma 1.10, we can conclude that G(A) contains one or more negative cycles.
For the sake of simplicity, let us first consider the simplest case of G(A) with only
one negative cycle. Without loss of generality, we assume that (vy, v2) belongs to the
negative cycle and aj2 = a1 = a < 0. According to Lemma 1.10, one can obtain
that there is no D € D such that DAD is a nonnegative matrix. However, for the
subgraph G (B), which denotes the rest part of G(A) reducing the edge (v, 12), it
admits a bipartition of the nodes V| and V. Furthermore, one can find that G(B) is
connected and matrix B is irreducible. Now, we can make a hypothesis that nodes vy
and v, simultaneously belong to V| (or V% ) and the rest nodes remain unchanged.
Based on this hypothesis, we can choose D = diag(o) with o satisfying o; = 1 for
vi € Vyand o; = —1 for v; € V5. Then D{AD| = A’ = [a,fj]NxN has exactly two
negative elements, i.e., a{z = aél = a < 0, and the rest elements are nonnegative.
The following is a decomposition of the matrix A’:

A'=Apn+An+B, (6.5)

where A;;,i,j € {I,2}, denotes a matrix in which the element lied in the
intersection of ith row and jth column s a;; # 0 and others all are 0. B = [b] j] NxN
is a nonnegative adjacency matrix. In order to clearly express the matrix B’, we
define a function as follows:

[0 Goy=a20r 2D
c@, j)= )
1, otherwise.
Hence, we get bl’.j = c(i, j)lajj|. It is easy to find that B’ is irreducible. Let B =
[b; ilnxn be the Laplacian matrix of G(B’), and its elements are defined as : b; =
bj; _(i # ), by = — Zf’:l bj ;. Therefore, & = (I, 1_, -+, DT is the left eigenvector
of B corresponding to the zero eigenvalue, i.e., €' B = 0, which implies that

N
bii=— Y bj. (6.6)

J=lj#i
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Further because b;; = — Z;V:l b; ;> one can obtain that

N N N N
D_bij = by and ) by =) b
j=1 j=1 i=1 i=1
Let z(t) = Dx(1), i.e., z; (t) = o;x; (t) for any i € N/, we have
N
G =) laij | loiojsgn(aij)z;(t — tij) — zi()].
j=1
Consider the following Lyapunov functional for system (6.1):
V(1) = Vi(0) + Va(1),
where
| N
i) =5 3 5 Oxi),
i=1
and
t

1 N N
=533 | il @xi©)de.

i=1 j=1"1"%i

6.7)

(6.8)

(6.9)

(6.10)

(6.11)

Calculating the time derivative of V;(¢) (i = 1, 2) along the trajectories of system

(6.1), we have

Vi) =Y x ()i )

-

—

i 10" (O)sgn(aij; (¢ = i) = x| (0xi (1))

o
M=

Il
-
~.
Il
—_

o
M=

I
—_
~.
I
—_

0
WE

I
_
~.
I
_

+ 2] (Dz21(O] + az1lz; ()21 (1 — 121) + 25 (Dz2(1)]

laijl[oi0z ()sgn(aij)z;(t — wj) — z] )zi (1)]

bjilz) Dzt — wij) — 2! (D2 (O] + anlz] ()22t — T12)
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N
Z 1 0230 — 1) — ] 001+ Sal2:] 2~ 10)

an

ZT (Hz1(t — 1) + 22] (H21(1) + 225 (H22(1)], (6.12)

and
. 1 N N
Va(t) =5 30D lajill (0xi(6) — 57 (¢ = tji)xi(e — )]
i=1 j=1

| N
) DO B Oxi(6) = x] (0 = Toxi( — )]

i=1 j=1

1
+ Ealz[xi (t — T12)x2(t — T12) — X3 (£)x2(1)]

1
+ —an[x] (t — )X (t — 121) — X (O)x1(0)]

2
1 N N
EZZb/ T(I)Z,(f)——zzszz (t — le)Z](t Tl])

i=1 j= i=1 j=1

—_

L P _ T — _
+ 2a[Z2 (-t —t12+2) (¢t — 21)21(F — T21)
— 2, (D220) — 2] (HZ1(D]. (6.13)
Using Egs. (6.12) and (6.13) gives that

N N

1
V) == bilel 0zi0) =22 (02 — j) + 2] (¢ = 73j)]

i=1 j=1
1
+ Ea{[ZZlT(t)Zz(t —112) 4+ 2 (D21(1) + 25 (t — T12)22(t — T12)]

+2z; ()21t — )] + 25 (Dz2(t) + 2| (¢ — 221t — T21)]}

1 T
- ZZbl][z, 2j(t —ip)] [z — 2j(t — 7))

l\)

+ Ea{[zm + 220t — 112)]1 " [21(1) + 22t — T12)]

+ [22(0) + 21t — )1 [22(1) + 21 (r — 2]}
<0.
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Hence, V (¢) is non-increasing. Referring to the construction of V (¢), one has that
V(t) = 0, which shows that lim,_, o, V (¢) exists and is finite. Then, we can get the
boundedness of x; (¢) fori € N. Combining with the expression of V (¢), further one
can easily show the boundedness of x;(¢) for i € A by referring to system (6.1).
Thus, z; () = o;x;(t) is bounded, which implies V(t) is also bounded.

According to Barbalat’s Lemma ([20]), we can obtain that lim;_, o b; j [zi —z;(t—
1)1 [zi =2t —1j)] = 0, 1imy 0ol 21 (1) +22(t —T12)] T [21 +22(t — T12)] = 0, and
limy— so[22()+21(t—12)]1 T [22(8) +21 (t—121)] = 0, e, limy— oo[zi —2 (t—7;))] =
0,if b;; > 0Jim/—oolz1 + 22(f — 712)] = 0, and lim; . so[22(1) + 21 (r — 2D)] = 0.
Further considering the expression (6.8), we have

N
a =Y laij | loiosgn(az;(t —11j) — 21(t)]
j=1
N
=az[z1(t) + 220t — T12)] + Zb/lj[z,-(t —115) — 21(1)]
j=3
—0, ast — o0,
N
bt =Y |y | loaojsgn(az))z;(t — 1)) — 22(0)]
j=1
N
=anlz2(t) + 21(t — 1)1+ Y byl (t — 12j) — 22(0)]
j=3

—0, ast — o0,

and
N
zi(t) = Zbl’.j[zj(t —17ij) —zi(t)] > 0, ast — oo fori > 3.
j=1

Therefore, we get that lim, . 2;(#) — 0 for any i € N. Since the adjacency
matrix B’ is irreducible, one can obtain that lim;_ o0 21 (f) = lim;o022(t) =
-+« = lim;_, o zn5 (¢) by referring to lim;_, oo b;j [zi —zj(t — 7;j)] = 0. In addition,
we can also get lim;_, 0 21(f) = —limy— o0 22(¢) by referring to lim;—, oo[22(2) +
z71(t — ©1)] = 0. Thus, the following continued equality can be concluded:
limy o0 21 (1) = lim; 00 22(¢) = - - - = lim;_, oo 2n (¢) = 0. Therefore, we obtain
that lim;_, o0 x; (¢) = lim; o0 072 (1) =0 fori € N.
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Now consider the case of G(A) with m (m > 2) negative cycles. Referring to the
above approach, we respectively select m negative cycles as follows: (v;, vj,), - -
-y (Vi,y» V). There exists a diagonal matrix D, € D such that

D2AD2 = Ailjl + Ajlil + e + Aimjm + A + BN‘

Jmim
Similarly we can get that lim;_, oo x; () = 0 for any i € N.

Remark 6.2 For the structurally unbalanced network, since the number of negative
cycles is not the essential attribute of structurally unbalanced network, we just
need to think about those structurally unbalanced networks with one negative cycle
instead of all structurally unbalanced networks. This consideration reduces the
difficulty of the problem.

Remark 6.3 There is a situation that needs to be considered. If a negative edge
simultaneously belongs to two or more negative cycles, we should admit that the
edge only belongs to one of those cycles and the rest negative cycles should be
viewed positive cycles. Then we can still make a hypothesis that two vertices on this
negative edge belong to V' or V;. According to the proof progress of Theorem 6.1,
it is obvious that the results of Theorem 6.1 still hold.

According to Theorem 6.1, if G(A) is structurally balanced, the bipartite
consensus can be asymptotically reached, and we have lim;_, o x;(f) = « for
i € Vi, lim_ooxi(t) = —a for i € V,. Calculating the bipartite consensus
value of « = (ay, 00, - -, @) is not an easy task due to the existence of
time delays. Here, the value of « = (ay, a2, - -, a,) ! will be obtained by an
exact expression when the initial conditions of system (6.1) are given. We define
1=(,1,--- 1)1'; - The initial conditions about system (6.1) are provided as
xi(s) = o0ipi(s) € C([—7,0],R"), where © = max; ;{7;;}. Hence, we have
zi(s) = ¢i(s) € C([—7, 0L, R"). Let £(1) = (&1(1), (1), - -, £ (1)) ", where
&) = /N 2@ + X0 X0 lal [y, zjr(9)ds), r € (1,2, - -, n).

Theorem 6.4 Consider a connected signed graph G(A) that is structurally bal-
anced. If D € D renders DAD nonnegative, then the bipartite solution of (6.1) is

limy 0 (1) = (D1) @ [NEO)/ 372 (1 + X0 laijl7ip)].

Proof Referring to the proof of Theorem 6.1, one can obtain that lim;_, o0 z; (f) =
and lim;_, 5, x () = (D1) ® «. Using (6.3), we can obtain

1 N N
£() = D D laijllzjr(t = 7ij) = zir ()]

i=1 j=I

LN
N ZZ laijllzjr () — zjr (@ — Tij)]

i=1 j=1
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N N 1 N N
ZZ laijlzir ) + — Y > laijlzjr(t)
N

i=1 i=1 j=1
=0. (6.14)

Therefore, &-(¢) in (6.14) is a constant. That is,

& (1) =£-(0)

=—<Zz,r<0) + ZZ Jaij | / @jr(5)ds). (6.15)

i=1 j=I

Then, we can get

§-(0) = lim & (1)

=—(Zar + ZZ laijl|Tijor)

i=1 j=1

N N
(073
= DU+ laijlug) - (6.16)
i=1 j=1
Hence, we have
NEQ©O
o= — O , 6.17)
2imi (U4 225 laijlTij)
and
NEQO
lim x(1) = (D) ® 0 ) (6.18)

s (A + X0 i)

Remark 6.5 Referring to expression (6.17), for the case of network without com-
munication delays, one can obtain that « = (1/N) vazl ¢i (0). This result is
consistent with the one obtained in [10]. This shows that our results are more
general. Moreover, we conclude that a bipartite consensus solution is not only
associated with initial values of x;(¢) but also closely related to communication
delays and network structure.

Remark 6.6 According to Theorem 6.4, it is obvious that ¢ # 0 if G(A) is
structurally balanced unless &,.(0) = 0.
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6.1.2 Nonlinear Coupling

In this subsection, we will investigate the multi-agent systems with nonlinear
coupling. Consider the following multi-agent systems:

N

£(6) =Y aij | {sgn(@ij)hlx;(t — )] = hlx; (D1}, i € N, (6.19)

j=1

where x;(t) € R is the state of node i. The function 2(-) : R — R is assumed to be
odd and strictly monotone increasing, which implies £(0) = 0 and A(—x) = —h(x).
Further we assume that 4 (-) is unbounded.

Theorem 6.7 Consider the nonlinear coupled system (6.19) with a connected
signed graph G(A). The bipartite consensus can be asymptotically reached if
G (A) is structurally balanced. If instead G(A) is structurally unbalanced, then
lim; o x(2) = 0.

Proof Following Lemma 1.8, if G(A) is structurally balanced, we can obtain that
3AD e D such that DA D has all nonnegative entries. Let Z(¢) = Dx(t),1i.e.,z;(t) =
o;x;(t), one can easily get that

N
L) =Y laij | {hlzj(t = uip] = hlzi(]} , i € N (6.20)

j=1

Following [19], we obtain that lim,_, », z; (f) — B € R forany i € N, which shows
that lim; o0 x; (t) — 0;8 € R fori € N. Therefore, the bipartite consensus of
system (6.19) can be reached if G(A) is structurally balanced.

Next, we consider the case that G(A) is structurally unbalanced. From
Lemma 1.10, it follows that G(A) contains one or more negative cycles. We
first consider the case of G(A) with only one negative cycle. The edge (vi, v2)
is assumed to be a negative weighted edge belonging to the negative cycle, and
ajp = az1 = a < 0. Choosing D| = diag(c) with o satisfying o; = 1 for v; € V
and 0; = —1 for v; € Vs, one can obtain that DjAD; = A’ has exactly two
negative elements, i.e., ab = aél = a < 0, and the rest elements are nonnegative.
The decomposition of the matrix A’ is shown as follows:

A'=Ap+Ay+ B,

where the definitions of A2, A1, and B’ are similar to the proof in Theorem 6.1.
Let Z(t) = Dx(¢),i.e., z;(t) = 0;x;(t) forany i € N/, we have

N
zi(t) = Z | aij | {oiojsgn(aij)hlz;(t — 7ij)] — hlzi ()]} (6.21)
j=1
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Consider the following Lyapunov—Krasovskii functional for system (6.19)
Wx(@) = Wi(x(0) + Walx(@)) ,

where

xi (1)

N
W) =Y /0 h(s)ds ,
i=1

and

Wa(x (1)) = ZZ / jaij|h*[x(s)1ds
i=1 j=1"1"%j
Calculating the time derivative of W;(¢)(i = 1, 2) along the trajectories of system

(6.19), we have

. 1 LY
W) =5 37 3 b {20l Olhlzj (¢ — )] = 2% [z (0]}

i=1 j=1
+alhlzi(O]hlz2(t — T12)] + h*[z21(0)]
+ hlz2(O]h[z1(t — 1)1 + A [22(D)] (6.22)

and
1 N N 1 N N
I / 2 2
Wax () =3 i;b” ;h 2] = 5 ;;bi,-h [2j(t — 7))
1
+ Ea{hz[zz(t —112)] = W [22(0)]
+ 1221t — )] — Kz (0]} - (6.23)
Using Egs. (6.22) and (6.23), we get that
. 1 LY
W) == 53D bjlhlzi )] - hlz;t = wip)ly?
i=1 j=1
1
+ Sathlzi O]+ hlza( )}

1
+ Sathlza O]+ bl @ = 1))

<0. (6.24)
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Let S = {x(t) | W(x(t)) = 0}. Then it follows from Eq.(6.24) that S = {x €
Clt — 7.1 RY) | 5] {hlzi (0] — hlzj(t — tip)]} = 0, hlz1 ()] + hlza(r — 112)] =
0, and h[z2(¢)] 4+ hl[z1(t — t21)] = 0}. Combining with the property of &(-), we
can get that the set S is an invariant set with respect to system (6.21). According
to the LaSalle invariance principle [21], one can easily show that x(r) — S as
t — oo. Thus, we have lim;_, oo {h[z;(t)] — h[z;(t — 7;;)]} = O for bl’.j > 0,
limy— oo {hlz1 ()] +hlz2(r —T12)]} = 0, and lim;—, oo {A[z2 (1)1 + hlz1 (t — 721)]} = 0.
Hence, we have lim;_, , z; (#) = 0. In addition, since 4(-) is unbounded and strictly
increasing with 2(0) = 0, we get that lim, ,[z; () — z;(t — 7;;)] = 0 when
bl/.j > 0 and lim;_, o[z1(¢) — z2(t — 712)] = 0. According to the fact that B is
irreducible, we conclude that z1(t) = zp(t) = - - - = zn(t) as t — oo. It follows
from lim; _, oo [21(t) — 22(t — T12)] = O that z; () = —z»(t) as t — oo. Hence,
the following equality can be concluded: lim;_, o 21 (f) = limy_ 00 22(t) = - - - =
lim;_, o zn () = 0. Therefore, we obtain that lim;_, 5o x; (f) = lim;_, o 0;2; (1) =0
fori e V.

The result still holds for the case of G(A) with two or more negative cycles. The
proof is similar to the case of linear coupling and is omitted for simplicity.

Similar to the case of linear coupling, we can give the bipartite solution of (6.19).
The initial conditions about system (6.19) are provided as x;(s) = o;{i(s) €
C([—7, 0], R). Hence, we have z;(s) = ¢i(s) € C([—7,0],R). Let £(0) =

(/N i) + S Y laig] [0, k(U ()ds).

Theorem 6.8 Consider a connected signed graph G(A) that is structurally bal-
anced. If D € D renders D AD nonnegative, then the bipartite solution of (6.19) is
lim;_, o x(t) = BD1, where B € R meets a relational expression as follows:

N N
B+h(B) YD (laijlty) = N x £(0) = 0. (6.25)

i=1 j=1

Proof Referring to the proof of Theorem 6.4, one can get the bipartite solution of
(6.19) similarly. Let

N N N ;

t@) = 1/NOQ 0+ laijl / h(zj(s))ds) . (6.26)
i=1 i=1 j=1 I=j

Combining with (6.20), we have £(t) = 0, which implies ¢ (t) = ¢(0). From ¢ (0) =
lim;_, o ¢ (¢), we can get the expression (6.25).

Remark 6.9 1In this theorem, although the value of B cannot be given by an explicit
expression, we can get a numerical solution by iterative algorithm from (6.25). In
numerical examples, Example 6.10 gives a numerical solution to (6.25) for h(x) =
x + 0.5sin(x), which illustrates the computational feasibility.
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+5 +2

v
+4 +3
X +3 +4

Fig. 6.1 Structurally balanced signed undirected connectivity graphs with seven nodes

6.1.3 Numerical Examples

In this subsection, numerical examples will be provided to demonstrate the effec-
tiveness of our theoretical results.

Example 6.10 Now, we will give an example to illustrate the correctness of our
main results. Consider the structurally balanced graph of Fig. 6.1.

For systems (6.1) and (6.19), all nonzero communication delays are listed as
follows: 71 = 0.1, 713 = 0.3, 701 = 0.15, 13 = 0.2, 74 = 0.1, 731 = 0.11,
30 = 0.16, 135 = 023, 740 = 0.1, .ys = 0.2, ©y7 = 0.12, 153 = 0.1,
54 = 0.15, 15¢ = 0.24, 165 = 0.25, and 774 = 0.15, and the initial states are
chosen as x1(s) = 1, x2(s) = 2, x3(s) = 3, x4(s) = 4, x5(s) = 5, x6(s) = —3,
and x7(s) = =5, Vs € [-0.3,0]. Let D = diag{-1,1,1,1,1,1, 1}. Then,
we have z(t) = [—1,2,3,4,5, -3, —5], Vs € [—0.3, 0]. Further, we define that
h(s) = s + 0.5sin(s). According to Theorem 6.4, one can easily conclude that
o = 1.44. Following Theorem 6.8, one can get the numerical solution 8 = 1.42 by
iterative algorithm. Numerical results are depicted in Figs. 6.2 and 6.3, which verify
our theoretical results very well.

Example 6.11 Now let us consider a more general network topology with 100
nodes and signed weight edges. Here two simple signed networks with 100 nodes
are constructed, where one is structurally balanced and another one is structurally
unbalanced. The network with structurally balanced coupling is constructed as
follows: we present 20 identical circular networks with 5 nodes, whose 5 nodes
are numbered 1, 2, 3, 4, 5, respectively, and their adjacency matrix is A = [a;;]5xs5,
where a;; is chosen from (—10, 0) or (0, 10). Now the first two edges of the circular
network are defined as negative edges and others are not negative edges, i.e. aj2 < 0,
a3 < 0, and the rest elements are non-negative Here these circular networks are
arranged in a sequence. A connected graph with 100 nodes and structurally balanced
coupling can be obtained by stochastic interconnections among the 3rd, 4th, and
5th nodes of adjacent circular networks. Similarly the network with structurally
unbalanced coupling can be obtained according to the above method when the first
three edges of pentagon are defined as negative edges and other steps are the same.
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X:19.98
Y:1.44 7

Fig. 6.2 The bipartite consensus on multi-agent system (6.1) with structurally balanced graph and
linear coupling in Example 6.10

X:19.98
Y:1.428 7

Fig. 6.3 The bipartite consensus on multi-agent system (6.19) with structurally balanced graph
and nonlinear coupling in Example 6.10



134 6 Consensus of Networked Multi-agent Systems with Antagonistic Interactions. ..

0 50 100 150 200 250 300
t

Fig. 6.4 The states of system (6.1) with structurally unbalanced graph and linear coupling in
Example 6.11

All communication delays of systems (6.1) and (6.19) are uniformly distributed in
(0, 1). Figure 6.4 shows that the consensus of system (6.1) can be achieved for
ajj € (—=10,10) and 7;; € (0, 1). Figure 6.5 shows that the consensus of system
(6.19) can also be achieved for the above conditions. Throughout this example,
the nonlinear function h(x) = x 4 0.5sin(x) is not changed. Figures 6.6 and 6.7
show that the bipartite consensus of systems (6.1) and (6.19) can be asymptotically
reached, respectively.

6.2 Discrete-Time Multi-agent Consensus

6.2.1 Distributed Event-Based Bipartite Consensus

Consider a discrete-time multi-agent network with the dynamics described by
xitk+1) =x;(k) +u;k), ieN, (6.27)

where x;(k) € R is the state of the agent i, and u;(k) is called the consensus
protocol.

In this section, we assume that the protocol u; (k) is based on the event-triggered
information transmission. The event-triggered time sequence of the agent i is given
by tf, té, cee tli, -+, At each triggering time tli, the agent i will transmit the
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Fig. 6.5 The states of system (6.19) with structurally unbalanced graph and nonlinear coupling in
Example 6.11
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Fig. 6.6 The bipartite consensus on multi-agent system (6.1) with structurally balanced graph and
linear coupling in Example 6.11
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Fig. 6.7 The bipartite consensus on multi-agent system (6.19) with structurally balanced graph
and nonlinear coupling in Example 6.11

state information to its neighboring agents. Considering time delays during the
information transmission, the consensus protocol is proposed as follows:

ui(k) = Z laij|(sgn(aij)x;(k — ;) —%i(k)), ielN, (6.28)
JeN;

where 7;; > 0 denotes the communication delay from agent j to i, fj k — 1) =
xj(k;,), k—1j € [kl’,, klf,H), and %; (k) = x; (k}), k € [k}, kj_;). It is assumed in
this section that 7;; = 0, i.e., delays exist only in the information that is actually

being transmitted between two different agents. The state measurement error of
agent i is defined as

ej (k) = xi (k) — X; (k). (6.29)

Denote T = max{z;;, i, j € N}. The initial conditions associated with (6.27) are
given as x;(s), s = -7, ---, —1, 0.

In this subsection, we will give the distributed event-based bipartite consensus
criteria for the considered signed network model. We always assume that the
network topology of the signed digraph is strongly connected in this section. Let
& = (&, &, ..., &y) be the normalized left eigenvector of matrix |A| with respect

N

to the eigenvalue 1. From Lemma 1.6, we obtain that Z & =1and§; > 0.
i=1
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Theorem 6.12 Consider the multi-agent system (6.27) with arbitrary finite commu-
nication delay t;; under control law (6.28). If the first triggering time is t{ = 0, and

agenti, i € N, determines the triggering time sequence tli 172, by

2 N

. i oa;; o~ -~
inf{k>t_,: ef(k) > m > laij|Ri (k) — sgn(ai))xjk — 1)) ¢ .
N =1

where 0 < o < 1 is a constant. Then, we can obtain the following results:

(i) System (6.27) can achieve bipartite consensus asymptotically if the signed
digraph G is structurally balanced. Moreover, the consensus value of the
network is

Zl{\l:] Eidixi (O) + ZlN:] Ei Z?]:Lj?éi |aij| Z;Zl_rij djx] (S)
N N :
V2 0im1 6 2o, e laiflij

(ii) If the signed digraph G is structurally unbalanced, then the system (6.27)
can achieve consensus and the final consensus value is 0, i.e., . lim x;(k) =
—+00

0, Vi e N.
Proof We take two steps for the remaining part of the proof.
Step 1: According to Lemma 1.8, if the network structure is balanced, there exists
D = {d, ---, dy} € D, such that DAD is a stochastic matrix. Since DAD has
all nonnegative entries, one can get d;sgn(a;j)d; > 0. Denote y; (k) = d;x; (k) and
3i (k) = d;x; (k). Note that 7;; = 0, Vi € N, then we can obtain that

yitk+1) = yi(k)+ Z laij|(disgn(aij)d;y;(k—T;;))=Yi(k)), ieN, (6.30)
JeN;:

ie.,

itk +1) =y () + Y laij |3k — 1)) — i (k)

JeN;
N

=yt + > lajl itk — 1) = 5ik). ieN. (6.31)
J=1j#i

Let E; (k) = d;e; (k). Referring to Theorem 1 in [22], the consensus of system (6.31)
can be asymptotically reached under the event-triggered condition

2 N
oa: o~ o~
E}k) > —— 3" ayj |3k — wij) — 5i(k))*
4(1 — a;;) Pyl
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2 N
O‘a“ o~ -~ o~ o~
=1 3" a5k — 1)) + 3 (k) — 29 (k — 7i))Fi (k)
A —aii)
J=1, j#
oa’ N
=i 2 eIk ) + 5k
(I —ai) .
J=L, j#i

— 2sgn(a;j)xj(k — 7;;)x; (k)),

2 N
oa:. R R .
= ——— 3" ayl(sgn(ai)F(k — 1) =% K)*,  ieN.
41 — a;;) Pl

(6.32)

That is, . lim d;x;(k) = c, where c is a constant value. Note that Eiz(k) = eiz(k).
—+00

Hence, the event-triggered condition (6.32) can be rewritten as

2 N
oda:: o~ -~ .
e (k) > 4(1——?;»,._?}# laij | (sgn(@ip)xj k — wij) =% (k)*, i€ N.
(6.33)

Therefore, under the event-triggered condition (6.33), the bipartite consensus of
system (6.27) can be asymptotically reached if G is structurally balanced.

Next, the bipartite consensus value ¢ of the multi-agent networks is shown below.
Let nk) = Y0 &) + S0 & X001 lail 578 35(s). Substituting
(6.31) into n(k + 1), we can calculate the difference of 1(k) as follows:

An(k) = n(k 4+ 1) — n(k)

N
=Y &Qitk+1) — yi(k)

i=1
N N k k—1
DA OO R B O)
i=1 j=I1,j#i k+1-1;; k—1ij
N N
=> & laij| (3 (k = i) — 9 (k)
i=1 j=1, j#i
N N
+D & Y lal Gtk — 9k — 1)), (6.34)
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Note that the row sum of matrix |A|is 1 and {&1, &, ..., &y} is the normalized left
eigenvector of matrix | A| with respect to the eigenvalue 1, we have

N N
Y lajl=1 and Y &laij| = £;.
j=1 i=1

Hence, we can obtain that

N N N N
An) ==& Y lalnt+) & Y lalyk)
i=1  j=1, j#i i=1  j=1,j#i
N N N N N
==Y &) Y lal+ Y & Y laijlFit — Y &ai%ik)
i=1 j=1, j#i i=1  j=1 i=1

N N N N
=Y & —a)Bi) + Y &laijl Y 9k — > &aj;5;k)
i=1 i=1 j=1 j=1

N N
=—Y &l —a)Bik) + Y & —a;)Hy;k)

i=1 j=1
—=0. (6.35)

Due to An(k) = 0 for k > 0, it can be easily obtained that n(k) is a constant. That
is,

N

N N -1
n(k)=n0) =Y EviO+Y & > lajl Y 50
i=1

i=l  j=1,j# —Tj
N

N N 1
=Y EVO+Y & Y laijl Y ().
i=1

=1 j=1,j#i —Tij
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Hence,
N N
n(0) = klil}rlooﬂ(k) =c+ Zl:éi ‘ ;# la;jlTijc.
i= j=1, j#i

Therefore, we can conclude that

S Edixi0)+ 0L & Y laij] ZS;],,U djxj(s)

(6.36)
L+ 0 & X0 o laijlm

CcC =

This completes the proof of this step.

Step 2: If the network structure is unbalanced, according to Lemma 1.10, there
does not exist D = {dy, ---, dy} € D, such that DAD is a stochastic matrix. For
the sake of simplicity, the case of G with only one negative cycle is studied firstly.
Here, we assume that this negative cycle contains an edge a;,;, < 0. Without loss
of generality, we can assume that there exists B = {by, ---, by} € D, such that
BAB = [bja;jbj]nxn is a nonnegative matrix except the element b; a;, o0, < 0.
(If G contains k (k > 2) negative cycles, there exists D; € D such that D;A D; has
exactly [ (1 <1 < k) negative elements. The following proof for this case is similar
to the case k = 1, and we omit it here due to space limit.) Denoting y; (k) = b;x; (k)
and y; (k) = b;x; (k), then we can obtain that

yitk + 1) = yi (k) + Z laij|(bisgn(aij)b;y;(k — 7;j) — yi(k)), ieN.
JeN;:
(6.37)

Define the matrix W = [w;; Iy xn as follows: wj, o = 0, w;; = 1 — Z?]:l wjj, Vi €
N, and w; j = bja;jb; otherwise. Let E; (k) = y; (k) —79; (k). Consider the Lyapunov
functional as

V (k) = Vi(k) + Va(k), (6.38)
where
N
Vitk) = &yik), (6.39)
i=1
and
N N k—1
Valky =Y &Y laijl Y T3 (6.40)
i=1 j*l S:k—‘L’l'j
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Notice that wjyi, = ajyiy +|ai, j, |, and difference of V (k) along the solution of (6.37)
gives that

N N N
AV <= & Y > wijwi 3k — 1)) — ik — i)

i=1 =1, jil>j I#i

N
= Eilaigiel D laig| ik — Tigjo) — ik — Tig))*
I#io, I#jo

N N
=Y & Y laijltai — a)Gik) = bisgn(aipb;3;k — )

i=1 =1 j#

N
1
+ D& —ai) —E7 (k). (6.41)

i=1
Actually,
AV (k) = AVi (k) + AVa (k). (6.42)
Note that fori € N, 1;; = 0, and E; (k) = y; (k) — y; (k), it holds that

itk +1) =y (k) + Y laij|(bisgn(aij)b;5;(k — ij) — 3 (k))
jeN;

N
= yi(k)+ Y laij|(bisgn(aij)b;$j(k — 1)) — 5i (k)

j=1
N
= yi(k) = 5i(k) + ) _ laijlbisgn(aij)b;y;k — wij),
j=1
and
N N N
DoEik+ 1) =) &LE(R) + ) laijlbisgn(aipb;3; (k — wpl*
i=1 i=1 j=1

N N
Y EIE () + ) wi itk — i) + & [Eig (k)

i=1,iig j=1

N
Y wig Tk — Tig ) — laig jo| Fig (k) + Ty (k — Tigjy))1*-
j=1
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Hence, we have

N N
AVI() =) &y +1) = > & yF k)

i=1 i=1

N N
= Z &LE;: (k)-l-z w;;jyj(k — Tij)]z-l-éio[a,-zojo Fio (k) + Fjo (k — Tigjp))*
i=1 j=1
N
- 2|al()]()|(5}\l()(k) + ’_)7]()(1< - Ti()j()))(Ei() (k) + Z wlo]j)\] (k - Ti()j))]
j=1
N
- Y &
i=1
= Zs, [E7 (k) + Z w37 (k — ij) + wiiy; (k)
J=L1 j#i
N N

+2 3 Y wijwi -k — )Rk — 7))
j=1, j£il>j, i
N
+20 ) wywii Pk — 1ij)3i (k) + 2w;i i (k) Ei (k)
=1 j#i

+2 Z w3 (k — i) Ei (k) — Zé,[ k)

J=1 j# i=1
+ E7 (k) + 231 (k) E; ()] + &ig ey, jy B (k) + Ty (k — Tig jo))?
N
- 2|alojo|(3}\l()(k) + yjo(k - ti()j()))(Eio (k) + Z wioj&\j (k - Tioj))]a
j=1
(6.43)
and
N N k k—1
AVl =&Y laigll Y Fi )= Y )]
i=1 j=1 k+1-1;5 k—1;j

N N
=Y &> laij|[¥7k) — 93k — 7i))]

i=1 j=1
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1 N N N . . . .
=52 & ) ) laillanl[3700) = 3 (k = i) + 37 (k) — 57 (k — 7in)]

N
=Y &0 Y @Gk =ik — 1)) + Z Z |aijllai]
i=1 j=1, j#i j=1, jAil>j, l1#i
N
Frk) =57k — 1)) + 570 =Tk —mip) + Y laijllaii |57 (k)
j=1, j#i

_y](k_ Tu))]

N N
—Zsl[ Z w0 =ik =)+ Y Y wiwa (5 k)
i=1 j=1, j#i j=1, j#il>j, 1#i

N
=5k =)+ 50 =T k=) + Y wijwi (57K

=1 j#i
- 'y\jz-(k - Ti,/))]-i-éio[a?ojo (yjo(k) yjo (k — Tzojo))+|aigjo||aigio|6’\]2'0 (k)
N
= Vo k = Tig)) — ool D wigj 300 = Tk — 7ig )
J=1. j#io
N
+laigjol Y a3, () = 5 (k = Tig o)+ 37 (k) — 37 (k — zig)]-
IZ#io, I#jo
(6.44)
Let
N N
Zéz[ Z wl,y,(k sz)+wuy,(k)+2 Z Z Wijwil
i=1 j=1, j#i j=1, j#il>j, l1#i
N
Fitk =Ttk — ) +2 Y wijwi ¥k — 7)) (k) — Zsl (k)
J=1, j#i i=1
N N N N
+3 G0 Y WO -Fhk-un+ Y Y wwa Gk
i=1  j=1, j#i J=1 A= I#

Yk — T+ R =k — TN+ Y wijwii (F(k) — F7(k — 7i))]
j=1,j#i
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N
=> &l Z w7 (k) + wi;; (k) + Z Z wijwit (75 (k) + 57 (k)

i=1 j=1, j#i j=1, j#il>j, l1#i
N
Yk —1ij) = 7k — i) + 25k — Tk — ) + Y wijwy
Jj=1, j#i

(37 () — 37k — 7ij) + 25 (k — 7i))3i (k)] — Zsl 2 (k)

Z&[Zw”y](k)-i‘ Z Z wt/wtl(y](k)+ (k))—}-Zw,,w,,
i=1 j=1

Jj=1, j#i 1>, 1#i j<i

(37 (k) +7; <k>>+2w,,wl,< (k) + 37 (k) — 37 (k)]

I>i

WD

i=1 =1, jil>j, I#i

N
wijwi 3k = 1) =itk —t)* + Y wijwii i (k) — 3k — 7ij))]
j=1j#
Za[Zw,,y,acHZ Z wijwiry; (k) — 37 (k)]

j=l1=1,1#j

N N N
DYDY
i=1 =1, jil>], I£i

N
wijwi 5k — i) = ik — ) + Y wijwi 5i (k) — 5k — 1))
j=1, j#i

Zs, [Z Z wijwir ¥y (k) = 37 (k)]

i=1 j=1i=1

N N N
—Zfi[ Z Z wijwi (¥ (k — 7j)

i=1 =1, jil>], I£i

N
k=) + Y wijwi (i k) — 5k — 7i)*]
j=1, j#i
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N N N N N
=Y &G wiVi k) = RI=D &0 Y Y wiywa Gtk — i)
i=1

j=1 i=1  j=1, j#il>j, 1#i
N
Nk =)+ Y wijwi (i) — 5k — 1)), (6.45)
J=1, j#i
N
Ay = & a2 . (3 5. RN Y T o . .
2 = &iglag, i g )+ (k = Tigjo))* = 2laig jo| i (k) + Ty (k — Tigjp)) D _ iy,
j=1
itk = Tig D+ &iglag, 1 (77 (k) = 37 (k — Tig j)) =+ laig j |laigio| 5, (k)
N
— Vi (k= Tigjo)) — laigjol D wig; 37 K) = Tk — T3y )
J=1, j#io
N
Flaigjl Y a5, (k) = 53, (= Tigjg) + F7 (k) = FP(k — Tign))]
I#io, I#jo

= 510[(1[010()}[20 (k) + 2’.)710(]()5)\]0(]( - Ti()jo)) - 2|ai0j0|wioloylo(k) 2|ai0j0|wi0i0

'37\1'0 (k)yj() (k Tl()/o) + a,ojoyjo (k) + |aioj() | |aioi() |(37\120 (k) + ylo (k)

N
=35 (k = Tigj) L — 5 () — laigjol Y wi; (57 (k) + T (k)
J=1, j#io
N
—laigjol Y laig (5% (k)
I#io, I#jo
N
AR + laigjl Y wigj (=5 (k) = 33k — Tig )
J=1, j#io
—253, (k)3 (k — iy )
N
Hlaigjol Y laigrl (=37 (k = Tijo)
I#io, I#jo

37 (k — Tigt) — 255 (k — Tig jo )31 (k — Tig )]
= Eila, T (k) = 2laig jo[Wigiy Vi (k) + @y 1. 57 (k) + laig o |aigio| (55, (k)

+y[0(k)) + |al()]0||alol()|( Y,O(k) - )’lo(k ti()j())
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N
=23 (K)Fjo (k = Tigjo)) — laigjol D
Jj=1, j#io
N
Wiy (75 (k) + 55 (k) + laigjol Y laigt| 55, (k) + 57 (k)
l#io, I#jo
N
Hlaigjl Y wigj - Gig(k)
J=1, j#io
N
=ik = Tig))* = laigjl Y laigt| Fjo tk = Tigjo) — Fitk = Tig0))*]
l#io, I#jo

= Eig[—laiqjo 97, (k) + latiq o |97, () — laiq jo ltigis | (P (k)

+50 (k= Tig o)) + laiy |

N N

D wig Gigk) = Pj(k = Tig ) = laigjol Y laigrl Fo (k — Tigji)
J=1, j#io I#io, I# jo
=ik — Tig1))*1. (6.46)

and

N N N
=Y EGRwNRE® +2 Y wyPk—u)E k)] —2) &5 K)

i=1 =1, j#i
E;(k) — 2laiyjo | Giy (k) + ¥y (k — Tiy jo)) Eiy (k)
N N

=2) & > wiEi()G)k — 1)) — 5 (k) — 2&iglaiyjo| iy (k) Gy (k)
i=1 j=1, j#i
+Vjo (k = Tig jo))
N N 1
=D& D wil— E7 () i (5 (k = 73j) = 5k + oo
i=1  j=1, j#i
1
[ E5 () + tig (g (k) + T (k = Tigjy))]- (6.47)

1o
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Substituting (6.45), (6.46), and (6.47) into (6.42), we can obtain that

AV(k) = A1+ Ay + A;

N N
=D & wii T (k) — 571+ &g —laiyjo |57, k) + laig |75, ()]
i=1 j=1

N N N
—Zéi[ Z Z wijwi (3 (k — 1) — ik — 71))?

i=1  j=1, jil>j,l#i

N

+ Z wijwii (3 (k) — 3 (k — 1)1+ Eig[—laig jo | aigio | iy (k)
j=1,j#
N
35 = Tigj ) + laigi| Y wigj Gig (k) — Pj (k — g ))*
J=1, j#io
N
—laigjol > it Ttk = Tigje) — itk — Tig))*]
I#io, I#jo
N N

12 & Y wiEi()Gk — i) — 5i (k)
i=1 j=1, j#i
_Zéi()'aiojo'Ei()(k)(S)\io(k) + Sl\j()(k - Ti()j()))

N N N N N N
=Y &Y layly;k) =Y &)=Y &L DD wijwi -
1 i=1

=1 j= i=l =1, j#il> ), I#i
N
3k — ;) — Jitk — ))* + Z wijaii (3i (k) — 9 (k — 7j))*]
J=1j#
—&io iy g | |tigio | Gig (k) + Ty (k — Tigjo))*
N
Flaigjol D laig|Figk — Tigjo) — Ptk — 7))
I#io, I# jo

N N

12) & Y wyEi() Gk — 1)) — 5i (k)
i=1 j=1, j#i

_2‘§i0 |aioj() |Ei() (k) (3)\10 (k) + Sj\j() (k - Tiojo))

N N N
<= &l Y. D wiywa@ik —j) — itk — 1))

i=1  j=1, j#il>j, I#i
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N
+ Z wij(ai; — o)) (i (k) — 5 (k — 1i;))°]

j=1. j#i
_Ei()['ai()j()'(aioi() - aio)(y\io (k) + 3]}0 (k - Ti()j()))z
N
Flaigjol Y laig|Fipk — Tigjo) — Btk — 7))
I#io, I#jo

N N
1 1

+&iglaig jo| — El-zo(k)-l- E &i E wij_,Ei2(k)
i =1 =1y Y

N N
==& Y > wywuGk— 1) — ik — 7))’

i=1 j=1, jil>j I#i

N
—Eiglainiy] Y laigt Bk — Tigjo) — ik — Tigr))”
I#io, I#jo

N N
=Y & D laijl(ai — o) Gik) — bisgn(aij)b; P (k — 1))

i=1 j=1,j#i

N
1
+2 &0 —ai) —EF k), (6.48)

i=1

which implies (6.41) holds.

Let f(a;) = W We aim to reduce the number of event-triggering time
instants as much as p()”ssible when the parameter «; is chosen. That is to say, the
event-triggered condition needs to be more difficult to be satisfied when we select
the parameter «;. To realize this objective, we choose o; = ‘% such that f(«;) can
be maximized. Note that the event-triggered condition (6.32) can be rewritten as

follows fori € N

2 N
aa;; o~ o~
E}(k) = e} (k) > ——— " |a;j|(sgn(aij)%; (k — 7ij) — % (k)

40 —air) .
Jj=1, j#i

oca’ N —~ —~ 2

=—1t E laij|(bisgn(aij)b;y;(k — tij) — yi(k))~.
4(1 — a;i) Pyl

(6.49)
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Under the event-triggered condition (6.49), we have that

N N
- Zéi Z laij(@ii — o) (3 (k) — bisgn(aij)b;y;(k — tij))*

i=1  j=1,j#i

N 1
+ D& —ai)—E (k)

i=1
N N
i 41— a;; 2
<= Yot - T2 + 3k - an)— B
i=1 i i=l1
N
= — Z&'M(l — DEX(k). (6.50)
a;i o

i=1

Note that 0 < o < 1. Hence, under the trigger condition (6.49), it holds that for
Vk >0,

N N N
AV ==& Y Y wywa ik — 1) = Sitk — Tip)*

i=1  j=1, j#il>j, i

N
— Eiglaigiol - Y laig Tk — Tigjy) — ik — Tign))?
l#ig, I#jo
N
2(1 —a;i) 1

-y HE—= (= - DE}(h

. aiji o

i=1

<0. (6.51)

According to LaSalle’s invariance principle, all the agents in the network will
converge to the maximal positively invariant set of ® = {0 € T, x(k +0) €
X : AV (k) = 0} asymptotically. Note that AV (k) = 0 if and only if ¢; (k) = 0,

N N N N
=D& Y Y wiwa Gk — ) — itk — i) = &glaigiel Y
i=1  j=1,j#il>j, 1 I#io, I# jo
\aior| (Vo (k — Tig jo) — Y1 (k — Tigi))* = 0, (6.52)
and
N N
Zéi% Z a;j(bisgn(aij)b;y;(k — 1) — 3 (k))* = 0. (6.53)
i=1 j=1, j#i
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Hence, AV (k) = 0 if and only if ¢; (k) = 0, and
yj(k — 1ij) = sgn(aij)yi(k), Vi, j € N,
or
yitk — ;) = yik), if wij >0,
Viok = tij) = =iy (k).
Substituting (6.54) into (6.37) yields that
yilk +1) =yi(k), Vi e N.

Hence, we have

yitk) =3i(k) =5k — 7;j) = yj(k — ;) = yj(k), Yw;; > 0.

It follows that G is strongly connected, and it implies
yitk) =yjk), k> —1j, Vi, j e N,
and

Yigtk) = —yjo k), k> —1;;.

(6.54)

(6.55)

(6.56)

(6.57)

(6.58)

(6.59)

(6.60)

Hence, AV (k) = 0 if and only if y;(k) = 0, Vi € N. By LaSalle’s invariance

principle, we have

lim yj(k) = lim yy(k)=---= lim yy(k) =0,
k—+00 k—+00 k——+00

which implies that

lim x;(k) = lim x(k) =---= lim xy(k)=0.
k— 400 k—+4o00 k——+o00

Remark 6.13 Tt can be observed that only the received neighboring states are used in
the trigger condition (6.30). Hence, the event-based protocol proposed in this section
is distributed. Zeno behavior is defined as an infinite number of triggering occurring
in a finite-time interval, which should be avoided in the event-based consensus
protocol. Nevertheless, the Zeno behavior can always be excluded in discrete-time
multi-agent system since the maximum triggering number is the length of the finite-

time interval.
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6.2.2 Self-triggered Approach

In Theorem 6.12, we have proved that the proposed event-based protocol is effective
to realize the bipartite consensus of the network model. However, the triggering
condition needs to be continuously verified for each agent. In this section, we
aim to solve this difficult problem by designing a self-triggered algorithm, i.e.,
the next update time is precomputed based on predictions using the received
data. Under the proposed self-triggered algorithm, the signal remains unchanged
until next triggering time of multi-agent networks. The appropriate equation for
obtaining the triggering time guarantees desired levels of performance. Hence, self-
triggered communication schemes for multi-agent networks can effectively reduce
the communication costs.

Different from the event-triggered communication strategy, for self-triggered
algorithm, the agent i will predict next triggering time instant tli 41 according to
the information at time tli . Next, we will give an algorithm to determine the time
instant tli 1

Denote
I(k — 1;j) = argmaxjen{t] |1 < k — ;). 6.61)
Let
N . .
pitk)y= Y laij 1 (sgn (@ij)F; (ti_o, ) — Xi (1)), (6.62)
j=1, j#i
and
Ga2~ N . .
qi (k) = m > laij| @) - 581(aij)T; (tjg_y ). (6.63)
N =1

For k € [}, 1}, ), recall that e (k) = (x; (k) — x;(t]))*. For the positive integer m,
we have

xi(tli + m) =xi(tli +m—1)+ Z Iaijl(sgn(aij)fj(tli +m—1—r1;)
JjeN:
=%t +m—1)

=x;(t] +m —2)+ Z laij|(sgn(a; )Xt} +m —2 — 7;;)
JeN:

— X +m—2)+ Z laij|(sgn(ai )Xt +m — 1 — 1)
JeN;
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—Xi( +m— 1))

=xi(t) + Y laijl(sgn(aij))x; (e} —wij) — xi(t)) + -+ +
JeN;

+ 3 laijl(sgn(@ip) %t +m — 1= 7)) = Xi(ef +m —1)).
JEN;
(6.64)

To propose the self-triggered algorithm to find tli yppset ¥ =0and s = tli. The
following two cases are considered:

Case 1: For k > s, if agent i does not receive the renewed information from its
neighbors, it follows from (6.64) that

(i) —x; () = [Z 4 pi(s)(k — )%,  ieN. (6.65)

Solving the inequality [ X + p;(s)(k — P — qi(s) > 0, we can obtain that the
minimum k = a)} satisfying the above inequality. Hence, according to the event-
triggered condition (6.33), the event-triggered time instant is is tli = a)} in this
case.

Case 2: If agent i firstly receives the renewed information from some of its
neighbors at time KO < a)j , it follows from (6.64) that

xi (%) = xi () = [pi)K° = )12, i e N. (6.66)

Set ¥ = 0+ pi(s)(k° —s). According to the event-triggered condition (6.33),
we should update s = k° and then go back to Case 1.

Based on the above discussions, an efficient algorithm to find tli iy Vi € N can
be summarized as follows.

Algorithm 6.1 Self-triggered algorithm for system (6.27)

Step . Foreachagenti € N,set ¥ =0ands = tf.

Step 2. Solving the inequality [ X + p;(s)(k — HP? - qi(s) > 0, we can obtain the minimum
k= a)f such that the inequality holds.

Step 3. For k > s, if agent i does not receive the renewed information from its neighbors until
k= a)}' , then set tli = a)f and stop the algorithm.

Step 4. If agent i firstly receives the renewed information from some of its neighbors at time
k' < wl, set ¥ = X + p;(s)(k® — 5). Update s = k° and go to Step 2.

According to the above analysis, the following Theorem 6.14 can be obtained.
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Theorem 6.14 Consider the multi-agent system (6.27) with arbitrary finite com-
munication delay t;; under control law (6.28). If the first triggering time tf =0,
agent i, i € N, determines the triggering time sequence tli 72, by self-triggered
algorithm 6.1. Then, we can obtain the following results:

(i) System (6.27) can achieve bipartite consensus asymptotically if signed digraph
G is structurally balanced.
(ii) If signed digraph G is structurally unbalanced, then the system (6.27) can
achieve consensus and the final consensus value is 0, i.e., . liIJ’I_l xi(k) =
— 400

0, Vi e N.

6.2.3 Numerical Example

Example 6.15 Consider a signed multi-agent network with structurally balanced
topology and structurally unbalanced topology, respectively (see Fig. 6.8). Set o0 =
0.9 in event-triggered condition (6.30) and the distinct communication delays are as
follows:

020000
003000
100002
002030
000001
000200

I' = (tij)ex6 =

According to Theorem 6.12, one can easily conclude that under the proposed
event-triggered condition (6.30),

(1) the system with communication delays will achieve bipartite consensus when
the network topology is shown in Fig. 6.8a;

(ii) the states of all the agents will converge to zero when the network topology is
shown in Fig. 6.8b.

The evolvement of the agents under the event-triggered condition (6.30) is shown
in Figs. 6.9 and 6.10, respectively. The numerical results in Fig. 6.9 show that the
individual state of the multi-agent system converges to the bipartite constant limit
that has the same modulus and different signs. The numerical results in Fig. 6.10
show that the individual state of the multi-agent system converges to zero. Figures
6.9 and 6.10 agree well with the proposed theoretical result.
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Fig. 6.8 Network topology in Example 6.15. (a) structurally balanced. (b) Structurally unbalanced

The individual event time instants corresponding to Figs. 6.9 and 6.10 under the
proposed event-triggered protocol are shown in Figs.6.11 and 6.12, respectively.
Table 6.1 illustrates the event-triggering frequency under two different network
topologies. One can conclude from the simulation example that the event-based
strategy in this chapter can significantly decrease the information transmission
during the bipartite consensus process of the signed network model with distinct
communication delays.

6.3 Summary

In this chapter, the bipartite consensus of continuous-time and discrete-time multi-
agent system was studied. For the continuous-time model, according to Perron—
Frobenius theorem and some other mathematical analysis, it was found that the
bipartite consensus can be asymptotically reached if the strongly connected signed
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0 50 100 150
K

Fig. 6.9 The states of multi-agent system (6.27) associated with signed diagraph with balanced
structure in Fig. 6.8a

Bt- _
0 50 100 150
k

Fig. 6.10 The states of multi-agent system (6.27) associated with signed digraph with unbalanced
structure in Fig. 6.8b

digraph G is structurally balanced. For the discrete-time model, communication
delays and event-based strategy were considered simultaneously. It is shown
that under the proposed event-triggered condition the bipartite consensus can be
asymptotically achieved if the network topology is structurally balanced, and all the
agents converge to zero if the signed digraph is structurally unbalanced. Numerical
examples were provided to demonstrate the effectiveness of our derived results.
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Fig. 6.11 Event-trigger times associated with signed digraph in Fig. 6.8a
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Fig. 6.12 Event-trigger times associated with signed digraph in Fig. 6.8b

6 Consensus of Networked Multi-agent Systems with Antagonistic Interactions. ..

Table 6.1 The total number of triggering over the total number of iterations in simulation under
structurally balanced topology and structurally unbalanced topology, respectively

Node 1 2 3 4 5 6
Balanced 26.6% 25.3% 21.3% 28.6% 26.0% 26.0%
Unbalanced 27.3% 26.6% 31.3% 34% 26.0% 28.6%
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