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1 Introduction

Stretching sheet phenomenon has many real-life applications in industrial areas such
as extrusion, glass blowing, production of papers, manufacture of plastics and spin-
ningoffibers. These applications involve enormousheat andmass transfer. Therefore,
many investigations on such flows have been carried out to study the heat and mass
transfer characteristics [1–5]. [1] investigated the flow past a linear stretching plate
with heat conduction. [2] studied the suction and injection flow of a viscous fluid in a
porous stretching sheet with heat andmass transfer. [3] studied the heat transfer char-
acteristics of electrically conducting fluid flow between two horizontal plates with
stretching and porosity. [4] investigated the flow of a viscous incompressible fluid
over a continuous stretching sheet with heat transfer characteristics. [5] obtained a
numerical solution of free convection flow over a porous stretching sheet.

In the above investigations, rotation phenomenon has not been considered.
However, this phenomenon is encountered in many practical applications such as
rotating machinery and cooling processes. Owing to the significance of rotational
geometries in many industries, [6] studied electrically conducting fluid flow over a
stretching sheet in a porous rotating geometry.

All the above papers considered flow of viscous incompressible fluids. However,
in many applications such as cooling processes in machines, heat exchangers and
chemical processing, nanofluids are used owing to their better heat transfer charac-
teristics. Nanofluids are high thermal conducting particle suspensions in low thermal
conducting base fluids. Such fluids have higher thermal conductivity when compared
to their base fluids. This property of nanofluids makes themmore significant in appli-
cations involving enormous heat transfer. Hence, [7] adopted a homogeneous flow
model with conventional transport equations for pure fluids along with the physical
properties of nanofluids. [8] analyzed the flow and heat transfer of copper–water
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nanofluid between stretching and porous surfaces using HAM in a rotating system.
The above articles [7, 8] used a single-phase model for the study of nanofluid flow.
These studies showed the enhancement of heat transfer characteristics of nanofluids
significantly.

Introduced by [9], a two-phase model has also been used in the literature [10] for
describing the flow behavior of nanofluids. [9] presented seven slip mechanisms
between nanoparticles and base fluids. [10] studied the nanofluid flow and heat
transfer in a rotating system using numerical method.

Althoughmany investigations have been carried out in flow of nanofluids between
parallel plates, factors such as mixed convection flow in such geometries, presence
of internal heat source/sink and presence of a magnetic field may impact the flow
behavior as well as the heat and mass transfer characteristics. Therefore, the present
problem discusses a mixed convection steady MHD flow of a nanofluid between a
lower stretching plate and an upper porous plate in a rotating system. Further, the
flow is assumed to have an internal heat source/sink. The governing equations are
derived using two-phase model, and the formulation is presented in Section II. The
problem is then solved using SAM as in Section III. Section IV presents the results
with appropriate graphical representations. Section V gives the conclusion.

2 Mathematical Formulation

Amixed convection steady laminar flow of an incompressible nanofluid between two
horizontal parallel circular plates is considered as shown in Fig. 1. The lower plate is
stretched along its plane by equal and opposite forces keeping the origin unchanged.
The upper plate is porous and is at a distance of h(t) from the lower plate. Fluid flows
through the pores in the upper plate with a constant wall suction/injection velocity

Fig. 1 The flow geometry
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v0. Both the plates rotate with a constant angular velocity � about the y-axis, which
makes the nanofluid between them to rotate, and there is net cross flow along the z-
axis. A uniformmagnetic field of intensity B0 is applied in the direction of the y-axis.
It is assumed that there is an internal heat source/sinkwith heat generation/absorption
parameter Q0. Under these conditions, the nondimensional form of the governing
equations of the nanofluid MHD mixed convection flow along with heat source/sink
is given by

(−h2/axρ f ν
)(

∂P∗/∂x
)

= −[
f ′′′ − R

(
f ′2 − f f ′′) − 2Krg − M f ′ + Grtθ + Grcφ

]
(1)

(−1/ρ f h
)(

∂P∗/∂η
) = a2h

(
f f ′ + f ′′/R

)
(2)

g′′ − R
(
f ′g − f g′) + 2Kr f ′ − Mg = 0 (3)

θ ′′ + Pr
(
R f θ ′ + Nbθ ′φ′ + Ntθ ′2 + Qθ

) = 0 (4)

φ′′ + (Nt/Nb)θ ′′ + RSc f φ′ = 0 (5)

where the following nondimensional variables have been used

η = y

h(t)
, u = ax f ′(η), v = −ah f (η), w = axg(η), θ = T − Th

T0 − Th
, φ = C − Ch

C0 − Ch

(6)

where u, v and w denote the fluid velocity components in the x, y and z direc-
tions, respectively, p∗ is the modified fluid pressure, T is the temperature of the
fluid,Th is the temperature at the upper plate andρ f , ν and α are the fluid density,
kinematic viscosity and thermal diffusivity, respectively. Also,C is the concentration
of the nanoparticles,DT is the thermophoretic diffusion parameter,DB is the Brow-
nian motion coefficient,

(
ρcp

)
p/

(
ρcp

)
f is the ratio of effective heat capacity of the

nanoparticle to the heat capacity of the fluid, g is the magnitude of acceleration due
to gravity, βT is the thermal expansion coefficient,βC is the concentration expansion
coefficient, and Q0 is the uniform volumetric heat generation (Q0 > 0) or absorption
(Q0 < 0) parameter. R = ah2/ν is the Reynolds number, Kr = �h2/ν is the rota-
tional number, M = σ B2

0h
2/νρ f is the magnetic parameter or Hartmann number,

Grt = g̃βT h2(T0 − Th)\νax = Gr\Re2x is the ratio between the modified Grashof
number Gr and square of the local Reynolds number Rex , which represents the
temperature mixed convection parameter, Grc = g̃βCh2(C0 − Ch)/νax represents
the concentration mixed convection parameter, Pr = μcp/k is the Pranl number,
Q = Q0h2/

(
ρcρ

)
f
ν is the heat source/sink parameter, Sc = ν/DB is the Schmidt

number,
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Nb = (
ρcρ

)
P DB(C0 − Ch)/

(
ρcρ

)
f ν is the Brownian motion parameter, and

Nt = (
ρcρ

)
P
DT (T0 − Th)/

(
ρcρ

)
f
ν is the thermophoresis parameter.

Eliminating the pressure gradient terms, Eqs. (1) and (2) yield

f ′′′′ − R
(
f ′ f ′′ − f f ′′′) − 2Krg′ − M f ′′ + Grtθ

′ + Grcφ
′ = 0 (7)

Thus, it is required to solve the governing equations Eqs. (3)-(5) and (7) of the
present problem with the boundary conditions

f ′(0) = 1, f (0) = 0, g(0) = 0, θ(0) = 1, φ(0) = 1 (8)

f ′(1) = 0, f (1) = λ, g(1) = 0, θ(1) = 0, φ(1) = 0 (9)

where λ = v0/ah is the porosity parameter.

3 Solution by SAM

Expanding the unknown variables f, g, θ and φ in powers of R which is of the order
O(1), (as in [11, 12])

f (η) = f0 + R f1 + R2 f2 + O
(
R3

)

g(η) = g0 + Rg1 + R2g2 + O
(
R3

)

θ(η) = θ0 + Rθ1 + R2θ2 + O
(
R3

)
(10)

φ(η) = φ0 + Rφ1 + R2φ2 + O
(
R3

)

and substituting Eq. (10) in the reduced governing Eqs. (3)-(7) and the boundary
conditions (8) and (9), the final equations are solved for f (η), g(η), θ(η) and φ(η)

upto the second order approximation.
The zeroth-order solutions are
f0(η) = A0η

3 + B0η
2 + η, g0(η) = 0, θ0(η) = 1 − η, φ0(η) = 1 − η,.

where A0 = 1 − 2λ,B0 = 3λ − 2.
The first-order solutions are
f1(η) = A1η

7

840 + B1η
6

360 + C1η
5

120 + D1η
4

24 + E1η
3

6 + F1η2

2 ,.

g1(η) = − 2Kr
R

(
A0η

4

4 + B0η
3

3 + η2

2 − G1η
)
,.

θ1(η) = Pr

(
A0η

5

20
+ B0η

4

12
+ H1η

3

6
− I1η2

2
− J1η

)
,
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φ1(η) = Le

(
A0η

5

20
+ B0η

4

12
+ η3

6
− k1η

)
,

where A1, B1, C1,D1, E1, F1,G1,H1, I1,J1 and K1.
A1 = 48λ2−48λ+12, B1 = −72λ2+84λ−24„ D1 = 2B0

(
1 + M

R

)+ Grt
R + Grc

R ,
E1 = − A1

28 − B1
15 − 3C1

20 − D1
2 , F1 = A1

105 + B1
60 + C1

30 + D1
12 ,G1 = A0

4 + B0
3 + 1

2 ,
H1 = 1 + Q

RPr , I1 = Nb+Nt+Q
R ,

J1 = A0
20 + B0

12 + H1
6 − I1

2 and K1 = A0
20 + B0

12 + 1
6 .

The second-order expressions are very lengthy, and hence, they are not presented
here. However, solutions upto second order have been obtained and presented in the
graphical representations. Using the zeroth-order, first-order and second-order solu-
tions in Eq. (10), approximate expressions upto second order for the flow variables
f (η) and g(η), temperature distribution θ(η) and concentration distribution φ(η)

can be obtained.

4 Results and Discussion

The steady MHD rotating flow of an incompressible nanofluid between a lower
stretching plate and an upper porous plate is studied. Using SAM, the problem is
solved, and the effects of various parameters on velocity, temperature and concen-
tration distributions are discussed. Further, a comparison of the present results is
made with those of the existing literature. As the flow is considered to be laminar
and between parallel plates, the value of the Reynolds number R is taken as 1. The
values of the rotation number Kr and magnetic Hartmann number M are chosen to
be 1 each. Since mixed convection is considered, the values of temperature Grashof
number Grt and concentration Grashof number Grc are chosen to be equal to 1 each.
As the nanoparticle size is very small, the values of Brownian motion parameter Nb,
thermophoresis parameter Nt and Schmidth number Sc are taken to be equal to 0.1
each. Prandtl number Pr of water is 6.2. The value of heat generation/absorption
value Q due to the internal source/sink is taken as 0.3. The above values of the
parameters are used in obtaining the results, unless otherwise specified.

Figures 2 and3 compare the present resultswhenM = 0,Grt = 0,Grc = 0, Q =
0 with those of [8]. Here,  represents the volume fraction of [8]. Figure 2 shows
the effects of the porosity parameter λ and Reynolds number R on the temperature
distribution θ(η). It is seen that an increase in the porosity parameter results in a
decrease in temperature distribution and an increase in Reynolds number results in
a further decrease in temperature distribution. On neglecting the Brownian motion
and thermophoresis effects (ie.Nb = Nt = 0) and the Schmidt number (Sc = 0),
the present results agree well with [8]. Further, the present results including these
effects (Nb = Nt = 0.1 and Sc = 0.1) show an enhanced temperature distribution.
Figure 3 shows a comparison of temperature distribution θ(η) between single-phase
model [8] and two-phase model of the present work. It is observed from the results
of [8] that as the volume fraction  increases, temperature distribution increases.
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Fig. 2 Effects of porosity parameters and Reynolds number on temperature distribution—A
comparison

Fig. 3 Comparison of the single-phase (Sheikholeslami [8]) and two-phasemodels (present model)
R = 0.5, Kr = 0.5,Grt = 1,Grc = 1, M = 1, Pr = 6.2, Q = 0.3

Also, a further increase in temperature distribution is observed in the present work
due to the effects of Brownian motion Nb, thermophoresis Nt and Schmidt number
Sc.

In Fig. 4a, x-direction velocity component f ′(η) has a dual behavior. In the first
half (0 ≤ η ≤ 0.5) of the region, y-direction velocity component f ′(η) increases
with temperature Grashof number Grt while in the second half (0.6 ≤ η ≤ 1), f ′(η)

increases in the negative direction with temperature Grashof number. From Fig. 4b,
it is seen that y-direction velocity component f (η) increases with an increase in
temperature Grashof number. Distribution of z-direction velocity component g(η)

(Fig. 4c) is similar to that of x-direction velocity component (Fig. 4a). As temperature
Grashof number increases, the temperature distribution decreases as seen in Fig. 4d.
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Fig. 4 Effects of temperature Grashof number on the velocity components (a, b, c) and temperature
distribution (d)
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Fig. 5 Effects of heat source/sink parameters on the temperature distribution (a) and concentration
distribution (b)

The effect of temperature Grashof number on concentration distribution φ(η) is
negligible.Grc

Figure 5 presents the effects of heat generation/absorption parameter Q. Q > 0
represents the heat source or heat generation causing temperature (θ(η)) enhance-
ment, whereas Q < 0 represents the heat sink or heat absorption which reduces
the temperature distribution θ(η). In Fig. 5a, temperature distribution increases for
greater values of heat generation/absorption parameter from lower part to middle
of the channel, but the trend is reversed in the upper half of the channel due to the
porosity of the upper plate. In Fig. 5b, concentration distribution φ(η) decreases with
an increase in heat generation/absorption parameter.

5 Conclusions

An investigation of the mixed convection steady laminar flow of an incompressible
nanofluid between a stretching sheet and a porous plate is carried out considering
a two-phase model. The problem is solved by SAM. It is seen that mixed convec-
tion flow of nanofluid enhances the heat transfer characteristics, heat source/ sink
improves the temperature distribution in the nanofluid.
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