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Abstract The quadruped robots have numerous advantages over the wheel due
to their agility to exposure to cluster environment. This paper presents the kine-
matic analysis and dynamic modeling of a four-legged robot. The kinematic mecha-
nism is the fundamental approached before proceed to the gait design. The forward
and inverse kinematics equations are derived for legs with D-H transformation
matrices.Also, dynamicmodeling for trot gait pattern is establishedwith theNewton–
Euler theory. The computer simulation results are presented for different movement
sequences of trot gait pattern to verify the validity of proposed design.
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1 Introduction

In the last three decades, the mobile robot has made a lot of attention because of
exploring in the complex environment, space, rescue operation, and accomplish a
task without human effort, etc. The mobile robot can be broadly classified into three
categories; wheeled robot, tracked robot and legged robot [1]. The Development
of terrestrial locomotion of legged robot has been grown constantly over the few
decades because of more advantages than other robot vehicles. The advantages of
legged locomotion depend on the postures, the number of legs, and the functionality
of the leg [2]. Though wheeled and tracked robots can work in plane terrain, but most
of them couldn’t fit in cluttered terrain, complex and hazardous environments, etc.
The legged robot has more potential to roam almost all the earth surfaces in different
terrains, just like a human and an animal. The quadruped robots are the best choice
among all legged robots related to mobility and stability of locomotion [3]. The four
legs of the robot are easily controlled, designed andmaintained as compared to two or
six legs. The conceptual design of the skeleton quadrupedal robot is shown in Fig. 1.

P. Biswal (B) · P. K. Mohanty
Department of Mechanical Engineering, National Institute of Technology, Yupia, Arunachal
Pradesh 791112, India

© Springer Nature Singapore Pte Ltd. 2022
R. Kumar et al. (eds.),Machines, Mechanism and Robotics, Lecture Notes in Mechanical
Engineering, https://doi.org/10.1007/978-981-16-0550-5_36

369

http://crossmark.crossref.org/dialog/?doi=10.1007/978-981-16-0550-5_36&domain=pdf
https://doi.org/10.1007/978-981-16-0550-5_36


370 P. Biswal and P. K. Mohanty

Fig. 1 Conceptual model of
quadruped robot

The structure and parameters of each leg are identical with consist of 3 degrees of
freedom (DOF).

2 Kinematic Mechanism of the Legged Robot

In order to find out the position and velocity of end-effector or feet of the quadruped
robot, the kinematic analysis is very much important. Configuration model of
quadrupedal robot is designed by 3-D modelling software, solid works. In this paper
mechanical model of quadrupedal robot is divided into two main part: body or frame
and legs. Each leg is identical in nature and symmetrically joined in the main body.
Each leg is composed of a series of links connected by different joints. In model
each leg has three joints and actuated by electric motor. Starting with the assumption
that each connection between two links has a single degree of freedom. A robot leg
with ‘n’ number of joints means it will have n + 1 links and associate with a joint
variable. Each leg of the robot is behaved like a serial manipulator which is rigidly
attached to the co-ordinate frame to each link. In order to get the co-ordinate of the
origin of the feet/end effector relative to the base frame, by choosing the origin of the
base frame at any arbitrary point. However, it is assumed that no slippage between
feet and ground.

2.1 D-H Parameter Representation

In 1955, Denavit andHartenberg proposed aD-H transformationmatrix for attaching
an arbitrary frame to each link of a spatial linkage [4]. In this D-H convention,
transformation related with the joint zi and xi . This is the most prominent method
for the solving kinematics analysis of robotic system. The four parameters link twist
(αi ),link length (ri ), joint angle (θi ) and link offset (di ) are associated with D-H
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Table 1 D-H parameter specification

Link αi−1 twist angle ri−1 Link length di offset distance θi
Joint angle

1 0 0 0 θ1

2 90◦ r1 0 θ2

3 0 r2 0 θ3

4 0 r3 0 0

convention method. Where, angle αi is the angle from zi−1 to zi measure about xi ,ri
is the distance from zi−1 to zi measure along xi , di is the offset distance from xi−1

to xi measure along zi−1 and angle θi is from xi−1 to xi measure about zi−1. The
co-ordinate transformation of each link from previous co-ordinate system can be
represent in notation

i−1Ti = Rxi (αi−1).Txi (ri−1).Tzi (di ).Rzi (θi )

=

⎛
⎜⎜⎝

Cθi −Sθi 0 ri−1

SθiCαi−1 CθiCαi−1 −Sαi−1 −Sαi−1di
Sθi Sαi−1 Cθi Sαi−1 Cαi−1 −Cαi−1di

0 0 0 1

⎞
⎟⎟⎠ (1)

where Rot and Trans denote the rotation and translation respectively, and Sθi Cθi
are the shortest form of sin θi and cos θi respectively. The desired model of Denavit-
Hartenberg leg parameters for forward kinematics is given in Table 1 [5, 6]. For a
single leg, each transformation matrices of link from previous co-ordinate system
can be represented in notations like bT0,0T1, 1T22T3 and 3T4. The deduction of a
homogeneous transformation matrix near by co-ordinate systems of one leg foot
legl

)
l=1 is as follows (2–6):

Each leg of the robot has identical D-H co-ordinate frames and parameters so that
direct kinematic equation can apply from joint-3 to joint-1. The transformation from
joint (Oio) to co-ordinate of the base frame (Ob) for each leg can be expressed by the
constant translational transformation matrix with considering different sign value of
λ and δ in Eq. (6).

0T1 = Rot(z, θ1) (2)

1T2 = Rot(x, 90◦)Tran(r1, 0, 0)Rot(z, θ2) (3)

2T3 = Tran(r2, 0, 0)Rot(z, θ3) (4)

3T4 = Tran(r3, 0, 0) (5)
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bT0 = Trans(λP,−δQ,−H)Rot(y, 90◦) (6)

In final, the homogeneous transformation matrix between two adjacent links
becomes in the form of

0T4 = 0T1.
1T2.

2T3.
3T4 =

(
R3×3 p3×1

0 1

)
(7)

where

R3×3 =
⎛
⎝
Cθ1Cθ23 −Cθ1Sθ23 Sθ1

Sθ1Cθ23 −Sθ1Sθ23 −Cθ1

Sθ23 Cθ23 0

⎞
⎠ P3×1 =

⎛
⎝
r1Cθ1 + r2Cθ1Cθ2 + r3Cθ1Cθ23

r1Sθ1 + r2Sθ1Cθ2 + r3Sθ1Cθ23

r2Sθ2 + r3Sθ23

⎞
⎠.

Similarly, the co-ordinate of four feet in the base frame can be obtained by multi-
plying bT0 with 0T4 transformation matrix. The position co-ordinates of one foot of
legl

)
l=1 with respect to the base frame are given in detail from Eqs. (8–10). The x-z

co-ordinates are generated for all combining possible of joint variables using forward
kinematics in MATLAB as shown in Fig. 2.

px = r2sθ2 + r3sθ23 + P (8)
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Fig. 2 Foot’s workspace of the quadruped robot



Kinematic and Dynamic Modeling of a Quadruped Robot 373

py = r1sθ1 + r2sθ1cθ2 + r3sθ1cθ23 − Q (9)

pz = r1cθ1 − r2cθ1cθ2 − r3cθ1cθ23 − H (10)

where, cθi j = cos θi cos θ j − sin θ j sin θi ,sθi j = sin θi cos θ j + cos θi sin θ j and px ,
py and pz are denoted as the elements of position vector.

2.2 Inverse Kinematics

In this paper,we calculate in detail the joint variables by an inverse kinematic equation
of legl

)
l=1 by the use of end-effectors co-ordinates (px , py , pz) in base global point

(Ob). The three joint variables are given directly as follows in Eqs. (11–13).

θ1 = tan−1 −
(
Q + pz
H + pz

)
(11)

θ2 = cos−1

(
M2 + N 2 − r22 − r23

2r2r3

)
(12)

where M = (−r1 + pysθ1 − Hcθ1 + Qsθ1 − pzcθ1), N = (px − P).

θ3 = a tan 2(N , M) ± a tan 2

(√(
(N 2 + M2 − K 2

)
, K

)
,Where K = r2 + r3cθ3

(13)

3 Dynamic Motion and Joint Space Formulation

The fundamental approaches to write equation of motion of a quadrupedal robot
mechanism are generally represented in twomethods: theNewton–Euler formulation
and Langrage formulation [7]. For a rigid body, the spatial equation of motion is used
for Newton and Euler’s equation. The must common conical form of the robot’s
dynamic motion is the joint space formulation written in Eq. (14).

M(θ)θ̈ + C
(
θ, θ̇

)
θ̇ + Gg(θ) = τ (14)

M(θ), C
(
θ, θ̇

)
θ̇ , Gg(θ) and τ are inertial matrix, Coriolis and centrifugal, grav-

itational vector, and torque output vector respectively. In this paper, we used the
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langrage equation due to more favorable in complex robotic manipulator configura-
tion. The internal force/reaction forces are neglected in this analysis. The dynamic
equation of trotting motion can be developed by using the langrage equation,

Langrange(L) = T −U (Energies)

where T and U are the total kinetic and potential energy respectively of the mechan-
ical system. TheLagrange’s equation for each generalized co-ordinate of the dynamic
equation of motion can be written in the form (15)

d

∂t

∂L

∂θ̇i
− ∂L

∂θi
= τi (15)

4 Simulation Results

At the beginning of the quadruped robot development, it is necessary to find the
maximum torque for designing each joint actuator. However, the quadruped robot is a
combination of a multi-body dynamic system; the calculation of torques of each joint
is tedious. So MSC.ADAMS is the most famous multi-body dynamics simulation
software, which can be a useful and convenient way to find out the driving torques.
The virtual prototype of the design quadruped robot in ADAMS student edition is
shown in Fig. 3. The reference driving torques for every joint of one leg is shown in
Figs. 4, 5 and 6 respectively. Setting the parameter of the robot’s leg as r1 = 70mm,
r2 = 100mm, r3 = 100mm, θ1 = −10

◦
, θ2 = −35

◦
, and θ3 = 45

◦
. As considering

the uniform speed with 5-s simulation the displacement of the foot along x, y, and

Fig. 3 The virtual prototype of the quadruped robot
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Fig. 4 The driving torque for joint-1

Fig. 5 The driving torque for joint-2

z-direction are shown in Figs. 7, 8 and 9. The relation between rotational angle of
each joint and time is θ1 = −2t , θ2 = −7t and θ3 = −9t , where 0 ≤ t ≤ 5 the
location of origin point of coordinate system (O0) is given as (180, 100,−40mm)
in co-ordinate system base (Ob).
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Fig. 6 The driving torque for joint-3

Fig. 7 The displacement of foot along X-axis

5 Conclusions

• In this paper, a conceptual model of the four-footed robot has been developed.
From this study, a 3 DOF leg with kinematic modeling which used in quadruped
robot and validated through simulation with the actual model.

• The joint torque and end-effector position is calculated by considering the initial
simulation parameter. The role of forward and inverse kinematic mechanism has
been investigated for development and implementation on the quadruped robot.
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Fig. 8 The displacement of foot along Y-axis

Fig. 9 The displacement of foot along Z-axis

• The real-time analysis of joint variables and motion control of quadruped robot
is perceived based on simulation results. In future work, a controller will be
implemented to coordinate the position of all rotational joints consist of 12 DOF
for the quadruped robot.

Acknowledgements The authors would like to acknowledge the support from the Science and
Engineering Research Board (SERB), a statutory body of the Department of Science & Technology
(DST) Government of India.



378 P. Biswal and P. K. Mohanty

References

1. Meng X, Wang S, Cao Z, Zhang L (2016) A review of quadruped robots and environment
perception. In: 2016 35th Chinese control conference (CCC). IEEE, pp 6350–6356

2. Raibert MH (1986) Legged robots that balance. MIT Press
3. Zhuang H, Gao H, Deng Z, Ding L, Liu Z (2014) A review of heavy-duty legged robots. Sci

China Technol Sci 57(2):298–314
4. Siciliano B, Khatib O (eds) (2016) Springer handbook of robotics, Springer
5. Rong XW, Li YB, Ruan JH, Song HJ (2010) Kinematics analysis and simulation of a quadruped

robot. Appl Mech Mater 26:517–522
6. Gao DH, Hu XB (2010) The analysis of kinematic simulation of 6-DOF articulated carrier robot

based on ADAMS. Manuf Inf Eng China 1
7. BennaniM,Giri F (1996)Dynamicmodelling of a four-legged robot. J Intell RobSyst 17(4):419–

428


	 Kinematic and Dynamic Modeling of a Quadruped Robot
	1 Introduction
	2 Kinematic Mechanism of the Legged Robot
	2.1 D-H Parameter Representation
	2.2 Inverse Kinematics

	3 Dynamic Motion and Joint Space Formulation
	4 Simulation Results
	5 Conclusions
	References




