Springer Proceedings in Mathematics & Statistics

Robert L. Devaney
Kit C. Chan
P.B.Vinod Kumar Editors

Y Topological
Dynamics and
Topological
Data Analysis

IWCTA 2018, Kochi, India, December
9-11

@ Springer



Springer Proceedings in Mathematics &
Statistics

Volume 350



This book series features volumes composed of selected contributions from
workshops and conferences in all areas of current research in mathematics and
statistics, including operation research and optimization. In addition to an overall
evaluation of the interest, scientific quality, and timeliness of each proposal at the
hands of the publisher, individual contributions are all refereed to the high quality
standards of leading journals in the field. Thus, this series provides the research
community with well-edited, authoritative reports on developments in the most
exciting areas of mathematical and statistical research today.

More information about this series at http://www.springer.com/series/10533


http://www.springer.com/series/10533

Robert L. Devaney - Kit C. Chan -
P. B. Vinod Kumar
Editors

Topological Dynamics
and Topological Data
Analysis

IWCTA 2018, Kochi, India, December 9-11

@ Springer



Editors

Robert L. Devaney Kit C. Chan

Department of Mathematics Department of Mathematics and Statistics
Boston University Bowling Green State University

Boston, MA, USA Bowling Green, OH, USA

P. B. Vinod Kumar
Department of Mathematics
Rajagiri School of Engineering
and Technology

Cochin, Kerala, India

ISSN 2194-1009 ISSN 2194-1017  (electronic)
Springer Proceedings in Mathematics & Statistics
ISBN 978-981-16-0173-6 ISBN 978-981-16-0174-3  (eBook)

https://doi.org/10.1007/978-981-16-0174-3

Mathematics Subject Classification: 37Bxx, 37Cxx, 55Mxx, 55Bxx, 55Cxx, 55Dxx, 55Exx, 55Gxx,
55Hxx

© Springer Nature Singapore Pte Ltd. 2021

This work is subject to copyright. All rights are reserved by the Publisher, whether the whole or part
of the material is concerned, specifically the rights of translation, reprinting, reuse of illustrations,
recitation, broadcasting, reproduction on microfilms or in any other physical way, and transmission
or information storage and retrieval, electronic adaptation, computer software, or by similar or dissimilar
methodology now known or hereafter developed.

The use of general descriptive names, registered names, trademarks, service marks, etc. in this
publication does not imply, even in the absence of a specific statement, that such names are exempt from
the relevant protective laws and regulations and therefore free for general use.

The publisher, the authors and the editors are safe to assume that the advice and information in this
book are believed to be true and accurate at the date of publication. Neither the publisher nor the
authors or the editors give a warranty, expressed or implied, with respect to the material contained
herein or for any errors or omissions that may have been made. The publisher remains neutral with regard
to jurisdictional claims in published maps and institutional affiliations.

This Springer imprint is published by the registered company Springer Nature Singapore Pte Ltd.
The registered company address is: 152 Beach Road, #21-01/04 Gateway East, Singapore 189721,
Singapore


https://doi.org/10.1007/978-981-16-0174-3

Preface

Topological dynamics is an emerging field. Topological data analysis is a young
field. Dynamics of data is an interesting zone to stay and watch. Today, the field of
topological dynamics and topological data analysis has grown into a respected
mathematical discipline with specific concepts and techniques, and with plenty of
applications inside and outside mathematics. In December 2018, a workshop and
the first international conference on topological dynamics and topological data
analysis in India took place at Rajagiri School of Engineering and Technology,
Kerala.

In the workshop, from 5th December to 8th December, leading experts from all
over the world gave comprehensive survey lectures on the state of the art in their
areas. In the coference from 9th December to 11th December, new research results
were presented my mathematicians from 14 countries. To name a few—A.
N. Sharkovsky, James Yorke, Joseph Auslander, Henk Bruin, Robert Deveney,
Saber Elaydi, V. Kannan, G. Rangarajan, Roman Hric, Amit Chattopahyay, Andrei
Tetenov, Krzysztof Lesniak, Patrizio Frosini, Dan Burghelea, Dominic Kwietria K,
Hisao Kato, Karoly Sumon, Kitchan, Romen Hric, Vijay Natarajan, Anima Nagar,
W. J. Charatonik.

This volume contains some invited lectures of the workshop and selected con-
tributions of the conference. Providing readable surveys, it can be used as reference
book those who want to start work in the field.

The organizers of the conference would like to thank the management of
Rajagiri School of Engineering and Technology, Cochin, Kerala, India, for the
inspiration and support provided to conduct the conference.

The organizers acknowledge the financial support given by National Board of
Higher Mathematics, India, Dept. of Science and Technology, India, and
International Council for Industrial and Applied Mathematics.

Boston, USA Robert L. Devaney
Bowling Green, USA Kit C. Chan
Cochin, India P. B. Vinod Kumar
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An Overview of Unimodal Inverse )
Limit Spaces glectie

H. Bruin

Abstract An overview of unimodal inverse limit spaces, to support the mini-course
“Interval dynamics and Inverse limit spaces”, at IWCTA: International Workshop
and Conference on Topology and Applications, Rajagiri School of Engineering
and Technology, Kochi, December 5-8, 2018.

Keywords Inverse limit space - Unimodal map - Tent map - Quadratic map -
Embeddings + Endpoints + Folding point - Composant + Ingram conjecture

2000 Mathematics Subject Classification 54H20, 37B45, 37E05

1 Introduction

Unimodal maps are maps of the interval with a single critical point and increasing/
decreasing at the left/right of the critical point. The best known examples are quadratic
(logistic) maps and tent maps, see Fig. 1.

They are among the simplest maps that, at least for some parameters, are chaotic
in every sense that can be given to mathematical chaos. They are not invertible;
however, a simple way to make them invertible is by introducing a second coordinate
and thicken the map:

T,:x— 1—alx|, Lyp:(x,y) = 1 —alx|+ by, x),

Qux—1-— ax?, Hyp:(x,y) = (1 — ax® + by, x).

In this way, the tent map becomes a Lozi map and the quadratic map a Hénon map.
Figure2 gives a Lozi attractor (resp. Hénon attractor) obtained as NM,>oL’, ,(U) for
some well-chosen, forward invariant open disk U . In order to understand the topology
of such attractors, unimodal inverse limit spaces (UILs) are a first informative, but
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Fig. 1 Unimodal maps: a quadratic map and a tent map

Fig. 2 Lozi and Hénon attractor. The Lozi

certainly not sufficient, step. In fact, all questions asked about UILs in these notes
(and more!) can be asked about Lozi attractors and Hénon attractors.

2 Definitions and Notation

Let N = {1, 2, 3, ...} be the set of natural numbers and Ny = N U {0}. We consider
two families of unimodal maps, the family of quadratic maps Q,: [0, 1] — [0, 1],
with a € [2, 4], defined as Q,(x) = ax(l — x), and the family of tent maps
T;: [0, 1] — [0, 1] with slope =£s, s € [2, 3], defined as T;(x) = min{sx, s(1 — x)}.
Let f be a map from any of these two families. The critical or turning point is
c: = 1/2. Write ¢x: = f*(c). The closed f-invariant interval [c,, ¢;] is called the
core and denoted as l(igl([cz, cl, T).
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Fig. 3 sin xl continuum and the Knaster continuum. The sin % continuum

Fig. 4 Maps with sin % continuum and the Knaster continuum as inverse limit spaces

The inverse limit space l(in ([0, 11, f) is the collection of all backward orbits
(x=C0..,x0,x_1,x0): f(x_i—1) =x_; € [0, c1] foralli € Ny},

equipped with metric d(x, y) = ), 2'|x; — y;|. The map f is called the bond-
ing map of Lln ([0, 11, f). We define the induced or shift homeomorphismon

lim ([0, 1], f) as
o(x):=o07(..,x_2,x_1,%0) = (..., Xx_2,x_1, X0, f(x0)).

Let 7;: 1(&1 ([0, 11, f) = [0, c1], m;(x) = x_; be the i-th projection map.
|

Simple examples of such unimodal inverse limit spaces are the sin - -continuum
and the Knaster continuum (bucket handle) shown in Figs. 3 and 4.

The similarity between a Hénon attractors and the Knaster continuum may suggest
that inverse limit spaces are homeomorphic to Hénon attractors in some generality,

but in fact, the generality is very limited.
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Theorem 2.1 (Barge and Holte [8]) If a is such that O is a periodic for Q,(x) =
| — ax?, then for |b| sufficiently small, then the attractor of H, ; and the inverse limit
space of Q. are homeomorphic.

Barge [6] on the other hand showed that under fairly general assumptions, Hénon
attractors (and homoclinic tangle emerging from a homoclinic bifurcations) are
homeomorphic to unimodal inverse limit spaces, not even if you allow varying bond-
ing maps.

Usually, the whole UIL is decomposable: For the case ¢ < ¢y, it follows from Ben-
nett’s Theorem in [11] that we can decompose l(ir_n([O, 11, Ty) = 1<i£1([cz, ], Ty) U
¢, where 0: = (...,0,0,0) € € is a continuous image of [0, co) (called zero-
composant) which compactifies on lim([cs, ¢1], T5). Inverse limit space of tent map
lim([c,, c1], Ty) obtained from the fo—rward invariant interval [c;, c¢;] is called the
core of the UIL.

2.1 Chainability

Definition 2.2 Let X be a metric space. A chainin X isasetC = {{;...,¢,} of

open subsets of X called links, such that £; N £; # @ if and only if |i — j| < I.
The mesh of a chain C is defined as mesh(C) = max{diam ¢;:i = 1,...,n}. A

space X is chainable if there exists chain covers of X of arbitrarily small mesh.

A corollary of X being chainable is that X contains no triods (homeomorphic
copies of the letter Y) or circles. All unimodal inverse limit spaces are chainable,
and all chainable continua can be embedded in the plane, i.e., there is a continuous
injection #: X — R? (called embedding) such that #(X) and X are homeomorphic.
They also possess the fixed point property: every continuous map f: X — X has
a fixed point.

Definition 2.3 A pointa € X C R? is accessible if there exists an arc A = [x, y] C
R? suchthata = x and A N X = {a}.

Unimodal inverse limit spaces can therefore be embedded in the plane, but in
general, there are many (in fact uncountably non-homotopic) ways to do so. There
are two standard ways that yield an embedding very much like the Lozi attractor (or
Hénon attractor) with b > 0 (orientation reversing, making the composant R of the
fixed point p = (..., r, r,r) accessible, see [17]) and b < O (orientation preserving,
making the zero-composant accessible, see [16]), respectively.

The result of Anusi¢ et al. gives an idea how much variety there is in embeddings.

Theorem 2.4 (Anusié et al. [2]) For every point a € X, there exists an embedding
of X in the plane such that a is accessible.
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2.2 Symbolic Dynamics

‘We can extend the Milnor—Thurston [26] kneading theory to UILs, as done originally
in [16]. The symbolic itinerary of the critical value ¢; € [0, 1] under the action of T
is called the kneading sequence, and we denote itas v = vyvjvz ..., where v; = O if
¢; < candv; = 1if ¢; > c. Analogously, to each x € 1(i£1([0, 1], T'), we can assign

a symbolic sequence T X =... s_1 € {0, (T)’ 1}‘N where
0 mmkx) <c,

S_j = % wi(x) =c, i>0.
1 m&x)>c,

Here, Y means that both 0 and 1 are assigned to x. If ¢ is non-periodic, this can
happen only once, i.e., to every point, we assign at most two symbolic itineraries. If
c is periodic, say of period n, then we need to make a consistent choice, usually such
hat s; . ...s;1, contains an even number of 1s.

For a fixed left-infinite sequence s = ...s_ps_150 € {0, 1}, the subset

A ={xeX: T %)

of X is called a basic arc. It can be shown that A(ST) is the maximal closed arc A
containing x such that wy: A — [ is injective. In [17, Lemma 1], it was observed
that A(()T) is indeed an arc (but it can be degenerated, i.e., a single point).

For every basic arc A(()T), we define

NL(S?) L= {I’L > lisf(nfl) LS = VY. ..anl,#l(vl ...Unfl) Odd},

<«
Nr(x):={n=1lis_gny...501 =viva... V1, #1(vi ... v_1) even}.

and
tL(()T): = sup NL(ST) and rR(gT): = sup NR(T).

We can construct a model of the inverse limit space 1(£n ([0, 11, f) by gluing basic

arcs A(X) to A( ()7) at their left (resp. right) end points if and only if Yand § agree
up to one index, and this index is exactly 7, (= (37) (resp. Tg (%) = rR(()T)).
3 End points and Folding Points

Definition 3.1 A point x in a chainable continuum is called end point if for every
two subcontinua A, B C X, A C B or B C A. We denote the set of end points by £.
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As an example, X = [0, 1] has end points 0 and 1 according to this definition. But
the triod would have four end points (the branch point too!), which speaks against
our intuition. Therefore, we required X to be chainable.

A geometric description of end points (using the notion of crooked graphs is
due to Barge and Martin [5]. Here, we give a symbolic classification of end points,
following [17, Sect.2].

Lemma 3.2 (Bruin [17], Lemmas 2 and 3) If A(Y) € {0, 3N is such that
<~ <~
7.(X), Tr(X) < o0, then

7o(A(K) = [T (0), T* ) (o)),
Without the restriction that rL(Y), Tr( ()7) < 00, we have

sup 7o (A(X)) = inf{c,:n € Nr(¥)},
inf 770(A(S)) = sup{c,:n € N.(5)).

This gives the following symbolic characterization of end points.

Proposition 3.3 Bruin [17, Proposition 2] A point x € X such that 7w;(x) # c
for every i <0 is an end point of X if and only if 7,.(5) = 00 and mo(x) =
inf 770 (A(Y)) or T(X) = 00 and 7o(x) = sup mo(A(K)).

Definition 3.4 A folding point in the core of a unimodal inverse limit is any point
that does not have a neighborhood homeomorphic to a Cantor set of open arcs. We
denote this set by F.

The omega-limit set of a point is defined as the set of adherence points of its
forward orbit:

o) ={y:3n; > 00 T"(x) = y} = NjenUis ;{T/ (x)}.
The following characterization of folding points is due to Raines.
Proposition 3.5 (Theorem 2.2 in [28]) A point x € l(ir_n([cz, c1], T) is afolding point

if and only if w,(x) belongs to w(c) for everyn € N.

Theorem 3.6 The core LiLn([cz, c11, T) contains exactly N end points if and only if
c is periodic of period N.

The core l(iLn([cz, c1l, T) contains exactly N non-end folding points if and only if
c is preperiodic of period N.

Proof This is a special case of the theory developed above (Proposition 3.3) (Fig.5).

Theorem 3.7 If c is not recurrent, then the core l(igl([cz, c1], T) contains no end
points, but folding points do exist.
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|

]

(@) (b)

Fig. 5 Neighborhoods of non-end folding point (a) and an end point (b)

Proof Since w(c) # ¥, there must be folding points, see Proposition 3.5. But there
cannotbe any end points, because every backward itinerary S hasN. (%), N.(5) <
o0, so Proposition 3.3 applies.

The following proposition follows implicitly from the proof of Corollary 2 in [17].
It shows that if ¢ is recurrent, then #(€ N 1<ir_n([cz, c1], T)) = N € Nif and only if ¢
is N-periodic, and otherwise £ N 1<ir_n([cz, c1], T) is uncountable. We prove it here
for completeness.

Proposition 3.8 If orb(c) is infinite and c is recurrent, then the core inverse limit
space X' has uncountably many end points. Moreover, £ has no isolated points and
is dense in F.

Proof Since c is recurrent, for every k € N there exist infinitely many n € N such
thatvi...v, = v ... V_kVi ... V.

Take a sequence (1) jen such that vy ... v,
J € N. Then, the basic arc given by the itinerary

= Vl...Vp,—n,; V1. Uy, fOr every

< .
x:=limv ...y,
j—o0 /

is admissible and ‘L’L(()T) = 00 or rR(ST) = 00. Therefore, A(()T) contains an end
point. Note that, since v is not periodic, < isalsonot periodic, and thus, o (%) # b3
for every k € N.
To determine the cardinality of end points, we claim that for every fixed n € N
there are m, > m; > n such that
VieeeVmy, = V1o VpppVi ooV, V1o Vpy

L = Ve Vy—nV1...Vy,

but v; ..., is not a suffix of v; ... v,,. Indeed, if m, did not exist, then
<« —
X =W V) Ve Dy

would have a periodic tail. Since c is not periodic, no end point can have such a tail.
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We conclude that for every n; there are at least two choices of 7 such that the
corresponding tails < are different and have #N. L( ()T) UN R(Y) = oo. It follows
that there are uncountably many basic arcs containing at least one end point.

To show that £ contains no isolated points and is in fact dense in F, take any
folding point x with two-sided itinerary ...s_,s_;s9.5152 ... Then, for every k €
N, there exists n € N such that s_;...sp = v, ... v,10;. Using the arguments as
above, we can find a basic arc with itinerary <y_ = ...V ... V1V ... Vys0r and
such that 'L’L(()T) = 00 or rR(()7) = 00. So, a’k(<y_) contains an end point with
itinerary ... v, ... Vyik-Vptktl - - - Vntok - - - Since k € N was arbitrary, we conclude
that there is some (in fact, uncountably many) end points arbitrarily close to x.

The following result about comparing end points with folding points is due to [1].
We first need a definition, going back to Blokh and Lyubich [14]

Definition 3.9 The critical point c is reluctantly recurrent if there is ¢ > 0 and
an arbitrary long (but finite!) backward orbit y = (y_p, ..., y—1, Yo) in w(c) such
that the e-neighborhood of y € I has monotone pull-back along y. Otherwise, c is
persistently recurrent.

Theorem 3.10 In an UIL, F = £ if and only if c is persistently recurrent.

4 Composants

Definition 4.1 Let X be a continuum and x € X. The arc-component A(x) of x
is the union of points y such that there is an arc in X connecting x and y. The
composant C(x) of a point x is the union of all proper subcontinua of X.

For example, if X = [0, 1], then A(0) = [0, 1], but C(0) = [0, 1) (it does not
contain 1 because [0, 1] is not a proper subcontinuum of X). Also, A(%) = C(%) =
[0, 1] because [0, 1] = [0, 31U [4, 11.

Two arc-components A and A are asymptotic if there are parametrizations

¢, 9:R— A, A such that lim d(¢(1). ¢(1)) = 0.
— 00

The trivial case when A = A is excluded, but A is self-asymptotic if there is a
parametrization ¢ such that

Jlim d(e(), (=) = 0.

Figure 6 gives the UIL of a tent map with T3(c) = ¢, for which the fixed composant
%R is self-asymptotic. There is a single infinite Wada channel for which the entire
shore is equal to ‘R.

Theorem 4.2 (Barge et al. [9]) Every UIL with periodic critical point has at least
one asymptotic arc-component.



An Overview of Unimodal Inverse Limit Spaces 9

3

( )

Fig. 6 This representation has a single infinite Wada channel

</ —
\/\/\

5-fan 3-cycle two linked 2-fans

Fig. 7 Configurations of asymptotic arc-components

Proof The proof relies on substitution tilings and the fact that these spaces act as
2-to-1 coverings of inverse limit spaces. In fact, if the period is N, then there are at
least N — 1 and at most 2(N — 1) “halves” of arc-components asymptotic to some
other “halves” of an arc-components.

Conjecture 4.3 The upper bound is in fact 2(N — 2). Given any two “halves” of
arc-components H and H', H is asymptotic to or coincides with " (H') for some
n e Z.

Question 4.4 [fc is non-recurrent, then there are no asymptotic arc-components, see
[19], but what is the situation of asymptotic arc-components when c is non-periodic
but recurrent?

In the Knaster continuum, it was shown by Bandt [4] that every two arc-
components without not containing the end point are homeomorphic. More generally,
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De Man [21] showed that every two arc-components inside any two one-dimensional
solenoids are homeomorphic. (A solenoid is the inverse limit space of circles where
the bonding maps are degree n; > 2 covering maps of the circle as bonding maps f;.)

Question 4.5 Given two arc-components without end points, are they homeomor-
phic? In particular, can a self-asymptotic arc-component be homeomorphic to a
non-self-asymptotic arc-component?

In contrast, Fokkink (in his thesis and in [22]) showed that among all matchbox
manifolds (i.e., continua that locally look like Cantor set of open arcs) there are
uncountably many non-homeomorphic arc-components.

Question 4.6 Are two lines with irrational slopes wrapping for ever around the
torus be homeomorphic as spaces?

This question is due to Aarts almost half a century ago, but beyond the fact that
if the slopes 6 and 6’ have continued fraction expansion with the same tail then the
lines are indeed homeomorphic, nothing is known.

Below, we gave a full list (take from [19]) of what configurations asymptotic
arc-components are possible for periodic kneading sequences (Fig.7)

v Type Periodic tail(s) k Case
1 101 1-cycle 1 21
2 1001 3-fan 101 31
3 10001 4-fan 1001 4171
4 10010 3-cycle 101 31711
5 10111 Three 2-fans 101110 3111
6 100001  5-fan 10001 51
7 100010  4-cycle 1001 411
8 100111  Four 2-fans 10010011 4111
9 101110  Two linked 3-fans 10, 1 4 11,1V
10 1000001 6-fan 100001 61
11 1000010 S-cycle 10001 511
12 1000111 Five 2-fans 1000100011 5111
13 1000100 Four 2-fans (Li.p.) 10, 1001 411
14 1001101 Four 2-fans 10011010 4111
15 1001110 Five 2-fans 10010, 10111 511
16 1001011 Five 2-fans 1001011011 5111
17 1011010 5-cycle 10111 511
18 1011111 Five 2-fans 1011111110 SIII
19 10000001 7-fan 1000001 71
20 10000010 6-cycle 100001 611
21 10000111 Six 2-fans 100001110000 6 111
22 10000100 Five 2-fans 10001, 10010 5 11
23 10001101 Five 2-fans 1000110100 5111
24 10001110 Six 2-fans 100010, 100111 6 I1
25 10001011 Six 2-fans 100010110011 6 111
26 10011010 Six 2-fans (Li.p.) 101, 100111 611
27 10011111 Six 2-fans 100111110110 6 I11
28 10011100 Five 2-fans 10010, 10111 5 11
29 10010101 Five 2-fans 1001010111 5111
30 10010110 Six 2-fans (Li.p.) 100,101110 611
31 10110111 Three 3-cycles 101101110 3111
32 10111110 Two linked 4-fans 101110, 1 5111V

(Li.p = linked in pairs.)



An Overview of Unimodal Inverse Limit Spaces 11

5 Ingram Conjecture

In the early 90s, a classification problem that became known as the Ingram Con-
jecture was posed:

If 1 <s <§ <2, then the inverse limit spaces lim([0, 1], 7y) and lim([0, 1], 75) are not
: — <
homeomorphic.

In the “Continua with the Houston problem book™ in 1995 [24, page 257], Ingram
writes

The [...] question was asked of the author by Stu Baldwin at the [...] summer meeting of
the AMS at Orono, Maine, in 1991. ... There is a related question which the author has
considered to be of interest for several years. He posed it at a problem session at the 1992
Spring Topology Conference in Charlotte for the special case (that the critical point has
period) n = 5.

After partial results [7, 12, 18, 25, 29, 31, 33], the Ingram Conjecture was finally
answered in affirmative by Barge et al. in [10]. In addition (Bruin & Stimac [32]).

Proposition 5.1 (Rigidity) If & : l(ir_n([O, 11,T) —> l(ir_n([O, 11, T) is a homeomor-
phism, then it is isotopic o" for some n € Z. In fact, if w(c) = [c1, 2], then
liim(es.e.m) = 0"

However, the proof presented in [10] crucially depends on using the zero-
composant €, so the core version of the Ingram Conjecture still remains open. For
Hénon maps, € plays the role of the unstable manifold of the saddle point outside
the Hénon attractor; it compactifies on the attractor, but it is somewhat unsatisfac-
tory to have to use this (and the embedding in the plane that it presupposes) for the
topological classification. It is not possible to derive the core version directly from
the non-core version, because it is impossible to reconstruct € from the core. This
is for instance illustrated by the work of Minc [27] showing that in general there are
many non-equivalent rays compactifying on the Knaster bucket handle.

Question 5.2 Does the Core Ingram Conjecture hold? And the core rigidity propo-
sition?

Partial results here are by [25, 31] (because their proofs work without the zero-
composant) and [3, 20, 23]. In short, the Core Ingram Conjecture holds if ¢ is
(pre)periodic or non-recurrent or is persistently recurrent with so-called “Fibonacci-
like” combinatorics, but all other cases remain unproved.

Question 5.3 Does the Ingram Conjecture hold in the multimodal setting, e.g., for
cubic maps?
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1 Introduction

This is a paper in the intersection of fractal geometry and dynamical systems. Dynam-
ical systems provide us with beautiful and interesting examples of sets, fractal geom-
etry gives us the language to describe them, and both theories give us tools. Tools to
understand the geometric properties of those sets, tools to understand the dynamical
properties, and most interesting of all—the relations between the two.

This is a paper about tools. Yeah, sure, we will prove some theorem eventu-
ally (in the second part of this paper)—but it is just a pretext. Our real goal is to
describe the process of understanding the geometric behaviour of a dynamical sys-
tem, starting from understanding the simplest possible models (conformal uniformly
hyperbolic iterated function systems with separation properties) and then throwing
out the training wheels, until we get to piecewise affine maps with quite general
symbolic description (not necessarily subshifts of finite type).

And, most of all, this is a survey. While the simple models are in the books (the
classical positions by Falconer [7] and by Mattila [17]), the modern theory of affine
iterated function systems is not in books yet, and neither is Hofbauer’s theory. We
aren’t going to be able to describe all the details, for sure, but we try to at least provide
the main ideas and most useful formulas, and also the literature for further reading.

Fine, let us present the hero of our story.

2 Barnsley’s Skew Product Maps

In order to define a piecewise affine and piecewise expanding skew product map
F on the plane which sends the vertical stripe D := [0, 1] x R into itself, first we
partition the unit interval [0, 1] = | |I, I;.

Then we define F: D — D by

F(x,y) :==Fi(x,y)if (x,y) € D; :==[; X R, (1
where foralli=1,....m
Fi(-xv )’) = (ﬁ(‘x)9 gi(x9 y))v for (-xv y) € Di (2)

and f;: I; — J; C [0, 1] (see Fig. 1) and g;: D; — R and for |;], |y;| > 1 let
i) == vix +vi, gilx,y) = aix + Ay + 1. 3)

Throughout this note we always assume:

Principal assumption The map f: [0, 1] — [0, 1]

fx) :=fi(x), ifx € I; istransitive, 4)
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Fig. 1 f is Markov on the left hand-side and non-Markov on the righ-hand side

that is f has an orbit which is dense in [0, 1]. We call the repeller of F: D — D
(which is the graph of a function) Barnsley repeller and we denote it by A. We
call F Barnsley’s skew product map. Let & = U?il dl; the singularity set and let
G = U2y f 7" (S). It was pointed out by Barnsley that A is the graph of a function
G:[0, 1]\ G&: — R which is defined by

G (x) = z, where {F"(x, z)}22, is bounded. 5

3 The Hausdorff and Box Dimensions

Forad > 1let A C R? be a set of zero Lebesgue measure and let v be a measure
which is singular with respect to the Lebesgue measure £;. Then the size of A and
v can be expressed by their fractal dimensions.

3.1 Fractal Dimensions of Sets

The most common fractal dimensions are the Hausdorff and the box dimensions:

Definition 3.1 (Hausdorff dimension) Let A C R¢ then

o0 o0
dimg A :=inf {o : Ve > 0,3{U;}72,, suchthatA C U U;, Z |U:|* < ey,

i=1 i=1
(6)
where |U;| is the diameter of U.
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Fig. 2 The definition of the t — H(A)
Hausdorff dimension

dimp(A) -t

Equivalently in a more traditional way, we can first define the 7-dimensional Haus-
dorff measure

o0 o0
H'(4) = supinf §| D |E|' LA C | JEi B <8¢, (7)
=0 i=1 i=1

then we write see (Fig.2)
dimy A := inf {r: H'(A) = 0} = sup {r: H'(A) = oo} . (8)

Another very popular notion of fractal dimension is the box dimension:
Definition 3.2 dimg A

LetE C R4 E # @, bounded. N;(E) be the smallest number of sets of diameter
8 which can cover E. Then the lower and upper box dimensions of E:

log Ny (E

dimp (E) = lim inf OfTSg((S), 9)

- log Nj (E

dimi (E) 1= lim sup 22N E). (10)
0 —logé

If the limit exists then we call it the box dimension of £ and we denote it by
dimg (E).

3.2 Hausdorff Dimension of Measures

The Hausdorff dimension of a measure u is the best lower bound on the Hausdorff

dimension of a sets having large © measures. Depending on what “large” means we
define
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Definition 3.3 Let 1 be a Borel measure on R such that 0 < u(R%) < oo.

(a) Lower Hausdorff dimension of w is: dim, () := inf {dimy A: £ (A) > 0},
(b) Upper Hausdorff dimension of w: dim*(u) := inf {dimyg A: u(A¢) = 0}.

(c) The lower and the upper local dimension of the measure w are:

1 B(x,
dim(, x) := lim inf log u(B(x, r))
r—0 log r
and | )
dim (e, x) = lim sup EHEE )
r—0 log r

We say that the measure u is exact dimensional if for p-almost all x lig)l
r

19

Y

(12)

log u(B(x,r))

logr
exists and equals to a constant.
Lemma 3.4 Let u be a measure like in Definition 3.3. Then
dim, u = essinf,~,dim(p, x), dim*p = esssup,., dim(x, x) (13)
4 Self-similar Sets
From now on we workon R?. Letm > 2and Oy, ..., O,, € O(d) orthogonal matrices
andry,...,r, € (0, Dand1t,...,1t, € R Then
S = {S,(x) =1r- Oix =+ ti}:-n:l (14)
is called a self-similar Iterated Function System on R?.
Let B := B(x, R) be a closed ball, where R is large. Then
YVi=1,...,m: S;(B) CB. (15)

Hence the the following is a nested sequence of compact sets:

: U Sil...inB} ,
n=1

i1y

where we use throughout the paper the notation: S;,_;, := S;, o - - - o §;, . The attractor

of our IFS S is

00
A= ﬂ U Sil...inBv

n=1 i1...i,,

which is independent of B as long as B satisfies (15).

(16)
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Fig. 3 The four-corner cantor set C ()
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Fig. 4 The Sierpinski gasket: S312(x) := §3 0 51 0 S2(x) = S3(S1(52(x)))

Example 4.1 (Four Corner Set). Figure 3 shows the first three iterations of a famous
self-similar set, called the Four Corner Cantor set. Here B = [0, 1]? and

1 3 33 3
Si(X,)’)=Z(X,y)+ti, fort; =(0,0), = Z’O sty = 2 = O,Z .

In the general case, we code the points of the attractor by the elements of the symbolic
space:
> ={1,....m". 17)
The natural projection is [T: ¥ — A:

MG := lim S;,.; (0). (18)

On Figs.4 and 5 we indicate how this coding works.
S; are translations of the appropriate homothety-transformatons of the form:

1
Si(x) = Ex + .

The sets {S;(T) }?zl inthe previous examples ar the first cylinders, the sets {S,-y (1) }

3
: ij=1
are the second cylinders an so on.
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Fig. 5 The third approximation of the Sierpinski carpet

In both of the previous examples, the cylinders were not disjoint, but their interiors
were disjoint. This results that the cylinders are well-separated.

Definition 4.2 (SSP, OSC, SOSC). Here, we define three important separation con-
ditions. These will be used in much more general setup then the self-similar IFS.

(a) IfS;(A) NS;(A) = @foralli # j the we say that the Strong Separation Property
(SSP) holds. (Like in the case of the Four Corner Cantor set.)
(b) If there exists a bounded open set V such that

(1) Si(Vv)ycVioralli=1,...,m

(2) Si(V)NS;(V) =0 for all i #j then we say that the Open Set Condition
(OSC) holds like in the case of the Sierpinski gasket and Sierpiriski carpet.
Here V is the interior of the right triangle and the unit square respectively.

(c) If the OSC holds with an open set V satisfying V N A # @, where A is the
attractor, then we say that the Strong Open Set Condition (SOSC) holds.

The OSC and SOSC are equivalent for self-similar (and also for self-conformal) IFS.

Now, we present a heuristic argument in order to guess the Hausdorff dimension
of the attractor A in the case when the cylinders are disjoint (that is when SSP holds):
We will use the following fact: it is immediate from the definition that for any

r > 0 we have:
H(r-A) :=r" - H(A). (19)

Since this is only a heuristic argument we assume that for the appropriate s, (that is
for the s satisfying s = dimyg A) the s-dimensional Hausdorff measure of the attractor
A has positive and finite. Then,

m

H(A) =) H(SiA)
i=1

=Y rH(A).
i=1



22 B. Barany et al.

By the assumption above, we can divide by H*(A). This yields that:

ri=1. (20)

i
1

m

14

Even if S does not satisfy any of the previous assumptions we can define s as the
solution of (20).

Definition 4.3 Let S be a self-similar IFS of the form (14). The similarity dimension
dimg(A) := s where s is the unique solution of (20). Thatis 2?1:1 r! = 1. Sometimes,
we also say that s is the similarity dimension of the attractor.

Clearly,
dimp(A) < dimg(A). 21

“__ %

However “=""does not always hold:
Let A3 be the attractor the S'/3 from (24):

1 1 1
81/3 :S = {g.x, §x+ 1, §x+3}

Then
dimB(A1/3) <09<1= dims(A1/3). (22)

This is so because in this case
513 0§13 = g1 o g1

so there is an exact overlap.

Theorem 4.4 (Hutchinson’s-Moran Theorem [18] and [13]) Let S := {Sy, ..., S}
be a self-similar IF'S on R? with contraction ratios ry, . . ., ry, and similarity dimen-
sion s. We assume that the OSC (Open Set Condition) holds.

then

(a) dimy A = s, even we have
(b) 0 < H*(A) < oo,
(c) H (Si(A) NS;(A)) =0foralli #j.

Theorem 4.5 (Falconer) The Hausdorff- and box-dimensions are the same for any
self-similar set.

The following problem is one of the most interesting open problems in Fractal
Geometry:
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Conjecture 4.6 (Complete Overlap Conjecture) Let s be the similarity dimension
and let A be the attractor of a self-similar IFS S = {S;}!"., on R. Then

dimy(A) < min{d, s} <=3, je T, i#js.t. S5 =S (23)

In R? the conjecture does not hold. The following example was introduced by Keane
et al. [15] and played a very important role in the study of self-similar fractals with
overlapping construction.

Example 4.7 For every A € (i, %) consider the following self-similar set:

00
K}L = Zaiki:ai € {O, 1, 3} .
i=0

Then A, is the attractor of the one-parameter (A) family IFS:

Sti= {8t = h x4} g (24)

To normalize it, we write A, = % A . It was proved by Solomyak [21] that
for Lebesgue almost all A > % (that is when the similarity dimension is greater than
one) we have

dimg A, = 1. 25)

Fix a A slightly greater than 1/3 for which (25) holds and consider the product set

C,. = A, x [0, 1] (see Fig.6). Then for A € (%, \L@)we have

dimH CA =14+

log?2 log6
o8 < mi {2, 8

= min {2, dimg; .
—log A —logk} min (2, dimsin ()}

Since there are uncountably many A like this, and complete overlap can happen only
for countably many A, we get that dimension drop occur in higher dimension not
only when we have complete overlaps.

4.1 Self-similar Measures

Analogously to the self-similar sets, we can define the self-similar measures:

Definition 4.8 Givenanm > 2,8 = {Sy, ..., S} self-similar IFS on R? with con-
traction ratios: ry, ..., r, and we are given a probability vector p = (1, ..., Pm).
Now we define the self-similar measure v = vs , which corresponds to S and p:

vsp = I, (pN) ‘=l o n. (26)
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Then vs j is the unique probability Borel measure satisfying
m
vsp(H) =Y pi-vsp (ST (H)), 27)
k=1
for every Borel set H.
Let v := vg p be the invariant measure for the self-similar IFS on R¢:
S ={Si(x) =ri- Oix + 1;}7 . (28)

Below we give a heuristic argument to show that if the OSC holds then the Hausdorff
dimension of v is equal to the similarity dimension of v, which is defined by:

m
pilogpi
dimgiy v 1= i=1 _ entropy (29
me Lyapunov exponent
> pilogr;

i=1
Lemma 4.9 S and p as above and we assume that the OSC holds. Then
dimH V= dimSim V. (30)

Proof (Heuristic Proof) Let I be a large interval such that S;() C I for all i =
1,...,mand we write [;, ; =S, ;I for the level n cylinder intervals. It follows
from Birkhoft’s Ergodic Theorem that in this case the limit in (11) and (12) exist.
That is, Lemma 3.4 indicates that for a v-typical x = I1(i), i € X:
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logv(Zi, i) aer .. logpi i,

dimH Yy = lim =
n—occ log |l il n—oo logr; . i
. 1 n m
lim ; > logp; > pilogp;
=00 " p=1 LLN =1

= n = P = dimSim v,
s
lim - > logry, > pilogr;
=00 " =1 i=1

where LLN means Law of Large Numbers. Here, we used the notations: p;, ; =
pi o pi, and ryy g, i=rg e

n

4.1.1 Hochman Theorem

Let S = {S;}/L, be a self-similar IFS on R with contraction ratios {r;}{L,. Let A,(S)
be the smallest distance between the left end points of two level n cylinders having
the same length. More formally, A,(S) is the minimum of A(w, T) for distinct
w, T € X, where

- 00 55(0) # 5;(0)
A@,1) = { 1Sw(0) — S¢(0)] S,(0) = S,(0).

Condition 4.10 (HESC) We say that the self-similar IFS S satisfies Hochman’s
exponential separation condition (HESC) if there exists an ¢ > 0 and an n; 1 oo
such that

A > €™ (31)

Hochman proved the following very important assertion in [9, Theorem 1.1].

Theorem 4.11 (Hochman) Assume that S = {S;}i., is a self-similar IFS on R which
satisfies Hochman’s exponential separation condition. Let p = (p1, ..., pn) be an
arbitrary probability vector. Then

dimgy (vS,p) = min {1, dimg;, v}, (32)

Remark 4.12 (Relation to the Compete Overlaps Conjecture) Although Hochman'’s
Theorem does not solve the Compete Overlaps Conjecture (Conjecture 4.6) but it
makes a very significant progress towards it.

e Exact overlap means that A, = 0 for some n.

e If the OSC holds then A,, — 0 exactly exponentially fast.

e A, — 0 at least exponentially fast always holds. Namely: # {|i| = n} = m". On
the other hand: # {r;: |i| = n} is polynomially large (7; was the contraction ration of
;). So, there exist distinct i, j of length n with r; = rj and with with exponentially
small |S;(0) — S;(0)|.
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e However, in case of a dimension drop, that is, if we can find a probability vector
p such that dimy vsp, < min {1, dimg v} then A, — O super exponentially fast.
That is

1
lim ——log A, = oo.
n— 00 n

The following theorem shows that Hochman’s theorem solves the complete overlap
conjecture in some cases:

Theorem 4.13 (Hochman) For an self-similar IF'S on the line with algebraic param-
eters we have either exact overlaps, or no dimension drop: dimy A=min {1, dimg A}.

5 Dimension of the Self-conformal Sets and Measures
When OSC Holds

We can extend a large part of the dimension theory of self-similar sets to the so called
self-conformal ones by using the notion of the topological pressure.

Definition 5.1 (Conformal IFS on the line) Let n > 0 and m > 1. We are given
fis - fm: [0, 1] — [0, 1] satisfying the following conditions:

(@ f eC™0, 1]foralli=1,...,m,
(b) 30 <ci, ¢ < 1suchthat c; < |ff/(x)| < ¢, holds forall i = 1,..., m and all
x € [0, 1].

Then we say that
F={fi,....fm) (33)

is a self-conformal IFS. We can define the attractor, the symbolic space and the
natural projection analogously as we did in (16), (17) and (18), respectively.

A very important property of the self-conformal IFS the following:

Theorem 5.2 (Bounded Distortion Property) Let F be as in Definition 5.1. Then
there exist 0 < c3 < ¢4 such that for all n and for all (iy, ...,i,) € (1,...,m)" and
forall x,y € [0, 1] we have

sensin < e, (34)

------

The proof is available in [19]. Our aim is to calculate the Hausdorff dimension of
the attractor.
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5.1 Hausdorff Dimension of Self-conformal Sets When OSC
Is Assumed

Theorem 5.3 Let F be a conformal IFS on R as in definition 5.1 and we assume
that the OSC holds. Let sy be the root of the pressure formula that is we assume that
(82) holds. Then

Proof First, we prove that dimy A < sp. This is so, since the system of level n cylin-
der intervals Z,, := {fil___,-” ([0, 1) }(il...i Yell..omy? gives a cover of as small diameter as
we want if n is large enough. Moreover, by Lagrange Theorem for suitable x,, € [0, 1]

so ’ S0 1 - !
S =" @) < oo D mw) = cies’

1€, lw|=n |lw|=n

That is H* (A) < oo consequently dimp A < sp.

Now we prove that dimy A > 5. Let  be the Gibbs measure for the potential ¢,
[defined in (78)]. Fix an arbitrary i € X. Then, putting together (77), (82) and (83)
we obtain the following limit exists

n—o0 log |Ii]...i,,| B

That is the local dimension of the measure IT,u is equal to sg at all points of the
attractor A. Hence dimy [T, = so. This implies that dimyg A > .

We say that the measure w in the previous proof is the natural measure for the
IFS F.

5.2 Hausdorff Dimension of an Invariant Measure
and Lyapunov Exponents

Now, we present the Lyapunov exponents for the classes of maps that occur in this
paper.

Ergodic measures for a piecewise monotone map on the interval. Let n be
an ergodic measure for a 7:[0, 1] — [0, 1] piecewise monotonic map. Then, the
Lyapunov exponent x(n) = f log |T'|dn. It follows from Hoffbauer and Raith
[11, Theorem 1] that

h(w)

dimg g = =22 if y () > 0. (36)
x(m)
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6 The Hausdorff Dimension of Self-affine Sets

Definition 6.1 (Self-affine IFS and self-affine measures) We say that
F=ikx) =Aix+1t,.... fux) =Anx + tn} (37)

is a self-affine IFS on R? forad > 2 if A, ..., A,, are contractive non-singular
d x d matrices and ty, ..., t, € R?. The natural projection IT from the symbolic
o={l,....m}" space to the attractor A [which is defined as in (16)] is defined
as in the self-similar case: I1(i) := nll)rgo fi, o -+ of; (0). The attractors of self-affine

IFS are called self-affine sets. The computation of the dimension of the self-affine
sets is much more difficult. Namely, in the self-similar case if the cylinders are
well-separated that is OSC holds (see Definition 4.2) then

(a) The Hausdorff dimension of the attractor is equal to the similarity dimension s,
which can be calculated merely from the contraction ratios (20), regardless the
translations, as long as the cylinders remain well-separated.

(b) The appropriate dimensional Hausdorff measure of the attractor is positive and
finite.

(¢) The Hausdorff and the box dimensions of self-similar sets are the same.

In the self-affine case, we will define the affinity dimension which replaces the
similarity dimension. However, not any of the assertions (a)—(c) hold for all self-affine
sets with disjoint cylinders.

Example 6.2 On the left-hand side Fig.7 we see three copies of the unit square.
Focus on the one which is on the left-hand side. It contains six shaded rectangles
of size % X % Denote their left bottom corners by ¢, ..., s in any particular order.

Then, we define the IFS
6
) x4+ ti} .
i=1

(1,1) (1,1) (1,1)

O W=
wni— O

Fli= {ﬁ(x) = (

1

0.8
0.6
0.4
0.2
00 & 00  t z 00 L 2

Fig. 7 Left: dimy A! = dimp A! = dimag A middle: dimy A™ < dimp A” = dimag A™ right:
dimyg A" < dimg A" < dimag A"
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Let A’ be the attractor of F'. Clearly, the first cylinders of F! are the shaded
rectangles on Figure. We say that F! and A’ are generated by the left hand-
side of the Fig.7. We define F™, A™ and F", A’, respectively, generated by
the rectangles in the middle and right-hand side unit squares on Fig.7. These
self affine sets belongs to the family of Bedford-McMullen carpets (see [7] for
more details). The linear parts are the same in each of the three systems they
differ only in the translation vectors. However, dimy Al = dimg Al = dimag AL,
dimyg A™ < dimg A™ = dimag A™ and dimyg A" < dimg A" < dimag A", where
the affinity dimension dimag plays the same rolle here as the similarity dimension
in the case of self-similar sets and it will be defined in Sect.6.1.

Moreover, if d!, d™ and d” are the Hausdorff dimension of A/, A” and A" respec-
tively, then

0 < HY(AD <00, H™(A™) =HY (A") = 0.

For simplicity, here we explain everything on the plane but the definitions and
discussions in R? for d > 3 are similar (see e.g. [7, Sect.9.4] for the introduction in
higher dimension).

‘We can define the self-affine measures exactly as we defined self-similar measures
in Sect.4.1. That is for a probability vector p = (py, ..., pm) the self-affine measure
corresponding to F and p is

v =g, = ILpY. (38)

6.1 Singular Value Function, Affinity Dimension, Falconer’s
Theorem

Most of the basic concepts of this field were introduced by Falconer [8]. The singular
value function ¢*(A) of a matrix A is defined by

afs (A)s~Ls) 1‘[}3, a;j(A) if 0 < s < rank(A),

S(A) = |
¢’ (A) | det(A)[*/mk() if rank (4) < .

(39)

where «;(A) denotes the ith singular value of A. On the plane, for a non-singular
matrix A this is simply

ar(A), ifs <1;
#'A) = (DS (A), ifl<s<2; (40)
(a1 (A)az(A))2, if s > 2.

Using the singular value function Falconer [8] defined the affinity dimension
dimag A as the root of the subadditive pressure formula
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Py, (dimag A) =0, (41)

m

where the function s — Py, 4, (s) is defined in the Appendix Example B.3. This is

m

the value of the Hausdorff dimension of A in most of the cases.

Theorem 6.3 (Falconer) Fix the d x d non-singular matrices Ay, ..., A, in any
particular ways satisfying 1m_ax Al < 1/2. For every t = (t1, ..., t,) € R we
<i<m

consider the following self-affine IFS on R?: F' := {fi(x) ;= Aix + t; "1, where

the translations t = (ty, ..., t,) are considered as parameters. Then, dimy A =
dimg A = dimag A for Lebesgue almost all choices of (t1, . .., t,,) € R,

7 Ergodic Measures for a Self-affine IFS

Let F be a self-affine IFS as in Definition 6.1. Then for an arbitrary ergodic measure
v on X we have

. 1
xc(V) = xp(Ilyv) 1= nlggo - logax (A, ---A;). (42)

where oy (B) is the k-th singular value of the matrix B.

In high generality, we know only almost all type formulas for the Hausdorff dimen-
sion of IT,v. Namely, we consider the translations t = (¢, .. ., t,,) as parameters (as
in Theorem 6.3) in the self affine IFS of the form (37) and we write F* instead of F,
It instead of IT and l'[iv instead of IT,v. Then [14, Theorem 1.9] gives an analo-
gous assertion to Falconer’s theorem (Theorem 6.3) for self-affine measures instead
of self-affine sets:

Theorem 7.1 (Jordan Pollicott and Simon) Let v be an arbitrary ergodic measure
on ¥ ={1,...,m}". If 1m.aX |Aill < 1/2 then for almost all t (w.r.t. the m-d-

dimensional Lebesgue measure) we have
dimy(ITv) = min {d, D(v)}, (43)

where D(v) is the Lyapunov dimension for the ergodic measure v defined below.

Definition 7.2 Let F be a self-affine IFS as in Definition 6.1. Then, for an arbitrary
ergodic measure v on X

n h(W) + x1(v) +-- -+ (V)

D =k
) —Xir1(v)

, (44)

if k =k(w) =max{i:0 < h(v) + x1(v) +--- 4+ x;(v)} < d. On the other hand, if
0<h()+ x1(v) + -+ xqs(v) then we define
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h(v)
D) :=d - . 45
) )+ xa () )

We call D(v) the Lyapunov dimension of the measure v.

Example 7.3 In this paper, we mostly work on the plane (d = 2). In this case

h(v) . .
)] it h(v) < [x1(v);

D) = { 1+ 20l if |, (0)] < h() < O+ a0 (46)

e b 1 )]+ M) < h).

Recently, there have been a number of very significant achievements on this
field. Here, we mention only one of them. Bardany, Hocthman and Rapaport [1,
Theorem 1.2] computed the Hausdorff dimension of self-affine measures under some
mild conditions. They obtained this by combining the entropy growth theorem by
Hochman [9] with the method of Bardny and Kidenméki [2] about the dimension
of the projections of self-affine measures, that they got by an application of the
Furstenberg measures.

7.1 Self-affine Measures

Definition 7.4 Let F := {f;(x) := A;x + 1;}i~, be a self-affine IFS on R? and let p
be a probability vector. Then, the corresponding self-affine measure can be defined
exactly as we defined the self-similar measures. That is

v=vr, =1l (pN) s 47

In their very recent seminal paper Barany, Hochman and Rapaport [1, Theorems 1.1
and 1.2] proved the following

Theorem 7.5 (Bérany, Hochman and Rapaport) Let F := {fi(x) := Aix + t;}7-, be
a self-affine IFS on R? which satisfies both of the following conditions:

(a) the strong open set condition (see Definition 4.2) and

(b) The normalized linear parts {A;/~/]detA;] }lmz1 generate a non-compact and
totally irreducible subgroup of GL,(R?) (that is they do not preserve any finite
union of non-trivial linear spaces,)

Then for an arbitrary probability vector, p we have
dimy vy, = D(vrp) and dimg A = dimg A = dimag A, 48)

where A is the attractor of F and we remind the reader that the affinity dimension
dimag was defined in (41).
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This theorem does not cover the case of those self affine IFS for which all of the
mappings have lower triangular linear parts. However, the same authors proved in
[1, Proposition 6.6]

Theorem 7.6 (Barany, Hochman and Rapaport) Let F := {fi(x) := Aix + t;}7-, be
a self-affine IFS on R? which satisfies both of the following conditions:
(c) The linear parts of all of the mapping of F are lower triangular:
a; 0 .
A= <bi o fori=1,...,mand
(d) a; <ciforalli=1,...,m.

Then, for an arbitrary probability vector p we have
dimH VFp = D(v]:,p) and dlmH A= dlmB A= dimAff A, (49)

where A is the attractor of F.

8 Ergodic Measures for Barnsley’s Skew Product Maps

We use the notation of Sect.2. Let i be an ergodic measure for the Barnsley’s skew
product map F, which was defined in Sect.2. The two Lyapunov exponents yx;(u)
and x,(u) of F are

m

Xx(p) = flog 1 Dprojef 1A (x) = Z“(Ii x R)log y; and
i=1

Xy () = /log 1928l de(x) = Dl x R) log s,

i=1

where proj(x) is the orthogonal projection of an x € D to the x-axis and 9, means
the derivative with respect to the second coordinate.

Remark 8.1 If 0 < x,(u) < xy(u) then

u = h(u)
xc(1)’

Namely, the upper bound is trivial, and the lower bound follows from the fact
that proj,u is f-invariant and ergodic and the result of Hofbauer and Raith [11,
Theorem 1] [see (36)]. That is why we can restrict ourselves to the case when

m m

X1 = () = Yy x R)logyi > xa(w) 1= xy(w) = Y_ (i x R)loga; > 0.

i=1 i=1
(50)
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In this case, the best guess for the dimension of the u is the so-called Lyapunov
dimension to be defined below.

Definition 8.2 Let 1 € Er(A) satisfying x.(u) > xy(n) > 0. We define the Lya-
punov dimension

h(v : .
X,\‘(V)’ ]fh(v) S Xy(V) ’

D):={1+ h<”h)>(—+v))<"> if x, (V) < h(V) < (V) + x,(V); 51)
2 Wv;)a(v)’ if x.(v) + x,(v) < h(v).

9 Hofbauer’s Pressure

In the previous sections (and in the appendix), we presented the dimension theory
for the self-affine iterated function systems. However, the principal distinction of the
Barnsley’s maps from the iterated function systems lies in the fact that the symbolic
space for the Barnsley’s skew product map is not a full shift. In this section, we will
present the most general version of thermodynamical formalism theory, developed
in a series of papers by Franz Hofbauer with his co-authors. This theory is not
completely general, it assumes the system comes form piecewise monotone maps of
the interval, but this assumption is satisfied in our situation.

Let us remind the notations. Our base map f: [0, 1] — [0, 1] is piecewise mono-
tone: we can divide the interval [0, 1] into finitely many closed intervals with disjoint
interiors [0, 1] = U'l" I;. We denote by G the set of endpoints of intervals /;. We
assume that f|;o is continuous and monotone (strictly increasing or strictly decreas-
ing) on I7. We define f; as the extension of f|;» by continuity to the endpoints of
I;.

In order that the symbolic expansion of the system (to be defined below) is com-
pact, we need to take a formal modification of the maps. We would like to consider
f; as the restriction of f to I;. Naturally, such a definition can in general lead to the
map being doubly defined on some points in S, but this set is countable. Formally
speaking, if for a point x € & the left and right limits of f disagree then we define
f(x2) =1lim, » f(z) and f (x;) = lim\ . f (z). We then proceed to inductively dou-
ble all the preimages of x. For a pointy € f ~'(x), y ¢ & we define: if f is increasing
atythen f(y—) = x_ and f (y4) = x, otherwise f (y—) = x, and f (y+) = x_. And
for a point y € f~'(x),y € &: if lim_ ~, f (z) = x and f is increasing in (y — ¢, y)
then f(y_) = x_, if it is decreasing then f (y_) = x4, if lim,\, f(z) = x and f is
increasing in (y, y + ¢) then f (y4) = x, if it is decreasing then f (y;) = x_. We set
the natural topology: at each doubled point x lim; -, z = x_, lim,\ , 2 = x;. We also
redefine the partition intervals: if I; = [x, y] and one or both of the endpoints are
doubled then we set I; = [x4, y_].

Observe that the resulting set is not an interval anymore, but a Cantor set - but
with a natural projection onto the interval, which is 2-1 on a countable set and 1-1
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elsewhere. The well-known special case of this construction: consider the interval
[0, 1] with the map f (x) = 2x(mod1) and divide each dyadic point into two. That
is, 1/2 = 0.10000..., = 0.01111...,, we formally define (1/2)_ = 0.01111..., and
(1/2)4+ = 0.10000..., — and the same for all the other dyadic points. The result is a
full shift on two symbols, which is conjugate (modulo a countable set) to the original
map.

Note that for the piecewise monotone map the minimal possible partition is given
by the intervals of monotonicity of f, but we can freely subdivide the intervals I;
further, and the resulting maps will also belong to considered class. In particular, we
can freely demand that for any given continuous potential ¢: [0, 1] — R its variation
sup ¢ — inf ¢ is arbitrarily small on each I;.

Let A be a compact, f-invariant, f-transitive set. For the rest of the section, our
dynamical system will be the restriction of f* to A.

Let > C {1, ..., m}" be the symbolic system of our dynamics, defined as the set
of sequences w € {1, ..., m}Y such that there exists x € A such thatforn =0, 1, ...
f'x) €l,,.

One can check that & is a subshift, that is a o-invariant and closed subset of
{1,....f N, The sequence w will be called symbolic expansion of x, x will be called
representation of w. We will write x = w(w). We will assume the partition {/;} is
generating, that is each w € T has unique representation. This always holds if f is
expanding.

For any finite word t”" € {1, ..., m}" denote by C[t"] the set of points x € A such
that 7 ~! (x) begins with 7. This set will be called n-th level cylinder. The set of n-th
level cylinders will be denoted D,,. For x € A, let C,,(x) be the n-th level cylinder con-
taining x. Denote d,,(x) = diamC,,(x) and ¢,(x) = sup{e(y) — ¢(2);y,z € C,(x)}.
We have

lim d,(x) = lim ¢,(x) = 0.
n— o0 n—oo

Definition 9.1 We say that A is Markov if there exists such partition {/;} and such

n that for every n-th level cylinder C[t"] its image T (C[t"]) is a union of n-th

level cylinders. Equivalently, A is Markov if for some partition {/;} the subshift

Tisa subshift of finite type, that is, a subshift defined as all the infinite words

w € {1, ..., m}N that do not contain any word from some finite list of finite words.

9.1 Pressure and Markov Sets

Let ¢: [0, 1] — R be a piecewise continuous potential, with the set of discontinuities
contained in &. For the Markov systems we can define the pressure in the usual way:
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1
P, ¢) = lim —log Z exp( sup S,p(x)), (52)
n—00 n ClarleD, xeClw"]

compare (76). For the non-Markov systems the right hand side of this equation is
still well-defined, but is considered too large for applications in dimension theory.
Let us give a short explanation.

In the year 1973 Bowen [3] gave the following definition of topological entropy:
given a continuous map f: X — X, where X is any f-invariant set (not necessarily
compact), let X, be the n-th level cylinders, then

—i - —sn(E;) _
hop(f . X) = inf(s: inf D e =0},

where the sum is taken over covers of X with cylinders and for a cylinder E n(E)
denotes its level. Geometrically, the Bowen’s definition of topological entropy is
similar to the Hausdorff dimension as the usual definition (67) is similar to the box
counting dimension—or more precisely, the Bowen’s definition is the Hausdorff
dimension and (67) is the box counting dimension, both calculated in a special
metric (so-called dynamical metric). Still, Bowen proved that for compact X the two
definitions are equal, while for noncompact the Bowen’s definition gives in general a
smaller number. For example, for a countable set X the Bowen’s entropy is always 0.

Our set A is compact, so there is no disagreement about what A (f, A) is. How-
ever, even though the pressure is heuristically a very similar object to the topological
entropy (in both cases we are just counting how many trajectories the system has,
except in the case of pressure we count the trajectories with some weights, given by
the potential), there is no analogue of Bowen’s theorem. Thus, we can always define
the pressure by formula (52), but it is only an upper bound for the correct formula —
which we do not know.

Except for the Markov systems. For a Markov system each n-th level cylinder is
large, in the sense that there exists § > 0 such that for every C[w"] € D, we have

diamf” (C[&"]) > 6.

It is not necessarily so for non-Markov systems: some n-th level cylinders might
be very tiny (they will be not only n-th level cylinders but alson + 1, ..., n + £-th
level cylinders, for some possibly large £). As the result, the sum on the right hand
side of (52) overstates their importance (counting them as n-th level cylinders, while
they would be counted as n 4 £-th level cylinders by Bowen). Thus, Franz Hofbauer
in [10] gave a better definition of pressure:

PA,9) = sup P(B,9¢), (53)
BCA,BMarkov
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where P (B, ¢) is given by (52). For Markov A (53) gives the same value as (52). We
note that it is still an open question whether the formula (53) can be strictly smaller
than (52) for non-Markov A.

9.2 Conformal Measure and Small Cylinders

We finish the section with two more important results of Franz Hofbauer. The first of
them was obtained together with Mariusz Urbariski [12]. We will call a probabilistic
measure p defined on A conformal for the potential ¢ if for every n and for every
Clw"] € D,, we have

w(TClo"]) = / "0y,
Clw"]
As the partition is generating, this formula can be iterated:
w(T"Clo"]) = / enP(A.w)—Snde'
Clw"]

Theorem 9.2 (Hofbauer, Urbanski) Let A be topologically transitive, compact, T -
invariant set of positive entropy. Then, for every piecewise continuous potential ¢
there exists a nonatomic conformal measure |L(A, @) with support A.

The second result of Hofbauer, from [10], provides a way of estimating the set of
points x € A such that for every n the cylinder C,(x) is not large. Denote

Ny(A, n) = {x € A; lim sup u(T" C,,(x)) < p}.

n—o0

Denote also by D(«) the set of points x € A with Lyapunov exponent . We remind
that ¢ (x) denotes the variation of potential ¢ in first level cylinder containing x.

Lemma 9.3 (Hofbauer) For every o > sup, (log |[F']);(x),

lim dimy (N, N D(@) = 0.
p—

We note that sup, (log |F’|); (x) can be arbitrarily decreased by considering sub-
partitions of {/;}.
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10 The Dimension of Barnsley’s Repellers

First, we recall the basic definitions.

10.1 The Basic Definitions

First, we recall the definition of Barnsley’s skew product maps: Given {/;}/_, which
is a partition of [0, 1]. Let D; :=I; x R. For (x,y) € D; we defined F;(x,y) :=
(fi(x), gi(x,y)), where f;: I, — J; C [0, 1] onto, and

[ i=yx+v, gx,y)=ax+ry+t, Al |yl >1, ti,vieR. 54

Also recall that we define f(x) := fi(x) if x € I;. The set of admissible words is
defined as

X :=cl{(i.i,...) € £:3x € I such that Vn > 0, f"(x) € I/}, (55)
where cl(A) is the closure of the setA C X :={1, ..., m}N in the usual topology on
.

Definition 10.1 We say that f is Markov if f (I;) is equal to a finite union of elements
in {[;}2, foreveryi=1,...,m.

10.2 Diagonal and Essentially Non-diagonal System

Since, the maps F; are affine the derivatives DF; are constant lower triangular matrices

(v O
rm (1)

However, it is very important if the derivative matrices are diagonal or essentially
non diagonal along the dynamics since the proofs that work for the essentially non-
diagonal case do not work for the diagonal ones and we need different assumptions
in these different cases.

Definition 10.2 We say that

(a) F is diagonal if all the matrices DF; are diagonal.
(b) F is essentially diagonal if the system of matrices {DF;}?", simultaneously
diagonizable. This holds if



38 B. Barany et al.

i — A i = Aj -
Vi NN e, m). (56)

ai 4

(c) F is essentially non-diagonal along the dynamics if there are admissible words
, T, € X and another word n such that wnt € X such that

(1) both f,, and f; have fixed points
(2) {DF,, DF.} are not simultaneously diagonizable. That is for

[ Ve 0 4 0
DF, = (aw )»w) and DF, = (at A-r)

Yo — Mo ) Vr_)tr'

Ay dar

we have

The reason for this restrictive definition in (c) is that during the proof we approxi-
mate by Markov sub-systems and we need to guarantee that even the approximating
Markov sub-system remains essentially non-diagonal.

10.3 Markov Pressure and Hofbauer Pressure

Using the notation of (3), we introduce potential:

s —slog |\l if0<s<l,
w(X)Z{ g (57)

—(og A + (s — Dloglyl) ifl <s<2.

Definition 10.3 [P(s, B)] Let s > 0 and B C [0, 1] be a Markov subset. Recall that
in (52) we defined the pressure P(B, ¢) for Markov subset B C [0, 1] and potential
¢. Using this definition we can define

P(s,B) := P(B, ¢°). (58)

The following lemma helps to get better understanding:
Lemma 10.4 Assume that B C [0, 1] is Markov of type-1 set. That is for every
i,jel{l,...,m}either [lNB Cf(I;NB)or (;NB)Nf(; NB) =@. Then

(/2 - (/)™ f;NB S fUL;NB)

() _
A; j = .
0 otherwise.

Then P(s, B) = log p(A®), where p(A) denotes the spectral radius of A.
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We remark that every subshifts of type-n can be corresponded to a type-1 subshift
by defining a new alphabet, and subdividing the monotonicity intervals into smaller
intervals.

Definition 10.5 [P, (s), Puor(s)] Now we define the functions s — Pya(s) and
s > Ppor(s) as follows:

(a) Iff is Markov then we write Py (s) := P(s, [0, 1])

(b) If f is none Markov then we write

Pros(s) := sup P(s, B). 59)

Bc|[0,1], B Markov

10.4 The Main Results

Theorem 10.6 Suppose that

(a) F is essentially diagonal,
(b) yi > Ajforeveryi=1,...,m,
(c) The self-similar IFS {glfl(y) = ‘A;”}?il satisfies HESC (see Condition 4.10)

then

dimy A =dimp A = sup D(u) = s,
MEMsrg(A)

where sy is the unique number such that

e Purar(So) = 0 iff is Markov, otherwise
L4 PHof(SO) =0

Theorem 10.7 Assume that F is essentially non-diagonal and f is a topologically
transitive. If y; > A; foreveryi =1, ..., m then

dimy A =dimp A = sup D(u) = so,
MEMsrg(A)

where sy is the unique number such that

e Purar(so) = 0 iff is Markov, otherwise
® Puor(so) = 0.
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Appendix 1. Thermodynamical Formalism

First we introduce the subshift of finite type.

1.1 Subshift of Finite Type

Let £ = {1, ..., m}" be endowed with the usual topology, which generated by the
distance dist(i, j) := m~"I where

linjl = max {n:V|€| < n, iy =je}.

For some k < r we write [il;, ={j € X : iy =j,, YL € {k,...,r}} for the (k, 1)
cylinder sets. If k = 1 then we write simply [i],. Similarly,

[iy, ..., ={je Ziir =jx,Vk=1,...,n}.
For ani € X we write
i, =@G,....ip)ed,....m)"=:X,. (60)

Definition A.1 (subshift of finite type) Given an m x m matrix A of 0’s and 1’s.
Let 4 :={i € 2:A;,;,, =1, Vk € N} and let o be the left shift on £,. That is
O'(il, iz, i3 . ) = (iz, i3. .. ) for every (i(), il, iz, .. ) € EA. Clearly, G(EA) = EA
and o |y, is a homeomorphism on 4. Sometimes we call o |5, topological Markov
chain.

We always assume that for every k € {1, ..., m} there exist some i € X4 such
that iy = k. From now on we call

e (X, o) a full shift and
e (X4, 0) as subshift of finite type.

Also for the rest of this Section we assume that A is an m x m primitive matrix.

EA,n = {i:(il,...,in):[il,...,in]ﬂZA 7&@}

1.2  Ergodic Measures

Given a measurable self-map 7' of a measurable space (X, B). Thatis T: X — X
and T~'B € B for every B € B. We write
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e M(X) for the set of Borel probability measures on (X, B),
e M7 (X) for the set of invariant measures. That is

Mr(X) = {n € MX):u(A) = w(T™'A), YA € B,
e &7(X) for the ergodic measures. That is
Er(X) = {M € M7r(X):A=T"'A= either u(A) =0, or u(A) = 1}.

We frequently use Birkhoff’s Ergodic Theorem.

Theorem A.2 [Birkhoft’s Ergodic Theorem] Let u € E7(X) and let f € L'(X, ).
Then for ji-almost all x € X the ergodic averages converge both in L' and pointwise:

n—1

1
Jim =37 F () = f Fdne). (61)
k=0

1.3 Entropy

One of the basic concepts of the thermodynamical formalism is the entropy. There
is measure theoretical and topological entropy. Here, we just present the definitions
and a basic property. For further reading we recommend [4, 22] and a very detailed
introduction is given in [20].

1.3.1 Measure Theoretical Entropy on (24, o) for an Ergodic Measure

First, we define the measure theoretical entropy on X4 for an ergodic (with respect
to the left shift o) measure. (We always assume that A is a primitive matrix.)

Definition A.3 [Entropy (measure theoretical)] Let (v be an ergodic measure on
Y 4. We can define the entropy of u as

.1
h(py = lim —~ Z n([@]) log pu([@]). (62)

WEX, ,

Theorem A.4 [Shannon Breiman McMillian Theorem] Let u € E,(X). Then for
w-almost all i € ¥4 we have

.1 .
Jlim . log puliln] = h(w). (63)

For the proof see [4].
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Example A.5 (a) Bernoulli shift. Given a probability vector p := (p1, ..., Pm),

(b)

(©)

where p; and Y p; = 1. Then, we say the  := p" is the Bernoulli measure
i=1
corresponding to p. It is easy to see that

m

h(p) = =Y pilogp. (64)
i=1

Markov Shift Given a stochastic matrix P = (p; ;) 1<ij<m. That is Z;":, pij =1,
pij = 0. We assume that P is primitive (it was enough to assume less). Then
by Perron Frobenius Theorem, there exists a left eigenvector p = (p1, ..., Pm)
which is a probability vector, such that p” - P = p”, (p is considered as a column
vector). We define the Markov measure ;v on ¥ corresponding to (p, P) by
w(®]) := pw, - Po.w, - *Pony 00> wherew € X, and w = (w1, ..., w,). Then,

h(w) ==Y pipijlogpi, (65)

ij=1

Parry measure LetA = (a; j)1'; ;<,, be an primitive matrix (to assume irreducib-
lity was enough again) whose entries belong to {0, 1}. Then, we define the canon-
ical Markov measure as follows: Let A be the largest (Perron-Frobenius) eigen-
value. Letu := (uy, ..., uy,)andv := (vy, ..., v,) bethe left and right (positive)
eigenvectors satisfying > i, u; = 1 and Y .-, u;v; = 1 (see [22, p. 16]). Then
we define
aijvj
pi=uviand p;;:= (66)
)\.V,'

Let u be the Markov measure corresponding to (p, P). Then, the unique measure
on X4 with maximal entropy is ¢ and h(u) = log A.

1.3.2 Topological Entropy on Compact Metric Spaces for Continuous

Mappings

Now, we give the definition of the topological entropy in a more general setup (see
e.g. [5, pp. 165-170]).

Definition A.6 (Topological entropy) Given a homeomorphism 7 of the compact
metric space (X, d). For ¢ > 0 we say the orbits of length n

X, T()C), e, T”fl(x) al’ldy, T(y), o Tn—l(y)

are the same with e-precision if

d(T'(x), T'(y) <e, Vi=0,...,n—1.
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Fix an ¢ > 0 and an n € N. Let 5,(x, ¢) be the maximal number of n-orbits which
are different with e-precision. Then, we define the topological pressure of T by

1
heop(T) = !1_1)13) lim sup - log s, (&) ©67)

n—00o

We remark that this is not the most common way to define the topological entropy.

Theorem A.7 Let T: X — X be a contivous map of a compact metric space. then
heop(T) = sup {hr (u): p is an invariant measure for T}.

We defined the measure theoretical entropy only on subshift of finite type. The
definition in the general case is similar see, e.g., [4] and [22]. Before we give some
examples we need the following definition that will also be used later.

Definition A.8 Let 7:1 — I, where I C R is an interval.

e We say that T is a piecewise monotone map if there is a finite partition of / such
that on every class of this partition the map 7' is monotone.

e Let T be a piecewise monotone map. The the lap number ¢(7T') is the number of
maximal monotonicity intervals of 7.

Example A.9 (a) For a subshift of finite type (X4, o) the topological entropy of o
is log A, where A is the largest eigenvalue of the primitive 0, 1 matrix A.

(b) Here we use the notation of Example A.9. It follows from a theorem of Misi-
urewicz and Szlenk that for a piecewise monotone map 7, we have

1
WT) = lim —loge(T"), (68)
n—oo n
where 7" is the n-fold composition of T'. In particular, h(T) < £(T). Moreover,

if T is piecewise affine and its the slope of s at every point (except the turning
points) then A(T) = max {0, log s}. (see [5] for the proofs.).

1.4 Lyapunov Exponent

To define the Lyapunov exponents, we need Oseledec Theorem. The following ver-
sion of Oseledec Theorem is from Krengel’s book [16, pp. 42—47] where the proof
is also presented. Given a finite measure space (€2, 4, n) and 7: 2 — 2 measure
preserving. Further, M denotes the set of  x r matrices. Put

P,(A, 0) :=AE"'w) - A(Tw)A(w).
Theorem A.10 [Oseledec] Legyen A: Q2 — M be measurable and we assume that

log® [AM) | € Li(w). (69)

Then, there exists an invariant Q' C Q which has full p-measure such that
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lim (P*(A, ) - Py(A, @) =: A(w)
n—oo

exists and N\ is a symmetric positive semidefinite matrix.
2. Let exp(Ai(@)) > - -- > exp(ry(w)) are the different eigenvalues of A and let
E, be the eigenspace of A which belongs to exp A, (). Then for

Hy(0) = E(0) PE (@) P PEiv(

we have

1

lim —log||Py(A, 0)V|| = Ast1-v(@), VYV EH, (@) \Hy—1(w), (70)

n—-oo n
where Hy(w) = .

3. o+ dimE,(w) and w — A,(w) are t-invariant maps and we call dimE, (w)
the multiplicity of A;(w).

Definition A.11 (Lyapunov exponenets) Let 1 be an ergodic measure. Then it fol-
lows from (3) that for all i =1,...,s and for p-almost all w € Q, A;(w) and
dimFE, (w) are constants that we call A; and d;, respectively, for 1,...,s. We par-
tition the index set

Moo= T To=ldi+ - +dg+ 1 di+ -+ dicy +di}
k=1

(71)
Then, we define the Lyapunov exponents x; > x, > --- > x, as follows:
X1 == Xdy > Xdi+1 = *** = Xdi+dy = Xdi+do+1 = " * = Xdy+dr+d5 > """
=M =Ay =3
= Xditotdsa+l = 00 = Xditotdyatdsy = Xditotdso 1 = 000 = Xditeetdso +ds -
=As—1 =As
(72)

1.5 Topological Pressure and Gibbs Measure

In this section, we always assume that A is a primitive m x m matrix and we con-
sider the topological Markov chain (or subshift of finite type ) (o, X4) as defined in
Definition A.1

Definition A.12 (Holder continuity) We say that a function ¢: ¥4 — R is Holder
continuous if there exists b > 0 and @ € (0, 1) such that
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vargg = sup {lp(@) — ()| : i Al > k} < bat. (73)

The set of Holder continuous functions on ¥, is denoted by F,. For a ¢ € Fy
andw = (wq,...,w,) €{1,...,m}"

n—1
Su$ @) := sup {Zwo‘j):j € [wln EA} : (74)
=0

First observe that for any ¢ € F, satisfying (73): and for any j, j’ € [@], where

o= (w,...,w,) € Ly, we have

b
G- qu(aﬁ) < (75)

holds for all n and w € X4 ,. This yields that the topological pressure of the potential
¢ for the topological Markov shift (X4, o) is

e Su (i)
P$) = lim ~log Z e (76)

iEZAy,,

does not depend on which j € [i] is chosen. Let M, (£4) denote the o -invariant prob-
ability measures on X4. The so-called Gibbs measure together with the topological
pressure play central role in dimension theory:

Theorem A.13 [The Existence of Gibbs Measure Theorem] Suppose that

e A is primitive and

.¢€JTA.

Then there exists a unique L € M, (X4) for which Acy, c; > 0 such that forVi € ¥4
and Ve:
w([i]y)

= o0 (CP@) 1500 -

(77)

where recall that we defined [il, = {j € La : ix = ji, Yk € {1, ..., €}}. It can be
proved that | is mixing, consequently ergodic.

We say that u is the Gibbs measure for the potential ¢. For the proof see [4].

1.6 The Root of the Pressure Formula

Let F be a conformal IFS on R as in definition 5.1 and we assume that the SSP holds.
That is f;([0, 1)) N f;([0, 1]) =@ foralli # j. Let ¢, : ¥ — R be



46 B. Barany et al.
$,(0) := log | (GD)". (78)

Then for every i € ¥ and n we have
b5 (0" D) + -+ + ¢y(0D) + (i) = log|f; ; (T(a"D))I’. (79)

Using this and the Bounded Distortion Property, we obtain that for every n and for
everyw € X, :={1,...,m}"

sloger < [Sugs(@) —loglf; ; (TM(a"D)I’| < slogcs. (80)
Hence we get
. 1 /! )
P(s) := P(¢s) = lim —log Y If/ , (O)', (81)
n—-oo n oln

It is easy to see that the function s — P(¢;) is positive at zero, negative at 1, con-
tinuous and strictly decreasing. So it has a unique zero in (0, 1). Let us denote this
unique zero by sg. That is

P(sp) = 0. (82)

This is the reason that we say that sy is the root of the pressure formula.
Let  be the Gibbs measure for the potential ¢g,. Then for every n, w € %, and
x € (0, 1) we have

< C2C4. (83)

Appendix 2. Subadditive Pressure

Falconer introduced subadditive pressure in [8] and in a more explicit form in [6,
Sect. 3].

Definition B.1 (Subadditive pressure) Assume thaty,,: ¥4 — R,n=1,2, ... sat-
isfy the following three conditions:

@) Yurm@) < Yu@) + Ym(o™), n,m e N
(b) There exists an a > 0 such that H%(i)| <a,forallie ¥4,neN
(c) There exists an a > 0 such that |¢,,(i) — ¥,,(j)| < bforalln € Nandi, j€ X4.

Foe every w € ¥4 , we fix an arbitrary i, € [@]. Then the subadditive pressure asso-
ciated to {y,} is

1 IR .
P((yn)) = lim —log Y exp (Yulia)) = inf ~log »  exp(¥u(i). (84)

weXy e,
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The the second equality is verified in [6, Sect.3] is a slightly different setup. The
connection to the additive pressure is that

1 1
P(yh) = lim =P (0", ww) =inf =P (o, Yv), (85)

where P (O’N , wN) is the additive pressure (defined in (76)) for the potential 1/ on
the topological Markov shift (24, o™).
Most commonly we use this in the following special case:

n—1

Example B.2 1In the case of the additive pressure ¥, (i) = ) ;_,f (c"i) for a con-
tinuous function f: X4 — R.

Example B.3 Given contracting non-singular d x d matricesAy, ..., A, (the linear
part of a self-affine IFS of the form 37). Then for every s > 0 we define

Yo Za = R, yi() i=log@*(A; -+ A;) and P(s) := Py, .4, (s) == P ({¥}}).

(36)
where ¢ is the singular value function defined in (40). Itis immediate that the function
s > Py, . a,(s) is strictly decreasing, continuous, positive at zero and negative at any
s which is large enough. So, it has a unique zero s,,. 4, > 0. That is

Py, ..a4,(54,.4,) =0. 87)
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1 The Weierstrass and Takagi Functions

The study of the geometric properties of the graphs of real functions goes back to
the nineteenth century. Karl Weierstrass introduced in 1872 a function, which is
continuous but nowhere differentiable. That was one of the first examples of such
functions and for nowadays, became a famous example:

Wap(x) = Z a’ cosRnb"x), (D
n=0

where b > 1 and 1/b < a < 1. In fact, Weierstrass proved the non-differentiability
for some values of parameters, and the proof for all parameters was given by Hardy
[14] in 1916.

Takagi [25] published his simple example of a continuous but nowhere differen-
tiable function in 1901,

T(x) =Y 27"y(2"), )

n=0

where 1 (x) = dist(x, Z). Unlike for the Weierstrass function, it is easy to show that
T has at no point a finite derivative, which proof is due to Billingsley [10]. For further
properties and historical background of the functions above, see the survey papers
of Allaart and Kawamura [1] and Bararski [2].

Later, starting from the work of Besicovitch and Ursell [9], the graphs of W, ;
and related functions were studied from a geometric point of view as fractal curves
in the plane. In general, let

Gup(x) =Y _a"p(b'x) 3)
n=0

forx e R,where b e N, 1/b < o < 1 and ¢: R — R is a non-constant Z-periodic
Lipschitz continuous piecewise C! function. Kaplan et al. [17] proved that a function
of the form (3) is either piecewise C' smooth or the box dimension of the graph is

equal to

1
D=2+ ogo

logh’ @

This fact is related to the Holder continuity of the function G, ;. In fact, if the function
g: [0, 1] — R is Holder continuous with exponent « then

dimg{(x,g(x)) :x€[0,1]} <2 — .

For instance, the case of smoothness of G, ;, happens if ¢ (x) = ah(bx) — h(x) for
some smooth function A.
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The problem of determining the value of the Hausdorff dimension turned out to
be much more complicated. Mandelbrot formulated the conjecture in 1977 [20] that
the Hausdorff dimension of the graph of W, ;, equals to D, but this has been solved
only recently.

Ledrappier [19] gave a sufficient condition in order to determine the Haus-
dorff dimension of the graph. In details, let £ = {§;,i = 1,2, ...} be a sequence
of independent Bernoulli variables with values_O, ..., b — 1 and with probabilities
P(; = k) = 1/b. If the distribution of the random variable

Sl ";:2 En) (5)

= X
Yo(€) =) (be) ™"/ <7+—n+ 2
N ; bbb b

has dimension 1 for Lebesgue almost every x then
dimp {(x, Gop(x)) : x € [0, 1]} = D.

This condition relies on the so-called Ledrappier-Young formula.

Although for the first sight this condition may seem very restrictive, it turned out
that it is widely applicable. In the case of Weierstrass functions (1), Baranski et al.
[3] showed that for every b > 2 integers there exists o, € [1/b, 1) such that for every
o € (ap, 1),

dimpg {(x, Wy, (x)) : x € [0, 1]} = D.

Recently, Shen [23] proved that o, = 1/b.

In the case of Takagi function, the distribution of the random variable Y, (§) is
independent of x and it is the Bernoulli convolution, related to Erdds’ problem_[l 1,
12]. For simplicity denote T, the function G, , with 1 (x) = dist(x, Z). It is easy
to see that Y, (§) = Z;’;O((S&“o —8¢,1)(2a) ™" in (5), where §;; = 1if i =j and 0
otherwise. Using this phenomena, Solomyak [24] showed that for Lebesgue almost
everya € (1/2, 1),

dimg{(x, T,(x)) : x € [0, 1]} = D. (6)

Applying the result of Hochman [15], [5, Theorem 4.11], there exists a set E C
(1/2, 1) such that dimy E = 0 and for every o € (1/2, 1) \ E, (6) holds. Recently,
Varji [26] showed that the distribution of Y (£) has dimension 1 if (2«)~! is a tran-
scendental number (which is transcendental if and only if « is transcendental), and
hence (6) holds.

However, it is well known that for Pisot numbers (for instance (2¢)~! = (v/5 —
1)/2 the golden ratio) the distribution of Y (£) is singular and has dimension strictly
smaller than 1 and thus, Ledrappier’s condition (5) cannot be applied. Recently, with
different method, Barany et al. [4] proved that (6) holds for every « € (1/2, 1).
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2 Dynamically Defined Function Graphs

Let G4, be the function defined in (3) withb > 1integer,1/b <o < land¢: R —
R is a non-constant 1-periodic Lipschitz continuous piecewise C' function. It is easy
to see that G, ;, satisfies certain self-similarity equation

Gop(x) = aGyp(bx) + ¢ (x). (N
Since ¢ is 1-periodic and thus, G, as well, Eq. (7) implies that graph(G,,;,) =

{(x, Gy.p(x)) : x € [0, 1]} is invariant with respect to the dynamics

F(x,y) = <bx mod 1, y_Td)(x)

) for (x,y) € [0, 1] x R,

and {F"(x,y)} is bounded if and only if y = G4 5 (x).
One can define the local inverses of F such that

Fi(x,y) = (%,ay—i-(ﬁ(xz_l)) fori=0,...,b—1.

Hence, graph(G,,) = Uf;ol F, ;(graph(G, )). Foravisualization of the local inverses
in the cases of W), 3 and T3, see Fig. 1.

Observe that for the Takagi function 7, the function ¢ is piecewise linear; more-
over, the singularity occurs exactly at x = 1/2. Thus, graph(7y,) is a self-affine set,
see [5, Definition 6.1], with IFS

Fig. 1 Graph of W}, 3 and T3 as repellers
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- 1 5 1 1
{Foo_o - (i 2) ¥ i) = (_21 2))_64— (%)}

formed by lower triangular matrices.

A wider family of continuous functions, which are attractors of affine IFS,
is the fractal interpolation functions, introduced by Barnsley [6]. Let a dataset
A={x,y)el0,1]xR:i=0,1,...,m}be givensothat 0 = xp < x; < --- <
Xm—1 < X, = 1. We concern the graphs of continuous functions G: [0, 1] — R,
which interpolate the data according to G (x;) = y; fori € {0, 1, ..., m},and graph(G)
is the attractor of an IFS, which contains only affine transformations with lower tri-
angular matrices. That is,

{F (x) _ ( (i — Xxi—1)x + X1 )}m
v Oi = Yiet — @ — YO)X + iy +vic1 — v ) | iy

where «; € (—1, 1) \ {0} are free parameters for i = 1, ..., m. In other words, the
interpolation function G is the repeller of the piecewise linear, expanding map F,
where F(x,y) = F;(x,y) if x;_1 <x < x; and

x—xi_y Y~ Oi=Yi-1 —&i(m —yo))% — Yi—1 +aiyo
Fi(x,y) = , . (8)

Xi — Xi—] o

For a visualization of a fractal interpolation function, see Fig.2.

Note that if A is collinear then G, 4 is a linear function and thus, its graph has
dimension 1. Thus, without loss of generality, the non-collinearity of A might be
assumed without loss of generality.

Letusintroduce the notation G4, A, which denotes the fractal interpolation function

for the dataset A and free parameters o € ((—1, 1) \ {0})|A|_1.

Barnsley and Harrington [7] calculated the box dimension of graph(G) in a special
case. Namely, whenx; — x;_; = 1/mando; = a foreveryi = 1,...,mwith 1/m <
«, and the data is not situated on a line. Note that in this case the interpolation function
corresponds to G, ,, in (3) with

G) = (i = i1 — & — ¥0) (mx+ Yim1 T~ 4% (i 1))
Yi — Yi-1 _a()’m_)’o) (9)
=1 i
if <x<-—.
m m

In this case,
loga

dimp graph(Gg ) =2 + .
logm

This result was later generalized by Bedford [8] for general «; but with the assump-
tion that x; — x;—; = 1/m with o; > 1/m for every i = 1, ..., m. Ruan et al.[22]
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F1(D) F,(D) F3(D)

\

/‘

Fig. 2 Fractal interpolation function and its defining dynamics for A = {(0,0), (1/4,2/3),
1/2,1/4), (1, D}and oy = 1/3,00 = —1/2 and a3 = 1/2

studied the box dimension in further generality. The complete characterization of the
box counting dimension follows by Falconer and Miao [13, Corollary 3.1]. Namely,
if A is not collinear then

i 1 if 377 || < 1and
dimp graph(Ggy ) = i=1 =
R Ges if 27 el > 1,
where Y7 Jo | (x; ) =1

The following extension for the Hausdorff dimension follows by Barany, Hochman
and Rapaport [4].

Theorem 3.1 Let the dataset A = {(x;,y;) € [0, 1] xR :i=0,1,...,m}be given
sothat) =xg < X1 < -+ < Xy < Xpp = 1.If2;"=1 |a;| > 1 and there exists i # j
such that

Yi = Yi-1 — & (Ym — Yo) + Vi = Yi—1 = &Ym= Yo)

Xi — Xi—1 — ¢ )Cj —Xj,1 — O[j

(10)

then

dimpy graph(Ggy a) = s, where Z log| (o — xi-1)* ' = 1.

i=1
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The assumption (10) is a little bit stronger than non-collinearity of A. That is,
if A is collinear then (10) does not hold. The condition (10) is equivalent with the
condition that the matrices {DF;}, are not simultaneously diagonalizable.

Note that (10) is a milder condition than Ledrappier’s condition (5). For exam-
ple, suppose that the fractal interpolation function corresponds to a function of the
form (3) with a 1-periodic piecewise linear ¢. That is, the dataset A = {(ni;, Vi)
i=0,...,m},yo=yn,=0and o) = --- = o, = . Then ¢ is the piecewise linear
function, connecting the dataset A, i.e.,

i—1 i

<xr< —
m m

¢x) = i — yi-)(mx — (i = 1)) + yiy if

fori =1, ..., m. Then (5) has the form

Y(E) =mY (ma) " (e, — ye, 1),

n=1

where {§,} areindependentrandom variables withP(§; = k) =1/mfork =1, ..., m.
Ledrappier’s condition requires that the distribution of the random variable Y has
dimension 1 but the condition (10), i.e., y; — yi—1 # ¥, — yj—1 for some i #j, is
equivalent to that the distribution of the random variable Y has positive dimension.

3 Markovian Fractal Interpolation Functions

Let A ={(x;,y;) €[0,1]xR:i=0,1,...,m} be given so that 0 =xy < x; <

c < Xp—1 < Xy = 1, and let ; € (—1, 1)\ {0} for i =1, ..., m. The expanding
dynamics, of which repeller is graph(Gg, A ), has a skew product form. That is, the
map F(x, y) has the form

F(x,y) = Fi(x,y) = (fi(x), gi(x, y)) for x € (xi_1, x;). (11)
Thus, there is a base dynamics f: [0, 1] +— [0, 1], which is a piecewise linear,

expanding interval map. In particular, each subinterval (x;_;, x;) is mapped to the
complete interval (0, 1). A natural generalization could be when the base dynamics

f is a Markovian expanding map with Markov partition {(x;_;,x;) :i=1,...,m}.
Thatis, foreveryi =1, ..., mlet0 < £(i) < r(i) < mbe integers such that y; :=
Xr(i) —Xe(i)
-~ > 1. Then let
Xi—Xi—1
Xr@i)y — Xe(i .
00 =£00 = “0 (= xim) + x if x € (ximp, ).

i~ Ai—1



56 B. Barany et al.

Fig. 3 Markovian fractal interpolation function and its defining dynamics for A =
{(0,0),(1/5,1/5),(2/3,0),(1,3/5)} and oy =2/3, 00 = —2/3 and a3 = 2/3

By the choice of £(i), (i), the map f is a piecewise linear expanding Markov map,
see [5, Definition 10.1].

Foreachi=1,...,m, let o; € (—1, 1) \ {0} be arbitrary. Then let g;(x,y) be
of the form g;(x, y) = A;y + a;x + t; such that A; = ai_l, gi(xi—1,Yi—1) = Ye() and
8i(xi, ¥i) = Yra)- This assumption guarantees that the repeller of F in (11) is a graph
of a function G so that G(x;) = y; fori =0, ..., m. Simple calculations show that

—1
Yriy = Yewy — @ (Vi — Yi—1) _
a; = =2 O 5 U and g = Yey — @ ' Vict — aixio.
Xi — Xi—1
For a visualization of a Markovian fractal interpolation function, see Fig. 3.
Since the base dynamics is Markov, not all sequences of functions f; is admissible.
We define the following m x m matrix A = (A;, j);f’jzl as follows

1 ife@ 1 <j=<r@),
A = if £() + <j=r@) (12)
’ 0 otherwise.

Hence, an infinite sequence i = (i1, i, ...) is admissible if A; ;,, =1 for every
k=1,2,....Denote ¥4 C{1,..., m}N the set of all admissible sequences, that is,
i=(,1,...) € Zyif and only if A; ;. =1 for every k > 1. By using the local
inverses F;, one can define the natural map from X to graph(G) as

Q) = nli{goﬁi o+ 0 Fj (Xeiyys Yeii)- (13)

Thus, I1(i), = G(I1(i);), where I1(i); denotes the ith coordinate of I1(i), moreover,
F(I1(i)) = I1(oi), where o is the left shift on ¥, (Fig. 4).
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re

. 1
l5 I2 I3 2

Fig. 4 Base system f, its Markovian structure and the matrix A®) of the Markovian fractal inter-
polation function of Fig. 3

Since f is Markov with respect to the intervals {[x;_1, x;]}/_,, one can decompose
the intervals into finitely many classes with respect to recurrency. Since the repeller of
F restricted to any recurrent class of intervals is graph(G) restricted to the intervals,
without loss of generality, we may assume that f is topologically transitive. On the
other hand, if the period of f would be p > 2 then again by decomposing the intervals
into finitely many classes, the repeller of F? restricted to a class is the restriction of
graph(G). Thus, without loss of generality, we may assume that f (and the matrix
A) is aperiodic, namely there exists a positive k > 1 such that every element of A* is
positive.

Since the local inverses are strict contractions, there exists an interval D = [a, b]
such that U:"zl I:“,-([xg(i), X1 x D) €[0,1] x D. In order to determine the box
counting dimension of graph(G), it is natural to cover graph(G) with sets of the
form F,,,([xg(,-lml), Xr(inn] X D). These sets are parallelograms with height parallel to
the x-axis y,, and side length (parallel to the y-axis) o,.

Let us define the matrix A® = (AE;.))Z'].ZI for s € [1, 2] as follows
jeily, TV if e + 1 =) < (D),

. (14)
0 otherwise.

: —(s—1
AE;-) = louly, V4 =

Similarly to Barnsley’s fractal interpolation function, we distinguish two cases
p(AM) < 1 and p(AV) > 1, where p(-) denotes the spectral radius. The first case
implies that for most of the sets Fw ([*¢(iw)» XrGiwp] X D), the component on the x-axis
is longer than the component on the y-axis.
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Theorem 3.2 [f the dataset A is not collinear then

1 ifp(a®) < 1,

dim h(G) =
sSPHOD =15 i pam) = 1,

15)

where s is the unique solution of the equation p(A®) = 1.

For completeness, we give a proof later.

The problem of Hausdorff dimension is significantly different. In point of view of
Theorem 3.2, it is natural to assume that p(A") > 1. One way to find the Hausdorff
dimension of graph(G) is to find a iterated function system of affine transformations,
which attractor is contained in graph(G), and satisfies the conditions given in Barany
et al. [4], [5, Theorem 6.3].

Theorem 3.3 Let the dataset A be not collinear, the adjacency matrix A be irre-
ducible and aperiodic, and (a1, . . ., &) € ((—1, 1)\ {OD™ be such that p(AV) >
1. Moreover; let us assume that there exist { > 1, @, T € X4 ¢ such that

Op = U, Ve = Vi, @1 = T1, 0y = Ty and DF,, # DF;. (16)
Then
dimy graph(G) = s, where s is the unique solution of p(AW) = 1.
Weremindthat ¥, = {1, ..., m}"is the collection of words of length n. Forn € N,
let (p1, ..., px,) be a probability vector and let v be the corresponding Bernoulli

measure, living on (E}? ,03x,), where oy, is the usual left shift but acting on E,I?] .

We have a natural isometry between (Zf ,o0y,) and (£, o"), let v be the image of v
under this isometry. Finally, let

The measures ¥ that can be obtained by this construction will be called n-Bernoulli
measures. Note that the n-Bernoulli measures are ergodic and o invariant measures
on X.

Proposition 3.4 Let A be an irreducible and aperiodic adjacency and let (X4, 0)
be a subshift of finite type and let |1 be a o -invariant measure supported on X 4. Then
there exists a sequence of n-Bernoulli measures b,, n — o0 supported on L, and
converging to [ both in weak-* topology and in entropy.

Proof Fix k such that all elements of A* are positive. We choose a pair (i,j) €
{1,...,m)? such that A = 1. For every £ € {1,...,m} we can choose a word
P(£) € 4 such that p; = j and p(£)€ € X4 ;41 and a word s(£) € X4 ; such that
sy =1 and €s({) € ¥4 x4+1. For any n > 2k 41 and for any word w € X4, let
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® = p(w))ws(w,_2), denote the set of such words by EAIA,n. Note that EAJA,n C Zan
moreover each word @ begins with j and ends with i, hence any concatenation of
those words is also admissible.

Let us show this construction on the example in Fig. 3. In this case

010
A=1]011
110

Choose (i,j) = (2,2). The matrix A* has strictly positive elements, and it is
easy to check that choices p(1) = (2, 3),p(2) = (2,2),p(3) = (2,2) and s(1) =
2,2),8(2) =(2,2),s53) = (2, 2) are admissible and appropriate.

Let v, be the the Bernoulli measure on (E}}{n, oyx,) obtained by the probability
vector (pr)rex,,, Where

_ | n([w]) if there exists @ € 24, such that T = @,
"o otherwise.

Let 7, be the measure on (X4, ™) and let v, be the n-Bernoulli measure on (X4, o)
as introduced previously. We need to prove two claims.

Claim 3.5 h(d,) — h(u) asn — oo.
Proof We have

1
hp) = lim ———- % () log u((z).

n—oo n—2k
ZAn-2k

At the same time,

h(By, 0™ ==Y pulogpe =— Y u(r])logu(zl),

ZAn—2k

hence

1
W) ==~ ) udrhlogu(iz]).

ZAn—2k

Claim 3.6 b, — u in weak-* topology.

Proof Letw: ¥ — Rbe acontinuous function and denote by var, (w) the supremum
of differences w(x) — w(y) over x, y belonging to the same £-th level cylinder. We

have
‘/wdu—/wdﬁ,, /Wd(uoa_i)—/wd(f)noa_i))

n—1
1
=2
n
i=0
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(we remind that y is o-invariant, hence u = p o o~ for any i > 1). For any n —

2k-th level cylinder set [w], Ua(o *lw]) = v ([p(w))w]) = v, ([p(w))ws(w,—)]) =
uw([w]), hence fori = k,...,n—k + 1 we have

‘fwd(uoai)—/wd(ﬁnooi)

The other summands can be estimated from above by varg(w). Summarizing,

oo fo

The combination of Claims 3.5 and 3.6 proves the proposition.

< var;_;(w).

n—2k
-2k 1
" P Z var;(w) — 0.
i=1

2k
< —varg(w) +
n

n

Proof (Proof of Theorem 3.3) The strategy of the proof is the following:

(1) Find a o-invariant ergodic probability measure u on X4 which natural projection
is a candidate for achieving the Hausdorff dimension;

(2) find a approximating sequence of n-step Bernoulli measures v, such that D, —
in weak-* and entropy topology;

(3) show that dimy I1,D, — s as n — oo.

First, we find the measure p. Let s be such that p(A®) = 1. Since there exists a
k > 1 such that (A®)¥ has strictly positive elements. Then by Perron-Frobenius the-
orem, there exists a vector p = (py, ..., p,)” with strictly positive elements such
that A®p = p. Let P;; = A(‘) 4. Then the matrix P = (P;;)];_, is a probability
matrix, which is aperiodic and recurrent. Thus, there exists a unique probability
vector ¢ = (qi, . - . , @) With positive elements such that gP = g. Then for a cylin-
der set [iy, ..., i,] let

wlin, ..o i) = qi Piyiy -+ Piy_y iy (17

It is easy to see by the definition of Lyapunov exponents in formula [5, (8.1)] that

hw) = =3 qiPijlog Py = — Y giloglaly, “ ™" = xa() + (s = D1 ().
ij i=1

)

Moreover, since
X =

Definition 8.2].
By Proposition 3.4, for every ¢ > 0 there exists a sequence of n-step Bernoulli
measures U, and a N > 1 such that for every n > N

<1 < s we have x2(u) < x1(n), and thus, D() = s by [5,

[7() — RO, Ix2() — 201, Ixa () — x1 ()] < €.
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One can choose ¢ < (x1(i) — x2())/100, so x2(D,) < x1(V,). Now, we approx-
imate D, with a nm-step Bernoulli measure v, ,,, which is supported on words
w € (Xy,,)" for which y, ! < «,. More precisely, let

Yo = 1@ € Zpm : 9,(Clw]) > 0and y, ' < ),

and let f)nm be the Bernoulli measure on (Y,,m)N defined with the probabilities
(vn (Cl@])/ (Y, ,,))wey ,and let v, ,, be the corresponding nm-step Bernoulli mea-
sure.

By the strong law of large numbers and Egorov’s theorem, for every ¢ > 0 there
exists M = M (n) > 0 such that for every m > M

|h(Vp,m) — h(ﬁn)|v |X2(in,m) - XZ(ﬁn)|v |Xl(gn,m) - Xl(f)n)| <é&.

Thus, |s — D(V,,,)| < Ce with some constant C > 0 independent of n, m.

By definition, supp(I1,v, ) C graph(G). Thus, in order to apply [5, Theo-
rem 6.3], it is enough to show that there exists w # T € Y, , such that DF,,
and DI:} are not simultaneously diagonalizable. Let £ > 1 and w;, 7| € X4, as
in (16). Without loss of generality, we may assume that n — 2k >> €. Since the
first and last symbols of w;, T; are the same, one can choose v, v, such that
U, (Clvim1v7]), D, (Clu T v3]) > 0. By the strong law of large numbers, for every
sufficiently large m > 1 one can find k € X4 ,,(u—1) such that viw vk, VT UK €
Yin- By definition, otz v,x = % wvox ANA Vo706 = Vuiwupe- LHUS, DFulrlvzlc
and DFv]w]UZ,( are not 51mu1taneously dlagonahzable if and only if DFy, z,ux 7#
DFUIH,IUZ,‘. But this is true since DFa,] * DF,I. Hence, by [5, Theorem 6.3]

dimg graph(G) > dimy I1,v,,,, = DV, n) > s — Ce.

The statement follows by taking ¢ — 0.

Proof (Proof of Theorem 3.2) Since the lower box-counting dimension is always an
upper bound for the Hausdorff dimension and the upper box-counting dimension is
always at most s, in point of view of Theorem 3.3, it is enough to show for diagonal
systems. That is, by applying an affine transformation on the dataset A, we may
assume that ¢; = 0 forevery i = 1, m. Since A is not collinear G([O 1]) is an

interval D with |[D| > 0. Let E(r) {w ceUr Zar:y<r< th o ]} There

needed at least Zwezj{’ P?/‘f’f“’—l-many squares of side length r to cover graph(G).
By using the measure p defined in (17),

> PD| - W >y |D|'_?”’V,;S >r°C Y plwl) =rC,

) Yo ) @ (r
e, weX, e,

where C = |D| mini,jpi/pj.
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4 Continuous Generalized Takagi Functions

In the previous examples, the base dynamics f : [0, 1] +— [0, 1] was a Markovian
expanding, piecewise linear map with Markov partition formed by intervals. For
general systems of the form (11), the base dynamics is not Markovian. However, it is
hard to get a graph of a continuous function as a repeller of such systems. Finally, we
present here a special case, for which the repeller is a continuous function graph but
the base dynamics is non-Markovian. This example can be considered as generalized
Takagi functions.

Let us recall that the o-Takagi function T,, was defined as Ty (x) := Z;’;l o™y
(2" - x), where we defined ¥ (z) = dist (z, Z).

To define a continuous generalization of this family first we fix the two parameters
a € (0,1) and B € (1, 2) such that « - 8 > 1. Then we introduce (see Fig.5) the
function Bg : [0, 1] — [0, 1]

| B ifxe[O 1
Bf’(x)'_{ — B —x), ifxe (3,1]. (18)

This map will be our base dynamics.
Now we define the continuous generalized («, 8)-Takagi function T, g : [0, 1] —
R* as

Tap(x) —Za v (Bj(x)) . (19)

The fact that the function Ty g(x) is continuous follows from the fact that for
all n the function x — (Bg (x)) is continuous (see the right-hand side of Fig. ).

Indeed, itis easy to see by the symmetry Bg(x) = 1 — Bg(1 — x) that for a continuous
function g: [0, 1] = R, which is symmetric to the line x = 1/2, the map g o Bg is
continuous and symmetric tox = 1/2.

0.5

r — ¢(B3(x))

Fig. 5 Functions By (x) and (Bg (x))
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The graphs of the functions T, g(x) are not self-affine but the graphs of these
functions have a less restrictive weakened form of self-affinity. Namely, we write

I 0. 1], 1 Lol ana s 0.21. -5 (20)
=10z, 2 =5, an =10, =1, = - =,
: 217 2 ! 200 2
and ~ ~
Iy =1, x [0, My gland J; :=J; x [0, My ], €=1,2, (21)
where M, g := max Ty g(x). Then
x€[0,1]
Graph(T, 3) = F (Graph(T, ) N 7)) U F> (Graph(To.5) N ),  (22)
where . .
Tfo(x,y) = (— ‘X, — X+« ~y> and
B B
X X (23)
Fi(x,y) = (1——-(1—x),—-(1—x)+ot-y>.
B B

The union in (22) is almost disjoint, the intersection is the only point of graph(7, g)
which lies on the vertical line x = % This follows from the fact that

graph(T, ) N1, = Fy (Graph(To. 5) N JT¢), £=1,2. (24)

See Fig. 6. If we compare this function graph with the graph of the self-affine Takagi
map T3, (see on the right-hand side of Fig. 1) then we can see the difference. Namely,

FV](‘TJ?/> ﬁg(ﬂf,?J)

el N

INJIeS

11_

NI

Fig. 6 graph(T.75,0.9) is the union of affine images of parts of graph(7.78,0.9)

f | iM / o By \
"['n“'l" ‘1 J" H'Aﬁ."".ll I.,"'{',n"' U 'w,f"."'[ i rm‘nﬁ “'bf\ﬂl'h" r‘,;!
lll-l"_f "5"1_ L*'I'. .I"I*:I‘ ;1 f |“l|*
|I'1 : "Jli J ﬂ| f ﬂl
) T1.78,0.9(513) i Ti7s09(2) { Ti709(2) \
L L\ Ji 2| Jo ”-
1
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in the case of T3>, both the left- and right-hand sides of graph(7,) are affine images
of the whole graph graph(7y,). As opposed to that in the case of 7, g the left- and the
right-hand sides: graph(7,,g) N T, and graph(7T, g) N T, are affine i images of certain
parts of graph(T,, g) and not the whole one. That is why the family of 7, g is much
more general.

Theorem 3.7 For every value of o and 1 < 8 < 2 suchthato - 8 > 1

log o
logB’

dimy graph (7T, g) = dimp graph(T, g) = 2 +

In order to calculate dimy graph (7, g), we give the upper bound by using natural
covers and for the lower bound we find "large enough" Markovian subsystems of
Bg. The set of admissible sequences is

¥g = {(i1, i, ...) : x € [0, 1] such that Bg(x) € 1;, forevery n > 1}.

Since the base system Bpg is not Markovian for a general value of B, the set of
admissible sequences cannot be generated by an adjacency matrix. By Rokhlin’s
formula, see [18, 211, 1im, .o 1 log #35” = log B, where £§" = {(i1, ... i,) : Ij €
Yg such that jy = i; fork > 1}.

Foreachw € Z/(g"), let us define the cylinder sets by induction. Namely, forn = 1
letC, = Fw(jw) the cylinder set corresponding to @ € Et(;l). Forn > landw € s
let C, = le Cou N 7w, ), where o is the word of length n — 1 by deleting the first
symbol of w. For each w € E;{'), the set C,, is a parallelogram with height parallel to
the x-axis is at most 87" and side length parallel to the y-axisis "M, g. Since «f > 1
we get that the tangent of the angle between the sides is uniformly bounded, denote the
bound by C. Thus, graph(7,, g) can be covered by at most ﬁZf(,") - (Mg p(aB)" + C)-
many squares of sidelength 8~". This shows that

log o
log B
Now, we introduce the Markovian subsystems of Bg. A compact Bg-invariant set

B is called Markov subset if there exists a finite collection D of closed intervals such
that for every J;, J, € D.

dimpgraph(T,, g) <2+ —

(1) 31 Cliord; Ch,

(2) 39NT =Rif Iy # T,

3) Uyep NB = B,

(4) either Bg(J1 NBYNT, NB=0orJI, NB < Be(J; NB).

We call D the Markov partition of B. Now we show that there exist a sequence of
Markov subsystems, which topological entropy approximates log 8 arbitrarily.
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Lemma 3.8 For every ¢ > 0 there exists m > 1, a Markov subset B,, C [0, 1] and
D,, Markov partition such that

htop(Bﬂ|Bm) > htop(B/S) —¢&.

Moreover, we can assume that there exist intervals in D,, which contain 0 and 1.

The claim follows from Hofbauer et al. [16, Proposition 1(a, b, ¢) and Lemma 2].
Similarly to (14), we define a matrix A for every m > 1, which gives the
dimension of graph(7, g|g3, ). Namely, let A® be a #D,, x #D,, matrix such that

m

A©m _ af= 6D it JN B, CBg(INB,) for I, J € Dy,

33 "o otherwise.

Let s, be such that p(A®™) = 1. For, 3, J € D,, let

jEDm, 31=3,3,=3, Bﬁ(ﬁjﬂBm)ijﬂﬂBmforl§j§n—1}.

By definition,
n

log#Ujjepm T3
. .

htop (Bﬂle) = nlirgo
But forevery k > 1,and J, J € D,

() = (@) 43 5 ),

3.3
Hence,
1A 1
' log (aﬁ’“m*”)k 1)
log B — & < hyp(Bgls,) = kli)rgo B — = —log (aﬂ " ) ,
which implies that s,, > 2 + }g:’ ; — ¢&. One can decompose D,, into recurrent and

transient classes. It is easy to see that there exists a recurrent class R such that
restricting A" for R, p(A")™|z) = 1. Denote the Markov subset of 13,, restricted
to R by R,,. Similarly to (17), there exists a Markov measure ,, such that D(u,,) =
sm- By Proposition 3.4, for every & > 0 there exists an n-step Bernoulli measure v, ,
such that D(v, ;) > s, — €. By [5, Theorem 7.6] , dimg I1,v, ,, = D(v, ), which
gives the lower bound.
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Abstract Various types of basins, attractors and their fiberings are defined and
shortly discussed in the realm of iterated function systems on normal topological
spaces.
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1 Introduction

The aim of this article is to present some topological basics on attractors of IFSs
in view of recent advances in the fractal geometry. It is based on the series of arti-
cles: [2-6, 8]. We introduce the concepts of basin, pointwise basin, fast basin, strict
attractor, pointwise strict attractor, point-fibred attractor, strongly fibred attractor and
homoclinic attractor. Relation of these concepts with the chaos game algorithm and
fractal manifolds is mentioned in passing. For a thorough discussion of the existence
of attractors, invariant sets and measures in contractive and non-contractive IFSs we
refer to survey [9].
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2 IFS

Throughout the paper, X will be a normal topological space. As usual, S stands for
the closure and Int(S) for the interior of § C X.
We distinguish the following collections of sets:

e 2% all subsets of X

e C(X), nonempty closed sets;

e CB(X), nonempty bounded closed sets (provided X is a metric space);
e /C(X), nonempty compact sets.

The Vietoris topology in C(X) is generated by subbasic sets of two forms

VvVt ={CeC(X):CCV),
V- ={CeCX):CNV 9},

where V runs through all open subsets of X. If X is a metric space, then the Vietoris
topology and the Hausdorff metric topology agree on KC(X). If a sequence of closed
sets S, € X converges to S € X with respect to the Vietoris topology, then we write
S, — S.

An iterated function system F = {w;:i € I}, IF'S for short, is a finite collection
of maps w;: X — X. Note that we do not assume continuity of w;.

The Hutchinson operator F: 2% — 2% induced by the IFS F is defined as follows

F(S) = U w;(S) for S C X.

iel

Note that, without ambiguity, we denote the IFS and the associated Hutchinson
operator by the same symbol F. Symbol F" will stand for the n-fold composition
of F. (Conveniently F = id.)

Under additional conditions, we can restrict 7 to smaller collections of sets. We
shall tacitly assume the following condition

w;(K) € K(X) forall K e K(X),i e,

whenever we write F: KC(X) — K(X). This condition is satisfied when all maps w;
are continuous.

If F comprises continuous maps, then the Hutchinson operator F: C(X) — C(X)
is continuous with respect to the Vietoris topology. If X is a metric space, then
F: K(X) — K(X) is continuous in both, the Vietoris topology and the Hausdorff
metric topology, while F: CB(X) — CB(X) may fail to be continuous with respect
to the Hausdorff metric. See [2] for more information about the continuity of F.
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3 Basins and Pointwise Basins

Definition 3.1 (Barnsley et al. [3, 4]) Let A € K(X) and F be an IFS on X. We
define the pointwise basin of A to be the set

Bi(A) ={x € X: F"({x}) — A},
and the basin of A to be the set

B(a) = Ju,
UA) ={U C X: A CU-open, F'(S) - A forall S e K(U)}.

A nonempty compact set A is

(1) a pointwise strict attractor of F, when Int(B;,(A)) 2 A;
(ii) a strict attractor of F, when B(A) # @.

Proposition 3.2 (Barnsley et al. [3] Propositions 8 and 11) (i) If A is a pointwise
strict attractor of F, then Int(By(A)) = B (A) and F(B,(A)) C B, (A).

(ii) If A is a strict attractor, then A is a pointwise strict attractor, and B(A) =
Bi(A).

The following criterion explains that pointwise strict attractors which are not strict
attractors can exist only in highly non-contractive IFSs.

Proposition 3.3 (Barnsley et al. [3] Lemma 10) Let F = {w;:i € I} be an IFS
consisting of nonexpansive maps w;: X — X acting on a metric space (X, d). If A
is a pointwise strict attractor of F, then A is a strict attractor of F.

We list now a couple of characteristic examples.

Example 3.4 (Strict attractor is a local concept) Let w: X — X be a continuous
map with two attractive fixed points x;, x, € X, i.e. there exist open neighbourhoods
U, > x;, 1 =1,2, such that w"(x) — x; for x € U;. Then, A; = {x;},[ =1, 2, are
two pointwise strict attractors of the same F = {w}. (If w is locally contractive
around xi, x, in a complete metric space X, then we get strict attractors.)

In view of the above example and the example below, let us note that a strict
attractor A of the IFS comprising global contractions is global in the sense that
B(A) = X.

Example 3.5 (Strict attractor is a topological concept) Let C be the complex plane.
We endow C with two equivalent metrics: d(z;, z2) = |z1 — z2] for 71, zo € C and
di = Hid Fix three distinct points a;, ay, az € C. Define w;(z) = % - (z + a;) for
z€C,i =1,2,3andconsider F = {w;:i € {1, 2, 3}}. Itis known that the Sierpinski
triangle A with vertices a, as, as is the Hutchinson attractor of F in (C, d), i.e. for
all nonempty closed and bounded subsets S of (C, d), the set convergence F"(S) —
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A takes place with respect to the Hausdorff metric dy in CB(C) induced by d.
The Hausdorff metric induced by d is not equivalent to dy, because d; and d are
not uniformly equivalent. Moreover, F"(C) = C # A, and the set C is closed and
bounded in (C, d). Therefore, A is not the Hutchinson attractor of F in (C, d;).
On the other hand, A is a strict attractor of F regardless of the choice of equivalent
metric in C.

Example 3.6 (Strict attractor in a discontinuous IFS) Let 7 = {w;:i € I} be an IFS
comprising continuous maps w;: X — X. We assume that F admits a strict attractor,
den%d A. Further, assume that A has two disjoint dense subsets E,, € A,m = 1,2,
ie. E, = A, E;NE; =@ Letalsoe, € E, betwo distinguished points. Define for
iel,m=1,2

—  _ Jwi(x), x € E, U(X\ A),

Wi (x) = {em, x €A\ E,.
Then, the IFS F = {Wi sy (i,m) € I x {1,2}} is an IFS of discontinuous maps, and
4 is a strict attractor of . (Indeed, the Hutchinson operators associated with F and
F coincide.)

Some other notable examples of strict attractors include:

e the Alexandrov double arrow space—a nonmetrizable compact separable space
([3] Example 6);
e the Warsaw sine curve—a non-locally connected continuum ([4] Example 2).

Pointwise strict attractors, despite their generality, offer sufficiently reach theory
to be worth of consideration for IFSs. For instance, the probabilistic chaos game
algorithm is valid for them, cf. [3].

If A is a strict attractor of the IFS F comprising continuous maps, then A is an
invariant set, i.e. F(A) = A. (Indeed, F"*1(A) = F(F"(A)) — F(A) = A thanks
to continuity of F.) We will see later that attractors which are not invariant can exist
in discontinuous IFSs and their existence leads to interesting questions.

4 Point-Fibred and Strongly Fibred Attractors

Let 7 be a finite set (with a discrete topology). The Tikhonov product /*° of countably
many copies of [ is called the code space. It is a Cantor space, i.e. a homeomorph
of the Cantor ternary set.

Definition 4.1 (Kieninger [7] chap. 4) Let 7 = {w;:i € I} be an IFS comprising
continuous maps. Let A be a strict attractor of F. We define the coding multifunction
w: 1 — K(A) by the following formula

o0
@) = ﬂwn o...ow; (A) for = (i), € I*.
n=1
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The strict attractor A is said to be

e point-fibred if 7 is single-valued, i.e. (1) is a singleton for each ¢ € 1°°;
e strongly fibred if for every open V C X with V N A # (J there exists ¢ € 1*° such
that w (1) C V.

Note that the coding map  provides a fibering of the attractor A into a nondisjoint
union: A = J,c;e w(0).

Proposition 4.2 (Barnsley and Les$niak [1] Proposition 1) The coding multifunction
7 of a strict attractor A of an IFS F comprising continuous maps w; does not depend
on the choice of a forward invariant compact cap C 2 A, F(C) C C, thatis for every
forward invariant compact cap C € B(A) and every ¢ = (i,);2, we have

m(@) = \wio...0ow,(C).

n=1

An attractor of an IFS comprising weak contractions is point-fibred. Interestingly,
we can construct strongly fibred attractors from point-fibred ones.

Example 4.3 (Strongly fibred attractor which is not point-fibred; [1] Example 2.1,
[7] Example 4.3.19) Let 7 = {w;:i € I} be an IFS of at least two continuous maps
w;: X — X on a compact space X which contains at least two points. Assume that
the images of these maps tessalate X: U[E ; wi(X) = X. (We do not demand Int
(w; (X)) to be disjoint.) Define an IFS on X x X:

Fo=id x w;, w; xid:i € I.

If X is a point-fibred strict attractor of F, then X x X is a strongly fibred strict
attractor of Fp, but it is not point-fibred.

Example 4.4 (Non-strongly fibred attractor) Let w: X — X be a minimal map on
a compact metric space X (i.e. {w"(x):n > 0} = X for each x € X). Then, X is a
strict attractor of F = {id, w}, and X is not strongly fibred.

The interesting fact about strongly fibred strict attractors, aside their mosaic inner
structure (e.g. [5]), is that we can derandomize the chaos game algorithm for such
attractors, cf. [1].

5 Fast Basins

So far we have considered the basin B(A) and the pointwise basin 3;(A) of a set
A. These domains have the property that the iterations of the IFS F = {w;:i € I}
starting there, as well as orbits x, = w;, o ... o w;, (xo), in eAI, n>1,xy€ Bi(A),

are attracted by A. We are going to consider the fast basin B(A) of A, the domain
with the property that all iterations (of orbits) fall into A after finite number of steps.
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Definition 5.1 (Barnsley et al. [4, 6]) Let A be a strict attractor of an IFS F. The
fast basin of A is defined by

B(A) = {x e X: F"({x}) N A # @ for some n > 0}.

We describe below the fast basin of the Sierpinski triangle.

Example 5.2 (Sierpiniski wallpaper) Let A be the Sierpiniski triangle in the complex
plane with vertices a1 = 0,a> = 1, a3 =1 € C, generated by the IFS from Example
3.5. Then, B(A) = U pez (A +k-14+m-1).

It should be noted that in general neither E(A) C B(A) nor B(A) C g(A).

Example 5.3 (Fast basin reaching outside basin; [4] Example 5) Let X =R U
{o0}. Define w (x) = % for x # 00, wi(00) = 00, Wy(x) = _Xzﬁﬁ for x ¢ {3, oo},
wy(3) = 00, wy(o0) = _71 Then A = [0, 1] is a strict attractor with basin B(A) =

(—oo, %) It turns out that

{(3-2%k > 1) € B(A) \ B(A).

Denote

° Z‘I(S) = Uie[ w[_'(S), the large counter-image of § C X;
o B(®) = wy (-..wy'(A)...), the fractal continuation of A along ¥ =
01, 0,, ...) € I1°°.

Proposition 5.4 (Alternative descriptions of the fast basin; Barnsley et al. [4]
Propositions 2 and 3) If A is a strict attractor of F and B(A) is the fast basin
of A, then

(i) §= B (A) is the smallest (with respect to C) solution of the equation
FUSHUA=S;

(i) B(A) = U2 o(FH) ™ (A) = Upes~ B@).

The IFS is said to be invertible if it consists of homeomorphisms. The character-
ization of the fast basin given in Proposition 5.4 is the key to the following theorem.

Theorem 5.5 Let A be a strict atiractor of the invertible IFS F acting on a normal
space X. Let B(A) be the fast basin of A. Let (P) be any of the following properties
of a set:

(i) the Lebesgue topological dimension of the set equals § € {0, 1,2, ...};
(ii) the Hausdorff fractal dimension of the set equals § € [0, 00);
(iii) the set is connected;
(iv) the set is pathwise connected;

(v) the set is boundary (i.e. it has empty topological interior);
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(vi) the set is o -porous;
(vii) the set is hereditarily disconnected (in particular, it has a tree-like structure
and admits ultrametrization).

If A has property (P), then E(A) has property (P) too. In (ii) and (vi), we need to
assume that X is a metric space and the maps constituting F are b-Lipschitz. In (v),
we need to assume that X is a Baire topological space. For (vii), we assume that X
is a locally compact metric space.

The work [4] contains a gallery of fast basis. To unveil a true nature of the fast
basin B (A) one has to introduce inductive topology in a flag of successive enlarge-
ments wg, ... w(91 Y'(A)..)) (or blow-ups) of A. These blow-ups fill up the fractal
continuation B(%). Properly glued continuations constitute branches (or leaves) of
the resulting object called a fractal manifold. We refer to [6] for technical details of
this construction. A simplistic visualization of this construction in the case of the
Sierpiriski wallpaper has been offered in [10].

6 Homoclinic Attractors Versus Fast Basins

We are going to address an intricate connection of the existence of non-invariant
strict attractors, called homoclinic attractors, with the notion of fast basin.

Let F = {w;:i € I} be an IFS of continuous maps w;: X — X. Let A be a strict
attractor with a nontrivial basin B(A) # A. Fix b € B(A) \ A. Define w;|A = b,
w; = w; outside A, and _

F = {u7,l [S I}

Then, F is a discontinuous modification of F.

The following question arises: Whether/when A persists a strict attractor after
the modification of 7? We would have then an attractor of F which undergoes an
expulsion of its content, i.e. F (A) ¢ A. The answer is that it depends upon the fast
basin B(A) of the original system F.

Proposition 6.1 (Necessary condition fg)r a homoclinic attractor; [8] Proposition 2)
If A is a strict attractor of F, then b ¢ B(A).

Theorem 6.2 [Sufficient condition for a homoclinic attractor; [8] Theorem 3] If
b ¢ B(A) and the following nonresonance condition holds: there exists an open
neighbourhood A C U (A) C B(A) such that

K (S) := supl{k > 0: F*(S) N (B(A) \ A) # ¥} < 0o

for all nonempty compact S € U(A), then A is a strict attractor of F.

What about more general modifications Fof J? Say, F admits a strict attractor
A with basin B(A) and fast basin B(A) further F is such a modification of F that
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F (A) € B(A) and F (A) §Z A. On this level of generality, Proposition 6.1 would
sound like: if A is a strict attractor of .7-" then F (AN (B (A) \ A) = . We have the
following counterexample for such speculations.

Example 6.3 (Lesniak [8] Example 6) Letus considerthe IFS F = {w;:i € {1, 2, 3}}
on C from Example 5.2. Let w; = w; for i = 2,3, and w1(z) = w;(z) for z # 0,

w1(0) = 2. The Sierpiniski triangle A is a stnct attractor of F. It turns out that A is
a strict attractor of F, F(A) SZ A,and 2 € (B(A) VAN ]—'(A)

We do not know any good criteria for the existence of homoclinic attractors.
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Zero-Dimensional Covers of Dynamical m
Systems glectie

Hisao Kato

Abstract In this article, we study the dynamical properties of two-sided zero-
dimensional maps. In particular, we show that if f: X — X is a two-sided zero-
dimensional map on an n-dimensional compactum X with zero-dimensional set P(f)
of periodic points, then the map f can be covered by a map on a zero- dimensional
compactum via an at most 2"-to-one map.

Keywords Dynamical systems - Covers (extensions) of dynamical systems -
Periodic point - Dimension - Cantor sets + General position

1 Introduction

A pair (X, f) is called a dynamical system if X is a compact metric space (= com-
pactum) and f: X — X is a map on X. A dynamical system (Z, f) covers (X, f)
via a map p: Z — X provided that p is an onto map and the following diagram is
commutative, i.e., pf = fp.

z Lz

Note that (X, f) is also called a factor of (Z, f ) and conversely (Z, f ) is called
a cover (or an extension) of (X, f). We call the map p: Z — X a factor mapping.
If Z is zero-dimensional, then we say that the dynamical system (Z, f) is a zero-
dimensional cover of (X, f). Moreover, if the factor mapping is a finite-to-one map,
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then we say that the dynamical system (Z, f ) is a finite-to-one zero-dimensional
cover of (X, f).

The (symbolic) dynamical systems on Cantor sets have been studied by many
mathematicians, and also, the strong relations between Markov partitions and sym-
bolic dynamics have been studied (e.g., see [1, 3-5, 11, 17, 19], Proposition 3.19).
In [1], R. D. Anderson proved that for any dynamical system (X, f), there exists a
zero-dimensional cover (Z, f ) of (X, f), and moreover in Boyle et al. [4, Theorem
A.1] proved that any dynamical system (X, f) has a zero-dimensional cover (Z, f )
such that the topological entropy A(f) of f is equal to i (f), where the factor map-
pings are not necessarily finite-to-one. In topology, there is a classical theorem by
Hurewicz [8] that any compactum X is at most n-dimensional if and only if there is
a zero-dimensional compactum Z with an onto map p: Z — X whose fibers have
cardinality at most n + 1. In the theory of dynamical systems, we have the related
general problem (e.g., see [3, 4, 10, 16]):

Problem 1.1 What kinds of dynamical systems can be covered by zero-dimensional
dynamical systems via finite-to-one maps?

The motivation for this problem comes from (symbolic) dynamics on Cantor sets.
To study dynamical properties of the original dynamics (X, f), the finiteness of the
fibers of the factor mapping may be very important, and so, in this article, we focus
on the finiteness of fibers of factor mappings. Related to Problem 1.1, first Kulesza
[16] proved the following significant theorem:

Theorem 1.2 (Kulesza [16]) For each homeomorphism f on an n-dimensional
compactum X with zero-dimensional set P(f) of periodic points, there is a zero-
dimensional cover (Z, f) of (X, f) via an at most (n + 1)"-to-one map such that
f :Z — Z is a homeomorphism.

He also showed that Problem 1.1 needs the assumption dim P(f) < 0. In fact,
for the disk X = [0, 1]? or some one-dimensional continuum X, there is a dynamical
system (X, f) such that f: X — X is a homeomorphism on X with dim P(f) =1
and (X, f) has no zero-dimensional cover via a finite-to-one map (see the proof of
Example 2.2 and Remark 2.3 of [16]). In [10] Ikegami, Kato and Ueda improved the
theorem of Kulesza as follows: The condition of at most (n + 1)"-to-one map can
be strengthened to the condition of at most 2"-to-one map.

The aim of this article is to give a partial answer to Problem 1.1. In fact, we
show that the above theorem is also true for a class of maps containing two-sided
zero-dimensional maps. For the special case that (X, f) is a positively expansive
dynamical system with dim X = n, (X, f) canbe covered by a subshift (X, o) of the
shift map o: {1, 2, ..., k}** — {1, 2, ..., k}*° via an at most 2"-to-one map. Also, we
study some dynamical zero-dimensional decomposition theorems of spaces related
to such maps (see [14]).
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2 Preliminaries

In this article, all spaces are separable metric spaces, and maps are continuous func-
tions. Let N be the set of all natural numbers, i.e., N={1,2,3,...}, Z the set
of all integers and Z, the set of all nonnegative integers, i.e., Zy = {0} UN (=
{0,1,2,...}). Also, let R be the real line. If K is a subset of a space X, then cl(K),
bd(K) and int(K) denote the closure, the boundary and the interior of K in X,
respectively. A subset A of a space X is an F,-set of X if A is a countable union of
closed subsets of X. Also, a subset B of X is a Gs-set of X if B is an intersection of
countable open subsets of X. For a space X, dim X means the topological (covering)
dimension of X (e.g., see [6]). For a collection C of subsets of X, we put

ord(C) = supford,C | x € X},

where ord,C is the number of members of C which contains x. A closed set K in X
is regular closed in X if cl(int(K)) = K. A collection C of regular closed sets in X
is called a regular closed partition of X provided that

Je=Ucicecy=x

and C N C’ = bd(C) Nbd(C’) for each C, C' € C with C # C’. For regular closed
partitions .4 and B of X, A@J3 denotes the regular closed partition

{cl[int(A) Nint(B)] | A € Aand B € B}

of X.Itis clear that ord(A@B) < ord(A) - ord(3). A collection {A; },ca of subsets
of X is called a swelling of a collection {B;},ca of subsets of X provided that
B, C A, foreach A € A, and if foranym € Nand Ay, ..., A, € A, then

(A # #if and only if (1) By, # 2.
i=1 i=1

Conversely, a family { B, },ca of subsets of X is called a shrinking of a cover {A; }rea
of X if {B; },ea is a cover of X and B; C A, foreach A € A.

Let X and Y be compacta. Amap f: X — Y is zero-dimensional if dim f~'(y) <
Oforeachy € Y. Amap f: X — Y is a zero-dimension preserving map if for any
zero-dimensional closed subset D of X, dim f(D) <0. Also, amap f: X — X
is two-sided zero-dimensional if f is zero-dimensional and zero-dimension pre-
serving, i.e., for any zero-dimensional closed subset D of X, dim f ~1I(D) <0 and
dim f (D) < 0. In this case, note that if Z is a zero-dimensional F,-subset of X, then
dim f(Z) =0. Amap f: X — Y is semi-open (or quasi-open) if for any nonempty
open set U of X, f(U) contains a nonempty open set of Y, i.e., int f(U) # @. An
onto map p: X — Y is at most k-to-one (k € N)if forany y € Y, |[p~'(y)| < k.
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Foramap f: X — X, asubset A of X is f-invariant if f(A) C A. We define the
set

O(x) ={f"(x)| p € Z4}

which denotes the (positive) orbit of x. Similarly, we define the eventual orbit of
x e X:

EO(x) = {z € X| there exists i, j € Z, such that f'(x) = f/(2)}
= {z € X| there exists j € Z, such that f/(z) € O(x)}.

Note that o
Eow) = | (e,

i, j€Ly

the family { £ O (x)| x € X} is a decomposition of X and E O (x) is f-invariant, i.e.,
f(EO(x)) C EO(x).Let P(f) be the set of all periodic points of f;

P(f)={x € X| f/(x) = x for some j € NJ.

Apointx € X iseventually periodicifthereissome p € Z, suchthat f”(x) € P(f).
Let E P(f) be the set of all eventually periodic points of f;

EP(f) =] 7P,

p=0

Note that P(f) and EP(f) are F,-sets of X. In [15], Krupski, Omiljanowski and
Ungeheuer showed that the setof maps f: X — X with zero-dimensional sets C R( f)
of all chain recurrent points is a dense G s-set of the mapping space C (X, X) if X isa
(compact) polyhedron. Note that a point x € X is a chain recurrent point of f if for
any € > 0 there is a finite sequence x = xg, X1, - - - , X,,, = x of points of X such that
d(f(x;),xiy1) <eforeachi =0,1,..,m — 1. Since P(f) C CR(f), we see that
the set of maps f: X — X with zero-dimensional sets P ( f) of all periodic points is
residual in the mapping space C (X, X) if X is a compact polyhedron. Hence, almost
all maps on compact polyhedra have zero-dimensional sets of periodic points.
Let X be a compactum and U/, V be two covers of X. Put

UVY={UNV|UelU,V eV}

The quantity N (/) denotes minimal cardinality of subcovers of i/. Let f: X — X
be a map, and let U/ be an open cover of X. Put

log NUV £F-YU) V... v F 1 U))
. .

h(f,U) = lim
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The topological entropy of f, denoted by h(f), is the supremum of A ( f, U) for all
open covers U of X. Positive topological entropy of map is one of generally accepted
definitions of chaos.

3 Finite-to-one Zero-Dimensional Covers

In this section, we study finite-to-one zero-dimensional covers of some dynamical
systems. We need the followings.

Lemma 3.1 (cf. [10,Lemma 3.4]) Let f: X — X be a two-sided zero-dimensional
map of a compactum X such that dim X = n < oo and dim P(f) < 0. Let F be
an Fy-set of X with dim F < 0. Suppose that C = {C; | 1 <i < M} is a finite open
coverof X and let B ={B; | 1| <i < M} be a closed shrinking of C. Then, for each
k=0,1,2,..., there is an open shrinking C'(k) = {C] | 1 <i < M} of C such that
foreach1 <i <M,

(1) B; C Cl/ c G,

@) {fPOACH) |1 <i<M,p=0,1, ...k} is in general position,

(3) bd(C) N (EP(f) U F) =@ foreachi.

Lemma 3.2 (cf. [10, Lemma 3.5]) Suppose that f: X — X is a two-sided zero-
dimensional map of a compactum X such that dim X = n < oo and dim P(f) < 0.
Let F be an F,-set of X withdim F < Q. Then, for each j € N, there is a finite open
cover C(j) ={C(j)i | 1 <i <mj} of X such that

(1) mesh(C())) < 1/,

(2) ord(G) < n, where G ={fP(bd(C(j)) |1 <i<mj, jeNandpeZ,},
and

(3) FNL =@, where L = J{bd(C(j)))|1 <i <mj, j €N}

Lemma 3.3 Let f: X — X be a map of a compactum X, and let H be a subset of
X. Suppose that for j e N, C(j) ={C(j); | 1 <i < mj} is afinite open cover of X
such that mesh(C(j)) < 1/j, HN|JG = ¥ and ord(G) < n, where

G={frOAC(Hi)I1<i<mj, jeNandp e Z,}.

Then, for j € N, there is a finite regular closed partition D(j) of X such that the
following properties hold;

(1) mesh(D(j)) = 1/j,

2) D(j + 1) is a refinement of D(j),

3) ]_[;ozo ord ¢r(xyD(j) < 2" for each x € X, and

(4) ifx € H, then 1—[;0:0 ordfp(x)D(j) =1

Lemma 3.4 Let f: X — X be a map of a compactum X, and let H be a subset of
X. Suppose that there is m € N and a sequence of finite regular closed partitions
D(j) (j € N) of X such that
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(1) mesh(D(j)) < 1/J,
2) D(j + 1) is a refinement of D(j),

3) ]_[;ozo ord r(xyD(j) < m for each x € X, and

4) HN D =@ where D = J{f7(bd(d))|d € D(j),jeN,peZ,} ie, ifx €
H,

[TordsrwD() = 1.
p=0

Then, there is a zero-dimensional cover (Z, f) of (X, f) via an at most m-to-one
map p: Z — X such that |p~'(x)| = 1 for x € H. Moreover, if X is perfect, then Z
can be taken as a Cantor set C.

By use of the above results, we obtain the following theorem.

Theorem 3.5 (Kato and Matsumoto [14]) Suppose that f: X — X is a two-sided
zero-dimensional map of a compactum X withdim X =n < oo. Ifdim P(f) <0,
then there exist a dense Gs-set H of X and a zero-dimensional cover (Z, f) of
(X, f) via an at most 2"-to-one onto map p such that P(f) C H and |p~'(x)| =1
for x € H. Moreover, if X is perfect, then Z can be chosen as a Cantor set. In
particular, h(f) = h(f), where h( f) denotes the topological entropy of f.

We consider a generalization of Theorem 3.5. For a map f: X — X on a com-
pactum X, let
Do(f) ={x € X | dim f~'(x) <0}

and
Di(f)={xeX|dimf'(x) > 1} (= X — Do(f)).

Note that a map f: X — X is a zero-dimensional map if and only if D, (f) = @.
The following theorem is a generalization of Theorem 3.5 which is the main theorem
of this article (see [14]).

Main Theorem 3.6 (a generalization of Theorem 3.5) Let f: X — X be a map
on an n-dimensional compactum X (n < o0). Suppose that f is a zero-dimension
preserving map, dim D, (f) < 0anddim EP(f) < 0. Then, there exist a dense G-
set H of X and a zero-dimensional cover (Z, f) of (X, f) via an at most 2"-to-one
onto map p such that EP(f) C H and |p~'(x)| = 1 for x € H. Moreover, if X is
perfect, then Z can be chosen as a Cantor set. In particular, h(f) = h(f).

Also, we consider the case that f: X — X is a positively expansive map of a
compactum X. A map f:X — X of a compactum X is positively expansive if
there is € > O such that for any x, y € X with x # y, there is k € Z, such that
d(f*(x), f*(y)) > €. Similarly, a map f: X — X of a compactum X is positively
continuum-wise expansive if there is € > 0 such that for any nondegenarate subcon-
tinuum A of X, thereisak € Z, suchthatdiam(f"(A)) > e (see[12]).Suchane > 0
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is called an expansive constant for f. Note that any positively expansive map is two-
sided zero-dimensional and positively continuum-wise expansive. In [12, Theorem
5.3], we know that if a compactum X admits an positively continuum-wise expansive
map f on X, then dim X < oo and every minimal set of f is zero-dimensional.

Proposition 3.7 (cf.[13, Proposition2.5]) Let f: X — X be apositively continuum-
wise expansive map of a compact metric space X, and let

Ih(f) = U{M| M is a zero-dimensional f-invariant closed set of X}.

Then, Iy(f) is a zero-dimensional F,-set of X. In particular, dim P(f) < 0.

Let Yy ={1,2,...,k} (k € N) be the discrete space having k-elements, and let
YkZ * =TI Y« be the product space. Then, the shift map o YkZ - YkZ * is defined
by o (x); = xj41 forx = (xg, X1, X2, --+) € YkZ*. Note that o is the typical positively
expansive map.

Theorem 3.8 (cf. [10, Corollary 3.7] and [17, Proposition 20]) Let f: X — X be
a positively expansive map of a compactum X with dim X = n < oo. Then, there
exist k € N and a closed o -invariant set ¥ of o': YkZ+ — YkZ+ such that (X,0) isa
zero-dimensional cover (= symbolic extension) of (X, f) via an at most 2"-to-one
map p: ¥ — X satisfying that |p~' (x)| = 1 for any x € Iy(f).

Remark: For the case that f: X — X is an expansive homeomorphism of a com-
pactum X with dim X = n < oo (see [12] for the definition of expansive homeo-
morphism), there exist k € N and a closed o-invariant set £ of o: Y — Y7 such
that (X, o) is a zero-dimensional cover (= symbolic extension) of (X, f) via an at
most 2"-to-one map p: ¥ — X, where o: ¥Z — YZ is the shift homeomorphism
(see [10, 16]).

In the special case that X is a graph G (= compact connected one-dimensional
polyhedron) and f: G — G is a piece-wise monotone map, we can omit the condition
dim P(f) <0. A map f:G — G is piece-wise monotone (with respect to some
triangulation K) if for any edge E of K (i.e., E € K'), the restriction f|E: E — G
of f to the edge E is injective. We need the following result.

Theorem 3.9 If f: G — G is a piece-wise monotone map on a graph G, then there
is a zero-dimensional cover (C, f) of (G, f) via an at most 2-to-one map, where C
is a Cantor set.

4 Zero-Dimensional Decompositions of Dynamical Systems

In dimension theory, the following decomposition theorem is well-known [6, The-
orem 1.5.8]: A separable metric space X is dim X <n (n € Z,) if and only if X



82 H. Kato

can be represented as the union of n + 1 subspaces Zy, Zi, ..., Z,, of X such that
dim Z; <O foreachi =0, 1, ..., n. In this section, we study the similar dynamical
decomposition theorems of two-sided zero-dimensional maps (cf. [7]). We consider
bright spaces and dark spaces of maps except n times, and by use of these spaces,
we prove some dynamical decomposition theorems of spaces related to given maps
(see [14]).

Let f: X — X be a map. A subset Z of X is a bright space of f except n
times (n € Z,) if for any x € X,

Hp € Zil fP(x) ¢ Z}| < n.

Also, we say that L = X — Z is a dark space of f except n times. Note that for any
xeX,|Ox)NL| <nand LN P(f) = ¢. For each z € X, put

1@) =Wp €y fP(2) € L}

Also, we put
T(x) =max{t(z) ;z € EOx)}

for each x € X. For a dark space L of f exceptn times and 0 < j < n, we put
Ap(L, j)={x e X|T(x) = j}

Note that Ay(L, j) is f-invariant, i.e. f(Af(L, j)) C Ay(L, j) and Ay(L,i)N
Ar(L, j) =¢ifi # j.Hence, we have the f-invariant decomposition related to the
dark space L as follows;

X=A;(L,0)UAF(L,1)U---UAsL,n).

Theorem 4.1 (cf. [7, Theorem 2.4]) Suppose that f: X — X is a two-sided zero-
dimensional map of a compactum X with dim X = n < oo. Then, there is a bright
space Z of f except n times such that Z is a zero-dimensional dense Ggs-set of X
and the dark space L = X — Z of f is an (n — 1)-dimensional F,-set of X if and
only if dim P(f) <O.

Corollary 4.2 (cf. [7, Corollary 2.5]) Suppose that X is a compactum with dim X =
n (<oo)and f: X — X is a two-sided zero-dimensional onto map. Then, there
exists a zero-dimensional Ggs-dense set Z of X such that for any n + 1 integers
ko <k < - <k, (k, EZ),

X =fl@zyuffzyu---u ez

if and only if dim P(f) < 0.

By use of F,-dark spaces, we have the following decomposition theorem.
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Theorem 4.3 (cf. [7, Theorem 2.6]) Suppose that X is a compactum with dim X =
n(< oo)and f: X — X isatwo-sided zero-dimensional map on X withdim P (f) <
0. If L is a dark space of f except n times such that L is an F,-set of X and
dim (X — L) <0, thendim A¢(L, j) =0 foreach j =0, 1,2, ..., n. In particular,
there is the f-invariant zero-dimensional decomposition of X related to the dark
space L:

X=Ar(L,0)UAF(L,1)U---UAf(L,n).

In the case of positively expansive maps, we obtain decomposition theorem for a
compact dark space L.

Theorem 4.4 (cf. [7, Theorem 2.8]) Suppose that X is a compactum with dim X =
n (< oo)and f: X — X is a positively expansive map. Then, there exists a compact
(n — 1)-dimensional dark space L of f except n times such that dim Ay(L, j) =0
for each j =0, 1,2, ..., n. In particular, there is the f-invariant zero-dimensional
decomposition of X related to the compact dark space L:

X=A;(L,0)UAF(L,1)U---UAs(L,n).
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Chaotic Continua in Chaotic )
Dynamical Systems glectie

Hisao Kato

Abstract In this article, for any graph G we define a new notion of “free tracing
property by free G-chains” on G-like continua and we show that a positive topological
entropy homeomorphism f of a G-like continuum X admits a Cantor set Z in X such
that any sequence (zj, 22, ..., Z») Of points in Z is an IE-tuple of f, Z has the free
tracing property by free G-chains and the minimal continuum H containing Z in
X is indecomposable. Moreover, we show that the similar result can be obtained
for positive topological entropy “monotone” maps. Also we give characterization
theorems of G-like continua containing indecomposable subcontinua.

Keywords Topological entropy * Indecomposable continuum + Composants *
G-like continuum - Cantor sets + Free tracing property by free G-chains - Inverse
limits

1 Introduction

During the last thirty years or so, many interesting connections between dynamical
systems and continuum theory have been studied by many mathematicians. Many
complicated spaces frequently appear in chaotic dynamical systems. Such spaces play
important roles in order to investigate behaviors of the dynamics. We are interested
in the following fact that chaotic topological dynamics should imply the existence of
complicated topological structures of underlying spaces. In many cases, such spaces
are indecomposable continua. We know that many indecomposable continua often
appear as chaotic attractors of dynamical systems. Also, in many cases, the com-
posants of such indecomposable continua are strongly related to stable or unstable
(connected) sets of the dynamics. For instance, in continuum theory and the theory
of dynamical systems, the Knaster continuum (= Smale’s horse shoe), the pseudo-
arc, solenoids and Wada’s lakes (= Plykin attractors) etc., are well-known as such
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indecomposable continua. The theory of indecomposable continua is one of the most
interesting branches of continuum theory in topology.

By use of ergodic theory method, Blanchard, Glasner, Kolyada and Maass proved
thatifamap f: X — X of acompact metric space X has positive topological entropy,
then there is an uncountable §-scrambled subset of X for some § > 0 and hence the
dynamics (X, f) is Li-Yorke chaotic. Huang and Ye studied local entropy theory and
they gave a characterization of positive topological entropy by use of entropy tuples.
Kerr and Li developed local entropy theory and gave a new proof of the theorem
of Blanchard, Glasner, Kolyada and Maass. Moreover, they proved that X contains
a Cantor set Z which yields more chaotic behaviors. Barge and Diamond showed
that for piecewise monotone surjections of graphs, the conditions of having positive
topological entropy, containing a horse shoe and the inverse limit space containing an
indecomposable subcontinuum are all equivalent. Mouron proved that if X is an arc-
like continuum which admits a homeomorphism with positive topological entropy,
then X contains an indecomposable subcontinuum. As an extension of the Mouron’s
theorem, Darji and Kato proved that if X is a G-like continuum for a graph G and
X admits a homeomorphism f* with positive topological entropy, then X contains an
indecomposable subcontinuum. Moreover, if the graph G is a tree, then there is a pair
of two distinct points x and y of X such that the pair (x, y) is an [E-pair of f and the
irreducible continuum between x and y in X is an indecomposable subcontinuum.

In this article, for any graph G, we define a new notion of "free tracing property by
free G-chains" on G-like continua and we prove that a positive topological entropy
homeomorphism f of a G-like continuum X admits a Cantor set Z in X such that any
sequence (z1, 22, ..., Z,) Of points in Z is an /E-tuple of f and Z has the free tracing
property by free G-chains. Our main theorem is a dynamical and geometric structure
theorem of positive topological entropy homeomorphism of G-like continua. Also,
we show that the similar result can be obtained for positive topological entropy
"monotone" maps. Also, we give characterization theorems of continua containing
indecomposable subcontinua.

2 Preliminaries

In this article, we assume that all spaces are separable metric spaces and all maps are
continuous. Let N be the set of natural numbers, R the real line, and I = [0, 1] the
unit interval. A graph is a compact connected 1-dimensional polyhedron. A graph T
is a tree if T contains no simple closed curve. For a set A, |A| denotes the cardinality
of the set A. For a family A of subsets of a space, | J.A denotes the union of all

elements of A, i.e.,
UA=Ja =4 e ap.
Aec A

For a subset A of a space X, A denotes the closure of A in X. A subset E of X is an
F,-set of X if E is a countable union of closed sets of X .
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A continuum is a compact connected metric space. We say that a continuum is
nondegenerate if it has more than one point. A continuum is indecomposable [24]
if it is nondegenerate and it is not the union of two proper subcontinua. For any
continuum H, the set c(p) of all points of the continuum H, which can be joined
with the point p by a proper subcontinuum of H, is said to be the composant of the
pointp € H, i.e.,

c(p) = U{C | C is a proper subcontinuum of H containing the point p}.

Note that for an indecomposable continuum H, the following conditions are equiv-
alent;

1. the two points p, g belong to same composant of H;

2. c(p)Nelq) # 9
3. ¢(p) = c(g).

So, we know that if H is an indecomposable continuum, the family

{c)peH}

of all composants of H is a family of uncountable mutually disjoint sets c¢(p) which
are connected and dense F,-sets in H. Note that a (nondegenerate) continuum X
is indecomposable if and only if there are three distinct points of X such that any
subcontinuum of X containing any two points of the three points coincides with X,
i.e., X is irreducible between any two points of the three points [24].

Let H be an indecomposable continuum. We say that a subset Z of H is transversal
for composants of H if no distinct two points of Z belong to the same composant of
H,i.e.,if x, y are any distinct points of Z and E is any subcontinuum of H containing
x and y, then E = H. In [27], Mazurukiewicz proved that if H is an indecomposable
continuum, then there is a Cantor set Z in H which is transversal for composants of
H.

Let X; (i € N) be a sequence of compact metric spaces and let f; ;+1: Xi+1 — X;
be a map for each i € N. The inverse limit of the inverse sequence {X;, f;i+1}%2; is
the space

[o¢]
Bm{X;, fiie1} = (G, |5 = fii1 (xis) foreachi e Ny € [ [ X;
i=1

which has the topology inherited as a subspace of the product space [];-, X;. For a
map f: X — X, put

(X f) = (@), | 5 = f (i) for each i € N).

A map g from X onto G is an e-map (¢ > 0) if for every y € G, the diameter of
g~ ' (y) is less than €. For any collection P of graphs, X is P-like if for any € > 0
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there exist an element G € P and an e-map from X onto G. A continuumX is G-like
if X is P-like, where P = {G}. Note that X is G-like if only if X is homeomorphic
to the inverse limit of an inverse sequence of G, i.e.,

X =1m{G, fiit1},

where G; = G andf; ;+1: G;+1 — G;isanontomap foreachi € N. Arc-like continua
(=chainable continua) are those which are G-like for G = I, and circle-like continua
are those which are S-like, where S is a simple closed curve. Our focus in this article
is on G-like continua where G is any graph.

Let U be a collection of subsets of X. The nerve N () of U is the polyhedron
whose vertices are elements of I/ and there is a simplex
< Uy, Us, ..., Uy > with distinct vertices Uy, Us, ..., Uy € U if

k
(\U: #9.
i=1

In this paper, we consider the only case that nerves are graphs.

If {Cy, ..., C,} is a subcollection of U, we call it a chain if C; N Ci;1 # @ for
1 <i<nand C;NCj# @ implies that |i —j| < 1. We say that {Cy, ..., C,} is a
free chain in U if it is a chain and, moreover, for all 1 < i < n we have that C € U
with C N C; # @ implies that C = C;, C = C;_; or C = Ci,;. By the mesh of a
finite collection U of sets, we means the largest of diameters of elements of U/.
Note that for a graph G, a continuum X is G-like if and only if for any € > 0,
there is a finite open cover U/ of X such that N (If) is homeomorphic to G and the
mesh of U{ is less than €. The Knaster continuum [21] (= Smale’s horse shoe) and the
pseudo-arc (= hereditarily indecomposable arc-like continuum) are arc-like continua,
solenoids are circle-like continua and the Wada’ lake [35] (= Plykin attractor [32])
isa (S; Vv S, Vv 83)-like continuum, where S; Vv S, V S3 denotes the one point union
of 3 circles. Such spaces are typical indecomposable continua which often appear in
continuum theory and chaotic dynamical systems. The reader may refer to [24, 31]
for standard facts concerning continuum theory.

3 Free Tracing Property by Free G-chains

Let X be a continuum and m € N. Suppose that A; (1 <i < m) are nonempty m
open sets in X and x; (1 <i < m) are m distinct points of X. We identify the order
Ay —> Ay — --- — A, and the converse order A,, — A,,_1 — --+- — Aj. Then we
consider the equivalence class

Ay, > A — - > A=A > Ay > - > A A= Apog = - = AL
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Suppose that I{ is a finite open cover of X. We say that a chain {Cy,---,C,} CU
follows from the pattern [A} — Ay — --- — A,,] [11] if there exist

l1<ki<kh<---<k,<norl<k,<kpi<---<k <n

suchthat Cy, C A; foreachi = 1, 2, ..., m. In this case, more precisely we say that the
chain [Cy, — Ci, — -+ = Cy,]follows fromthe pattern [A| — Ay — - -+ — A,
Similarly, we say thatachain {Cy, ..., C,} € U follows from the pattern [x; — x, —
-+ — Xx,,] [11] if there exist

l<ki<k<---<ky,<norl=<k,<kp;<---<ki<n
such that x; € Gy, foreachi =1, 2, ..., m, where
[Xxi > x—> = xp]={x1 > x—> - = X} X —> Xy —> -+ — X1},

More precisely, we say that the chain [Cy, — Ci, — - -+ — Cy, ] follows from the
pattern [x; — xp — -+ — Xp].

Let P be a collection of graphs and let Z be a subset of a P-like continuum
X . We say that Z has the free tracing property by (resp. free) P-chains if for any
€ >0, any m € N and any order x; — x, — --- — X, of any m distinct points
x;i (i=1,2,...,m) of Z, there is an open cover I/ of X such that the mesh of I is less
than €, the nerve N (/) of U is homeomorphic to an element of P and there is a (resp.
free) chain in &/ which follows from the pattern [x; — x, — - -+ — x,,]. Especially,
for a G-like continuum X, we say that a subset Z of X has the free tracing property
by (resp. free) G-chains if Z has the free tracing property by (resp. free) P-chains,
where P = {G}.

In the special the case that X itself is a graph G, for points x; (i = 1, 2, ..., m) of
G, we can similarly define that an edge of G follows from the pattern [x; — x, —
RN _xm].

4 Positive Topological Entropy

Let X be a compact metric space and I/, V be two covers of X . Put
Uvyv={UnviUuel,Vv eV}

The quantity N ({/) denotes minimal cardinality of subcovers of . Letf: X — X be
a map and let I/ be an open cover of X . Put

-1 —n+1
h(f.U) = lim logNUVfT U V...Vf (L{)).

n—00 n
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The topological entropy of f, denoted by h(f), is the supremum of A(f, U) for all
open covers U of X . Positive topological entropy of map is one of generally accepted
definitions of chaos. We say that a set / C N has positive density if

IN{1,2, .., n)

n

lim inf > 0.

n— 00
Let X be a compact metric space and f: X — X a map. Let 4 be a collection of
subsets of X. We say that a set I C N is an independence set for A if for all finite

sets J C 1, and for all (Y;) € I—[jej A, we have that

(V) #0.

jeJ

We now recall the definition of IE-tuple which is related to independence set in

N and (topological) entropy (see [20]). Let (xi, ..., x,) be a sequence of points in
X . We say that (xq, ..., x,) is an [E-tuple of f if whenever Ay, ..., A, are open sets
containing x, . . ., X, respectively, we have that the collection A = {A, ..., A,} has

an independence set with positive density. In the case that n = 2, we use the term
IE-pair. We use /E}, to denote the set of all IE-tuples of length k.

Letf: X — X be a map of a compact metric space X with metric d and let § > O.
A subset S of X is a §-scrambled set of f if |S| > 2 and for any x, y € § with x # y,
then one has

liminfd (f*(x), /"(y)) = 0 and limsupd (f"(x), () = 8.

n—oo

We say that f: X — X is Li-Yorke chaotic if there is an uncountable subset S of X
such that for any x, y € S with x # y, then one has

liminf d(f"(0),f" () = 0 and limsupd (f" (). /" () > 0.

n— 00

In [3], by use of ergodic theory method, Blanchard, Glasner, Kolyada and Maass
proved the following theorem.

Theorem 4.1 (Blanchard et al. [3]) Ifa map f: X — X of a compact metric space
X has positive topological entropy, then there is an uncountable §-scrambled subset
of X for some 5 > 0 and hence the dynamics (X, f) is Li-Yorke chaotic.

In [20], by use of local entropy theory (IE-tuples), Kerr and Li proved the following
theorem.

Theorem 4.2 (Kerr and Li [20] Theorem 3.18) Suppose thatf: X — X is a positive
topological entropy map of a compact metric space X, and xi, X2, ..., Xy (m > 2)
are distinct points of X such that the tuple (x1, x2, ..., Xp,) is an IE-tuple of f. If
A; (i=1,2,...,m) is any neighborhood of x;, then there are Cantor sets Z; C A;
such that the following conditions hold;
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(1) any sequence (21, 2, ..., 2,) of points in the Cantor set Z = \J; Z; is an IE-tuple
of f, and
(2) forall k € N, k distinct points y1, ya, ..., yx € Z and any points 71, 22, ..., % € Z,
one has

lim inf max{d (f"(y;),z)| 1 <i <k} =0.

n—oo

In particular, Z is a §-scrambled set of f for some § > 0.

In [11], we have the following structure theorem for homeomorphisms on G-like
continua.

Theorem 4.3 (Kato [11]) In the setting of Theorem 4.2 assume additionally that X
is a G-like continuum for a graph G and f: X — X is a homeomorphism. Then the
Cantor sets Z; C A; (i = 1,2, ..., m) can be chosen so as to satisfy, in addition to the
above conditions (1) and (2), also the following two ones;

(3) Z = \U!L, Z; has the free tracing property by free G-chains, and

(4) the unique minimal subcontinuum H of X containing Z is indecomposable and
Z is transversal for composants of H.

An onto map f:X — Y of continua is monotone if for any y € Y, f~1(y) is
connected.

Theorem 4.4 (Kato [11]) Let X be a G-like continuum, where G is a graph. If
f:X — X is a monotone map with positive topological entropy, then there exists a
Cantor set Z in X satisfying conditions (1) and (2) of Theorem 5.2 and transversal
for composants of a certain indecomposable subcontinuum H of X. Moreover, H
can be taken to be the unique minimal subcontinnum of X containing Z.

5 Characterizations of Indecomposable Continua and Free
Tracing Property

A continuum X is tree-like if X is 7 -like, where 7 is the collection of all trees.
For the case that X is a tree-like continuum, we have the following characterization
theorem.

Theorem 5.1 ([12]) Let 7 be the collection of all trees and let X be a 7 -like con-
tinuum, i.e., X is tree-like. Suppose that D is a subset of X with |D| > 3. Then, the
following conditions are equivalent.

(1) For any order x; — x, — x3 of three distinct points x; (i = 1, 2, 3) of D and any
€ > 0, there is an open cover U of X such that the mesh of I/ is less than €, the nerve
N U) of U is homeomorphic to an element of 7 and there is a chain in &/ which
follows from the pattern [x; — x, — x3].

(2) D has the free tracing property by 7 -chains.

(3) The minimal continuum H in X containing D is indecomposable and Z is transver-
sal for composants of H.
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For the special case of arc-like continua, we have the following characterization
theorem.

Theorem 5.2 (Kato [12]) Let X be an arc-like continuum. Suppose that Z is a subset
of X with |Z| > 3. Then, the following conditions are equivalent.

(1) X is indecomposable and Z is transversal for composants of X .

(2) Z has the free tracing property by free I-chains and X is the minimal continuum
containing Z.

Next result is the main theorem in this section.

Theorem 5.3 (Kato [12]) Suppose that X is any G-like continuum for a graph G
and H is a subcontinuum of X. Then, the following conditions (1), (2) and (3) are
equivalent.

(1) H is indecomposable.

(2) There is a Cantor set Z in H such that Z has the free tracing property by free
G-chains and H is the unique minimal continuum containing Z. In particular, Z is
transversal for composants of H.

(3) There is a dense F,-set Zo, of H such that

ZOO=UZ,-

ieN

is the countable union of Cantor sets Z; in H, Z., has the free tracing property by
free G-chains and H is the unique minimal continuum containing Z; for eachi € N.
In particular, Zo, is transversal for composants of H.

Proposition 5.4 (Kato [12]) Let X be a P-like continuum for a collection P of
graphs. Suppose that Z is a Cantor set in X such that Z has the free tracing property
by free P-chains and H is the unique minimal continuum H in X containing Z. Let
z € Z and let c¢(z, H) be the composant of z in the indecomposable continuum H.
Then any subcontinuum A in c(z, H) is an arc-like continuum.

For hereditarily indecomposable continua, we have the following.

Corollary 5.5 (Kato [12]) Suppose that X is any G-like continuum for a graph G
and H is a subcontinuum of X . Then, the following (1) and (2) are equivalent.

(1) H is hereditarily indecomposable.

(2) For any subcontinuum K of H, there is a Cantor set Zx in K such that Zx has
the free tracing property by free G-chains and K is the unique minimal continuum
containing Zg. In particular, Zx is transversal for composants of K.

The following is a characterization of pseudo-arc.

Corollary 5.6 (Kato [12]) Suppose that X is an arc-like continuum and H is a
subcontinuum of X . Then the following (1) and (2) are equivalent.
(1) H is the pseudo-arc.
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(2) For any subcontinuum K of H, there is a Cantor set Zx in K such that Zx has
the free tracing property by free I-chains and K is the unique minimal continuum
containing Z. In particular, Zx is transversal for composants of K.

In [23], Kuykendall studied irreducibility and indecomposability in inverse limits
of continua. Also, we have the following.

Corollary 5.7 (Kato[12]) Let G be a graphandlet X = l(iI_n{Gi,f,-,H_l } be aninverse
limit with onto bonding maps f; i+1, where G; = G for each i € N. Then the follow-
ings hold.

(1) There is an indecomposable subcontinuum in X if and only if there is a Cantor
set Z in X such that for any order 7' = 22— ... = 7" of any finite points
7= (zf)?i, G=1,2,...,m)of Z and any n € N, there is k > n and an edge of
G which follows from the pattern

[z,l—)z,%—)-~—>z,'("].

(2) Moreover, if G is a tree, there is an indecomposable subcontinuum in X if and
only if there is a three points set Z in X such that for any order 7' — 72 — 7°
of Z and any n € N, there is k > n and an edge of Gy which follows from the
pattern [z} — 22 — z}].
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Mandelpinski Necklaces in the )
Parameter Planes of Rational Maps glectie

Robert L. Devaney and Sebastian M. Marotta

Abstract In this paper, we give a survey of some recent results involving
“Mandelpinski necklaces” that occur in the family of complex rational maps of
the form z" + A/z¢ where A € C and n, d > 2. A Mandelpinski necklace is a simple
closed curve in the parameter plane for these maps that passes alternately through
a certain number of baby Mandelbrot sets and Sierpinski holes. At the end of the
paper, we describe the very special case that occurs whenn = d = 2.

Keywords Julia set - Critical point - Critical value - McMullen domain -
Mandelpinski necklace - Sierpinski holes

For the family of maps
A
Fz)=7"+ Z_d

a “Mandelpinski necklace" is a simple closed curve in the parameter plane that
passes alternately through a certain number of centers of baby Mandelbrot sets and
Sierpinski holes. The center of a baby Mandelbrot set is the parameter that lies at
the “center" of the main cardioid of this set and, hence, is a parameter for which
one of the critical orbits is periodic. A Sierpinski hole is a disk in the parameter
plane containing parameters for which the corresponding Julia sets are Sierpinski
curves, i.e., sets homeomorphic to the well-known Sierpinski carpet fractal. The
center of such a hole is a parameter for which the critical orbits all eventually map
to co. The main result that we shall focus on in this paper is the following: In the
parameter plane for the maps z” + A/z¢, there are infinitely many disjoint simple
closed curves S* fork =1,2.3, ... surrounding the McMullen domain, with the
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S* converging down to the boundary of the McMullen domain (when n and d are
not both equal to 2). The curve S! passes through exactly n — 1 centers of baby
Mandelbrot sets and Sierpinski holes. The curve S* for k > 1 passes through exactly
dn*=2(n — 1) — n*=! 4 1 centers of baby Mandelbrot sets and Sierpinski holes.

1 Introduction

For simplicity, we shall concentrate for most of this paper on the family of complex
rational maps given by

A
F)L(Z) = Zn + —
ZV!

where A # 0 is a complex parameter and n > 3. The reason for this simplification is
that this family has 2n “free” critical points. However, like the well-studied quadratic
family z> + c, because of certain symmetries, there is really only one free critical
orbit since all of the critical orbits behave symmetrically. Moreover, there are certain
symmetries in the dynamical plane that are present when n = d but not so when
n # d. For complete results in the case where n # d, see [10, 11].

As another similarity with the quadratic family, the point at co is a superattracting
fixed point for each 1. Hence, we have an immediate basin of attraction at oo which
we denote by B,. Also, 0 is a pole of order n, and so, there is an open set containing
0 that is mapped onto B,. If this open set is disjoint from B;, we call this set the
“trap door” and denote it by T;. Note that F; maps both 7} and B, n-to-1 over B;.

As usual in complex dynamics, we are interested in the Julia set for F3, which
we denote by J(F). As in the quadratic case, the Julia set has several equivalent
definitions. First, J (F}) is the boundary of the set of points whose orbits tend to oo.
Second, J (F;) is the closure of the set of repelling periodic points. And third, J (Fy)
is the set on which the map F; is chaotic.

The following result was proved in [8].

Theorem 1 (The Escape Trichotomy) For the family of functions
n A’
F)L (Z) =7 + Z_”

withn > 2

1. Ifthe critical values lie in B, then the Julia set is a Cantor set.

2. If'the critical values lie in T), then the Julia set is a Cantor set of simple closed
curves.

3. If the critical values lie in any other preimage of T,, then the Julia set is a
Sierpinski curve.

A Sierpinski curve is a planar set that is characterized by the following five prop-
erties: it is a compact, connected, locally connected, and nowhere dense set whose
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Fig. 1 The parameter plane
for the family z° 4+ A/z3

complementary domains (of which there must be at least two) are bounded by sim-
ple closed curves that are pairwise disjoint. It is known from work of Whyburn [14]
that any two Sierpinski curves are homeomorphic. In fact, they are homeomorphic
to the well-known Sierpinski carpet fractal. From the point of view of topology, a
Sierpinski curve is a universal set in the sense that it contains a homeomorphic copy
of any planar, compact, connected, and one-dimensional set. The first example of a
Sierpinski curve Julia set was given by Milnor and Tan Lei [13].

Case 2 of the Escape Trichotomy was first observed by McMullen [12], who
showed that this phenomenon occurs in each family provided that n # 2 and A is
sufficiently small. As we describe later, when n = 2, the critical values of Fj cannot
lie in 7.

In Fig. 1, we display the parameter plane for the family F; (z) = z° + A/z>. The
external red region in this set corresponds to parameter values for which the Julia
set is a Cantor set; we call this set the Cantor set locus. The small red region in the
center is a disk surrounding the origin that contains parameter values for which the
Julia set is a Cantor set of simple closed curves. We call this region the McMullen
domain. All of the other red disks contain parameters for which the Julia set is a
Sierpinski curve. These disks are called Sierpinski holes. In each such hole, there
is a unique parameter for which the orbit of some critical point lands on 0 at some
iteration and therefore on oo at the next iteration, say at iteration k > 2. We then call
this parameter the center of the Sierpinski hole and k the escape time of the hole.

Our goal in this paper is to investigate further properties of the parameter plane for
these maps and, in particular, the structure of the parameter plane in a neighborhood
of the McMullen domain. Itis known [1, 3, 7] that there is a unique McMullen domain
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Fig.2 Magnifications of the parameter plane for the family z> 4 A/z> around the McMullen domain

in the parameter plane for each n > 3, and this region is an open disk surrounding
the origin that is bounded by a simple closed curve.

In Fig.2, we have displayed several magnifications of the region around the
McMullen domain in the case n = 3. In the first image, note that there are four
large Sierpinski holes symmetrically placed around the McMullen domain. These
Sierpinski holes all have escape time 4. Between the two upper and the two lower
Sierpinski holes there appear to be small copies of a Mandelbrot set; while between
the two left and two right holes, we see the period two bulb of a principal Mandelbrot
set and the remainder of the “tail” of this set. Indeed, one may draw a simple closed
curve that encircles the McMullen domain and passes through the centers of each
of these Sierpinski holes, the centers of the main cardioids of the two smaller Man-
delbrot sets, and the centers of the two period two bulbs of the principal Mandelbrot
sets. That is, on this simple closed curve, we find four parameter values for which the
map has a a superstable periodic point and four other values for which F,' maps the
critical points to 0o, and these parameter values alternate between the superstable
and the centers of Sierpinski holes as the parameter winds around the closed curve.

Inside these four Sierpinski holes appear to be another simple closed curve con-
taining ten Sierpinski holes. Each of these holes has escape time 5. Also, each pair
of these holes apparently has either a small copy of a Mandelbrot set or a portion
of a principal Mandelbrot set (the two largest Mandelbrot sets displayed in Fig. 1)
between them. Examining the further magnification in Fig. 2, we see a smaller closed
curve containing 28 Sierpinski holes with escape time 6 and, inside that curve, an
even smaller curve containing 82 Sierpinski holes with escape time 7. It appears that
the k™ curve meets exactly 3% + 1 Sierpinski holes with escape time k + 3 as well
as the same number of (portions of) Mandelbrot sets (though these are so small that
they are not quite visible). These are the curves that we call Mandelpinski necklaces.

Actually, the formula in the general case is a little more complicated than that. In
Fig.3, we display the parameter plane for the case n = 4 as well as a magnification
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Fig. 3 The parameter plane for the family z* + A/z* and a magnification around the McMullen
domain

of the McMullen domain. Here we see three principal Mandelbrot sets arranged
between three large Sierpinski holes, each of which has escape time 3. Inside these
sets is a curve containing 9 Sierpinski holes, each with escape time 4, and inside
another curve containing 33 holes of escape time 5. Further magnification shows
that there are 2 - 4~! 4 1 holes with escape time k + 2 in case n = 4.

Our main goal in this paper is to make these observations rigorous. We shall prove:

Theorem 2 (Mandelpinski Necklace Theorem) For each n > 3, the McMullen
domain for the family 7" + )/z" is surrounded by infinitely many simple closed
curves (or rings) S* for k = 1,2, ... having the property that:

1. Each ring S* surrounds the McMullen domain as well as S**', and the S*
accumulate on the boundary of the McMullen domain as k — oo;
2. The ring S* meets the centers of 1" Sierpinski holes, each with escape time k + 2
where
= (n—2n* 1.

3. The ring S* also passes through 7 superstable parameter values where a critical
point is periodic of period k or 2k.

Using techniques from complex dynamics, it has been shown [4] that these super-
stable parameter values each lie at the center of the main cardioid of a Mandelbrot
set when k # 2, while the Sierpinski holes surrounding the centers are all simply
connected sets. When k = 2, S? passes through exactly n — 1 centers of period 2
bulbs of the largest Mandelbrot sets and also the centers of 77 — (n — 1) centers of
smaller baby Mandelbrot sets. As a remark, the case where n = 2 is very different
and quite special. We shall describe the result in this case at the end of this paper.
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2 Elementary Mapping Properties

Besides 0 and oo, F) has 2n other critical points given by A!/?". We call these points

the free critical points for F;. There are, however, only two critical values, and these
are given by 2+/A. We denote a free critical point by ¢, and a critical value by v;.
The map also has 27 prepoles given by (—1)!/?". Note that all of the critical points
and prepoles lie on the circle of radius |A|'/?" centered at the origin. We call this
circle the critical circle and denote it by C;.

The map F; has some very special properties when restricted to circles centered
at the origin. The following is a straightforward computation (see [3]):

Proposition 1

1. F, takes the critical circle 2n-to-one onto the line interval connecting the two
critical values :I:Z\/X;

2. F, takes any other circle centered at the origin to an ellipse whose foci are the
critical values.

We call the image of the critical circle the critical segment. We call the straight
line connecting the origin to oo and passing through one of the critical points (resp.,
prepoles) a critical point ray (resp., prepole ray). Similar straightforward computa-
tions show that each of the critical point rays is mapped in two-to-one fashion onto
one of the two straight line segments of the form ¢v;, where ¢ > 1 and v;, is the image
of the critical point on this ray. So the image of a critical point ray is a straight ray
connecting either v, or —v, to co. Thus, the critical segment together with these two
rays forms a straight line through the origin.

Similarly, each of the 2n prepole rays is mapped in one-to-one fashion onto the
straight line given by iz+/A, where ¢ is now any real number. Note that the image of
the prepole rays is the line that is perpendicular to the line tv, for ¢t € R, i.e., the line
that contains the critical segment and the images of all of the critical point rays.

Let U, be a sector bounded by two prepole rays corresponding to adjacent prepoles
on C,,i.e., U, is asectorin the plane with angle 2w /2n. We call U, a critical point sec-
tor since it contains at its “‘center’’ a unique critical point of F;. Similarly, let V, be the
sector bounded by two critical point rays corresponding to adjacent critical points on
C,.. We call V; a prepole sector. The next result follows immediately from the above:

Proposition 2 (Mapping Properties of F;)

1. F, maps the interior of each critical point sector in two-to-one fashion onto the
open half plane that is bounded by the image of the prepole rays and contains the
critical value that is the image of the unique critical point in the sector;

2. F, maps the interior of each prepole sector in one-to-one fashion onto the entire
plane minus the two half lines £tv, wheret > 1;

3. F maps the region in either the interior or the exterior of the critical circle onto
the complement of the critical segment as an n-to-one covering map of C.
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We now turn to the symmetry properties of F; in both the dynamical and parameter
planes. Let v be the primitive 2n™ root of unity given by exp(7ri/n). Then, for each
j» we have F; (v/z) = (=1)/ Fy(z). Hence, if n is even, we have F?(v/z) = F2(2)
for each j. Therefore, the points z and v/ 7 1and on the same orbit after two iterations,
and so, their orbits have the same eventual behavior for each j. If n is odd, the
orbits of Fy(z) and F;(v/z) are either the same or else they are the negatives of
each other after the first iteration. In either case, it follows that the orbits of v/z
behave symmetrically under z — —z for each j. Hence, the Julia set of F; is always
symmetric under z — vz. In particular, each of the free critical points eventually
maps onto the same orbit (in case n is even) or onto one of two symmetric orbits (in
case n is odd). Thus, these orbits all have the same behavior, and so the A-plane is a
natural parameter plane for each of these families. Note also that, if n is even and the
orbit of some critical point eventually lands on some other critical point at iteration
J > 1, then in fact one of the critical points of F; must be periodic of period j. If n
is odd, then there are two possibilities: either one of the critical points has period j
or else it has period 2.

Let H,(z) be one of the n involutions given by H,(z) = A!/"/z. Then we have
F;.(H,(2)) = F,(2),sothatthe Julia setis also preserved by each of these involutions.
Note that each H, maps the critical circle to itself and also fixes a pair of critical
points of the form +/A1/7. H, also maps circles centered at the origin outside the
critical circle to similar circles inside the critical circle and vice versa. It follows that
two such circles, one inside and one outside the critical circle, are mapped onto the
same ellipse by Fj.

The parameter plane (see Figs. 1 and 3) for F; also possesses several symmetries.
First of all, we have

F(2) = Fz(@

so that F and F5 are conjugate via the map z — z. Therefore, the parameter plane
is symmetric under the map A — A.

We also have (n — 1)-fold symmetry in the parameter plane for F;. To see this,
let w be the primitive (n — 1)™ root of unity given by exp(27i/(n — 1)). Then, if n
is even, we compute that

Fp(@"?2) = 0"*(F3.(2)).

As a consequence, for each A € C, the maps F; and F,, are conjugate under the
linear map z +— ®"?z. In particular, since, when A is real, the real line is preserved
by F;, and it follows that the straight line passing through 0 and «"/? is preserved
by F. rw-

When # is odd, the situation is a little different. We now have

Fio(@"?2) = —0"*(F;.(2)).

Since Fy(—z) = —F,(z) when n is odd, we therefore have that Ffw is conjugate
to Ff via the map z — @"/?z. This means that the dynamics of F, and F,, are
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“essentially” the same, though subtly different. For example, if F; has a fixed point,
then under the conjugacy, this fixed point and its negative are mapped to a 2-cycle
for F;,. Since the real line is invariant when A is real, it follows that the straight lines
passing through the origin and +«"/? are interchanged by F},, and hence invariant
under F2,.

To summarize the symmetry properties of F;, we have:

Proposition 3 (Symmetries in the dynamical and parameter plane) The dynamical
plane for F, is symmetric under the map 7 — vz wherev = exp(ri/n). The parame-
ter plane is symmetric under both 7 — 7 and 7 +— wz where w = exp(2mwi/(n — 1)).

The following result shows that the McMullen domain, and all of the Sierpinski
holes are located inside the unit circle in parameter space.

Proposition 4 (Location of the Cantor set locus) Suppose |A| > 1. Then v, lies in
B, so that A lies in the Cantor set locus.

Proof Suppose |z| > 2|A|'/? > 2. Then, since |z| > |1|'/?, we have

A y 7
|FA(Z)| = |Z|n = T > |Z|” — |)\’|1 2> |Z|” —1> |Z|n 1 - |Z|

|z]

since n > 2. Hence |F}{ (z)] — oo so the region |z| > 2|A|'/? lies in B, In particular,
v, € B)U
For each n, let A* = A” be the unique real solution to the equation

ol = 2]Vl = A2 = e, .

Using this equation, we compute easily that

1\ 1
A= <_) |
4

The circle of radius A* plays an important role in the parameter plane; if A lies on this
circle, it follows that both of the critical values lie on the critical circle for F;. If A
lies inside this circle, then F; maps the critical circle strictly inside itself. We call the
circle of radius A* in parameter plane the dividing circle. We denote by O = O, the
open set of parameters inside the dividing circle. We will be primarily concerned in
later sections with values of the parameter that lie in O. In particular, we shall show
that all of the rings around the McMullen domain S* with k > 1 lie in this region,
while the ring S is the dividing circle itself.

3 Some Special Cases

In this section, we discuss the dynamics of several special cases of F; that will help
define the rings around the McMullen domain later.
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First suppose that A lies on the dividing circle, i.e., |A| = A*. In this case, all of the
critical points, critical values, and prepoles of F; lie on the same circle (the critical
circle) in dynamical plane, namely the circle

a-(0)"

As A winds once around the dividing circle in the counterclockwise direction begin-
ning on the real axis, the critical points and prepoles of F; wind 1/2n of a turn
around the critical circle, while the critical values wind one-half of a turn around
the critical circle, all in the counterclockwise direction. Hence, there are exactly
n — 1 special parameter values on the dividing circle for which a critical point of
the corresponding map equals a critical value, so for these special A-values, we have
a superattracting fixed or period two point for F;. Equivalently, one computes that
these n — 1 parameters are given by

<l>”nl
A=|- .
4

There are n — 1 other parameters on this circle for which the critical value is a
prepole, and these are given by
—1\ T
A= <_) .
4

This proves the case k = 1 of the Mandelpinski Necklace Theorem.

Theorem 3 The ring S' is the dividing circle in parameter plane. It contains n — 1
superstable parameters and the same number of centers of Sierpinski holes.

See Fig.4.

We next restrict attention to values of A lying in R™. The graph of F) shows that,
in this case, F, maps R to itself and that there is a unique critical point lying in R*.
We denote this critical point by ¢y = co(2). See Fig. 5.

It is known [2] that there is a Mandelbrot set (a principal Mandelbrot set) whose
central spine lies along an interval [A_, A, ] contained in R*. Moreover, if A > A,
then A lies in the Cantor set locus, whereas if 0 < A < A_, then A lies in the McMullen
domain. The graph of F; | R shows that F; undergoes a saddle-node bifurcation
at A, and that the critical point ¢; maps onto the repelling fixed point in 3 B; N R*
after two iterations when A = A_. Since each F} is conjugate on the real line to a
real quadratic polynomial of the form Q. (x) = x? + ¢, standard facts from quadratic
dynamics yield the following:

Proposition 5 (Superstable parameters for A € R™) There is a decreasing sequence
of parameters in R™ A| > A, ... converging to h_ such that, for .. = A, the critical
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Fig. 4 The ring S! in the parameter plane for n = 4

Co Co

Fig. 5 The graphs of x> +0.01/x and x* 4 0.01/x*

point c is periodic with period k and the critical orbit in R has the special form
when k > 2:

0<wv,=F(cy) <cog= Ff(co) < Ff_l(co) <...< Ff(co) < Ff(co).

In particular, A is a superstable parameter value of period k, and the orbit of F. fk (co)
is monotonically decreasing for k — 1 iterations along R*.



Mandelpinski Necklaces in the Parameter Planes of Rational Maps 105

| |

i

Co Co

Fig. 6 The graphs of F for A = A4 and A = A5 whenn =4

Portions of the graphs of F;, for k =4 and k = 5 when n = 4 are displayed in
Fig. 6. Note that the parameter A; necessarily lies on the dividing circle S'. We shall
show below that each X lies on S*.

Because of the (n — 1)-fold symmetry in the parameter plane, we have a similar
sequence of superstable parameter values along the ray A = w - Rt in parameter
plane. To be more precise, first suppose that n is even. Suppose that A = aw with
a > 0 and, as before, w = exp(2mi/(n — 1)). Then, using the results in Sect.2, we
have that, if t > 0,

Fi(w®t) = 02 F,(1)

so that F, on the line »"/? - R* is conjugate to F, on R*.
Now F; has critical points at

1
co = (aw)»
1
c1 =viaw) ™
1 1
Cnp1 = V" aw) = —v(aw)> = —c;.

Note that the critical point ¢, lies on the line @"? . R*. This follows since

L L i i
= o2 )
= —(a)% exp (n’%’l)

1 1 1 n
= —ad2nW?2 = ar»w?2.
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Therefore, the above proposition goes over to the case where A = aw witha = A, €
R+ provided we now use the critical point ¢, lying on the line »™/? - R*. We note
that the symmetric critical point ¢; lies on the line '/? - RT and maps onto the
critical value on the line w"/? - R* after one iteration.

The case where n is odd is similar modulo the z = —z symmetry described earlier.
The difference is that the superattracting cycles now have period 2k and alternate
back and forth between w - RT and —w - R*. We have:

Proposition 6 (Superstable parametersfori € @ - RT)LetA; > A ...bethedecreas-
ing sequence in R" in the previous proposition. Suppose n is even. For A = A,
the critical point ¢,y is periodic with period k, and the critical orbit along the line
@"? - RY has the special form when k > 2

Fi(Cat1) < Cart = Ff(car1) < Ff 7N eng1) < oo < Fl(ens1) < FE(Cnpr)-

In particular, A = Ao is a superstable parameter value of period k, and the orbit of
F2(cpt1) is monotonically decreasing for k — 1 iterations along @"/* - R*. When n
is odd, replace F; with F?. The cycle corresponding to A = Ay now has period 2k.

4 Rings in Dynamical Plane

In this section, we prove the existence of infinitely many rings y* fork = 0, 1, ... in
the dynamical plane. Each ring y,\k is a smooth, simple closed curve that is mapped
n*-to-1 onto the critical circle by F. /{‘ . We shall use these rings in the next section to
construct the rings S* in the parameter plane.

We begin by defining . to be the critical circle. Recall that, if » € O, then F;
maps Y, strictly inside itself. Since all of the critical points of F; lie on ¥, it follows
that F; takes the exterior of yf as an n-to-1 covering onto the plane minus the critical
segment and hence over the entire exterior of 3. Thus, there is a preimage y,! lying
outside of yko and mapped n-to-1 onto y{) by F,. Since F, is a covering map, it
follows that ;' must be a single simple closed curve. Then F; maps the exterior of
¥, as an n-to-1 covering onto the exterior of ¥, so there is a preimage of ;' lying
in this region and mapped n-to-1 to ;. Call this simple closed curve yf. Continuing
inductively, we find a collection of simple closed curves yf for k > 1 having the
properties that:

1. y/*! lies in the exterior of y};

2. F, takes y;*! as an n-to-1 covering onto y};

3. 50 F, takes y; ! as an n**!-to-1 covering of the critical circle;
4

. the yf“ converge outward to the boundary of B, as k — oo.

We now construct a parameterization of each of the yf. In order for this
parametrization to be well-defined, we need to restrict attention to parameters in
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the region O’ = O — (—1*, 0], so that —r < Arg A < 7. We therefore assume that
A lies in O’ for the remainder of this paper.

For A € O, there is a unique critical point of Fj lying in the region |Argz| <
7 /2n. Call this critical point ¢o = ¢o(1). Note that ¢y € RT if A € RT. We index the
remaining critical points by c¢; with the argument of ¢; increasing as j increases.

To parametrize the critical circle y., we set ¥ (0) = co(1). By the mapping prop-
erties proposition, for each § € R, we then let yf (6) be the natural continuation
of this parametrization of the circle in the counterclockwise direction. So )/AO ) is
27 -periodic in 6 and depends analytically on X for 1 € O'.

To parametrize y,' (), consider the portion of the critical point sector containing
co(A) that lies outside the critical circle. There is a unique point in this region mapped
to co by F;; call this point ykl (0). Then define ;' (8) by requiring that

Fu(y)(0)) = vL(0)

and that y,' (9) varies continuously with 6. Note that ;' () is 2n7 periodic since
F; is n-to-1 on yxl. We then proceed inductively to define y,\k (0) by first specifying
that, in the outside portion of the critical point sector containing cy, yf (0) is the
unique point that is mapped by Fj to y)f‘_l (0) and then using F; to complete this
parameterization. As above, for each k, y}(6) is 2n*m periodic in 6 and depends
analytically on A.

To prove the existence of the rings in the parameter plane, we need to be more
specific about the location of the rings in the dynamical plane. Let V. be the portion
of the prepole sector lying on and outside the critical circle and also between the two
critical point rays through ¢y and c¢;. That is,

Arg A
Vy = {z||z| > AV, === <

Let V. = v~!'. V,.So V_ is the portion of the prepole sector bounded by the critical
lines through ¢ and c_; and lying on or outside the critical circle. Let V, = V, U V_.
See Fig.7.

Since |ArgA| < w and n > 3, we have for z € V,,

|[Argz| < )

—_,e— < —
2n n 2n —

Argk‘ 7 37 7

So for each A € (0, the region V;, is contained in the half plane Re z > 0.

Now F, maps the portion of boundary of V. lying along the critical circle one-to-
one to the critical segment since the endpoints of this arc are adjacent critical points
along C; that are mapped to distinct critical values. Also, Fj maps the portion of
the critical point line containing ¢y lying on the boundary of V. one-to-one onto the
ray v, = 2t+/A with > 1 and Arg +/A > 0, while F, maps the other boundary ray
containing c to the negative of this ray. Hence, the boundary of V, is mapped onto
the entire straight line passing through v, and the origin. Therefore, F3 maps V,
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Fig. 7 The region
V=V uVv_

v,
1

Co

c_1 V_

univalently onto one of the half planes bounded by this line. Similarly, F; maps V_
univalently onto the opposite half plane.

Let ¢, be the straight line given by 27+/A where ¢t € (—o0, 1]. So ¢, is the straight
line that starts at 24/A at 1 = 1 and passes through the origin and —2+/A enroute to
oo as t — oo. Note that the boundary of V, is mapped two-to-one onto ¢, by F;.
Hence, F; maps the interior of V, univalently onto C — ¢;. Now, for each A € (',
the critical segment lies outside V; since neither V, nor V_ meets the interior of the
critical circle. Also, the portion of ¢, extending from —2+/A to oo lies in the left half
plane, so the entire line £, does not intersect V,. So we have:

Proposition 7 For each ). € O', F; maps the interior of V;, univalently onto C — £,
and so the image of 'V, contains V.

Recall that the k™ ring in the dynamical plane is parametrized by yX(9) and is
periodic with period 2nfr.

Proposition 8 For each k > 1, the portion of the ring yf(@) with 10| < n*~'x lies
in the region
3r A 3n
2n = ABL= 2n’
Proof We deal first with the case 0 < 6 < n*~!xr; the other case is handled by
applying the z — v~!z symmetry, as we describe below.

We claim that the portion of the ring y*(6) with 0 < 6 < n*~!x actually lies in
the smaller region

T 3
—— < Argz < —.
T ge= 2n

To see this, we first consider the simplest case where A € R*. In this case, V, is
bounded by RT and v - R* and F; maps V. univalently onto Im z > 0. Recall that
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yf (0) lies in the region Im z > 0if 6 € [0, r]. Hence, there is a continuous preimage
of ¥{(9) lying in V. This preimage is, by definition, y;! () for 6 € [0, ]. So ;' (9)
lies in the region 0 < Argz < w/n, and thus, the result is true when k = 1.

Next note that y,!(r) lies on the line v - RT and is given by vy, (0). So we
can use the symmetry in the dynamical plane to extend the definition of y, (9)
to a continuous curve defined for 8 € [0, nx] as follows: if 0 € [jm, (j + 1)7],
let ykl(é) = vjykl(é —jm) for j=1,...,n—1. So y£(9) lies in Imz > 0 for
0 € [0, nmr]. Then the sector V is again mapped over y)\l (6) for these 6-values, so
we have a continuous preimage y(6) lying in V., mapped onto y,' (9), and defined
for 6 € [0, nm].

Then we extend the definition of yf (0) to [0, nm] as above using the symmetry in
the dynamical plane. So we have that yf’ () liesin V. forall§ € [0, n>7]. Continuing
in this fashion proves the stronger result that y){‘ () infactliesin V., for6 € [0, n* ']
for all k as long as A € R™.

Now suppose that 0 < Arg A < 7. We no longer have the fact that V, is mapped
over yf(&) for 0 < 6 < m.Indeed, the point y,\1 (0) now lies in V_. This follows from
the fact that the critical point ray through ¢ is mapped to a line whose argument is
strictly larger than that of ¢, so the preimage of ¢y must lie below this critical point
line. By the previous proposition, we have that F; maps the interior of the entire
region V), univalently onto C — ¢, Let £} denote the portion of £, lying in the lower

half plane. Then

Arg A 3
<%+n=ArgZ;<Tn.

Since, for 6 € [0, 7], we have
0 Arg A ,
0 < Argcy < Argy, (0) < Argep+ 7 < — + 7 =Arg/;,

it follows that the entire line £, never meets V,{) (0) for these 6-values. Hence, there is
a continuous preimage of V,{) (0) in V. U V_ for each 6 € [0, mr]. This defines y,\1 )
over this interval. Note that )/AI () = vy)} (0) mustlie in V.. In fact, we can say more:

b4 Argh w < Argy) (9)
-—— < - — r
2n 2n 2n — V.

for 0 < @ < m. This follows since F; maps the prepole line in V_ to a line perpen-
dicular to ¢, in —7/2 < Argz < 0. This line does not intersect the curve y.(9) for
6 €10, ]. So yxl () does not meet the prepole line in V_. We therefore have

T Ayl ) <
2n gV 2n

for 6 € [0, r], so this proves the case k = 1 when 0 < ArgA < .
Now we extend the definition of yf (0)to 0 € [0, nm]asin the previous case using
symmetry. Then we have, for 0 < 0 < nm,
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il 1
5 < Argy, (0) < Argco + 7.
n

But Argco +m < ArgA/2 + m = Arg/;. So again £, does not meet the extension
of y)f (0). So we have that yf (6) lies in the interior of V, U V_ for 0 < 6 < nmw and
so Arg y(0) < 37 /2n. As above, we in fact also have —7/2n < Arg y2(6), so this
proves the case k = 2. Continuing inductively proves the result for all k-values when
0<Argh <mand0 <6 <n 7.

The case of negative values of 6 is handled by symmetry as follows. We again
assume that 0 < Arg A < . For each k, we have, since y)f‘ ) is 2n*w periodic,

F.07 'yl ) = —F.(vf (9))
=—y7'®
=y 0 —n""m)
= F(yf (@ — n* '),

Therefore
Oy =yf O —n* )

follows since y,\k (0) is continuous in 6. Therefore, we have that when 6 € [—n*~'7, 0],
yf (0) lies in the region
— 3—7[ Argz < x
m ST

So altogether the curve y} (6) lies in the region |Arg z| < 37/2n forall |8] < n*~'x.
This concludes the proof when 0 < Argi < 7.

If —m < ArgA < 0, we invoke the z — Z symmetry in the parameter plane. Since
F) isconjugate to Fviaz > Z, it follows that the curves )/Ak () are mapped to VXk (—9)
by the conjugacy. Hence, these curves lie in the same region when —7 < Arg A < 0.
This concludes the proof.

5 Rings in Parameter Plane

Before turning to the proof of the existence of the Mandelpinski necklaces in the
parameter plane, we need to examine more carefully the parametrizations of the
rings in the dynamical plane in two of the special cases discussed earlier, namely
when A € Rt and A € w - RT.

First suppose that . € R™. For the special parameters A, among the superstable
parameters in Rt, we have seen that F;, (co) always lies in R™ and satisfies

0 < Fy,(co) < co = Ff (co) < F{ '(co) < ... < F}(co).
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Hence, ka (cp) lies on yfk_z NRT and F,\jk (co) lies on yl\kk_j NR* forj=2,...,k.
In particular, since the definition of the parametrization requires that F; (y,\j 0)) =

ij - (0), it follows that, for the special parameter value A;, we have

yo (0) = co
YE72(0) = Fi (co)
¥ 3(0) = F} (co)

yi (0) = F ™ (co)

Next we turn attention to the special parameter values A w lying along the line
- RT in the parameter plane. Here the situation is somewhat more complicated.
For simplicity of notation, we fix a value of k and set © = Az w.

As we showed earlier, the line »"/? - R* contains the critical point ¢, and is
either invariant under F, (if n is even) or interchanged with the symmetric line
—a"? . RT by F, (if n is odd). In either case, the symmetric line —w"/? - R" is
mapped to this line by F,, and contains the critical point ¢; = —c¢, 4. Also, the
critical point line through ¢ is mapped to —w"/? - R by F,, and then to »™/? - RT
by F..

We have, by definition, yS(O) =c¢g. Since ¢y = vcy Wwhere, as usual,
v = exp(mwi/n), we also have

14
1= J/,? (;)

o(T
Cptl = )/M (; +7T)

Consider the portion of the critical point sector containing ¢y and lying on or outside
C,. V;i (0) is the unique point in this region that is mapped to ¢ by F),. Since F), takes
the critical point line through ¢y to the critical point line through ¢y, it follows that
y& (0) lies below this line and that y/i (r/n), the preimage of cy, lies on the critical
point line through cy. By symmetry, V,l((” /n) + ) then lies on the critical point
line through c; and, since V,l is 2nm -periodic, the point

(T
Yu (— + 7+ nn)
n
lies on the line "/? - R* containing ¢, .
Continuing, we have that y/f((n /n) 4 ) lies on the critical point line through cg
and is mapped by F), to V;} ((;t/n) + 7). The point

2 (T
Y (——i—n—}—nn)
n



112 R. L. Devaney and S. M. Marotta
then lies on the critical point line through ¢; and is mapped to
(T
Yu (— + 7+ nn)
n
on "% . R,

Continuing inductively, we see that the critical point line through ¢ contains the
points

co =¥, (0)

(5)

v (-

2 (T )
i

(4

yl{(£+n+nn+...+n1_2n)=ylf(£(1+n+...+nj_l)).
n n

and the critical point line through ¢ contains the points

0 ”)
= —
1 J/,L(n

2 (T
Yu (——l—n +nn>
n

yg(z+n+nn+...+nj_ln)=yl{ (z(l—i-n—i-...-i-nj))-
n n

Equivalently, y,{ (0) lies on the critical point line through c; for

7 (nitl —1
9=_<_>.
n n—1

Now consider the corresponding points on the critical point line through c_;.
Since the parametrization corresponding to points on this line and y;{ is obtained by
subtracting n/~ ! from the corresponding critical point line through cg, we find the
following points on this critical point line:
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Fig. 8 Parametrization of y, (f) when A = A

Nz . .
v (—+n+nn+...+n/’2n—n171n>.
n

Equivalently, y,f (0) lies on the critical point line through c_; for

. . J—1 .
0:1(1+n+n2+...+n1l—nf):z(n )—n’ln.
n n\n—1

For later use, this value of 6 is called 6, ;. See Fig.8.

We now turn to the proof of the existence of the rings S* in parameter plane
for k > 1. For simplicity, we consider only the case when n > 5 in this section; the
special cases n = 3, 4 are described in [9].

Recall that, from the results of the previous section, we have that, when k > 1,
the portion of the curve y,\k (0) for |#| < n*~'x lies in the region
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3 3
—— < Argz < —.
2n = ABL = 2n

We call this region W,, and note that W, lies in the right half plane. Let H, denote
the involution that fixes ¢y, i.e.,

)\’l/}’l
H,(2) = -
Z

Lemma 1 Ifn > 5and ) € O, then H,(W,) lies in the half plane Re 7 > 0.

Proof Since
Arg A
Arg H, (z) = — Argz,

we have, if z € W, andn > 5,

T 571< 3n+ArgA Arg H, (2) 3n+ArgA<5n<n
—_— << - < Ar ) < — — < —.
27 2n T 2n n &Mz 2n n ~ 2n "~ 2
We remark that this result is false when n = 3, 4; that is the reason why these are
special cases.
Now consider the curves

£50) = Hu(v} 9)).

Since the involution H, interchanges the inside and outside of C;, each of the curves
£F is a simple closed curve lying inside the critical circle. We have

Fo (L)) = v 1)

since Fy (H,(z)) = F5(z). By the Lemma, we also have that Ef (0) liesinRez > 0
for |0] < n*~'x, at least if n > 5.

Theorem 4 For each k > 1 and any 6 satisfying 10| < n*~'m, there exists a unique
parameter . = Ay j such that

v, =234 = EK ).

Proof The function G(L) = v, = 2+/A takes the subset (0’ of the parameter plane
univalently onto an open subset of Re z > 0. For each A € O, G() lies inside C;,
but for A on the dividing circle (which is the circular boundary of O’), G (1) lies on
the critical circle. Hence, G maps O’ univalently onto the interior of a half disk in
the right half plane that contains the region inside C; in Re z > 0 for each A € O'.
Call this half disk D.
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Also, for fixed 6, the function A +— Sf (9) is analytic on O and takes this set
strictly inside the portion of the critical circle bounded by the rays |Arg z| = 37 /2n.
Hence, for each 6, the set of points 5}{‘ (0) lies inside a compact sector in D. That is,
this set of points can possibly accumulate on the boundary of D only at the origin.
Hence, we may consider the composition Q(1) = G~! (Ef(@)). As a function of A,
Q is analytic and maps the simply connected region O’ inside itself. By the Schwarz
Lemma, Q has a unique fixed point in this set or on its boundary. But the fixed point
cannot lie at A = 0 since 0 is surrounded by the McMullen domain so that the curves
g} are bounded away from the origin. Hence, there must be a unique fixed point in
the interior of D. This fixed point is Ag «.

Note that the fixed points Ay ; vary continuously with 6, so 6 > Xy is a curve
in the parameter plane.

The following proposition identifies the specific values of Ay corresponding to
the special cases considered earlier.

Proposition 9 When 0 = 0 and k > 1, the parameter values Loy are given by the
parameters gy, € RT. When 6 = 6, , M(0, k) is given by why on the symmetry
line w - RT.

Proof When A € R*, the points ykj (0) also lie in R* for each j. Since, as shown
earlier, the parameter A has the property that vy, ,, € éfk“, kaH (co) € yfk;l NR*
and the forward orbit of this point decreases along R™ until meeting cy, it follows
from the uniqueness of the parameter A ; that we must have Ag; = Ax41 for each
k>1.

When A = A4 10 and 6 = 6, , we know that the point yl\k (6 1) lies on the critical
point line through c_;. Hence, H,\(yf (61.1)) lies on the critical point line through ¢
and is given by &X(6, ;). This point is then mapped by F; to the point on @"/? - R*
whose orbit meets ¢, after k — 1 iterations of F; or F. f, depending upon whether
n is even or odd. Hence, Ag, , x = Ary1@ as claimed.

Now the parameters in the previous proposition are the unique parameters on the
corresponding lines in parameter space for which the orbit of the second iterate of the
appropriate critical point monotonically decreases along the corresponding line(s)
for k — 1 iterations before returning to itself and becoming periodic. So the curve
0 — Xy meets each of these two symmetry lines only once. Hence, the portion of
this curve defined for 0 < 6 < 6, ; either lies outside the sector

2
0<Argh < ——
n—1

for all values of 6 or else this entire curve lies inside the sector. But the former cannot
occur since this would imply that some Ay ; would liein R™, contradicting the fact that
each A lies in O'. Hence, the portion of the curve Ay ; defined forO < 6 <6, ;isa
continuous arc connecting = 0and 0 = 2w /(n — 1). It then follows by the (n — 1)-

fold symmetry that, for each k > 1, A is a simple closed curve in parameter space
which is periodic of period
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k _
(n— Dbps = (1 — 1) (5 (” 1) —nk_ln>
n\n—1

_r (—nkJrl +2nF — l).
n

We therefore define the ring S**! to be the simple closed curve 6 > Ag ;. That
is, S¥*1 consists of parameter values for which the critical orbit has the following
behavior:

1. both critical values lie inside the critical circle;
2. F2(c;) lies on yf =5
3. subsequent iterates decrease through the y/{ until, at the k™ iterate, the critical

orbit lands back on the critical circle.

‘We have shown:

Theorem 5 Whenn > 5, the ring S in parameter space is a simple closed curve
that is parameterized by 6 +— Ly and is periodic of period

T =k 1) = S (= 2k +1).
n n

In particular, since the critical points (resp., prepoles) of F; are located on . (9)
atd = mj/n (resp., (2j 4+ 1)m/2n) for 0 < j < 2n, we have the following count of
superstable parameters and centers of Sierpinski holes along S*!:

Corollary 1 There are precisely (n — 2)n* + 1 parameters along S**' that are
superstable parameters. There are the same number of parameters that are cen-
ters of Sierpinski holes. These parameters alternate between these two types as the
parameter winds around S**.

This proves the existence of the Mandelpinski necklaces when n > 5.

6 The Special Casen = 2

In this section, we give three examples of how the case n = 2 is so much different
from the cases where n > 2. The first example of this difference is the fact that there
is no McMullen domain when n = 2. The reason for this is as follows. Recall that
the critical values of F; are given by v; = +2/. By McMullen’s result [12], the
critical values must lie in the trap door if the Julia set is a Cantor set of simple closed
curves. But, in the case n = 2, we have

1
FX(UA) =4\ + Z
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A=-0.01 A= —0.001

Fig. 9 Sierpinski curve Julia sets for various negative values of A in the case n = 2

So, as A — 0, F; (v,) — 1/4, which is nowhere near B, since, when || is small,
the boundary of B;, is close to the unit circle.

A second reason why the case n = 2 is different involves the Julia sets of the maps
F; when |A| is small. When n > 2, these Julia sets are always Cantor sets of simple
closed curves surrounding the origin. It is known [6] that there is a round annulus
of some given width lying inside the unit circle and separating two of these curves
when || is small. Hence, these Julia sets never converge to the unit disk as A — O.
However, when n = 2, it is also shown in [6] that the Julia sets for Fj do converge
to the closed unit disk as A — 0. In Fig.9 we display four Julia sets with A small
and n = 2. All of these Julia sets are in fact Sierpinski curves. But notice how the
preimages of T, get smaller and smaller as |A| decreases.
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Fig. 10 The parameter plane for the family z> 4+ A/z> and a magnification centered at the origin

The final example of the difference between the casesn = 2andn > 2 involves the
Mandelpinski necklaces described above. As we showed earlier, whenn > 2, thering
S* passes alternately through exactly (n — 2)n*~! 4 1 centers of baby Mandelbrot
sets and centers of Sierpinski holes. Note that, when n = 2, this formula yields 1 for
each k. And that, in fact, is true. As shown in [5], we do have these special rings Sk
in this case. The single center of the only Mandelbrot set in S* now lies along R+,
while the single center of the corresponding Sierpinski hole lies in R™.

In Fig. 10 we display the parameter plane for the case n = 2 together with a
magnification. The large red central region is not a McMullen domain; rather it is a
Sierpinski hole and it does not contain the origin. The ring S' is the dividing circle
which passes through the center of the main cardioid of the principal Mandelbrot set
on the right and the center of that large red region on the left, which is a Sierpinski
curve. In the magnification, the ring S? then passes through the center of the period
2 bulb of the Mandelbrot set and the center of the large red disk, also a Sierpinski
hole, that lies to the left of the origin.
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Abstract Many examples of hypercyclicity take place in analytic function spaces,
such as spaces of entire functions, Hardy spaces, Bergman spaces, and Dirichlet
spaces. Using unique features of these analytic function spaces, we explore properties
of some hypercyclic operators, such as spectral properties, orbital properties, as well
as their hypercyclicity with respect to different topologies of the spaces.
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1 Introduction

Let X be an separable, infinite dimensional Fréchet space over C. A continuous
linear operator T is hypercyclic if there is a vector x for which the orbit orb(7', x) =
{x, Tx, T?x, T3x, ...} is dense in X. Such a vector x is called a hypercyclic vector.
When we generalize the sequence of powers {T', T2, T3,..}intheorbittoa sequence
of operators {T, T, T3, ...}, we have the notion of universality. To be precise, we
say that a sequence of continuous linear operators 7,, : X — X is universal if there
is a vector x for which {x, T1x, Trx, T3x, ...} is dense in X. Such a vector x is called
a universal vector. In this teminology, the sequence {7"} of powers of T is universal
if and only if T is hypercyclic.

Some early examples of hypercyclicity take place in the Fréchet space H (2) =
{f : Q — C|f isanalytic}, where Q is aregion in C and H (2) carries the compact-
open topology. That s, a sequence f,, — f in H(S2) ifand only if f, — f uniformly
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on compact subsets of Q2. Two well-known examples of hypercyclicity are the fol-
lowing results on the Fréchet space H (C) of all entire functions.

Theorem 1.1 (Birkhoff [3]) There is a function f € H(C) so that {f(z), f(z +
1), f(z+2), ...} is dense in H(C). In other words, the translation operator T :
H(C) — H(C) defined by Tf(z) = f(z+ 1) is hypercyclic.

Theorem 1.2 (MacLane [13]) There is a function f € H(C) so that the set of suc-
cessive derivatives {f(z), f'(z), f"(z), ...} is dense in H(C). In other words, the
differentiation operator D : H(C) — H(C) defined by Df(z) = f'(z) is hyper-
cyclic.

One early example of universality was given on the Fréchet space H (D) for the
open unit disk D.

Theorem 1.3 (Seidel and Walsh [14]) Suppose {a,} C D with a,, — 1, and

a, — 2

©n (Z) = p——
1—a,z
Then there exists a function f € H(ID) for which the set of non-Euclidean translates

{f o@,} is dense in H(D). In other words, the sequence of composition operators
C,: HD) - H(D) given by C,, f(z) = f o ¢,(2) is universal.

All of the above theorems concern analytic functions, which provide the setting
for our discussion of hypercyclicity and universality.

2 Entire Functions

Putting the three examples of hypercyclicity and universality in the previous section
into one setting, Gethner and Shapiro ([9]) obtained the following sufficient condition
for a sequence of continuous linear operators on a Fréchet space X to be universal.
This sufficient condition is now known as the Universality Criterion.

Theorem 2.1 (Gethner and Shapiro [9]) For each integern > 1,let T, : X — X be
a continuous linear operator on a separable, infinite dimensional Fréchet space X.
The sequence {T,} is universal if there are dense subsets D| and D, of X and maps
S, : X — X such that

(1) T, S, = identity,

(2) T,x — O for each x € Dy, and

(3) Sux — O for each x € D;.

Using Theorem 2.1, Gethner and Shapiro reproved the results of Birkhoff,
MacLane, and Seidel and Walsh. We remark that if there is an operator 7 such
that each 7}, in Theorem 2.1 satisfies 7,, = T", then the Universailty Criterion can
be used to show that T is hypercyclic.
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Continuing with Birkhoff and MacLane’s results, Godefroy and Shapiro ([10])
showed that a continuous linear operator L : H(C) — H(C) commutes with the
differentiation D : H(C) — H(C) if and only if it commutes with every translation
T, : H(C) — H(C) given by T,g(z) = g(z + a). Furthermore, they provided the
following result.

Theorem 2.2 (Godefroy and Shapiro [10]) If L : H(C) — H(C) is a continuous,
linear, nonscalar operator that communtes with D, then L is hypercyclic.

The set of all entire functions H (C) cannot be a Hilbert space in a meaningful way.
However, it is possible to give a dense linear manifold M of H(C) a topology that
makes M a Hilbert space of entire functions. If M is invariant under the translation
operator 7', then we can study the hypercyclicity of the translation operator on M.
To proceed with this idea, we introduce the following definition given by Chan and
Shapiro ([8]).

Let y = {y, > 0|n > 0} be a sequence of positive numbers with % J 0. Let

00 | A2
=D 'f;”z)' <oo}

0 n

EX(y) = {f(z) =Y fmz
0

be a Hilbert space of entire functions. One can easily check that the norm topology
of E2(y) is stronger than the compact-open topology inherited from H(C), and
also that the differentiation operator D : E>(y) — E*(y) given by Df = f'(z) is
bounded if and only if {ny,, /y,—1} is a bounded sequence. In that case, the translation
operator T, : E*(y) — E*(y) givenby T,(f) = f(z + a) is bounded. This follows
from the observation that

%} n [ee] (n)
P =) %D”f(z) => %((a +2)—2)" = fz+a),
n=0 " n=0 ’

and hence,

o0 D" ol D1
T, =P = E a”—'zl—i—D(E a” ' )
n: n:
0 1

One can check that D : E?(y) — E*(y) is compactif and only if ny, /y,_; — 0,
and in that case 7, = I 4+ K, where K is a compact operator.

Theorem 2.3 (Chan and Shapiro [8]) If the sequence {ny,/y,—1} is monotonically
decreasing and ifa # 0, then T, : E*(y) — E2(y) is hypercyclic.

In the case that D is compact, T, is the first natural example of a hypercyclic
operator that is of the form / 4+ K where K is a compact operator, with the singleton
spectrum o (T,) = {1}.
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3 Hilbert Spaces of Analytic Functions

Let H be a Hilbert space of analytic functions on a region Q2 C C satisfying (a)
H # {0}, and (b) For each w € €2, the point evaluation functional k, : f > f(w)
is continuous. An analytic function ¢ : Q — C is a multiplier for H if ¢ - H C H.
Using the Closed Graph Theorem, one can show that the multiplication operator
M, : H— H givenby M,(f) = ¢f is a bounded linear operator.

Let H*(2) be the algebra of all bounded analytic functions on 2. We claim
that every multiplier ¢ is in H°°(£2). To prove that, we see that |@(w)| - |{f, ko) =
lp(@) f(@)] = of, ko)l < [IM Il f kol Putting f = ku/||koll, we have ¢ (w)]
< |IM,| for all w € 2. This proves our claim.

In fact, itis quite easy for the adjoint multiplication operator M to be hypercyclic.

Theorem 3.1 (Godefroy and Shapiro [10]) If ¢ is nonconstant and ¢(S2) intersects
the unit circle, then My : H — H is hypercyclic.

The next result shows that hypercyclicity of the adjoint multiplication operator
on a Hilbert space H of analytic functions can be completely determined under
additional hypotheses.

Theorem 3.2 (Godefroy and Shapiro [10]) Suppose every function ¢ in H*(S2) is
a multiplier for H with |My || = ¢ lleo- If @ is a nonconstant multiplier, then M;‘ is
hypercyclic if and only if (2) intersects the unit circle.

To illustrate the theorem, let
L2(Q) = {f Q- (C‘fis analytic and | f|* = / I[fI?dA < oo}
Q

be the Bergman space. Clearly every ¢ € H*(Q) is a multiplier for L2(Q) with
Myl = l|¢lloo- Thus it follows from Theorem 3.2 that the adjoint multiplication
operator M ;f : Li () —> Lﬁ (R2) is hypercyclic if and only if ¢ (£2) intersects the unit
circle.

However, in the case that not every bounded analytic function is a multiplier,
then the conclusion of Theorem 3.2 may not be true. For example, we consider the
Dirichlet space for the open unit disk D, which is given by

Dir(D) = {f :D— (C‘fis analytic and || f||* = |f(0)|2+/ |f'1?dA < oo}.
D

Example 3.3 (Chan and Seceleanu [7], 2012) Let ¢(z) = z. The operator M; :
Dir(D) — Dir(D) is hypercyclic, but ¢ (D) = DD, which does not intersect the unit
circle.

Before we return to the Bergman space, we take a look at a hypercyclicity result
for a general operator on a Banach space.
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Theorem 3.4 (Bourdon and Feldman [4]) For any bounded linear operator T :
X — X on a separable, infinite dimensional Banach space X, an orbit orb(T, x) is
somewhere dense if and only if orb(T, x) is everywhere dense.

However, for the adjoint multiplication operator M on the Bergman space L3(Q)
to be hypercyclic, the equivalent condition of having a somewhere dense orbit in
Theorem 3.4 can be relaxed.

Theorem 3.5 (Chan and Seceleanu [6]) Let ¢ be a nonconstant function in H*°(S2).
For the adjoint multiplication operator My, : L2(Q) — L2(Q), the following state-
ments are equivalent.

(A) Mg is hypercyclic.

(B) M;f has an orbit with a nonzero limit point.

(C) Mg has an orbit orb(M, f) with infinitely many members M" f contained in
an open ball whose closure avoids the origin.

Theorem 3.5 does not hold true for all classes of operators on a Hilbert space H
of analytic functions. To explain that, let D be the open unit disk, and let

o0 o0
H? = {f :D— D‘f(z) = Zanzn analytic andZ|an|2 < OO}
0 0

be the Hardy space. Let ¢ : D — D be an analytic function, and define the compo-
sition operator C, : H> — H>by C,f = f o ¢.

Example 3.6 (Chanand Seceleanu[6], 2012)1f « is anirrational numberand ¢(z) =
e*™®z  then C,, has an orbit with the identity function ¥ (z) = z as a nonzero limit
point, but C,, is not hypercyclic.

Now we turn our attention to the weak topology of a separable, infinite dimensional
Hilbert space H. The linear span of an orbit orb(7', x) is a convex set. So, it is dense
with the weak topology if and only if it is dense with the norm topology. What
about the orbit itself, without taking the linear span? In other words, must a weakly
dense orbit be norm dense? To provide an answer for that question, we introduce
the following definition. If there is a vector 4 € H such that its orbit orb(7, h) is
dense with the weak topology of the Hilbert space H, then T is said to be weakly
hypercyclic. To provide an example of weak hypercyclicity, let A = {1 < |z| < 2} be
the annulus with radii 1 and 2, centered at 0. The corresponding Hardy space H*(A)
is given by H*(A) = {f(2) = X anz" | Yo lanl® + 17 27|, |* < oo}

Theorem 3.7 (Chan and Sanders [5]) The adjoint multiplication operator M :
H?(A) — H?(A) is weakly hypercyclic but not hypercyclic.

As an immediate corollary, we have the following unexpected result: There is a
norm increasing, and yet weakly dense sequence in a separable, infinite dimensional
Hilbert space!
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To conclude this paper, we remark that universality can take place in a nonlinear
setting. For example, Ball(H*°(D) carries no linear structure. Heins ([12]) showed
that if {a, : n > 1} C D witha, — 1, and

a, — 2
0n(2) = n__
1 —a,z

then there exists a Blaschke product B such that the set

{Bowi, Bogy, Bogs,...}

is dense in Ball(H> (D), with the compact-open topology. In other words, if T}, :
Ball(H*(D) — Ball(H>(D) is given by T, f = f o ¢,. Then the sequence {7,,} is
universal. The Blaschke product B is a universal element.

Recently, many authors have obtained results related to Heins’ results. For exam-
ple, Aron and Gorkin ([1]), Bayart, Gorkin, Grivaux, and Mortini ([2]), and also
Gorkin and Mortini ([11]).
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Abstract Using a few classical examples and the invariant subspace problem, we
motivate the definition of a hypercyclic operator on a Banach space. We state a
sufficient condition for an uncountable family of operators to have a dense G set of
common hypercyclic vectors. Then we exhibit a few examples of such uncountable
families. Finally, we switch our focus to some results on extending of an operator
defined on a Hilbert subspace to a hypercyclic operator on the whole Hilbert space.

Keywords A path of hypercyclic operators - Common hypercyclic vector -
Hypercyclic extension
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1 Introduction

A continuous linear operator 7' : X — X onaseparable, infinite-dimensional Fréchet
space is said to be hypercyclic if there is a vector x in X for which the orbit
orb(T, x) = {x, Tx, T?x, T3x, ...} is dense in X. Such a vector x is called a hyper-
cyclic vector. Two classical examples of hypercyclicity take place in the Fréchet
space of all entire functions H (C), which carries the compact-open topology. Thus,
a sequence { f,} in H(C) converges to a function f in H(C) if and only if f,, - f
uniformly on compact subsets of C.

One of the two examples is due to Birkhoff ([4]) who showed that the translation
operator T : H(C) — H(C) givenby T f(z) = f(z + 1) onthe Fréchet space H (C)
of all entire functions is hypercyclic. The other example is due to MacLane ([20]) who
showed that the differentiation operator D : H(C) — H(C) defined by Df = f’is
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hypercyclic. The first Banach space example of hypercyclicity is due to Rolewicz
([21]) who showed thatif B : £ — €7 ,where 1 < p < 00, is the unilateral backward
shift defined by

B(ag,al,ag,..J :=(a1,a2,a3,..J

and if ¢+ > 1, then ¢ B is hypercyclic.

Another motivation for studying hypercyclic operators comes from the well-
known open problem, the Invariant Subspace Problem which has been around since
1900. The problem asks whether every bounded linear operator 7 : H — H on a
separable, infinite-dimensional Hilbert space H has a nontrivial invariant closed sub-
space. The problem will be solved in the negative, if one shows that there is a bounded
linear operator 7 : H — H for which every nonzero vector is a hypercyclic vector.
In that case, T does not have a nontrivial invariant closed subspace, and indeed it
does not even have a nontrivial invariant closed subset.

Of course not every operator is hypercyclic. Some examples of non-hypercyclic
operators include normal operators, compact operators, and those operators of the
form T = I 4+ F where F is a finite rank operator.

Kitai [19] offered a sufficient condition for a bounded linear operator 7 : X — X
on a Banach space X to be hypercyclic. The condition was rediscovered in much
greater generality by Gethner and Shapiro ([16]). The condition is now known as the
Hypercyclicity Criterion.

Theorem 1.1 (Kitai [19], Gethner and Shapiro [16]) A continuous linear operator
T : X — X on a separable, infinite-dimensional Fréchet space X is hypercyclic if
there is a dense subset D of X and if T has a right inverse S so that T"x — 0 and
S"x — 0 for each vector x € D.

Using the Criterion, Gethner and Shapiro ([16]) reproved the aforementioned
results of Birkhoff, MacLane, and Rolewicz. Since then the Hypercyclicity Criterion
has been a basic tool for showing an operator is hypercyclic.

2 Common Hypercyclic Vectors

For a given countable dense subset {x; : j > 1} of a separable, infinite-dimensional
Banach space X, one can easily check that the set of hypercyclic vectors HC(T') of
a bounded linear operator 7 : X — X is given by

HC(T) = ﬁ 6 T”B(xj, %)

Jj.k=1n=1

Since T is bounded, the union
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*© 1
nLZJl T‘”B(xj, %>

is an open set. Observe that if the orbit {x, T'x, T2x, .. .} is dense then every member
T"x in the orbit is a hypercyclic vector. Thus, HC(T) is dense in X, and hence,
‘HC(T) is a dense G, subset of X. Furthermore by the Baire Category Theorem, if
{T,, : n > 1} is a countable collection of hypercyclic operators, then

oo
the set of common hypercyclic vectors = ﬂ HC(T,)

n=1

is again a dense G5 set. What about an uncountable family of hypercyclic operators?
Can their set of common hypercyclic vectors be a dense G set? One such example in
relation to Rolewicz’ result that we have mentioned in Sect. 1 was given as follows.

Theorem 2.1 (Abakumov and Gordon [1]) If B is the unilateral backward shift,
then the set of common hypercyclic vectors ﬂ ‘HC(tB) is a dense G set.

t>1

The above theorem was given a simpler proof, by introducing the concept of a
path of operators. To give a definition, let B(X) = {T : X — X|T is bounded and
linear} be the operator algebra of a Banach space X, and let I be an interval of real
numbers. The collection {T; € B(X)|t € I}is a path of operators if the map t — T,
is continuous with the usual topology of R and the operator norm topology of B(X).
For example, if B is the unilateral backward shift, then t B with ¢ € (1, 00) is a path
of operators.

Theorem 2.2 (Chan and Sanders [12]) Suppose {T; : X — X|t € [a, b]} is a path
of operators on a separable, infinite-dimensional Banach space X. Then

ﬂ HC(T;) is a dense Gg set
tela,b]

if and only if for each pair of nonempty open subsets Uy, U, of X, there exist a parti-
tionP={a=1t <t <ty <--- < ty=b}ofla, b], positiveintegersny, ny, ..., ng,
and a nonempty open set V such that V C U, and

T (V) C Uy, whenever 1 <i <kandt € [t;_y, t;].

Applying Theorem 2.2, Chan and Sanders ([12]) reproved Theorem 2.1. Further-
more, they also use the concept of path of operators to obtain other results on shift
operators. To explain that,let 1 < p < 0o, A bounded linear operator T : €7 — £7 is
said to be a unilateral weighted backward shift, if there is a bounded positive weight
sequence {w; : j > 1} such that

T (ag,ay, az,...) = (wiai, waz, wias, ...).
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Note that if B is the unilateral backward shift, then the operators # B in Theorem 2.1

is a unilateral weighted backward shift with constant weight sequence w,, = .
Abounded linear operator T : £ — £7 is said to be a bilateral weighted backward

shift, if there is a bounded positive weight sequence {w; : —00 < j < 0o} such that

zeroth zeroth

—~ —
T(...,a_1, ap ,ai,...) = (..., w_ja_y, wodp, Widy, Wrdz, W3da3, ...).

Continuing with the concept of a path of operators, we have the following result
for the shift operators in the operator algebra B(£7) of the Banach sequence space
£r.

Theorem 2.3 (Chan and Sanders [12]) Let 1 < p < o0o. Between any two hyper-
cyclic unilateral weighted backward shifts in B(£?), there is a path of such operators
in B(€7) with a dense G set of common hypercyclic vectors. Also, there is another
path of such operators in B(£P) with no common hypercyclic vector.

Immediately from Theorem 2.3, we see that the hypercyclic unilateral weighted
backward shifts form a path-connected subset in the operator algebra B(£7).

Theorem 2.3 continues to hold true if we replace the unilateral weighted backward
shifts by bilateral weighted shifts. These results lead to a natural question: Can we
have “a lot" of operators in a path and yet they still have a dense G set of common
hypercyclic vectors? What do we mean by “a lot?”” Before we look at the question,
let us first quote the following result showing the existence of a hypercyclic operator.

Theorem 2.4 (Ansari [2], Bernal [3]) For every separable, infinite-dimensional
Banach space X, there is a hypercyclic operator T in B(X).

However, the Banach space X may not admit an operator of a more restrictive
class. To explain that, we need the following definitions.

Definition 1 A vector x € X is said to be a periodic point of an operator T in B(X)
if there is a positive integer n such that 7"x = x. An operator 7 in B(X) is said to
be chaotic if it is hypercyclic and has a dense set of periodic points.

Unlike the result in Theorem 2.4, we cannot assume that we can always have a
chaotic operator on a Banach space.

Theorem 2.5 (Bonet et al. [S]) There is a separable, infinite-dimensional Banach
space which admits no chaotic operator.

In relation to Theorems 2.4 and 2.5, we have the following results about the
density of hypercyclic and chaotic operators. Here, we use “SOT” to denote the
strong operator topology of the operator algebra B(X).

Theorem 2.6 (Chan [7]) For a separable, infinite-dimensional Hilbert space H,
the hypercyclic operators on H are SOT-dense in B(H).
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Instead of a Hilbert space H in the above theorem, we have the following result
for the case of a Banach space X.

Theorem 2.7 (Bés and Chan [6]) The set of chaotic operators on a separable,
infinite-dimensional Banach space X is either empty or SOT-dense in B(X).

Indeed, if T € B(X) is hypercyclic, then its similarity orbit {A~! T A : A invertible
on X} is SOT-dense in B(X). In the case that X is a Hilbert space H over C, Theorem
2.7 states that the chaotic operators are SOT-dense in B(H). Using these results, we
can continue our discussion on common hypercyclic vectors.

Theorem 2.8 (Chan and Sanders [13]) There is a path of chaotic operators in B(H)
that is SOT-dense in B(H), and each operator of the path has the exact same set G
of hypercyclic vectors.

It is further shown in [13] that there is such a path of which each operator satisfies
the Hypercyclicity Criterion. From Theorem 2.8, we immediately have the following
result.

Corollary 2.9 The hypercyclic operators in B(H) are SOT-connected. The chaotic
operators in B(H) are SOT-connected.

From Theorem 2.8 we also have the following fact about the set G of hypercyclic
vectors in the statement of the theorem: Hypercyclic operators T in B(H) with a
set of common hypercyclic vectors G are SOT-connected. In light of Theorem 2.5,
Theorem 2.8 cannot hold true for any separable, infinite-dimensional Banach space
X. However, in that case, we can offer the following result for the similarity orbit
S(T) = {A7'TA|A: X — X isinvertible} of a hypercyclic operator T : X — X.

Theorem 2.10 (Chan and Sanders [13]) Let T : X — X be a hypercyclic operator
on a separable, infinite-dimensional Banach space X. The similarity orbit S(T)
contains a path ‘P of operators which is SOT-dense in B(X) and the set of common
hypercyclic vectors (\pop HC(T) for P is a dense G set.

It is easy to see from the definition of S(T") that we have the following remarks.

(1) If HC(T) = X \ {0}, the set of common hypercyclic vectors for S(T') is also
X\ {0}.
(2) IfHC(T) # X \ {0}, the set of common hypercyclic vectors for S(T') is empty.

Since we do not know whether there is a bounded linear operator 7 : H — H
on a separable, infinite-dimensional Hilbert space H such that HC(T) = H \ {0},
Remark (1) above may or may not make sense in the Hilbert space case.

For an operator 7 on H, we letU(T) = (U'TU|U : H — H is unitary} be the
unitary orbit of 7. Since the set of all unitary operators on H is a path-connected
subset of B(H), the unitary orbit U/ (T') is path-connected. Every operator in U (T')
has the same norm as 7T, and so U(T) does not contain a path that is SOT-dense
in B(H). However, we can offer the following result for their common hypercyclic
vectors.
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Theorem 2.11 (Chan and Sanders [15]) If T € B(H) is hypercyclic, then U(T)

contains a path P of operators so that P g contains U(T) and the set of common
hypercyclic vectors (\pop HC(T) for P is a dense Gj set.

Observe that between any two unit vectors in H, there is a unitary U that takes one
vector to the other. Thus, if HC(T') # H \ {0}, then the set of common hypercyclic
vectors for U(T) is empty, same as Remark (2) above.

3 Hypercyclic Extension

We begin this section with an observation thatif M is a closed subspace of a separable,
infinite-dimensional Hilbert space H with dim H/M < oo, then no bounded linear
operator A : M — M can have an extension 7 : H — H that is hypercyclic. To
prove that by way of contradiction, suppose 7 € B(H) is a hypercyclic extension of
A.Letm : H— H/M be the quotient map; that is,

n(f)=[f1=f+M.
If A is a hypercyclic vector for T', then the set
mw{h, Th,T?h,...} ={[h], [Th], [T?h], ...} is dense in H/M.

If S: H/M — H/M is the linear map defined by S[x] = [T x], then S is a hyper-
cyclic operator on a finite dimensional space H /M, but that is impossible. However,
if M is a closed subspace with infinite codimension then we have the following
hypercyclic extension result.

Theorem 3.1 (Grivaux [17]) Ifdim H/M = oo, then every operator A € B(M) has
a chaotic extension T € B(H); that is, a chaotic operator T : H — H for which
T\u =A.

If A is one-one and has closed range, then the chaotic extension 7 in Theorem
3.1 can be chosen to be one-one. However when A is not one-one, such an extension
can be chosen to preserve the kernel of A. Indeed we have the following result.

Theorem 3.2 (Chan and Kadel [10]) Ifdim H/M = oo, and A in B(M) has closed
range, then A has a right invertible chaotic extension T in B(H) withker A = ker T.

To explain what the extension 7 in the above theorem looks like, we write M =
ran A @ ran AL. Let My, M, M», .. .be orthogonal subspaces of M+, each of which
is isomorphic to M. Identify M, with the original subspace M. Furthermore, let
M_i, M_,, ... be orthogonal subspaces of M L. each of which is isomorphic to
ran A so that

H=---oM ,oM_ &S MyOM &M, D---.
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Since the restriction Alyep 4. : ker A- — ran A is invertible, there is a bounded
linear operator B : ran A — ker A+ such that AB = I onran A.
An chaotic extension T is given by

zeroth position

1 1 L ——
Th = ( ,—h_p, —h_y, ah|, Ahy+ahy, oh;, Oth3,~-~>,
a o

where o > 1 and A/ is the orthogonal component of /; in ran A. Then a right inverse
S of T is given by

zeroth position

/ 1 " 1 1
Sh=\--,ah_3, ah_y, B(hy—h_y), —(h_1®hy), —hi, —ha, -+ ),
o o o

where h and hjj are orthogonal components of /o in ran A and ran A+, respectively.
After explaining what the extension 7' looks like, we review the statement of
Theorem 3.2 and obtain the following two corollaries.

Corollary 3.3 Suppose dim H/M = oo. An operator A € B(M) has an invertible
chaotic extension T € B(H) if and only if A is bounded below.

The property of invertibility in the above corollary naturally raises the question
about Fredholm operators.

Corollary 3.4 Anoperator A € B(M) has a chaotic Fredholm extension T € B(H)
if and only if A is left semi-Fredholm. Moreover, indT > ind A.

Another property of the hypercyclic extension we study is dual hypercyclicity. For
the definition, a bounded linear operator 7 : H — H is said to be dual hypercyclic,
if both T and T* are hypercyclic. Herrero ([18]) asked whether an operator can be
dual hypercyclic. The question was answered in the positive by Salas ([22]). In this
direction, we can offer the following result.

Theorem 3.5 (Chan [8]) Let M be a closed subspace of H with dim H/M = oo,
and P : H — H be the orthogonal projection onto M. For any operator A € B(M),
there exists an operator T € B(H) such that

(1) T is dual hypercyclic,
(2) PTP|y=A,
(3) PT*P|y = A*.

In general, we can only get A to be the compression PT P |y, of a dual hypercyclic
operator 7 as stated in the above result, but not a restriction 7|, of a dual hypercyclic
operator 7. However, such an extension exists when A* is hypercyclic.

Theorem 3.6 (Chan and Kadel [9]) Suppose dim H/M = oo. An operator A €
B(M) has a dual hypercyclic extension T € B(H) if and only if A* is hypercyclic.
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To explain the “only if” part of the theorem, suppose 4 is a hypercyclic vector
for T*. Write h = f + g, where f € M and g € M*. Since TM C M, we have
T*M* C M*.Also A" = PT*"|,;,where P : H — H is the orthogonal projection
onto M. Thus, T*"h = T*" f + T*"g = A" f + g,, where g, € M*. Hence, f €
M is a hypercyclic vector for A*.

The above theorems and corollaries show how an operator A: M — M on a
Hilbert subspace M can be extended to a hypercyclic operator 7 : H — H. What
about operators A : M — H? Can we extend A to hypercyclic operator on H? This
does not seem to be possible, particularly when A is onto H. Nevertheless, we have
the following counterintuitive result.

Theorem 3.7 (Chan and Pinheiro [11]) Suppose dim H/M = oco. Every bounded
linear operator A : M — H has a chaotic extension T : H — H.

For a countable collection of operators {A,, : n > 1} in B(M, H), we can take the
point of view that A, : H — H with A, = 0 on M. Does there exist one operator
V : M+ — H such that each operator A, + V : H — H is chaotic, taking the point
of view that V. = 0 on M? It was proved in [11] that such a bounded linear operator
V : M+ — H exists provided that {A,,} is uniformly bounded.
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Abstract We explore the hypercyclicity of unilateral weighted backward shifts and
bilateral weighted shifts on £7, where 1| < p < oo, with the weak or weak-star topolo-
gies. Then, we turn our attention to see how a nonzero limit point of an orbit of such
an operator determines the hypercyclicity of the operator. Lastly, we explore a recent
result that a unilateral weighted backward shift can be factored as the product of two
hypercyclic shifts.
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1 Introduction

Let X be a separable, infinite dimensional Banach space over C,and 7' : X — X be
a bounded linear operator. The orbit of T with respect to a vector x is orb(7, x) =
{x, Tx, T?x,...}. The operator T is hypercyclic if there is an orbit orb(7, x) that
is dense in X. Such a vector x is called a hypercyclic vector. One property of an
operator T that is weaker than hypercyclicity is called supercyclicity. An operator 7
is supercyclic if there is a vector x such that C - orb(7T', x) = {aT"x : n > 0, a € C}
isdense in X. Such a vector x is called a supercyclic vector. Another property weaker
than supercyclicity is called cyclicity. The operator T is cyclic if there is a vector x
such that the linear span of its orbit

spanorb(7, x) = span{x, Tx, T%x, .. .3 ={p(T)x : p polynomial}
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is dense in X. Such a vector x is called a cyclic vector.

In this paper, we focus on the shift operators on ¢”, where 1 < p < +o0.
An operator T : £ — £P, is a unilateral weighted backward shift if there is a
bounded positive weight sequence {w; : j > 1} such that T(ag, ai,az,...) =
(wlal, wphds, wias, . . )

If we represent every £7 sequence as a two-sided sequence, then a bounded linear
operator T : £ — £P is a bilateral weighted backward shift if there is a bounded
two-sided positive weight sequence {w; : —00 < j < 00} such that

zeroth zeroth
— = —
T(...,a,l, ap ,al,...) = (...,w,la,l, wodp, widg, wzaz,...).

For the above two shift operators to be hypercyclic, we have the following equivalent
conditions in terms of their weight sequences.

Theorem 1.1 (Salas [12]) Suppose 1 < p < oco. We have the following necessary
and sufficient conditions for hypercyclicity.

(1) A unilateral weighted backward shift T on €7 is hypercyclic iff sup{wiw; ... wy, :
n>1} =oo.

(2) A bilateral weighted backward shift T on £P is hypercyclic iff for any € > 0, and
q € N, there is an arbitrarily large n such that whenever |k| < q,

n 1 n—1

Hwk+,- > — and l_[wk_j<€.
‘ €

j=1 =0

To explain why Statement (1) in the above theorem holds true, suppose x =
(ap, a1, ay, ...) is a hypercyclic vector for T. Then, there is sequence of positive
integers {nx} such that 7"x — (1,0, 0, ...). Thus, wyw; ... wya, — 1. Since x
is a p—summable sequence, we have a,, — 0. Thus, wjw, ... w,, — oo.

Conversely, suppose there is a sequence {n;} of positive integers such that
wiw; ... w,, — 00. We now see how to construct a vector x so that there is subse-
quence {ng, } with 7" x — (1,1,0,0,0,...).

Since {w,} is bounded, we have wjw, ... w_14+,, — 00, and so we can select
a subsequence {ny,}, and construct {anki} and {a_H_,,k‘_} so that wiw,. .. W 14ny,
a—14n, — 1 and wy... Way, dny, = 1. Hence, we can construct a vector x so that
T+ x — (1,1,0,0,0,...). Instead of (1, 1,0, 0, 0, .. .) one use the above argu-
ment on any £7 sequence with finite number of nonzero rational entries, and then,
carefully construct a hypercyclic vector x in £7.

The above theorem provides us with a way to see whether a unilateral weighted
backward shift or a bilateral weighted backward shift is hypercyclic. In the rest of the
paper, we explore other aspects of hypercyclicity of these two types of shift operators.



The Testing Ground of Weighted Shift Operators ... 139

2  Weak Topologies

Every Banach space naturally carries the weak topology, which is weaker than the
norm topology as its name suggests. Thus, an orbit orb(7', x) may be dense with the
weak topology, without being dense with the norm topology. This leads to the follow-
ing definitions: If there is an orbit orb(7, x) that is dense with the weak topology of
X, then T is said to be weakly hypercyclic. Similarly, if there is an orbit orb(7, x) that
is dense with the weak-star topology of X, then T is said to be weak-star hypercyclic.
A subset E of X is weakly sequentially dense (resp. weak-star sequentially dense)
if for each vector y in X, there is a sequence in E converging to y with the weak
topology (resp. weak-star topology). If there is an orbit orb(7', x) that is sequentially
dense with the weak topology (resp. weak-star topology) of X, then T is said to be
weakly sequentially hypercyclic (resp. weak-star sequentially hypercyclic).

Obviously, if an orbit orb(7, x) is dense with the norm topology, then it is dense
with the weak topology. Thus, every hypercyclic operator is weakly hypercyclic.
However, a convex subset of a Banach space is closed with the weak topology if
and only if it is closed with the norm topology. Thus, the linear span of an orbit is
weakly dense if and only if it is norm dense. In other words, an operator T is cyclic
if and only if 7 is weakly cyclic. This naturally leads to the question whether T is
hypercyclic if T is weakly hypercyclic.

Theorem 2.1 (Chan and Sanders [5]) The following bilateral weighted backward
shift T : €2 — €% is weakly hypercyclic but not hypercyclic.

zeroth zeroth

—_— ~ =
T(...,a_,a_1, ay ,ay,ay...)=1(..,a_n,a_y, ap, 2a;, 2a,2as,...).

zeroth
Ifx=(..,a,a_1, ay ,aj,a,...)is a weakly hypercyclic vector for T in
Theorem 2.1, then there are infinitely many entries a, with positive n such that
a, # 0. Thus, we have the following corollary.

Corollary 2.2 There is a strictly norm-increasing, and yet weakly dense orbit in £*/

It was proved by Kitai ([11]) thatif 7 : X — X onaBanachspace X is hypercyclic
and invertible, then its inverse 7! is also hypercyclic. However, the example of a
weakly hypercyclic operator 7 in Theorem 2.1 shows that Kitai’s result does not
extend to weak hypercyclicity, because | T~!|| = 1.

Corollary 2.3 There exists a bounded linear operator T that is weakly hypercylic
and invertible, but its inverse T~ is not weakly hypercylic.

If a sequence in a Banach space is weakly convergent, then the sequence is
bounded. Thus, the following corollary follows immediately from Corollary 2.2.

Corollary 2.4 There exists a weakly hypercyclic operator T : £> — > that is not
weakly sequentially hypercyclic.
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Before we turn our attention away from Theorem 2.1, we remark that in the case
of £2, its weak topology coincides with its weak-star topology. Thus Theorem 2.1
and Corollaries 2.2, 2.3, 2.4 continue to hold true if we replace the weak topology
in their statements by the weak-star topology.

It is no accident that the operator 7 in Theorem 2.1 is a bilateral shift, because
the property stated in Theorem 2.1 is not shared by a unilateral weighted backward
shfit.

Theorem 2.5 (Chan and Sanders [5]) A unilateral weighted backward shift T :
02 — 02 is weakly hypercyclic if and only if it is hypercyclic.

To explain why the theorem holds true, take ey = (1,0,0,0, ...) and suppose
x € £ with |(T"™x — e, eg)| < 1/k. Then, the weight sequence {w,} of T satisfies
wiws -+ - Wy, — 00. Thus, T is hypercyclic, by Theorem 1.1.

The next question about weak topology is whether every weakly supercyclic
operator is indeed supercyclic. Before we look into the question, we quote one
supercyclicity result for a unilateral weighted backward shift.

Theorem 2.6 (Hilden and Wallen [10]) Let 1 < p < oo. Every unilateral weighted
backward shift T : L7 — £P is supercyclic.

To explain why the theorem holds true, let D = {(ag, a;,...,a,,0,0,0,...):
n >0 and ag, ay, ... a, € Q[i]} be a countable dense subset of £7. Enumerate D
as D ={dy,d,,ds,...}. Let F: D — D be the unilateral weighted forward shift
defined by F(ag, ai, as, ...) = (0, w; 'ag, w3 'a;, wy'as, ...). Thus, TF = Id on
D. Using this, we can create a supercyclic vector x of the form x = > oy F" dy, by
choosing large enough integers n; and small enough positive oy .

Even though Theorem 2.6 shows that supercyclicity is automatic for every unilat-
eral weighted backward shift. We have the following result for weak supercyclicity.

Theorem 2.7 (Sanders [13]) There exists a bounded linear operator that is weakly
supercyclic, but not supercyclic.

Foragivenformula T (ay, ai, az, ...) = (wia;, waay, ...) of aunilateral weighted
backward shift 7 with a bounded positive weight sequence {w;}, we can consider
T as a bounded linear operator on any £” with 1 < p < oo or p = oo. In addition,
T also defines a bounded linear operator on a closed subspace ¢y of £*°, where
co = {(ap, ay, az, ...) : a, — 0}. Since £ is not separable with its norm topology,
we can only study hypercyclicity of 7 on £ with the separable weak-star topology.

Theorem 2.8 (Bes, Chan and Sanders [2]) Let 1 < p < coand {w; : j > 1} be a
bounded sequence of positive weights. Suppose T is a unilateral weighted backward
shift defined by T (ap, ay, az, ...) = (wiay, waay, ...). Then, the following state-
ments are equivalent.

e T is weak-star hypercyclic on £°°.
e T is weak-star sequentially hypercyclic on £*°.
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T is hypercyclic on £7.

T is weakly sequentially hypercyclic on 7.

T is weakly hypercyclic on £P.

T is weak-star sequentially hypercyclic on 7.
T is hypercyclic on cy.

T is weakly sequentially hypercyclic on cy.

T is weakly hypercyclic on cy.

sup{wiwy ... w, :n > 1} = oo (Salas [12]).

When we switch our focus to bilateral shifts, we have the following two results.

Theorem 2.9 (Bes et al. [1]) For a bilateral weighted backward shift T on £P with
1 < p < o0, we have the following two statements.

(1) T is weakly sequentially hypercyclic iff T is hypercyclic.
(2) T is weakly sequentially supercyclic iff T is supercyclic.

The above theorem cannot hold true for £°° because it is not separable with the
norm topology. Nevertheless we have the following result for £°°.

Proposition 2.10 (Bes et al. [1]) There exists a weak-star hypercyclic bilateral
weighted backward shift T : £° — £*° that is not weak-star sequentially hyper-
cyclic.

We return to case when 1 < p < co. Let T : ¢7 — £7 be a unilateral weighted
backward shift or a bilateral weighted backward shift. Comparing to the hyper-
cyclicity of T with the norm topology of £7, we conclude from the above results that
hypercyclicity of T with the weak or weak-star topology can be totally different in
some ways, but can also be the same in some other ways.

3 Orbital Limit Points

The definition for a hypercyclic operator T : X — X on a Banach space X requires
it to have a dense orbit orb(7T’, x). However, if we know that the closure of an orbit
orb(7, x) contains an open set, then the closure is actually the whole space X.

Theorem 3.1 (Bourdon and Feldman [3]) If an orbit orb(T, x) is somewhere dense
in a Banach space X then the orbit orb(T, x) is everywhere dense.

However, if we know that T is a unilateral weighted backward shift or a bilateral
weighted backward shift, then the condition for hypercyclicity in Theorem 3.1 can
be further relaxed.

Theorem 3.2 (Chan and Seceleanu [7]) Let 1 < p <ocoand T : 47 — P be a
unilateral weighted backward shift. The following statements are equivalent:
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(A) T is hypercyclic.

(B) There is a vector x whose orbit orb(T, x) has a nonzero limit point

(C) There is a vector x whose orbit orb(T, x) has a nonzero weak limit point.

(D) There is a vector x whose orbit orb(T, x) has infinitely many members T"x
contained in an open ball whose closure avoids the origin.

For the case of a bilateral weighted backward shift T : £7 — €, conditions (A),
(B), (D) are equivalent.

When the operator T in Theorem 3.2 is a contraction satisfying | 7|| < 1, then T
cannot be hypercyclic and for any vector x € X, we have 7"x — 0. That explains
why we need the limit point in Conditions (B) and (C) of Theorem 3.2 to be nonzero.
If condition (B) does not hold true, then the orbit’s closure is the same as the orbit
except for the zero vector. Hence, we have the following corollary: The operator T in
Theorem 3.2 is not hypercyclic if and only if every set of the form orb (T, x) U {0} is
closed.

If orb(T, x) has a nonzero limit point, we can only conclude T is hypercyclic
as stated in Theorem 3.2, but we cannot conclude that the vector x is a hypercyclic
vector, and in fact not even a cyclic vector.

Theorem 3.3 (Chan and Seceleanu [8]) Let 1 < p < o0o. Suppose T : £ — L7 is
a unilateral weighted backward shift and orb(T, x) has a nonzero limit point. The
vector x is a cyclic vector for T, if

(1) the weight sequence {w; : j > 1} of T is bounded below, and
(2) orb(T, x) has a nonzero limit point f = (ap, ay, ..., a,,0,0,0,...) with finite
number of nonzero entries.

While Conditions (1) and (2) in Theorem 3.3 do not appear to be necessary, there
are examples in [8] showing that the vector x is not a cyclic vector if either Condition
(1) or Condition (2) is not satisfied.

4 Hypercyclic Factorization

In this section, we take a look at sums and products of cyclic and hypercyclic oper-
ators. We first focus on the case when the underlying space is a separable, infinite
dimensional Hilbert space H. The following two results concern the sum of operators.

Theorem 4.1 (Wu [14]) For any bouned linear operator T : H —> H, there exist
cyclic operators Ty, T, for which T = Ty + T».

Indeed there is a hypercycllc improvement of Theorem 4.1.

Theorem 4.2 (Grivaux [9]) For any bounded linear operator T : H —> H, there
exist hypercyclic operators Ty, T, for which T = Ty + T.
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The sum in Theorems 4.1 and 4.2 work for any bounded linear operator T :
H — H.However, not every operator T : H —> H can be written as the product
of two cyclic operators, for the reason that the range ran 7' of a cyclic operator T has
co-dimension at most 1 by the definition of a cyclic operator.

Theorem 4.3 (Wu [14]) If2 < k < oo, and if the operator T : H — H satisfies
dim (ran T)* < k, then the operator T can be written as the product of at most k + 2
cyclic operators.

In the rest of the paper, we discuss the factorization of a unilateral weighted back-
ward shift T as the product of two hypercyclic operators. To facilitate our discussion,
we rewrite the definition of T in terms of a canonical basis.

Suppose the canonical basis of £7 is denoted by a one-sided sequence {e, : n > 0},
where ¢p = (1,0,0,0,...), and ¢; = (0, 1,0,0,...), and e; = (0,0,1,0,0,...)
etc. A unilateral weighted backward shift

T(ao, ai, az, ...) = (wiay, waas, w3as, ...)
can be rewritten as

0 0
T( E Cl,‘E,‘) = E w;da;e;_1.
i=0 i=1

Suppose the canonical basis of £7 is denoted by a two-sided sequence { f,, : —00 <
zeroth zeroth

—— —_—
n < oo} where f_; =(...,0,0,1, 0, 0,...), fo=(..,0,0, 1, 0,...), and
zeroth
Z 1
fi=(..,0, 0, 1,0,0,...)etc.. A bilateral weighted backward shift
zeroth zeroth
T(...,a_1, ag, ay,...) = (..., w_ja—_i, wodg, wWiai, wWray, ...)

can be rewritten as

T( Z aifi) = Z w;ia; fi1.

i=—00 i=—00

Letus use {eg, €1, €2, ...} as the canonical basis of £7, where 1 < p < co. We can
generalize the definition of a unilateral weighted backward shift on £ by allowing a
permutation of the basis vector. An operator T : £ —> £P is a unilateral weighted
backward shift if there exist (1) a bijection o : Zt — Z* to reorder the canonical
basis as {e(0), €s(1), €5(2), - - - }, and (2) a bounded, positive weight sequence {w; :

i > 1} for which
[e.¢] o0
T(Z aierr(i)) = Zwiaiea(i—1)~
i=1

i=0
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An operator T : {7 — €7 is a bilateral weighted (backward) shift if there exist
(1) a bijection p : Z — Z* to reorder the canonical basis as a 2-sided sequence
{....en=1), €p0), €p(1), - - - }» and (2) a bounded, positive 2-sided weight sequence
{w; : —00 < i < o0} for which

[ee}

o]
T< Z aiep(i)) = Z wiaiep(,-_l).

i=—00 i=—00

Theorem 4.4 (Chan and Sanders [6]) Every unilateral weighted backward shift
T : 8P — L7, with 1 < p < o0, can be factored as

T = U By = BU,

where Uy, U, are hypercyclic unilateral weighted backward shifts and B, B, are
hypercyclic bilateral weighted shifts.

In the following, we show how to define U; and B in [6] so that T = U, B;.
Without loss of generality, assume 7 is given by

[} [}
T( E aie,-> = E w;a;e; 1.
i=0 i=1

For € > 0, let b = (1 + ¢) max{1, || T||} and select a scalar a satisfying b~ <
a < 1. Select a sequence { ji : k > 0} of positive, even integers very carefully.
Let p : Z —> Z™ be the bijection that reorders the canonical basis as

ej,missing ej missing
—— ——
€ €l C 1y €24y o v o5 €245 €14y €145, €245 .- -, €2, €], €0,
€j1y €y €3y - -

Define the bilateral weighted shift B : £/ — £7 by

a‘lep(i,l), ifi >1,
Blep(,-) = Y €p(-1) ifi = 0,
bilwp(,-)ep(,-_l), ifi < —1.

Use another bijection o : Zt — Z* to reorder the canonical basis as

odd indices even indices odd indices even indices

61,63,...,6714”'],60,62, ...,€,2+jl,€1+j], ...,€,1+j2,ej], ...,€,2+j2,...

indices 0,1,...,.—14j indices jy,..., —1+
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Define the unilateral weighted shift U; : £7 — €7 by

beg (-1, if o (i) # ji for any £,
Uiesiy = yawj,, esi-1), if o(i) = j; for somek,
0, ifi =0.

To conclude our paper, we remark Chan and Sanders ([6]) proved that if the

weight sequence of the unilateral weighted backward shift 7 in Theorem 4.4 is
bounded below, then the two factors U; and B; can be chosen to have their weight
sequence bounded below also, and in particular B is invertible.
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Abstract We find the conditions under which the attractor K (8') of a deformation
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is the parameter matching condition at the points where the images of the vertices of
the polygon P meet.
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Though the study of topological properties of dendrites from the viewpoint of
general topology proceed for more than three quarters of a century [3, 11, 12],
the attempts to study the geometrical properties of self-similar dendrites are rather
fragmentary.

In 1985 Hata [8] studied the connectedness properties of self-similar sets and
proved that if a dendrite is an attractor of a system of weak contractions in a complete
metric space, then the set of its endpoints is infinite. In 1990 Bandt showed in his
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critically finite self-similar dendrite are self-similar, the set of possible values for

D. Drozdov
Novosibirsk State University, Novosibirsk 630090, Russia
e-mail: d.drozdovl @g.nsu.ru

M. Samuel
Indian Institute of Information Technology Lucknow, Lucknow, India
e-mail: marysamuel @iiitl.ac.in

A. Tetenov (X))
Sobolev Institute of Mathematics, Siberian Branch, Russian Academy of Sciences, 630090
Novosibirsk, Russia

Novosibirsk State University, 630090 Novosibirsk, Russia

Gorno-Altaisk State University, 649000 Gorno-Altaisk, Russia
e-mail: a.tetenov@g.nsu.ru

© Springer Nature Singapore Pte Ltd. 2021 147
R. L. Devaney et al. (eds.), Topological Dynamics and Topological Data Analysis,

Springer Proceedings in Mathematics & Statistics 350,
https://doi.org/10.1007/978-981-16-0174-3_11


http://crossmark.crossref.org/dialog/?doi=10.1007/978-981-16-0174-3_11&domain=pdf
mailto:d.drozdov1@g.nsu.ru
mailto:marysamuel@iiitl.ac.in
mailto:a.tetenov@g.nsu.ru
https://doi.org/10.1007/978-981-16-0174-3_11

148 D. Drozdov et al.

dimensions of such arcs is finite. Kigami in his work [10] applied the methods of
harmonic calculus on fractals to dendrites; on a way to this, he developed effective
approaches to the study of structure of self-similar dendrites. Croydon in his thesis
[7] obtained heat kernel estimates for continuum random tree and for certain family
of p.c.f. random dendrites on the plane. A special kind of dendrites, which appear as
a particular case of fractal squares, was studied in papers of Christea and Steinsky
[4-6].

A systematic approach to the study of self-similar dendrites required to find the
answers to the following questions: What kind of topological restrictions characterize
the class of dendrites generated by systems of similarities in R? ? What are the explicit
construction algorithms for self-similar dendrites? What are the metric and analytic
properties of morphisms of self-similar structures on dendrites?

To approach these questions, we started from simplest and most obvious settings,
which were used by many authors [2, 14]. In [13, 16, 17], we considered systems
§ of contraction similarities in R¢ defined by some polyhedron PCRR?, which we
called contractible P-polyhedral systems.

We proved that the attractor of such system $ is a dendrite K in R, and there is
a dense subset of K such that punctured neighbourhoods of its points split to a finite
disjoint union of subsets of solid angles £2;, equal to the solid angles of P (Theorem
4); we showed that the orders of points x € K have an upper bound, depending only
on P and that Hausdorff dimension of the set CP(K) of the cut points of K is strictly
smaller than the dimension of the set EP(K) of its end points unless K is a Jordan
arc.

This is a very convenient though rather restrictive way to define post-critically
finite self-similar dendrites in the plane using contractible P-polygonal systems.
Nevertheless, if we move slightly the vertices of the main polygon P and of polygons
P;, defining the polygonal system §, and change the system § accordingly, we often
obtain a system 8’ of a more general type whose attractor K’ is a dendrite too.
We call such systems generalized polygonal systems (Definition 8) and in the case
when polygons P; differ from the polygons P; less than by 8, we call such systems
8-deformations (Definition 12) of the polygonal system §. In this paper, we begin
initial study of generalized polygonal systems and §-deformations of contractible
polygonal systems.

In Theorem 9, we formulate sufficient conditions under which the attractor K
of a generalized polygonal system § is a dendrite. These conditions are expressed
in terms of intersections K; N K; of the pieces of the attractor K. In Theorem 14,
we show that a §-deformation 8’ of a contractible polygonal system § defines a
continuous map f : K — K’ of respective attractors of these systems which agrees
with the action of 8 and 8" and give conditions under which f is a homeomorphism.
In Theorem 20, we show that parameter matching condition is a necessary condition
for a generalized polygonal system to generate a dendrite. In Theorem 27, we show
that if § is sufficiently small and the system 8’ is §-deformation of a contractible P-
polygonal system 8, which satisfies parameter matching condition, then the attractor
K (8) is a dendrite, homeomorphic to K (S).
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1 Preliminaries

1.1 Self-similar Sets

Definition 1 Let 8 = {5}, S, ..., Sy} be a system of (injective) contraction maps
on the complete metric space (X, d). A non-empty compact set KCX is called the
attractor of the system 8, if K = [JI, S;(K).

The system 8 defines its Hutchinson operator T by T'(A) = [J_, Si(A). By
Hutchinson’s Theorem, the attractor K is unique for 8§ and for any compact set
ACX the sequence T"(A) converges to K. We also call the subset KCX self-similar
with respect to S.

Throughout the whole paper, the maps S; € § are supposed to be similarities and
the set X to be R?. We will use complex notation for the point on the plane, so
each similarity will be written as S;(z) = qjei“f (z — zj) + zj, where g; = LipS; and
z; = fix(S;). For a system 8, let g,,;, = min{g;, j € 1} and g,or = max{q;,j € I}.

[}
Here, I = {1, 2, ..., m} is the set of indices, while I* = [ I" is the set of all finite

n=1
I-tuples, or multiindices j = jyj; . . . j,. The length n of the multiindex j = j; ..., is

denoted by |j| and ij denote the concatenation of the corresponding multiindices. We
sayiC j,if j=ilforsomel € I*;ifi [Z jand j [Z i, i and j are incomparable.

For a multiindex j € I, we write S; = Sj,;,..;, = S;,Sj, -..Sj, , and for the set
A C X, we denote Sj(A) by Aj; we also denote by Gs = {Sj, j € 1"} the semigroup,
generated by 8;
I® ={a = a0y ..., «; €1}denotes the index space; and r : [ — K is the index
map , which sends « to the point ()2, Ky, q,-
Along with a system 8, we will consider its nth refinement 8™ = {S;, j € 1"}, whose
Hutchinson’s operator is equal to 7".

Definition 2 The system 8 satisfies the open set condition (OSC) if there exists a
non-empty open set OCX such that S;(0), {1 < i < m} are pairwise disjoint and all
contained in O.

Let C be the union of all S;(K) NS;(K), i,j € I,i # j. The post-critical set P
of the system 8 is the set of all « € I* such that for some j € I*, Sj(a) € €. In
other words, P = {o¥(a) : @ € @, k € N}, where the map o* : I® — I is defined
by ofian .. ) = o1 @gn .. A system 8 is called post-critically finite (PCF) [9]
if its post-critical set P is finite. Thus, if the system § is post-critically finite, then
there is a finite set VV = 7 (P) such that for any non-comparable i, j € I*, Ki N Kj =
SiV) N S;(V).
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1.2 Dendrites

A dendrite is a locally connected continuum containing no simple closed curve.
The order Ord (p, X) of the point p with respect to a dendrite X is the number of
components of the set X \ {p}. Points of order 1 in a dendrite X are called end points
of X; a point p € X is called a cut point of X if X \ {p} is disconnected; points of
order at least 3 are called ramification points of X .
A continuum X is a dendrite iff X is locally connected and uniquely arcwise
connected.

1.3 Contractible Polygonal Systems

Let P C R? be a finite polygon homeomorphic to a disk, Vp = {A, ..., A,,} be the
set of its vertices. Let also €2(P, A) denote the angle with vertex A in the polygon P.
We consider a system of similarities S = {S, ..., S} in R? such that:

(D1) forany i € I set P; = S;(P) C P;

(D2) forany i #j,i,j € I, P;(\Pj=Vp,(\Vp, and #(Vp, (| Vp,) < 2;

D3) Vr < USi(Vp);

iel

(D4) the set P = |J P; is contractible.

i=1

Definition 3 The system S satisfying the conditions (D1-D4) is called a contractible
P-polygonal system of similarities.

This theorem was proved by the authors in ([16], Theorem 4,(g)) (or [18], Theorem
10,(g)):

Theorem 4 Let S be a contractible P-polygonal system of similarities.

(a) The system § satisfies (OSC).

(b) PjCPi iffj ai

(c) IfiC J, then S§;(Vp) N P;CS;(Vp).

(d) For any incomparable i, j € I, #(Pi N\ P;) < 1 and P; N Pj = $;(Vp) N S;(Vp).
(e) The set Gg(Vp) of vertices of polyhedra P; is contained in K.

(NIfx € K\Gs(Vp), then #7 ' (x) = 1.

(g) For any x € Gg(Vp), there is € > 0 and a finite system {1, ..., Q,}, where
n = #1'(x), of disjoint angles with vertex x, such that if x € P; and diamP;j < ¢,
then for some k < n, Q(Pj, x) = Q. Conversely, for any Qy there is such j € I*,
that Q(Pj, x) = .
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éq;
Y

o £

Polygonal system and its attractor ’%*9 Local structure of K near the vertex B.(rotated)
3

Definition 5 Let S be a contractible P-polygonal system of similarities. The vertex
A C Vpiscalled acyclic vertex, if there is such multiindex i = i}, . . . ig, that $;(A) =
A. The least number k = |i| among all i for which Sj(A) = A is called the order of
the cyclic vertex A.

Definition 6 A point B € U7, Vp, is subordinate to a cyclic vertex A, if for certain
multiindex i, S;(A) = B.

Proposition 7 Let S be a contractible P-polygonal system of similarities. Then:
(1) Each vertex B € Vp is subordinate to some cyclic vertex.

(2) There is such n, that in the system 8" = {8, 1 € I"} all the cyclic vertices have
order 1.

Proof Noticethatif A € Vpisacyclic vertex, then thereis such j € /* that Sj(A) = A.
Therefore, if for some j € I*,A € Pj, then for some n, SJf' (P)CP;jCP,Abeing a vertex
of each of these polygons. Since <2 (Sj” (P),A) = Q(P, A), for any j € I'*, for which
A e Pj, Q(Pj, A) = Q(P, A). This implies that #m~1(A) = 1 and for any n there is
unique j € /" such that A € P;.

Conversely if for any i € I*, for which A € P, Q(P;, A) = Q(P, A), then #r!
(A) = 1 and A is a cyclic vertex of the system 8.

Then, by Theorem 4, for any vertex B € Gg(Vp), there is a finite set {iy, ..., i,} of
incomparable multiindices such that for any [, /', P;, N P;, = {B}, the set Ule K;, is
a neighborhood of the point B in K and for any / = 1, ..., k, the point Si,_1 (B) =4
is a cyclic vertex. This proves (1).

Let now Ay, ...., A; be the full set of cyclic vertices in Vp and py, ..., p; be their
respective orders. Let N be the least common multiple of py, ..., pr. Then §® is the
desired P-polygonal system. |

1.4 Main Parameters of a Contractible Polygonal System

For any set X CR? or point A by V. (X) (resp.V:(A)), we denote e-neighborhood of
the set X (resp. of the point A) in the plane.

po : Take such py > 0O that:
(i) for any vertex A € Vp, V,(A) (| Pr # @ = A € Py;
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(ii) for any x,y € P such that there are Py, P;:x € P,y € P, and Py (P, =
g, d(x,y) = po.

. b <
Choosing the parameters ag, p1 and py for a polygonal system.

P15 p2 : As it follows from Theorem 4, for any vertex B € V3, there is a finite
set of cyclic vertices 4;,, ..., A;, € Vp, and multiindices ji, ..., jx such that for any

k
I=1,..k S =Band S;(A;) = A; and the set U SJ-ISl?I’(K) is a neighborhood
I=1
of the point B in K for any n > 0.

Let po; and p, be such positive numbers that for for any vertex B € V3

k

k
vV, B NK)C| S, P and| JP,cV,,B). (1)
=1 =1

ay : Let oy denote the minimal angle between those sides of polygons P;, P}, i, j €
I, which have common vertex.
Arrangement of maps fixing cyclic vertices. Let S be a contractible P-polygonal
system all of whose cyclic vertices have order 1. In this case, we can arrange the
indices in I and enumerate the vertices in Vp in such a way that each cyclic vertex A;
will be the fixed point of S; € 8. Noticethat S; is ahomothety S;(z) = ¢;(z — A;) + Ay,
and the polygon P lies inside the angle Q2 (P, A;) and K\{A;} = U;’;O S} (K\K;). The
number of points in K;\S;(K;) N S;(Kj;) is finite and is equal to the ramification order
of A;in K.

2 Generalized Polygonal Systems

If we omit the condition (D1) in the definition of contractible P-polygonal system 8,
we get the definition of a generalized P-polygonal system:

Definition 8 A system 8 = {Si, ..., S}, satisfying the conditions D2-D4, is called
a generalized P-polygonal system of similarities.
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P

Theorem 9 Let S be a generalized P-polygonal system. If for any i,j € 1
Si(K)NSj(K) =P; NP, )
then the attractor K of the system 8 is a dendrite.

Proof Let i,i’ € I. By a (simple) chain of indices, connecting i and i’, we mean
a sequence i = iy, iy, ..., ij = i’ of pairwise different indices such that P; N P, =
@if [k —k| > 1,and that forany k = 1,....,0 —1, P, NPy, = {x}, where x;
denotes acommon vertex of the polygons P;, and P;,, . The last condition also means,
that K;, N Kj;,,,  x, forany k € I. |

k+1

Since in a generalized polygonal system for any two indices i, ', there is a chain of
indices i = iy, iy, ..., iy = i’ connecting them, then by [9, Theorem 1.6.2], the attrac-
tor K is connected, locally connected and arcwise connected. Thus, any two points
of K can be connected by some Jordan arc in K.

Notice also that if the condition (2) holds, and the indices i, i’ € I can be connected
byachaini = iy, i, ..., iy = i’,thenforany points x € K;,y € K there is some Jordan
arc y,, € K, consisting of subarcs

YXXl CKil LRI ] ka,lxk CKik LRI ] Vx/,IyCKn (3)
with disjoint interiors.

At the same time, if the condition (2) holds, and a Jordan arc y,, CK with end-
points in x and y, meets sequentially the pieces Kj,, ..., Kj,, then it passes sequentially
through the points x, where {x;} = K;, , N K;, and consists of subarcs of the form

ik—1
(3) with disjoint interiors.

And vice versa, if the condition (2) holds, then for any Jordan arc y,, in K there
is unique chain of indices i, . . ., i;, such that y,, consists of subarcs of the form (3).

We need a small Lemma to continue the proof:
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Lemma 10 Let j € I* and x,y € K. If the condition (2) holds, then for any two
Jordan arcs Ay, ko with endpoints x,y, the distance dy (A1, A2) < GuardiamK;.

Proof Indeed, consider the Jordan arcs A} = Sj_1 (A1) and A, = Sj_1 (X2), connecting
X' = Sj_l(x) andy’ = Sj_l(y) inK.Letx' € K;andy' € Ky, and letiy, i, ..., {; be the
chain, connecting i and i’. Then each of the arcs A, 1, consists of subarcs, connecting
sequentially the pairs of points xy, x| in the sequence x’, x1, ..., x;_1, ¥, and lying in
respective pieces K;, . Since the diameters of these sets are not greater than gy, diamK,
du (A}, Ay) < gmaxdiamK. Then dy (A, A2) < gmaxdiamKj < diaqulﬂ;,tl. [ |

Now we can finish the proof of the Theorem. Let A and A’ be Jordan arcs in K
with endpoints at x and y. Applying the Lemma 10 by induction to the subarcs of
which the arcs A and A’ consist, we get that for any n > |j|, dy (A1, A2) < g}, diamK.
Taking a limit with n — 0o, we obtain that a Jordan arc, connecting the points x and
y is unique. Therefore, K is a dendrite. |

Remark 1 1t is possible for a generalized P-polygonal system & not to satisfy the
condition 2 and to have the attractor K which is a dendrite. The attractor K of a
generalized polygonal system S on the picture below is a dendrite, but P; N Py = &,
whereas K7 N Ky is a line segment.

Py
By
PZ /‘_a"""-\-\.__‘ P/l
oGl 2 P7 Pg Ina =
s —
Pl 6 5

Corollary 11 Let S be a generalized P-polygonal system, satisfying the condi-
tion(2). For any subarc y,CK and for any n, there is a unique chain of pair-
wise different multiindices iy, 1y, ..., 1; € I", which divides y,, to sequential arcs
Vax, CKil» sy Yoo CK,'k, ey yxl—]chil‘ [ |

3 J-deformations of Contractible Polygonal Systems

Definition 12 Let § > 0. A generalized P’-polygonal system & = {S], ..., S,,} is
called a §-deformation of a P-polygonal system S = {S1, ..., S}, if there is a bijection

m
f U Ve, = Uiz, Ve, such that
k=1

(a) f ]y, extends to a homeomorphism f P — P
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(b) |f (x) — x| < § forany x € U Vp,
(©) f(Sk(x)) = S;.(f (x)) for any k €l andx € Vp.

P Fagp

Py { B

e BOM 2 %ﬁ

A polygonal system 8 and its J-deformation 8

Py Py

Notice that by the Definition 12 if 2y, z5 € Vp, i,j € I and Si(z1) = S;j(z2), then
S;(f(z1)) = S/(f (z2)). Moreover, we have the following

Lemma 13 If A|,Ay € Vp, i,j €I* and Si(A1) = Sj(Az), then S/(f(A1)) = Sj’
(f (A2)).

Proof Suppose Si(A) =B € Vp for some A € Vp and let i =ijis...i,. Denote
i1, (A) by Ap.
Then we have a finite sequence of relations between B € V3 and the vertices
Ar € Vp:

B=S5;(A1); A =S5,A); ...A_1=8§,4) 4

Since, by (0).f (Sk(Ar) = S;(A), Ay, =f (A1) = f (Se(Ap)) = S}(A}), there-
fore, the map f transforms the relations 4 to

B =S/ (A); A} =S, (A); ...A,_, =S (@A) (5)

which implies S;(A’) = B’
Therefore, if S;(A;) = Sj(A2) € V3, then S{(f(A))) = Sj’(f(Az)).

Now suppose Si(A1) = Sj(A2) andi =1i’,j = 1j’ and Si(A;) = Sj(42) = Si(B) for
some B € Vy. Then Sy (A1) = Sj(A2) = B, therefore Si/,(f(Al)) = Sj/,(f(Az)) =f(B)
and S{(f (A1) = S(f (A2)) = S{(f (B)). u

Theorem 14 Let K and K’ be the attractors of a contractible P-polygonal system 8
and of its §-deformation §', respectively, andw : I — K, ' : [*® — K’ be respec-
tive address maps. . .

(i) There is unique continuous map f : K — K' suchthatf omwr = m'.

(ii) If §' satisfies condition 2, then f is a homeomorphism.

Remark 2 Equivalent formulatiqn of the statement (i) of the Theorem is:
There is unique continuous map f : K — K’ such that for any z € K and i € I*,
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F(8i@) = S{(f ). 6)

Proof The proof is similar to (cf. [1, Lemma 1.]). First, we define the function f
which is a surjection of the dense subset G g (Vp) CK to the dense subset Gg (Vp)CK'.
Second, we show that it is Holder continuous on Gg(Vp), and therefore has unique
continuous extension to a surjection of K to K’, which we denote by the same symbol
f Third, we show that the condition 2 implies that f is injective and, therefore, is a
homeomorphism.

1. Define a mapf(z) :Gs(Vp) = G/ (Vp) by:
F@ =S{(f (S @) ifz € S(Vp) (7)

As it follows from Lemma 13, if Sj(4;) = Sj(A2) =z then Si’(f(Si_](z))) = Sj’
(f (Sj_1 (2))), so the map f is well-defined.

Obviously, f(Gs(Vp)) = G (Vp) because if A’ € Vp and 2/ = S{(A"), then there is
avertex A = f~1(4’) € Vp, therefore 2’ :f(Si(A)).

Moreover, for any z € Gs(Vp) andi € I*, £ (Si(2)) = S/(f (z)) and
if 21,22 € Gs(Vp), 1, j € I" and Si(z1) = Sj(z2), then S{(f (z1)) = S(f (z2)).

log g

2. Let gx = LipSk, ¢, = LipS;, B = mink¢;
log g

Then, following the proof of [13, Theorem 27, step 4.], in which for our estimates
we use K’ instead of P’, we see that for any z;, 20 € Gs(Vp),

2K|

e B (U]
= Goo sty T2

|Z1 Zz|

Therefore, the map f can be extended to a Holder continuous surjective map of
K to K'. Since forany z € K andany k € I, f (Sx(2)) = S, (f(2)),f o =7’

3. Now, suppose the system 8’ satisfies the condition (2). Suppose for some o =
ijig... € I*® and T = jjr... € [, f om(o) f om(t). Then, if i; # j;, then, by
condition 2, P; N ijl # o, therefore P;, N P;, = {B} for some B € Vy and m(0) =
n(t) = . .

Suppose now ¢ =lo’ and 7 =1t’ and f o 7(6) = f o (7). Then, by formula
6, f om (o) :f o m(t'), so if first indices in ¢’ and t’ are different, then 7 (o) =
7w (t) = Si(B) for some B € V;.

This implies injectivity of the map f . So f is a homeomorphism of compact sets
K and K'. |
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4 Parameter Matching Theorem

The Definition 5 of cyclic vertices can be applied to generalized polygonal systems.
In this case, if A is a cyclic vertex of a generalized P-polygonal system §, the map
S for which S;(A) = A, need not be a homothety and we have to define the rotation
parameter for such map. Though the rotation angle «; of the map S; is defined up to
2nm, the number r is uniquely defined by the set P and depends on its geometric
configuration.

Lemma 15 Let 8 be a generalized P-polygonal system, satisfying the condition(2).
Foranyvertices A, B € Vp, thereare A', B' € Vpandamap S; € 8 suchthat S;(A") =
A and S;(ya)CYas.

Proof Consider the unique arc y4p, connecting A and B.

For the arc y45, we consider the chain iy, i, ..., i;, which partitions it to subarcs
Vax, CKiys ooV 15 CKipreo Vi 8 CKi, (possibly to the only arc yap if yapCK;,). Put
A =S.'(4),B' =S; ' (x1),and y(A'B) = S (yay,). [ ]

Il

Proposition 16 Let S be a generalized P-polygonal system satisfying the condition
(2) and let A be a cyclic vertex of the polygon P. Then there is such vertex B € Vp and
a multiindex i € I*, that S;j(A) = A and the Jordan arc yapCK satisfies the inclusion

Si(YaB) CVaB-

Proof Notice that if 8 is a contractible P-polygonal system then for any cyclic vertex
A and for any n, there is unique multiindex i € /", and unique vertex B € Vp, such
that S;(B) = A. Therefore, if S;j(A) = A, the piece S;(K) separates the point A from
the other part of the attractor K of the system 3, i.e., A ¢ K\S;(K) and each Jordan
arc y4p where B € Vp\{A}, contains a point B" € S;(Vp\{A}).

In the case when 8 is a generalized polygonal system, the situation is more compli-
cated. Since the attractor K is a dendrite in the plane which has one-point intersection
property, it follows from [15] that the system § satisfies OSC and each vertex A’ € Vp
has finite ramification order. Let Uj, ..., U be the components of K\{A}. Since Sj
fixes A, there is a permutation o of the set {1, ..., s}, such that for any / € {1, ..., s},
Si(U;)CU, . Therefore, there is such N that oV = Id and S; = S}¥ sends each U,
to a subset of U;. Each of those components U; which have non-empty intersection
with Vp\{A} has also non-empty intersection with S;(Vp\{A}), therefore each arc
vap, B € Vp contains a point B’ € Sj(Vp).

Letus enumerate the vertices of P so that A = A and other vertices are A,, ..., A,,.
For each vertex Ay, k > 2, there is unique vertex Ay such that yu,4, N S;(Ve) =
Sj(Ar). The formula ¢ (k) = k' defines a map ¢ of {2, 3..., np} to itself. There is
some N’ such that ¢"' has a fixed point k. Therefore, Sj"" (Ya,a,) CVaA, - [ ]

Definition 17 The arc y,p is called an invariant arc of the cyclic vertex A.
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Let A be a cyclic vertex and y4p be its invariant arc and S;(A) = A. Let B' = S;(B).
We denote by « the total change of argument of z — A when z travels along y,p from
B to B'. This gives unique representation S;(z) = gie™® (z — A) + A.

Remark 3 The following picture shows how the angle o depends on the geometric
configuration of the system S, though the similarity which fixes A and sends B to B’
is the same.

Definition 18 The number A4 = li is called the parameter of the cyclic vertex A.
nr

Definition 19 Generalized P-polygonal system S of similarities satisfies the param-
eter matching condition, if for any B € U" | Vp, and for any cyclic vertices A, A" such
that for some i, j € I*, Si(A) = S;j(A") = B, the equality A4 = A4 holds.

From Propositions 7 and 16 and V.V.Aseev’s Lemma about disjoint periodic arcs
[1, Lemma 3.1], we come to the following parameter matching theorem:

Theorem 20 Let the generalized P’-polygonal system §' be a §-deformation of a
contractible P-polygonal system 8 and the attractor K' of the system 8’ be a dendrite.
Then the system 8’ satisfies parameter matching condition.

Proof Let S be a generalized polygonal system whose attractor K is a dendrite.
Let C € U Vp, and A, A" € Vp be such cyclic vertices that for some i,j €/,
Si(A) = S;(A’) = C. Denote the images S;(K) and S;(K) by K;, K;, respectively.
Without loss of generality we can suppose that the point C has coordinate 0 in C.
Since for some i, j € I*, Si(A) = A and S;(A") = A’, the maps Sp; = S,-SiSi_l and
Sy = SJ-SjSJ-_l have C as their fixed point and S;;(K;)CK; and Sy (K;)CK;. Let
Sp1(z) = gie™z and Sjy(z) = gje™iz. So the parameters of the vertices A and A’
willbe A1 = — and jy = —J
log gi log g
the vertices A and A’. Let also y; = S;(yap) and y» = S;(yas). Then S (y1)Cyi
and Sy2(¥2)Cy»2. By V.V.Aseev’s Lemma on disjoint periodic arcs [1, Lemma 3.1] it
follows that if y; Ny, = {C}, then A; = A;. |

. Let y4pCK and y4p CK be invariant arcs for



On §-deformations of Polygonal Dendrites 159

5 Main Theorem

5.1 Some Assumptions

From now on, we will use the following convention: 8§ = {S1, ..., S;,} will denote a
contractible P-polygonal system and 8’ = {S|, ..., S/} will be a P’-polygonal system
which is a §-deformation of § defined by a map f.

For any k € I, Si(z) = qre™ (z — z) + 2 and S} (2) = g€ (z — z}) + 2}, where
7 = fix(Sx). We also suppose by default that diamP = 1. We suppose that

8 < gmin/8 and 8 < (1 — qax)/8 ®)

Lemma 21 Let 8 = {S], ..., S,,} be a §-deformation of a contractible P-polygonal
system 8. For sufficiently small §, and for any k € I,

ax — 25 _
1425 —

28
s and |a; — | < arcsin 28 + arcsin q—k 9

Proof Let A, B be such vertices of P that [B — A| = 1. Let us write S; (A) = Ay and
f(A) = A’ and use the similar notation for all vertices so by definition, S, (A") =
/ : By — A; 7 Bllc — A;c /
A;, = f(Ay). Notice that B4 = qre'® and A = qie

Since the map f moves A, B, Ay, By to adistance < §,s0 [(B—A) — (B’ —A')| <
25 and | (B — Ax) — (B} — A})| < 26. Therefore | (B, — A¢)| — 28 < |(B], — A))| <
|(Bx —Ag)| + 26 and

.
lak.

, B, —A, B—A B, — A} B — A (10)
) —Q; = ar =ar —ar
T A B A, CBi—A °B-A
This implies the inequalities (9). ]

4min — 28 ’ Ymax + 25 1 + 3Qmax
— < .

1425 %0228 T 3 g
taking into account that gy < 1 and 1 — 2§ > 3/4, and that if 0 < x < .5, then
arcsinx < 1.05x, we have

Under the Assumptions (8), 3¢in /5 <

28(1 + qx)

s <65 and Aoy = |oy — o] < Cy8 (1D

Agr = g, — qil <
where C, = 2.1(1 4+ 1/qmin)-

Let Vs(P) denote §-neighborhood of the polygon P.

Lemma 22 Let 8 = {S], ..., S,,} be a §-deformation of a contractible P-polygonal

system 8. The set U = Vs, (P), where §; = T satisfies the condition
dmax
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foranyk € I, S (U)cU and S, (U)CU (12)

Proof By Definition 12, V5(Py)DP,, Vs(P,)DP; and since vertices of P are also
moved at distance less than 8, Vs(P)DP’ and Vs(P')DP.

So we can write S; (P")C Vs (Px) C Vs (P) from which it follows that S, (P) C Va5 (Pk)
CVas(P).
For any positive p we have the inclusion S} (V, (P))CVZHq; »(P). In the case when

p = 28+ ¢, p this implies S (V,(P))CV,(P) where p =

Since q;, < gx +

—_— / :
k

3 m +1 . .
28, Qrgy < Gmax +28 < q+’ we come to inclusions (12). [

Lemma 23 For any z € V5, (P), |5;.(2) — Sk(2)| < Cad, where Cp = 14 + 2C,,.

Proof Take z € V5 (P) and consider the difference S, (z) — Sk (z). It can be repre-
sented in the form S} (A) — Sk (A) + (g€ — gre®)(z — A). So

1S0(2) = Sk@)| < IS;(A) = Sk @A) + (Ig — gil + gile’™ — e Dlz — Al (13)

Since |z —A| < 1481 < 2 and [S;(A) — Sk(A)| < 26, the right hand side of (13) is
no greater than 26 + 2(65 + C,6). |

Proposition 24 Let 7w : I*° — K and ' : [*® — K’ be the address maps for the
systems 8 and §', respectively.
1.Under the assumptions (8), for any o € I*°,

, 2Ca
|t (o) —m(0)| < Ckb where Cx = T—a_. (14)
— qmax

2. For any n, if the system 8" is a generalized polygonal system, then it is Cx5-
deformation of the system §™. |

Remark 4 Let 8' = {S], ..., S,,} be a §-deformation of a contractible P-polygonal
system 8. Let A € S;(Vp) forsome j e I. Let g(z) =z —A+ A" and S/Z =goS, o
g . Then 8" = {S7, ..., S} is a 28-deformation of the system &, for which A” = A,
K" = g(K'), Pj” = g(Pj). Since g is a translation, the estimates (9) and (11) for §”
remain the same with the same §, while |[7” (o) — 7 (0)| < (Cx + 1)8.Thus, we will
denote §; = (Cg + 1)86.

Taking into account the propositions 7 and 24, it is sufficient to prove the theorem
for the case when all cyclic vertices of the system 8 have order 1.

Proposition 25 Ler P'-polygonal system §8' be a §-deformation of a contractible
P-polygonal system 8. Let A € Vp be a cyclic vertex (of order 1) and Si(z) =
gre® (z — A) + A. Then the rotation angle oy of the map S, does not exceed

26
arcsin 28 + arcsin — and the parameter Ay of the map S, satisfies the inequality
qk
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. . 26
arcsin 28 + arcsin —

Al < e (15)
Tog(qx + 26) — log(1 — 28))|

Proof The formula (15) follows directly from Lemma 21. |

Under the assumptions (8),

2.1(1 + 1/qmax
Ak < Cy8, where C), = A+ 1/dmar) (16)

]0g(3 + QWLax) - log(3qmax + 1) .

Lemma 26 Let S be a contractible P-polygonal system whose cyclic vertices have
order 1 and §' be its §-deformation. Then if

) 8
212 +“ngz_+z < ap and 28, < po, A7)
P1 p1— 8

then the system §8' satisfies the Condition (2)

Proof Take a vertex B € V. We may suppose for convenience that B = 0 and,
following Remark 4, we can suppose that the mapping f fixes the vertex B = 0, so
B =B =0. Let W; = §;,(K\K;,). The maps S = Sj/Siszl_l are homotheties with a
fixed point B such that

K\BY = _|Srw) (18)
Similarly, let W/ = (W;) and §; = S/ 5/ S;™". Then

K\BY=]|_|S"wW)) (19)

n=0

Notice that for any /, Si(z) = g,z and S’,’ (z) = q;[ei“f/z, and due to parameter matching
condition, there is such A, that for any /, o;, = A log q}l.

Consider the map z = exp(w) of the plane (W = g + i@) as universal cover of the
punctured plane C\{0}.

Consider polygons Pj, and choose their liftings in the plane (w = ¢ + ip). We
may suppose these liftings lie in respective horizontal strips 6, < ¢ < 6", where
0<6 <6 <2mand6, +ag < 6, forany ! < kand 6, + ag < 6; + 2. We
also c0n51der liftings of Kj,, Wi, KJ/ and W,. We denote these liftings by X;,, W;, JCJf[
and W;. It follows from the Eqs. 18 and 19, that

|i|T (W) and X _|_|Tl (W) (20)
n=0 n=0
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where T;(w) = w + logg; and T/ (w) = w + (1 4 iA) log g; are parallel translations
for which T;(X;)CX; and T; (X)) CX,.

The sets X, lie in the half-strips ¢ < log 02,0, < ¢ < o;", while the sets W, are
contained in rectangles R; = {logp; <o <logp;,0, <¢ < 91+}.

Then the sets W lie in a rectangle

1 L1

/ — 82 + 62
R; = qlog(p1 — 82) < 0 <log(px +82),0, — 1-05p— <@ =<6 +105—
(21

oo
Each union [ Tl/ "(R)) lies in a half-strip
n=0
0 <log(p2 +é2)
1) 1)
07 —1.052 — Alog(ps + 82) < ¢ — Ao < 6] + 1.05= — Alog(ps — 5,)
L1 L1

(22)
Therefore, the set jCJf, also lies in this half-strip. So, if

5 P
o, + 1.05p—2 — xlog(p) — &) < 6 — 1.05p—2 —alog(p +8) (23
1 1

then 3(31_1 N fK}I =g.
P2+ 62
<

L1 — 02

)
We can guarantee that such inequality holds for any [ if 2.1 2 + Alog
. L1
If, moreover, 26, < po, then for any iy, i» € I suchthat P; N P;, = O, Plf] N Plfz =
& and K] N K; = & which implies the condition (2). [ |

The images of the set K’ under the map w = log(z — O) and the map w = log(z — B).

Theorem 27 Let 8 be a contractible P-polygonal system. There is such § > 0 that
for any §-deformation §' of the system 8, satisfying parameter matching condition,
the attractor K(8') is a dendrite, homeomorphic to K (S).

Proof Let all the cyclic vertices of the P-polygonal system 8§ have order 1. If we
suppose that §, < p1/4, and §; < (1 — p;)/4 and combine the inequalities 11, 14,
16, 17, we see that if the following inequalities hold:

min 1- max
1.8<q ; 2.8<—q; 8<L; 4.8<L;
8 8 2(Ck + 1) 4(Ck+ 1)
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Pl and 6.8 < %0
’ ' 2.1(C 1 14+3p2°
4(Cg + 1) (Ck + )—}—C,\log + 302
P1 301

then the attractor K’ of §-deformation 8’ of the system 8 satisfies the condition (2).
Therefore K’ is a dendrite. By Theorem 14, the map f : K — K’ is a bijection and
therefore it is a homeomorphism.

Suppose now that § has cyclic vertices of order greater than 1 and let M =

12+4.2 (1 +

5.6

). There is such n, that the system 8™ has cyclic vertices of
Gmin

order 1. Suppose any §-deformation of the system § generates a dendrite. Then
for any 8/M -deformation deformation 8’ of the system $, the system 8™ is a 8-

deformation of the system §. [ |
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General Position Theorem and Its m
Applications glectie

Vladislav Aseev, Kirill Kamalutdinov, and Andrei Tetenov

Abstract We introduce some general and special formulations of general position
theorem for parametrized families of fractals and explain the techniques of its appli-
cation to prove the existence of self-similar sets with prescribed special properties.

Keywords Self-similar dendrite - Generalized polygonal system * Attractor *
Postcritically finite set

1 Introduction

Consider the following problem:

Let K be the attractor of a system 8§ = {Sy, ..., S} of contraction maps in R"
and let dimy K < n/2. Suppose that the intersection S;(K) N S;(K) is nonempty for
some i, j. Is it possible to change the maps Sy € § slightly to maps S; to get a system
8§ ={S},...,S,} with the attractor K’, such that the set S/(K’) N S}(K/) is empty?
To find the answer to this question, we consider the system 8§ = § as an element of a
parametrized family 8, = {S; ., ..., S}, where the parameter ¢ assumes the values
from some subset D in R”. We denote the attractor of the system 8, by K;. We search
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for the conditions under which S; ,(K;) N S; ;(K;) is empty for almost all t € D. In
this case, we say that S; ;(K;) and S; ,(K,) are disjoint in general position.
Particularly, this occurs when Hausdorff dimension of the set A ={re D:
Sii1(K) N S;:(K;) # oo} is less than dimg (D).
Itis possible to make an estimate of dimy (A) in terms of upper bound for similarity
dimensions of the systems {8; : ¢ € D}. The method for finding such estimates is
based on General Position Theorem [6], which was initially introduced in [10].

2 Definitions and Notations

Let (X, d) be a complete metric space. A mapping S : X — X is a contraction if
LipS < 1, and it is called a similarity if d(S(x), S(y)) = rd(x,y) for all x,y € X
and some fixed r.

Let 8§ ={S;,...,S,} be a system of contractions in a complete metric space
(X, d). A nonempty compact set K C X is called the attractor of the system 8, if
K = | S;(K). By Hutchinson’s Theorem [5], the attractor K is uniquely defined by

i=1
the system 8. We also call the set K self-similar with respect to 8, when all S; are
similarities.
Multiindices. Given a system 8§ = {Sy, ..., S,},1 = {1, ..., m} is the set of indices,

oo
= |J I" is the set of all finite /-tuples, or multiindices j = jij;...j,. By ij we
n=1
denote the concatenation of the corresponding multiindices; we write i C j, if j = ik
for some k € I'*; we say that i and j are incomparable, if neither i C j nor j C j; by
i A j we mean the maximal k for which k C i and k  j; by lil we denote the length
of i.
We write S; = Sj,j,..j, = 5,5}, - .. Sj,, and for the set A C X, we denote Sj(A) by

Aj; given a set of mratios {rx, k € I} we write rj = 7 1}, ... 7;,.
The Index Space. I®° = {i =iji,...: i €I} is the index space; 7 : [*® — K
o0

is the index map, which sends i € I to the point [ K; For a given vector

1owdn®

n=1
r = (ri,...,rm) € (0, 1)", we define a metrics pr on I by p.(et, B) = renp. The
set [ supphed with this metrics will be denoted by 17°. Let s, denote the unique
solution of the Moran equation r} +--- +7r), = 1. Then by [3, Theorem 6.4.3],
dimpy 177 = sy

Separation conditions. Denote JF = {Si_ISj :1,j € I"}. Then the system 8 =
{S1,...,Sn} of contraction similarities has the weak separation property (WSP)
iff Id ¢ 3\ Id [11]. The system § satisfies open set condition (OSC) if there is
an open set V such that for any i € I, S;(V) € V and for any non-equal i,j € I,
S; N S;(V) = @. The system satisfies strong separation condition (SSC), if for any
non-equal i,j € I, K; N K; = &. There are well-known implications (SSC)— (OSC)
and (OSC)—(WSP) [1, 8, 11]
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3 General Position Theorem

We begin with a simple example. Let A, B be compact subsets in R”, and the set B is
being translated by a vector ¢ € D, where DCIR". We wish to understand, how large
can be the set of parameters A = {t € D : AN (B 4+ t) # &}, which we will call the
set of exceptional parameters.

It is easy to see that AN (B 4 t) # & is equivalent to: " there are such a € A,
b € B that a = b+ t". Finding ¢ from this equation, we see that A ={a —b: a €
A, b € B}. How to evaluate the Hausdorff dimension of the set A in terms of A and
B?

For that reason, we introduce the mapf : A x B — A, f(a,b) =a — b. Since f
is Lipschitz, dimyg A < dimy (A x B), and if the product A x B has the dimension
less than dimpy D, then A and B + ¢ are disjoint for almost all ¢ € D.

We will extend this approach to a very general situation, taking a normed linear
space M instead of R”, replacing A and B by metric spaces (L, 01), (L, 02) and
finding the set A for parametrized families A, = ¢; (¢, L;) and B; = ¢,(¢, L,) instead
of Aand B + ¢ [6]:

Theorem 1 Let the Cartesian products of metric spaces (D, p), (L, o1), (La, 02) be
supplied with the canonical metrisation (see [7], §21.VI, (1)). Let continuous maps
01 :D XLy - Mand @, : D x Ly — M to the normed linear space (M, |.||) be
such that:

(a) there are Cy > 0 and o > 0 such that for any i = 1, 2 and for all (§, x), (§,y) in
D x L; the estimate holds

i€, x) — ¢i(§, M < Coloix, »)]*

(uniform o-Holder continuity condition);
(b) there are such My > 0 and 8 > O that for any (x1,x;) € Ly x L, and §,&' € D
the function

D&, x1,x0) = 1§, x1) — 02(§, x2)

on the set D x Ly x L, satisfies the condition

1D E,x1,00) — DE, x1, 1) | = Molp(&', 6)1° . (D

Then Hausdorff dimension of the set A :=={& € D : ¢1(&, L)) N @2(&, Ly) # D} sat-
isfies
dimy A < min{(8/a) dimgy (L; X L), dimyg D} . 2)

Moreover, if the spaces (L1, 01), (Lo, 02) are compact, A is closed in D.

Proof PutA := {(§,x1,x) € D x Ly x Ly : 91(§.x1) = ¢u(, x2)} ={(§. X1, x2) €
D x L) xLy: ®(,x,x) =0} and notice that A = pr; A, where pr; : D x L; x
L, — D is the canonical projection.
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Applying canonical projection pr, : D x (L X L) — L; X L, we obtain a set
Ap :=pry(A), that is,

Ap ={(x1,x) € Ly X Lp| 3 € D : ¢1(§, x1) = 02(§, x2)}.

The maps 7p = pr;|; : A— Aandm, = prylx : A — Ay are continuous open
maps (by properties of canonical projections). Let us show that 7y is a bijection.
Indeed, if for (&', x},x}) € A and (", x,x3)) e A the equality 7 (&', x], x5) =
m(§”, x{, x3) holds, then (x|,x}) = (x],x)) = (x1,x2), whereas ® (&', x;,x) =
0=®(&”, x1, x2). Then from (1) itfollows that 0 = || D (&', x1, x2) — P (", x1, x2)|| >
My[p(', E")1P, thatis, p(&’, £”) = 0. This means that &’ = &”.

Since every open bijective continuous map is a homeomorphism (see
[7, §13.XIII]), the maps 7r; and 7, are homeomorphisms.

Now we find Holder continuity estimate foramap g = np o ;. AL — A.Let
& = g(x},x5) and &€ = g(x1, x2). Then ® (&', x}, x5) =0 = O (&, x1, x2) and, partic-
ularly, @; (€', x]) = ¢2(&’, x3). The inequality (1) gives an estimate

Molp €, &)1 < |®E,x1, 1) — P&, x1, )| = | PE, x1, %) — O
= o1 x) — 2 ) < o1 x) — o1 XD+ o1 x) — 026, x|

= o1, x0) — o1 XD + 2§, x3) — 928", 2.

Applying the condition (a), we get the inequality

Molp (&', 6)1F < Color (x1, ¥))1* + Coloa (x2, x5)1% < 2Cp [\/01 (x1, %)% + Uz(xzvx/z)z] .

Denoting by ¢ the metrics of Cartesian product of the spaces (L;, o1) and (L,, 0»),
we get Holder continuity estimate of the map g:

p(g(x}, xb), g(x1,%2)) < (2Co/Mp)' /P15 ((x}, x5), (x1, x2))1*/7.

Applying [4, Proposition 2.3] and the inequality dimy Ay < dimy (L; X L), we
get the desired relation (2):

dimy A = dimy g(AL) < (B/a)dimy (L) X L) and dimy A < dimy D.

Since the maps ¢; are continuous, ® is continuous too. The set A is closed in
D x L; x L, as a set of zeros of ®, so the set A = 7pA is closed in D (by properties
of canonical projections). ]

Remark 1. We see from the inequality (2) that if the product L; x L, has sufficiently
small dimension, then the sets ¢(z, L;) and ¥ (¢, L,) do not intersect for almost all
t € D. The proof of the inequality (2) in the Theorem does not use the condition that



General Position Theorem and Its Applications 169

the functions ¢; and ¢, are continuous with respect to the metrization of product
spaces, so this condition may be omitted. It is needed only to show that A is closed
in D.

2. The condition (b) in the Theorem may be considered as a form of transversality
condition [9], where D C R" is an open set, 8 = 1 and ¢; (i = 1, 2) are the address
maps to different copies of a self-similar set, depending of a parameter £ € D.

3. Notice that the only information required of the parameter space D is its Hausdorff
dimension. Moreover, if dimgz D = s but the measure H* (D) is zero, we take some s’
satisfying dimy A < 5" < s to see that A is negligible in D in a sense that H* (D) =
oo and H* (A) = 0.

For more easy understanding of the main idea ot the Theorem 1, we apply it to
much more simplified settings. Nevertheless, even the following simplified form will
be useful for many applications:

Corollary 2 Let A, B, D be some subsets of R". Let the map ¢ : D x B — R" be
such that:

(a) there is Cy > O such that for any x,y € B and t € D, ||p(t,x) — ¢(t,y)| <
Collx =yl

(b) there is such My > O that for any x € Band t,t' € D

o, x) — e, )| = Mollt" — 1] . 3)
Then Hausdorff dimension of the set A :={t € D : ¢(t, B) N A # @} satisfies
dimy A < min{dimg (A X B), dimg D} @)

Moreover, if A and B are compact and the map ¢ is continuous, then A is closed in
D. |

One can consider several specific applications which may be derived from the
Corollary 2:

Example 1 1fA,B C Cand 0 ¢ A and dimy A x B < 2 then for Lebesgue almost
allze C:BNzA = 2.

Indeed, let My = inf{|z| : z € A} and for some Cy > 0, let D = {z : |z| < Cy}.
Then the conditions (a) and (b) of the Corollary 2 are fulfilled. Therefore, if dimgy (A X
B) < 2 then for Lebesgue almost all z € D the sets A and B are disjoint. Letting Cy
tend to infinity, we get that the statement is true for Lebesgue almost all z € C.

Example 2 1f A, BCR", M, > M| > 0, amap f : B x R" — R" is M,-Lipschitz,
and dimy (A X B) < n,thentheset A = {t € R" : Mrt + f (B, t) N A # &} has zero
measure in R” .

In this case, the conditions (a), (b) are fulfilled with Cy = M and My = M, — M.
Since the set A can be represented also as {r € R" : f(B, t) N Mt + A # &} this
means that if A moves faster that the set B is deformed, for almost all ¢ the set A
escapes the intersection with the set f'(B, t).
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Example 3 Suppose A, BCR", a map F : R" — R”" is bi-Lipschitz, and f : B x
R™ is defined by f(x,t) = F(x + t). dimyg (A X B) < n, then the set A = {r € R" :
f(B,t) NA # &} has zero measure in R” .

In this case, we can interpret f (B, t) as a bi-Lipschitz distortion of a translation
of the set B by a vector t.

4 Application of General Position Theorem
to Self-similar Sets

The General Position Theorem is a tool for treating more complicated cases than those
in which one of the sets undergoes simple rigid motions or similarities or translations
in some curvilinear coordinates. It works with the attractors K; of parametrized
systems 8, of contraction maps. These attractors need not be even homeomorphic to
each other for different values of the parameter .

To analyze transformations of the attractors of such systems, we define the fol-
lowing settings for parametrized families:
(S1). Let 8; = {Si, ..., Sm.} be a system of contraction maps in R", depending on
the parameter + € DCR" and let K, be its attractor.

(S2) Suppose there is a compact set V such that for any k € I and any ¢ € D,
Sk (V)CV.

(S3) There is a vector r = (ry, ..., ;) such that for any r € D and for any k € I,
LipSi, <re < 1.Letr =max{ry,..., rm}.

(S4) There is such C > 0 that forany x € V, k € [ and for any ¢, t' € D, ||Sg » (x) —
Sk I < Cllt" —1]I.

4.1 Moving Subpieces Apart from Each Other.

First notice that it follows from the settings (S1), (S3) that all the address maps are
Lipschitz with a constant equal to diam(K):

Lemma 3 If the settings (S1), (S3) are fulfilled then the map m : I3 — K is
diam(K)—Lipschitz.

Proof (cf. [3], Ex. 4.2.4). Suppose a A B =j, so & = jo' and B = jB’. From
pr(e’, ) =1 we get |w(@) — (B = |ISj( (@) — Sj(w(B)| < rjdiam(K) =
diam(K) oy (o, B3). |

To evaluate the distance between the points in K; and K, having the same
addresses, we use the Displacement Theorem for parametrized families (cf. [6, The-
orem 17]):
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Theorem 4 Suppose the settings (S1)—(S4) hold. Then for any a € [*° and any

t,t € D we have

Cllt" — ¢l
7y () — ()] < 4 &)
—-r

Proof Take a = ijiy ... and denote &¢; = ixifiq....
Since /(o) = S} (i), 7w (oe) — 7o (@) | < 1S 7 (o) — S 7o (o)1 +

1S} v (1) — S,‘i”t’(“k+1)||v 80 ||z () — o (@) || < 7y I (0t ) — 7 (o) || +
C||t' — t|| for any k € N.

Therefore, ||, (@) — 7y ()| < 7|7 (@ns1) — () | + CllE — 1] 3 7,
k=0
which becomes (5) as k tends to oo. |

The following theorem gives the conditions under which the pieces Kj; and Ky ,
are disjoint for almost all ¢ € D:

Theorem 5 Suppose the settings (S1)—(S4) hold. Let j, k € I* be incomparable
multiindices.
Suppose there are such cj > 0, Cx > 0 that for any x € V and for any t,t' € D,

Ik () = Skl < Cillt’ — 1] and IS0 (x) = Sj. )| = ¢l — 1] (6)

If
(rj 4+ rk)C
—_—— >

=7

¢ — Ck 0 (7)
and sy < dimy (D)/2, then Kj N Ky = & for almost all t € D.

Proof Let (p(tv-x) = Sk,t(nt(x))’ W(I’x) = j,t(nt(x))» @(t,x, )’) = gﬂ(t, x) -
v, y),
A ={teD: K;N Ky # J}. Note that

1D, x,y) = @@, x, DI MY, y) = ¥ @ I = g, x) — 9@, 2)l;

lo(', x) — @, )| <18k, (7 (X)) = Sk 1 (T )| + 1Sk, ¢ (77 (X)) — Sk ¢ (T () I3
I (@', x) — ¥ (@t ) =S, (rp (0)) = S G DI = 18,0 Gty () = S (T ().

From Theorem 4, we have upper estimates

C|t' —t riCllt" — ¢
1Sk, (7 (6)) — Sk Gre )| < w i

- and [|Sj,, (7, () = Sj ¢ ()| < -

Combining them with inequalities (6), we obtain

®)

, C(rx +ry) ,
[P, x,y) — D@, x, ) = <Cj —Cx — #) l£" — £l

1 -7

Applying the Theorem 1 with o = B = 1 we getdimy A < 2dimy (I77) = 2sy.
Since s, < dimy (D) /2, we get H>*(A) = 0 and at the same time H>* (D) = oc. B
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4.1.1 The Case When the Parameters Are Translation Vectors.

We consider the case is when the initial system 8 = {S7, ..., S} consists of the con-
traction maps Sy in R”, and we consider a parametrized system 8; = {S1¢, ..., Sy}
where each Sy ; is defined by the formula Sy ((x) = Sk (x) + #, wheret = (¢1, ..., 1) €
(R™)™. Translations have no effect upon the contraction ratios, therefore Lip Sy ; = 7
for any ¢.

First we allow only one map, say S,,;, to depend on the parameter ¢, leaving all
others unchanged.

Corollary 6 Let S; = {S1, ..., Sm—1, Sm.:(x) = Siu(x) + t} be a system of contrac-
tion maps in R", depending on the parameter t € R" and let K, be its attractor. Let
l<k<mIfri+r,+r<1ands, <n/2, then Ky ; NK,,, = & for almost all
t e R

Proof For any open bounded D C R”, there is such V CR” that the system &' satisfies
the settings (S1)—(S4); since C = 1 the condition 7 of the Theorem 5 becomes
equivalent to ry + r,, + 7 < 1. Therefore K ;, N K, ; = @ for almostallt € D C R".
The result does not depend on the choice of D C R”, so it holds for the whole R”. B

Now, if we apply a translation by some vector 7, € R” to each map Sy € S, we
obtain the following:

Corollary 7 LetS = {Sy, ..., Smu—1, Su} be a system of contraction maps in R". Let
t ={t1, ..., tn}, where ty € R". Let Sy s(x) = Sy (x) + 1. Let K; be the attractor of the
system 8 = {Si, ..., Sms}. If for any non-equal j, k € I, rj +ry +7 < 1 and s, <
n/2, then for almost allt € R™, the system § satisfies Strong Separation Condition.

Proof Notice that by Theorem 4, the maps 7;; : I*° x R"™ — R" are continuous
with respect to ¢. Therefore the function pj (¢) = min{||7; () — 7w (B, &, B €
I°} is continuous with respect to £. Therefore, the set Ay = o~ 1({0}) is closed
in R™™. Since all of its k-slices {(t1, .., tx—1, t, tk1, ..., ) € Aj; t € R"} have zero
Lebesgue n-dimensional measure, the set A has zero measure in R™". Thus, the set
A = J; res Ajk also has zero measure in R™". Therefore, for almost all # € R™", the
system §; satisfies Strong Separation Condition. |

4.2 Non-empty Overlaps of Prescribed Type

If we we get rid of all overlaps in a self-similar set, we obtain a system 8, which
satisfy strong separation condition and whose attractor K is just a Cantor set. There
is a mush more interesting case, when we use our techniques to obtain a system 8 of
contraction maps which has the attractor K such that the intersections of its pieces
K; strictly follow some predefined pattern. The attractors of such systems possess a
set of interesting properties, and often, they do not satisfy WSP. In this subsection,
we will see
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(a) how to find systems 8 for which two maps S; and S, commute and for which
S1(K) N S>(K) is exactly equal to S1»(K) and

(b) how to find systems 8 which do not satisfy OSC though all the pieces S;(K) are
disjoint except S; (K) N S>(K) which is a single point.

4.2.1 Exact Overlaps: An Example

First we consider the systems 8 in which two maps Sy, S, have a common fixed point
and commute (cf. [2]). Let the system &, in [0, 1] consist of 3 maps: S;(x) = tx,

8
S2(x) = b, S3(x) =

t, while b is a fixed value.
Since the maps S; ; and S, commute, we have the following inclusion:

in R, where b, ¢t € (0, 1/9). It depends on the parameter

S1,692(Kp) S S1,4(Kp) N S2(Ky) €))

We want to study for which ¢ € (0, 1/9) the inclusion (9) becomes equality. In this
case, we say the system 8, has exact overlap S;(K) N S, (K) = Sp2(K).
Notice that the same way as in ([6, Proposition 2(v)]),

o0

KNy = | Srsiks) (10)

m,n=0

Since ¢t,b < 1/9 and K3 C [8/9, 1], for any m # n, S"(K3) N S}'(K3) = @ for
i=1,2.
Following the argument of [6, Proposition 3], we obtain
Proposition 8 For the system §;, the following statements are equivalent:
(i) For any m,n € N, S{"(K3) N $5(K3) = &;
[o¢]
(ii) K ={0yU || SP"S5(K3);

m,n=0

(iii) For any m, n € N, S"(K) N S2(K) = S"S(K). (]

Proposition 9 The system S, has exact overlap Si(K) N S,(K) = S12(K) for
Lebesgue almost all t € (0, 1/9).

Proof By proposition 8, it suffices to find the set of those #, for which S}"(K3) N
SY(K3) = & for any m # n.

Take non-equal m,n €N and let Dy, ={r € (0,1/9):S7,([8/9,1) NSy
([8/9,11) # &}

8b" C (9 1 _ (9t 1\
If t € D,,, then <t < min ,—¢.Putt=|min{—, — .
9 8 o 8§ 9m
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To apply the Theorem 5, we interpret the case under consideration in terms of its
settings:
The system 8, depends on the parameter t € Dy,.
The set V = [0, 1], the constant C = 1. Since the vector r = (¢, b, 1/9), we have
sp < 1/2.

71

Further, Sj = SY',, Sk = S5, therefore rj = "< , gk = b".
l/m __4m il

By definition, ¢j = inf = inf mt" ! > inf —.
11Dy ' —t €Dy t€Dyy t

7
Replacing 1" by o5 and ¢ in denominator by 1/9, we get ¢j > 8b".

Vj+l’k - <8— 9/8+1)bn
1 8/9
Therefore by Theorem 5, the set A, ={te D: S;’f,(Kgq,) NSY(Kz,) # T} is a
closed subset of D,,,, and dimg (A,,,) < 1.
Let A be the union of all A,,,, where m, n € N and m # n.
Then dimg (A) < 2s, < 1 which implies the statement of the proposition. ]

Since Cy = 0, we have ¢j — Cx —

For almost all #, the systems 8, possess several remarkable properties:

1. Violation of WSP. Consider the set D* of those values of the parameter ¢t € D\ A

]
for which —2
lo

is irrational. The set D* has full measure in D. For each ¢t € D*, there

are sequences of positive integers [;,n; such that the sequence % b~ converges to
1. Therefore, the system &, does not satisfy weak separation property.

2. Measure and dimension. The Hausdorff dimension s of the attractor K, t € D*
is equal to the solution of the equation #* + b* — r*b* + 97" = 1. Since the weak
separation property is violated, the Hausdorff measure H*(K;,) = 0.
3.All K, areisomorphic. For any twosets K}, , K,,, #; € D*, there isahomeomorphism
¢ : K;, — K,,, which agrees with the systems 8; and 8,, i.e. forany k = 1, ..., 4 and
for any x € K;, ¢(Si.,(x) = Sk.» (9(x)).

We refer the reader to [6] for detailed proofs of the properties of such type of

self-similar sets.

4.2.2 One-Point Intersections: An Example

1 1
Takep, g, rin (0, 1/36) andputh = x a= §.Considerasystem8 ={S1,95,, ..., S¢}

of contractions in [0, 1] whose equations are

Six) =px, SH(x)=a+rx, Sz3(x) =h—qgx, Six)=h—r+rx,
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Ssx)=1—a—rx, S¢(x)=1—r+nrx

The similarity dimension for any such system is strictly less than 1/2.

Let K be the attractor of the system & and K; = S;(K) be its pieces. By the
construction, {0, 1}CK [0, 1] and the pieces K;, i € {1, 2, 3, 5, 6} are contained in
disjoint segments of length 1/36, while K3 U K4C[h — 1/36, h] and K3 N Ky > {h}
which is the only possible non-empty intersection of the pieces.

We wish to know the set of those p, ¢, r for which K3 N K4 = {h}. In this case,
we say that the system 8 has unique one-point intersection.

logp
logr
maps H,,(x) = $357'S5(x) and G, (x) = S45¢S2(x). Notice that for any ¢ > 0, there
is a sequence (my, ny) € N2, such that p~™ ™+ converges to g as k — oo. Easy
computation shows that if we choose such a sequence (my, 1), then the sequence

If ¢ Q, then the system S does not have WSP for any ¢. Indeed, consider the

("t —prg) (1 —a)  p™q
rnk+2 rnk+1

G, Hy, (x) =
converges to identity, which means violation of WSP.

Therefore, we fix some p, r € (0, 1/36) such that log, p is irrational and con-
sider a 1-parameter family of systems §,, g € (0, 1/36), for which we show that for
Lebesgue almost all ¢ € (0, 1/36) the system §, has unique one-point intersection
and does not have weak separation property.

For the simplicity of notation, we denote the system under consideration by §,
keeping in mind that it depends on the parameter g whenever it does not cause any
ambiguity.

From the representation of the pieces K3 and K, as unions of infinite sequences

Ky ={h} U [ S:S7(K\ K1), Ko=1{h}U[ JSuSg(K \ Ke),

m=0 n=0
we see that K3 N Ky = {h} iff
forany m,n e NU {0} andany i e I\ {6}, j e I\ {1}, S387"(Kj) N S4Sg(K;) =@ (11)
Note that if p™[agq, g] N "H[a, 11 = @ then for any i € I\{6}, j € I\{1} the inter-

sections S357'S;(K) N 845¢S;(K) are empty. Therefore, in search of those g for which
S3871'S;(K) and 545 S; (K) may intersect, we can restrict the values of g to the intervals

arn-H rn+1
Dyn(p, 1) = (— min <— 1/36>>
pm apm
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We apply the Theorem 5 to the family §, with the parameter set D, (p, r) and
to S = S357" and Sk = S45¢. We take r = (p, r, 1/36, r, r, r), therefore s, < 1/2
and 7 = 1/36. We have C =1, C, = 0 and r, = r"*'. Now since the set K; lies
in the interval [a, 1], for x € K; and ¢', ¢ € D, (p, r) we have [Sj 4 (x) — Sj,(x)| =
lg — qlp™x > | — qlp™a, so ¢j = p™ /3. Notice also that r"*! < 3p™q. Therefore,

i+ 1 1 3 "
cj—Ck—rJ1 rk>pm<—————>>pZ

—r
Therefore, the set A, (p, 1) = {g : S3S7"(K\K{) N S45¢ (K\Ks) has the dimension
less than 2s,.. The same is true for the set A(p, r) which is a countable union of the
sets A, (p, 1).
This shows that

ifp,r € (0,1/36) and

lo
1 £p is irrational then for Lebesgue almost all g € (0, 1/36)
ogr
the system 8 has totally disconnected attractor with unique one-point intersection,
and at the same time, it does not satisfy weak separation property.
The reader may see that the properties similar to The properties 1. 2. 3. in the

previous subsection are also valid for the systems, described above.
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The nth Itarate of a Map )
with Dense Orbit e

P. Amalraj and P. B. Vinod Kumar

Abstract Suppose that X is a Hausdorff space space having no isolated points and
f : X — X is continuous. We show that the orbit of a point x € X under f is dense
in X while the orbit of x under f" =f of o o--- o f, ntimes is not for somen > 2,
then the set D = {x, orb(f, x)is dense inX } is disconnected. As a consequence of this,
we show that the set D = {x, orb(f, x)is dense inX } is connected, then orb(f", x) is
dense for all x € X.

Keywords Chaotic functions + Dense orbit + Decomposition
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1 Introduction

Suppose X is a Hausdorff space having no isolated points and f : X — X is contin-
uous. In [1], it is proved that the orbit of a point x € Xunder f is dense inX while
the orbit of x under f o f is not, then the space X is decomposes in to three sets
realtive to which the dynamics of f are easy to describe. And also he proves that f
acts chaotically on X and that the closure of the set of periodic points of X having
odd period under f has nonempty interior, then f o f is chaotic on X . They conclude
their paper with the question “For n > 2, what kind of decomposition of X may be
obtained if one assumes that f is toplogically transitive on X while f” is not ?”

P. Amalraj ()
Department of Mathematics, Sanatana Dharma Collge, Alappuzha, Kerala, India

Rajagiri School of Engineering and Technology, A P J Abdul Kalam Technological University,
Thiruvananthapuram, Kerala, India

P. B. Vinod Kumar

Department of Mathematics Centre for Topology and Applications, Rajagiri School of
Engineering and Technology, A P J Abdul Kalam Technological University, Thiruvananthapuram,
Kerala, India

e-mail: vinod_kumar@rajagiritech.edu.in

© Springer Nature Singapore Pte Ltd. 2021 177
R. L. Devaney et al. (eds.), Topological Dynamics and Topological Data Analysis,

Springer Proceedings in Mathematics & Statistics 350,
https://doi.org/10.1007/978-981-16-0174-3_13


http://crossmark.crossref.org/dialog/?doi=10.1007/978-981-16-0174-3_13&domain=pdf
mailto:vinod_kumar@rajagiritech.edu.in
https://doi.org/10.1007/978-981-16-0174-3_13

178 P. Amalraj and P. B. Vinod Kumar

This motivated us to find a solution to this problem. We are solving a part
of this problem. We show that if orb(f”, x) is not dense for some n > 2, then
the set D = {x, orb(x, f)is dense inX } is disconnected. Also we show that the set
D = {x, orb(x, f) is dense inX } is connected, then orb(f”, x) is dense for all x € X.
Also a consequence of this we proved the fact that if T is a linear function on a
complex Banach space B and that the orbit of » € B under T is dense in B;then for
each positive integer n,the orbit of B under 7" is also dense. (This is S.I Ansari’s
remarkable theorem. It is just a corollary of our result) ([2],Theorem1)

1.1 The General Separation Theorem

In this section, X denotes a Hausdorff topological space having no isolated points
andf : X — X is continuous.

Notation
f"=fofofof---of,ntimes with f* =i,
S7PA) = {x e X, f"(x) € A}
D ={xeX,orb(f,x) =X}
D" ={x e X, orb(f*, x) = X}

Theorem 1.1 Suppose D" is nonempty and f is onto. Then D" is dense subset of X,
for all n and D" is invariant under f", for all n.
ie., f"(D") C D" and f~™(D") C D".

Proof Assume that D" is nonempty.
Letx € D" = orb(f,x) =X
orb(f", x) = {x, f"(0), f*", ..., }
orb(f",f(x)) — {f(x),f"+l,f2"+l . }
= f (orb(f", x))

so, orb(f", f (x)) = f (orb(f", x) D f (orb(f", x)

ie., f(X) C orb(f", f (x)

Since f is onto, X C orb(f", f (x)

ie., f(x) € D"

i.e., D" is invariant under f and so is under f".

Next we show that D" is a dense subset of X .

given x in D", orb(f", x) = {x, f (x),f%(x),...} € D"
;however, orb(f", x) is dense in X, and thus, D" is dense in X as well.
Now we show that f ™ ¢ D"

Lety e f~(D")

ie., f'(y) € D"

So, f2n(y),f3n(y), - - - € D" since D" is invariant underf™"
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= orb(f", y) contains orb(f", f"(y)). But orb(f", f"(y)) is dense in X,
since f"(y) € D"

ie,orb(f", y) is dense in X .

—yeD"

ie., f~™ (D" c D". Hence, the theorem.

Theorem 1.2 Suppose that x € X, h : X — X is continuous and G is the comple-
ment of the closure of orb(h, x). Then for every non negative integer kh~® C G.

Proof See [1].

Theorem 1.3 (Generalized Separation Theorem) Suppose x € X such that orb(f , x)
is dense in X .

(1) orb(f", x) is not dense in X for somen > 2

(2) D={xeX,orb(f,x) =X} is disconnected.
we have, (1) = (2).

Proof Assume (1) holds
G = (orb(f n x)) , therefore, G is not empty and is open since (1) holds.

therefore for each non-negative integerk,f ¥ (G) C G.

We claim that f = (G) Nf~@(G) NfF~D(G) NfF~D(G)--- Nf~"=D(G) must be
contained in the closure of G.

Suppose f~(G) Nf~P(G) Nf~D(G) Nf~H(G)---Nf~"=D(G) intersects G.
OGN PG NG NFHG)---nf~"D(G)NG is open and
orb(f, x) is dense, there is a non-negative integer j such that f/(x) €. f~M(G) N
PG NP6 NG - nfN(6G)NG.

f/(x) € G => j # multiple of n
F(x) e f~(G) = j+ 1 # multiple of n
fl(x) e f7P(G) = j + 2 # multiple of n

fi(x) e f~""V(G) = j+n — 1 # multiple of n

is a contradiction.

Therefore,f ~V(G) Nf~@(G) Nf~3(G) NfF~D(G) - -- Nf~""D(G)iscontained
in the complement of G.

LetS, =Gand S, =f~D(G) NfF~PG) NfFPG) NF~D(G)---NfF~=D(G)
Then S; and S, are open and disjoint.

Letwbe in D. G is open and w has a dense orbit underf, and there is a non-negative
integerm such that f"(w) € G.

Thus,w € f~™(G) and is either in S; (by using theorem 1.2 if m is a multiple of n)
oris S» (if m = r(modn), for1 <r <n-—1).
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, therefore, D C S; U S>.

Because D is dense,S; N D and S, N D are non empty.

Thus the pairs S; N D = Dy and S, N D = D, is a separation of D. ie, D is discon-
nected.

Theorem 1.4 Let Dy and D, are sets mentioned in the Generalized Separation
Theorem, thenf"_l(Dz) C D,

Proof Suppose t € D;.

In particular t € f~"~D(G)
ie, ') e G =S5
=>fn_1(l) e S1ND =D,.
Hence the result.

Theorem 1.5 Let f : X — X be chaotic and D = {x € X, orb(f,x) = X} is con-
nected.Then orb(f", x) is dense in X for all x.

Proof Clear from Generalized Separation Theorem.

Theorem 1.6 Suppose B is a complex Banach space and T : B — B is bounded and
linear. If for some b € B, orb(T, b) is dense in B, then orb(T", b) is also dense in
B,for all n.

Proof Suppose orb(T, b) is dense in B.

Then the set E = {P(T)b : p is a polynomial}\ {0} is a dense set of vectors in B, each
element of which has dense orbit [3]. Because E is connected and dense , the set D of
vectors in B having dense orbit under T cannot be separated. Thus by the Generalized
Separation Theorem, orb(7", b) is also dense in B, for all n.
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Abstract In this article, subsets of T” that can arise as sets of all periodic points of a
continuous n-dimensional toral automorphism are characterized. Here, the torus T"
isviewedas [0, 1) x --- x [0, 1) (n-times) as a group under coordinate-wise addition
modulo 1.
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1 Introduction

There have been some papers discussed about the sets of periodic points for contin-
uous self-maps of intervals on R (see [3—5]). It is natural to ask: Which subsets will
arise as the set of all periodic points of these self maps? In the case of n-dimensional
toral automorphism, we have a neat answer.

A dynamical system is simply a pair (X, f), where X is a metric space, and
f : X — Xisacontinuous function. For x € X, the orbitof x under f is the sequence
x, f(x), f2(x),--- ,where f* = f o fo---o fisthe composition of f with itself
n times. A point x € X is said to be periodic with period n if f"(x) = x for some
n € N, and f"(x) # x for 1 <m < n. We denote the set of all periodic points of f
by P(f). We refer ([5, 6]) for preliminaries from topological dynamics.

Let Q, be the set of all rational pointsin [0, 1) and Q] be Q; X - - - x Q; (n-times).
Our main results prove that set of all periodic points of a continuous n-dimensional
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toral automorphism has to be either Qf or T" or a finite intersection of (atmost
n) sets of the form S, ,, for some r; € Q; where S, . = {(x1,...,x,) € T":
rixy + - -+ 4 rpx, is rational}. In this article, we generalize our results in [7] to a
more general setting and provide a more general proof.

2 Basic Results

LetGL(n, Z)bethesetofalln x n matrices A with integer entries and Det(A) = %1,
where Det(A) denotes the determinant of A. Each such matrix A gives an invertible
linear map on R” by X — AX. We define an automorphism on the torus 74 : T" —
T" by TAX = AX (mod1), coordinate-wise addition modulo 1.

Let Aut (T") denotes the set of all continuous automorphisms on T”. The following
proposition says that every automorphism 74 on the torus is continuous, and every
continuous automorphism is induced by a matrix from G L (n, Z).

Proposition 1 (see [4, 7]) The above map A — T4 from GL(n, Z) to Aut(T") isa
group isomorphism.

Note that, for a toral automorphism 7,4, the periodic points with period n are
solutions of the congruent equation A" X = X (mod1). Now, we state the following
well-known lemma.

Lemmal (see [2]) If T : R" — R” is an invertible linear transformation, then
for every Riemann measurable set, S C R", T(S) is Riemann measurable, and the
Riemann measure of T (S) is equal to |Det(T)| times the Riemann measure of S.

The following propositions may be known. But we provide a proof here. See [5]
forn = 2.

Proposition 2 Let A € GL(n, 7).

(1) The number of solutions of A"X = X (mod]1) in T" is |Det(A" — I)|, provided
|Det(A" — I)| # 0.

(2) If |Det(A™ — I)| =0, then A"X = X (mod]1) has infinitely many solutions in
.

Proof (1) Suppose Det(A" — I) # 0. The number of solutions of the equation,
A"X = X (modl) in T", is equal to the number of integer points in the image
of T" under A" — I, treated as a linear map from R” to R”. Note that the num-
ber of integer points in the image is equal to its measure, which is equal to
|Det(A" — I)| by Lemma 1.

(2) If Det(A™ — I) = 0, then the system (A" — I)X = 0 has infinitely many solu-
tions in T".

O
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Proposition 3 For each A = (a;j)nxn € GL(n, Z), the set P(T,) is dense in T".

Proof We prove that P(T4) contains Qf, and so it is dense. A general element in
QY is of the form X = (%,..., %),pl,pz,...,pn,q € Z with 0 < p; < q. Now,
T4 (X) = (fractional part of the sum a“(%) 4.+ aln(%), ..., fractional part
of the sum anl(%) 4.+ ann(%)) = an element of the form (%, e %), 0<
m; < ¢q.Observe that, for a fixed g € N, the set {(*2,...,2):0<my,...,m, <
q,m; € N} is Ty-invariant and finite. Then, the orbit of X is finite and therefore
eventually periodic. Hence, the result follows from the fact that for invertible maps,
the eventually periodic points are periodic. (]

Remark 1 A continuous toral automorphism, 74, A € GL(n, Z), is said to be hyper-
bolic if A has no eigenvalue with absolute value 1. In this case, Det(A" — I) # O for
all n € N. Hence, P(T4) = Qf (see [5]).

Observe that, for any continuous toral automorphisms T4, the set P(Ty4) is a
subgroup of the torus. We now ask: Which subgroups of T" arise in this way?

3 Main Results

For n € N, define a sub-class A; , of GL(n, Z) such that each member of A, ,, is of
the form _

( (1) Ik ) for some vector k = (ki, ..., k,—1) with integer coordinates, and /,,_;
n—1

denotes the identity matrix of size n — 1, 0 is the zero vector in R"~1. Also, we
define S,, _,, :={(x1,...,x,) € T" : rix; + - -+ + rpx, is rational} for r; € Q. If
A € Ay, then A and its powers A%, A3, ... share the same set of periodic points.
Note that, for any j € N, the periodic points of 74 with period j are contained in
P(T4j). Hence, P(T,) is a finite intersection of sets of the form S,, ., for some
ri € Q

Now, we consider our main theorem.

.....

Theorem 1 (Main theorem) For any continuous toral automorphism Ty : T" —
T", the set P(T4) of periodic points of Ty is one of the following:

(1) Q.
(2) A finite intersection of atmost n sets of the form S,
(3) T".

r, for some r; € Q.

AAAAA

Proof LetA = (a;;) € GL(n, Z).Then, (A — I)X = O(mod1)ifandonlyifa; x; +
cood (@i — Dxi+---+apx, €Z for all 1 <i <n, where X = [x1,..., x,]7.
This fact will be used often in the proof.

Case 1: Det(A™ — I) # O forallm € N.

By Cramer’s rule, P(T,) = Qf.

Case 2: Det(A™ — I) = 0 for some m € N.
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Let S = {s € N:Det(A* — I) =0} and consider a k € S.

If A% € Aj ., then A and its powers A% A3 . share the same set of periodic
points. Note that, for any j € N, the periodic points of 74 with period j are contained
in P(T,;). Hence, P(T,) is a finite intersection of sets of the form S,, _,, for some
r; € Q. In particular, if A = I then P(Ty) = T".

Now, we have to prove that no other subset of T" can come as the set of periodic
points. In general, A¥ need not be in Ay, for k € S. This general situation can be
handled as follows.

First, we prove that if P(T,) = ﬂm N Sr{’”) OB then it is a finite intersection of

.....

sets of the form S, ., . For this, consider ﬂm en S,m o for rl.(m) € Q. Without loss
1 n

,,,,,,,,,,

of generality assume that (rl('"), e r,('")) is a rational multiple of (rl(l) e, rl(l) ) but
(r (j:'l) e, r,g’")) is not a rational multiple of (rl(Jlr)l, R r,gl)) and / is maximum with
respect to this property. Otherwise, there is a permutation o on {1, 2, ..., n} such
(m)y - : . (1) (1) (m) (m)
that (rJ)). ... r¥() is arational multiple of (ra(l), e T DUt (7 s TS

is not a rational multiple of (r(% FRTP a(n)) and / is maximum with respect
to this property. It is possible to find such a permutation to arrange the n-tuples

(r,(m), r(’")) simultaneously as we required. Therefore, if X = [x, ..., x]T e
ﬂmeN S, mm for rl.(m) € Q,then X € Sr:n ..... MU Q'f—l. From this, it follows that
if P(TA) = ﬂm en S, o, thenitis a finite intersection of sets of the form S, .,

-------

because Sy, 0..0...0=100,1) x...x[0,1) xQ; x[0,1) x...x[0,1) (Q isin
the i’ position).

Next suppose that P(T,) is a set which is not of the form T” or Q; x ... x Q; or
finite intersection of sets of the form S,, ., . Then, there exists X = [x1, ..., x]7 €
P(T,) such that rix; +---+ryx, ¢ Q for all r; € Q\ {0}. This is because, if

=[x1,...,x,]7 € Stivra VP (Ty), then S, ., C P(Tx)., and hence, other-
wise, P(TA) becomes countable intersection of sets of the form S,, _, . It is not
possible. Also A" X = X (mod1) for some m, by our assumption. Hence, there exists
s; € Qp \ {0} such that s;x; + - - - + 5,x, € Q. Which is a contradiction. Hence, the
proof follows.

AAAAA

Remark 2 If r; =0forsome 1 <i <mn,then S, ,, ., = {(x1,x2,...,x,) € T":
riXy 4+ rioiXio1 + rigiXipn + -+ rx, € Q). Hence, {x; @ (x1, x2, ..., X,
. Xn) € Sr| ,,,,, r,,} =[0, D.
The following result is an immediate corollary of Theorem 1. In [7], a different
proof is given.

Corollary 1 If A € GL(2, Z), then for any continuous toral automorphism T, the
set P(Ty4) of periodic points of Ty is one of the following:
1 Q.
2. Qi x [0, 1)orS, forsomer € Q; where S, = {(x,y) € T?: rx + y is rational}.
3. T2

Remark 3 For A, B € GL(n, Z), we say that A ~ B if there exists P € GL(n, Z)
such that A = P~'BP.If A ~ B, then P(T4) = P(T3). Hence, if we know a nice
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representative from each equivalence class of GL(n, Z) with respect to the equiv-
alence relation ~, then the proof will be so easy. It seems to be too difficult to
find the nice representatives for n > 2. But for GL(2, Z), we have nice represen-

tatives (See [1]). Define A, , = ( o2 , " ) for n # 0 and n divides m — 1,
——=2-m
m n .
and By = | _nt1y? ) ) for n # 0 and n divides m + 1. Then, the set
—/L 2-m

{A1;:jeZ\ {O}H} contains exactly one representative from each conjugacy class of
A for (m,n) € Z x (Z\ {0}). Also the set {B_;; : j € Z\ {0}} contains exactly
one representative from each conjugacy class of B,, , for (m, n) € Z x Z \ {0}. From
this representation, we can give an independent proof for Corollary 1. When n = 1,
GL(n,Z) is isomorphic to Z, and which is equal to Aut(S'), the automorphism
group of S'. So the only subset of S! that can arise as set of all periodic points of an
automorphism of ' is S! itself.

4 Summary

For each self-map f on a set X, we associate a subset of X as follows: P(f) = {x €
X : f"(x) = x forsomen € N}.If f belongs to a certain nice class of functions, then,
not all subsets of X may arise as the set of all periodic points of f. It is natural to ask:
Which subsets of X arise as P ( f), for some f in that class? We answer this question,
for all continuous n-dimensional toral automorphisms. For n > 2, even though there
are apparently nC, + nC, + - - - + nC, kinds of subsets which can appear as the set
of periodic points for some continuous toral automorphism, there are only n + 1
up to homeomorphism.

References

1. K. Ali Akbar, Some results in linear, symbolic and general topological dynamics. Ph.D Thesis,
University of Hyderabad (2010)

2. D.C. Aliprantis, (Principles of Real Analysis, Academic Press, Owen Burkinshaw, 1998)

3. LN. Baker, Fixpoints of polynomials and rational functions, J. London Math. Soc. 39(1964),
615-622

4. Bodil Branner, Poul Hjorth, Real and Complex Dynamical Systems, NATO Advanced Science
Institutes Series C: Mathematical and Physical Sciences, vol. 464 (Kluwer Academic Publishers,
Dordrecht, 1995)

5. M. Brin, G. Stuck, Introduction to Dynamical Systems (Cambridge University Press, 2002)

6. R.L. Devaney, An Introduction to Chaotic Dynamical Systems, 2nd edn. (Addison-wesley Pub-
lishing Company Advanced Book Program, Redwood City, CA, 1989)

7. 1. Subramania Pillai, K. Ali Akbar, V. Kannan, B. Sankararao, Sets of all periodic points of a
Toral automorphism. J. Math. Anal. Appl. 366, 367-371 (2010)



Julia Sets in Topological Spaces )

Check for
updates

Sanil Jose and P. B. Vinod Kumar

Abstract In this paper, a study of Julia sets as generalization of classical Julia sets on
the complex plane is attempted. Interpreting Julia sets in various forms, we generalize
them to topological spaces.

Keywords Julia sets - T, space

1 Introduction

The theory of iterated functions on the complex plane is well studied from the times
of Fatou and Julia onwards. The interest in this area got another flavour by the intro-
duction of Fractals in 1980s by Benoit Mandelbrot. See [1, 2].

The filled in Julia set was defined in the extended complex plane C U {oo} for the
function f(z) as K(f) = {z € C./f*(z) — oo}, and the corresponding Julia set is
defined as J(f) = 0K (f), i.e. Julia set is the boundary of the set K (f).

Example 1 Consider the function f(z) = z? in the complex plane.

For all points z inside the unit circle |z| = 1, we can easily see that f"(z) tends to
0 as n tends to co. Also all points with |z] > 1, f"(z) tends to oo as n tends to oo.
For all points on the boundary of the circle |z| = 1, we can see that f”(z) remains
bounded as n tends to co. Hence, the Julia set of the function f(z) = z? is clearly
the the boundary f the circle i.e. J(f) = {z € C\|z| = 1}.
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Note that z = 0 and z = oo are the only fixed points of f(z) = z°.
Julia set of a Complex rational function is non empty, perfect, compact and closed

[2].

Not much study of Julia sets was done in general topological space. We consider
the extended complex plane as a one point compactication as C U {oo}. Naturally, the
question arries as can we define Julia sets in general topological space and weather
the corresponding function which is chaotic in the Julia set.

2 Basin of Attractors to a Point

Classical Julia set.

In the classical Julia sets, the basin of attractors of a fixed pointzg is defined as the
{z € C\ f"(z) converges to zo} In a general topological space X, we will take any
point x € X and a function f(x) which we define the basin of attractor of f to x as

By(x) ={y € X\f"(y) — x}.

Results
1. By(x) # ¢ only for fixed points.

Proof 1f possible, there exist a point x which is not a fixed point such that B¢ (x) # ¢
ie.y € By(x) = f"(y) — xasn = o0

ie. f(f"(y) = f(x) as n = oo, ie. f"(y) = f(x), Since lim,_ o, f"(y) =
lim,_, fn+1 (Y), we get f(x) =X,

i.e. x is a fixed point.

2. Bf(x) N Bf(y) # ¢ = x =y, where x and y are fixed points.

Proof Given that Bf(x) N Bf(y) # ¢,i.e. Ja € Br(x) N Bf(y)
=a € By(x)anda € By(y) = f"(a) — xand f"(a) — y
Uniquence of limit gives x = y.

3 Fatou and Julia Sets in General Topological Space

Let (X, 7) be any topological space, and let x € X be any point. We define K (x) =
(By(x))*
ie Kp(x) =1{y € X/f"(y) /> x}.

Example 2 Consider the topological space [0, 1] and the function f(x) = x>. We
know that the fixed points of the function are 0 and 1.
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Now, B;(0) = [0, 1), and hence, K (0) = {1}.
Also By (1) = {1}, and hence, K (1) = [0, 1). For all other points, the set By(x) =
¢, and hence, K(x) = X = [0, 1]

Note 1 : The example clearly shows that we must concentrate only on fixed points
of the function, and also if the space is compact, then the set K ;(x) is of not much
exciting for us.

Note 2 : The point oo is the one point compactification of the complex plane C. We
will think about spaces which 75.

T, Space or Hausdroff Space

A topological space Let (X, t) is said to be T, space or Hausdroff if for every pair
of distinct points x and y, and in X, there exists disjoint open sets U and V such that
xeUandyeV.

Theorem 1 Let X bea T, space, andx € X isanypoint. Let Ky (x) = {y € X/f"(y) #—
x}. If x is not a fixed point, then K (x) = X.

Proof We need to show that K ;(x) = X, if x is not a fixed point.

i.e. we need to show that {y € X/f"(y) /— x} =X

i.e. we need to show that {y € X/f"(y) — x} = ¢

If possible assume that there exist y € X such that f"(y) — x, i.e. the sequence
0, O, f2), ... f"(¥)...) converges to x.

i.e. the sequence (f(y), 20, 2o ... "y .. converges to f(x), and the
two sequences differ only in the first term.

ie. f(x) = x,i.e. x is a fixed point of f, which is a contradiction.
Hence the result.

Remark 1 The condition (X, 7) is 75 is important

For

Let X = {a, b, c}and t = {X, ¢, {a}, {a, b}}. Clearly (X, 1) is not Hausdroff since
for b and ¢, we cannot find two distinct open sets.

Define f : X — X as f(a) =a, f(b) =c, f(c)=b

Clearly, b and ¢ are not fixed points. Also By(a) = {a} andso K((a) = {b,c} #X
By(b) ={a}andso K;(b) ={b,c} #X

By(c) ={a,b,c}andso Ky(a) = ¢ # X.

4 Locally Compact and 7, Space

Theorem 2 Let X be locally compact and T,. Let X=XU {oo} be the one point
compactification of X. Then, K r(00) = {x € X/O0(x) C K, where K is any com-
pact set contained in X}
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Proof Letx € {x € X/Os(x) C K}

= Oy (x) C K where K is a compact subset of X

=, f), F2), F2@),... f"(x).)CKCX

= (x, f(x), f2(x)... f"(x)...) does not converge to 0o

= x € Ks(oco) Hence {x € X/O07(x) C K} C K¢(c0)

Conversly let x € K r(00)

= the sequence (x, f(x),... f"(x)...) does not converge to co

= Either f"(x) convergestoy € X or (x, f(x), 2, ..., f™(x)...)is bounded
in some compact set K subset of X.

If f"(x) converges to y € X then {x, f(x), f2(x)... f"(x)...y}is compact and is
contained in X.

i.e. in both cases Of(x) C K

Hence, Ky(00) C {x € X/Os(x) C K}

Thus, K r(00) = {x € X/O(x) C K, where K is a compact set contained in X}.

Example 3 Let X = (0, 1], then X=XU {oo}is a one-point compactification
Let f(x) = x? and Ki(0)={x e X/f"(x) &~ 0}

clearly for all x € (0, 1), f"(x) — 0O

B¢(0) = (0, 1) and K (0) = {1}, which is closed and bounded and hence is a com-
pact subset of X

5 Julia Sets

Theorem 3 Let X is not compact but locally compact and T,. Define f : X— X
such that f(00) = oo Define Jy(00) = {x € )A(/f”(x) +— oco}. Then

1. Jy(c0) is perfect.

2. Jy(00) is closed.

3. J¢(00) is not always compact

4. J¢(00) is non-empty.

Proof We have J;(c0) = {x € X/f"(x) /— oo}

1. First, we will prove that J;(co) is perfect. For that we need to prove that
Jf(OO) - Jf(OO)

Assume that x is a limit point of a sequence {x, X2, ... X, ...} of elements in J £ (00).
Since each x; € J(00), by definition of J;(c0), f"(x;) /— ooVi asn —> oo.
Now, xi —x= f(x;)) — f(x)=> fz(xi) — fz(x) = ...=> ff(x;)) —
S ()

Since each f"(x;) #— oo, 3 an open ball B(co) containing oo which does not con-
tain f"(x;)Vn

Hence, f"(x) /— oo.

x € Jr(oo) ie. Jp(00) C Jy(00)

i.e. Jy(o0) is perfect.
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2. Since J(00) is perfect J ¢ (00) is closed.

3. Consider N under discrete topology. Consider f(n) = { ,(ln/ 2+ /2 EZ 12 z\(/izn
Clearly, J;(o0) = N which is not compact

.. J(00) is not compact always.

4. Here, we need to prove that J ¢ (oc0) is non-empty. We use contradiction method to

do it.

If possible assume that J(00) = ¢, Vx € X, f"(x) —> o0

,ie Of(x) ¢ K,V compact set K

Given any compact set K, In; € Z, such that /" (x) ¢ K.

Let U be any neighbourhood of x, and for every compact set F' O U, there exist K

such that F D K D U (Since X is locally compact)

But f"(x) ¢ K Hence, K is not compact, which is a contradiction.

Hence J(o0) is non empty

Result
Let K(f) ={x € )A(/Of(x) C K, where K is compact set }. If X is compact
i.e.X = X, does 3x € X such that K (f) = (Bs(x))°

Proof z € (K(f))° = Os(z) ¢ K for every compact subset of X.

= for every K C X, 3m such that f"(z) € K¢

Let x € K¢, which is open. Also let B(x) be any open ball containing x. (B(x))“is
closed and since X is compact, and every closed subset of X is also compact; (B(x))¢
is compact.

Butz € (K(f))° = Isome f"(z) ¢ (B(x))*

= f"(z) € B(x)

(@) — x = z€ Bs(x)

SK () C By(x) = (Br(x))° C K(f) Converslyletz € K(f) = Os(z) CK
= {f"(2)} C K, has alimit point say y € K

f'(@) —y

Z € By(y) for some y

=z ¢ By(x)forx ¢ K

=z € (By(x))°

K(f) C (Br(x))*

6 Conclusion

In this paper, we tried to generalize the classical Julia sets which was defined in the
extended complex plain to a general topological space. But we restricted the defintion
to locally compact and Hausdroff space so that the Julia set has some properties of
the classical Julia sets.
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Abstract Graph polynomial is a graph invariant whose values are polynomials and
found many applications in different fields of science. The goal of this paper is to
connect the theory of fractal geometry to the theory of the much broader class graph
theory using independence polynomial as basis of our fractals. We are particularly
interested in Julia sets and Mandelbrot sets. The various relations between indepen-
dence polynomial, energy, Julia set and Hausdorff dimension of different classes of
graphs are closely examined. The paper concludes with a discussion on Petersen
graph and its connectivity.

Keywords Graph * Independence polynomial - Fractal - Julia set - Hausdorff
dimension -+ Mandelbrot - Petersen graph

1 Introduction

The independence polynomial is introduced by Gutman and Harary in 1983 [1]. Let
sx denote the number of independent sets of size k, which are induced subgraphs of
G, then I(G, x) = Z(zc(? sgx* where «(G) is the independence number of G. The
independence polynomials are almost everywhere, but it is an NP complete problem
to determine the independence polynomial of a graph [1].
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2 Preliminaries

Definition 2.1 A graph G consists of a set V(G) of vertices along with an edge set
E(G), where each edge consists of a pair of vertices. A pair of vertices (x, y) is in
E(G), and then, x is adjacent to y.

Definition 2.2 An independent set in a graph G is a vertex subset S C V(G) that
contains no edge of G. The independence number of a graph is the maximum size of
an independent set of vertices.

Lemma 2.3 [2]: The independence polynomial of an empty graph G of order n is
given by I(G; x) = (1 + x)".

Theorem 2.4 [2]: Let G be a simple graph. Let v € V(G) and N[v] be the closed
neighborhood of v. Then, I(G; x) = I(G — v; x) + xI(G — N[v]; x).

Definition 2.5 [3]: The reduced independence polynomial of G is the function
R(G, z) =I(G, z) — 1, since every independence polynomial has constant term 1.

Definition 2.6 [3]: Julia set is defined on extended complex plane. The filled-in
Julia set of the polynomial f is defined as K(f) = {z € C : f"(z) - 0o}. The Julia
set is defined as the boundary of the filled-in Julia set, i.e., J (f) = K (f). The Fatou
set F'(f) is the complement of J (f) in C. The Julia set of a polynomial typically has a
complicated, self-similar structure. The dimension of a Julia set is Hausdorff dimen-
sion that gives a reasonable way of assigning appropriate non-integer dimension to
such sets.

3 Computing the Independence Polynomial

By applying the above theorem, we have the following results (Table 1):

Definition 3.1 [4]: The energy E(G) of G is defined as the sum of the absolute
values of the eigen values of an adjacency matrix of a graph. E(G) = Y\, |A;].

Energy of standard graphs is listed in Table 2.

4 Complete Graph

A complete graph is a simple undirected graph in which every pair of distinct vertices
is connected by a unique edge.
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Table 1 Recurrence relations and independence polynomial of standard graphs [2]

No. Graph type Recurrence relations Independence polynomial
I(G, 2)
1 Complete graph K, I(Kp; 2) =I(Ky—152) + 2 | (1 +n2)
2 Star graph S, I(Sy; 2) = (14+2)"+z
(1 +I(Sy-152) — 22
3 Path graph P, I(P;2) = [+ 224 )1+
I(Py—1;2) + 2I(Py—2; 2) S (s —1—=2z2)(1 —5)"]
where s = /1 + 4z
4 |Cycle graph C, IPy-1:0) +2l(Pu—3i2) | g1+ 22+ 9)(1 +

A +2z—95)(1 —
$)""2] where s = /1 + 4z.

Table 2 Energy of standard graphs [4]

No. Graph type Energy

1 Complete graph K, 2(n—1)

2 Star graph S, 2¢/n—1

3 Path graph P, 23| COS(%}L)l
4 Cycle graph C, 2 Z}:ol |C°S(%)|

4.1 Relation of Hausdorff Dimension and Energy

of J(G, z)) of Complete Graph

Independence polynomial of a complete graph K,, is (1 4 nz), and energy of a com-
plete graph is 2(n — 1). So when z = 2, E(K,,) = I (K,,, 2). For complete graph, we
have R(G, z) = nz. Since any nonzero point has an unbounded forward orbit, its Julia
set is {0}. Therefore, J(R(G, z)) = {0} if G = K,,. Also, dimy (J (R(K,,)) = 0 gives

E(K,) = dimp (J (R(K»)).

4.2 Results on Complete Graph

Zeros of 1(G, z) lie outside of J(I(G, 2)).
Zeros of I(G, z) are stable for all values of z since all the roots are negative and

lie in the negative half plane.
e Periodic points of I(G, z) are not chaotic on C because periodic points are not
dense.
e The kth power of a graph G is another graph that has the same set of vertices, but
in which two vertices are adjacent when their distance in G is atmost k. But when
the powers of complete graph are complete, G* satisfies all the above results.
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5 Mandelbrot Graph

A graph G is called a Mandelbrot graph if J (R(G; z)) is connected [5].
Mandelbrot graph is useful for the connectivity of a Julia set of independence
polynomial. We denote M = {G/G is a Mandelbrot graph}.

Theorem 5.1 [5]: If G is a non-empty graph with independence number 2 having n
vertices and m non-edges, then (i) —% < Re(z) < 0 and (ii) Im(z)=0 unless n=3, in

which case —ZLVE <Im(z) < Zirg

Theorem 5.2 [5]: If G is a graph with independence number 2 having n=4 vertices
and m non-edges, then J(R(G,z))C [’74, 0]

Corollary 5.3 [5]: If G is a non-empty graph with independence number 2 having
n > 5 vertices and m non-edges, then it lies outside the Mandelbrot set.

5.1 Classification of Mandelbrot Graphs

e Clearly K,eM.

e If G is anon-empty graph with independence number m having n vertices denoted
by G, », then we have the following results. (i) G2 ,eM (ii) G, 3€M (iii) Go4eM
(iv) Go.,¢M , where n >5.

5.2 Julia Set of Reduced Independence Polynomial of Some
Graphs

e For complete graph K,,, J (R(K,, z)) = J (nz) = {0}.

e For path graph on three vertices Pj, J(R(P3,2)=J (2% + 3z) € [-3,0] x
(=3 Y3

2 02 b

e For path graph on four vertices Py, J (R(P4,z)) = J (32> +42) C [%4, 0] since P4
has three non-edges.

e For cycle graph on four vertices Cy, J (R(Cy, 7)) = J (272 + 4z) € [—2, 0] since
two non-edges.

6 Independence Polynomial of Second Degree of Graphs

We will study some graphs whose independence polynomial of second degree is as
follows:
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Values of n J(X(Bary, 7)) Hausdorff dimension | Energy of I(Bar,, z)
of J(I(Bary, z)

1 22 1 1

2 2+1 0.6791 4

3 242 0.3514 8.2926

Table 4 Relation of Hausdorff dimension and energy of Cocktail party graph

Values of n J({A(CPy, 2)) Hausdorff dimension | Energy of I(CP,, z)
of J(I(CPy, 2)

1 2 +1 0.6791 2

2 72 1 4

3 -3 0.4187 6

. Barbell Graph

Barbell graph of order n is a graph on 2n vertices which is formed by joining
two copies of K, by a single edge, known as a bridge. We denote this graph by
Bar, [2].

Independence polynomial of Barbell graph of order n is given by a second-
degree polynomial in z. I(Bar,,z) = 22> — 1) +2nz + 1. If f (2) = 22 (0 —
1) + 2nz + 1, then it is conjugate to another polynomial of the form g(z) =
24 (n—1).

The relations between Julia set, Hausdorff dimension and energy of Barbell
graph are listed in Table 3.

From the table, it follows that if n> 2, J(z> + (n — 1)) is not connected, there-
fore only J(I(Bar;, z)) € M. As order increases, energy increases. Therefore,
comparing Hausdorff dimension and energy, we have Hausdorff dimension of
independence polynomial of Barbell graph that is less than or equal to energy of
Barbell graph.

. Cocktail Party Graph

The Cocktail party graph n is a graph on 2n vertices. The graph is formed by
taking n pairs of vertices such that the vertices in any one pair are adjacent to
both vertices in any other pair. There is no edge between the two vertices within
any given pair. We denote this graph by CP,, [2] (Table 4).

Independence polynomial of Cocktail party graph of order n is given by a second-
degree polynomial in z.

I(CP,,7) = nz’a =2nz + 1. If f(z) = nz> 4+ 2nz + 1, then it is conjugate to
another polynomial g(z) = 7> + 2n — n’.

If n = 2, J(z* + 2n — n? is connected, therefore J (I (CP;) € M .
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Table 5 Relation of Hausdorff dimension and energy of complete bipartite graph

Values of n JA(K2,2,,2)

Hausdorff dimension
of J(I(K2,2, 2)

Energy of I(K> 2, z)

1 Z2

1

4

Table 6 Relation of Hausdorff dimension and energy of cycle graph

Values of n J(I(Cs, 2)) Hausdorff dimension | Energy of /(Cs, z)
of J(1(Cs, 2)
1 2 +3 0.4346 5

Hausdorff dimension of independence polynomial of Cocktail graph of order n
is less than energy of Cocktail graph.

. Complete Bipartite Graph

A complete bipartite graph is a bipartite graph (i.e., a set of graph vertices
decomposed into two disjoint sets such that no two graph vertices within the
same set are adjacent) such that every pair of graph vertices in the two sets are
adjacent. If there are p and q graph vertices in the two sets, the complete bipartite
graph is denoted K, , [2] (Table 5).

Independence polynomial of complete bipartite graph of order 2, K5, is given
by a second-degree polynomial in z.I(K,z) = 27> + 4z + 1. It is same as
independence polynomial of square graph Cy. If f (z) = 2z% + 4z + 1, then it is
conjugate to another polynomial g(z) = z°.

J(I(K».,z) = J(z%) is a unit circle and is connected. Therefore, J (I(K».2, z) €
M . Comparing Hausdorff dimension and energy, we have the following result:
Hausdorff dimension of independence polynomial of complete graph K, » or
square graph is less than energy of complete graph K ».

. Cycle Graph

A simple graph with n vertices (n > 3) and n edges is called a cycle graph if all
its edges form a cycle of length n. If the degree of each vertex in the graph is
two, then it is called a cycle graph. We denote cycle graph by C, [2].
Independence polynomial of cycle graph of order 5 is given by a second-degree
polynomial in z.

I(Cs,z) =522+ 57+ 1. If f (z) = 5z% + 5z + 1, then it is conjugate to another
polynomial g(z) = z> + f—‘.

JU(Cs,2) =J (> + g) is not connected. Therefore, J(I(Cs, z) ¢ M.
Comparing Hausdorff dimension and energy, we have the following result
(Table 6).

Hausdorff dimension of independence polynomial of cycle graph Cs is less than
energy of cycle graph Cs.
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Table 7 Relation of Hausdorff dimension and energy of path graph of order 3

J(A(P3,2)) Hausdorff dimension of Energy of 1(P3, z)
J(I(P3,2)
2+ 1.0812 2.8285

Table 8 Relation of Hausdorff dimension and energy of path graph of order 4

J(I(Py, 2)) Hausdorff dimension of Energy of 1(P4, z)
J (P4, 2)
2+1 0.6791 4.47206

5. Path Graph
The path graph is a tree with two nodes of vertex degree 1 and the other nodes
of vertex degree 2. A path graph is therefore a graph that can be drawn so that
all of its vertices and edges lie on a single straight line [2].

5.1 Path Graph of Order 3

It is denoted by P3. Independence polynomial of path graph of order 3 is given
by a second-degree polynomial in z (Table 7).

I(P3,7) = z*> + 3z + 1. It is same as that of independence polynomial of star
graph of order 3, S3. f (z) = z> + 3z + 1, then it is conjugate to another polyno-
mial g(z) = 2> + 1. J(I(P3,2) = J (2> + }). J (2> + 1) is connected, and there-
fore, J(I(P3,z)) € M.

Comparing Hausdorff dimension and energy, we have the following result. Haus-
dorff dimension of independence polynomial of path graph of order 3 is less than
energy of path graph.

5.2 Path Graph of Order 4

It is denoted by P,. Independence polynomial of path graph of order 4 is given
by a second-degree polynomial in z.

I(P4,7) =372 +4z+ 1. f(z) = 32> + 4z + 1, then it is conjugate to another
polynomial g(z) =z + 1. J(I(Ps, 2) = J (2> + 1). J(z> + 1) is totally discon-
nected, and therefore, J (I (P4, 2)) ¢ M.

Comparing Hausdorff dimension and energy, we have the following result
(Table 8):

Hausdorff dimension of independence polynomial of Path graph of order 4 is
less than energy of path graph.

6. Wheel Graph
The wheel graph of order n is a graph on n+1 vertices. This graph is formed by
taking a copy of C,, and adding a central vertex which is adjacent to every vertex
in C,. We denote the wheel graph of order n by W, [2].
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Table 9 Relation of Hausdorff dimension and energy of wheel graph of order 5

J(A(Ws, 2)) Hausdorff dimension of Energy of 1(Ws, z)
J(I(Ws, z)
2-3 1.1632 9.37

Table 10 Relation of Hausdorff dimension and energy of wheel graph of order 6

JA(Ws, 2)) Hausdorff dimension of Energy of 1 (We, z)
JU(Ws, 2)
2 -1 1.26835 11.92

6.1 Wheel Graph of Order 5

Itis denoted by Ws. Independence polynomial of wheel graph of order 5 is given
by a second-degree polynomial in z.

I(Ws, z) = 222 + 57 + 1.If f () = 27> + 5z + 1, then it is conjugate to another
polynomial g(z) =z> — 2. J(I(Ws,z)) = J(z* — 1) is connected, and there-
fore, J(I(Ws, z)) € M (Table 9).

Comparing Hausdorff dimension and energy, we have the following result. Haus-
dorff dimension of independence polynomial of path graph W5 is less than energy
of path graph Ws.

6.2 Wheel Graph of Order 6

It is denoted by Wg. Independence polynomial of wheel graph of order 6 is given
by a second-degree polynomial in z.

I(Ws, z) = 52> + 67 + 1.If f () = 57> + 6z + 1, then it is conjugate to another
polynomial g(z) = z> — 1.

JI(Ws, z) = J(z% — 1) is connected, and therefore, J (I(Ws, z) € M (Table 10).
Comparing Hausdorff dimension and energy, we have the following result: Haus-
dorff dimension of independence polynomial of wheel graph Wy is less than
energy of wheel graph Wg.

. Petersen Graph

The Petersen graph is an undirected graph with 10 vertices and 15 edges. It is
a small graph that serves as a useful example and counterexample for many
problems in graph theory. It is denoted by Ps, and is 3 regular [6].

The independence polynomial of Petersen graph is a fourth-degree polynomial and

is given by I (P, z) = 1 4 10z + 302> + 3073 4 5z*. Its characteristic polynomial
is given by (¢t — 1)°(¢ + 2)*(¢ — 3), making it an integral graph whose spectrum
consists entirely of integers, and its spectrum is —2, —2, =2, -2, 1,1, 1, 1, 1, 3. So,
the energy of Petersen graph is 16. It is conjugate to another polynomial of the form
7z* 4+ d where d = 29.0696. It meets the real axis at (—1, .5). So, its J (z* + 29.0696)
is disconnected, and its Hausdorff dimension lies between 0 and 2 (Fig. 1).
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Fig. 1 Petersen graph Ps >
[6]

7 Conclusion

Summarizing the research pertaining to the graphs, the salient observations are listed
as follows:

e The relationship between a graph and its independence fractal still remains a
question.

e Connectivity of a fractal does not depend on the connectivity of the graph.

e The Julia set of graphs with independence number 2 is studied, and for graphs
with independence number 3 and higher, the same methods can be used with
modifications.

e Hausdorff dimension of a Julia set of independence polynomial of second degree
of graphs is less than the energy of corresponding graph.

e Juia set of independence polynomial of Bar|, CP,, K>, P3, Ws and W are all
connected and therefore element of Mandelbrot set.

e As a special graph, Petersen graph connectivity examined and found that its Julia
set is disconnected.
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Abstract The natural pseudo-distance dg associated with a group G of self-
homeomorphisms of a topological space X is a pseudo-metric developed to com-
pare real-valued functions defined on X, when the equivalence between functions is
expressed by the group G. In this paper, we illustrate dg, its role in topological data
analysis, its main properties and its link with persistent homology.

2000 Mathematics Subject Classification. (Primary) 55N31,
(Secondary) 57R19 - 65D18 - 68U05 - 62R40

1 Introduction

In topological data analysis, data are frequently expressed by continuous real-valued
(or vector-valued) functions defined on a topological space X, and two such functions
are considered equivalent if they can be obtained from each other by composition
with a suitable self-homeomorphism of X. This happens, e.g., when we are interested
in comparing images with respect to the group of plane isometries, or ECG traces
with respect to the group of translations in time, or temperature distributions on the
earth with respect to rotations around the north pole-south pole axis. Such functions
are called filtering functions. In order to compare this kind of data, a pseudo-distance
is available, quantifying the infimum of the cost of matching two functions ¢;, ¢,
by composition with a homeomorphism in the considered group G, where the cost
is defined by the L norm. According to this pseudo-metric, the measurements
@, pog e COX,R) are considered equivalent to each other for every g € G. In
many applications, this property is important and useful, since it allows to choose
the data equivalence the user is interested in. For the sake of simplicity, in this
survey, we will only consider the case of data represented by real-valued functions.
This paper is devoted to illustrate this pseudo-metric, called the natural pseudo-
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distance d¢ associated with the group G. After recalling the definition of dg (Sect. 2),
we present some theoretical results concerning the values that dg (@1, @) can take,
showing that they are strictly related with the critical values of ¢; and ¢,, provided
that these functions are regular enough (Sect. 3). Secondly, we observe that while dg
represents a clear ground truth in our setting, it is usually quite difficult to compute,
due to the size of the group G to be examined. Therefore, efficient methods to get
information about ds are needed. The most relevant method to study the natural
pseudo-distance is based on its link with persistent homology and the theory of
group equivariant non-expansive operator. Section4 is devoted to describe this link
and its main consequences. In Sect. 5, we conclude the paper by illustrating an open
problem concerning dg.

1.1 Related Literature and Historical Notes

This survey presents the main results obtained about the natural pseudo-distance in
the last three decades. These results appeared in several papers and are reported here
without proof. For every statement, the paper where the interested reader can find
a precise proof is referred. The concept of natural pseudo-distance appeared for the
first time in the paper [1], where the distance ||A — B|| between pairs (A, B) of points
in a submanifold M of a Euclidean space was considered as a filtering function and
the group G was chosen to be the group of isometries of M. A different but strictly
related distance between real-valued functions defined on a manifold had already
been presented in [2], referring to the group of similarities of E".

The description given in this survey is mainly based on the paper [3]. The reader
can find there definitions and proofs concerning the natural pseudo-distance dg asso-
ciated with a group G, together with its link with persistent homology and the the-
ory of group equivariant non-expansive operators. The problem of obtaining lower
bounds for dhomeo(x) by means of persistent homology in degree 0 (size functions)
has been investigated in [4—6]. Lower bounds for d; obtained by means of persistent
homotopy in the case G = Homeo(X) and via G-invariant persistent homology in
the general case have been presented in [7] and [8], respectively. A study of dg as
a quotient pseudo-metric has been done in the paper [9]. The proofs of the results
concerning the link between the values that d; can take and the critical values of
the filtering functions can be found in [10-12]. The proof of the result concerning
the possible values of the natural pseudo-distance in the case X = G = S! can be
found in [13]. The results concerning optimal homeomorphisms are illustrated in
the papers [6, 10, 13, 14]. A survey about the natural pseudo-distance in the case
G = Homeo(X) has appeared in [15].
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2 The Definition of dg

Let (X,d) and G be a finitely triangulable metric space and a subgroup of the
group Homeo(X) of all homeomorphisms from X to X, respectively. If ¢, ¢, are
two continuous and bounded functions from X to R, we can consider the value
infeeq 191 — @2 o glloo. This value is called the natural pseudo-distance dg (1, ¢2)
between ¢; and ¢, with respect to the group G. We recall that a pseudo-metric is
just a metric without the property assuring that if two points have a null distance
then they must coincide. We endow C°(X, R) with the L>® norm and G with the
distance D¢ (g1, g2) := maxX,cx d(g1(x), g2(x)), so that G becomes a topological
group acting on C°(X, R) by composition on the right. We observe that the action
of G on C°(X, R) is continuous [3].

If G is the trivial group Id, then dg is the max-norm distance ||¢; — @2 || . More-
over, if G| and G, are subgroups of Homeo(X) and G; C G, then

AHomeo(x) (@1, ¥2) < dg, (91, 92) < dg, (1, ¥2) < lo1 — @200

for every ¢y, ¢ € C%X, R).

The direct computation of dg is usually difficult, due to the size of G. As an
example, if X = R3 and G is the group of all isometries of R?, a direct computation
of di would require to evaluate |[@; — ¢, o g|| for every isometry g : R? — R3.
The reader could think of approximating dg (g1, ¢2) by the value ug(@, ¢2) :=
infges @1 — @2 o glle, Where S is a sufficiently dense subset S of G. Unfortunately,
the use of ;g would be impractical for data retrieval for two reasons. First of all, in
many cases, S should be a very large set in order to obtain a good approximation of d¢;,
so implying alarge computational cost. Secondly, S could not be assumed to be a sub-
group of G, even if G is compact (cf. Sect. 3.1 in [3]). For example, this happens when
G is the group SO (3) of all orientation-preserving isometries of R? that take the point
(0, 0, 0) to itself. As a consequence, the function ps(¢;, ¢2) would not be a pseudo-
metric. This would make the use of g unsuitable for several applications. In Sect. 4,
we will see that this difficulty can be worked around by means of persistent homology
and the concept of group equivariant non-expansive operator (Theorem 10).

We conclude this section by observing that in many cases we are not interested in
every function in C°(X, R), but in a bounded topological subspace ® of C°(X, R).
This is due to the fact that the choice of each measuring device restricts the set of
functions that can be obtained as data produced by the measurement. From now on,
we will assume that a bounded topological subspace ® of C°(X, R) has been chosen.

2.1 The Role of dg in Topological Data Analysis

The comparison of data is usually a process depending on an observer. We could
indeed say that data comparison consists in the study of the relationship between an
observer and the reality he/she can measure. In this framework, data coincide with
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measurements. Observers receive and transform data and are, in some sense, defined
by the way they perform this transformation. It follows that observers can be defined
as collections of suitable operators acting on measurements [16].

According to the dictionary, a “measurement is the assignment of a number to
a characteristic of an object or event, which can be compared with other objects
or events” [17]. This definition implies that measurements (and hence data) can
be seen as functions ¢ associating a real number ¢(x) with each point x of a set
X of characteristics. (This definition admits a natural extension to vector-valued
functions, but for the sake of simplicity, we will treat here only the case of scalar-
valued functions). If we wish to develop a theory that can be applied in real situations,
we need stability with respect to noise. This justifies the use of topologies on X
and on the set @ of possible measurements on X, as illustrated in the previous
section. Furthermore, observers are often endowed with some kind of equivariance,
represented by a suitable group G of homeomorphisms. Therefore, we are interested
in models where this equivariance can be represented. For example, we usually look
for pseudo-metrics that do not distinguish between the shapes of the same object in
different spatial positions. The natural pseudo-distance d¢ has this property, since it
vanishes when the measurements ¢, ¢ o g are considered, with ¢ € @ and g € G.
For this reason, the pseudo-metric d; can be considered as a ground truth for data
comparison in our theoretical setting. This justifies our interest in its study.

3 Theoretical Results About dg

When the filtering functions are defined on a regular closed manifold, some results
restrict the range of values that can be taken by the natural pseudo-distance d.

Theorem 1 (/10]) Assume that M is a closed manifold of class C' and that ¢y, ¢, :
M — R are two functions of class C'. Set d: = dtomeo(M) (@1, ©2). Then, a positive
integer k exists for which one of the following properties holds:

(i) kisodd, and kd is the distance between a critical value of ¢, and a critical value
of ¢a;

(ii) k is even, and kd is either the distance between two critical values of ¢, or the
distance between two critical values of ;.

Theorem 2 ([11]) Assume that S is a closed surface of class C' and that @1, ¢, :
S — R are two functions of class C'. Set d = dtomeo(S) (@1, 2). Then, at least one
of the following properties holds:

(i) d is the distance between a critical value of ¢, and a critical value of ¢,
(ii) d is half the distance between two critical values of ¢;;
(iii) d is half the distance between two critical values of ¢»;
(iv) d is one third of the distance between a critical value of ¢, and a critical value

of pa.
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B

Fig. 1 In this case, the natural pseudo-distance is equal to the distance between two critical values
of the filtering functions

Theorem 3 ([12]) Assume that C is a closed curve of class C' and that ¢\, ¢, :
C — R are two functions of class C'. Set d := dtomeo(c) (@1, ©2). Then, at least one
of the following properties holds:

(i) d is the distance between a critical value of ¢, and a critical value of ¢,
(ii) d is half the distance between two critical values of ¢;;
(iii) d is half the distance between two critical values of ¢s.

The statement in the last theorem is sharp, as shown by the following examples.

Example 1 Let us consider the two embeddings of S' into R? represented in
Fig. 1. The ordinate y defines two filtering functions ¢, ¢, on S'. In this case,
dtomeo(s") (@1, 92) = |1 (A) — @(B)], i.e., it is the distance between a critical value
of ¢ and a critical value of ¢,.

Example 2 Let us consider the two embeddings of S' into R? represented in
Fig.2. The ordinate y defines two filtering functions ¢, ¢, on S'. In this case,
diomeo(s!) (@1, ¥2) = %|<p1 (A) — ¢1(B)], i.e., it is half the distance between two crit-
ical values of ¢;. In Fig.2, a homeomorphism g, : ' — S! is displayed, such
that (|91 — @2 0 gellos < 3191(A) — @1 (B)]| + & (we set g-(D;) = H;, 8:(C) = G
and g.(E.;) = F;; the first red arc is taken to the second red arc). The equality
dromeo(sh (1, 92) = %|<p1(A) — ¢1(B)| follows from Theorem 8 in Section 4.

The research concerning the case that G is a proper subgroup of Homeo(M)
is still at its very beginning. As an example of the results concerning this line of
research, we cite the following theorem.

Theorem 4 ([13]) Let ¢y, ¢» be Morse functions from the Lie group S' to R and
set d = dgi (@1, ¢2). At least one of the following statements holds:
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Fig. 2 In this case, the natural pseudo-distance is equal to half the distance between two critical
values of the filtering function ¢

(1) There exist a critical point 0y for ¢, and a critical point 6, for ¢, such that

= [1(01) — 92(02);
(2) There exist 01, 0,, 01, 92 € S' such that

o d=p1(6) — 2(02)] = lg1 6 — ¢2(52)|
L1(9)) = 22(0,) and %2(6)) = 42 (0,);
° 01 —92—91 —92,
L 01) - 2.6)) - (91(0) — 02(62)) - (@1(0)) — @2(62)) < 0.

3.1 Optimal Homeomorphisms

Assume that ¢, ¢, : X — R are continuous functions. Let G be a subgroup of
Homeo(X). We say that a homeomorphism g € G is optimal in G for (g1, ¢;) if
ler — @2 0 gllo = d (@1, ¢2). The following results hold for optimal homeomor-
phisms.

Theorem 5 ([10]) Assume that M is a C' closed manifold and that ¢y, ¢ : M —
R are of class C'. If an optimal homeomorphism g € Homeo(M) for (@1, @) exists,
then dyomeo(Mm) (@1, @2) is the distance between a critical value of ¢, and a critical
value of ¢.
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Theorem 6 ([14]) If 1, ¢ : S' — R are Morse functions and diomeo(sH (@1, ©2)
vanishes, then an optimal C?-diffeomorphism exists in Homeo(S") for (g1, ¢2).

Theorem 7 ([13]) The number of optimal homeomorphisms in the Lie group S' for
a pair (1, 92) of Morse functions from S' to R is finite.

4 A Link Between dg and Persistent Homology

In this section, we will show that the natural pseudo-distance dg can be studied by
combining persistent homology with the concept of group equivariant non-expansive
operator.

4.1 Persistent Homology

Persistent homology can be seen as an efficient method to compute lower bounds
and good approximations for the natural pseudo-distance. We recall here some basic
definitions and facts concerning persistent homology. The interested reader can find
amore detailed and formal treatment in [18-21]. In plain words, persistent homology
is a mathematical theory describing the changes of the homology groups of the sub-
level sets X; = ¢~ !((—o00, t]) varying ¢ in R, where ¢ is a real-valued continuous
function defined on a topological space X. We can look at the parameter ¢ as an
increasing time, whose change produces the birth and death of k-dimensional holes
in the sub-level set X;. For k = 0, 1, 2, the expression “k-dimensional holes” refers to
gaps between connected components, tunnels and voids, respectively. The distance
between the birthdate and deathdate of a hole is called its persistence. The more
persistent is a hole, the more important it is for data comparison, since holes with
small persistence are usually produced by noise.

As happens for homology, persistent homology can be introduced in several dif-
ferent settings. In this paper, we will use the definition based on Cech homology (cf.
[22]).

We start from the following definition.

Definition 1 Letg : X — Rbeacontinuous function. Ifu, v € Randu < v,wecan
consider the inclusion i of X, into X,. Such an inclusion induces a homomorphism
i*: Hy (X,) - H (X,) between the homology groups of X, and X, in degree k.
The group PH,f’ (u, v) :=i* (Hy (X,)) is called the k-th persistent homology group
with respect to the function ¢ : X — R, computed at the point (u, v). The rank
r¢ (@) (u, v) of this group is said the k- th persistent Betti numbers function with
respect to the function ¢ : X — R, computed at the point (u, v).
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Fig. 3 Example of matching
between two persistence
diagrams

It can be easily proved thatif g € Homeo(X), the groups P Hy (u, v), P H;** (u, v)
are isomorphic to each other for every (1, v) € R with u < v and every k € Z.

A classical way to describe persistent Betti numbers functions is given by per-
sistence diagrams. The k-th persistence diagram Dgm, (¢) of the function ¢ is
the set of all pairs (b;,d;), where b; and d; are the birthdate and the death-
date of the j-th k-dimensional hole, respectively, with reference to the filtration
X; = ¢~ '((—o0, t]) varying ¢ in R. When a hole never dies, we set its deathdate
equal to co. For technical reasons, the points (¢, t) are added to each persistence dia-
gram. Two persistence diagrams Dgm, (¢;), Dgm, (¢2) can be compared by means
of the bottleneck distance dgy (Dgmy(¢1), Dgm(¢2)). It is defined as the maxi-
mum movement of the points of Dgm, (¢;) that is necessary to change Dgm, (¢;)
into Dgm; (¢»), measured with respect to the maximum norm (see Fig.3). If Cech
homology is used, each persistent Betti numbers function r¢(¢) is equivalent to
the corresponding persistence diagram Dgm, (¢). Therefore, the bottleneck distance
induces a metric dpach On the set of the persistent Betti numbers functions, so that
dmateh Tk (@1), re(@2)) = dgn (ngk (¢1), Dgm, (goz)). The interested reader can find
the formal definitions of persistence diagram and bottleneck distance in [20].

An important property of the metric dp,ch 1S its stability, as stated in the following
result.

Theorem 8 Ifk is a natural number and ¢y, ¢, € C%X, R), then

Anarch (T (@1), 7:(02)) < dHomeox) (@1, ¥2) < llo1 — @2l -
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4.2 Group Equivariant Non-expansive Operators

Let us consider the set F (P, G) of all maps F from @ to @ that verify the following
two properties:

(1) F(pog) = F(p)o g for every ¢ € @ and every g € G (i.e., F is equivariant
with respect to G);

2) 1IF(p) = F(@)lloo = llo1 — @2lloc for every ¢i,¢2 € @ (ie., F is non-
expansive).

Obviously, F(®, G) is not empty, since it contains at least the identity map.

The maps in F(®, G) are called group equivariant non-expansive operators
(GENEOs). In F(®, G), we define the metric Dgeneo (F1, F2) 1= sup,cq | Fi(9) —
F2(¢) |l oo-

4.3 Persistent Homology as a Tool to Get Lower Bounds
Jordg

If F is a nonempty subset of F (&, G), then for every fixed k, we can define the
following pseudo-metric Di{tkch on @:

DK (91, 92) := sup dinaien (i (F (1)), 1 (F (92)))
FeF

for every ¢, ¢y € @, where r(¢) denotes the k-th persistent Betti numbers function
with respect to the function ¢ : X — R. We will usually omit the index k, when its
value is clear from the context or not influential.

We observe that D . (91,92 08) = DE (9108, ¢2) = D (01, ¢) for
every ¢j, ¢ € @ and every g € Homeo(X).

The importance of D7, lies in the following two results, showing that it can be
used to get information about the natural pseudo-distance d.

Theorem 9 ([3]) If ¥ # F C F(®, G), then D . < dg.

match —

Theorem 10 (/3]) Let us assume that every function in @ is non-negative, the k-th
Betti number of X does not vanish, and @ contains each constant function c for

which a function ¢ € @ exists such that 0 < ¢ < ||@|l0o. Then D,ﬂtg;G) =dg.

As a consequence, the topological and geometrical study of F (®, G) is important
in the research concerning the natural pseudo-distance. Theorem 10 allows us to
. . F(3,G)
approximate dg by approximating Dj ...
Two relevant properties of F(®, G) are expressed by the following results.

Theorem 11 (/3]) If  is compact, then F (P, G) is compact.
Theorem 12 ([23]) If @ is convex, then F (D, G) is convex.
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5 An Open Problem

Let us consider a closed C! surface S and two C' filtering functions ¢y, ¢ : S — R.
Let Homeo(S) be the group of all self-homeomorphisms of S. We know that
dtomeo(s) (@1, ¥2) = infgcHomeo(s) 191 — 2 0 gllo is the natural pseudo-distance
between ¢; and ¢, with respect to the group Homeo(S). As we have previously
seen, it has been proved in [11] that at least one of the following statements holds:

(1) duomeo(s) (@1, 92) is the distance between a critical value of ¢; and a critical value
of ¢2;

(2) dhomeo(s) (@1, ¢2) is half the distance between two critical values of ¢ ;

(3) duomeo(s) (@1, ¢2) 1s half the distance between two critical values of ¢;;

(4) duomeo(s) (@1, v2) is one third of the distance between a critical value of ¢; and
a critical value of ¢;.

Interestingly, no example of two functions ¢, ¢, : S — R is known, such that (4)
holds but (1), (2), (3) do not hold. A natural question arises: Can we find an example
of two such functions or prove that such an example cannot exist (so improving
Theorem 5.7 in [11])?

We recall that the usual technique to compute the natural pseudo-distance
dHomeo(S) CONSIStS in

e finding a lower bound for dyomeo(s) (@1, ¢2) by computing the bottleneck distance
dgn (ngk (¢1), Dgm, ((pz)) between the persistence diagrams in degree k of the
functions ¢; and ¢, (cf. Theorem 8);

e looking for a sequence (g;) in Homeo(S), such that lim; o [|¢1 — @2 0 gilleo =
dgy (Dgmy (¢1), Dgm, (¢2)).

If such a sequence (g;) exists, then the definition of natural pseudo-distance

implies that diomeo(s) (@1, ¢2) is equal to dpy (ngk (¢1), Dgm, (goz)).
Unfortunately, at least one of the following statements holds (cf. [5]):

(a) dpn (ngk (o1), ngk(<p2)) is the distance between a critical value of ¢ and a
critical value of ¢,;

(b) dgn (ngk (¢1), Dgm, ((pz)) is half the distance between two critical values of
@15

(c) dpy (ngk (¢1), Dgm, ((pz)) is half the distance between two critical values of
(%8

Therefore, if (1), (2), (3) do not hold for ¢y, ¢, : S — R, then diomeo(s) (@1, ¥2)
cannot be equal to dpy (ngk (¢1), Dgm, (goz)). This means that if there exist two
C! functions ¢, ¢, : S — R verifying (4) but not (1), (2), (3), then we need new
methods to compute dyomeo(s) (@1, ¢2) and to recognize the pair (¢, ¢») as the right
example. As a consequence, the answer to the question asked in this section is still
unknown.

Acknowledgements Work carried out under the auspices of INAAM-GNSAGA.
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A Brief Introduction to Multidimensional | m)
Persistent Betti Numbers i

Andrea Cerri and Patrizio Frosini

Abstract In this paper, we propose a brief overview about multidimensional
persistent Betti numbers (PBNs) and the metric that is usually used to compare
them, i.e., the multidimensional matching distance. We recall the main definitions
and results, mainly focusing on the 2-dimensional case. An algorithm to approximate
n-dimensional PBNs with arbitrary precision is described.

2020 Mathematics Subject Classification. Primary: 55N31; Secondary: 57R19 -
65D18 - 68U05 - 62R40

1 Introduction

Persistent topology and homology are the main tools in topological data analysis.
They study how the topology and homology of the sublevel set X,, of a continuous
function f : X — R” change when u varies in R". The case n = 1 has been consid-
ered in many papers, starting from the beginning of the ‘90s (see [1] for historical
notes). The case n > 1 (i.e., multidimensional persistence) was firstly investigated in
[2] as regards homotopy groups, while multidimensional persistence modules were
considered in [3, 4] and subsequently studied in other papers including [5-7]. In
particular, the interleaving distance between multidimensional persistence modules
has been formally introduced and discussed in [5]. Another useful tool in persistence
theory is given by multidimensional persistent Betti number functions (briefly, n-
dimensional PBNs) [8], also called rank invariants [4]. They have been studied in [9]
by means of the so-called foliation method. Focusing on the Oth homology, that paper
proved that for n > 1 a foliation in half-planes can be given, such that the restric-

A. Cerri
FST—Fom Software Technology, Cattolica, Italy
e-mail: acerri @fomsoftware.com

P. Frosini (<)
Dipartimento di Matematica, Universita di Bologna, Bologna, Italy
e-mail: patrizio.frosini @unibo.it

© Springer Nature Singapore Pte Ltd. 2021 215
R. L. Devaney et al. (eds.), Topological Dynamics and Topological Data Analysis,

Springer Proceedings in Mathematics & Statistics 350,
https://doi.org/10.1007/978-981-16-0174-3_18


http://crossmark.crossref.org/dialog/?doi=10.1007/978-981-16-0174-3_18&domain=pdf
mailto:acerri@fomsoftware.com
mailto:patrizio.frosini@unibo.it
https://doi.org/10.1007/978-981-16-0174-3_18

216 A. Cerri and P. Frosini

tion of the n-dimensional PBNs to these half-planes turns out to be 1-dimensional.
Each plane in the foliation corresponds to a positive slope line r in R” and to the
1-dimensional filtration X, of X, where X, is the set of points of X whose images
by f are both under and on the left of the point p € r. This approach leads to an algo-
rithm to approximate with arbitrary precision the multidimensional persistent Betti
number functions. Furthermore, a stable matching distance between n-dimensional
PBNs is available, namely the n-dimensional matching distance ([8—10]). The inter-
est in the n-dimensional matching distance between PBNs derives from the fact that,
while its computation is pretty simple, the computation of the interleaving distance
between persistence modules is NP-hard [11]. This survey paper illustrates the main
results concerning n-dimensional PBNs and the n-dimensional matching distance,
with particular reference to the case n = 2. Finally, we present a recent variant of
this last metric, called coherent matching distance [12]. For each result, the paper,
where the interested reader can find the corresponding proof and further details, is
reported.

2 PBNs: Definitions and First Properties

In this section, we recall some basic definitions and properties in persistent homology
and topology. For further information, we refer the interested reader to the surveys
[1, 13—-15]. We will assume that the considered filtering functions are continuous
and make use of Cech homology. Although different from the more usual setting of
tame functions and simplicial or singular homology, our choice is motivated by the
following facts:

e the reduction of multidimensional persistence to the 1-dimensional setting is not
possible in the setting of tame functions, as observed in [10], but it luckily does in
the wider setting of continuous functions;

e using the continuity axiom of Cech homology, it is possible to prove the Repre-
sentation Theorem 2.5, stating that the PBNs of a scalar-valued filtering function
can be completely described by a persistence diagram.

Hereafter, X is a finitely triangulable topological space. The symbol A denotes the
half-plane {(u, v) € R? : u < v}, while A* is the set A* U {(u, 00) : u € R}.

2.1 1-Dimensional PBNs

We first consider the case when the filtering function f is real-valued. Indeed, our
approach to the multidimensional setting of PBNs is based on a reduction to the
1-dimensional situation. We can consider the sublevel sets of f to define a family of
subspaces X, = f‘1 ((—o0, u]), u € R, nested by inclusion, i.e., a filtration of X.
Homology may be applied to derive some topological information about the filtration
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of X induced by f. The first step is to define persistent homology groups as follows.
Foru < v € R, we consider the inclusion of X, into X, which induces a homomor-
phism of homology groups H,(X,) — H;(X,) forevery k € Z.Its image consists of
the k-homology classes that live at least from Hy (X, ) to Hy(X,): Itis called the kth
persistent homology group of (X, f) at (u, v), denoted by H" (X, f). By assum-
ing that coefficients are chosen in a field K, we get that homology groups are vector
spaces. Therefore, they can be completely described by their dimension, leading to
the following definition [16].

Definition 2.1 (Persistent Betti Numbers) The persistent Betti numbers function of
f in degree k, briefly PBN, is the function 87 : AT — N defined as

Bru,v) = dim H"" (X, f).

Since X is finitely triangulable, we have that 8, (u, v) < oo forevery (u, v) € AT,
Hereafter, we will assume that a degree k € Z has been chosen.

2.1.1 Persistence Diagrams and Representation Theorem.

One of the main properties of 1-dimensional PBNs is that they admit a very simple
and compact representation. Precisely, under our assumptions on X and f, and
making use of Cech homology, it is possible to prove that each 1-dimensional PBNs
can be compactly described by a multiset of points, proper and at infinity, of the real
plane. We call them proper cornerpoints and cornerpoints at infinity (or cornerlines),
respectively.

Definition 2.2 (Proper cornerpoint) For every point p = (u, v) € A™, the number
w(p) is the minimum over all the positive real numbers ¢, withu + & < v — ¢, of

Briu+e,v—e)—Bru—e,v—e)—Brut+ev+e)+Brlu—cev+e).

The number . (p) will be called the multiplicity of p for B;. Any point p € A* such
that the number p(p) is strictly positive is said to be a proper cornerpoint for B;.

Definition 2.3 (Cornerpoint at infinity) For every vertical line r, with equation
u=u,u € R, we identify r with (i, co) € A*, and define the number w(r) as the
minimum over all the positive real numbers ¢, with u + ¢ < 1/¢, of

BrGi+e 1/e)—Bru—e 1/e).

The number () will be called the multiplicity of r for . When this finite number
is strictly positive, r is said to be a cornerpoint at infinity for ;.

The concept of cornerpoint finds application in providing arepresentation of PBNs
[8, 17]. Set A* = A* U AT,
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Definition 2.4 (Persistence diagram) The persistence diagram Dgm(f) C A*is the
multiset of all cornerpoints (both proper and at infinity) for 8, counted with their
multiplicity, union the points of A := dA™, counted with infinite multiplicity.

The key role of persistence diagrams is shown in the following Representation
Theorem 2.5 [8, 17], claiming that they uniquely determine 1-dimensional PBNs
(the converse also holds by definition of persistence diagram).

Theorem 2.5 (Representation Theorem) For every (i, V) € AT, we have

B 0)= ) wulw ).

(u,v)eA*
u<it, v>v

In practice, Theorem 2.5 states that the value assumed by 87 atapoint (it, 1) € A"
equals the number of cornerpoints lying above and on the left of (i, v). By means
of this theorem, 1-dimensional PBNs can be compactly represented as multisets of
cornerpoints and cornerpoints at infinity, i.e., as persistence diagrams.

2.1.2 Stability of 1-Dimensional PBNs.

The Representation Theorem 2.5 implies that any distance between persistence dia-
grams induces a distance between 1-dimensional PBNs. This justifies the following
definition 2.6 [8, 17, 18]. Before proceeding, we need to introduce the extended
metric d(p, q) := |lp — qllx on A*. For every p = (u,v),q = (u’,v)) € A*, we
define

Ip — gqlle = min {max {|u —u'[, [v —v'|} , max {(v —u)/2, ' —u')/2}}. (D

with the convention about points at infinity thatco — ¢ = coand ¢ — co = —oo when
¢ #00,00—00=0,F = 00,]| % 00| = 0o, min{c, 00} = ¢ and max{c, 0o} = oo.
In plain words, d( P, q) measures the pseudo-distance between two points p and ¢
as the minimum between the cost of moving one point onto the other and the cost of
moving both points onto the diagonal A, with respect to the max-norm and under the
assumption that any two points of the diagonal have vanishing pseudo-distance (we
recall that a pseudo-distance d is just a distance missing the condition d(X, Y) =
0= X =Y, i.e., two distinct elements may have vanishing distance with respect to
d). When the number of cornerpoints is finite, the matching of persistence diagrams
isrelated to the bottleneck transportation problem, and the matching distance reduces
to the bottleneck distance [17]. However, this is not always the case when working
with continuous filtering functions, as the number of cornerpoints may be countably
infinite.



A Brief Introduction to Multidimensional Persistent Betti ... 219

Definition 2.6 (Matching distance) Let f, g : X — R be two continuous functions.
For any bijection o between Dgm( /) and Dgm(g), set cost(0') := max pepgm(s) 1P —
0 (p)lls. The matching distance dmacn between B¢ and B, is defined as

dmatch (ﬂfs ,Bg) = H}Tin cost(o), 2)

where o ranges over all bijections between Dgm( /) and Dgm(g).

We remark that the matching distance is stable with respect to perturbations of the
filtering functions, as the following matching stability theorem states:

Theorem 2.7 (I-Dimensional Stability Theorem) If f, g : X — R are two continu-
ous functions, then dmach (Bs, Be) < | f — &lloo-

For a proof of the previous theorem and more details about the matching distance,
the reader is referred to [8, 18] (see also [17, 19] for the bottleneck distance).

2.2 The Foliation Method

We now review the so-called foliation method, leading to the definition of a stable
distance for multidimensional PBNs [8].

If the considered filtering function is vector-valued, i.e., f : X — R", providing
the multidimensional analog of PBNs is straightforward. For u, v € R"?, with u =

Uy, ...,up)andv = (vy, ..., v,), wesay u < v(resp.u < v)ifandonlyifu; < v;
(resp. u; < v;) for every index i = 1, ..., n. We also endow R” with the max-norm
|Gy, uay ...y tn)lloe = Maxi<i<y |u;| and use the symbol A to denote the open set

{(u,v) e R”* x R" : u < v}.

Given u < v, the multidimensional kth persistent homology group of
(X, f) at (u,v) is defined as the image Hk(“’v)(X, f) of the homomorphism
H(X,) — H;(X,) induced in homology by the inclusion of H;(X,) into Hy(X,),
with X, = {x € X : f(x) < u}.

Definition 2.8 (Persistent Betti Numbers) The multidimensional persistent Betti
numbers function of f : X — R" in degree k, briefly PBN, is the function 8 :
A;f — N U {oo} defined as

Br(u,v) = dim H"" (X, f).

Since X is finitely triangulable, we have that 8(u, v) < oo for every (u, v) € AF
(cf. [8, 20]). The key idea underlying the foliation method is that a collection of
half-planes in A} can be given, such that the restriction of the multidimensional
PBNs to these half-planes turns out to be a 1-dimensional PBNs function in two
scalar variables. This approach implies that the comparison of two multidimensional
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PBNs can be performed half-plane by half-plane by measuring the distance of appro-
priate 1-dimensional PBNs. Therefore, the stability of multidimensional PBNs is a
consequence of the 1-dimensional PBNs’ stability.

We start by recalling that the following parameterized family of half-planes in
R" x R" is a foliation of AI (cf. [9][Prop. 1], [21] and [22]).

Definition 2.9 (Linearly admissible pairs) For everym = (my, ..., m,) of R” such
that m; >0fori =1,...,n, and Z?Zl m; = 1, and for every b = (by, ..., b,) of
R”" such that Y}, b; = 0, we shall say that the pair (m, b) is linearly admissible.
We denote the set of all linearly admissible pairs in R” x R" by Ladm,. Given a
linearly admissible pair (i, b), we define the half-plane 7, 5 of R" x R" by the
following parametric equations:

u=s-m+»b
v=t-m+b>b

fors,t € R, withs < t.

The set Ladm,, is a set whose closure is (2n — 2)-dimensional submanifold of
R" x R" with boundary. The collection of half-planes m(, ;) constitute a foliation
of A}, implying that for each (u, v) € A there exists one and only one (m, b) €
Ladm,, such that (u, v) € 7, p). Observe that m and b only depend on (u, v).

A first property of this foliation is that the restriction of 8 to each leaf can be
seen as a particular 1-dimensional PBNs. Intuitively, on each half-plane 7, ;) one
can find the PBNs corresponding to the filtration of X obtained by sweeping the
line through u and v parameterized by Yo,y : R = R", with Y, 5)(t) = 7 - m + b.
Each set X, in this filtration is given by the points of X that are taken by f into the
quadrant {u € R" : u < youp (D)}

A second property is that this filtration is equivalent to the one given by the lower
level sets of a certain real-valued continuous function. Both these properties are stated
in the next theorem, proved in [8, Thm. 4.2], and are intuitively shown in Fig. 1.

Theorem 2.10 (Reduction Theorem) For every (u, v) € AT, let (m, b) be the only
linear admissible pair such that (u,v) = (s -m+b,t-m+b) € (). Setting
m, = min; m;, let moreover f, ) : X — R be the continuous filtering function
defined by setting

Ji(x) — b; }

Sompy(x) = m, - max {
i m[

Then it holds that
ﬂf(uv U) = .Bf(m.h) (Sv t) .

mx

The Reduction Theorem 2.10 implies that in the multidimensional case, we can
obtain an analog Dy of the distance dpych. The metric Dy has a particularly
simple form, but yet yields the desired stability properties [8].



A Brief Introduction to Multidimensional Persistent Betti ... 221
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Fig. 1 1-dimensional reduction of 2-dimensional PBNs. Left: a 1-dimensional filtration is con-
structed sweeping the line through # and v. A unit vector m and a point b are used to parameterize
this line as y(n,5)(T) = T - m + b. Right: the persistence diagram of this filtration can be found on
the half-plane 7, )

Definition 2.11 (Multidimensional matching distance) Let f, g : X — R” be con-
tinuous functions. If (m, b) € Ladm,, set dg, p) (,Bf, ,8;,) = dmatch (ﬂf(m,bj’ ,Bg(m)).
The multidimensional matching distance Dy between By and B, is defined as

Dmateh (ﬂfv ,Bg) = sup d(m,b) (le’ ﬁg) :

(m,b)eLadm,

3 Evaluating the Distance Between Multidimensional PBNs

Definition 2.11 implies that, in general, a direct computation of Dpa¢ch (ﬁ B g) is not
feasible, as we should compute the value d;, ;) ( Br. B g) for an infinite number of pairs
(m, b) € Ladm,. On the other hand, taking a non-empty, finite subset A € Ladm,,
and replacing Sup,, y)eradm, PY MaX@m.pea in Definition 2.11, we get a stable and
computable pseudo-distance between multidimensional PBNs, say [)match (,B f /Sg),
which is an approximation of Dy, to be used in applications.

Computing Dimach (Bf, Bg) requires the definition of a subset A € Ladm, strik-
ing a balance between computational cost and approximation accuracy. In fact, it is
reasonable that the larger the set A, the smaller the approximation error. On the other
hand, the smaller the set A, the faster the computation of ﬁmatch (,B f ﬁg). In this
perspective, the goal is to find a set A representing a compromise between these two
situations. Additionally, given an arbitrary real value ¢ > 0 as an error threshold,
we might want A depending on ¢ in a way that Dmmch (,Bf, ,Bg) accomplishes the

inequality )Dmatch (ﬂfﬂ ﬁg) - Dmatch (,Bfﬂ IBg)‘ <e.

In what follows we review the procedure proposed in [21, 23] to develop an
algorithm resulting in an approximation Dinach (ﬂf, ,3g) of the multidimensional
matching distance Dyatch (,B £ ,Bg), up to an input error threshold ¢.
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3.1 Underlying Theoretical Results

The first result stems from the fact that, at least in a wide subset of Ladm,,, the func-
tions f{;, 5 defined in the Reduction Theorem 2.10 do not depend on all the compo-
nents of f. To see this, we first fix ¢ = max{max,cx || f (X)]loo, MaXyex |g(x) oo}
Given two indexes 7, j € {1, ...,n}, with 7 # J, it is quite easy to choose a lin-
ear admissible pair (m, b) € Ladm, such that f;(x) —b; <0 and f;(x) —b; >0
for every x € X, thus implying that f{,, ;) = m, - max; 4 : ’m L. The simplest exam-
ple is when n = 2: In such a case, the elements of Ladm, are given by (m, b) =

((my, 1 —my), (b1, —by1)), with 0 < m; < 1 and b; € R. It is easy to check that,
whenever b; > c (respectively, by < —c)itholds that f{,, p)(x) = m. - fm)““ (resp.

Sonpy(x) = m, @b (x) LOO=bry for every x € X. Similar arguments hold for g, p), so that
we can write

B diarc (,Bf»,B ), if by < —c;

dom. = |y " OmaehtPh e Pe . 3

¢ b)(ﬂf ﬂg) { l_ml : dmatch(,Bfgv ﬂgz)’ if bl =, ( )

the equality in (3) coming from the properties of the matching distance dpch (see
also [22, Prop. 2.3]).

Based on the above reasonings, the next result [21] states how and when it is possi-
ble to reduce the computation of d(,, ») (ﬂf, ,Bg) toa (n — 1)-dimensional setting. Set
Ladm; = {(m, b) € Ladmy, : ||blloc > (n — 1) - ¢}. Forevery indexi € {1, ..., n},
we denote by f' (respectively, g') the R"~!-valued function obtained from f (resp.
g) by removing the i-th component. Similarly, the symbol m' (resp. b*) will be used
for the element of R"~! obtained from m (resp. b) by removing the i-th component.

Theorem 3.1 Assume that (m,b) € Ladm. Then an index 1 € {1, ..., n} exists
such that
e,
dm.b) (ﬂf’ lgg) = min; . m d(ﬁ:,é) (ﬂf"’ IBg”)’ “4)

with (m, 1;) € Ladm,_, given by m = T m) andb = b + i - by.

It is also possible to bound the variation of d(u.s) (87, B;) When moving from
one half-plane to another in Ladm, \ Ladmrf. To do this, it is useful to intro-
duce a distance d : Ladm, x Ladm, — R on the set of admissible pairs [21].

For (m, b), (m', b") € Ladm,,, we set

d((m,b), (m', b)) =max{‘max b—b’||oo}. (5)

Based on the above distance, it is possible to prove the following result [21].
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Theorem 3.2 Let (m,b) € Ladm, \ Ladm; and (m/, b/) € Ladm,, and assume
thatd ((m, b), (m', b)) < 8. Then |donp) (Bs. Be) — diw.pry (Bf Be)| < 28(n-c+
1).

Remark 3.3 Note thatd,, ;) (,Bf, ,Bg) < 2cforevery (m, b) € Ladm,, (thisisatriv-
ial consequence of Theorem 2.7); thus we have |d(m,b) (,Bf, ﬂg) = dw ) (ﬂf’ ﬁg)i =
2c. Now, if 6 > % then 2¢ < 26 (nc + 1). Consequently, the inequality claimed by

Theorem 3.2 is trivial when § > %

4 An Algorithm for Approximating Dyatch

The above Theorems 3.1 and 3.2 can be used to derive an algorithm for approximating
the multidimensional matching distance Dpych (,3 £ ﬂg).

4.1 The 2-Dimensional Case

We start by providing a detailed treatment of the case n = 2, since our approach for
higher dimensions is based on a reduction to the 2-dimensional situation. We list the
steps in the algorithm described in [21]. For a previous version of the algorithm in
the case n = 2, the reader is referred to [23].

(a) Fix a threshold error ¢. By rescaling appropriately both f and g (and con-
sequently €), we can assume without loss of generality that ¢ = 1. For every
8 > 0, we can consider the concept of regular §-grid over a subset L of Ladm,,
i.e., a collection of points G = {p = (m, b) € Ladm,} such that, denoting by
B;s(p) the open ball centered at p having radius § according to the distance d
introduced by equality (5), the following statements hold:

(1) Bs(p) N Bs(p') = @ for every p, p’ € G;
(2) L € UpeBs(p), with Bs(p) the closure of Bs(p).

(b) We need to fix §. Because of Remark 3.3 we take § smaller than %, say § = }1.
We also define a finite, regular §-grid G on L = Ladm \ Ladm;, see Fig.2 for
some examples. To display the grid, we use the fact that Ladm, can be identified
with the product space M, x N, with M, = {m = (m, 1 —m;), 0 <m; < 1}
and N, = {b = (b1, —by), b; € R}. Therefore, we can represent Ladm, as the
subset of the real plane given by I x R, [ the open interval {m; e R:0 <
my < 1}. In this perspective, the set Ladm, \ Ladm;r ={(m,b) : ||bllec < 1}
is displayed as I x {b € R : |b| < 1}. We refer the reader to [21] for a practical
construction of G.

(c) Our goal is to compute the largest value for d, 4 (Br, Bg) on Ladm; and
on Ladm, \ Ladmy. Equality (2) allows us to simplify the computation of
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Fig. 2 Regular grids on Ladmy \ Ladm;' for § =1 (left), 6 = 1/2 (center), and § = 1/4 (right).
The grids are regular with respect to the distance d defined by the equality (5)

(d)

(e)

d(m,b) (ﬂf, ,Bg) on Ladm; Indeed, itimplies thatd(m,b) (ﬂf, ,Bg) < dmatch(,Bfl R ,Bgl)
if b = (b, —by) is such that by < —c, while d(, ) (B, Be) < dmach (B, Be,) if
by > c. Moreover, in the first case, the value dmaicn(By,, Be,) is achieved when
m = (my, 1 —my) is such that m; < %; while in the second case, the value
dmach(Bf,, Bg,) 1s achieved when m; > % Thus, it is sufficient to consider the
maximum between dmach(B7,, Bg,) and dpacn(Bf,, Bg,) in order to know the
value max; ,q,,+ dan.p) (B, Bg). We denote such a maximum by D,,;.

Theorem 3.2 allows us to control the variation of d(, 5 (Br, B) in each set
(Ladmj \ Ladm;') N Bs(p), and hence in Ladms\ Ladm; For
every p = (m, b) € G, we compute the value d, 4 (Bf, Bg) and set D;,, =
maxpeG dom,p)(Br, Be)-

The number Dy = max{D,,;, Dy} is then a first approximation of the matching
distance Dpqch (B, B¢). We briefly describe how to refine the value Dy to obtain
an approximation of Dmacn(Br, Bg) Up to the error threshold e.

o If the inequality 26 - (2c¢ + 1) < ¢ holds, by Definition 2.11 and by applying
Theorem 3.2, it follows that | Dpmaen (Bf, B;) — Diot| < €. Therefore, we stop
having as output Dy;

e Otherwise, we delete each point p = (m, b) € G such that the inequality
Diot — dm,py(Bs, Bs) > 26 - (2¢ + 1) holds. Indeed, Theorem 3.2 ensures that
Dy will not be achieved (or exceeded) by computing the values d 1) (B, Bg)
over the sets Bs(p). Moreover, the grid G is refined as follows: Each p still in
G is replaced by four suitable points py, ..., ps,suchthat {p;, j =1,..., 4}
is a regular %—grid on B;s(p) based on the four balls B s (p;). Finally, D, and

Dy are updated according to the new grid G’, § is replaced by g, and the
algorithm restarts by checking if the inequality 25 - (2c 4+ 1) < ¢ holds.
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4.1.1 The n-dimensional Case

We can now show how the above procedure can be generalized to the n-dimensional
setting, with n > 2. Such an extension is partially based on a reduction to the case
n=2.

Similarly to what happens in the case n = 2, we need to compute the largest value
ford»)(By, Be) on Ladm; and on Ladm, \ Ladm;". We fix a threshold error €. By
appropriately rescaling both f and g (and consequently €), we can assume without
loss of generality that ¢ = 1, so that Ladm; = {(m, b) € Ladm,, : |b|lsc > n — 1}.
In Ladm,!, Theorem 3.1 allows us to reduce the computation of d(, ) (B, B,) to
a (n — 1)-dimensional situation. Indeed, it implies that, for every (m, b) € Ladm:[,
there exists (171, l;) € Ladm,_, suchthatd,, p (ﬂf, ,Bg) < d(rh,é) (,Bfr, ﬂgr) for a suit-
able index 7 € {1, ..., n}. On the other hand, it is possible to prove that, for every
t€{l,...,n}and every (m, I;) € Ladm,,_, there always exists (m, b) € Ladmjlr
such that dins) (87, Bs) = d(;4) (Bsis Bg'). As a consequence, the computation
of di.p) (ﬂf, ﬁg) over the set Ladm can be reduced to the one of the (n — 1)-
dimensional matching distances Diacn (B, Byt ), fori =1,...,n.

Obviously, we can recursively repeat the same reasonings to progressively
decrease the dimensionality of the problem. It turns out that computing the largest
value for du ») (By, Bg) on Ladm; can be reduced to the 2-dimensional case,
by considering the () 2-dimensional matching distances Dacn (B, B, ), With
Jij = (fi, f;) and g;; = (i, g;) forevery i # j.

Similarly to what happens in the 2-dimensional case, Theorem 3.2 allows us
to control the variation of d(, ) (B, B,) on the set Ladm, \ Ladm . Also in this
case, we can define a regular grid G on Ladm, \ Ladm; by extending the above
reasonings for the 2-dimensional setting, see [21] for more details.

5 Beyond the Multidimensional Matching Distance Dpatch

In Definition 2.11, we have seen that the multidimensional matching distance
Dmaen (B, B;) depends on the comparison of the two collections {Dgm( f(,,.5))} and
{Dgm(gn.»))}, with (m, b) varying in Ladm,,. This is done by computing the supre-
mum of the 1-dimensional matching distances d(. ) (B, B,) over (m, b). Note that,
in principle, a small change of the pair (m, b) can cause a large change in the “opti-
mal” matching, that is, the matching o : Dgm( fiu,5)) — Dgm(gon,»)) Whose cost is
equal to the distance d, ) (B¢, Bg). In other words, the definition of Dyacn (B, B,)
is based on a family of optimal matchings that is not required to change continuously
with respect to the pair (m, b). This is due to the intrinsically discontinuous definition
of Dmaich (B, Bg), which in turn makes studying its properties difficult.
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5.1 The Coherent Matching Distance for 2-Dimensional
Persistent Betti Numbers

For these reasons, in [12, 24], a new matching distance between multidimensional
PBNs has been introduced, called coherent matching distance and initially inves-
tigated in the 2-dimensional setting. The definition of the coherent matching dis-
tance is based on matchings that change “coherently” with the persistence diagrams
of the 1-dimensional filtering functions that we take into account. In other words,
the basic idea consists of considering only matchings between the persistence dia-
grams Dgm( f(;,.)) and Dgm(gx,»)) that change continuously with respect to the
pair (m, b).

The idea of “coherent matching” leads to the discovery of an interesting phe-
nomenon of monodromy. While requiring that the matchings change continuously,
one has to avoid the pairs (m, b) at which the persistence diagram contains dou-
ble points, called singular pairs. This is done by choosing a connected open set
U C Ladm, of regular (i.e., non-singular) pairs and assuming that (m, ) € U. In
doing this, it is possible to preserve the “identity” of points in the persistence diagram
and follow them when moving in U. From this identity, the concept of a family of
continuously changing matchings easily arises. Interestingly, turning around a sin-
gular pair can produce a permutation in the considered persistence diagram, so that
the considered filtering function is associated with a monodromy group. An example
of this phenomenon can be found in [12].

Therefore, the definition of “coherent matching” must take a monodromy group
into account. In [12], this is done by defining a transport operator T,ff ®) which
continuously transports each matching o, between the persistence diagrams
Dgm( fm.»)), Dgm(gem,») to a matching o, ;) between the persistence diagrams
Dgm( fow 1)), Dgm(g 1)) along a path y from (m, b) to (m’, b’) in the set U. The
existence of monodromy implies that the transport of o(,, 1, depends not only on the
pairs (m, b), (m’, b), but also on the path y.

Having introduced the transport operator Ty(f *®) we can define the coherent cost of
a matching o, ), by considering the usual cost of all the matchings that are obtained
by transportation of o, 5):

cohcosty (O¢u,p)) = Sup cost (Ty(f'g) (O’(m,],))) , (6)
y

where y ranges over the set of all continuous paths from [0, 1] to U starting at
(m, b), while cost(o) is the cost of a matching o between persistence diagrams (see
Definition 2.6).

This done the definition of the coherent matching distance C Dy, is straightforward:
If two filtering functions f, g : X — R? are given and U does not contain singular
pairs neither for f nor for g, then C Dy (B, B,) is the infimum of the coherent costs
of the matchings between the persistence diagrams associated with an admissible
pair (m, b) € U arbitrarily fixed:
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CDy(By. By) = inf cohcosty (om.p) » (7)
(m,b)

with o, ;) varying in the set of all matchings from Dgm( f(.5)) to Dgm(gm.»))-

It is important to remark that the definition of C Dy does not depend on the choice
of the pair (m, b) [12, Prop. 12]. Moreover, under suitable conditions for the functions
f and g, it is possible to prove that, if || f — g|lc < ¢ for a non-negative real value
¢ sufficiently small, then CDy (Bs, B,) < | f — gllo [12, Thm. 3].

Another key point here is that the function cost(T,,(f &) (om,py)) takes its global

maximum over y when the endpoint of y belongs either to the vertical line m = %

or to the boundary of U [12, Thm. 6]. This result casts new light on the abundance of
examples where the supremum defining the usual matching distance Dy 1S taken
for the pairs (m, b) € Ladm, withm ~ % [12, 23]. Nevertheless, it suggests that the
coherent matching distance C Dy could be used in place of the matching distance
Dinaten both in theory and applications, as it allows one to manage the parameter
space Ladm, more efficiently.

Acknowledgements Work carried out under the auspices of INAAM-GNSAGA.
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Some New Methods to Build Group )
Equivariant Non-expansive Operators glectie
in TDA

Nicola Quercioli

Abstract Group equivariant operators are playing a more and more relevant role
in machine learning and topological data analysis. In this paper, we present some
new results concerning the construction of G-equivariant non-expansive operators
(GENEOs) from a space @ of real-valued bounded continuous functions on a topo-
logical space X to & itself. The space ® represents our set of data, while G is a
subgroup of the group of all self-homeomorphisms of X, representing the invariance
we are interested in.

Keywords Natural pseudo-distance - Filtering function - Group action * Group
equivariant non-expansive operator + Persistent homology - Persistence diagram -
Topological data analysis
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1 Introduction

In the recent years, topological data analysis (TDA) has imposed itself as a useful
tool in order to manage huge amount of data of the present digital world [1]. In
particular, persistent homology has assumed a relevant role as an efficient tool for
qualitative and topological comparison of data [2]; since in several applications, we
can express the acts of measurement by R"”-valued functions defined on a topological
space, so inducing filtrations on such a space [3]. These filtrations can be analyzed by
means of the standard methods used in persistent homology. For further and detailed
information about persistent homology, we refer the reader to [4].

The importance of group equivariance in machine learning is well known (see,
e.g., [5-8]). Our work on group equivariant non-expansive operators (GENEOs) is
devoted to possibly establish a link between persistence theory and machine learning.
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Our basic idea is that acts of measurement are directly influenced by the observer, and
we should mostly focus on well approximating the observer, rather than precisely
describing the data (see, e.g., [9]). In some sense, we could see the observer as a
collection of GENEOs acting on a suitable space of data and encode in the choice of
these operators the invariance we are interested in.

The concept of invariance group leads us to consider the natural pseudo-distance
as our main tool to compare data. Let us consider two real-valued functions ¢, ¥
on a topological space X, representing the data we want to compare, and a group
G of self-homeomorphisms of X . Roughly speaking, the computation of the natural
pseudo-distance dg between ¢ and v is the attempt of finding the best correspondence
between these two functions with respect to the invariance group G.

Unfortunately, dg is difficult to compute, but [10] illustrates a possible path to
approximate the natural pseudo-distance by means of a dual approach involving per-
sistent homology and GENEO:s. In particular, one can see that a good approximation
of the space F(®, G) of all GENEOs corresponds to a good approximation of the
pseudo-distance dg. In order to extend our knowledge about F(®, G), we devote
this paper to introduce some new methods to construct new GENEOs from a given
set of GENEOs.

The outline of our paper follows. In Sect.2, we briefly present our mathematical
framework. In Sect. 3, we give a new result about building GENEOs by power means
and show some examples to explain why this method is useful and meaningful. In
Sect. 4, we illustrate a new procedure to build new GENEOs by means of series of
GENEDO:s. In particular, this is a first example of costruction of an operator starting
from an infinite set of GENEOs.

2  Our Mathematical Model

In this section, the mathematical model illustrated in [10] will be briefly recalled. Let
X be a (non-empty) topological space and @ be a topological subspace of the topo-
logical space C,? (X, R) of the continuous bounded functions from X to R, endowed
with the topology induced by the sup-norm | - ||.. The elements of ® represent our
data and are called admissible filtering functions on the space X. We also assume
that @ contains at least the constant functions ¢ such that |¢| < SUPyecq l¢lloo- The
invariance of the space @ is represented by the action of a subgroup G of the group
Homeo(X) of all homeomorphisms from X to itself. The group G is used to act on
® by composition on the right, i.e., we suppose that ¢ o g is still an element of &
for any ¢ € ® and any g € G. In other words, the functions ¢ and ¢ o g, elements
of @, are considered equivalent to each other for every g € G.

In this theoretical framework, we use the natural pseudo-distance dg to compare
functions.
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Definition 1 For every ¢, ¢, € ®, we can define the function
dg (@1, ¢2) :=inf e sup,cx |91 (x) — 2(g(x))| from @ x ® to R. The function dg
is called the natural pseudo-distance associated with the group G acting on &.

We can consider this (extended) pseudo-metric as the ground truth for the com-
parison of functions in ® with respect to the action of the group G. Unfortunately, d¢
is usually difficult to compute. However, the natural pseudo-distance can be studied
and approximated by a method involving G-equivariant non-expansive operators.

Definition 2 A G-equivariant non-expansive operator (GENEO) for the pair (®, G)
is a function
F:o— @

that satisfies the following properties:

1. Fis G-equivariant: F(pog) = F(p)og, Vo e ®, Vgei;
2. Fis non-expansive: [[F(¢1) — F(@2)lloo < llo1 — @2llocs ¥ @1, 92 € D.

The symbol F(®, G) is used to denote the set of all G-equivariant non-expansive
operators for (¥, G). Obviously, (P, G) is not empty because it contains at least
the identity operator.

Remark 1 The non-expansivity property means that the operators in F(®, G) are
1-Lipschitz functions, and therefore, they are continuous. We underline that GENEOs
are not required to be linear.

If X has nontrivial homology in degree k, the following key result holds [10].

Theorem 1 dg (91, ¢2) = SUPper(0,G) dmach (DgMy (F (91)), Dgmy (F(¢2))), where
Dgm, (¢) denotes the k-th persistence diagram of the function ¢ : X — R and dmatch
is the classical matching distance.

Persistent homology and the natural pseudo-distance are related to each other by
Theorem 1 via GENEOs. This result enables us to approximate d; by means of G-
equivariant non-expansive operators. The construction of new classes of GENEOs is
consequently a relevant step in the approximation of the space F(®, G), and hence
in the computation of the natural pseudo-distance, so justifying the interest for the
results shown in Sects. 3 and 4.

3 Building New GENEOs by Means of Power Means

In this section, we introduce a new method to build GENEOs, concerning the concept
of power mean. Now we recall a proposition that enables us to find new GENEOs,
based on the use of 1-Lipschitz functions (see [11]).
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Proposition 1 Let L be a 1-Lipschitz function from R" to R, where R" is endowed
with the norm || (xy, . .., Xy)|lco = max{|xi|, ..., |x,|}. Assume also that F, ..., F,
are GENEOs for (9, G). Let us define the function L* (Fy, ..., F,) : & — CI?(X, R)
by setting

L*(Fy, ..., F)(@)(x) := LIFi1 (@) (x), . .., Fa(p)(x)).

IfL*(Fy, ..., F,))(®) C D, the operator L*(F1, ..., F,) is a GENEO for (®, G).

In order to apply this proposition, we recall some definitions and properties about
power means and p-norms. Let us consider a sample of real numbers xp, ..., x, and
a real number p > 0. As well known, the power mean M, (xy, ..., x,) of xi,..., x,
is defined by setting

1
1 ¢ ’
Mp(.Xl,...,xn) = (;;'xllp) .

In order to proceed, we consider the function || - ||, : R" — R defined by setting

1
Ixllp = (x1l” + 2l + -+ |x ")

where x = (x1, ..., x,) is a point of R". It is well know that, forp > 1, || - ||, is a
norm and that for any x € R", we have lim,_,  ||x][, = [Ix[|«. Finally, it is easy to
check thatif x e R” and 0 < p < g < 00, it holds that

11
Ixllg < llxll, < nealixlly. (D
For g tending to infinity, we obtain a similar inequality:
1
[*lloe = llxllp < 17 [lx] oo @)

Now we can define a new class of GENEOs. Let us consider Fy, ..., F,, GENEOs
for (®, G) and p > 0. Let us define the operator M, (Fy, ..., F,) : & —> C,(])(X, R)
by setting

Mp(Fl’ LR Fn)((p)(x) = Mp(Fl (‘P)(x), LR Fn((p)(x))

Theorem 2 Ifp > land M, (Fy, ..., F,)(®) € O, M,(Fy, ..., F,)isa GENEO for
(@, G).

Proof 1f we show that M, is a 1-Lipschitz function for p > 1, Proposition 1 will
ensure us that M, (F, ..., F,) is a GENEO.

Let p > 1 and x,y € R". Since || - ||, is a norm, the reverse triangle inequality
holds. Therefore, because of (2), we have that:
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<% Z lxi|p>; - (% ; Iy,-|P>; _ (%) (Z |x,-|P>; ) (; w),,

i=1 i=1

1\ 7
—(;) [1x[l, — 1yl
1
< (L) 1=
=13 X = Yllp

1 , 1
=\ 12 {|x = Ylloo = X = Yllco-

Hence, for p > 1, M,, is non-expansive (i.e., 1-Lipschitz), and the statement of our
theorem is proved.

Remark 2 If 0 <p < 1 and n > 1, M,, is not a 1-Lipschitz function. This can be
easily proved by showing that for x, = x3 = - -- = x,, = 1 the derivative % is not
bounded.

3.1 Examples

In this subsection, we want to justify the use of the operator M. In order to make
this point clear, let us consider the space @ of all 1-Lipschitz functions from the unit
circle ' to [0, 1] and the invariance group G of all rotations of S'. Now, we can take
into consideration the following operators:

e the identity operator F| : & —> &;
o the operator F; : & —> @ defined by setting F2(¢) := ¢ o pz for any ¢ € P,
where pz is the rotation through a 7 angle.

Let us set ¢ = |sinx| and ¥ = sin?x. As we can see in Figs. 1 and 2, the func-
tions F;(¢) and F,'(IZ/) have the same persistence diagrams for i = 1, 2. In order
to distinguish ¢ and v, we define the operator F : & —> ® by setting F(¢) :=
My(Fy, F>)(p) = 2@F0E 1 particular,

Fi(¢) + Fa(¢) _ |sinx| + [cosx]

F (@) :=M\(F\, F))(¢) = > 2

(3)
and

Fl(lﬁ) —|—F2(1ﬁ) _ sin*x + cos? x _ 1 4
2 - 2 =3 @

F(¥) := M|(Fy, F2)({) =
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Fig. 1 On the left: ¢ and ¥ have the same persistence diagrams. On the right: Fj(¢) and F W)
have the same persistence diagrams
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Fig. 2 On the left: F>(¢) and F _2(1}) have the same persistence diagrams. On the right: the persis-
tence diagrams of F(¢) and F () are different from each other

We can easily check that F(¢) and F (1/_/) have different persistence diagrams;
thus F allows us to distinguish between @ and . All this proves that the use of the
operator M, can increase the information, letting F; and F, cooperate.

A similar argument still holds for values of p greater than one. Under the same
hypotheses about @, we can consider the same GENEOs F, F, and the functions
¢ = | sinx| and 1} = (sin® x)ll’. For the sake of simplicity, we fixed p = 3 in order to
represent the following figures. As we can see in Figs. 3 and 4, we cannot distinguish
¢ and 1/A/ by using persistent homology since their persistence diagrams coincide.
Neither applying F'; nor F, can help us, but when we apply M, (Fy, F>), we can
distinguish ¢ from v by means of their persistence diagrams (see Fig. 4).

These examples justify the use of the previously defined power mean operators
M,(Fy, ..., F,) to combine the information given by the operators F1, ..., F,.
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Fig. 3 On the left: ¢ and ¥ have hence the same persistence diagrams. On the right: On the right:
F1(¢) and F1 () have the same persistence diagrams

1 . r T T T 0.17
| y=Fysin() | | ¥ = Filsingal)}
0.9 y:FZUSini/p(x)H 016 | ¥ = Filsin™{x)))
08| { @
o7t \\ / \ / ]
\ / \ / 0.15 |
0'6 [ \\ !’ \\ // 1
05} \ / \ 1 014 |
\ | \ /
0.4 \ /J \ 1
03} \ \ / | 018y
\ | \ |
2l \[ \[ ]
o | | 012 |
0.1 | i/ | J
% 1 2 3 4 5 6 7 %Mo 4 2 5 4 5 6 7

Fig. 4 On the left: F>(¢) and F; () have the same persistence diagrams. On the right: the persis-
tence diagrams of F(¢) and F () are different from each other

4 Series of GENEOs

First we recall some well-known results about series of functions.

Theorem 3 Let (ay) be a positive real sequence such that (ay) is decreasing and
limy_ oo ar = 0. Let (g) be a sequence of bounded functions from the topological

space X to C. If there exists a real number M > 0 such that

s =M 5)

k=1

foreveryx € X and every n € N, then the series Y - | ax&x is uniformly convergent
onX.
The second result ensures us that a uniformly convergent series of continuous

functions is a continuous function.
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Theorem 4 Let (f;,) be a sequence of continuous function from a compact topolog-
ical space X to R. If the series Y -, fx is uniformly convergent, then > - fi is
continuous from X to R.

Now we can define a series of GENEOs. Let us consider a compact pseudo-metric
space (X, d), a space of real-valued continuous functions ® on X and a subgroup
G of the group Homeo(X) of all homeomorphisms from X to X, such thatif ¢ € ®
and g € G, then g o g € ®. Let (a;) be a positive real sequence such that (ay) is
decreasing and ) -, ax < 1. Let us suppose that (F}) is a sequence of GENEOs for
(@, G) and that for any ¢ € ® there exists M (¢) > 0 such that

> Fi(p)@)

k=1

= M(p) (6)

for every x € X and every n € N. These assumptions fulfill the hypotheses of the
previous theorems and ensure that the following operator is well-defined. Let us
consider the operator F : Cl? X,R) — C,? (X, R) defined by setting

[e.¢]

F(p) =) aFi(p). (7)

k=1

Proposition 2 [f F(®) C ®, then F is a GENEO for (®, G).

Proof

e Let g € G. Since Fy is G-equivariant for any k and g is uniformly continuous
(because X is compact), F’ is G-equivariant:

o0

F(pog) =) aFi(pog)
k=1

=Y a(Fi(p)og)

k=1

= (Z Clka(fﬂ)> °g
k=1
=F(pog

for any ¢ € ®.
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e Since F} is non-expansive for any k and Z,fil ar < 1, F is non-expansive:

IF (o) = F@)lloe = | > axFilo) — Y axFi(@)

k=1 k=1

oo
= nllrglo (Z arFr (@) — Z%ﬂ(%))
k=1 k=1 00
= lim | > ax(Fi(p1) — Fi(p2)
k=1 [}

IA

lim Y (@l Fi(@n) — Fe(g2)ll)
k=1

IA

n
nlin;o ;(akﬂfpl — o)

[o¢]
=Y allpr — ¢allo
k=1

=< llo1 — @21loo-

5 Conclusions

In this work, we have illustrated some new methods to build new classes of G-
equivariant non-expansive operators (GENEOs) from a given set of operators of this
kind. The leading purpose of our work is to expand our knowledge about the topolog-
ical space F(®, G) of all GENEO:s. If we can well approximate the space F (P, G),
we can obtain a good approximation of the natural pseudo-distance dg (Theorem 1).
Searching new operators is a fundamental step in getting more information about the
structure of 7 (®, G), and hence, we are asked to find new methods to build GENEOs.
Moreover, the approximation of F(®, G) can be seen as an approximation of the
considered observer, represented as a collection of GENEOs. Many questions remain
open. In particular, we should study an extended theoretical framework that involves
GENEOs from the pair (®, G) to a different pair (¥, H). A future research about
this is planned to be done.

Acknowledgements The research described in this article has been partially supported by
GNSAGA-INdAM (Italy).
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Topological Stability of the Hippocampal )
Spatial Map and Synaptic Transience e

Yuri Dabaghian

Abstract Spatial awareness in mammals is based on internalized representations
of the environment—cognitive maps—encoded by networks of spiking neurons.
Although behavioral studies suggest that these maps can remain stable for long
periods, it is also well-known that the underlying networks of synaptic connections
constantly change their architecture due to various forms of neuronal plasticity. This
raises a principal question: how can a dynamic network encode a stable map of space?
In the following, we discuss some recent results obtained in this direction using
an algebro-topological modeling approach, which demonstrate that emergence of
stable cognitive maps produced by networks with transient architectures is not only
possible, but also may be a generic phenomenon.

Keywords Spatial map * Topological dynamics + Emergent phenomena -
Hippocampal learning

1 Introduction

General background. Spatial awareness in mammals is based on an internalized
representation of the environment. Many parts of the brain are contributing to this
representation, providing different types of information: cue positions [1], geometry
of the navigated paths [2], orientations [3, 4], traveled distances [5, 6], velocities
[7], qualitative geometric relationships [8, 9], etc. A principal question addressed
by neuroscience is how all these types of data are captured by neuronal activity and
what are the computational algorithms employed by various networks for processing
this information.

At the current stage, our understanding of the mechanisms of spatial cognition
is based mostly on empirical observations. For example, it was found that a major
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role in cognitive representation of the ambient space is played by the hippocampus:
a vast number of experiments demonstrate that the hippocampal network contributes
a “cognitive map” C that is crucial for the animal’s ability to navigate, to find its nest
and food sources, etc. [10, 11]. Experimentally, the properties of the cognitive map
are studied by mapping hippocampal activity into the studied environment &,

f:C—E&.

In experiments with rodents (e.g., rats or mice), this mapping is constructed by
ascribing the (x — y) coordinates to very spike produced by the hippocampal princi-
pal neurons according to the animal’s position at the time when the spike was fired
[12]. As shown in [13], such mapping produces spatial clusters of spikes, indicat-
ing that these neurons, known as the “place cells,” fire only in certain places—their
respective “place fields.” The spatial layout of the place fields in E—the place field
map Mg (Fig. la)—is therefore viewed as a geometric representation of the cog-
nitive map of that particular environment, C(£). Electrophysiological recordings in
“morphing” arenas demonstrate that M¢ is flexible: as the environment is slowly
deformed, the place fields shift and change their shapes, but largely preserve their
mutual overlaps, adjacency and containment relationships [14—17]. Thus, the order
in which the place cells spike during the animal’s navigation remains invariant within
a certain range of geometric transformations [18-23], which implies that C(£) may
be viewed as a coarse framework of qualitative spatiotemporal relationships rather
than precise geometry, i.e., that the hippocampal map is topological in nature.

From the computational perspective, this observation suggests that the informa-
tion contained in place cell spiking should be interpreted topologically. In [24—
29] we proposed an approach for such analyses, based on a schematic repre-
sentations of the information supplied by place cells (co)activity. Specifically, if
groups of coactive place cells, e.g., ¢, c1, .. ., c,, are viewed as abstract simplexes,
o = [co, c1, ..., cn], then the pool of the coactive place cell combinations observed
by a given moment ¢ forms a simplicial “coactivity complex” 7 (t) whose topology
represents the topological structure of the cognitive map of the underlying environ-
ment (see [24-29] and Fig. 1b).

The evolution of 7 (¢) reflects how the net spatial information accumulates in
time: starting from a few simplexes at the beginning of navigation, the complex 7 (¢)
grows and eventually, if the parameters of spiking activity fall within the biological
range of values, assumes a shape that is topologically equivalent to the shape of the
navigated environment in a biologically plausible period T;,;,—a theoretical estimate
of the time required to “learn” the environment [24-29].

Curiously, the key building blocks of this model—the coactive groups of the hip-
pocampal place cells represented by the coactivity simplexes, have physiological
counterparts, called “cell assemblies”—functionally interconnected groups of neu-
rons that work as operational units of the hippocampal network [30, 31]. In [32], it
was shown that this correspondence can be made accurate: the construction of the
coactivity complex may be adjusted so that its maximal simplexes (i.e., the simplexes
that are not subsimplexes of any larger simplex) represent place cell assemblies, rather



Topological Stability of the Hippocampal Spatial Map ... 241

@
8 s @

1D cycles 0D cycles
53
EI
" s
It
&

1D cycles 0D cycles
o 88 & @

o

6 @ 3= T2 4 8 8
Time ¢, mins G‘P Time 7, mins

Fig. 1 Place cells and cell assemblies. a Simulated place field map Mg in a small (1m x 1m)
planar environment £ with a square hole: dots of a particular color, marking the locations where
a specific place cells produced spikes, form spatial clusters—the place fields. Shown is a map
produced for N = 300 place cells with a median maximal firing rate f = 14 Hz and place field
size 20 cm. b The net pool of coactivities is represented by the coactivity complex 7 (top), which
provides a topological representation of the environment £ (bottom). E.g., the non-contractible
simplicial path shown by red chain of simplexes corresponds to a non-contractible physical path y
around the central hole in £. The coactivity complex 7 assumes its topological shape as the spatial
information provided by the place cells accumulates. The panel on the right shows the timelines
of 0D (top) and 1D (bottom) topological loops in 7, computed using Persistent Homology theory
methods [49-52]. The minimal time 7,,;, required to eliminate the spurious loops and extract the
persistent ones (marked by the red bullets) provides an estimate for the time required by a given
place cell ensemble to learn the topological structure of the navigated environment [24-29]. ¢ If the
simplexes may not only appear but also disappear, then the structure of the resulting “flickering”
coactivity complex F(Mg) may never saturate, i.e., transient topological defects, described by
Zigzag Persistent Homology theory [53-55] may persist indefinitely

than arbitrary combinations of coactive place cells. An important physiological prop-
erty of the cell assemblies is that these are dynamic structures: They may form among
the cells that demonstrate repeated coactivity and disband as a result of deterioration
of synaptic connections, caused by reduction or cessation of spiking, then reappear
due to a subsequent surge of coactivity, then disband again and so forth [30, 31]. In
the model, the appearance and disappearance of the cell assemblies are represented
by the the appearances and disappearances of the corresponding simplexes, so that
the rewiring dynamics of the cell assembly network and the dynamics of the resulting
cognitive map is represented by a dynamic—"“flickering”—cell assembly complex,
denoted below as F(¢). Unlike its “perennial” counterpart 7 (¢) that can only grow
and stabilize with time, the flickering complex F(#) may inflate, shrink, fragment
into pieces, produce transient holes, fractures, gaps and other dynamic “topological
defects” (Fig. Ic).

Thus, on the one hand, the dynamics of F(#) may be viewed as a natural conse-
quence of the network’s plasticity: studies show that the lifetime of the hippocampal
cell assemblies ranges between minutes [33—35] and hundreds of milliseconds [36,
37], suggesting that the hippocampal network perpetually rewires [38]. On the other
hand, behavioral and cognitive studies show that spatial memories in rats can last
for days and months [39—41]. This poses a principal question: how can a large-scale
spatial representation of the environment be stable if the neuronal substrate changes
at a much shorter timescale?

A principal answer to this question is suggested by an algebro-topological model
of the dynamic cell assembly networks, which allows studying the effect produced
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by the synaptic transience on the large-scale representation of space and demonstrat-
ing that a stable topological map can from within a biologically plausible period,
similar to the “perennial” learning period T, (7)), despite the rapid transience of the
connections [42—45].

The large-scale topology of the cognitive map C(€), as represented by a coactiv-
ity complex, can be described at different levels. A particularly concise description
of a topological shape is given in terms of its topological loops (non-contractible
surfaces identified up to topological equivalence) in different dimensions, i.e., by its
Betti numbers b,, n =0, 1, ... [46, 47]. For example, the number of inequivalent
topological loops that can be contracted to a zero-dimensional (0D) vertex, by (F),
corresponds to the number of the connected components in F (¢); the number of loops
that contract to a one-dimensional (1 D) chain of links, b (F), defines the number of
holes and so forth [46, 47]. The full list of the Betti numbers of a space or acomplex X
is known as its topological barcode, b(X) = (bo(X), b1(X), br(X), ...), which cap-
tures the topological identity of X [48]. For example, the barcode b = (1, 1,0, ...)
corresponds to a topological annulus, the barcode b = (1,0, 1,0, ...)—to a two-
dimensional (2D) sphere S?, the barcode b = (1,2, 1,0, ...)—to a torus 7% and so
forth [49]. Thus, by comparing the barcode of the coactivity complex b(F) to the
barcode of the environment b(£) one can establish whether their topological shapes
match, b(F(¢)) = b(£), i.e., whether the coactivity complex provides a faithful rep-
resentation of the environment at a given moment #. The mathematical methods
required for these analyses—Persistent Homology [49-52] and Zigzag Persistent
Homology theories [53-55], also outlined in [56, 57], allow building a dynamical
model of the cognitive map and addressing the question “How can a rapidly rewiring
network produce and sustain a stable cognitive map?”

2 Overview of the Results

An efficient implementation of the coactivity complex JF (¢) is based on the “cognitive
graph” model of the hippocampal network [12, 59], in which each active place cell ¢;
corresponds to a vertex v; of a graph G, whose connections ¢;; = [v;, v;] represent
pairs of coactive cells. An assembly of place cells ¢y, ¢y, .. ., ¢, then corresponds to
the fully interconnected subgraph, i.e., to a maximal clique ¢ = [vg, vy, ..., v,] of
G [29, 30, 32]. Since cliques, as combinatorial objects, can be viewed as simplexes
spanned by the same sets of vertexes, the collection of G-cliques defines a clique
simplicial complex [60] that serves as an instantiation of the coactivity complex
[26-29, 32]. The dynamics of the clique coactivity complexes can be modeled based
on the dynamics of the links of the corresponding coactivity graph G. In the following,
we discuss two such approaches, both of which demonstrate a possibility of encoding
stable cognitive maps by transient cell assembly networks.
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2.1 Decaying Clique Complexes

Consider the following dynamics of the coactivity graph G.

e The vertexes of G appear when the corresponding cells become active for the first
time and never disappear, since according to the experiments, place cells’ spiking
in learned environments remains stable [62].

e The connection ¢;; between the vertexes v; and v; appears with probability p; =1
if the cells ¢; and ¢; become active within a w = 1/4 second period (for biological
motivations of the w-value see [25, 61]). The exact time ¢ of the link’s appearance
can be associated with any moment within w.

e An existing link ¢;; between cells ¢; and ¢; disappears with the probability

1 —t/t
p-(t)=—e', (1)

where the time ¢ is counted from the moment of the link’s last activation and t
defines the link’s proper decay time.

e The dynamics of the higher order cliques, e.g., their decay times, are fully deter-
mined by the link decay period 7. In the following, the notations G, and F; will
refer, respectively, to the flickering coactivity graph and the corresponding flick-
ering clique coactivity complex with the connections’ proper decay rate 1/t.

Note that the ongoing place cell activity can reinstate some decayed links in
G, and rejuvenate (i.e., reset the decay of) some existent ones, thus producing an
effective link’s mean lifetime 7, > t and leading to diverse topological dynamics
of the coactivity complex F;. As mentioned previously, a key determinant of this
dynamics is the sequence in which the rat traverses place fields in a map M¢. Fixing
M¢ and the animal’s trajectory y (¢) settles the times at which place cell combinations
become active (notwithstanding the stochasticity of neuronal firing [63, 64]), so that
the Betti numbers by of F;(¢) become dependent primarily on the parameters of
neuronal spiking activity: firing rates, place field sizes, etc., and on the links’ decay
time 7. In the following, we will review some of these dependencies for the case of
the environment shown on Fig. 1a, and discuss how they affect the net topological
structure of the corresponding cognitive map. For more details see [42—45].

Dynamics of the decaying flickering coactivity complexes. If 7 is too small (e.g.,
if the coactivity simplexes tend to disappear between two consecutive co-activations
of the corresponding cells), then the flickering complex should rapidly deteriorate
without assuming the required topological shape. In contrast, if 7 is too large, then the
effect of the decaying connections should be small, i.e., the flickering complex F (¢)
should follow the dynamics of its “perennial” counterpart 7 (t) = Foo(t), computed
for the same place cell spiking parameters. In particular, if the firing rates and the place
field sizes are such that 7 (¢) assumes the correct topological shape in a biologically
viable time Ty (7), then a similar behavior should be expected from its slowly
decomposing counterpart F; (¢). However, for intermediate values of 7 that exceed
the characteristic interval Af between two consecutive activations of a typical link
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Fig.2 Topological dynamics of the decaying coactivity complex. a The histogram of the connec-
tions’ durations between their consecutive appearances and disappearances: The shorter lifetimes
are distributed exponentially (the red line fit) and the population of the “survivor” links produces
a bulging tail of the distribution (red arrow). The dashed blue line shows the shape of the distri-
bution (1). b The population of 1D (blue trace) and 2D (green trace) simplexes in the decaying
“flickering” complex F (), compared to the population of 1D and 2D simplexes in the perennial
complex 7 (¢) (dashed lines). The size of F7 (t) remains dynamic, whereas 7 (¢) saturates in about
10 minutes. ¢ Betti numbers bo (F7 (¢)) (blue) and by (F; (t)) (green) remain unchanged after a short
initial stabilization period

in G—a the natural timescale defined by the statistics of the rat’s movements—the
topological dynamics of F; () may exhibit a rich variety of behaviors.

Simulations show that the characteristic inter-activation interval in the environ-
ment shown on Fig. 1a is about Ar &~ 30 seconds. For the proper decay times that
generously exceed Af, e.g., 2.5Ar < 1t < 4.5A¢, the histogram of the time inter-
vals At.,; between the i"" consecutive birth and death of a link ¢ is bimodal: the
relatively short lifetimes are exponentially distributed, with the effective link life-
times about twice higher 16(2) ~ 27 (higher order simplexes decay more rapidly, e.g.,
16(3) ~ 1, etc.). In addition, there emerges a pool of long-living connections that
persist throughout the entire navigation period (Fig.2a). In other words, the flick-
ering coactivity complex F;(¢) acquires a stable “core” formed by a population of
“surviving simplexes”, enveloped by a population of rapidly recycling, “fluttering,”
simplexes.

The numbers of d-dimensional simplexes in F; (¢) (its f-numbers in terminology
of [65]) rapidly grow at the onset of the navigation, when F; (¢) inflates, but then
begin to saturate by the time a typical link makes an appearance (in the case of the
environment shown on Fig. 1a, this takes a few minutes). The characteristic size of
F:(t) grows to about a half of the size of its perennial counterpart, F, (¢) = 7 (1),
with about 15% fluctuations (Fig. 2b). Thus, the population of simplexes in F; (¢) is
transient: although the change of the size of F; (¢) from one moment of time to the
next are relatively small, the number of simplexes that are present at a given moment
of time 7, but missing at a later moment ¢, rapidly grows as a function of temporal
separation |t — t’|, becoming comparable to the sizes of either F;(z) or F;(¢') in
approximately one effective link-decay span [44, 45].

Meanwhile, the large-scale topology of F7 (¢) changes significantly slower: after
a brief initial stabilization period that roughly corresponds to the perennial learn-
ing time Ty, (7)), the topological barcode b(F;) remains similar to the barcode of



Topological Stability of the Hippocampal Spatial Map ... 245

2 0% %e® ©
G0 © % oslslose cosd

2 7=150sec t="175sec =100 sec T=125sec
£ °

26 6 6

24 o 00 4 4

T | ® e L) °

@0

=

[

o

N

o

o

8 16 3 . 0 8 16 0 8 16
Time, minutes Time, minutes Time, minutes Time, minutes

Fig. 3 Topological stabilization. As the decay constant T grows, the topological shape of F (¢)
stabilizes. Shown are the Betti numbers by (blue dots) and b; (green dots) at select moments of
time, computed for several values of t

the navigated environment &£, exhibiting occasional topological fluctuations at the
Tin-timescale (Fig.2c). Thus, the coactivity complex J; can preserve not only its
approximate size, but also its topological shape, despite the ongoing recycling of its
simplexes.

As 1 reduces, the topological fluctuations intensify (Fig.3) and vice versa, as T
grows, the effective lifetimes /» and t(®, as well as the number of the simplexes
actualized at a given moment increase approximately linearly, resulting in a growing
“stable core” that stabilizes the overall topological structure of F;(¢). Given the
physiological range of parameters (simulated rat speed, place cell firing rates, place
field sizes, etc.), a complete suppression of topological fluctuations in the coactivity
complex is achieved after the decay times exceed a finite threshold 7, comparable
to the time required to revisit a typical spot in the environment. This value gives
a theoretical estimate for the rate of physiological transience that permits stable
representations of the environment & [44].

Alternative lifetime statistics may strongly influence the topological dynamics
of the cognitive map. For example, if the links’ lifetimes are fixed, i.e., if the decay
probability is defined by

| ifr=r1
P-0=1, ifr #1, @)

then the topological structure of the resulting “quenched-decay” coactivity complex
F¥(t) changes dramatically. Even though the rejuvenation effects widen the effective
distribution of the links’ lifetimes (as before, in addition to a population of short-
lived links with lifetimes close to t, there appears a population of the “survivor”
simplexes), the resulting topological dynamics is more unstable: 7 (#) may split
into dozens of islets containing short-lived, spurious topological defects, even for
the values of t that reliably produce physical Betti numbers for the exponentially
distributed lifetimes (1).

As the decay slows down (i.e., as T grows), the population of survivor links
also grows and the topological structure of F (¢) stabilizes; nevertheless, the robust,
“physical” Betti numbers are attained at much (twice or more) higher values of t than
with the exponentially decaying links. Physiologically, this implies that the statistical
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spread of the connections’ lifetimes (the tail of the exponential distribution (1)) plays
an important role: without a certain “synaptic disorder” the network is less capable
of capturing the topology of the environment.

On the other hand, the topological behavior of F (¢) is less sensitive to the mech-
anism that implements a given simplex-recycling statistics. As it turns out, even if
the functional connections between place cells are established and pruned randomly,
at a rate that matches the statistics (1), the resulting random connectivity graph G, (¢)
produces a random clique complex F, (¢) with topological properties similar to those
of F(¢). In particular, the Betti numbers of F,(¢) converge to the Betti numbers of
the environment about as quickly as the Betti numbers of its decaying counterpart
F:(t), exhibiting similar pattern of the topological fluctuations. Thus, the model
suggests that the dynamic topology of the flickering complex may be controlled by
the statistics of the decays and by the sheer number of simplexes present at a given
moment, rather than by nature of the network’s activity (e.g., random versus driven
by the animal’s moves).

2.2 Finite Latency Complexes

An alternative model of flickering clique complexes can be built by restricting the
period over which the coactivity graph is formed to a shorter time window @ [32].
In such approach, the coactivity simplexes that emerge within the starting @ -period,
w1, will constitute a coactivity complex F (zo); the simplexes appearing within the
next window, @, obtained by shifting @ over a small step Az, will form the
complex F(z,) and so forth. For large consecutive window overlaps (A <K @),
a given clique-simplex ¢ (as defined by the set of its vertexes) may appear through
a chain of consecutive windows, @, @>, ..., w1, then disappear at the kth step
oy (1.e., ¢ € F(wy_1), but ¢ ¢ F(wy)), then reappear in a later window @y, then
disappear again, and so forth. One may then use the midpoints 7, of the windows in
which ¢ has (re)appeared (or any other point within @y) to define the moments of
¢’s (re)births, and the matching points in the windows where it disappears to define
the times of its deaths. By construction, the duration of ¢’s existence between its
k-th consecutive appearance and disappearance, 8¢ i, can be as short as the shift
step Aw or as long as the animal’s navigation session.

Simulations show that for @ exceeding the perennial learning time 7,,;,(7)
and Aw ~ 0.0lw, the intervals 87, (as well as their means averaged over k,
to = (8t k) and of their net existence times AT, = Y, §t. ) are exponentially
distributed, which allows characterizing the simulated cell assemblies by a half-life,
7. Specifically, for the physiological range of parameters of the neuronal activity
in the environment shown on Fig. 1 and @ ~ 1.2T;,(7), the lifetime of a typical
maximal simplex varies within 7. &~ 3 — 12 s (depending on the simplex’ dimen-
sionality), which is much shorter than the proper decay time in the previous model
(1) and closer to the experimentally established range of values [30].
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Fig. 4 Topological dynamics in the finite latency flickering complexes. A. The number of
maximal simplexes (Nmax, blue trace) and total number of simplexes (N, /10, red trace) in the

coactivity complex F (¢). B. The instantaneous learning time Trgfy)l as a function of the discrete
time f, computed for @ = 1.5Tyin (7). C. The low-dimensional Betti numbers, by, by, b3 and by
as a function of the discrete time, computed using @ = 1.5Tyin (7)) remain stable, demonstrating
full topological stabilization of F; (1)

Dynamics of the finite latency flickering coactivity complexes. It is natural to
view the individual, “instantaneous” complexes JF (z;) as instantiations of a single
“finite latency” flickering coactivity complex, F (z;) = F4 (¢;). As it turns out, such
complexes exhibit a number similarities with the decaying complexes F,(¢). For
example, the complex F, () does not fluctuate significantly: for @ > T, (7), the
number of simplexes contained in F (f) changes within about 5 — 10% of its mean
value during the entire navigation period, but the pool of the actualized maximal
simplexes is renewed at about @ timescale (Fig.4a). Biologically, this implies that
the simulated cell assembly network fully rewires over a @ period, similar to the
effective link decay time ‘L'e(z) computed in the previous model.

On the other hand, the large-scale topological properties of F () are much more
stable, similarly to the topological properties of F; (¢). For example, for sufficiently
long latencies, @ 2 1.2 Tyin(7), the time required to produce the correct barcode
b(F,,) = b(E) within each window ey, is typically finite, %) = Tin(F (@) < 00
(Fig. 4b). Moreover, the average learning period T}, = (T,ffi)k is typically similar
to the perennial learning time Ty, (7)), with a variance of about 20 — 40% of the
mean. This result shows that the topological dynamics in the cognitive map of a
semi-randomly foraging animal is largely time-invariant, i.e., the accumulation of the
topological information can start at any point (e.g., at the onset of the navigation) and
produce the result in an approximately the same time period. In effect, this justifies
using perennial coactivity complexes for estimating 7,,;, in [24-29]. It should also
be mentioned, however, that there also exists a number of differences between the
topological dynamics of 7, (¢) and F; (¢), e.g., the topological fluctuations in F, (¢)
are mostly limited to 1 D loops, 2 D surfaces and 3D bubbles (by(t) = 1,b,-4(t) = 0),
whereas the fluctuations in F (¢) also affect higher dimensions.

As w widens, the mean lifetime 7. of maximal simplexes grows, suppressing the
topological fluctuations in F,, (¢) and vice versa, as the memory window shrinks,
the fluctuations of the topological loops intensify. The proportion of the “successful”
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coactivity integration windows (i.e., @ys in which the correct barcode b(F (1)) =
b(€) is attained) also increases with growing . In fact, for w > @, =~ 1.5,
the topological fluctuations tend to disappear completely (Fig. 4c)—even though the
simplexes’ lifetimes remain short (7 = 15 seconds for the environment illustrated
in Fig. 1a).

Moreover, it can be demonstrated that as @ exceeds a certain critical value w,
(typically exceeding Tiin(7) by less than 40%), the instantaneous learning times
T”(fl become @ -independent. Thus, the finite latency model provides a parameter-
free characterization of the time required by a network of place cell assemblies
to represent the topology of the environment and establishes the timescale of the
topological fluctuations in the simulated cognitive map.

3 Discussion

The topological model of the hippocampal cognitive map offers a connection between
the spatial information processed by the individual place cells and the resulting global
map emerging at the neuronal ensemble level, for both stable [24-29, 32] and tran-
sient [42—44] cell assembly networks. The elements of the model are embedded into
the framework of simplicial topology: The groups of coactive cells are represented
by abstract coactivity simplexes, whereas the spatial map encoded by the activity of
neuronal populations is represented by the corresponding simplicial complexes. In
particular, the formation and the disbanding of the cell groups is represented by the
appearing and the disappearing coactivity simplexes, which combine into flickering
coactivity complexes with nontrivial topological dynamics.

Generically, these dynamics occur at three principal timescales. The fastest
timescale corresponds to the rapid recycling of the local connections—the start-
ing point of the model. The large-scale topological loops, described by the time-
dependent Betti numbers, unfold at a timescale that is by about an order of magnitude
slower than the fluctuations at the simplex-level. Lastly, the topological fluctuations
occur over certain robust base values that provide lasting, qualitative information
about the environment.

The model demonstrates that for sufficiently slow simplex-recycling rates, the
topological fluctuations at the intermediate timescale freeze out, i.e., the simulated
cognitive map may transition into a topologically stable state, with static (or nearly
static) Betti numbers. Physiologically, this implies that if the hippocampal place cell
assemblies rewire sufficiently slowly, then the hippocampal map may remain stable
despite the recycling of the connections in its neuronal substrate. Thus, the model
suggests that plasticity of neuronal connections, which is ultimately responsible for
the network’s ability to incorporate new information [66—68], does not necessarily
degrade the large-scale, qualitative information acquired by the system. Quite the
opposite: renewing the connections allows correcting errors, e.g., removing some
spurious, accidental topological obstructions fortuitously incorporated into the cog-
nitive map. In other words, a network capable of not only accumulating, but also dis-
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posing information, exhibits better learning capacity, suggesting that physiological
learning should involve a balanced contribution of both “learning” and “forgetting”
components [69-71].

Remarkably, the three dynamic timescales suggested by the model have their direct
biological counterparts: the short-term memory, which refers to temporary mainte-
nance of ongoing (working) associations [72, 73], the intermediate-term memory that
is acquired and updated at the “operational” timescale [74, 75], and the long-term
memory that captures more persistent, qualitative information are broadly recognized
in the literature. Physiologically, these types of memory are associated with different
parts of the brain (hippocampal and cortical networks); thus, the model reaffirms
functional importance of the complementary learning systems for processing spa-
tial information at different levels of spatiotemporal granularity, from a theoretical
viewpoint [76-78].

The model allows exploring the effects produced on the cognitive map by the
parameters of neuronal activity and the synaptic structure. For example, it can be
shown, e.g., that the deterioration caused by an overly rapid decay of the network’s
connections may be compensated by increasing neuronal activity, e.g., boosting the
place cell firing rates [44] or via contributions of the “off-line”, endogenous activity
of the hippocampal network—the so-called “place cell replays” [79, 80]. The latter
are commonly viewed as manifestations of the animal’s “mental explorations” of its
cognitive map [81-84] and are believed to help learning and to reinforce the map’s
stability [85, 86]. This belief is largely validated by the model, which shows that suf-
ficiently frequent, broadly distributed place cell replays, produced without temporal
clustering, significantly reduce the topological fluctuations in the cognitive map C,
thus helping to separate the fast and the slow timescales and to extract stable topolog-
ical information for the long-term, qualitative representation of the environment [45].
Physiologically, these results suggest that indiscriminate, repetitive reactivations of
memory sequences prevent deterioration of cognitive frameworks.

As a closing comment, it can be mentioned that dynamical simplicial complexes
previously appeared in physical literature as discrete models of quantum space-time
fluctuations, in the context of Simplicial Quantum Gravity theories [87, 88]. It was
shown that such complexes exhibit rich geometrical and topological dynamics, e.g.,
they can exist in different geometric phases, experience phase transitions between
ordered and disordered states, etc., yielding regular behavior in the thermodynamic
“classical” limit. Here, the dynamical simplicial complexes appear in a very dif-
ferent context—as schematic models of the cognitive map’s topological structure
[12, 89], which is naturally discrete (being encoded by finite neuronal populations)
and transient due to the plasticity of the underlying network. Nevertheless, the sta-
tistical mechanics of these “neuronal” complexes also points at a variety of geo-
metric and topological states developing at several timescales. In particular, using
the instantaneous Betti numbers as intensive (size independent) statistical variables
allows describing these complexes’ temporal architecture and identifying the emer-
gent topological stability phenomena.
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Intuitionistic Fuzzy Graph )
Morphological Topology glectie

Abraham Jacob and P. B. Ramkumar

Abstract In this paper, we define morphological topology (M-topology) on intu-
itionistic fuzzy graph (IFG). We also define neighbourhood graph, continuity and
isomorphism between M-topologies.

Keywords M-topology - Neighbourhood graph - Continuity - Weak
neighbourhood graph - Continuous function * Isomorphism

1 Introduction

Mathematical morphology (MM) is a set theoretic tool for image analysis in digital
image processing. Accuracy in image analysis has great importance in any applica-
tions like medical imaging. Process of converting an image into digital form involves
sampling and quantization. A digital image in an array of squares, called pixels
which represents intensity values corresponding to sampling points. It is considered
as a grid-shaped graph with vertices as sampling points and edges determined by
adjacency relation. After thresholding, a planner graph is obtained with different
connected components as vertices.

Vincent [21] introduced graph morphology Laurent Najman and Fernand
Meyer [13] did their work on Mathematical morphology on edge and vertex weighted
graphs based on lattice structure. Fuzziness helps to handle uncertain situations.
Ramkumar and Abraham [16] defined dilation and erosion on intuitionistic fuzzy
soft graphs (IFSG).
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We proved dilation and erosion of IFSG of an image is a member of a complete
lattice with respect to the operations union and intersection with partial order ‘C’ as
IFSG subgraph. Topology is a study of properties of some objects that are invariant
under certain invertible transformation. In this paper, we define p,, adjacency vertices
of a vertex in IFG as a neighbourhood vertices of this vertex in Sect.3. We also
defined morphological topology (M-topology), neighbourhood graph, continuity
and isomorphism of two M-topologies in Sect. 3.

2 Preliminaries

Definition 1 An intuitionistic fuzzy graph (IFG) is of the form
G = (G*, G*, w1, y1, k2, y2), Where

1. G* ={vy, vy,...v,}suchthatu, : G* — [0, 1]andy; : G* — [0, 1],the mem-
bership and non-membership grades of the element v; € G*, respectively, and
0 <)+ yi(v;) <lforeveryv; € G*;i=1,2,...,n.

2. G* C G* x G* where u, : G* — [0, 1] and y, : G* — [0, 1], the member-
ship and non-membership grades of the element e,,,,; in G*, respectively, are
such that '

(@) paley;) < minfu(vi), ui1(v;)}

() yalevw;) < max{yi(v;), y1(vj)}

©) 0 =< paleyw;) + yalevn,) < lforeveryedgesevluj inG*,i =1,2,3,...,n,
j=1,2,3,...,n.

Definition 2 Let u; and u; be two vertices in IFG
G = (G*, G*, i, Vi, Mai, Va2i).

Then, u is said to be n-path adjacency vertex (p, adjacency vertex) to u; if they are
connected by at most n edges. It is denoted by u; p,—adj u;.

Definition 3 Lete,,,, ande,,,, betwoedgesinthe IFGG; = (G*, G*, 1, v1i, i,
). Then e, is said to be n-path adjacency edge (p,-adjacency edge) to Cuu;
if either u; or u; is connected to u; or u; by almost n edges. It is denoted by
Cuiu; Prn—adj ey,

Now we define the dilation and erosion on intuitionistic fuzzy graphs.

Definition 4 Let G; = (G*, G*, w1, v1i» L2i, Y2i) be IFG. Let G be set all intu-
itionistic fuzzy graphs G; = (G*, G*, w1, y1i, Ui, y2i) defined on G = (G*, G*)
where each pair in G satisfies the property intuitionistic fuzzy subgraph with G;. We
define a partial order C as IF subgraph. Let O be an IF graph with all vertices and
edges of membership grade 0 end non-membership grade 1 and 1 be an IFG with all
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vertices and edges of membership grade 1 and non-membership 0. Suprimum end
infimum of two IFG G and G, in G is defined as follows.

G VGy=G UG, =(G*,G™, 11 V iz, Yi1 A Y1z, ha1 VY U2, a1 A ¥a2)
GiAGy=G NGy =(G*,G™, 11 A iz, Y1 vV Y12, hat A U, vai V ¥a2)

Then, (G, A, V, 0, 1) is acomplete lattice. Now define dilation and erosion of vertices
and edges in IFG G; in the following:

1. For each elements u; in G*, §;; = G* — [0, 1] and

€; G* — [0,1] by

uj

81i(up) = (SUP(MU (uj), i,?jf Vii (Mj)>

€ () = (iun]f(ﬂu(”f)v sup V“(”f)> ’

uj

where u; is either uy or u; py—adj uy.
2. For each elements e,,,, in G*,

87 : G* — [0, 1] and
€y : G* — [0, 1] by

ujuj

821’ (emu,) = (SUP M2i (eu;u/)v ginf Y2i (eu;u,-)>
Cujuj

uju;
it fuiuj

€2i (euku,) = (Einf (MZi (eufuj)’ sup yoi (eu,-uj)>

where ey, 18 €yu; OF €y,u; pn—adj ey, -
Then G;g = (€1, €;) is called p, adjacency eroded IFG and G;p = (8y;, §2;) is
called p, adjacency dilated IFG.

A theorem [16] states the p, adjacency dilated IFG G, p and p, adjacency eroded
IFG are again IFG. Therefore, G is closed under dilation and erosion on IFG G;. This
motivates us to define morphological topology (M-topology).

3 Morphological Topology

Now we take G; = (G*, G*, u1, y1, 12, ¥2) as IFG corresponding to an image
obtained for analysis. We proved [] that p,, adjacency dilated IFG G;p and p, adja-
cency eroded IFG G, are IF graphs, motivates us to take M as the collection of
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IFG in which each pair satisfy the IF subgraph property with G;, for defining mor-
phological topology (M-topology).

Definition 5 Let G; be any IFG. Let M be the collection of IFG in which each pair
in M satisfy IF subgraph property with G;. Then, M is called M-topology if the
following axioms are satisfied.

1. 0,1 €e Mand G; € M.
2. M is closed under arbitrary union of IF graphs.
3. M is closed under finite intersection of IF graphs.

where 0 is the IFG with vertices and edges of membership grade 0 and non member-
ship grade 1, and 1 on the IFG with vertices and edges of membership grade 1 and
non membership grade 0.

Then, the pair (G;, M) is called M-topological space. Members of M-topology
M are called open IFG.

Similar images should have similar IF graphs. Therefore, these IF graphs are
topologically isomorphic. Before defining isomorphism, neighbourhood graph and
continuity of a vertex are defined below.

Definition 6 Let G; = (G*, G*, u1, y1, 12, ¥2) be IFG. Let v; be a vertex in G;.
Then, neighbourhood vertices of the vertex v; are defined as the set of all P,-adjacency
vertices of V; and it is denoted by n(v;).

Definition 7 Let G; = (G*, G*, u1, y1, U2, ¥2) be IFG. Let v; be a vertex in G;.
Let N; be a subgraph of G;. This N; is said to be neighbourhood graph of the vertex
v; if there is an open IF subgraph u; of N; containing neighbourhood vertices of v;.

Every open subgraph is M-topology containing neighbourhood vertices of v; is
a neighbourhood of v;.

Definition 8 Let G; = (G*, G*, u1, Y1, U2, ¥2) be IFG. Let v; be a vertex in G;.
Then, the smallest open IF subgraph of G; containing neighbourhood vertices of v;
is called weak neighbourhood graph of v;. . Then, s Let N; be a subgraph of G;. This
N; is said to be neighbourhood graph of the vertex v; if there is an open IF subgraph
wu; of N; containing neighbourhood vertices of v;.

Definition 9 Let (G;, M;) and (G, M) be two M-topological spaces. Let v; be
a vertex in G;. Let f : (G;, M;) — (G, M;) be a function. Then, f is said to be
continuous at the vertex v; if for every neighbourhood graph N; of the vertex f(v;)
in G j, there is a neighbourhood graph N; of v; in G; such that f(N;) is a IF subgraph
OfNj and f(N,) - Nj.

Example 1 LetG; = (G*, G*, w1, Y1, 12, ¥2) bealFG where G* = {vy, va, v3, v4}
be the vertex set G = {ey, v, €vyvs» Cvsu,»> €vgv; } (Se€ Fig. 1).

Then neighbourhood vertices of v; = n(vy) = {vy, v2, v4}.

Let M = {0, 1, G;, G}}. Then three axioms of M-topology are satisfied. Thus,
M is M-topology on IFG G;.
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(a) IFG G; (b) IF subgraph G/, of G;  (c) Neighbourhood graph G/ of
vertex v;

Fig. 1 .

Let GY be a IF subgraph of G;. Since IFG G/ is an open subgraph of G/, G} is a
neighbourhood graph of the vertex v; in G;.

Example 2 Let G; = (G*, G*, u1, y1, L2, ¥2) be IFG.

(a) f M ={0, 1, G;} then M is called discrete M-topology on G;
(b) If M in the collection of all IFG with IF subgraph property with G;, 0 and 1,
then M is called indiscrete M-topology on G;.

Theorem 1 Let (G;, M;) and (G ;, M) be topological spaces. Let v; be a vertex
in G,’.
Let f : (Gi, M;) = (G, M) be a function. Then, the following are equivalent.

1. f is continuous at v;
2. The inverse image of every neighbourhood graph of f (v;) in G ; is a neighbour-
hood graph of v; in G;.

Proof (1) = (2) Let N, be a neighbourhood graph of a vertex f(v;) in G;.

By definition of neighbourhood graph, there is an open neighbourhood subgraph
M; of N; containing neighbourhood vertices of f(v;).

Since f is continuous at v; in G; for each neighbourhood IF graph N; of the
vertex f(v;) in G, there is a neighbourhood IF graph N; of the vertex v; in G; such
that f(N;) is a IF subgraph of N;

o f(NDSN; NiCf'(N).

Since N; is a neighbourhood IF graph of the vertex v;, there is an open IF subgraph
of N; containing neighbourhood vertices of v;.

Therefore, f~!(N;) is a neighbourhood graph of the vertex v; in G; since N; €
FUN)).
2)= (1)

Let N; be a neighbourhood graph of f(v;) in G;.

= f’l(Nj) is a neighbourhood graph of v; in G;
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= there is an open IF subgraph of M; of f~!(N;)
containing neighbourhood vertices of v; in G;
M € fTHNy) = f(M;) S N;

Therefore, f is continuous at the vertex v;. O

Definition 10 Let (G;, M;) and (G ;, M ;) be two M-topologies. Let v; be a vertex
in G;. Let f : (G;, M;) — (G, M) be a function. Then, if f is continuous on G;
then f is continuous at each vertices of G;.

Theorem 2 Let (G;, M;) and (G j, M) betwo M-topologies. Let f : (G, M;) —
(G, M) be a function. Then, the following are equivalent.

1. f is continuous
2. Every inverse image of an open IF subgraph if G ; is an open IF subgraph of G;.

Proof (1) = (2)

Let v; be any vertex in G;. Let M; be an IF subgraph in M containing f (v;).
Since f is continuous, there is a neighbourhood graph N; of the vertex v; such that
f(N;) is a IF subgraph of M;

oo (N € M;
= N; C f'(M))
= f~'(M;) is an open subgraph in M;.

2)= (1)

Let v; be any vertex in G;.

Let M; be open IF subgraph of G

= by assumption, f~'(M;) is open IF subgraph of G;

= f'wm ;) is a neighbourhood of a vertex v;

= there is an open IF subgraph M; in G; containing v; and which IF subgraph of

(M),
Therefore, M; C f‘l(Mj) = f(M;) S M;.
Therefore, f is continuous. U

Now, we define isomorphism below.

Definition 11 LetG; = (G:k, Gix, Wiis Viis » M2i, V2i) and Gj = (G*%, G;, Kijs Vijs
M2j, v2j) be two IF graphs. Let (G;, M;) and (G, M) be two M-topologies on G;
and G, respectively. An isomorphism f : G — G’ which satisfies the following
conditions.

Lo (v) = pa; (F (), v (i) = y1; (f (0),
2. M2i(ev,-v,v) = /LZj(f(ev,vj))’ VZi(euiu,) = VZj(f(evivj))

for each vertices v; and edges ey, in G;.
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Observation 1 Isomorphism is an equivalent relation.

Observation 2 Let (G;, M;) and (G, M) be two M-topologies. Let f : (G;,
M;) — (G, M) be a function. Then, M; and M are isomorphic if and only if
f is a bijective mapping and f and f~! are continuous.

4 Conclusion

As a foundation theory of topology in intuitionistic fuzzy graph morphology, we
have defined morphological topology (M-topology) associated with neighbourhood
graph and continuity of a vertex in IFG with examples. Isomorphism of two M-
topologies defined in this paper can be applied for image analysis in future.
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Some Properties of the Bitopological m
Space Associated With the 3-Uniform oo
Semigraph of Cycle Graph

Asha G. Pillai and P. B. Ramkumar

s

Abstract In this paper,the neighbourhood N; of the vertex ’i’ of the 3 uniform
semigraph C,, | is defined as N; = V — C; where V is the vertex set and C; is the
set of vertices which are consecutively adjacent to ’i’. Let E denote the collec-
tion of end vertices and M denote the collection of middle vertices of C,, ;.Define
g = Njeg P(N;) and 1)y = Ny P(N;).Tg and 1), are the discrete topologies on
the end vertex set and the middle vertex set respectively. Define tg =V Urtg and
), = V U1y . 7, and 7,, are two different topologies defined on the vertex set and
hence (V, rg, rl/u) is a bitopological space. Different topological properties of this
bitopological space are discussed.

Keywords Semigraph - 3-uniform semigraph + Bitopological space

1 Introduction

A semigraph G is a pair (V, X) where V is a nonempty set whose elements are called
vertices of G and X is a set of n-tuples,called the edges of G, of distinct vertices for
n > 2 satisfying the following conditions.

(i) Any two edges have atmost one vertex in common.
(ii) Two edges (uy, us, ....u,) and (vy, vy, ....v,)are equal only if
(@) n =m and (b) eitheru; = v; for1 <i <mnoru; =v,_jy forl <i <n..
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Fig. 1 Example for U Us
semigraph
Us
U, o
Us © O Uy

If e = (41, us....u,) is an edge of the semigraph G,u; and u, are called the end
vertices of e and u», us, ....u,_; are called the middle vertices of e.

Two vertices of G are adjacent if both of them belong to an edge and two edges
are adjacent if they have a common vertex. The pairs of vertices (i1, uz), (uz, u3)...
of the edge e are called consecutively adjacent.

Example

InFlg l,theedges are (ul, us, u3), (u3, I/t4), (M4, u5)(u1, Ueg, u4)(u3, u6)(u5, MG).FOI'
the edge (u1, us, u3) ,u; and uz are the end vertices and u5 is the middle vertex. Also
uy, upandus are adjacent as they are part of the same edge. u;, upandu,, uz are
consecutively adjacent. The number of vertices in an edge is called the cardinality of
the edge (Fig. 1).

2 3-Uniform Semigraph of a Cycle Graph

The semigraph obtained by introducing a middle vertex to each edge of the cycle
C,,,where C,, denote the cycle with m vertices, is a 3-uniform semigraph. It is denoted
by Cy,,1. In a 3-uniform semigraph, the cardinality of each edge is 3 (Fig.2).

Examples

Fig. 2 Examples for 3-uniform semigraph
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3 Bitopological Space

A non-empty set X with two distinct topologies tjandt, defined on X is called a
bitopological space, denoted by (X, 7, 12).

Definition 1 A bitopological space (X, 71, 12) is said to be weakly pairwise Tj if
for each pair of distinct points, there exists a tj-open set or a 7, open set containing
one but not the other.

Definition 2 A bitopolgical space (X, 71, 72) is said to be pairwise Ty if for each
pair (x, y) of distinct points of X, there is either a 7;-open set containing x but not y
or a Ty-open set containing y but not x.

Definition 3 A bitopolgical space (X, 71, 1) is said to be weakly pairwise 77 if for
each pair (x, y) of distinct points of X, there is a t;-open set G and a 7,-open set H
suchthatx e G,y¢ Gandye H . x ¢ Horx € H,y ¢ Handy € G,y ¢ G.

Definition 4 A bitopolgical space (X, 71, 75) is said to be pairwise 7 if for each
pair (x, y) of distinct points of X, there is a 7;-open set G containing x but not y or a
T,-open set H containing y but not x.

Definition 5 A bitopological space (X, 71, 12) is said to be weakly pairwise 7T, if
for each pair (x, y) of distinct points of X, there is a 7;-open set G and a 7-open set
HwithGNH =¢suchthatx e Gandye Horx € Hand y € G.

Definition 6 A bitopolgical space (X, 7, 12) is said to be pairwise 7> if for each
pair (x, y) of distinct points of X, there is a 7;-open set G and a (1,)-open set H with
GNH=¢suchthatx e Gandy € H.

Definition 7 A bitopological space (X, 11, 12) is said to be double compact if both
the spaces (X, t1) and (X, t2) are compact.

Definition 8 A bitopological space (X, t1, 72) is said to be pairwise normal if for a
71-closed set P and a 1p-closed set Q with P N Q = ¢,thereisaG e ryand H € 1
such that P C H and Q C GwithG N H = ¢.

Definition 9 A bitopological space (X, 71, 72) is said to be pairwise compact if every
71-open cover of X has a finite tp-open subcover and every 7,-open cover of X has
a 71-open subcover.

Definition 10 A bitopological space (X, 71, 1) is said to be pairwise connected if
X cannot be expressed as the union of two nonempty disjoint open sets G and H such
that G C tjand H C 1.
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4 Bitopological Space on Cy;, 1

Let the vertex set of a 3-uniform semigraph of a cycle graph be V = {1, 2,3, ....}
where E = {1, 3,5, ...} are the end vertices and M = {2, 4, 6, ...} are the middle
vertices.

Define a neighbourhood for each vertex as follows.

For each vertex i’, define the neighbourhood 'N; as N; = V — C;, where C; is
the set of vertices which are consecutively adjacent to 'i’.

Consider the collection 7z = (), P(N;) and 7y = [);cpy P(N;), where P (N;)
denote the power set of N;.

7 and 1) are the discrete topologies on E and M respectively.

Iustration 1 In C; j, (Fig.3)

Ny ={1,3,4,5} ,N, ={2,4,5,6}

N3 ={1,3,5,6} ,Ny, ={1,2,4,6}

Ns ={1,2,3,5} ,N¢ ={2,3,4, 6}

e = {o, {1}, {3}, {5}, {1, 3}{1, S}{3, 5}{1, 3, 5}}, which is the discrete topology
onE.

™ = {¢, {2}, {4}, {6}, {2, 4}, {2, 6}, {4, 6}, {2, 4, 6}}, which is the discrete topol-
ogy on M.

Fig.3 C3’1 1
2 6
3 v 5
4
Fig.4 C4; 8
1 O 7
2 6
0
3 5
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Ilustration 2 For Cy4; (Fig.4),

Ny =1{1,3,4,5,6,7} ,N, = {2,4,5,6,7, 8}
N3 =1{1,3,5,6,7,8} ,Ns ={1,2,4,6,7, 8}
Ns=1{1,2,3,5,7,8} ,No¢ = {1,2,3,4,6, 8}
N7 =1{1,2,3,4,5,7} ,Ns = {2,3,4,5,6, 8}
te = {¢, {1}, {3}, {51, A7 AL, 3% {1, SH AL 73,43, 51, 43, 73,5, 73, {1, 3, 5,

{

{1,3,7},{1,5,7},{3,5, 7}, {1, 3,5, 7}} which is the discrete topology on E.

e = (¢, {2}, {4}, {6}, {8}, {2, 4}, {2, 6}, {2, 8}, {4, 6}, {4, 8}, {6, 8}, {2, 4, 6},
{2, 4, 8}, {2, 6,8}, {4, 6, 8}, {2, 4, 6, 8} which is the discrete topology on M.

Now define 7,y = VUrtgand 7y =V U 1y

Both 7, and t,, are topologies on the vertex set V.

Since r}f and 1:,'\4 are defined over the same vertex set V,(V, 1:1'5, T;W) is abitpological
space .

5 Some Topological Properties of (V, t;, Tzlw)

Proposition 1 The bitopological space (V, ‘L'/E, ‘L'I/W) is weakly pairwise T.

Proof Leti, j € V suchthati # j.

Ifi e Efi} e t;E ,which contains i but not j.

Ifi e M,{i} € 7,'1,\,1 ,which contains i but not j.

Therefore for every pair of vertices (i, j), i # j, there exists a 'L’I,E open set or a
Tzlvz open set containing one but not the other. Hence(V, tg, II/W) is weakly pairwise
Tp.

Proposition 2 The bitopological space (V, ‘L'/E, r]'w) is pairwise Ty

Proof Leti, j € Vsuchthati # j.Ifi € E, {i} rg which contains i butnotj. Ifi €
M, {i} € Tz/w which contains i but not j. Therefore for every pair of vertices (i, j),i #
J, there exists a té-open set containing i but not j or a t,/w-open set containing i but
not j and hence (V, rjg, t]'\,,) is pairwise Tp.

Proposition 3 The bitopological space (V, r;g, Tz/w) is not pairwise T\ and not
weakly pairwise Tj.

Proof Leti, j € V such thati # j.

Leti,je E.LetG ={i}.Gis r,; open which contains i but not j. Now, V is the
only II’W open set which contains j. Since V contains all the vertices,i € V. Therefore
there exists no Tz/vz open set H which contains j but not i.

L (V, 1'1,5, t,’W) is not pairwise 7.
Same argument leads to the conclusion that (V, ‘L';L:, Tz/u) is not weakly pairwise 77.

Proposition 4 The bitopological space (V, Tg, IZ’V,) is not pairwise T, and it is not
weakly pairwise T,.
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Proof Leti, j € V suchthati # j.

Leti,je ELetG ={i}.Gis r}i open which contains i but not j.Now, V is the
only 1:11,1 open set which contains j.Let H = V .Since V contains all the vertices,i €
V.= GN H # ¢.We cannot find two open sets G and H with GN H = ¢ and
i € G,je HHence (V, r/E, Tz/w) is not pairwise 75.

Same argument leads to the conclusion that (V/, ‘L';E, t;w) is not weakly pairwise 7.

Proposition 5 The bitopological space (V, ‘L'/E, T,/‘,,) is double compact.

Proof (i).To show that (V, t,;-)is compact.

Let 8 be an open cover for (V, 7z).

= Upe s B =V By the choice of t}i,every open cover must contain V.= Any
subcollection of S including V is a finite subcover of .= (V, ré)is compact.

(ii).To show that (V, I;W)is compact.

B be an open cover for (V, ™).

= Upe s B =V .By the choice of t]'w,every open cover must contain V.= Any
subcollection of B including V is a finite subcover of .= (V, r,’w)is compact.

Combining (i)and (ii) (V, ré, rl/u) is double compact.

Proposition 6 The bitopological space (V, r;g, ‘L'I/W) is pairwise normal.

Proof Let P be a tjE-closed set and Q be a r,'\,l-closed set such that P N Q = ¢.By
the choice of 'L’I/.; and Tz/w ,there exists only one such pair ,namely,P=M and Q=E.
Let G=M and H=E.Clearly,P € G and Q € H,with G N H = ¢.
-.Forat-closed setPandat,,-closed set Q,with P N Q = ¢,thereexists G € 1),
and H € 1, with GN H = ¢ such that P € G and Q C H.
= (V, 14, T,,) is pairwise normal.

Proposition 7 The bitopological space (V, ‘L'/E, T,/‘,,) is pairwise disconnected.

Proof LetG=E and H=M.G € 7, H € 7,,, GNH = pandGUH =V,

Hence V can be expressed as the union of two nonempty disjoint open sets G and
H such that G C 7, and H C 1.

A ré, 1:1"4) is pairwise disconnected.

6 Conclusion

In this paper,we have introduced two different topologies on the vertex set of a 3-
uniform semigraph of a cycle graph to make it a bitopological space.Some topological
properties of the space are verified.Further studies are in progress.
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Abstract Consider a hypergraph H with vertex set V = {vj, vs,...v,} and
hyperedge set E = {e;, es, ...e,}. Two edges are adjacent if their intersection is
non-empty. A neighbourhood of a vertex v;, denoted by N (v;) is defined as the
collection of vertices in adjacent edges of v;. Hence, every edge is contained in a
neighbourhood. A hypergraph topology is a family T of neighbourhood of vertices
in V which satisfies the following conditions

e p VeT
o If N(v;), N(vj) e Tthen N(v;) N N(v;) e T
o If N(v;) ¢ T foreachi € I then U;.;N(v;) e T

The elements of T are called open sets. Thus, atopology T defined on a hypergraph H
is called hypergraph topological space, denoted by (H, T). Also for a subhypergraph,
similarly a subhypergraph induced topology is defined. The concept of closed sets,
continuity, connectedness, metric and homeomorphism are also discussed
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1 Introduction

The hypergraph topology is not concerned with the physical layout of the hyper-
graph, but shows what connections exist between the vertices and hyperedges. Thus,
for the same hypergraph we can define different topologies. Hypergraph H is a pair
(V, E) where V is the set of vertices and E is the set of edges called hyperedges
which is a continuous closed curve containing the vertices. Each hyperedge consists
of any finite number of vertices. Topological Hyper-Graphs were defined in a paper
Topological Hyper-Graphs by Sarit Buzaglo, Rom Pinchasi and Gunter Rote in 4
December 2007. They defined topological hypergraphs as vertices enclosed by Jordan
Curves. A family of simple closed curves in the plane is a family of pseudo-circles,
if every two curves in the family are either disjoint or properly cross at precisely two
points. They discussed more on graphical properties in topological hypergraphs. In
this paper, also hyperedge is defined as pseudo-circles. But here we concentrated
only on topological properties. Instead of topological hypergraph, we defined it as
hypergraph topological space by defining hypergraph topology. The paper also dis-
cusses the concept of closed sets, continuity and connectedness, and their properties.
This is further extended to homeomorphism.

2 Preliminaries

Hypergraph H is a pair (V, E) where V is the set of vertices and E is the set of
edges called hyperedges which is a continuous closed curve containing the vertices.
Each hyperedge consists of any finite number of vertices. Consider a hypergraph
H with vertex set V = {vy, v, ... v,} and hyperedge set E = {ey, ez, ... e, }. Two
edges are adjacent if their intersection is non-empty. To every hypergraph, we define
a subhypergraph as follows. A subhypergraph is a hypergraph with some vertices
or edges removed. Subhypergraph H, induced by a subset A of V is defined as
Hy=(A,{e; N A;e; N A # (J}) where e;€E.

For example, consider the above hypergraph H. Define A C V as A = {vy, v3, vg}.
Then Hy = (A,e; NA # Wi =1,2,3)= (A, E4), whereE4 = {ey,, e3,} The sub-
hypergraph Hy4 is shown below (Fig. 1).

As our interest is on connected hypergraphs, hyperpaths is defined. A hyperpath
between vertices v and vy is defined as an alternative sequence of distinct vertices and
hyperedges vy, ey, v2, €2, ..., ex—1, U such that {v;, v;41} Ce; forl <i <k — 1.
A hypergraph is connected if there is a hyperpath between every pair of vertices.
Otherwise, it is disconnected.

A metric is a function d : X x X — R which satisfies the following conditions



Hypergraph Topology 273

€,

A

Fig.1 Subhypergraph

o d(vi,v;) >0

° d(Ui,Uj) =0 << v, = v;

° d(v,',l)j) =d(vj,vi)

o d(v;, v) < d(v;,v) +d(vj, vg)

3 Hypergraph Topological Space

A neighbourhood of a vertex v; denoted by N (v;) is defined as the collection of
vertices in adjacent edges of v;. Hence, every edge is contained in a neighbourhood.
A hypergraph topology is a family T of neighbourhood of vertices in V' which
satisfies the following conditions

e ¢, VeT
o If N(v;), N(Uj) € T then N (v;) ﬂN(vj) eT
o If N(w;) e T foreachi € I thenU;.;N(v;) e T

The elements of T are called open sets. Thus, a topology 7 defined on a hypergraph
H is called hypergraph topological space, denoted by (H, T'). Since neighbourhood
of a vertex is an open set, the closed set is the complement of a neighbourhood.
For example, a hypergraph H is shown below (Fig. 2).

Fig. 2 Hypergraph
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Fig. 3 Subhypergraph induced by A

Here V = {vy, va, v3, V4, Vs, Vg, V7, Vg} and E ={e, e, e3} where
e = {v1, V2, v3, v4}, €2 = {v4, vs} e3 = {vs, Vs, V7, U8}
N(vy) = {v1, v2, v3, V4, U5} = N(v2) = N(v3),
N(vq) = {v1, v2, v3, V4, Vs, Vg, V7, U8} = V = N (vs),
N (ve) = {v4, Vs, Vg, v7, 18} = N(v7) = N(vg)
The hypergraph topology that can be defined are

T ={¢,V, N}
T ={¢,V,N(vs)}
T ={¢,V, N(vg)}
T ={¢,V,N(v3)}, etc.

(H, T) is the hypergraph topological space. H = (V, E) with A C V. Hy is the
subhypergraph of H.

The subhypergraph topology on Hy is defined by T4 = {A N N (v;); N(v;)eT}.
N(v1) = N(v2) = N(v3) = {v1, v2, v3, V4, v5},N (v4) = N(vs5) = V,N(vs) = N(v7)
= N(US) = {U4, Vs, Ve, VU7, U8}

T ={¢,V,N)}

Using the above hypergraph A = {v, v3, v6}.A NP =, ANV = AN N(vy) = A,
ANN (@) = {v1, v3}.

T4, = {¢, A, {v1, v3}} is not a topology induced by A. This is because the subhyper-
graph has disjoint hyperedges. So we shall redefine A using hyperpaths .

In the context of hypergraph topology, a hyperpath between vertices v; and vy
is a sequence of vertices vy, vy, ..., Ux such that ﬂleN(vi) # ¢. By this, we can
define connectedness in hypergraph topological space. Thus, the connectedness in
hypergraph theory and topological theory is similar with respect to neighbourhood
of vertices. Now we shall come back to see what is subhypergraph topological space.

Consider an example (Fig. 1) aslet A be the vertices in the hyperpath vy, e, v4, €2, vs.
Thatis A = {vy, v4, vs}.
The subhypergraph induced by A is shown below (Fig. 3).
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Let T ={¢,V,N(vg)} Then ANp=¢, ANV =A, AN N(vg) = {vg, vs}.
Thus, T4 = {¢, A, {v4, vs}} is the induced subhypergraph topology.
As we defined the open set, we can think of closed sets.

4 Closed Set

A set other than V is closed if its complement is a neighbourhood of a vertex. Thus,
a set is closed if its complement is open. Thus, ¢ and V are both closed and open.
In the previous example by Fig. 1, ¢¢ =V,

VE=¢, N() = {ve, v7, v} = N(v2)° = N(v3)",

Ny = ¢ = N(v5)

N (vs)° = {v1, v2, v3} = N(v7)° = N(vg)° are not neighbourhoods.

The closed set in this topology is ¢, V, {ve, v7, v}, {v1, V2, V3}

Hence, complement of every set in a hypergraph topology is a closed set.

So similar to simple theorems in general topology, we have these in hypergraph
topology also.

Theorem 1 The union of any collection of open set is open.The intersection of a
finite number of open set is open.

Proof Every neighbourhood is an open set. By the definition of hypergraph topology,
any union of elements in a topology, 7', is contained in 7', and the union of open sets

isopenin 7.
Similarly, by the definition of hypergraph topology, intersection of elements of T is
in T. That is, intersection of open sets is open. ([

Theorem 2 The intersection of a collection of closed set is closed. The union of a
finite number of closed set is closed.

Proof The complement of the intersection of closed sets is the union of the comple-
ment of closed sets. That is, it is the union of open sets . Since union of open set is
open, the complement of intersection of closed set is open. Hence, the intersection of
closed set is closed. Again by De Morgan’s law, complement of union of closed set
is the intersection of open set, which is open. Hence, union of closed set is closed. []

5 Continuity in Hypergraph Topology

Let us define the continuity in hypergraph topological space.

Let (H;, T1) and (H;, T;) be hypergraph topological spaces. A function f : H; —
H, is said to be continuous if for each neighbourhood N (v;) of H;, the set f “L(N@))
is a neighbourhood of H,. By this definition, we derive the following theorem using
closed sets.
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Theorem 3 Let (Hy, T1) and (H,, Ty) be hypergraph topological spaces. Then f :
Hy — H, is continuous if and only if for every closed set W in H,, the set (W)
is closed in H;.

Proof Assume that f is continuous. By definition, for each neighbourhood N (v;) in
H,, the set f~'N(v;) is a neighbourhood of H;. Let W be a closed set in H,. Then
by definition of closed set W¢ is a neighbourhood in H,. By continuity, f ' (W¢) is
a neighbourhood in Hy. f~'(W¢) = (f 1 (W))*

Letv; € f~1(W°)

— f(v;) e W¢

= f)¢gWw

— v; ¢ f~'(W) ,since f is continuous

= v e (fTIW)e.

Therefore f~'(W¢) = (f~'(W))¢

(f’1 (W)H¢isa neighbourhood in H; . This implies that f’l (W) isclosed in H;.
Conversely assume that for every closed set W in H,, f ~! (W) is closed in H;.
W is closed in H, = W<€ is open in H,
= W€ is a neighbourhood in H,
f ' (W)isclosedin H = (f~'(W))° is a neighbourhood in H,
= f “1(We)isa neighbourhood in H;. Thus, for every neighbourhood W¢ in H,
there exist f~!(W¢), neighbourhood in H;, = f is continuous. O

Using continuous mapping the connectedness can be proved by the next theorem.

Theorem 4 Let (Hy, T\) and (H,, T») be two hypergraph topological spaces. If f :
H, — H, is continuous and H\ is a connected, then f (H\) is a connected hypergraph
topological space.

Proof Since H| is connected, there exists a hyperpath between every pair of vertices.
= N’ N(v;) # ¢ forevery i
claim: f(M_,N(v;)) =N/, f(N(v;))
wef (M N @) <= [~ (w)e Ny N(v)
— f’l(w)eN(vi)) for every i
<= wef(N(v;)) for every i
= we N, fF(Nw))
Hence, f(N_ N (v))) = M, f(N(v)) # N}, f () # ¢
Thus, there is a hyperpath between every pair of vertices in f(H})
Thus, f(H,) is connected. [l
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6 Metric in Hypergraph Topology

The function d(v;, v;) = k, where k is the length of shortest hyperpath in a hyper-
graph topology, follows all the axioms of the metric. So with this metric defined by
d(v;, vj) = k, where k is the length of shortest hyperpath in a hypergraph topology
is a functiond : V x V — R, which satisfies the following conditions

o d(v;, Uj) >0

o d(v;, v‘,») =0 <= v = v

(] d(vi, vj) = d(vj, Ui)

o d(vi,v) <dvi,v)) +d(vj, vg)

This hypergraph topology induced by this metric is called metric hypergraph topol-
ogy. For example, by Fig. 1, d(vy, v;) = 0,d (v, v4) = 1,d(vy, v5) = 2,d(vy, v7) =
3. That is the first three conditions are satisfied. Also d(v;, v7) = 3 and d(vy, v4) +
d(vg, v7) = 142 = 3. From Fig.4, d(vy, vs) = 4 and d (v, v3) + d(v3, vg) =2 +
3 =5. Thus, d(v;, vr) < d(v;, v;) +d(vj, vr). Hence, the fourth condition is also
satisfied. With this metric (H, d) is a metric hypergraph space.

7 Homeomorphism in Hypergraphs

Homeomorphism is a bijective correspondence that preserves the topological struc-
ture, it gives the connection between the neighbourhoods of H, and H,. Two hyper-
graphs H, and H, are homeomorphic if one of the hypergraph is obtained from the
other by subdivision or smoothing out of the vertices.

7.1 Subdivision

In subdivision, edges are subdivided into edges by introducing suitable number of
vertices. Using Fig. 1,consider the edge e; = {vy, va, v3, v4}

Add two new vertices as common.Let the new vertex be w; and w,.Hence by subdi-
vision, the new edges are {v|, vy, wy, wyo} and {wy, ws, v3, v4} (Fig.4).

7.2 Smoothing Out

In smoothing out the edge is smoothed out to an edge by deleting suitable number of
vertices in common. For example, in Fig.4 consider the edges {v;, v, wi, wy} and
{w1, wa, v3, v4} . They have the intersection {w;, w,}. By smoothing out w; and w,,
the edge {v;, v, v3, v4} is obtained .
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Fig. 4 Hypergraph obtained by subdivision

8 Conclusion

By defining hypergraph topological space with hypergraph topology using neigh-
bourhood of a vertex a new branch of topology is evolved. Thus, hypergraph is a
topological space in which vertices are points, and each edge is a region in a plane.
The concept of closed set, continuity, connectedness in hypergrah topological space
are discussed. Using hyperpath metric is defined by giving metric hypergraph space.
The homeomorphism in hypergraph is defined. Further, investigation is being done
on the homeomorphism and to homology of hypergraph topological space.
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