Chapter 4 )
Functionally-Fitted Energy-Preserving Shethie
Integrators for Poisson Systems

This chapter presents a class of energy-preserving integrators for Poisson systems
based on the functionally-fitted strategy, and these energy-preserving integrators can
have arbitrarily high order. This approach permits us to obtain the energy-preserving
methods proposed in [1] by Cohen and Hairer and [2] by Brugnano et al. for Poisson
systems.

4.1 Introduction

It is well known that Poisson systems arise in many applications. Moreover, it
is noted that Poisson systems often have periodic or oscillatory solutions. This
chapter is devoted to efficient numerical integrators for solving Poisson systems
(non-canonical Hamiltonian systems)

Y@ =ByO)VHy@), yO0) =y eR’ 1€[0,T], 4.1

d
where the prime denotes . , B(y) is a skew-symmetric matrix, H(y) is a scalar

function, and both are sufficiently smooth. It is assumed that the system (4.1) has a
unique solution y = y(¢) defined for all ¢t € [0, T]. An important feature of (4.1) is
that the energy H (y) is preserved along the exact solution y(#), since we have

d
g AW = VH(y@)TY' (1) = VH®)TB(y(0))VH(y(1) = 0.

Numerical integrators that preserve H (y) are termed energy-preserving (EP) inte-
grators. The main aim of this chapter is to formulate and analyse some EP integrators
for efficiently solving Poisson systems. Other geometric properties of the Poisson
systems such as the preservation of Casimir functions and the Poisson map of the
flow will not be considered in this chapter.
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If the matrix B(y) is independent of y, d is an even number and

oo (%0
- o —Id Od ’
2 2

then the system (4.1) is a canonical Hamiltonian system. Much effort has been made
for solving this system, and we refer the reader to [3—13] and references therein. For
canonical Hamiltonian systems, EP integrators are important and efficient methods
and a variety of EP methods have been derived and studied in the past few decades,
such as the average vector field (AVF) method (see, e.g. [14—16]), discrete gradient
methods (see, e.g. [17, 18]), Hamiltonian Boundary Value Methods (HBVMs) (see,
e.g. [19, 20]), EP collocation methods (see, e.g. [21]) and exponential/trigonometric
EP methods (see, e.g. [22-26]).

Among typical EP methods for solving y = JVH(y) is the well-known AVF
method given by Quispel and McLaren [16] as follows:

1
Vi=yo+h / JVH G0+ 001 — yo))do. 42)
0

Quispel and McLaren in [16] pointed out that this method is a B-series method.
Hairer extended this second-order method to higher-order schemes by introducing
the so-called continuous-stage Runge—Kutta methods [21]. On noticing the fact that
the dependence of the matrix B(y) should be discretised in a different manner,
an additional strategy will be required for Poisson systems. This means that it is
necessary to design and analyse the EP methods specifically for Poisson systems.
As is known, McLachlan et al. [18] discussed DG methods for various kinds of
ODEs including Poisson systems, and Cohen et al. [1] succeeded in constructing
arbitrary high-order EP schemes for Poisson systems and the following second-
order EP scheme for (4.1) was derived

1
yi = yo+hB((1/2)(y1 + y0)) /O VH(yo+o(y1 — yo))do. (4.3)

In the light of HBVMs, Brugnano et al. gave an alternative derivation of such
methods and presented a new proof of their orders in [27]. EP exponentially-
fitted integrators for Poisson systems were researched by Miyatake [28]. Using
discrete gradients, Dahlby et al. [29] constructed useful methods that simultaneously
preserve several invariants in systems of type (4.1). With regard to other multiple
invariant-preserving integrators we refer the reader to [2, 20, 30-32].

We note that the functionally-fitted (FF) technique is a very useful approach to
the construction of effective numerical methods for solving differential equations.
In general, an FF method can be derived by requiring it to integrate members of
a given finite-dimensional function space X exactly. The corresponding methods
are termed trigonometrically-fitted (TF) or exponentially-fitted (EF) methods if
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X is generated by trigonometrical or exponential functions. Using the FF/TF/EF
technique, many efficient methods have been constructed for canonical Hamiltonian
systems including the symplectic methods (see, e.g. [33—40]) and EP methods (see,
e.g. [23, 41]). This technique has also been used successfully for Poisson systems in
[28] and second- and fourth-order schemes were derived. In this chapter, using the
functionally-fitted technology, we will design and analyse efficient EP integrators
for Poisson systems. These integrators of arbitrarily high order can be derived in
a routine and convenient manner, and different EP schemes can be obtained by
considering different function spaces. We will show that choosing a special function
space allows us to obtain the EP schemes proposed by Cohen and Hairer [1] and
Brugnano et al. [27].

4.2 Functionally-Fitted EP Integrators

In order to derive the EP integrators for Poisson systems (4.1), we first define a
vector function space Y=span{®y(¢), --- , @,_1(t)} on [0, T] by (see [41])

r—1
Y = w:w(t):Z@,-(t)Wi, te[0,T], Wi eRd},
i=0

where the real functions {®; (t)}f;é are linearly independent and c' ([0, 71 = R).
In this chapter, we choose a stepsize # > 0 and consider the following two function
spaces

th th
Y, =span{®g(th), - -, @,_1(th)}, X :span{l, / Do(s)ds, -+, / @r,l(‘v)ds} s
0 0
“4.4)

where 7 is a variable with T € [0, 1], the stepsize & is a positive parameter with
0 < h < ho <T,and ho depends on the underlying problem.

We now introduce a projection (see [41]), which will be used in this chapter and
we summarise its definition as follows.

Definition 4.1 (See [41]) Let &7, be a linear operator that maps d-vector valued
real functions defined on [0, /] into the finite dimensional space Yj,. The definition
of Zyw(th) is given by

(v(th), PrLw(th)) = (v(th), w(th)), forany v e Yy, 4.5)

where w(zh) be a continuous R¢-valued function for 7 € [0, 1] and Z,w(th) is a
projection of w onto Yj. The scalar product (-, -) is defined as an inner product in
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C([0, 1] — RY) so that for
u=u(th) = (ui(th),--- ,ug(th)T, v=v(th) = (vi(th), - ,va(th)T,
1
(u, v) is a d-dimensional vector with components / uj(th)vi(th) dr fori =
0
1,---.,d.

The following property of &7, is also needed, which has been proved in [41].
Lemma 4.1 (See [41]) The projection Zyw(th) can be explicitly expressed as

Phw(th) = (Pr g, w(oh))o,

where
r—1
Peo =Y vi(th)yi(oh),
i=0
and {Yy, - - - , Yr—1} is a standard orthonormal basis of Y), under the inner product

<'1 ) .
With these preliminaries, we first present the definition of the integrators and
then show that they exactly preserve the energy of Poisson system (4.1).

Definition 4.2 Let u = u(th) be the unique solution of the following initial value
problem

1 du(th)

g = Bu@m)Zy(VH@@h). u©) =y, Tel0.1]. (4.6)

If u € Xj, then the numerical solution after one step is defined by y; = u(h). In
this chapter, the integrator is termed a functionally-fitted EP (FFEP) integrator.

Remark 4.1 Ttisimportantto note that the exact solution of the Poisson system (4.1)
may not belong to the function space Xj,. In this definition, the function u € X}, is
considered as a numerical approximation of the exact solution. This approach is
similar to that given by Cohen and Hairer in [1], where they consider a polynomial
function as the approximation of the exact solution. In particular, we remark that, for
the Euler equation considered as a numerical experiment in Sect. 4.7, the solution of
(4.6) belongs to Xj,.

Theorem 4.1 The FFEP integrator (4.6) exactly preserves the energy, i.e.,

H(y1) = H(yo).
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Proof Tt follows from u € X, thatu’ € Y},. Using the definition of &7, yields
1 1
/ '@ (2 (VH@u(xh))) dr = / W (th)i (VH@(thy) de, i=1,2,-- d,
0 i 0
where (-); denotes the i-th entry of a vector. We then obtain
1 1
/ u’(th)Tf@h(VH(u(rh)))dt =/ u' (th)TVH (u(th))dr.
0 0
Hence, we have
Id
H(y1) — H(yo) = / d H(u(th))dt
0 T
1
= h/ w' (th)TVH u(th))dr
0

1
=h/ u' (th)T Py (VH (u(th)))dr.
0

Inserting (4.6) into this formula gives

1
H(y1) = H(yo) = h fo P (VH (u(th)) " Bu(ch))T 24(VH (u(th)))dr.

This proves the result by considering that B(u) is a skew-symmetric matrix. O

Remark 4.2 If B(y) is a constant skew-symmetric matrix, (4.1) is a canonical
Hamiltonian system. In this case, the FFEP integrator (4.6) is identical to the
functionally-fitted EP method derived in Li and Wu [41]. Apart from this, if Y} is
generated by the shifted Legendre polynomials on [0, 1], then the FFEP integrator
(4.6) reduces to the EP collocation method given by Cohen and Hairer [21] and
Brugnano et al. [27].

4.3 Implementation Issues

We next pay attention to practical implementation issues of the FFEP integrator. We
choose the generalised Lagrange interpolation functions /;(t) € Y}, with respect to
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r distinct points c?,- e [0,1]fori =1,---,r as follows:

(1(v), -+, 1-(v)) = (Po(th), D1 (th), - , ®,_1(th))

@o(dih) P1(dih) - Pr_1(dih)
Po(d2h) Pi(drh) - - Pr_1(d2h)

-1
4.7)
@o(dyh) @1(dh) - Dr_yi(d,h)

Clearly, {fi (7)};_, provides another basis of Y}, satisfying fi(c?j) =6ij. Asu’ € Yy,
u’ can be expressed in

u'(thy =l (dih).

i=1
It follows from Lemma 4.1 that the FFEP integrator (4.6) is identical to
1
u'(th) = B(u(th))/ P; - VH(u(oh))do,
0
which leads to
R ) 1
u'(d;h) = B(u(dih))/ P; VH(u(oh))do.
0 (Rl
We then obtain
r r 1
W' (ch) = Yl @iy = 30 (r)(B(u(dih))/ Pji’GVH(u(ah))do)
i=1 i=1 0
(4.8)

Integrating (4.8) gives

th T
w' (x)dx = yo + h/ u' (ah)da
0

u(th) =yo + /
0
t I 1
=y0+h/ Zii(a)daB(u(é,-h))/ P; VH(u(oh))do.
O l=1 O I

Let y» = u(oh), and we are now in a position to present the FFEP integrator
(4.6) for Poisson system (4.1).
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Definition 4.3 An FFEP integrator (4.6) for Poisson system (4.1) is defined by

r 1 T
e =0 +h2/0 (Pji’afo l,-(oz)d(x)B(yji)VH(yg)do, 0<7<l,
i=1

r 1 1
W :yo—i—hZ/o (Pji’a/O l,(a)doe)B(yai)VH(ya)da.
= (4.9)

Remark 4.3 Tt can be observed from (4.9) that this integrator has a pattern similar
to the formula (2.4) given by Cohen and Hairer in [1]. We need the first formula of
(4.9) only for v = dy, -+ ,d, and this leads to a nonlinear system of equations for
the unknowns y a e Va which can be solved by a fixed-point iteration method.

Remark 4.4 1t is noted that the integrals [ I; (e)da and fol [; (e)da can be calcu-
lated exactly if Y is generated by many kinds of functions such as polynomials,
exponential and trigonometrical functions. The integral fol P i o V H (ys)do appear-
ing in (4.9) can also be calculated exactly for many cases. If these integrals cannot be
explicitly calculated, they can be approximated by quadrature to any desired degree
of accuracy.

4.4 The Existence, Uniqueness and Smoothness

We note that the FFEP integrator (4.6) fails to be well defined unless its existence
and uniqueness is shown. This section is devoted to this issue.

In what follows, we assume that the solution y = y(#) of (4.1) is contained in the
following ball for ¢ € [0, ho]

Boo. R ={y e Rz lly = yoll < R},

where R is a positive constant and || - || is a fixed norm in R¢ which is the same as
that stated in Assumption 4.1 below. Besides, it has been shown in [41] that P , is a
" P &

smooth function of /. In this setting, we assume that A, = max¢ o re[o,1] o

for n = 0, 1. Furthermore, the nth-order derivative of VH at y is a multilinear map
from @\Rd X oo X R‘i to R? defined by

~
n—fold

0"VH
VH MGz = ) PSR COSERREE A
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where y = (y1,--,ya)T and z; = (z},---,zH)T fori = 1,---,n. The same
notation is used for B(y). Before presenting the result, we also need the following
assumption.

Assumption 4.1 Denote Dy = Max,c sy Ry [IVH(y)|| and Coy = max, ¢ z(yo.R)

[|B(y)||.Itis assumed that VH and V HD are Lipschitz-continuous, i.e., there exist
D1, Dy > 0 such that

IVH (1) — VH)II < Dillyi — yall, IVHD (y1) = VHD (3)] < Dallyr =yl

for all yi, y» € B(yo, R). The same assumption is required for B(y) and BD(y),
and the corresponding Lipschitz constants are denoted by C; and C3, respectively.

Theorem 4.2 Under the assumptions stated above, the FFEP integrator (4.6) has

a unique solution u(th) provided the stepsize h satisfies

1

) ,ho,l} . (4.10)
AoCoD1 + AgC1Dy AgCoDg

0<h<8<min{

Moreover, u(th) is smoothly dependent on h for any fixed T € (0, 1].

Proof Existence and uniqueness. It follows from Lemma 4.1 that the FFEP
integrator (4.6) can be written as

1
W' (th) =B(u(th))/ Pr.o VH(u(oh))do.
0

By integration we obtain

T

1
u(th) = yo + h/ B(u(oth))/ Py.oVH(u(oh))doda. (4.11)
0 0

The formula (4.11) generates a function series {u,(th)};2, by the following
recursive definition

1 T

Un+1(th)=yo + h/ (/ B(un(ah))Pa,gda> VHu,(oh))do, n=0,1,---,
0 0

(4.12)

which will be shown to be uniformly convergent by proving the uniform conver-
gence of the infinite series Z,?OZO(M”+1(T]’Z) — up(th)). Then the integrator (4.6)
has a solution lim u,(th).

n—oo

We next prove the uniform convergence of Z;’lo:()(l/ln+ 1(th) — u,(th)). First, it
is clear that ||ug(th) — yol|| = 0 < R. We assume that ||u,(th) — yo|| < R for
n=20,---,m. It then follows from (4.10) and (4.12) that

umy1(zh) — yoll < hApCoDp < R,
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which implies that u, (/) are uniformly bounded by ||u, (th) — yo|| < R forn =
0,1, --- . Then using (4.12) and the Lipschitz conditions, we obtain

lupnt1(th) —un(th)llc

1 pt
<h//
0 Jo

1 pt
<h//
0 Jo

+ Blun (@h) Pag VH 1ty -1 () = Bty 1 (@h)) Pag VH 1ty -1 (o) || drdo

[ Bn(@h)) Pays V H (0 1)~ Bty -1 @h) PV H a1 (o) || dardo

[B(un (h)) Pa,o VH (un(oh)) — Blun(eth)) Pou,o VH (1y—1(0h))

1
< h(ApCoDy + Aocho)/O llun(ah) —up—1(oh)|ldo < Bllun(th) —upy—1(th)llc,

where B = §(AoCoD1 + AoCi1Dg) and ||w|lc = maxceqo,1]||lw(th)|| for a
continuous R?-valued function w on [0, 1]. This implies that

1 — unlle < Bllup — un—1llc
and then
”un—i-l_un”cgﬂn””l_}’OHCg,BnR, n=0,1,---

Using the Weierstrass M-test and the fact that B < 1, we confirm that
Z;’,ozo(u,,ﬂ (th) — un(th)) is uniformly convergent.

With regard to the uniqueness, we suppose that the integrator has another solution
v(th). We then have

llu(zh) —v(zh)|| < Bllu(th) —v(Th)|| < Bllu — vllc,
and
llu —vlle < Bllu —vlle.
Hence, we obtain ||u — v||. = 0 and u(th) = v(th). Therefore, the solution of the
FFEP integrator (4.6) exists and is unique.
Smoothness We next prove the result that u(th) is smoothly ogependent on h
for any fixed t € (0, 1]. This is true if the series {Bak:k,, (rh)}nzo is uniformly

convergent for k > 1. We note that the analysis of this part needs the bounds
on VHW(y) and BMW(y), which are also denoted by D; and Cj, respectively.
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Differentiating (4.12) with respect to & yields

Oupt1

1 T
(th) :/ (/ B(un(ah))Pa,[,da) V H (u, (o h))do
oh o \Jo

1 T
+h/ (/ B“)(un(ah))a””(“h)Pa,gda> V H (u, (o h))do
o \Uo ah

1 T
+h/ (/ B(un(och))apa’g da> VH u,(ch))do
o \Jo oh

1 T
+h/ (/ B(un(ah))Pa,(,da> VHY (u, (o h))
o o dh

We then have

Ount1

9 with @« = AgCoDg + §A1Co Dy,

ouy
<a+ﬁHM

c c

o]

0
which yields that { ab;ln (‘Ch)} is uniformly bounded as follows:
n=0

o

B

p
It follows from (4.13) that

8un+1 aun

oh oh

ou, (oh) do.

ga(1+‘3+...+‘3”_1)§1 =C* n=0,1,---
. -

(4.13)

1 T
- / / [ Bl @) Pao V H (1t (@) = Bt -1 @h) Pao V H (tty -1 (o)) |derds
0o JO

1 T

+h/ / [B‘”(unwh))a""(“h) Pa.o VH (un (o h))
o Jo oh

D1 (erh)

— B (u,_1(ah)) ah

Pa,UVH(un_l(oh))]dada

h e B( (h))ap“"’VH( (oh))
=+ /0/0[ Uy (o 9h uy(o

0Py s
— Bluy-1(@h) " VH(un_l(oh))]dada

du, (oh)
oh
dup—1(oh)
oh

1 T
+h / / [B(u,, (@h)) Po.o VH (u, (o h))
0 0

— Bn_1(@h)) Pyo VHO (tn_1 (o h)) ]dado.
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Adding and removing some expressions with careful simplifications gives

aun 3un_1

oh oh

8un+1 3un

oh oh

’
c

<y 4B
.

where

y =(CoAoD1 + C1AoDo + 8CoA 1Dy + 8C1A1 Dy + 28C1AgD1C*
4+ 8A90DoC*Cy 4+ 8CoA0C*D2)R.

Hence, by induction, it is true that

< -l nC*v = 11 27"' B
on on| STYP TP "

c

Haun+1 Bun

B d
which confirms the uniform convergence of Z;ﬁo( nghﬂ(Th) — auh" (rh)).

a (0.¢]
Thus, n (th) is uniformly convergent.
oh n=0

. . . . . oku o
Likewise, the uniform convergence of other function series { Bhkn (t h)} for
n=0

k > 2 can be shown as well. Therefore, u(th) is smoothly dependent on /. T n

4.5 Algebraic Order

We consider the algebraic order of the FFEP integrator in this section. For this
purpose, we begin with the regularity of the integrators. Following [41], if an A-
dependent function w(th) can be expanded as

r—1
w(th) = Z w™ (TR + O,
n=0

is a vector-valued

19" h
then w(th) is termed regular, where wl(th) = | w(th)

n! 0" |,

function with polynomial entries of degrees < n.

Lemma 4.2 The FFEP integrator (4.6) gives a regular h-dependent function
u(th).

Proof 1t has been proved in Theorem 4.2 that u(th) is smoothly dependent on #.
We then can expand u(th) with respect to 4 at zero as follows:

r—1
u(th) = Z WM™ )™ + Oh").

m=0
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Let A = u(th)—yo anditis clear that A = &'(h). Expanding VH (u(th)) ath =0
and inserting the above equalities into (4.11) leads to

r—1

> ul"lxhym

m=0

~

1 T r—1
1
= yo—l—h/ / Poo Bu(@h)da Y VH®(yo)(A, -+, A)do + O(h'). (4.14)
0 0 o n! - I~
n= n—fold

In what follows, we prove the following result by induction

ul™(th) € P = Pp([0,1]) x --- x Pp([0,1]) for m =0,1,---,r —1,

d—fold

where Py, ([0, 1]) consists of polynomials with degrees < m on [0, 1].

First, it is clear that ul%(zh) = Yo € P61. Assume that u™(th) e P,fl forn =
0,1, ---,m. Compare the coefficients of h™+1 on both sides of (4.14) and then we
have

1 T
W ny = 3 / / [Pao Bu(ah)) M dah, (oh)do,  hy(oh) € PL.
0 0

k+n=m

Because Py, is regular (see [41]) and u™(zh) € P¢, it can be verified that
[PQ,JB(u(ah))][k] e P4, Hence, with the condition k 4 n = m, we have

1 T
3 / / [Peo Bw(@h)]Mdah, (ah)do € P2, .
k+n=m 0 Jo

Thus, it is true that

u™(zhy e P4 .

Let us now quote a result which is needed in the analysis of algebraic order.

Lemma 4.3 (See [41]) Given a regular function w and an h-independent suffi-
ciently smooth function g, the composition (if it exists) is regular. Moreover, one
has

Zpg(w(th)) — g(w(th)) = Oh").
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Before presenting the algebraic order of the integrators, we recall the following
elementary theory of ordinary differential equations. Denoting by y(-, 7, y) the
solution of y'(r) = B(y(t))V H (y(t)) satisfying the initial condition y(7, 7, ) = !
for any given f € [0, h] and setting

Ay(s,1,9)

P(s,1,5) = 95

one has the standard result

wer Y _ 6.1 5 BHVHG).

Theorem 4.3 The FFEP integrator (4.6) is of order 2r, which implies
u(h) — y(to + h) = (> +).
Moreover, we have
u(th) — y(to+th)y= 0", 0<7<1.
Proof On the basis of the previous preliminaries, we obtain

u(h) = y(to +h)
= y(to+h, 10+ h,u(h)) — y(to + h, 10, yo)

1
= / d y(to + h, to + ah, u(ah))da
0 da
1 ay dy ’
= / (h o7 (to + h, to + ah, u(ah)) + 55 (to + h, to + ah, u(ah))hu (ah)) da
0
1
- f ( % G+t -k, (@) B(wh) V H ()
0 y
dy
+ 95 (to + h, to + ah, u(ah))hB(u(ah)) P, VH(u(och)))doc

1
- —h/ @' (&) Bu(ah)) (VH (u(ah)) — 2,V H (u(ah))) de,
0

01 Clearly, since the problem is autonomous, then y(z, £, y) = y(t — 7, 0, ).
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where
1 dy
D (a) = 8~(to + h,to + ah, u(ah)).
y

It follows from Lemmas 4.2 and 4.3 that
Py,VHu(th)) — VHu(th)) = Oh").

Partition the matrix-valued function @' («) as @' (a) = ((1511 (), -+, ; ()T and
then it follows from Lemma 4.2 that

L) = Pyl (@) + 00, i=1,2,--.d.

As 3”;1@1.1 () € Yy, we obtain
1 1
/ (P @} (@))TVH (u(ah))da = / (Py®} (@)T P VHu(ah)de, i=1,2,---.d.
0 0

Hence, we have

u(h) — y(to + h)

A (P @)T
- h/ : + 00" | (VH(u(ah)) — Py VH (u(ah))) da
0

1
0

1
—h / Oy x O(h")da
0

(2@} (@)T(VH (u(eh)) — P,V H (u(ah)))
: do

(2@} ()T (VH u(ah)) — P,V H(u(ah)))

=04 ﬁ(herrl) — ﬁ(h2r+1).
Similarly, we deduce that
u(th) —y(to +th) = y(to + th, to + th,u(th)) — y(to + th, to, yo)

=—h /T @7 () B(u(ah))(VH u(ah)) — 2,V H (u(ah)))do
0

= _h /T @7 (a)Bu(ah) O )da = 6(h" ).
0
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4.6 Practical FFEP Integrators

In what follows, we consider two illustrative examples of FFEP integrators.

Example 1 'We choose
O(th) = (th)*, k=0,1,---,r—1,

for the function spaces X and Y, and then we have

Lot —d;
o= 11 . 7.
j=tizi 4~ dj

fori =1,2,---,r. The Gram—Schmidt process leads to the standard orthonormal
basis of Y}, as follows:

J . .
. s (] +k
I’j(fh)=(—1)]\/2J+1Z(k>< . )(—r)k, t €0, 1],
k=0
for j = 0,1,---,r — 1, which are the shifted Legendre polynomials on [0, 1].

Consequently, P; » can be determined by

r—1

Pro =) pi(th)pi(oh).
i=0

Here it is important to note that all the above functions are independent of /. In this
situation, the FFEP integrator (4.6) is identical to the EP method given by Cohen
and Hairer [21] and Brugnapo et al. [27].
If we choose r = 1 and d1 = 1/2, we obtain
h@=1 Po=1
Accordingly, the integrator (4.9) yields

1
Yr = Yo+ hrB(y;)/ VH(ys)do,
0 (4.15)

1
i =yo+hB(y5)/0 VH (y;)do,

which gives

1
Yr=Yyo+ hrB(y;)f VH(ys)do = yo + t(y1 — y0)-
0
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Let T = 1/2 for the first equality of (4.15), and then we have

1 1 1 1
yi=yo+ hB(yl)/ VH(ys)do = yo+ _(y1 —yo) = (Yo + y1).
2 2 2" Jo 2 2

This leads to

1 1
yi=Yyo+hB (2(yo+y1))/ VH(yo+o(y1 — yo))do.
0

This second-order integrator has been given by Cohen and Hairer in [1].

Example 2 Let us consider another choice for Yj by
Y, = span {cos(wth)},
and this gives

~ cos(tv) 4v cos(ov) cos(tv)
hi(r) = 7,0 — s

cos(c?lv) ’ 2v + sin(2v)
where v = wh. With this choice, the integrator (4.9) becomes
T 1
Yr = Yo ~|—h/0 ll(ot)daB(yjl)/o PdAl,GVH(yg)do,

. 1 (4.16)
yi=yo+h fo [1()daB(yy,) /0 P; o VH(y5)do.

A 1
Lett =d| = ) in (4.16). We then obtain

tan(v/2) !
yig=yo+h v B(y12) | Pij2,0VH(ys)do,
0

2sin(v/2) 1
yi=yo+h ; / B(yl/z)/ P1/2,6VH(ys)do.
0

It follows from these two equalities that

. tan(v/2) v(y1 — yo) _ 1 1 = y0)
Y172 = Yo v 2sin(v/2) Yo 2cos(v/2) Yk
sin(vt) v(y1 — yo) sin(vt)

Ye = Yo = yo + 1 = o).

veos(v/2) 2sin(v/2) sin(v)



4.6 Practical FFEP Integrators 139

This then results in

2sin(v/2) yi — Yo /1 sin(vo)
= h B PijpoVH , - do.
Y=ot v (y0+ ZCos(v/Z)) 0 172, (yo+ sin(v) O yO)) g
(4.17)

Clearly, this integrator reduces to (4.3) when v = 0. We denote the second-order
scheme by FFEP1.

Example 3 ' We now consider
Y;, = span {cos(wth), sin(wth)}.
This choice of Y}, leads to

sin((t — da)v) by = sin((t — d)v)

hmy="", """, b
sin((d) — d2)v) sin((d2 — d1)v)

and

_ 2v(2vcos((o — 1)v) +sin((—=2 + o + )v) — sin((o + 7)v))
B —1 + 202 + cos(2v) '

T,0

We here choose 7 = 521 and 32 for the integrator (4.9). We then obtain
1 - -

Yi, = Yo+ h/o (A11(0)B(yg) + A12(0)B(yz,)) VH (yo)do,

1
v, = Yo+ h /0 (Aat(@)B(yz ) + (@) B())VH(y)do,  (4.18)

1 - -
y1=yo+ hfo (b1(0)B(y) + b2(0) B(y,)) VH (y5)do,

where

di _ 1
Ajj(o) = ngﬁ/ li(a)da, bj(o) = ngﬁ/ li(@da i,j=1,2.
0 0
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We denote this fourth-order integrator (4.18) by FFEP2. It is worth noting that when
v=0anddip=1/2F V/3/6, this scheme becomes

' 1 V3
y¢21=yo~|—h/0 (211(0)3()’31)4' 27 3 lz(G)B(yjz)>VH(ya)da,

il U3 1
v, =Yo+h /0 sty @B+ h©)Bly,) | VH(yg)do.

1
Y=Y+ h/o (ll(a)B(yjl) + lz(o)B(yaz))VH(ya)da,

where
—d
hy= . 7
dy —d»
and
o —d
bh(o)= . ..
dr — d

This fourth-order integrator has been proposed by Cohen and Hairer in [1].

Remark 4.5 We remark that different choices of Y;, and X; will derive different
practical integrators. We do not pursue this point further for brevity.

4.7 Numerical Experiments

To illustrate the efficiency and robustness of the integrators derived in this chapter,
we apply our integrators FFEP1 and FFEP2 to the Euler equation. For comparison,
we consider the second-order and fourth-order EP collocation methods given in [1]
and denote them by EPCM1 and EPCM2, respectively. We also choose the following
second-order trigonometrically-fitted EP method (see [28])

2 sinh(v/2)

1
v cosh(v/2) B((1/2)(yo + y1)) /O VH (yo + o (y1 — yo))do,

(4.19)

y1=Yyo+

which is denoted by TFEP1. Since these five methods are all implicit, we use fixed-
point iteration. We set 10~1© as the error tolerance and 10 as the maximum number
of each iteration.
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We will use as a test problem the following Euler equations (see [28, 33]) given
by

¥ = (= B)yays, (L —@)ysyi, (B—Dyiy2)", t €[0,T],

which describes the motion of a rigid body under no forces. This system can be
written as a Poisson system

0 ay; =By
y=\|—-ay: 0 y |VH()
By —y1 O
with
2 2 2
ity +y
Hy)="" 22 ’

Following [28, 33], the initial value is chosen as y(0) = (0, 1, 1), and the parameters
are given by

o ! 51 0.51
o = ,B=1-— .
V151 V151

The exact solution is given by
y(1) = (V1.51sn(,0.51), en(z, 0.51), dn(z, 0.51))T,

where sn, cn, dn are the Jacobi elliptic functions. This solution is periodic with the
period

T, =7.450563209330954,

and thence we consider choosing @ = 27 /T for the methods FFEP1 and TFEP1.
We integrate this problem with the stepsizes 4 = 0.5 and & = 0.2 on the interval
[0, 10000]. The energy conservation for different methods is shown in Fig.4.1. We
then solve the problem on the interval [0, 7] with different stepsizes h = 1/2/ for
i =4,5,6,7. The global errors are presented in Fig.4.2 for T = 10, 100.

We also consider another case. As mentioned in [28], when B ~ 1, it is expected
that y3 ~ 0 and thus y3(¢) &~ 1. Therefore, the variables y; and y, seem to behave
like the harmonic oscillator with the period T, = 27 /(e — 1). We choose o« = 2
and § = 1.01. We integrate this problem with 2 = 0.5 and 2 = 0.2 on the interval
[0, 10000]. The energy conservation for different methods is shown in Fig. 4.3.

Then the problem is solved on the interval [0, 7] with h = 1 /2i fori =4,5,6,7,
and see Fig. 4.4 for the global errors of T = 10, 100.
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Fig. 4.1 The logarithm of the error of Hamiltonian against ¢

It is very clear from the numerical results that our FFEP methods when applied
to the underlying Euler equations show remarkable numerical behaviour compared
with the existing EP methods in the literature.

4.8 Conclusions

The Poisson system is an important model in applications. It is well known that the
energy of Poisson system is preserved along its exact solution. This chapter paid
attention to the analysis of preserving the energy exactly in the numerical treatment,
so that we can obtain H(y;) = H(yp) after one step of the method starting
from yp with a time stepsize k. In this chapter, we presented functionally-fitted
energy-preserving integrators for Poisson systems by using a functionally-fitted
strategy. It has been shown that these integrators preserve exactly the energy of
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The global errors with 7=10 The global errors with 7=100
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Fig. 4.4 The logarithm of the global error against the logarithm of 7/ h

Poisson systems and can be of arbitrarily high order by choosing a sufficiently large

integer r for the function spaces Y, and Xj. These integrators contain the energy-

preserving schemes given by Cohen and Hairer [1] and Brugnano et al. [27]. The

remarkable efficiency and robustness of the integrators were demonstrated through

the numerical experiments for the Euler equations. In a similar way, it is possible to

develop functionally-fitted energy-diminishing integrators for gradient systems.
The materials in this chapter are based on the work by Wang and Wu [42].

References

1. Cohen, D., Hairer, E.: Linear energy-preserving integrators for Poisson systems. BIT Numer.
Math. 51, 91-101 (2011)

2. Brugnano, L., Iavernaro, F.: Line integral methods which preserve all invariants of conservative
problems. J. Comput. Appl. Math. 236, 3905-3919 (2012)

3. Feng, K., Qin, M.: Symplectic Geometric Algorithms for Hamiltonian Systems. Springer,
Berlin (2010)

4. Hairer, E., Lubich, C.: Oscillations over Long Times in Numerical Hamiltonian Systems.
Highly Oscillatory Problems. In: Engquist, B., Fokas, A., Hairer, E., et al. (eds.) London
Mathematical Society Lecture Note Series 366. Cambridge University Press, Cambridge
(2009)

5. Hairer, E., Lubich, C.: Long-term analysis of the Stormer-Verlet method for Hamiltonian
systems with a solution-dependent high frequency. Numer. Math. 134, 119-138 (2016)

6. Hairer, E., Lubich, C., Wanner, G.: Geometric Numerical Integration: Structure-Preserving
Algorithms for Ordinary Differential Equations, 2nd edn. Springer, Berlin (2006)

7. Mei, L., Wu, X.: Symplectic exponential Runge—Kutta methods for solving nonlinear Hamil-
tonian systems. J. Comput. Phys. 338, 567-584 (2017)

8. Wang, B., Iserles, A., Wu, X.: Arbitrary-order trigonometric Fourier collocation methods for
multi-frequency oscillatory systems. Found. Comput. Math. 16, 151-181 (2016)



References 145

9.

10.

11.

12.

13.

14.

15.

16.

17.

18

19.

20.

21.

22.

23.

24.

25.

26.

217.

28.

29.

30.

31.

32.

33.

Wang, B., Wu, X.: Improved Filon type asymptotic methods for highly oscillatory differential
equations with multiple time scales. J. Comput. Phys. 276, 62-73 (2014)

Wang, B., Wu, X., Meng, F.: Trigonometric collocation methods based on Lagrange basis
polynomials for multi-frequency oscillatory second-order differential equations. J. Comput.
Appl. Math. 313, 185-201 (2017)

Wang, B., Wu, X., Meng, F,, et al.: Exponential Fourier collocation methods for solving first-
order differential equations. J. Comput. Math. 35, 711-736 (2017)

Wu, X., Liu, K., Shi, W.: Structure-preserving Algorithms for Oscillatory Differential Equa-
tions II. Springer, Heidelberg (2015)

Wu, X., You, X., Wang, B.: Structure-preserving algorithms for oscillatory differential
equations. Springer, Berlin (2013)

Celledoni, E., Mclachlan, R.I., Owren, B., et al.: Energy-preserving integrators and the
structure of B-series. Found. Comput. Math. 10, 673-693 (2010)

Celledoni, E., Owren, B., Sun, Y.: The minimal stage, energy preserving Runge—Kutta method
for polynomial Hamiltonian systems is the averaged vector field method. Math. Comput. 83,
1689-1700 (2014)

Quispel, G.R.W., McLaren, D.I.: A new class of energy-preserving numerical integration
methods. J. Phys. A Math. Ther. 41, 045206 (2008)

McLachlan, R.I., Quispel, G.R.W.: Discrete gradient methods have an energy conservation law.
Discrete Contin. Dyn. Syst. 34, 1099-1104 (2014)

. McLachlan, R.I., Quispel, G.R.W., Robidoux, N.: Geometric integration using discrete gradi-

ent. Philos. Trans. R. Soc. Lond. A 357, 1021-1045 (1999)

Brugnano, L., Iavernaro, F., Trigiante, D.: Hamiltonian boundary value methods (energy
preserving discrete line integral methods). J. Numer. Anal. Ind. Appl. Math. 5, 13-17 (2010)
Brugnano, L., Iavernaro, F,, Trigiante, D.: Energy- and quadratic invariants-preserving integra-
tors based upon Gauss-collocation formulae. STAM J. Numer. Anal. 50, 2897-2916 (2012)
Hairer, E.: Energy-preserving variant of collocation methods. J. Numer. Anal. Ind. Appl. Math.
5, 73-84 (2010)

Li, Y.W., Wu, X.: Exponential integrators preserving first integrals or Lyapunov functions for
conservative or dissipative systems. SIAM J. Sci. Comput. 38, 1876-1895 (2016)

Miyatake, Y.: An energy-preserving exponentially-fitted continuous stage Runge—Kutta
method for Hamiltonian systems. BIT Numer. Math. 54, 777-799 (2014)

Wang, B., Wu, X.: A new high precision energy-preserving integrator for system of oscillatory
second-order differential equations. Phys. Lett. A 376, 1185-1190 (2014)

Wang, B., Wu, X.: Exponential collocation methods for conservative or dissipative systems. J.
Comput. Appl. Math. 360, 99-116 (2019)

Wu, X., Wang, B., Shi, W.: Efficient energy preserving integrators for oscillatory Hamiltonian
systems. J. Comput. Phys. 235, 587-605 (2013)

Brugnano, L., Calvo, M., Montijano, J.I., et al.: Energy-preserving methods for Poisson
systems. J. Comput. Appl. Math. 236, 3890-3904 (2012)

Miyatake, Y.: A derivation of energy-preserving exponentially-fitted integrators for Poisson
systems. Comput. Phys. Commun. 187, 156-161 (2015)

Dahlby, M., Owren, B., Yaguchi, T.: Preserving multiple first integrals by discrete gradients. J.
Phys. A Math. Theor. 44, 1651-1659 (2012)

Brugnano, L., Sun, Y.: Multiple invariants conserving Runge—Kutta type methods for Hamil-
tonian problems. Numer. Algor. 65, 611-632 (2014)

Chartier, P., Faou, E., Murua, A.: An algebraic approach to invariant preserving integrators: the
case of quadratic and Hamiltonian invariants. Numer. Math. 103, 575-590 (2006)

Iserles, A., Zanna, A.: Preserving algebraic invariants with Runge—Kutta methods. J. Comput.
Appl. Math. 125, 69-81 (2000)

Calvo, M., Franco, J.M., Montijano, J.I., et al.: Sixth-order symmetric and symplectic
exponentially fitted Runge—Kutta methods of the Gauss type. J. Comput. Appl. Math. 223,
387-398 (2009)



146 4 Functionally-Fitted Energy-Preserving Integrators for Poisson Systems

34. Calvo, M., Franco, J.M., Montijano, J.I., et al.: On high order symmetric and symplectic
trigonometrically fitted Runge—Kutta methods with an even number of stages. BIT Numer.
Math. 50, 3-21 (2010)

35. Calvo, M., Franco, J.M., Montijano, J.L, et al.: Symmetric and symplectic exponentially fitted
Runge—Kutta methods of high order. Comput. Phys. Commun. 181, 2044-2056 (2010)

36. Franco, J.M.: Exponentially fitted symplectic integrators of RKN type for solving oscillatory
problems. Comput. Phys. Commun. 177, 479-492 (2007)

37. Vanden Berghe, G.: Exponentially-fitted Runge—Kutta methods of collocation type: fixed or
variable knots? J. Comput. Appl. Math. 159, 217-239 (2003)

38. van de Vyver, H.: A fourth order symplectic exponentially fitted integrator. Comput. Phys.
Commun. 176, 255-262 (2006)

39. Wang, B., Yang, H., Meng, F.: Sixth order symplectic and symmetric explicit ERKN schemes
for solving multi-frequency oscillatory nonlinear Hamiltonian equations. Calcolo 54, 117-140
(2017)

40. Wu, X., Wang, B., Xia, J.: Explicit symplectic multidimensional exponential fitting modified
Runge—Kutta—Nystrom methods. BIT Numer. Math. 52, 773-795 (2012)

41. Li, Y.W., Wu, X.: Functionally fitted energy-preserving methods for solving oscillatory
nonlinear Hamiltonian systems. SIAM J. Numer. Anal. 54, 2036-2059 (2016)

42. Wang, B., Wu, X.: Functionally-fitted energy-preserving integrators for Poisson systems. J.
Comput. Phys. 364, 137-152 (2018)



	4 Functionally-Fitted Energy-Preserving Integrators for Poisson Systems
	4.1 Introduction
	4.2 Functionally-Fitted EP Integrators
	4.3 Implementation Issues
	4.4 The Existence, Uniqueness and Smoothness
	4.5 Algebraic Order
	4.6 Practical FFEP Integrators
	4.7 Numerical Experiments
	4.8 Conclusions
	References


