Chapter 2 )
Continuous-Stage ERKN Integrators Shethie

for Second-Order ODEs with Highly
Oscillatory Solutions

In this chapter, continuous-stage extended Runge—Kutta—Nystrom (CSERKN) inte-
grators for solving highly oscillatory systems of second-order ODEs are derived
and analysed. These integrators are incorporated into the special structure of highly
oscillatory systems so that their internal stages and updates can integrate the
associated highly oscillatory homogeneous systems exactly. When the underlying
highly oscillatory systems are Hamiltonian systems, sufficient conditions for energy
preservation are shown for CSERKN methods. The symmetry and stability of
CSERKN integrators are also analysed in detail. Preliminary numerical results
highlight the effectiveness of CSERKN methods.

2.1 Introduction

We consider the following system of second-order ordinary differential equations
with oscillatory solutions

q"®) +Mq@) = f(q@), 1t€lt,T],

, , (2.1)

q(to) = qo. q (t0) = gy,
where M € RY*? is a symmetric positive semi-definite matrix that implicitly
contains the dominant frequencies of the system, ¢ € R? and f(q) : RY — R?

} then

(2.1) is a highly oscillatory problem. This kind of problem frequently occurs in
science and engineering fields such as quantum mechanics, astrophysics, quantum
chemistry and electronics. It is particularly interesting when this highly oscillatory
problem is obtained from a spatial semidiscretisation of a semilinear wave equation
within the framework of the method of lines [1]. In practice, the system (2.1) can

is a nonlinear function which is independent of ¢’. If || M || > max { 1,
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be integrated with general purpose methods [2, 3] or other codes adapted to its
special structure. However, it is worth noting that adaptive methods will be more
efficient than general purpose methods since adaptive methods make good use of
the information transmitted from the special structure of (2.1) introduced by the
linear term Mg (¢).

For the particular case where M = w”I; with a single frequency @ > 0 and
the d x d identity matrix I;, methods with frequency-dependent coefficients using
techniques like trigonometrical/exponential fitting can be traced back to the 1960s
(see, e.g. [4]). Here, we refer the reader to the reviews of the literature (see, [5,
6]) and the relevant papers (see, e.g. [7-18]). If M is a symmetric positive semi-
definite matrix, exponential integrators (see, e.g. [19, 20]), adapted Runge—Kutta—
Nystrom (ARKN) methods (see [21, 22]) and other adaptive methods (see, e.g. [23—
28]) have been developed. Wu et al. proposed and analysed extended Runge—Kutta—
Nystrom (ERKN) methods (see, e.g. [29-31]), whose internal stages and updates
exactly integrate the following highly oscillatory homogeneous linear system

q"(t)+Mq) =0 (2.2)

associated with (2.1). This property plays an important role in oscillation-preser-
ving integrators as stated in Chap. 1. The global error analysis of ERKN methods
was presented and collocation techniques were also studied in [32-34].

If f(g) = —VU (g) for some smooth function U (q), the system (2.1) is identical
to a separable Hamiltonian system of the following form

p'(t)y=-V,H(p,q),
, 2.3)
q (1) =V,H(p,q),
with the initial values ¢ (to) = qo. p(to) = po = g, and the Hamiltonian
. 1.
H(p,q) = PPt L4 Mg +U(q), (2.4)

where ¢ : R — R? and p : R — R? are known as generalised position
and generalised momenta, respectively. It is clear that (2.3) is a highly oscillatory

af

Hamiltonian system once ||M|| > max { 1,

}. As is known, for Hamiltonian

system (2.3), the corresponding map is symplectic and the true solution preserves
the energy H(p, q) for all t € [to, T] (see, e.g. [35]). In the spirit of geometric
numerical integration, an integrator that inherits such geometric properties as much
as possible would be preferable. Unfortunately, however, it is often difficult to
design numerical integrators which inherit both symplecticity and energy preserva-
tion. A numerical method which is energy preserving at each step and defined by a
symplectic map has been discussed in [36, 37]. Since there is no symplectic B-series
method that conserves arbitrary Hamiltonians [38, 39], methods satisfying one of
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these properties have been developed in the past few decades [20]. Research work
has shown that symplectic methods perform very well in approximately preserving
the energy of Hamiltonian systems and we refer the reader to [20], for instance.
However, it is worth noting that symplectic methods just approximately, rather
than exactly, preserve the energy (2.4). In practical applications, apart from the
accuracy of approximate solutions, high-precision energy-preserving integrators are
also required. Moreover, in comparison with symplectic methods, energy-preserving
integrators have better nonlinear stability characteristics, are easier to adapt the time
step for, and are more suitable for the integration of chaotic systems (see, e.g. [40—
43]). Therefore, energy-preserving algorithms are becoming more popular.
As is known, for first-order ordinary differential equations of the form

Y =Gy®), yto)=yo, teln,T], 2.5

continuous-stage Runge—Kutta (CSRK) methods were firstly researched in [44, 45].
Then, some relevant papers appeared (see, e.g. [46, 47]). Hairer proposed a family
of CSRK methods and studied the corresponding energy conservation (see [48]).
Miyatake and Butcher proved a sufficient and necessary energy-preserving condi-
tion of CSRK methods (see [49]). Recently, some developments in this field have
been made (see, e.g. [50-52]). The exponentially and functionally-fitted version
of the CSRK method appeared in [53, 54]. The conservation of energy has been
approached by means of the definition of the discrete line integral [55-57].
More recently, for second-order ordinary differential equations of the form

q"1)=F(q®), qt)=qo. q'(to) =gy 1€lto,T], (2.6)

Tang et al. [58] discussed continuous-stage Runge—Kutta—Nystrom (CSRKN) meth-
ods and studied symplecticity-preserving algorithms. Energy-preserving CSRKN
methods were studied in [59]. The corresponding result in [58] has been extended
to high-order symplectic CSRKN methods [60].

2.2 Extended Runge—Kutta—Nystrom Methods

Suppose that M is a positive semi-definite matrix. We begin with the following
matrix-valued ¢-functions

o0

. — (_1)kMk . dxd
¢,(M)—]; et it >0, M eRIxd, 2.7)

which originally appeared in [22]. It can be observed from (2.7) that j!¢; (M) — 14
when M — 0, where I; is the d x d identity matrix. The following proposition
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establishes the properties of matrix-valued ¢-functions which will be used in
Sect. 2.4 of this chapter.

Proposition 2.1 The matrix-valued ¢-functions defined by (2.7) satisfy:
s ()M e R4

¢j2(M) = /01 o (Aj!(l N dz, j=0,1,---,

bjr1(M) = /01 ¢0(M(lj!_ > dz, j=0,1,--+3 (2.8)
e (ii) If M is invertible, then

pjp2(M) = M~ (;!Id—qs,-(M)), J=0.1; (2.9)

* (i) ¢5(M) + M¢7(M) = Ig.

The proofs of Proposition 2.1 and further details about the matrix-valued ¢-
functions can be found in [22, 31]. As shown in Chap. 1 (see also [31]), an s-stage
ERKN method for the numerical integration of the system (2.1) is defined as

Qi = ¢o(c;V)gn + hcid1 (T V)gy + 17 Y ai;(VIF(Q)), =1, s,
j=1

Gur1 = $o(V)gn + h1 (Vg + 0> D bi(V) f (Qi)

i=1

Gh1 = —hMGL(V)gn +do(V)gy +h Y bi(V)f (Qi),
i=1

(2.10)

where ¢; are real numbers, and a;;(V), I;,-(V) and b;(V) fori,j = 1,---,s are
matrix-valued functions of V = h?M. The method (2.10) can be represented briefly
in Butcher’s notation by the following block tableau of coefficients:

¢ o(V) cpi(cPV) A(V)

¢o(V) é1(V) bT(V)
—hM¢1(V) ¢o(V) bT(V)
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cr GoclV) (V) an(V) - ags(V)

= ¢ do(2V) cspi(c2V) agi(V) -+ ag (V) 2.11)
Bo(V) d1(V)  bi(V) -+ by(V)
—hM1 (V) ¢o(V)  b1(V) -+ by(V)

The order conditions for an ERKN method (2.10) have been investigated in [31]
by using the B-series theory associated with the set of extended special Nystrom
trees (see [61]). To learn more about this point the reader is referred to the relevant
references for all the definitions and notations.

Let

o0
aij(V) =Y aivk, 2.12)
k=0

where the coefficients al.(jzk) define the expansion of a;; (V). Then the local truncation
errors of g, 1 and g, 41 can be expanded in the form

€n+1 =qn+1 — q(ln—H)

= Y pee (Z ((55)), 3 b (V)@ (Br) — ¢p<,ef>+1<V>> C(BOF(BT)n, 4]
BTeESNT Ti=1

’ ’ ’
€1 =9n+1 — 4 (tnt1)

= > hp“”(”ﬁ i Zbi(vmi(ﬂr)—%(ﬂz)(w) a(BT)F (BT)(4n- 4,);
i=1

|
BTeESNT P(BT)! i=

where the set ESNT of extended special Nystrom trees 8t, functions p(81), a(B7)
and elementary differential F(87)(q, q’) are defined in [31, 61]. The following
theorem states the order conditions for ERKN methods.

Theorem 2.1 The ERKN method (2.10) is convergent of order p if and only if

- p(BT)! _

bi (V) ®; = a1 (V) + OhP=PBD)Y, <p-1,
; N@i(pr) =" 0 Eoiprr1 (V) + O ), p(BT< p
ibl-(vxbi(ﬁr) = PP o)+ 6T (g < p,
P v(BT)

(2.13)

where Bt € ESNT.
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With regard to the follow-up work of ERKN methods, we refer the reader to [32],
in which trigonometric Fourier collocation methods were studied. The symplectic
conditions for ERKN methods were derived and analysed in [29, 30].

2.3 Continuous-Stage ERKN Methods and Order Conditions

Similarly to the CSRK method, Tang et al. considered the continuous-stage Runge—
Kutta—Nystrom (CSRKN) method for (2.6) as follows (see [58]).

Definition 2.1 Let A, be a function of variables 7, o € [0, 1] and B;, By and C;
be functions of 7 € [0, 1]. A continuous-stage Runge—Kutta—Nystrom (CSRKN)
method for solving (2.6) is defined by

1
O: =gqn +hCTq}; +h2/0 Ao F (Qo)do, 7 €]0,1],

1
qn+1 = qn + h% + hz/ B F (Qr)dr, (2.14)
0

1
Qui1 =4y +h/0 B F (Qr)dr.

The order conditions for CSRKN methods (2.14) have been given as those for
1

classical RKN methods with ), ¢;, aij, b;, and b;, replaced by / , Cy, Aro, B,

and By, respectively. For a more detailed description of the order conditions of the
CSRKN methods, we refer the reader to [58].

On the basis of the matrix-variation-of-constants formula of (2.1), applying the
continuous-stage idea to the ERKN methods leads to continuous-stage extended
Runge—Kutta—Nystrom methods as follows.

Definition 2.2 An s-degree continuous-stage extended Runge—Kutta—Nystrom
(CSERKN) method for the numerical integration of the system (2.1) is defined by

1
Qr = C:(V)gn +hD-(V)q, +h2/ Ao (V) (Qo)do, T €[0,1],
0

1
dnit = $0(V)an + hr (Vg + 1 /0 B (V) f (2 dr,

1
Ghor = —hM$ (V) + do(V)g, + /O be(V)f (@) dr,
(2.15)
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where Q- is a polynomial of degree s with respect to t satisfying Qg = ¢, and
01 = gnt1, Co(V), D(V), b (V), and b, (V) are polynomials of degree s and
depend on V, A, (V) is a polynomial of degree s for 7, and s — 1 for o and depend
onV,wheret,o € [0,1]and V = h2M. In addition, the relations AOJ(V) =0 and
A15(V) = by (V) hold. The polynomials C; (V) and D, (V) satisfy

Cei (V) = ¢o(c}V), De(V) = cig1(c}V), (2.16)

where ¢; fori = 0, --- , s are the fitting nodes, and one of them should be 1. We
take co = 0 and ¢y = 1 in general. C; (V) and D, (V) can be expressed as

N N
Ce(V) =) Li(Dgo(c}V), De(V) =) Li(t)cidi(c;V), 2.17)
i=0 i=0
where L;(t) fori =0, -- -, s are the following Lagrange interpolations functions
=Tt —¢
Li(x) = '
=] o)
J=0,j#i

The CSERKN method can be expressed by the following block Butcher tableau

C: Ci(V) D(V) Arp(V)
(V) ¢1(V) be(V) - (2.18)
~hM@1 (V) ¢o(V) b (V)

A CSERKN method (2.15) is of order p, if for sufficiently smooth problem (2.1),
the local truncation errors satisfy

entl = g1 — qltar1) = OWPTY, ey =qhy — ¢ (tas1) = OGP,

under the so-called local assumptions. In order to obtain the order conditions for
CSERKN methods, it is assumed that

oo
Ao (V) =Y AGOVE, (2.19)
k=0
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where the coefficients A%") define the expansion of Am(V). Similarly to the
analysis of the paper [31], we have

ent1 =qn+1 — q(n+1)

1
) h“ﬂ”“(;(f;), 0 5I<V><1>r<ﬁr>dr—¢p<ﬁf>+1<V>)a(ﬂr)F(ﬁr)(qn,q:,),
BTeESNT '

/ / /
IenJrl :anrl -9 (tn-H)

p(BT) y(B7) ! ,
> ok | (V@ (BTIT — (50 (V) ) @(BOF (BT (G 41)-
BreESNT PO Jo

The weights @ (B1) can be given similarly to the ones for ERKN methods with 3,
- 1 S -
k asz"), b;(V), and b; (V) replaced by / .Y Li(o)ek, ASP b (V), and b (V),
0 i=l

i
respectively. Therefore, we obtain the order conditions for a CSERKN method as
follows.

Theorem 2.2 The CSERKN method (2.15) is convergent of order p if and only if

L !
/ b (V) @, (Br)dr = © (Fo) bppry+1 (V) + OMP=PPD)y - p(Br) < p —
0 v(B7)

: p(BO)! p+1—p(BT)

A br (V)P (Br)dT = (Bt )¢p<,sr>(V)+ﬁ(h ), (BT p

(2.20)

where Bt is the extended special Nystrom-tree.

In what follows, we provide a list of the p-th order conditions (2.20) for
the CSERKN method (2.15) up to the extended special Nystrom trees with
p(Br) <4

« For the tree S with p(87) = 1, (2.20) gives

/01 be(V)dt = ¢o(V) + O(hP™"), /01 br (V)dr = ¢1(V) + O(h?).
» For the tree A with p(B7) = 2, it follows from (2.20) that

/O by (V)ZL (D)cidt = ¢3(V) + O(hP™2),

i=0

1 N
/ be(V) Y Li(t)cidr = ¢o(V) + 6" ™).
0

i=0
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¢ For the trees ,3‘1,' with p(Bt) = 3, the order conditions are

/ b (V)ZL (T)c?dt = 2¢4(V) + O(hP73),
0

/ / b (VYA drdo = ¢u(V) + OhP73),

/ by (V)ZL (r)cdr = 2¢3(V) + O (P72,
0

1 1
/ / be(V)AQdrdo = ¢3(V) + O(h"~?).
e For the trees Bt with p(Bt) = 4, we have

/ b (V) Z Li(t)cldr = 6p5(V) + O(hP™),
0

i=0

1 1 N
/ / b (V) ZLi(T)cifigog)drdo =3¢s(V) + OhP™),
/ / be(V)AD) ZL (0)cidtdo = ¢s5(V) + OhP™),

b (V) Li(t)cidt = 6¢4(V) + O(hP~3
/0<>Z (t)c)dr = 6¢4(V) + O(hP73),

=0

1 1 s
/ / b (V) ZL,-(r)ciAgogdrdo =3¢4(V) + OhP™3),
/ / by (V)A(O)ZL (0)cidtdo = ¢a(V) + O(hP7).

Likewise, we can list more order conditions for trees with p(8t) > 5. It should
be pointed out that, when s > p and the abscissae ¢y, ¢, - - - , ¢s are distinct, we
have Y°/_o Li(t)c! = tP.

2.4 Energy-Preserving Conditions and Symmetric
Conditions

In what follows, we show sufficient conditions for energy preservation for a
CSERKN method (2.15) when applied to the highly oscillatory Hamiltonian system
(2.1).
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Theorem 2.3 A CSERKN method (2.15) solving highly oscillatory Hamiltonian
systems (2.1) is energy preserving if the coefficients satisfy

Voo(V)be (V) — Vi (V)b (V) = CL(V),
do(V)b: (V) + V1 (V)b (V) = DL(V), (2.21)
be(V)bo (V) + Vb (V)b (V) = AL (V) + AL (V),

. 3 - d d
where Ay (V) = | Aw(V), CL(V) = | Ce(V) and Di(V) = | _De(V).

Proof For a CSERKN method (2.15) and Hamiltonian H (p, ¢) determined by (2.4)
with p = ¢/, we have

H(pn+1a Qn+l) - H(pn, Qn)

1

= P;{+1Pn+1 +

1 T
) q, Mg, — U(qn)

1. (.
dp1Mant1 + U(gnt1) — S PnPn =,

2

1 1 T
- (—hM¢1(v>qn + do(V)pu + /0 be (V) f (Qr)dr)

1
: (—hMasl(vm + do(V)pn + h /0 be(V)f (02 dr)
1 L T
+ (¢o<v>qn + h1(V)pu + 12 fo bf<v>f(Qf>dr)
1
M (¢o(V)qn 1 (V)py + 1 fo Be (V) (Qr) dr)

1
541 Mn. (2.22)

1
1
+/ [VU (@) ]"d0: =, pipn —
0
After some calculation, we obtain

H(pnt1>qna1) — H(pn, gn)

1 1 1 1
=P (¢3<V) + V¢%<V)>pn — papnt 2qJM(¢S(V> + V¢%(V>>qn ~ 541 Man
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1 1
+aq Vv <¢0(V)/0 b (V) f(Qr)dr —¢1(V)/0 br(V)f(Qr)df>

1 1_
+ hpyy <¢0(V)/0 br(V)f (Q¢)dr + V¢1(V)/0 br(v)f(Qr)df)

K2 1 T 1
v (/ bf<V)f(Qf)dr) (f br(var)dr) (2.23)
0 0

2l T 1_
+ 5 (/O br(V)f(Qr)dt> v(/o br(v)f(Qr)d'L')

1 1 _
+/0 [VU(QT)]Td<CT(V)qn +hD(V)pn +h2/0 Ara(v)f(Qa)d0>~

It follows from Proposition 2.1 that
H(pnt1, gn+1) — H(pn, qn)

1 —_
ZQJ/O <V¢0(V)br(V) = Voi(V)b (V) — C;(V)>f (Qr)dr
1
+ hp;/o <¢O(V)br(V) + Vo1(V)b (V) — D;(V)>f (Qr)dr
h2 1 1
+ ’ /0 /0 Q)T b(V)bs (V) f (Qo)drdo
B2 ol gl o
+ ) /0 /O F Q)T Vb (V)bs(V) f (Qg)drdo

1 1
+h2/0 [VU<YT>]Td(/O Am<v>f(Qa>da).

Using the first two equations of (2.21) and f (Q;) = —VU (Q7), we obtain

H(pn+1, gn+1) — H(pus qn)
2 1 1
=h2 /O /0 £ (bf(V)ba(V) VL (V)b (V) — zg/m(v)>f (0.) dedo.
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Letting T <> o and adding the resulting identities gives
B2 ool ~ ~
H(pn+1, gn+1) — H(pn, gn) = ) / / f@)7 (br(V)ba (V) + Vb (V)b (V)
0 Jo

- AL, (V) - A;r(w)f (Q,) drdo.

It then follows from the third equation of (2.21) that H (p+1, gn+1) — H(pn, gn) =
0. The proof is complete. O

Remark 2.4.1 When V — 0 (M — 0), the CSERKN method (2.15) reduces to
CSRKN method. In this case, the energy-preserving conditions of (2.21) reduce to

be = D!,
_ _ (2.24)
beby = AL, + A

o1’

where D, I, A¢s 1y, bl and by I; are the limit values of D.(V), A5 (V), by (V)
and b (V) as V — 0. It follows from (2.17) that D; = t and b; = 1. This result
has been shown in [59].

A detailed investigation of the numerical integration of reversible systems has been
made in [3], and it has been shown that symmetric integration methods often have
excellent long-time behaviour for such systems. Therefore, we turn to the discussion
about the symmetry of CSERKN methods.

Definition 2.3 (See [3]) The adjoint method @;f of a method @;, is defined as the

inverse map of the original method with reversed time step —#, i.e., ®; = qﬁ:}%. A
method with @ = &, is called symmetric.

The following theorem gives the symmetric conditions of CSERKN methods:
Theorem 2.4 A CSERKN methods (2.15) is symmetric if and only if the coefficients
satisfy following conditions

$1(V)be (V) = ¢o(V)br (V) = by~ (V),
Po(V)be (V) + V1(V)be (V) = b1 (V),
C:(V)po(V) + VD (V)1 (V) = Ci1—(V),
C:(V)o1(V) = D (V)go(V) = D1 (V),

Cr(V)<¢1(V)ba(V) - ¢0(V)50(V))

— D(V) <¢0(V)ba(V) + V¢>1<V>13U(V)) + A (V) = Al 1—0(V).
(2.25)
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Proof Exchanging gni1 <> qn, ;41 <> 4y In+1 <> 1, and replacing h by —/ in
scheme (2.15) leads to

— 1 - -
Or = Ce(V)gnt1 — hDr(V)qy/l+1 + hZ‘/O A (V) f (Qa) do,
1
0 = o (V)dns1 — hy (V) sy + 1 /0 b.(V)f (0y) dr. (2.26)

qn =hMep1(V)gni1 +do(V)g, —h /01 b: (V) f (Q:)dr.
Using (2.26) and Proposition 2.1, we obtain
Gn+1 =¢0(V)gn +hd1(V)g,,
+ 1 fo 1 <¢1(V)bT(V) - d’o(V)Br(V))f (0:)dr,
Gni1 =—hMo1(V)gn + do(V)g,

1
+h /0 (cpo(V)br(V) + ch(V)ET(V))f (0r)dr,
0. =(C,(V)¢0(V) + VD,(V)¢1(V)>qn + (CT(V)cm(V) - Dr(V)d’O(V))hqy/z
1
+h? fo [CT(V)(m(V)bU(W - ¢o(V)EU(V>>

- Dr(V)(¢o(V)ba(V) + V¢1(V)EO'(V)> + Ara:|f(ch)dO'-
(2.27)

We replace all indices t and o by 1 — v and 1 — o, respectively, and denote
Q1_r = Q. Itis clear that the scheme defined by (2.27) coincides with the scheme
(2.15) if and only if the coefficients satisfy the conditions (2.25). This proves the
theorem. O

Remark 2.4.2 When V — 0 (M — 0), the CSERKN method (2.15) reduces to a
CSRKN method. In this case, the symmetric conditions reduce to

b, _I;r Zl;l—r, by = b1+,
_ o (2.28)
by —bs —Ths + Ars = Al—r,l—a-

where A;q Iy, b1, and b, I; are the limit values of AW(V), I;I(V) and b (V) as
V — 0. This result has been given in [62].
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2.5 Linear Stability Analysis

In order to analyse the stability of CSERKN methods, we consider the following
linear scalar test equation

q"(1) + ’q(1) = —eq (1), (2.29)
where o represents an estimate of the dominant frequency A and & = A? — w? is the
error of the estimate. Applying the CSERKN method (2.15) to (2.29) yields

1 -
0r = Co(V)gn +hDc(V)g,, — z/ Ao (V) Qs do,
0

1
Gn+1 = do(V)gqn + hp1 (Vg — 2 /O b (V)Q-dr, (2.30)

1
hgp i1 = =VO1(V)gn + heo(V)g, — Z/o b (V) Q-dr,

where V = w?h? and z = h?. Considering Q; is a polynomial of degree s with

respect to t, we have
N
0: =Y 0iLi(x), Qi= 0
i=0

where co =0, c; = 1 and Q¢ = ¢qn, Os = gn+1, and then obtain

1 _ N
Q,-=c,~(V)qn+hD,-<V)q;—z/0 Aig) | Y Lj()0; | do,

j=0

1 s
dns1 = Go(V)gu + h1 (V)g) — 2 /0 be(V) (Z Li(t)Q;) dr, 231)
i=0

1 s
ha)py = =Vé1(V)gn + hdo(V)g) — 2 fo be(V) (Z Li (r)Qi> dr,

i=0

where C; (V) = C,(V), D;(V) = D;(V) and Aig (V) = Ac,-a(V)- We can express
(2.31) in a vector form

0 =C(V)gu +hD(V)q, —zA(V)Q,
qn+1 = do(V)gn + hep1 (V)g, — zB(V)Q, (2.32)
hay 1 = —Vo1(V)gn + heo(V)g, —zB(V)Q,
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where Q = (Qoq, ---, Q)T and
C(V) = (Co(V), -, Cs(V)T, D)= (Do(V),--, Ds(V)T,

1 1
/ Aoo (V) Lo(0)do - / Aoo (V)L (0)do
0 0
AV : : ,

1 1
f Aso (V)Lo(o)do --- f Ay (V)Ls(0)do
0 0
B(V>:< f By (V)Lo(o)do, - - - / ba(V)Ls(o)do),
0 0

1 1
B(V) = (/ by (V)Lo(o)do, - - - / ba(V)Ls(U)dU>-
0 0

The elimination of the vector Q in (2.32) yields the recursion

qn+1 qn
=M(V,z2) < ) ) (2.33)
(hq;l+1) hq,

where

MZ( $o(V) —2B(V)N~IC(V) ¢1(V)—zB(V>N1D(V)) (234)
—V¢1(V) —zB(V)N~IC(V) ¢o(V) —zB(V)N~'D(V) )" ™

and N = I 4+ zA(V). The matrix M is called the stability matrix. The behaviour of
the numerical solution will depend on the spectral radius p (M). Geometrically, the

characterization of stability involves a two-dimensional region in (V, z) space for a
CSERKN method.

Definition 2.4 For the CSERKN method (2.15) with the stability matrix M (V, z),
the region of the two-dimensional space

Q={V,2): V=20, [p(M(V,2)] < 1}
is called the region of stability. The closed surface defined by p(M(V, z)) = 1 and
V > 0 is the stability boundary of the method.
Definition 2.5 Denoting { = /V + z, the two quantities

tr(M)

¢ () = ¢ — arccos <2\/det(M)

) . d©Q) =1—/det(M)

are called the dispersion error and the dissipation error of the underlying CSERKN
method, respectively. The method is said to be dispersive of order y and dissipative



62 2 Continuous-Stage ERKN Integrators for Second-Order ODEs with Highly. ..

of order r, if $(¢) = O+ and d(¢) = O, respectively. If ¢(¢) = 0 or
d(¢) = 0, then the method is said to be zero dispersive or zero dissipative.

2.6 Construction of CSERKN Methods

In this section, we present second and fourth order symmetric and energy-preser-
ving CSERKN schemes. The derivation process of higher-order methods is com-
pletely similar. In the construction of the method, we always choose D, = t, as
described in Remark 2.4.1.

In a CSERKN method, there is a restrictive relation between the internal and
final stages for the consistency of the method, because ¢,,+1 should coincide with
Qc, while ¢; = 1. Therefore, I;G(V) should be expressed as I;G(V) = Ay (V).

2.6.1 The Case of Order Two

According to Definition 2.2, a one-degree CSERKN formulation has coefficients
with the following form:

Ag(V) =an(V)r,  be(V) =bi(V),  be(V) =bi(V). (2.35)
On the basis of the energy-preserving conditions (2.21), the coefficients satisfy

an(V) = ¢a((c1 — 2)*V),
(1 = c2)%p2((1 — 2)?V) — (1 — c1)?pa((1 — c1)?V)

= c1—C2 ’ (2.36)
bi(V) = (1 —=c2)o1((1 - c2)2V) — (1 —c)or1((1 — 01)2‘/).
c1—c

Under the assumption that the coefficients in (2.36) satisfy the symmetric conditions
(2.25), we obtain

V) =¢a(@er - V), a=1-a,
g (2V) — (1 — c1)?¢o((1 — c1)?V)
2c1 — 1 ’

c191(c?V) — (1 — e (1 — e)?V)
2c1 —1 ’

by(V) = (2.37)

bi(V) =
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Region of stability for SEPCSERKN2P Region of stability for SEPCSERKN4P
10 4 10
5 5
w0 w0
=5 =5
-10 -10
0 5 10 15 20
14 v
(@) (b)

Fig. 2.1 The stability regions of the method SEPCSERKNZ2P (a) and the method SEPCSERKN4P
(b)

Let A1, (V) = by (V) in (2.37), and this gives

c1 =0, =1,

_ (2.38)
ail(V) = ¢ (V), bi(V) =¢2(V), bi(V) =¢1(V).

It then can be verified that the coefficients satisfy all the conditions of order two. We
denote the CSERKN method determined by (2.38) as SEPCSERKN2P. With regard
to the dispersion error and the dissipation error of the method SEPCSERKN2P, we
have

2 c 3

5 —

() =

This shows that the method is dispersive of order two and zero dissipative,
respectively. The stability region of the method SEPCSERKNZ2P is depicted in
Fig.2.1a.

Remark 2.6.1  Actually, the method SEPCSERKNZ2P can be expressed as

1
0 = (+t0(V) + 1= 7)ay +hror (Vg +17 [ 6a(V)f (Q)da 0. 1)

1
dn+1 = ¢o(V)qn + ho1(V)g, + hz/o $2(V) f (Qr)dr,

1
Gpiy = —hMe1(V)gy + ¢o(V)g, + h/o d1(V) f (Qr)dr.
(2.39)
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Using the first two expressions of (2.39), we write QO as a linear combination of g,
and gp41.

Or =1qnt1 + (1 — T)qp. (2.40)

The method SEPCSERKNZ2P then can be expressed as
1
an+1 = $o(V)qn + ho1(V)q, + h2¢2(V)f S (@qny1 + (1 — 1)gn) dr,
0

1
Gpp1 = —hMo1(V)gn + do(V)q, + h¢1(V)/0 f(@gnt1 + A —1)gy) dr.
(2.41)

This formula (2.41) has been proposed in [63, 64] and is termed the adapted AVF
(AAVF) formula in [64]. The authors in [65] studied the application of AAVF
formula to Hamiltonian partial differential equations. Therefore, CSERKN methods
can be thought of as an extension of the AAVF method (2.41).

2.6.2 The Case of Order Four

A two-degree CSERKN method has the coefficients of the form

Ao (V) = an (V)T 4+ an(V)to +an (V)r? + an(V)to, o)
be (V) = b1(V) + ba(V)T. be (V) = by (V) + by(V). '

It then follows from the first two energy-preserving conditions of (2.21) that

b (V) = <(—c% + (1 = e)*$2((1 = )’ V) + (] — (1 = e2)’¢a((1 = 2)*V)
+ (=} + )1 = c3) (1 — c3>ZV>> / (1 =@ = ea)ies = en),

by (V) = <2((62 — )1 = e’ 2 (1 = c1)*V) + (—c1 + e3)(1 — )’ (1 — 2)*V)

+(c1 = ) (1 — e3)’a((1 — C3)2V))> / (1 = eer = ente2 = 2),
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bi(V) = ((c% — D1 = cpi1((1 = c)*V) + (=3 + (1 — )1 (1 — e2)?V)
+(cf — ) — )i ([ — Cs)zV)) / (1 = et = enter = ),
by(V) = 2<(—Cz + e =i (1 —c1)*V) + (e1 — e3)(1 — )1 (1 — e2)*V)

+(=c1 + )1 = e (1 = c3>ZV>> / (1 = e = ente2 = ).

(2.43)
Using the last energy-preserving conditions of (2.21), we obtain
- R —
an(v) =, (B +5imv).
- 1 - _
an(V) = (= an®) +bi(V)ba(V) + b1 (V)bAV)V). (244)

_ 1 =
an(V) =, (b%(V) + b%(V)V).
Letting the coefficients in (2.6.2) and (2.44) satisfy the symmetric conditions and

A15(V) = by (V), we obtain
ca=1, an(v)= 4¢2<iv) =3¢ (V).
=i )+ ()

()= o)) =i
by(V) = 3¢2(V> - ¢2<iv), by(V) = 2¢2<iv) —4¢r(V),

1 1
by(V) = —2¢1<4V> +3¢1(V), ba(V) = 4¢1<4V> —4¢1(V).
(2.45)

It can be verified that the coefficients satisfy all the conditions of order four. We
denote the CSERKN method (2.15) determined by (2.45) as SEPCSERKN4P. Con-
cerning the dispersion error and the dissipation error of the method SEPCSERKN4P,
we have

e2(4e” + 3w 3

() =
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which indicates that the method SEPCSERKN4P is dispersive of order four and
zero dissipative, respectively. The stability region of the method SEPCSERKNA4P is
depicted in Fig.2.1b.

2.7 Numerical Experiments

In this section, in order to demonstrate the superiority of the continuous-stage
ERKN methods in comparison with the existing methods in the literature, we
consider three model problems. Since these methods are implicit, iterative solutions
are required. We use fixed point iteration with the tolerance 1013, and the
maximum number of iterations is 100. The integrals appearing in the right-hand
side of method (2.15) are integrated by using quad with the tolerance 10~!2. The
integrators we select for comparison are

e EPCSRK2P: The energy-preserving CSRK method of order two derived in [48];

e EPCSRKA4P: The energy-preserving CSRK method of order four derived in [48];

e SEPCSERKN2P: The symmetric and energy-preserving CSERKN method of
order two presented in Sect. 2.6 of this chapter;

e SEPCSERKN4P: The symmetric and energy-preserving CSERKN method of
order four presented in Sect. 2.6 of this chapter.

The numerical results are executed on the computer Lenovo M6600 (Inter(R)
Pentium(R) CPU 3.00 GHz, 0.99 GB), and the programming language MATLAB is
used.

Problem 2.1 We consider the Duffing equation

q" + a)zq = 2/(26]3 — kzq, t € [0, tenal,

. (2.46)
q(0)=0, g0 =ow.
The Hamiltonian is given by
1 1 k2
H(p.q) = p* 2 k22 — 4
(p.g)=,p"+ (@ +k)q" = q
where k = 0.03. The exact solution of this initial-value problem is g(t) =

sn(wt; k/w), where sn is the so-called Jacobian elliptic function. We choose the
frequency @ = 50 in this experiment. Accordingly, this is a highly oscillatory
Hamiltonian system.

We first solve this problem on the interval [0, 100] with the stepsizes & = 1/2/
for j = 4,...,7 for each method. We then integrate the problem with a fixed
stepsize & = 1/100 on the interval [0, 100] to examine the preservation of the
Hamiltonian for the four methods. The numerical results are presented in Fig.2.2.
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Problem 2.1: The efficiency curves Problem 2.1: The energy conservation
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Fig. 2.2 Efficiency curves (a) and energy conservation (b) for Problem 2.1

Problem 2.2 We consider the two coupled oscillators with different frequen-cies
[17]

q{ + q1 = 2eq192, q1(0)=1, ¢{(0)=0,
ay +2q2 = eq? +4eq3,  @2(0)=1, g¢50)=0.

The Hamiltonian of this system is given by
1 1
H(p.q) =, (pi+ 1)+, +243) — ¢ (a2 +43).

In this numerical experiment we choose & = 1073, We first solve this problem on the
interval [0, 100] with the stepsizes h = 1/2j for j = 2,---,5 for all the methods.
We then integrate the problem with a fixed stepsize 4 = 1/10 on [0, 100] and
examine the preservation of the Hamiltonian. The numerical results are presented
in Fig.2.3.
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Problem 2.2: The efficiency curves Problem 2.2: The energy conservation
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Fig. 2.3 Efficiency curves (a) and energy conservation (b) for Problem 2.2

Problem 2.3 Consider the semilinear wave equation

Pu % L L -0
— = — U < < >
ar ax2 5" =0 ’
w(©,0) = u(l,1) =0, u(x,0)= Sm(zm), uy(x, 0) = 0.

By using second-order symmetric differences, this problem is converted into a
system of ODE:s in time

ui w1 — 2w +uio 1 4
dt2 - sz = _Sul ) O <t g tend,
u; (0) = Sm(;”"), W) =0, i=1-,N—1,

where Ax = 1/N is the spatial mesh stepsize and x; = i Ax. Then this semidiscrete
oscillatory system has the form

2
dr?
U@ = <

+ MU =FU), 0<t < ftend,
sin(wx1) sin(rxy—1)

T
s 5 ) U/O =07
) N ) 0)
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where U(t) = (u1(t), -+ ,un—1())T with u; (t) ~ u(x;,t) fori =1,--- ,N — 1,
and

2 —1
-1 2 —1
M= SR B (2.47)
—1 2 —1
-1 2
I 5 I 5 T
F<U>=(—5u~1,---,—5uN1) .

The Hamiltonian of this system is given by

1 1 1
H = T ™ Tg4
(r.q) Z PPt Mg, et
where e = (1,---, 1)T. In this numerical experiment we choose N = 100. We

first solve this problem on the interval [0, 100] with the stepsizes 7 = 1/2/ for
Jj = 5,---,8. We then integrate the problem with a fixed stepsize h = 1/128
on [0, 100] and examine the preservation of the Hamiltonian by each code. The
numerical results are shown in Fig. 2.4.

It can be observed from Figs. 2.2, 2.3, and 2.4 of the three numerical experiments
that the right-hand figures show all the integrators derived in this chapter preserve
the Hamiltonian well. The results of the numerical experiments confirm that, for
a given stepsize h, the SEPCSERKN integrators are more accurate than EPCSRK
methods with the same convergence order.

Remark 2.7.1 In general, the computational cost per step of high order methods is
larger than that of low order methods. In order to objectively evaluate these effects,
we present in Fig. 2.5 the error versus CPU time for each problem, which indicates
that SEPCSERKNA4P is the best of these four methods. The related data are the same
as those shown in Figs. 2.2a, 2.3a, and 2.4a.

2.8 Conclusions and Discussions

In this chapter, we derived and analysed continuous-stage extended Runge—Kutta—
Nystrom (CSERKN) methods for (2.1). This class of CSERKN methods is oscil-
lation preserving since the internal stages and the updates exactly integrate the
highly oscillatory homogeneous system (2.2) associated with (2.1). Symmetric and
energy-preserving conditions for CSERKN methods were derived and analysed for
highly oscillatory Hamiltonian systems. In terms of these conditions, two symmetric
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Problem 3.3: The efficiency curves Problem 3.3: The energy conservation
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Fig. 2.4 Efficiency curves (a) and energy conservation (b) for Problem 3.3
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Fig. 2.5 The error versus CPU time for three problems
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and energy-preserving CSERKN methods were constructed, of orders two and
four respectively. The results of the numerical experiments show that the energy-
preserving CSERKN methods preserve the energy well, and are more accurate than
EPCSRK methods.

CSERKN methods for semilinear Hamiltonian wave equations could be investi-
gated further. We expect that they may exactly preserve the energy of the underlying
Hamiltonian wave equations, including the Klein—Gordon (KG) equation which has
received a great deal of attention, both numerical and analytical. We refer the reader
to [65] for this topic. A promising approach to the approximation is based on the so-
called operator-variation-constants formula (the Duhamel Principle), and we refer
the reader to some relevant papers [66—68]. In Chap. 11, symplectic approximations
will be derived and analysed in detail for efficiently solving semilinear KG equa-
tions. Moreover, continuous-stage leap-frog schemes for semilinear Hamiltonian
wave equations will be presented in Chap. 12.

The material in this chapter is based on the work by Li and Wu [69].
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