Chapter 14 )
Long-Time Momentum and Actions Shethie
Behaviour of Energy-Preserving Methods

for Wave Equations

Wave equations have physically very important properties which should be
respected by numerical schemes in order to predict correctly the solution over
a long-time period. In this chapter, the long-time behaviour of momentum and
actions for energy-preserving methods are analysed in detail for semilinear wave
equations.

14.1 Introduction

The main theme of this chapter is the long-time behaviour of energy-preserving (EP)
methods when applied to the following one-dimensional semilinear wave equation
(see [1-3])

u—u+put+gu)=0, —7r<x<m, t>0, (14.1)

where g is a nonlinear and smooth real function with g(0) = g’(0) = 0 and p
is a positive number. Following the Refs. [1-3], we assume that the initial values
u(-,0) and d;u(-, 0) for this equation are bounded by a small parameter &, which
provides small initial data in appropriate Sobolev norms. Here, we consider 27 -
periodic boundary condition u(x, t) = u(x + 2, t) for (14.1).

As is known, several important quantities are conserved by the solution of (14.1).
Firstly, the total energy

Hu,v) = 2;/ (;(v2~|—(8xu)2+,0u2)~|—U(u)>dx
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is exactly preserved along the solution, where v = 9;u and U (u) is the potential such
that U’ (u) = g(u). Secondly, the solution of (14.1) also conserves the momentum

K(u,v) = 21_[ /77 Oxu(x)v(x)dx.

—TT

Thirdly, the harmonic actions

Lww =P+ P ez
2 2w;

are conserved for the linear wave equation, i.e., g(u) = 0, where w; = \/ o+ j2 for
J € Z. In the nonlinear case, it has been proved in [2, 4] that, for smooth and small
initial data and for almost all values of p > 0, the actions /;(u, v) remain constant
up to small deviations over a long-time period.

In the past decades it has become increasingly important to design numerical
integrators for wave equations aiming at respecting qualitative properties of the
solution (see, e.g. [5—14]). Among others, long-time conservation properties of
numerical methods when applied to wave equations have been well studied [1-
3, 15, 16]. All these analyses are achieved by the technique of modulated Fourier
expansions, which was developed by Hairer and Lubich in [17] and has been
frequently used in the long-term analysis (see, e.g. [18-22]). On the other hand,
as an important kind of method, energy-preserving (EP) methods have also been the
subject of many investigations for wave equations. EP methods can exactly preserve
the energy of the system under consideration. Concerning some examples of this
topic, we refer the readers to [23—31]. Unfortunately, it seems that the study of the
long-time behaviour of EP methods in other structure-preserving aspects is quite
inadequate for wave equations in the literature, e.g. the numerical conservation of
momentum and actions. This chapter focuses on this point.

14.2 Full Discretisation

This section presents a full discretisation for solving the semilinear wave equation
(14.1). We begin with a spectral semidiscretisation in space introduced in [1, 3], and
then use EP methods in time.

14.2.1 Spectral Semidiscretisation in Space

We here choose equidistant collocation points x4 = kn/M, k = —M,—-M +
1,---, M — 1, for the pseudospectral semidiscretisation in space and consider a
pair of real-valued trigonometric polynomials as an approximation for the solution
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of (14.1)

M, =3 gqime, WMa,n= Y pime’r, i=y-1,
ji<m ji<m
(14.2)

d
where p; (1) = dr q(t) and the prime indicates that the first and last terms in the

summation are taken with the factor 1/2. We collect all the g; in a 2M-periodic
coefficient vector g () = (g (¢)), which is a solution of the 2M -dimensional system
of oscillatory ODEs

d2q )
2+ 2% = f@. (143)
where f(g) = —EZMg(fz_léq), £2 is diagonal with entries w;, and F,) denotes
M—1 =
the discrete Fourier transform (Fyw); = M > wre V% for |j| < M. Ttis
k=—M

noted that the system (14.3) is a finite-dimensional complex Hamiltonian system
with the energy

’

1
Hu(p.q) =, 3 (Ipjl* +0jlg;1?) + V(@) (14.4)
ljlsM

1 M-l
where V(q) = M > U((ﬂ‘{]‘}q)k). Accordingly, the actions (for |j| < M)
k=—M

and the momentum of (14.3) are respectively given by

1 i N .
il Koy ==} ija-jpj, i=v-1,
J

] _ Wi 2
Ii(p,q) = ’ lg i1~ +
ljI<M

2

where the double prime indicates that the first and last terms in the summation
are taken with the factor 1/4. We are interested only in real approximation (14.2)
throughout this chapter, and hence it holds that g ; = g;, p—; = pjand I_; = I;.

It is important to note that the energy (14.4) is exactly preserved along the
solution of (14.3). For the momentum and actions in the semidiscretisation, the
following results have been proved in [3].
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Theorem 14.1 (See [3]) Under the non-resonance condition (14.10) and the
Assumption (14.7) which are stated in Sect. 14.3.1, it holds that

%wk+l 111 (p(1), q(1)) — 1i(p(0), ¢ (0))]

1 &2 < Ce,

1=0
IK(p(1),q (1)) — K(p(0), g(0))]

2 < CteM ™t

where 0 <t < e~ Nt and the constant C is independent of e, M, h and t.

14.2.2 EP Methods in Time

It is known that among typical EP integrators is the average vector field (AVF)
method (see [32]). Unfortunately, however, it has been pointed out in Chap. 1 that
the AVF method cannot efficiently solve the highly oscillatory system (14.3) (see
also [33, 34]) since the AVF method is not oscillation preserving. Moreover, the
integral appearing in the AVF formula is dependent on the frequency matrix 2.
This fact leads to the following definition.

Definition 14.1 (See [33, 34]) For efficiently solving the oscillatory system (14.3),
the adapted average vector field (AAVF) method has the form

1
dn+1 = P0(V)gn + he1(V)pn + h2¢2(V)/(; S((1 = 0)gn + ogn+1)do,

1
Pur1 = —h82%¢1(V)gn + $o(V)pn +h¢1(V)/0 f((1 =0)gn + 0qu41)do,

(14.5)
where £ is the stepsize, and
00 ky/k
(=D*Vv
V)= ,1=0,1,2 14.6
&1 (V) kE_O 2k + 1)1 (14.6)

are matrix-valued functions of V = h2£22.

According to (14.6), it is clear that
po(V) = cos(hf2),  $1(V) =sin(h2)(h2)™",  ¢2(V) = (I — cos(h$2))(h$2) >
It is interesting to note that as V' — 0 the method (14.5) reduces to the well-known

AVF method. The following properties of the AAVF method have been shown in
[33, 34].
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Theorem 14.2 (See [33,34]) The AAVF method is symmetric and exactly preserves
the energy (14.4), which means that

Hy (pny1, gni1) = Hy(pn,qn) for n=0,1,---.

Theorem 14.2 ensures that the energy-preserving AAVF method does not exclude
symmetry structure, and, as is known, preserving the energy and symmetry of the
system simultaneously at the discrete level is important for geometric integrators.

14.3 Main Result and Numerical Experiment

In what follows, we shall use the following notations (see [1]). We denote
M M M )
k= (kDo Tk =Y Ikl ko= ko, o ¥ =]]a™
1=0 1=0 1=0

for sequences of integers k = (kl)l"i 0 @ = (a)l)lﬂi o and a real number o. We also
denote by () the unit coordinate vector (0, ---,0,1,0,---,0)T with 1 in the j-th
entry 1 and 0 elsewhere. For s € R, the space of 2M -periodic sequences ¢ = (¢;)

" 1/2
endowed with the weighted norm |||, = ( > w;s|q j|2) is denoted by H¥.

ljlsm
Furthermore, we set

Ikl +1)/2, k #0,
[[k]] =
3/2, k=0.

14.3.1 Main Result

In this subsection we first present the main result of this chapter, which will
be illustrated by numerical experiments. The following assumptions (see [1]) are
needed for the main result.

Assumption 14.1 It is assumed that the initial values of (14.3) are bounded by

(g2, + IpO)I2)* <& (14.7)

with a small parameter ¢ > 0.
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Assumption 14.2 The following non-resonance condition holds for a given step-
size h:

. (h . (h 1/2,2
sm(z(a)j —k-w)) ~sm<2(wj+k-w))‘ > e /"h"(wj + k- o). (14.8)

If this condition is not true, we define a set of near-resonant indices

Fen ={(, k) |jI < M, |kl <2N, k# £(j), not satisfying (14.8)},
(14.9)

where N > 1 is the truncation number of the expansion (14.15) which will be
presented in the next section. Moreover, we assume that there exist o > 0 and a
constant Cq such that

w?

sup el 12 < Coel, (14.10)
(k)o@

for the set Ze .

Assumption 14.3 Assume that the following numerical non-resonance condition
|sin(hew;)| > he'/? for |j| < M, (14.11)

is satisfied.

Assumption 14.4 Suppose that, for a positive constant ¢ > 0, another non-
resonance condition

sin (h(a)~ —k- w)) -sin <h(a)~ +k- w))‘ > ch?12¢r(h*w?)|
2 27 / (14.12)

for (j, k) of the form j = j; 4+ jo» and k = £(j1) £+ (j2),
is also fulfilled, which leads to improved conservation estimates.
The following theorem represents the main result of this chapter.

Theorem 14.3 We define the following modified momentum and actions, respec-
tively

1 1
R cos zhwj R " cos| hw;j
ij(p.q) = L A\ L. Kpgy== 3 i) L \a-ipi
sinc(zhwj) [jI<M  sinc <2hwj)
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and choose the stepsize h such that

1
cos( ha)j)

2

) <Ci  for |jI< M. (14.13)
sinc( ha)j>

2

Then under the conditions of Assumptions 14.1-14.4 with s > o + 1, for the AAVF
method (14.5)and0 < t = nh < g~ N+L the following near-conservation estimates
of the modified momentum and actions

M A ~
Z 25t [1;(Pn> qn) — 1L1(Po, qo)|
]

o2 < Ce,

=0

IK (Pns gn) — K (po, q0)|

R <Cle+ M~ + M+
&

hold with a constant C, depending on s, N, Co and Cy, but not on ¢, M, h and time
t. If (14.12) is not satisfied, then the bound Ce is weakened to Ce'/2.

The proof of this theorem will be shown in detail in Sect. 14.4 based on the
technique of multi-frequency modulated Fourier expansions. It is remarked that
the above result for the AAVF method with the integral is also true for the AAVF
method with a suitable quadrature rule instead of the integral, and this point will be
explained briefly in Sect. 14.5.

An interesting study of the long-time behaviour of a symmetric and symplectic
trigonometric integrator for solving wave equations was made by Cohen et al.
in [1], and it was shown that this integrator has a near-conservation of energy,
momentum and actions in numerical discretisations. However, it is noted that the
method studied in [1] cannot preserve the energy (14.4) exactly. Fortunately, it
follows from Theorems 14.2 and 14.3 that the AAVF method not only preserves
the energy (14.4) exactly but also has a near-conservation of modified momentum
and actions over long terms.

Remark 14.1 Theorem 14.3 claims that the AAVF method has a near-conservation
of a modified momentum and modified actions over long terms. We here remark that
we have tried to prove long-time conservation for natural discretisations. However,
after the whole procedure of the proof using modulated Fourier expansion, it turns
out that artificial coefficients cos(hw;)/ sin(hw;/2) form part of each term of the
summation of the natural discretisation. Therefore, we only obtain the conservation
of the modified momentum and modified actions. Similar results have also been
shown in some other publications. For example, the authors in [19] proved long-
time conservation of modified energy and modified action for the Stormer-Verlet
method and in [35], conservation of the modified energy and modified magnetic
moment were shown for a variational integrator. In both publications, long-time
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conservation of natural invariants was not given. We also note that although the
result cannot be obtained for the momentum K and actions /;, K and [; are no
longer exactly conserved quantities in the semidiscretisation, which can be seen
from Theorem 14.1. Moreover, it will be shown in the next subsection that, in
comparison with the near-conservation of K and /;, the modified momentum and
modified actions are preserved rather well by the AAVF method. This supports the
result of Theorem 14.3.

14.3.2 Numerical Experiments

In what follows, we implement two numerical experiments to show the behaviour
of the AAVF method. Since the AAVF method is implicit, iteration solutions are
needed. Here, we use fixed-point iteration in practical computation. We set 10716 as
the error tolerance and 100 as the maximum number of iterates.

Problem 14.1 Consider the semilinear wave equation (14.1), where p = 0.5 and
g(u) = —u?. The initial conditions are given by (see [1])

X 3 X 2 X X X 2
u(x,0)=0.l< —1> ( +1> ., du(x,0)=0.01 ( —1)< +1) ,
b b T \TT b

for —m < x < 7. We carry out the spatial discretisation' with the dimension 2M =
27 and apply the midpoint rule to the integral> appearing in the AAVF formula
(14.5), which yields

{ Gnt1 = Qo(V)qn + h1 (V) pu + 122 (V) £ ((qn + qnt1)/2),
(14.14)

Putt = —h22$1(V)gn + o (V) pn +h1 (V) [ ((Gn + Gns1)/2).-

It is easily verified that the assumption (14.7) holds for s = 2 with ¢ &~ 0.1. We solve
this problem with the stepsize # = 0.05 on [0, 10000], and the relative errors of
momentum/modified momentum and actions/modified actions against ¢ are shown

1t is noted that for wave equations, the spatial discretisation with the dimension 2M = 27 has
been considered in [1, 8, 36] and it worked well in those publications. That is the reason why we
use the spatial discretisation with 2M = 27 here.

2From the analysis of Sect. 14.5, it follows that the main result is still true for the AAVF method
with some quadrature rule.
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The result of AAVF
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Fig. 14.1 The logarithm of the errors against ¢
in Fig. 14.1. We here adopt the following notations:
K (pnrdn) — K(po. K (pn.qn) — K (po.
errK — |K (Pns qn) (Po. q0)! ’ ertMK — |K(Pn t{n) (Po q0)|
|K (po, q0)l |K (po, q0)l
M M
> i (pas an) = Ti(po, q0))| > & i (pns an) = 11(po. q0))|
1=0 1=0
errl = Iy , errtMI = Iy
> @] li(po. q0)| > " @ i(po. o)
1=0 1=0

It follows from Fig. 14.1 that the modified momentum and modified actions are
better conserved than the momentum and actions, which supports the results given
in Theorem 14.3.

We next show the efficiency of the AAVF method in comparison with some other
methods. To this end, we consider the classical Stormer-Verlet formula (denoted by
SV), Gautschi’s method of order two (denoted by GM1s2) given in [17] and the two-
stage diagonally implicit symplectic Runge—Kutta method of order three (denoted
by RK2s3) presented in [37]. With regard to Gautschi’s method, its coefficient
functions are chosen as ¢ (£) = 1 and ¥ (£) = (sin(€)/£)2. The long-time behaviour
of this method has been shown in [17], and the non-resonance conditions given in
[1] are satisfied for this method. We first solve the system on [0, 10] with & = 0.2/ 27
for j = 2,3,4,5, and the errors GE = ( lgn — q||§ + |l pn — p||%)1/2 measured at
the final time against the CPU time are presented in Fig. 14.2a. We then integrate the



468 14 Long-Time Momentum and Actions Behaviour of Energy-Preserving Methods. . .
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Fig. 14.2 (a) The logarithm of the errors against the logarithm of CPU time. (b) The logarithm
of the energy errors against the logarithm of time

problem on [0, fepg] with & = 0.01 and fepg = 10/ for j =0, 1,2, 3. The errors of
the semidiscrete energy conservation are presented in Fig. 14.2b. It can be observed
from Fig. 14.2 that the AAVF method shows good overall efficiency.

Problem 14.2 Consider the semilinear Klein—Gordon equation

3t2u — azafu =bu? —au, —nw<x<m, u(—m,t) =u(m,t), 0<t<T,

2a 2a
u(x,0) = b sech(Ax), u;(x,0) =cA b sech(Ax) tanh(Ax)

a ..
where A = \/ ) ) and a, b, a® — ¢ > 0. The exact solution is
ar—c

2a
u(x,t) = \/ b sech(A(x — ct)).

The choice of parameters a = 1, b = 0.01, ¢ = 0.25 makes this problem fit into the
form (14.1).

Likewise, the spatial variable is discretised with the dimension 2M = 27, and
it can be verified that the assumption (14.7) is true for s = 1 with ¢ ~ 0.015.
This problem is solved on [0, 10000] with 2 = 0.05, and the relative errors of
momentum/modified momentum and actions/modified actions against ¢ are shown
in Fig. 14.3.
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We then apply the AAVF method as well as the methods SV, GM1s2, and RK2s3
to the problem on [0, 100] with & = O.2/2j for j = 0, 1, 2, 3. The errors measured
at the final time against the CPU time are given in Fig. 14.4a. Finally we solve
the problem on [0, fepg] with 2 = 0.01 and feng = 107 for j =0,1,2,3, and
present the errors of the semidiscrete energy conservation in Fig. 14.4b. Here, it
is remarked that for this problem, the conservation of modified momentum and
modified actions seems to be similar to those for the natural discretisations of
momentum and actions. The reason is that, for some problems, it can be checked
that the modified momentum and modified actions are very close to the natural ones
of the considered system. Apart from this, according to Fig. 14.4, it is clear that
Gautschi’s method behaves at least as well as AAVF since both methods behave
similarly with respect to the conservation of invariants, but Gautschi’s method is
explicit while AAVF is implicit although both methods are of order two.

14.4 The Proof of the Main Result

This section concerns the proof of Theorem 14.3. We first present the outline of the
proof and then show the key points one by one since the proof is a bit long.
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14.4.1 The Outline of the Proof

The proof relies on a careful study of a modulated Fourier expansion of the AAVF
method (14.5). It is assumed that the conditions of Theorem 14.3 are true. For the
numerical solution (py, g,), determined by (14.5), we will consider the following
truncated multi-frequency modulated Fourier expansion (with N from (14.9))

Gy = > ®Deken pay= Y kO pten, (14.15)

Ikll<2N lkll<2N

where t = nh and ;:].‘ =k, 17:]“ = n. For this modulated Fourier expansion, the
following key points will be addressed one by one in the rest of this section.

* Formal modulation equations for the modulation functions are derived in
Sect. 14.4.2.

* We consider an iterative construction of the functions using reverse Picard
iteration in Sect. 14.4.3.

*  We then work with a more convenient rescaling and study the estimation of non-
linear terms in Sect. 14.4.4.

» Abstract reformulation of the iteration is presented in Sect. 14.4.5.

* We control the size of the numerical solution by studying the bounds of
modulation functions in Sect. 14.4.6.

* The bound of the defect is estimated in Sect. 14.4.7.

* We study the difference between the numerical solution and its modulated
Fourier expansion in Sect. 14.4.8.

*  We show two invariants of the modulation system and establish their relationship
with the modified momentum and modified actions in Sect. 14.4.9.
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* Finally, the previous results that are valid only on a short time interval are
extended to a long-time interval in Sect. 14.4.10.

It is noted that the above procedure is a standard approach to the study of
the long-time behaviour of numerical methods of Hamiltonian partial differential
equations by using modulated Fourier expansions (see, e.g. [1-3, 15, 16]). Although
the proof presented here closely follows these previous publications, there are novel
modifications adapted to the AAVF method in each part. The differences in the
analysis arise due to the implicitness of the AAVF method and the integral appearing
in the method.

Throughout the proof, denote by C a generic constant which is independent of
e, M, h and t = nh. The following lemma, presented in [2], will be needed in the
analysis of this chapter.

Lemma 14.1 (See [2]) Fors > 1/2, one has Y. o M < Cx < oo. For
IKI<K
s> 1/2andm > 2, it is true that

—_ b k™
25 UK [k

sup < Chpgs <00,
IkI<K w B ”
SE e =k
where the sum is taken over (kl, <o+, k™) satisfying Hki || < K. Fors > 1,itis
25+1
> kil o)

120

<C .
WK1+ |k - @) Ko =00

Jurther true that sup < g

14.4.2 Modulation Equations

We commence from the formulation of the modulation equations for the modulated
functions. To this end, we first define five operators by

L]f = elk@hgehD 2cos(h§2) + g ik@hg—ehD

Ll; - eéi(kw)he%shD + e—gi(k-w)he—;shb’

Lk ;= (eik@heehD 1) (eitkwheehD | 1)=1
LX) 1 = (1 — o)e 2ik@he=3eD 4 gesitk@heseD

LF= 5Lk,

where D is the differential operator (see [20]). Then the following results for these
operators are essential in the analysis.
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Proposition 14.1 The operator L* can be expressed in Taylor expansions as
follows:

D D)oV (er) = £2ichs jyi />(ez)+ sec< ha)/> Wiery+ -
1
Lk Dyt (ery = 2" her) e HAF RN 3oy 1.
C
k

(14.16)

h h
for|j| > 0 and k # £(j), where sy = sin(z(k~w)> and ¢ = cos (2(k~w)).

The Taylor expansions of Lé‘ are of the forms
1 he
k _k _ k k
L3ozj(£t) = itan <2h(k . w))cxj(st) + . CZkaj(st) 4+,

for|j| > 0 and ||k|| < 2N. Moreover, for the operator Lk (o) with | k]| < 2N, we

have
(1) e (") L (P e+

Theorem 14.4 (Modulation Equations) The formal modulation equations of the
modulated functions ¢ are given by

/

. . m)
im;jim = pied) Z g m'( ) Z Z

m>=2 T klperkm = (j) 14+ jm=j mod 2M

./01 [(Sﬁl ..... g;‘:)(tg,a):ldd,

Lké.k — 2y (hw 2) Z g )(0) Z Z

m>2 C klepkim=k j14t jm=] mod 2M

1
: fo [ &) e o) ]do.  fork =),

14.17)
where L¥ is defined by (14.16) and

ket o) = LE (o) K (en).
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The modulation equations for n* are determined by

tan (;h(kwu))

1
tan <2ha)j>
fork # £(j).

Proof The proof will be divided into two parts.
The first part is the proof of (14.17).
Using the symmetry of the AAVF method and the following property

+(j . +(j i
Y = tio; oV + Ohe), ot = iw;¢] + O(he)

(14.18)

1 1
/o J((I=0)gn+0gn-1)do = /o f((A = 0)gn-1 + ogn)do,

leads to

qn+1 — ZCOS(hQ)CIn + gn—1

1 1
=h2¢2(V)[fO S —=0)gn +0oqny1)do +/O S —=0)gn-1 +an)d0]
(14.19)

We then seek for a modulated Fourier expansion of the form
~ h iko) (1+4) x h
an(t+ ,.0)= Z e ( )g e(t+, )0
IkI<2N

for the term (1 — 0)g, + 0gn+1 appearing in (14.19). This implies that

gk <8<t + Z) U) =<(1 _ o)e2itk@he=5eD +oeéi(k"”)hegw>§k (e(t + Z))

:L’;(o);k<e (r + Z)) (14.20)

Likewise, for (1 — 0)g,—1 + 0qn, We can obtain the following modulated Fourier
expansion

h . h

lkll<2N
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5k<g<t—-g),o>==L§«n;k<g<t—-g)). (14.21)

Inserting the modulated Fourier expansions (14.15), (14.20), and (14.21) into
(14.19) yields

where

gt +h)—2cos(h$2)q(t) + gt — h)

oo [ (S [ - L))

which can be formulated as

1

(2P &7 2MP) T (P — 2cos(hR2) +eP)G(1) = hpa(V) / fGn(t. 0))do.
0

(14.22)

We next rewrite this equation by using the approach introduced in [3]. We begin

with the following notation. For a 2 -periodic function w(x), denote by (Zw)(x)

the trigonometric interpolation polynomial to w(x) at the points xi. If w(x) is of the
(0.¢]

fomw(x) = Y. wjel/*, then we have that
j==o0

1

(Qu)x)= Y ( > w,-+2M,)eif*,

ljI<M N=—00

k
where x; = 1\741 For a 2M-periodic coefficient sequence ¢ = (g;), (¥q)(x) is

referred to the trigonometric polynomial with coefficients g, i.e.,

/
(Pg)x)= Y q;el™.
ljlsM
With these new denotations, (14.22) is identical to

1
(2P 4 e=2"DY"1(ehD _ ) cos(hs2) + e ") PG (1) = h2¢2(V)f Dg(Piy(t, 0))do.
0
(14.23)
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The Taylor expansion of the non-linearity 2g at 0 is given by>

m)
28(Pant.on =Y ¢ m( ) 2Pt o

m>2
(m)
g™ (0) Korg
IR (D SID S ST TS
mx2 ' LjllSM I=—00 ||k || <2N

Z Z Z l(kmw)t§m+2Ml(T U)e]mx)

Ljm | <M I=—00 [[k™ || <2N

1 /!

(m)
S SR DD Y w0

mz2 C o ISM jitetjn=j mod 2M ||k || 2N - [lkm || <2N

. l m ..
e1((k +-4k )‘w)teljx’

where 7 = he and the prime on the sum indicates that a factor 1/2 is included in the
appearance of S;‘il with j; = +M. Inserting this into (14.23), considering the j-th
Fourier coefficient and comparing the coefficients of ¢ ®" we obtain (14.17).

On the other hand, we need to derive the initial values for éf(j ) appearing in
(14.17). On noticing the fact that g (0) = ¢(0), we obtain

) +¢7Y(0) = ¢;0) - Z £5(0). (14.24)

k#£(j

Furthermore, it follows from p(0) = p(0) that

) + 07V 0) = pi0) = Y ko),

k#E(j)

which results in

;¢ =7V 0) =p; 0= Y nkO

k#+(j)

tan <2h(k w))
=pi(0)— > . i;£5(0) + O(he). (14.25)
k#+(j) tan <2ha)j)

The formulae (14.24) and (14.25) determine the initial values for ¢’

31t is noted that g(0) = 0 and g’(0) = 0 are used here.
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We now turn to the second part, the proof of (14.18).
For the modulation equations of nk, it follows from (14.5) that

_ 1
Gnt1 — qn = 27 ' tan (th?) (Pn+1+ pn). (14.26)

According to the definition of L3, this relation can be expressed as

1
L’g;k =2 'tan <2h.9) n*

It then follows from the Taylor series of L§ that the relationship between n* and ¢*
can be established by (14.18). The proof then is complete. O

14.4.3 Reverse Picard Iteration

In what follows, we consider the reverse Picard iteration (see [1, 3]) of the functions
¢ k such that after 4N iteration steps, the defects in (14.17), (14.24), and (14.25) are
of magnitude O(eV*1) in the H* norm.

We here denote by [-]7 the nth iterate. For k = =4(j) and under the condition
(14.17), we design the iteration procedure as follows:

!/

(m)
+ 2is(; hs[{ ]<”+l) [— h2¢2(h20)§) Z 8 m,(O) Z Z

m>2 Yk 4k =k j1++jm=j mod 2M
o o I ) @
(14.27)

For k # =£(j) and j subject to the non-resonant condition (14.8), the iteration
procedure is of the form

. . (m) !
SC)+kS () —k n+1 2" (0)
2 w c v [Cjk]( + = |:— h2¢2(h20)§) E m E E
k m>2 C Kl etkm=k i+t jm=j mod 2M
1 (n)
| m . Vk(l + C(j)yHkCyj k)

/ [(s}‘l -.-.-gfm)(ts,a)]da—< WIS gk )] :

0 Ck

(14.28)
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where {/1; = 0 for k # =£(j) in the near-resonant set % ;. For the initial values
(14.24) and (14.25), the iteration procedure is given by

j n (n)
O+ 0" = [0 - Y do]"

k#££(j)
1 (n)
tan <2h(k . a)))

iw;[c/©0) - ¢ V@] = | pioy - Y i;¢K(0) + O (he)

1
k#£(j) tan (2ha)j>

It is assumed that [|k|| < K := 2N and Hk’ H K fori = 1,---,m, in these
iterations. We here remark that the procedure includes an initial value problem of

first-order ODEs for {f(j ) (for | j| < M) and algebraic equations for {/’.‘ with k #£
+(j) at each iteration step. The starting iterates (n = 0) are chosen as ;“J’.‘(r) =0
for k # £(j), and {ﬁ”(r) = {fU)(O), where {fm(O) are determined by (14.29).
Obviously, the iteration procedure is well defined.

(14.29)

14.4.4 Rescaling and Estimation of the Nonlinear Terms

In a similar way to Sect. 3.5 of [2] and Sect. 6.3 of [1], we next consider a more
convenient rescaling

" okl
X ® k k k —
gy = gukn;j’ et = (ng)|j|<M s”kll;

in the space H® = (HS)% = {c¢ = (c;“ )ke% : ¢t¥ € H*}. The norm of this

space is defined by ||[c¢|]|2 = Z I 2 where the set ¥ is given by % =

{k = (kl)l"io with integers k; : ||k|| K} with K = 2N. Likewise, we use the
notation c&% € H® having the same meaning.

With regard to the expression of the non-linearity for (14.17) in these rescaled
variables, we define the nonlinear function f = (f j’.‘ ) by

[0k T4+ [k 1]

okl N om
8 (0) 3
f (c&(m) = SlIkT] Z Z @k k|

ko tkm=k

Z / ~~~~~ cE;-‘:)(t, o)do.

Jit++jm=j mod 2M
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Concerning this nonlinear function, we have the following bounds, which can be
proved by using the similar arguments presented in [1, 2].

Proposition 14.2 (Estimation of the Nonlinear Terms) It is true that

> [t < ceranctin. ¥ || < cepaicti,
ket ‘ i< ‘
(14.30)

where cE(T) = supg<,<1{cé(t,0)} and P and Py are polynomials with coeffi-
cients bounded independently of €, h, and M.

Similarly, we can consider different rescaling

Ak o' k a.qk Ak 'k k 14.31
€& = qmnbi- ¢ = (&) j1<m = clikn 6 (14.3D)

in H' = (HY* withnorm |||é¢]||% = > Hé{k}ﬁ,where ff is exactly the same
k<K

as f J{‘ , but with @/*! replaced by @*/¥I. We use similar notations ¢£% € H' and also
obtain similar bounds

Y [ e <cepannn, X |0 < e Bz,
ket

ljlsM

with other functions P and f’l.

14.4.5 Reformulation of the Reverse Picard Iteration

This subsection concerns the reverse Picard iteration. On the basis of the two cases:
k = =x(j) and k # £(j), we split c¢ into two parts as follows:

at! :cgj’.‘ if k = =4(j), andOelse,
(14.32)
b;’? = c;}‘ if (14.8) is satisfied, and O else.

It is noted that for a¢ = (a;j’?) € Hf and b¢ = (b;j’?) € H¥, we have a¢ + b = ¢¢
and |||a§|||§ + |||b§|||f, = |||c;“|||f. Here, the same notation and property are used
for c&.
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‘We now rewrite the iterations (14.27) and (14.28) in an abstract form

aé—(nJrl) — .Qle(a{(n), b{(n)) _ Aa{'(n),
(14.33)

b{'(n+1) — .QillI/G(a{(n), bg—(’l)) _ Bbg—(")’
where

(.Qx)]; = (0j + |k - wl)xf, (l]lx)];. = 2¢2(h2a)5) cos (;h(k . w)) xf,

and the operators A, B are respectively given by

+(j 1 1 1 (i
(Aag); V(e = iy he (282h2 sec <2ha)j>a§j . ..)7

Ck . se(L+ egyrrcy—k) -
(Bbk(r) = <1£h UHHEEL) b;/’.‘+...)

(V+kS () —k ct

for (j, k) subject to (14.8).
The functions F = (F jk )and G = (G];) are defined respectively by
1 2¢(hP0))

i 1
e sinc(zhwj)

for (j, k) subject to (14.8).

@) + k- o)

FED (az. bty = FED(cg), Gt br) =
j J J AS(j)+kS(j)—k

i (c®)

Theorem 14.5 The operators A and B are bounded by

’

dl
11 @)@

N
lI(Aat)(@)lls < C Y 726772
=2

N

N
(B @Il < Ce' PGS ()]s + C Y b 7267112
=2

dl
11 BO@)

N

Moreover, we have

HIFIs < Ce? 1GlIs < ¢, Il e R < C.



480 14 Long-Time Momentum and Actions Behaviour of Energy-Preserving Methods. . .

Proof The bound of A follows from

1
he
1 1 1 1
. &2h? sec hoj || =1 . 2 < el/?,
+2is(jyhe 2 2 sin(hw;) 2

We compute

ch sp(1 +C(j)+kc(j)—k)

Ck oo KA ke 1)
el2h2(w;j + |k - ®|) Ck

25(j)+kS (j)—k 2

X

612 Gk @l |1+ g uey)—k

<cell?,
h wj+lk- o Ck

It follows from

h
where |sg| < 5 |k - w| is used. Hence, we obtain the bound of B.
22 (R w3)

1
! sinc(zha)])‘ <1
sinc(zhwj)

and (14.30) that ||| F|||s < Csl/z.Thenusing(M.S) and (14.30) yields |||G|||s < C.
Furthermore, according to (14.11), we obtain

" - 5 " - h/2 2 J
ete PR =30 3 o [t PR = 30 3 e | e [
ket |jI<M ket |jISM
o[ 1P Lo sie
<Y Y | Ll £ = s <c
ket |jlsM
This shows |||¥ 1271 F|||; < C. The proof is complete. |

With regard to the initial value condition (14.29), it can be rewritten as

at ™V (0) = v + Pbc ™ (0) + Qb ™(0), (14.34)

where v]ﬂ.t(f b = a;] < 261 i) F ; Dj (O)) and the operators P and Q are given by
J

2

. 1w Sl
P =" Y bk (0),
J 2 ¢ wlkl =27
k#£(j)

. . [[&1]

+ I o €

by oy =F 0 37 b,
T kG
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It can be verified from (14.7) that v is bounded in H*. For the bounds of the
operators P and Q, we have

2 ~ o [lo; el
HPLEONE =" Y @i |, D0 bef(O)
kex 1jI<M k#£(j)

1 e g?llH]
T (X )
ke 1jI<M k#£(7)

1 "
2542 —2Jk]
X Yo X o)
ke |jI<M k#x(j)

<C12b2 )12 < ClIbS O],

> bc}‘(mz)

k#E(j)

> bzf(mz)

k#+(j)

Likewise, we can obtain

11(@BOO)IIF < ClHIbnO)II.

Therefore, the bounds |||(Pb¢)(0)|||s < C and ||[(Qb)(0)|]|s < C are confirmed.
Finally, we remark that the starting iterates of (14.34) are chosen as ag“(o)(r) =v
and bt © (1) = 0, respectively.

14.4.6 Bounds of the Coefficient Functions

Theorem 14.6 (Bounds of the Modulation Functions) The modulation functions
c* of (14.15) are bounded by

2 (;u‘:] |eten], ) < (14.35)

IklI<2N

and the same bound holds for any fixed number of derivatives of ¢ with respect to
the slow time t = et.

Proof According to the analysis stated above and by induction, we can prove that
the iterates az ™, bz ™ and their derivatives with respect to t are bounded in H*
for 0 < v < 1and n < 4N. These bounds show that ¢£™ = a¢™ + bz ™ is
bounded in H*, and then the bound (14.35) follows. |

Theorem 14.7 (Bounds of the Expansion) The expansion (14.15) is bounded
by

1GOls41 + PO, < Ce for 0<t<e . (14.36)
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For |j| < M, it further holds that

30 =t ene i’ + ¢V ene i 1y, where |Irllyyy < Ce,
(14.37)

If the condition (14.12) is not satisfied, then the bound becomes ||r||;, | < Ce3/2,

Proof The following bounds for the (4N)-th iterates can be obtained

Nag )]s < C, [l1R2a¢ ()]s < Ce'/?,
e~ laz(@ls < C, ¥ '2bc()|ls < C, (14.38)

where C depends on N, but not on &, i, M. It then follows from (14.38) that

aéllls+1 = ll2at]lls < Ce'/?,
2 2
YIE Z 2 |bgi = Y Z F o 4 k@2 | @ - @DbE]
ket |jI<M ket |jI<SM J

<RbIIZ < C

‘We thus obtain

e (x) = aZ O)lllg11 = lllag () + b (x) — aZ O)llg11 < llagllgg1 + 15¢]l541 < C.

gllkll
On noticing the fact that ¢ /k wlk] (c§ a;}‘ ) + a;}‘ (0)), we have

1
q 2542 ik-
3R, = 3 3 o] 3 elkorh

ke |jISM IklI<2N
2542 el k 2
sy Y o [ (|ac @ +]ac; @) + |t ag(@\]
ke |jlsM Ik\|<2N
- () () 2
2 2 J —\J
> 2 w;(\acj O]+ |at; ((»\)
ke |jlsM
- 2s5+2 ekl k ?
+2) ) @ ( ) Wkl |57 ~98j (O)D
ket |jlsM lkll<2N
2 2 S g?H] k_ kol
<4lllac O +2 30 Y o) ( ) w2|k|>< ) ]cc,—ac,m)])
ke |jISM IkII<2N Ikl <2N

<4e2|llaz )11 +2Ck 1€%lllet —agO)|I2, < Ce2.
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According to (14.26), with a similar analysis, it can be proved that ||| p|||s < Ce.
Hence, the bound (14.36) holds.

It then follows from (14.30) and (14.33) that ( >
kll=1
for bt = (b;)(‘w ). Furthermore, using (14.12), we obtain that

Y OY Y etedrece

[JISM ji+j2=]j k==x(j1)%(j2)

||(w—19b;)k||f)1/2 < Ce

These bounds as well as (14.38) lead to (14.37). The proof is complete. |

Concerning the alternative scaling (14.31), we can obtain the same bounds

azO)||h < C, |l1Rat @)l < Ce'?, 1wt 2bt ()|l < C
(14.39)

Moreover, the following bound is also true for this scaling:

2\ 1/2
< > H(wlszég)"H1> < Ce. (14.40)

lIkll=1

14.4.7 Defects

In this subsection, we pay attention to the so-called defect. It follows from (14.5)
that the defect can be put in another form

Gj(t+h)—2cos(hwj)q;(t) +q;(t —h)

§i(t) =
i gy (h?e?)

1 1
- [/0 fi((1 = 0)gp@) +ogn(t + h))do +/0 fi((1 = 0o)gn(t —h) +0(§h(t))d0}
(14.41)

where g is determined in (14.15) with ¢ ]k = (¢ ]k YN obtained after 4N iterations
of the procedure in Sect. 14.4.3. Here, §(¢) can also be rewritten as

sy =Y dene® " + R@),
IKI<NK
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where

/

1 (m )(0)
df h2¢2(h2 2) / Zg ! Z Z

ki dkm =k j1+--+jm=j mod 2M
1
1 m
: / [(S}‘l ----- EX) (e, a)]da. (14.42)
0

It is remarked that we consider ||k|| < NK for dj.‘ , and assume that {/’.‘ = n’/‘. =0 for

k|| > K := 2N. We denote by I:’; the truncation of the operator L’;. after the e
term. The remainder terms of the Taylor expansion of f after N terms are absorbed
in R(z). Then it can be confirmed by the bound (14.36) and the estimates (14.38)
that

IR(®)|ls41 < CeNTL

Furthermore, using the Cauchy—Schwarz inequality and Lemma 14.1 results in

2 . 2
Z dk (St)ei(k-w)t — Z Cl);s Z dfei(k.w)t
lkI<SNK s lIsM lklI<NK
" 2
— Z w?s Z w*\k\ (a)lkldfel(kw)t)

ljlsM lkISNK

4

|/|X<:M <|k|;VKw_2|kl><|k|;w<(wlkldk )

k| ik
<Cnk.1 Z Hw‘ la (St)H
IKI<NK ’

This result leads to bounds on the defects. In fact, the right-hand side of this
inequality can be estimated as follows.

Theorem 14.8 (Bounds of the Defects) It can be deduced that ||w|k|
lkISNK

d*(et) ||f < C2WNHD " and then the defect (14.41) implies the bound ||8(t)||, <
C8N+1.

Proof To prove this result we will consider three different cases: truncated, near-
resonant and non-resonant modes.

¢ Truncated and near-resonant modes. The result for these two cases can be
obtained by using the similar analysis given in Sect. 6.8 of [1].
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* Non-resonant mode. For the non-resonant mode (||k|| > K and (j, k) satisfies
(14.8)), we first reformulate the defect in the scaled variables of Sect. 14.4.4 as

w'kldf Zgllk]l< ; + f (Cg))

h2¢2(h2 2) /
Then splitting them into k = £(j) and k # £(j) yields

sinc(hw;/2)
$2(h2w3)

2y Y
Ikl gk _ [Ik1] )tk k
wlldk =& (h2ck¢2(h2 2)(b;“ + (BbO)K) + f] (cé)).

a)jd/j.[m:s(:i:isw] (aéV + (Aar)7V) + £ ”(c&))

We remark that the functions here are actually the 4 N-th iterates of the iteration
in Sect. 14.4.3. Expressing f " and f kin terms of F, G and inserting them from
(14.33) into this defect, we obtaln

AU oy E D) ([ TGN _ [ E O @NHDy ) . o Sinethe;/2)
a)/dj - 2w/aj ([agj ] [agj ] )’ = He 2¢2(h2a)§) ’
280V kS (i) —
Kl gk — gk ([pck1(4N) _ [pek@N+D k _ LK1 S0 +kS () —k
%) s e .
J ’BJ( C] C] ) ﬁ/ h26k¢2(h2w?)

Looking closer at these expressions, we introduce new variables as follows:

~ k() _ R ) Fek _ pkp sk

ag; —C(j afj s bé‘j—ﬂjbé‘j

and then rewrite the iteration (14.33) in these variables as
flé‘(""_l) — .Q_lﬁ(ﬁ(("), I;Z(n)) _ Afl{(n),
b)) = Gac™, br ™y — Bhe™.

In such a way, the transformed functions are determined by

FF g, by = oV P @ ag, pbe) = —ef (@ ag + g,
Giag, bo) = B2~ @ tag, p71he) = M i@t as + B 1ho).

As for the initial values of the iteration, we have

ac ") = av + Pb¢ ™ (0) + Qb¢ ™ (0),
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where P = aPB~!, O = «QB~L. For the bound of P, we obtain
11PBE(O)]]I3
-y Z % |, 28inC(h;/2) 1 o) Z h2ck¢2(h2 ?) g[m]b ‘o)
2pa(h2?) 2 & 125,y gy @ikl 7

ke |jIKM k#E(j)

" ) 2
sh Z Z 2A< Z | a)/. wk];{j/_c(o))

ket |jI<SM k£+(j) |S</)+ks(/)—k|

L 2
Z Z 2A< > el2p2® lklb{Jk(O)>

ke |jlsM k#£(j)

< 84 > w?( DY (154“]'-‘(0))2> < Celllbg ()13

ke |jISM k#E+(j) k%))

In a similar way, the following result can be achieved:

1110bZ (0)]1? < Celllbe (0)]]12.

Clearly, it can be verified that in an H*-neighbourhood of O where the bounds
(14.38) hold, the partial derivatives of F with respect to a¢ and bz are bounded
by O(g'/?). Moreover, the partial derivative of G with respect to b¢ is bounded by
O'(¢'/2) but that of G with respect to a¢ is only &(1). In fact, these results are the
same as those described in Sect. 6.9 of [1]. Similarly, we can obtain

ll12@¢ 4N+ —ag @My, < ceM 2,

1bg WNTD — bWy < ceN 2,
11ac )N —ac @Myl < ceN 2.

Hence, for 7 < 1 and (j, k) € .1, these results yield the bound
24172
( Z Hw|k|dk(.’:) H ‘ ) < C8N+1. (1443)
IkI<K ’

It then follows from (14.43) that the defect (14.41) has the bound ||§(¢)||, <
CeN+lforr < el Concerning the defect in the initial conditions (14.24) and
(14.25), it is true that

lg(0) — GO)lly11 + 11 p0) — pO)|l; < CeNFL.
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Finally, we turn to the alternative scaling (14.31). For this case, we can obtain

(Z, o) < e (14.44)

The proof is complete. O

14.4.8 Remainders

In this subsection, we are concerned with the difference between the numerical
solution and its modulated Fourier expansion.

Theorem 14.9 (Remainders) The bound on the difference between the numerical
solution and its modulated Fourier expansion satisfies

lgn —GOlls1 + Ipn — PO, < Ce™  for 0<t=nh<e . (1445)
Proof Let Agy = G(tn) — qn. Apn = p(ty) — pn. We have
Agpi _ [ cos(h§2) sin(h$2) Agn ‘h h.Q¢2(V).Q*1(Af +6)
27 Ap,1)  \=sinr2) cos(h2)) \ 2~ Apy o (V)N af+58) )’
where
1
Af = /O (f(A = 0)gn +0gns1) — f((1 = 0)G(ta) + 0G(ta + h)))do.

According to the Lipschitz bound given in Sect. 4.2 of [3] and Sect. 6.10 of [1], it is
clear that

|27tar] | =171, < e Agl, +18gu01,).

Moreover, we have ||.Q’18(t) ||SJrl =[5l < CeN+1. We then obtain

Aqn—H < ACIn
X
27" Apps - 27 'Ap,

This leads to |Agylls4; + |27 Ap, ||s+1 < C( +t,)eN*! for 1, < ¢! This
proves (14.45). |

+h(Ce I Agl, +Ce | Agusal, + CeV+1).
s+1
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14.4.9 Almost Invariants

This subsection concerns almost-invariants of the modulated Fourier expansions.
According to the analysis presented in Sect. 14.4.7, we can rewrite the defect
formula (14.42) as

1 T —
2o (o) L + V2 @ =dj, (14.46)

where V¥ (y) is the partial derivative with respect to y:f of the extended
potential (see, e.g. [1, 3])

N
UE o)=Y UEE D),

I=—N
N /
U(m+1)(0) 1 o sl
(&, 0)) = Z (m + 1)! Z Z A (&}, .....gml)(t,a)da,
m=2 Kl ek + 1 =0 i 1 =2M1

We define (see [1])
_ (im0 K
Su®)y = () i<cmnimi<k

and

_ 170 .k
T©O)y = (V")) ji<m i<k -

where g = (141);>0 is an arbitrary real sequence for € R. Using the results given
in [1], we obtain % (S, (8)y) = % (y) and % (T (0)y) = % (y) for 6 € R. Hence,

d d
0= 40 lo=0 % (Sp(@)&(t,0)), 0= 40 lo=0 % (T (©)§(1, 0)). (14.47)

Theorem 14.10 (Two Almost-Invariants) There exist two functions #[¢, n](t)
and Z'[&, n](t) such that

M
d
> ot 4o AL @) < CeNT
=1
d )
4 X8| < C(ENt 4+ 2M st (14.48)
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for T < 1. Moreover, it is true that

A nl(et) = Ji(pns qn) + ni(t)e,
KL, nlety) = Ie(Pna qn) + ﬁ(S?’) + ﬁ(szM_S), (14.49)

where

A A A N A A

h=h4I,=2 for 0<l<M, Jo=1Ily, Jy=Iu.

Here, all the constants in (14.48) and (14.49) are independent of ¢, M, h, and n,
and Z a)zv'Hyl(tn) < Cforty <

Proof
¢ Proof of (14.48).
It follows from the first equality of (14.47) that

d /
= 4o =0 ZSu@EC 0N = Y Y ik WET@ VU E(, )

IKISK [jIsM

= > D ik-wLe)Ny

IKISK [jIsM

1
<h2¢2(h2 ?) Liei - )
(14.50)

It is noted that the right-hand side is independent of o. We thus choose 0 = 1/2 in
the following analysis. In this case, (14.50) gives

’ ' B 1 .
Z Z l(k'”’)L“k( )CJ h2¢2(h2a)2) I/{g/k

IKISK [jI<sM

= > Z itk - wL* )_/"dj‘ (14.51)

k<K jlsM

It then follows from the expansions of L;k 5

on p. 508 of [20] that the left-hand side of (14.51) is a total derivative of function
€ _Zul&, nl(r) which depends on ¢(t),n(r) and their up to (N — 1)th order

1 ~
) and Llj‘. and the “magic formulas”
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derivatives. This implies that (14.51) is identical to the following equation

d . (1 _
e 5 F (i

IkIISK 1jI<M

In what follows, we consider the special case where u = (I). Let zlj‘. = Llj(l / 2);‘;C .

It follows from the property of L§(1/2) that the bounds on z& and ¢* are of the
same magnitude. Splitting d = ad + bd into two parts: the diagonal (k = £(j)) and
nondiagonal (k # £(j)), gives

2
2 s |k 2 __ k| gk 2N+2
lladI + 37 e Mbalf = 3 orlat | < ce¥ 2,
kI <K IKI<K

where (14.44) is used. Using Lemma 3 of [2] and the facts that

e, ellkl

k _
j= wsj j+ wslkl 4%
|
|

.sz |||1 from (14.39),

we obtain

M
> o
I=1

d
dt/l[C, n(t)| =

Z 2s+1 Z k; Z dek

k<K j=—o00

Sk ekl
@ "1+ |k - wl)ws‘k‘a;“j

2, 1/2
)

1 e .
<£[|||wsa;]’f|||s+1|||ad|||s+( >
J Ikl <K
1/2
(% Jorsa]) "]
k<K 0

<C€N+1.

The first statement of (14.48) is proved.
In a similar way, using the second equality of (14.47), we obtain

N 1
Z Z 1]L4k< )é‘—/ h2¢2(h2 2)L]J(§jk

k<K jlsM

' 1
=2 2 iJ'LZk<2>C_,'-‘<df—Zv‘f(%@(r,o)))) (14.52)

IKISK [jIsM [#0
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A careful analysis shows that the left-hand side of (14.52) can be written as a total
derivative of function e Z[¢, n](t), which yields

d
—e AL m@ = Y ZuL c_,( - > v N uea o>>)>

k<K |jl<M I#0
(14.53)

It follows from the Cauchy—Schwarz inequality and the bound |j| < w; that

’ / N\ 1/2 ! 2\ I/
s _—k gk 2| _k k
> Yudal<( X T ald) (2 X |af)
k<K 1jISK k<K 1jISK IkI<K [jISK
w7 glkl] gl

/ L2\ / L2\
N+2
<Cs< PND DA zj‘ ) ( DD ‘dj‘ ) < CeNH2,

k<K 1jI<K k<K 1jI<K

Furthermore, we note that

> Z 12Ty VU 0)

IKISK [jIsM

/

U<m+1>(0) W g .. g
Z Z Z Ly L mA1 LG,

m=2 kleoqkmtl=k jit-+jmy1=2MI

is the 2MI-th Fourier coefficient of the function (see [3])

N (m+1) m m+
e :=H§U N D SR At (x)-d‘i%k ().

koo km+l=f

We then can deduce that ||w|;_; < C&3, and the 2MI-th Fourier coefficient of w is
bounded by Ce3w ‘“ < Ce3(2MI1)~+1 | as shown in the proof of Theorem 5.2 of
[3]. In such a way, the second statement of (14.48) is confirmed by (14.53).

¢ Proof of (14.49).

We will prove only the second statement of (14.49) since the first one can be
dealt with in a similar way.
It follows from the AAVF formula that

2hsinc(h2) p(t) = G(t +h) — G(t — h) + Oh?).
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This shows that
= N () iwjt =) —iw;jt 2 3.2
pi) =iw;(n}’ (enei" —n; Y (en)e™ i) + O(he®) + O(h*&?).

We then have
= @+, b))+ OE)
J iw;

and
U TR N WP
{'j —2<CIJ ia)jp]>+ (&9).

On the basis of these results, an analysis of % is presented below:

1 1
deh sin( ha)j> cos( ha)j>
2 2

i
1
@ =3 J, 2025 (20?)

ljlsM

(1672 =1, V') + o)

’ cos (;hwj) . .
=Y o (e =167 2) + o)

_ joj (2 o R ST S ) 3

=> 0 Aa, BiP-la - i)+ 0
j hwj J J
o

_2’:“’32“’1 joj, 1

= .4
1 .
jI<M sinc(zha)j> b

=K(p,§) + O@E) + OEM™) = K(pn, qn) + (%) + 06> M),

_ipj+OE

where the results (14.37) and (14.45) are used. |

14.4.10 From Short to Long-Time Intervals

According to the analysis stated above in this chapter, the statement of Theorem 14.3
can be confirmed by patching together many intervals of length £ ! in the same way
as that used in [1, 2].
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14.5 Analysis for the AAVF Method with a Quadrature Rule

The previous analysis was made for the AAVF method with the integral appearing
in (14.5), which usually cannot be solved exactly. Normally a quadrature rule is
required. For this reason, we will show that the main result for the AAVF method
with the integral is still true for the AAVF method with a quadrature approximation
instead of the integral.

As an example, we consider the following AAVF method with the midpoint rule

{ Gnt1 = $o(V)qn + hd1 (V) pu + 1292 (V) £ ((gn + gni1)/2),
(14.54)

Pt = —h$2201(V)qn + ¢o(V) pu + hpt (V) £ (qn + Gnt1)/2).

The main result presented in Theorem 14.3 can be adapted for this method with the
following modifications for the operator and the nonlinearity. We next present only
the main differences and omit the details for brevity.

* Modifications for Sef:t. 14.4.2.
Since the term / f((d—o0)gn+0ogu+1)do is replaced by f((gn +gn+1)/2),

h h
the function g% (8 (t + ) ), o) should be changed to &X (8 (t + ) ), 1/2) and

the operator L’j(a) is replaced by Lﬁ(l /2). Then all the analyses and results in
Sect. 14.4.2 still hold for (14.54).
* Modifications for Sect. 14.4.3.
For this part, we only need to change fol [(gf}l ..... %‘}?:)(tg’ 0)]dg to (g}c}l .

8N (18, 1/2).
* Modifications for Sect. 14.4.4. 1
One part of the function f J{‘ (c&(7)) here is (c.éjl.‘l ceee céjl.‘:)(r, 1/2) instead

of fol (cgj/fl' Cee cgﬁ")(z, o)do and then the property of f;‘ (c&(7)) stated in
Proposition 14.2 is still true.
* Modifications for Sect. 14.4.7.
Since the defect expressed by (14.41) needs to be modified according to the

1
scheme (14.54), the term / [(éﬁl e g;?:)(;g, U):Idg appearing in (14.42)
0

should be replaced by (E ]]?ll ceeee Sf:)(ts, 1/2). In this situation, we still obtain
the same bounds of the defects as those stated previously.
* Modifications for Sect. 14.4.8.
Here only the expression of A f should be modified in the light of (14.54).
* Modifications for Sect. 14.4.9.



494 14 Long-Time Momentum and Actions Behaviour of Energy-Preserving Methods. . .

A new function

N 1
U('"'H)(O) ) -~
w () = Z (m 4 1)t Z Z (5;‘1 ..... Sfmﬂ )(t, 1/2)
m=2 Uk ekt =0 ji o 1 =2M

will be used here instead of the previous one.

At the end of this section, we remark that since the AAVF method with the
integral is of only order two, the long-time momentum and actions behaviour does
not change for (14.54). For the AAVF method with other higher-order quadrature
rules, the main result can also be obtained by following the same approach.

14.6 Conclusions and Discussions

It is known that the preservation of geometric or physical properties of the numerical
flow can assist in long-time integration and produce improved qualitative behaviour
in comparison with a general-purpose numerical method. In this chapter, we have
investigated in detail the long-time behaviour of the AAVF method when applied
to semilinear wave equations via spatial spectral semidiscretisations. With the
semidiscretisation, the AAVF method exactly preserves the energy and nearly
conserves modified actions and modified momentum over long times. The main
result has been presented by developing a modulated Fourier expansion of the AAVF
method and showing two almost-invariants of the modulated system.

The main result of this chapter explains rigorously the good long-time behaviour
of EP methods for the numerical solution of semilinear wave equations. The analysis
for multi-dimensional wave equations deserves further investigation. It is also noted
that the long-term analysis of many different methods other than EP methods has
been given recently for Schrodinger equations and the reader is referred to [18,
38—40]. The Schrodinger equation has become one of the most studied PDEs. It
is hoped to obtain near-conservation of actions, momentum and density as well as
exact-conservation of energy for some EP schemes when applied to the Schrodinger
equation.

The material in this chapter is based on the work by Wang and Wu [41].
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