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Foreword

It is with deep satisfaction that I write this foreword to the proceedings of
Indo-French workshop on “Multifragmentation, Collective flow and Sub-Threshold
Particle Production in Heavy-Ion Reactions.” The workshop was aimed to bring
together the researchers and academicians from Europe and India who work in the
field of Nuclear Physics and provide them with a platform where the exchange of
ideas could take place. The workshop was organized at Department of Physics,
Panjab University Chandigarh which encouraged the interaction of young
undergraduate/postgraduate and research students with the more established aca-
demic community and motivated them to pursue Science/Research as a career
option. I hope that this tradition of organizing such workshops/conferences at
Academic Institute will continue. The papers presented at the workshop contributed
the most recent scientific knowledge in the field of Nuclear Structure and Nuclear
Reactions. This volume will furnish the researchers in the field with an excellent
reference book, providing papers on recent trends in nuclear structure and on the
vast phenomenon in nuclear reactions. I also hope that this volume will be an
impetus to stimulate further research in all these areas.

I thank all participants and authors for their contribution.

Prof. Raj Kumar
Vice Chancellor

Panjab University
Chandigarh, India
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Preface

This book has grown out of the lectures delivered in Indo-French Workshop on
Multifragmentation, Collective flow and Sub-Threshold Particle Production in
Heavy-Ion Collisions which was held at the Department of Physics, Panjab
University Chandigarh, India, during February 04–06, 2019. The aim of the
workshop was to provide a platform for discussing recent developments in nuclear
physics research at intermediate energies carried out in Eastern and Western worlds.

One of the unique and valuable dimensions to the workshop is the way that this
event has brought together all the expertise and educators from Europe to discuss
recent research going on at their part of the world and thus bridging the gap
between the boundaries. Besides formidable Indian speakers, we had invitees from
France and Germany which houses the major research facilities of nuclear physics,
both in experimental as well as theoretical fronts. In addition, young researchers in
the field had also been given the chance to present their work before the expertise
and thus gaining wonderful insight about their work. The workshop spanned over 3
days and 10 sessions and we could provide ample time to speakers to present their
respective topic at length. Collectively, the research discussed at the workshop
contributed to our knowledge and basic understanding of various reaction mecha-
nisms which take place in heavy-ion collisions. This knowledge will lead to further
progress in the understanding various interactions that govern the dynamics at
sub-nucleonic level, ultimately, may shed light on the fate of the Universe. The
workshop aimed at creating a forum for further discussions on the thrust areas of
intermediate energy nuclear physics and thus a call for papers was addressed to all
the invites of the event. Thus, we are happy to bring out the contributed book
compiling all the lectures/talks delivered at the workshop and this volume provides
an opportunity for the readers to engage with a selection of referred papers that
were presented during the event. The volume contains twenty chapters, each cor-
responding to one contributed paper by each invitee. All the contributed papers
span over one or the other topics of the workshop; multifragmentation, collective
flow and sub-threshold particle production. Out of total 18 papers, a few belong to
experimental studies, while the rest deal with findings obtained using one or the
other available theoretical models. The details are listed in the table of contents.
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We hope that this volume of lectures will be helpful to the community working
in the field of Heavy-Ion Physics. We shall highly appreciate receiving valuable
comments and suggestions from the users.

Nantes, France Joerg Aichelin
Chandigarh, India Rajeev K. Puri
Chandigarh, India Sakshi Gautam
Chandigarh, India Rohit Kumar
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Chapter 1
Evolution of Cluster Production with
Fragmentation Degree

E. Bonnet

Abstract We present in this work the experimental production of clusters in the
58Ni+ 58Ni reactions at incident beam energies between 32 and 90 MeV/nucleon
collected with the INDRA apparatus. We focus on the evolution of their contribution
with respect to the final fragmentation degree given by the charge of the biggest
fragment (Zmax ) of each event. Using the mass fraction observable, we look at prob-
abilities of nucleons to be free or bound in clusters and how the different species
evolve with fragmentation degree and with the incident energy of the collision. We
highlight the specific role of the 4He clusters in the whole range of fragmentation
degree.

1.1 Introduction

Understanding the production of clusters (namely, nucleons ended together) pro-
duced in Heavy-ion collisions (HIC) is a very stimulating question. Bringing exper-
imental constraints on that topic should help to constrain both the modelization of
the equation of state (EOS) of non- homogeneous nuclear matter (NM) and also the
treatment of the N-body correlations in transport models.

Many experimental signatures of phase transition in the Fermi energy domain can
be found in literature [1]. According to that, cluster production should be affected
depending on the region of the phase diagram we are looking at. For example, the
spinodal decomposition as the driven process of the phase transition has been recently
confirmed [2]. From that, we should observe the correlated specific behavior for
clusters. In the canonical description of the liquid–gas phase transition, the charge
of the biggest fragment, the Zmax observable, has been linked to the order parameter
of this transition [3] and then can be used to sample the phase diagram. Using it, we
can draw easily a continuous evolution between evaporation to vaporization passing
through multifragmentation.

E. Bonnet (B)
SUBATECH, IMTA, CNRS-IN2P3, Nantes, NU, France
e-mail: eric.bonnet@subatech.in2p3.fr

© Springer Nature Singapore Pte Ltd. 2021
R. K. Puri et al. (eds.), Advances in Nuclear Physics, Springer Proceedings
in Physics 257, https://doi.org/10.1007/978-981-15-9062-7_1
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2 E. Bonnet

In this work, we will address the contribution of the different clusters to the
produced partitions according to the Zmax observable. Aswe deal with finite systems,
we have to consider carefully the trivial conservation of the total number of nucleons.
This a specific point concerning HIC respect to NM, the finite number of nucleons
involved in the collision process has to be considered. This means that depending on
the fragmentation degree associated with different excitation/dissipation/violence,
the available nucleons to build clusters is not the same. This picture of available
nucleons to build cluster points out also the question of time sequence during the
whole process leading to the final partitions. In that sense, the use of Zmax has two
advantages: it allows to sample the phase diagram and it allows to consider set of
final partitions where available nucleons to be shared in clusters are a posteriori
equivalent. From the experimental point of view, the charge of the biggest fragment
is a straight forward and robust observable.

1.2 Methodology and Experimental Details

The methodology is as following: in the 58Ni+58Ni reactions collected with INDRA,
we look at evolution of the contributions of the different species: 1,2,3H, 3,4He and the
heavier clusters are gathered in the A > 4 family. We choose the 58Ni+58Ni system
because it is a rather light system and in this way, we minimize experimental bias
over the whole range of fragmentation degree. To draw the cluster contributions, we
introduce the mass fraction (X, (1.1)). First, we look at the effect of different beam
energies (from 32 to 90 MeV/nucleon) to evaluate the effect of an increase of the
energy deposition in the system. Then we introduce the excitation energy (E∗, (1.2))
to apply an additional sorting and to draw a general picture of the different cluster
contributions under Zmax and E∗ constraints.

X (i) = mi Ai/(Atot − Amax ), (1.1)

E∗ =
MZ≥1∑

i=1

(ε
(i)
k + δ(i)) + Mn(< εnk > +δn) − δini . (1.2)

The INDRA apparatus [4] allows the detection and charge identification of all
charged products coming from a collision. In addition, thanks to Cesium Iodide scin-
tillators, the isotopic identification is achieved for elements up to Be. The 58Ni+58Ni
data presented in this analysis have already used to probe isospin diffusion in semi-
peripheral collisions [5] and to measure fusion cross sections for light systems with
a significant contribution at 32 and 40 MeV/nucleon [6]. A detailed description of
the experiment and the INDRA apparatus can be found in these related publications.
In the following, we focus on the forward part of each event because a complete
isotopic identification up to 10Be is achieved; the detection efficiency is almost inde-
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Fig. 1.1 Left panel: evolution of the Zmax observable distributions; the Y-scale corresponds to
absolute measured cross sections in mb, see [5] for details. Right panel: mean evolution of the total
multiplicity of charged produced (MZ≥1) with the Zmax observable. The different markers and
colors stand for seven beam energies used in the analysis. The cartoon below the panels illustrates
how the partitions evolve with fragmentation degree. The black arrow indicates the region where
we observe differences in the trends when looking at one beam energy to another, see the test for
details

pendent of the reaction mechanism minimizing possible experimental bias. Finally,
as 58Ni+58Ni is a symmetric system, it gives, on average, a good description of what
happens for the whole system. As we choose Zmax as the sorting observable, we
have to be sure that if this is present in the selected partitions or not. That’s why
we keep only events with a missing charge less than 5 compared to the 58Ni charge
(Z (FW )

tot ≥ 24). With this condition, we ensure that the Zmax fragment is part of the
event on the whole range of fragmentation degree.

InFig. 1.1, the left panel showsdistributions of the Zmax observable for the selected
events, while the right panel shows the mean evolution of total charged multiplicity
(MZ≥1) with Zmax . The different markers and colors stand for the seven beam ener-
gies. The Zmax distributions show the population of the whole range of fragmentation
with a significant cross section. Increasing beam energies, we observe the expected
continuous evolution from evaporation to vaporization events. The mean evolution
of total charged multiplicity follows at first order, the conservation of nucleons: more
the partition is fragmented, more the number of fragments are important. Neverthe-
less, we observe already interesting behavior in the intermediate values of Zmax for
the lowest beam energies: after a linear increase of MZ≥1 in the evaporation regime,
the trend is dampened before it goes back in the vaporization regime. This intermedi-
ate regime is softned when beam energy becomes higher with an overall correlation
more close to amonotonic increase. It is coherent with a scenario where the partitions
are produced under constraints in the multifragmentation regime.
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1.3 Results

To go further, we want to see behaviors of the different elements of the partitions.
To do so, we distinguish the 1,2,3H isotopes, the 3,4He isotopes and the heavier ones
gather in the A > 4 family. For each, we compute the mass fraction (X (i)) which is
the probability of one nucleon to belong to the (i) cluster. As we use the Zmax as
sorting observable we have to remove from the X observable the nucleons belonging
to the biggest fragment for each partition. The (1.1) shows the explicit formula used
in the following: mi and Ai are the multiplicity and the mass of the considered (i)
cluster, while Atot and Amax are, respectively, the mass of the detected partition and
the mass of the biggest fragment. Evolution of multiplicities can be found in [7].

1.3.1 Zmax Sorting

In Fig. 1.2, the mean evolution of the mass fraction with the Zmax are shown for the
different clusters understudied. The free protons (1H ) behave differently compared
to the other clusters: starting from the evaporation regime, we observe a continuous
decrease in their contribution to the final partitions. For 2,3H and 3He clusters, we
observe a similar sequence already seen for the MZ≥1 mean evolution in the Fig. 1.1
but with this representation: an increase in the evaporation and vaporization regime
which surrounded a plateau or even a decrease in the multifragmentation regime. For
4He clusters, it is even more clear because the overall shapes are almost not affected
by the change in beam energies. On the contrary, for the lightest clusters, there is a
clear hierarchywith an increase of their contributionswith the beamenergy and on the
whole range of fragmentation degree. It has to be noted that 4He contribution to the
final partitions is dominant whatever the regime. If we look at, now, simultaneously
to the evolution of 4He and A > 4 contributions, we see that the increase of the 4He
contribution surrounded the bell shape of A > 4 which sign the multifragmentation
window. During the passage between evaporation and multifragmentation, cluster
production is frozen until the exit to vaporization. One possible explanation of this
experimental fact is that the cost to build fragments and their associated surfacesmake
the production of additional clusters impossible in terms of energy available in the
system. This is especially true for the lowest beam energies (32 and 40MeV/nucleon)
where multifragmentation may occur at the threshold. Indeed, we see that, when
looking at the highest beam energies, the production of 1,2,3H and 3He is made
possible again due to additional energy deposited in the system. The main effect
of increasing the average deposited energy in the system is then an increase of the
final light species at the expense of the heavier ones. In this case, fragment partitions
are produced excited and go through secondary de-excitation and produce these
light clusters. Concerning the vaporization regime, we observe at the beam energy
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Fig. 1.2 From left to right and top to bottom, mean evolution of the mass fraction with the Zmax
observable for the following species: 1H , 2H , 3H , 3He, and 4He isotopes and charged productswith
mass greater than 4 (A > 4).The different markers and colors stand for the seven beam energies
used in the analysis. The black arrows indicate the entrance and exit of the multifragmentation
window, while the green one indicates the maximum production of A > 4 fragments

of 32 MeV/nucleon, almost pure 4He events with a continuous decrease in their
contribution when beam energy increases.

1.3.2 Zmax and E∗ Sorting

The previous results were integrated on the whole possible range of dissipation
reached during the reaction. We introduce now the excitation energy to bring an
additional constraint on the studied partitions. To estimated this excitation energy
(E∗), we perform a calorimetry procedure on an event-by-event basis. This procedure
is based on themass and kinetic energies balance and is summarized by the (1.2). The
main hypothesis concerns the neutron contributionwhich is estimated through a fermi
gas assumption and the N/Z conservation. Detailed information on the calorimetry
can be found in [8]. In Fig. 1.3, we draw the evolution of the mass fraction with,
this time, an additional constraint on the excitation energy. Only partitions with
E∗ = 7.5 ± 0.5 MeV/A are kept in the analysis. We only show the highest beam
energies (from 64 to 90 MeV/A) where the statistics are sufficient after this E∗
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Fig. 1.3 Same as Fig. 1.2, but only the four highest beam energies are shown (from 64 to 90
MeV/A). Only partitions with excitation energy E∗ = 7.5 MeV/A are kept. See text for details

selection. All beam energies fall on the same curves for all species except for the
3H clusters which have a small dispersion. This shows that, using the experimental
observables Zmax and E∗, we can fix the properties of the partitions whatever the
beam energy. It is a good indication of the capability to select given regions of the
phase diagram. Now, comparing to the previous trends of the Fig. 1.1, we see that
2H and 3He evolutions have changed. Their mass fractions continuously decrease
with decreasing Zmax values. They join the behavior of free protons. At the opposite,
4He and A > 4 evolutions are not affected by the excitation energy selection: the
4He contribution keeps its previous sequence from evaporation to vaporization and
still framed the contribution of the heavier clusters. This peculiar remanent shape is
very interesting and shows that, for condition close to a microcanonical sampling,
we observe the coexistence of evaporation, multifragmentation, and vaporization
processes.



1 Evolution of Cluster Production with Fragmentation Degree 7

1.4 Conclusion

We have looked at the contribution of species which composed final partitions pro-
duced in the 58Ni+58Ni reactions. Using Zmax , the charge of the biggest fragment
of each event, as sorting observable, we have sample classes of events from evapo-
ration to vaporization. We distinguish different behaviors depending on the species
understudied (1,2,3H and 3,4He). Looking at the mass fraction, we observe that the
A > 4 contributions are framed by the lighter clusters contribution. The 4He contri-
bution is predominant whatever the underlying mechanism leading to final observed
partitions. The use of several beam energies allow to evidence the effect of cluster
production whenmultifragmentation occurs: at low beam energies, the energetic cost
to produce fragments freeze the production of light clusters. This contribution starts
to increase again for highest beam energies where the partitions may be produced
sufficiently excited to go through secondary decays. Using excitation energy E∗ as
a second sorting observable, we show that cluster contributions are fully determined
whatever the beam energies. We observe also that the 4He clusters are a good candi-
date to track the exploration of the phase diagram during the reaction process. These
results are coherent with a statistical description of fragment production which at
first order is conditioned by the excitation energy and the volume of the system as it
is foreseen in the freeze-Out picture of the (micro-)canonical statistical models.
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Chapter 2
New Signatures of Phase Transition from
Models of Nuclear Multifragmentation

G. Chaudhuri, S. Mallik, P. Das, and S. Das Gupta

Abstract The study of liquid–gas phase transition in heavy-ion collisions has gen-
erated a lot of interest among the nuclear physicists in recent years. In heavy-ion
collisions, there is no direct way of measuring the state variables like entropy, pres-
sure, energy, and hence, unambiguous characterization of phase transition becomes
difficult. This work proposes new signatures of phase transition that can be extracted
from the observables which are easily accessible in experiments. It is observed that
the temperature dependence of the first-order derivative of the order parameters in
nuclear liquid–gas phase transition exhibit similar behavior as that of the variation
of specific heat at constant volume Cv which is an established signature of first-order
phase transition. This motivates us to propose these derivatives as confirmatory sig-
nals of liquid–gas phase transition.Themeasurement of these signals is easily feasible
in most experiments as compared to the other signatures like specific heat, caloric
curve, or bimodality. Total multiplicity, size of the largest cluster are some of the
order parameters which have been studied. Statistical models based on canonical
ensemble and lattice gas model has been used for the study. This temperature where
the peak appears is designated to be the transition temperature and the effect of cer-
tain parameters on this has also been examined. The multiplicity derivative signature
proposed in this work has been further confirmed by other theoretical models as well
as in the experimental study.
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2.1 Introduction

The phenomenon of liquid–gas phase transition occurring in heavy ion collisions
at intermediate energies is a subject of contemporary interest [1–8]. The nature of
nucleon–nucleon strong interaction potential, which is an attractive one with a repul-
sive core is very similar to the van der Waals potential [4] except for the magnitude.
This type of interaction explains the phenomenon of phase transition in ordinary
liquid and hence similar observation is very much expected in nuclear systems also.
In ordinary liquids, when it is heated, the temperature rises till the boiling point is
reached after which it remains constant until the whole amount of liquid is converted
to gas. Similarly in order to observe phase transition in the nuclear system, one has to
pump energy to the system and the only possible way is by means of nucleus-nucleus
collision. In very high energy heavy-ion collision at high density and temperature,
hadronicmatter transforms to theQuark–Gluon Plasma (QGP) phase. At the interme-
diate energy regime, nuclear multifragmentation is the dominant mechanism which
can be related to a liquid gas kind of transition at sub-saturation nuclear density.
Theoretical models of multifragmentation predict the existence of phase transition
in infinite nuclear matter. Experimental signatures also indicate the change of state
and this can be interpreted as finite-size counterpart of the first-order phase tran-
sition in nuclear matter. Different signatures of this transition have been studied
extensively both theoretically as well as experimentally [4, 5, 7–9]. The variation of
excitation energy and specific heat with temperature are two well-studied signatures
theoretically in order to detect the first-order phase transition [10–12].

Phase transition is usually characterized by the specific behavior of state variables
like pressure, density, energy, entropy, etc. [13, 14]. The order of phase transition,
according to Ehrenfest is determined by the lowest order derivative of free energy
that shows a discontinuity. In heavy-ion collisions, there is no direct way of accessing
these state variables and hence unambiguous detection of phase transition becomes
difficult. The present work is motivated by this limitation and aims at looking for sig-
natures of phase transition that can be extracted from the observables which are easily
accessible in experiments. Ideally, phase transition exists in the thermodynamic limit
and for a first-order one, entropy should have a finite discontinuity and specific heat
a divergence at the phase transition temperature. In finite nuclei, the discontinuity or
divergence is replaced by sudden jump or maxima. The variation of total multiplicity
or size of the largest cluster (Zmax ) with temperature is very much similar to that of
entropy or excitation energy (caloric curve) with temperature and this can be seen
from Fig. 2.1. Hence, the first-order derivative of these observables with temperature
is expected to behave in a similar way as those of entropy or energy. This observation
led to the investigation of the nature of the derivatives of these multifragmentation
observables which can be easily measured in experiments. Encouraging results have
been obtained from this study and it has been observed that first-order derivative of
the order parameters related to the total multiplicity, largest cluster size (produced
in heavy-ion collisions) exhibit similar behavior as that of the variation of specific
heat at constant volume Cv which is an established signature of first-order phase
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Fig. 2.1 Variation of (a)
Total Multiplicity M (b)
excitation energy E∗/A
(MeV/nucleon), (c) entropy
per nucleon S/A (d) average
size of the largest cluster
Amax with temperature T
(MeV) for the fragments
produced in the
fragmentation of an ideal
one-component system of
size A = 500

transition. This motivates us to propose these derivatives of total multiplicity, largest
cluster size [15–18] as confirmatory signals of liquid–gas phase transition. Another
observable we have proposed here is related to the difference (normalized) between
the sizes of the first and second largest clusters which also serve as an order parameter
for phase transition in nuclear fragmentation and has been studied experimentally
too [19, 20]. The derivatives of all these peaks at the same temperature as specific
heat and hence can confirm the phase transition in the fragmentation process. The
measurement of these signals are easily feasible in most experiments as compared to
the other signatures like specific heat, caloric curve, or bimodality. This temperature
where the peak appears is designated to be the transition temperature and the effect
of certain parameters on this has also been examined.

We have mainly used a statistical model based on the canonical ensemble which
is better known by the Canonical Thermodynamical Model (CTM) [21] in order
to study the fragmentation of nuclei. In such models of nuclear disassembly, it is
assumed that because ofmultiple nucleon–nucleon collisions a statistical equilibrium
is reached and disintegration pattern is solely decided by the statistical weights in the
available phase space. The temperature rises and the system expands from normal
density and composites are formed on the way to disassembly as a result of density
fluctuation. As the system reaches between three and six times the normal volume,
the interactions between composites become unimportant (except for the long-range
Coulomb interaction) and one can do a statistical equilibrium calculation to obtain
the yields of composites at a volume called the freeze-out volume. This model can be
implemented in different statistical ensembles (microcanonical, canonical and grand
canonical [1, 3, 21]. In our calculation, the partitioning into available channels is
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solved in the canonical ensemble where the number of particles in the nuclear system
is finite (as it would be in experiments). The study is done for different nuclear
sizes, freeze-out volumes, and temperatures. Since Coulomb interaction is long range
and suppresses the signatures of phase transition, hence, we have switched off the
Coulomb force in somepart of our study in order to have a better idea of the signatures.
In such cases, we have considered symmetric nuclear matter and no distinction is
made between neutron and proton. In addition to CTM, we have also used the lattice
gas model [22] recently developed in our group in order to study the multiplicity
derivative signal. This model uses geometry similar to the percolation model but is
much more elaborate with the insertion of a Hamiltonian. Both the thermodynamic
and the lattice gas models confirmed the multiplicity derivative as the signature of
first-order phase transition in nuclear multifragmentation.

We have given a brief description of the models used in our calculation in the next
section. After that, the results displaying the new signatures are proposed in detail.
The last section gives the summary of our work.

2.2 Brief Description of Models

2.2.1 The Canonical Thermodynamical Model

In this section, we describe briefly the canonical thermodynamical model which
is briefly designated as CTM. We assume that a system with A0 nucleons and Z0

protons at temperature T has expanded to a higher than normal volume and the
partitioning into different composites can be calculated according to the rules of
equilibrium statistical mechanics. In a canonical model, the partitioning is done
such that all partitions have the correct A0, Z0 (equivalently N0, Z0). Details of the
implementation of the canonical model can be found elsewhere [21]; here, we give
the essentials necessary to follow the present work.

The canonical partition function is given by

QN0,Z0 =
∑ ∏ ω

nI,J

I,J

nI,J ! . (2.1)

Here, the sum is over all possible channels of breakup (the number of such channels
is enormous) which satisfy N0 = ∑

I × nI,J and Z0 = ∑
J × nI,J ; ωI,J is the

partition function of one composite with neutron number I and proton number J ,
respectively, and nI,J is the number of this composite in the given channel. The
one-body partition function ωI,J is a product of two parts: one arising from the
translationalmotion of the composite and another from the intrinsic partition function
of the composite:
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ωI,J = V f

h3
(2πmT )3/2A3/2 × zI,J (int). (2.2)

Here, A = I + J is themass number of the composite and V f is the volume available
for translational motion; V f will be less than V , the volume to which the system has
expanded at breakup. We use V f = V − V0, where V0 is the normal volume of
nucleus with Z0 protons and N0 neutrons. In this calculation, we have used a fairly
typical value of V = 6V0.

The probability of a given channel P(nI,J ) ≡ P(n0,1, n1,0, n1,1......nI,J .......) is
given by

P(nI,J ) = 1

QN0,Z0

∏ ω
nI,J

I,J

nI,J ! . (2.3)

The average number of composites with I neutrons and J protons is seen easily from
the above equation to be

〈nI,J 〉 = ωI,J
QN0−I,Z0−J

QN0,Z0

. (2.4)

The constraints N0 = ∑
I × nI,J and Z0 = ∑

J × nI,J can be used to obtain dif-
ferent looking but equivalent recursion relations for partition functions

QN0,Z0 = 1

N0

∑

I,J

IωI,J QN0−I,Z0−J . (2.5)

These recursion relations allow one to calculate QN0,Z0

We list now the properties of the composites used in this work. The proton and
the neutron are fundamental building blocks, thus z1,0(int) = z0,1(int) = 2, where
2 takes care of the spin degeneracy. For deuteron, triton, 3He, and 4He, we use
zI,J (int) = (2sI,J + 1) exp(−βEI,J (gr)), where β = 1/T, EI,J (gr) is the ground
state energy of the composite and (2sI,J + 1) is the experimental spin degeneracy
of the ground state. Excited states for these very low mass nuclei are not included.
For mass number A = 5 and greater, we use the liquid drop formula. For nuclei in
isolation, this reads (A = I + J )

zI,J (int) = exp
1

T
[W0A − σ(T )A2/3 − κ

J 2

A1/3
− Cs

(I − J )2

A
+ T 2A

ε0
]. (2.6)

The derivation of this equation is given in several places [3, 21], so we will not repeat
the arguments here. The expression includes the volume energy, the temperature-
dependent surface energy, the Coulomb energy, and the symmetry energy. The term
T 2A
ε0

represents contribution from excited states since the composites are at a non-zero
temperature.
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We also have to state which nuclei are included in computing QN0,Z0 (17). For
I, J , (the neutron and the proton number)we include a ridge along the line of stability.
The liquid drop formula above also gives neutron and proton drip lines and the results
shown here include all nuclei within the boundaries.

The long-rangeCoulomb interactionbetweendifferent composites canbe included
in an approximation called theWigner–Seitz approximation.We incorporate this fol-
lowing the scheme set up in [3].

2.2.2 The Evaporation Code

The statistical multifragmentationmodel described above calculates the properties of
the collision averaged system that can be approximated by an equilibrium ensemble.
Ideally, one would like to measure the properties of excited primary fragments after
emission in order to extract information about the collisions and compare directly
with the equilibrium predictions of the model. However, the time scale of a nuclear
reaction(10−20 s) is much shorter than the time scale for particle detection (10−9 s).
Before reaching the detectors,most fragments decay to stable isotopes in their ground
states. Thus before any model simulations can be compared to experimental data, it
is indispensable to have a model that simulates sequential decays. A Monte Carlo
technique is employed to follow all decay chains until the resulting products are
unable to undergo further decay. For the purposes of the sequential decay calculations,
the excited primary fragments generated by the statistical model calculations are
taken as the compound nucleus input to the evaporation code. Hence, every primary
fragment is decayed as a separate event.

We consider the deexcitation of a primary fragment of mass A, charge Z , and
temperature T . The successive particle emission from the hot primary fragments
is assumed to be the basic deexcitation mechanism. For each event of the primary
breakup simulation, the entire chain of evaporation and secondary breakup events
is Monte Carlo simulated. The standard Weisskopf evaporation scheme is used to
take into account evaporation of nucleons, d, t , 3He, and α. The decays of particle
stable excited states via gamma rays were also taken into account for the sequential
decay process and for the calculation of the final ground-state yields. We have also
considered fission as a deexcitation channel though for the nuclei of mass < 100
its role will be quite insignificant. The process of light particle emission from a
compound nucleus is governed by the emission width 	ν at which a particle of type
ν is emitted. The different equations for calculation of particle, gamma, and fission
widths are given in details in [23] and we will skip them here. Once the emission
widths are known, it is required to establish the emission algorithm which decides
whether a particle is being emitted from the compound nucleus. This is done [24]
by first calculating the ratio x = τ/τtot , where τtot = �/	tot , 	tot = ∑

ν 	ν and
ν = n, p, d, t,3 He, α, γ or fission and then performingMonte Carlo sampling from
a uniformly distributed set of random numbers. In the case that a particle is emitted,
the type of the emitted particle is next decided by a Monte Carlo selection with the



2 New Signatures of Phase Transition from Models of Nuclear Multifragmentation 15

weights 	ν/	tot (partial widths). The energy of the emitted particle is then obtained
by another Monte Carlo sampling of its energy spectrum. The energy, mass, and
charge of the nucleus is adjusted after each emission. This procedure is followed for
each of the primary fragment produced at a fixed temperature and then repeated over
a large ensemble and the observables are calculated from the ensemble averages.
The number and type of particles emitted and the final decay product in each event
are registered and are taken into account properly keeping in mind the overall charge
and baryon number conservation.

2.2.3 Lattice Gas Model

The lattice gas model is considerably more complicated than the percolation model
[22] but expositions of the model exist [8, 25, 26] and we refer to [26] for details. Let
A = N + Z be the number of nucleons in the system that dissociates. We consider
D3 cubic boxes where each cubic box has volume (1.0/0.16) f m3. D3 is larger than
A (they have the same value in the bond percolation model). Here, D3/A = V f /V0

where V0 is the normal volume of a nucleus with A nucleons and V f is the freeze-
out volume where partitioning of nucleons into clusters is computed. For nuclear
forces, one adopts nearest neighbor interactions. Following normal practice, we use
neutron–proton interactions vnp = − 5.33 MeV and set vnn = vpp = 0.0. Coulomb
interaction between protons is included. Each cube can contain 1 or 0 nucleon. There
is a very large number of configurations that are possible (a configuration designates
which cubes are occupied by neutrons, which by protons and which are empty;
we sometimes call a configuration an event). Each configuration has an energy.
If a temperature is specified, the occupation probability of each configuration is
proportional to its energy: P∝exp(-E/T). This is achieved by Monte Carlo sampling
using the Metropolis algorithm.

Calculation of clusters needs further work. Once an event is chosen we ascribe to
each nucleon a momentum. Momentum of each nucleon is picked by Monte Carlo
sampling of a Maxwell–Boltzmann distribution for the prescribed temperature T.
Two neighboring nucleons are part of the same cluster if P2

r /2μ + ε < 0 where ε is
vnp or vnn or vpp. Here, Pr is the relative momentum of the two nucleons and μ is
the reduced mass. If nucleon i is bound with nucleon j and j with k then i, j, k are
part of the same cluster. At each temperature, we calculate 50,000 events to obtain
average energy < E > and average multiplicity na (where a is the mass number of
the cluster) of all clusters. A cluster with one nucleon is a monomer, one with two
nucleons is a dimer, and so on. The total multiplicity is M = ∑

na and
∑

ana = A,
where A = N + Z is the mass number of the dissociating system.
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2.3 Results

The variation of total multiplicity with temperature for fragmenting systems as cal-
culated by CTM is very similar to that of entropy. This motivated us to look for the
derivative of multiplicity which is expected to behave similarly as the derivative of
entropy w.r.t temperature which is nothing but the specific heat at constant volume
CV . Unlike the entropy, one can measure the total multiplicity M = ∑

Ma (a being
the mass number of the composites) with 4π detectors in the laboratory. In CTM the
derivative of M with T as a function of T is seen to have a maximum. Figure2.2a, c
shows the total multiplicity for fragmenting system having proton number (Z ) = 82
and neutron number (N ) = 126 and and its derivative dM/dT ((b) and (d)). Results
for both real nuclei and the one for one kind of particles have been displayed in
order to emphasize the effects of Coulomb interaction. The rise and the peak are
much sharper in absence of Coulomb interaction clearly indicating the role of the
long-range interaction in suppressing the signatures of phase transition. The features
become less sharp as in Z = 28 and N = 30, as the system size decreases (Fig. 2.3).

In the next two Figs. 2.4 and 2.5, we compare dM/dT and CV for the two same
systems as used inFigs. 2.2 and2.3.Wealso consider the situationwhere theCoulomb
is switched off. The peak in dM/dT coincides with the maximum of specific heat at
constant volume Cv as a function of temperature for all the cases. It’s an established
fact that specific heat at constant volume peaks at the transition temperature and this
is a signature of first-order phase transition. Hence, based on our results as presented
in Figs. 2.4 and 2.5, we conclude that dM/dT can be a signature of phase transition
and the advantage is it gives an exact value of the transition temperature where the
maximum of dM/dT occurs. Next, we calculate the entropy since it’s well known

Fig. 2.2 Variation of
multiplicity M (a and c) and
dM/dT (b and d) with
temperature (bottom x axes)
and excitation per nucleon
(top x axes) from the CTM
calculation for fragmenting
systems having Z = 82 and
N = 126 (a and b). (c and d)
represent the same but for a
hypothetical system of one
kind of particle with no
Coulomb interaction but the
same mass number (A =
208). E∗ = E − E0, where
E0 is the ground-state energy
of the dissociating system in
the liquid drop model whose
parameters are given in [21]
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Fig. 2.3 Same as Fig. 2.2 but the fragmenting systems are Z = 28 and N = 30 (a and b) and A =
58 (c and d)

Fig. 2.4 Variation of dM/dT (red solid lines) and Cv (green-dashed lines) with temperature from
CTM for fragmenting systems having Z = 82 and N = 126 (a) and for hypothetical systems of one
kind of particle with no Coulomb interaction of mass number A = 208 (b). To draw dM/dT and Cv
in the same scale, Cv is normalized by a factor of 1/50

that it shows a sharp rise near the transition temperature. We have compared the
temperature variation of dM/dT and the entropy for the fragmenting system Z =
82, N = 126, and also for an ideal condition, neglecting the Coulomb interaction.
This is displayed in the next plot Fig. 2.6. It is evident that, for both the cases, the
entropy changes rapidly in that regime of temperature scale where dM/dT exhibits a
maximum. The presence of Coulomb interaction in a real system, only, smears the
rise of entropy and the peak in dM/dT. This behavior, further, establishes that dM/dT
is indeed a signature of phase transition.
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Fig. 2.5 Same as in Fig. 2.4, but the fragmenting systems are Z = 28 and N = 30 (a) and A = 58
(b)

Fig. 2.6 Variation of entropy (blue-dashed lines) and dM/dT (red solid lines) with temperature
from CTM for fragmenting systems having Z = 82and N = 126 (a) and for hypothetical system
of one kind of particle with no Coulomb interaction of mass number A = 208 (b). To draw S and
dM/dT in the same scale, S is normalized by a factor of 1/20 for Z = 82 and N = 126 system and
1/50 for hypothetical system of one kind of particle

The multiplicity of the intermediate mass fragments (MIMF ) in heavy-ion col-
lisions strongly confirms the process of multifragmentation [3]. It is an important
observable of multifragmentation, which is measured in the experiment, sometimes,
instead of the total multiplicity M. Therefore, we wanted to perform a similar test on
the derivative of MIMF . We have plotted the variation of MIMF and its temperature
derivative with temperature for the systemZ= 82, N= 126 in Fig. 2.7, and compared
dMIMF /dT with CV . MIMF and dMIMF /dT display a similar behavior as that of the
total multiplicity and its derivative except for the fact that the peak position of its
derivative does not coincide with that ofCV . This is expected because the calculation
of CV involves all the fragments irrespective of their mass or charge, but in MIMF ,
only selected fragments are included.

Last but not least, we would like to study the effect of secondary decay on the
excited fragments formed after multifragmentation. In a heavy-ion collision, when
a nucleus breaks up through the process of nuclear multifragmentation, the result-
ing composites are called primary fragments. The primary fragments are excited in
general and lose excitation through sequential two-body decay, and thus change the
total multiplicity. The final cold fragments, called secondary fragments, are detected
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Fig. 2.7 Variation of intermediate mass fragment(IMF) multiplicity MIMF (a) and first-order
derivative of IMF multiplicity dMIMF/dT (b) with temperature from CTM calculation for frag-
menting systems having Z = 82 and N = 126. Variation of Cv with temperature (T) is shown by
green-dashed line in (b). To draw dMIMF/dT and Cv in the same scale, Cv is normalized by a
factor of 1/100

Fig. 2.8 Effect of secondary decay on M (a) and dM/dT (b) for fragmenting systems having Z
= 28 and N = 30. Red solid lines show the results after the multifragmentation stage (calculated
from CTM), whereas blue-dashed lines represent the results after secondary decay of the excited
fragments

in the laboratory. The fragments that we are dealing with in our study (using CTM),
are primary fragments. The secondary decay may affect the total multiplicity in such
a way that might change the behavior of multiplicity discussed above. As we are
interested in the experimental signature, we investigate the effect of the secondary
decay in our calculation and do the same study with the multiplicity of the secondary
fragments.

We have plotted the multiplicities of the primary and the secondary fragments
and their derivatives in Fig. 2.8. It is apparent that the effect of secondary decay
does not alter our previous observation. Moreover, it enhances the signals, the total
multiplicity changes more rapidly, and the peak in dM/dT is sharper in case of the
secondary fragments. Thus, the maxima of multiplicity derivative can be extracted
successfully through experiments with an unaltered transition temperature.

In order to further test multiplicity derivative as a possible signature for first-
order phase transition, we have carried out the investigation using the lattice gas
Model[22]. This is shown in Fig. 2.9a, b.We have plottedM and its derivative against
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Fig. 2.9 Variation of M (a) and dM/dT (b) (red solid lines) and Cv with temperature from lattice
gas model at D = 8 (see text) for fragmenting system having Z = 82 and N = 126. (c) dM /dT (red
solid lines) and Cv (green dashed lines) with T; to draw them in the same scale, Cv is normalized
by a factor of 1/10; dM /dT is unit of MeV−1

the temperature T . M shows a rise and the derivative shows a peak as expected. Plots
of dM/dT and d < E > /dT are shown in Fig. 2.9c.Cv goes through a maximum at
some temperature which is a hallmark of first-order phase transition and this occurs
at the same temperature, where dM/dT maximizes. This is remarkably similar to
results from CTM corroborating the evidence that the appearance of a maximum in
dM/dT is indicative of a first-order phase transition.

Our proposed signal of multiplicity derivative dM/dT was tested and verified
in different statistical and dynamical models like the statistical multifragmentation
model (SMM) [28, 29], Quantum Molecular Dynamics (QMD) model [30], and
Nuclear statistical Equilibrium (NSE) model [31]. Our theoretical proposition of this
signal got further support when it was experimentally verified recently and tested
using three different reactions 40Ar +58 Ni , 40Ar +27 Al, and 40Ar +48 T i at 47
Mev/n [32].

The average size of the largest cluster 〈Amax 〉 formed in the fragmentation of
the excited nuclei acts as an order parameter for first-order phase transition. The
variable a2 which is a measure of the difference between the average size of the
first (〈Amax 〉) and the second (〈Amax−1〉) largest cluster sizes divided by the sum
of these two (a2 = 〈Amax 〉 − 〈Amax−1〉

〈Amax 〉 + 〈Amax−1〉 ) also has similar behavior as that of 〈Amax 〉. So
this observable which is measured in some experiments can also act as an order
parameter. The analytical expressions leading to the calculation of the average size
of first and second largest clusters can be found in [33].
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Fig. 2.10 Variation of (a) amax , (b) a2, (c) M, (d) S, (e) -damax/dT , (f) -da2/dT , (g) dM/dT, and
(h) Cv with temperature for fragmenting system of mass A = 200

Now, we will concentrate on these observables in order to study their variation
with temperature. We consider an ideal system of A = 200 identical nucleons with
no Coulomb force acting between them in order have a better idea of these proposed
signatures. Left panels of Fig. 2.10a–d display the variations of the four variables,
the normalized size of the average largest cluster amax (amax = 〈Amax 〉

A ), a2, total
multiplicityMandentropyper particle (S/A)with temperature.amax anda2 are almost
constant and assume a value≈ 1 up to approximately 5MeV, in the temperature scale.
This implies that in this temperature range, the size of the largest fragment produced
is almost the same as the size of the fragmenting source. Around T = 6 MeV, both
of them fall sharply to a very low value near 0, which indicate the entire system
fragments into the light mass nuclei. After that, they remain almost unchanged.
These observables, clearly, give a sharp transition near T = 6 MeV and therefore
behave as an order parameter of the nuclear phase transition. Now, the last two panels
((c) and (d)) in the left of Fig. 2.10 show the variation of the total multiplicity and
entropy per nucleon with temperature. amax and a2 display similar behavior as that
of the multiplicity and the entropy; the sudden jump (or fall) of these four variables
occur almost at the same temperature around 6 MeV. This similarity motivates us
to investigate the behavior of the derivatives of amax and a2. In the right panel of
Fig. 2.10, temperature derivatives of all the four quantities are plotted as a function
of temperature. In the right bottom panel Fig. 2.10h, we have plotted CV , which is
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Fig. 2.11 Variation of damax/dT with temperature (a) at constant freeze-out volume V f = 6V0 but
for three fragmenting system of mass 50 (blue-dotted line), 100 (red-dashed line), and 200 (black
solid line) and (b) for same fragmenting system ofmass 200 but at three constant freeze-out volumes
V f = 2V0 (magenta-dotted line), V f = 6V0 (black solid line), and V f = 8V0 (green-dashed line)

related to the temperature derivative of the entropy (S). The derivatives of amax and
a2 exhibit maxima just like total multiplicity and specific heat, and almost at the
same temperature, which we call the transition temperature. This establishes these
two variables as signatures of the phase transition. This signature is much easier to
access both theoretically and experimentally as compared to the bimodality in the
probability distribution of the largest cluster. The later has been used so far in order
to detect the existence of phase transition in nuclear multifragmentation but to detect
two peaks(bimodality) of equal height in a distribution at a particular temperature (or
excitation energy) is far more a difficult job than to simply calculate the derivative
in its size with temperature or excitation energy. We strongly believe that this new
proposed signature related to the largest cluster size will definitely provide a great
impetus to the study of liquid–gas phase transition in heavy-ion collisions.

Next, we have examined how the transition temperature varies with the source
size and the freeze-out volume. We have plotted the variation of damax /dT with T for
three different fragmenting systems of size A = 50, 100, 200 at a fixed freeze-out
volume V f = 6V0 in Fig. 2.11a, and the same for three freeze-out volume V f =3V0,
4V0, 8V0 with fixed sourceA= 200 in Fig. 2.11b.We see that the peaks are sharper for
the more massive source and the higher freeze-out volume. The position of the peak
is observed to shift to the higher temperature region for the bigger source size, and
the lower temperature side for the greater freeze-out volume. This implies that the
smaller system fragments more easily at a lower transition temperature as compared
to its bigger counterparts. The peak also becomes sharper for bigger sources which
once again proves that phase transition signals are enhanced in larger systems. For
freeze-out volume, the result that we have obtained is expected since higher freeze-
out volume (lower density) will favor the disintegration of the nucleus, resulting in
lower transition temperature.

At the end, we have plotted the transition temperatures as a function of system
size at fixed freeze-out volume (left panel (a)), and as a function of freeze-out volume
for a fixed system (right panel (b)) in Fig. 2.12. In each panel, four different sets of
transition temperatures are plotted. Those sets are obtained from the position of the
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Fig. 2.12 Dependence of the
peak position of -damax/dT ,
-da2/dT , dM/dT, and Cv on
fragmenting system size (a)
and freeze-out volume (b)

maxima indamax/dT ,da2/dT , dM/dT, andCV . The transition temperatures obtained
from all the four observables give consistent results. Small differences between them
can be attributed to the finiteness of the fragmenting system.

2.4 Summary

This work introduces some new signatures of nuclear liquid–gas phase transition
which can be measured easily and more accurately in experiments. The observables
chosen were the total multiplicity, average largest cluster size amax , and a normalized
variable a2 which assume distinctly different values in liquid and the gas phases thus
serving as order parameters of the transition. The variation of these observables
with temperature is very much similar to that of entropy or excitation energy and
hence the temperature derivatives behave as specific heat at constant volume (Cv)
which is an established signature of phase transition. Transition temperature can be
identified from the position of the maxima of these derivatives analogous to that
of Cv. Multiplicity derivative (dM/dT ) serves as a robust signal with very good
performance even in the presence of Coulomb interaction which is long range and
thereby suppresses signatures of phase transition. This signature not only persists
but gets enhanced after secondary decay of the primary hot fragments and thus can
be easily detected in experiments which measure total multiplicity. This signal was
proposed using the canonical thermodynamical model and was later confirmed by us
using the lattice gasmodel. Thiswas very recently verified in other theoreticalmodels
as well as in experiment. The other two observables concerning the derivatives of the
largest and second largest clusters also peak at the same temperature as that ofCv and
can be considered as signals of first-order phase transition in one component system
switching off the Coulomb interaction. It is sometimes easier to measure the size
of the largest cluster than to count the total multiplicity covering all the fragments
produced in the experiment. The effect of source size and freeze-out volume on the
transition temperature is also studied using the one-component model. The extension
of this study for real nuclei will be a part of our future work.
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Chapter 3
Statistical and Dynamical Bimodality
in Multifragmentation Reactions

S. Mallik, G. Chaudhuri, F. Gulminelli, and S. Das Gupta

Abstract The bimodal behavior of the order parameter is studied in the framework
of Boltzmann–Uehling–Uhlenbeck (BUU) transport model. In order to do that, sim-
plified yet accurate method of BUU model is used which allow calculation of fluc-
tuations in systems much larger than what was considered feasible in a well-known
and already existing model. It is observed that depending on the projectile energy
and centrality of the reaction, both entrance channel and exit channel effects can
be at the origin of the experimentally observed bimodal behavior. Both dynamical
and statistical bimodality mechanisms are associated with the theoretical model to
different time scales of the reaction, and to different energy regimes.

3.1 Introduction

The bimodal behavior of the order parameter is an important signature of first order
phase transition [1–3]. Phase transitions occur in very large systems, but in nuclear
physics, practical theoretical calculations (and heavy-ion reaction experiments) need
to be done with finite systems.

The largest cluster is an important order parameter for studying nuclear liquid–gas
phase transition in intermediate energy heavy-ion reactions. For an infinite system,
the normalized order parameter is 1 in the liquid phase and it suddenly drops to 0
when the system crosses the transition temperature. From, statistical point of view,
bimodality is a result of the singularity (infinite system) being replaced by the smear-
ing (finite system). At low temperature, the largest cluster probability peaks at the
liquid side, whereas at high temperature, it is limited to the gas side only. But in
a small range of intermediate temperature, one can expect a double-humped distri-
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bution (hence the name bimodality). Different theoretical studies (from lattice gas
model and statistical models) [4–10] as well as experimental observations [11–13]
confirm this kind of signature of thermal phase transition in heavy-ion reactions.

On the other side, some other theoretical calculations [14–17] as well as exper-
imental measurements [18–20] conclude that, a memory of the entrance channel is
clearly present and thermal equilibrium is not achieved. The signal was interpreted
in these studies as a dynamical bifurcation of reaction mechanism, induced by fluc-
tuations of the collision rate, which leads to fluctuations of the collective momentum
distribution as expected in complex nonlinear dynamical systems.

Therefore, the origin of the experimentally observed bimodality is still not clear
completely. In the previous dynamical approaches used [14–17] to study the bimodal-
ity phenomenon, the collision final state was determined by the semiclassical one-
body transport equation itself, considering simulations evolving until asymptotic
times. However, these approaches lack the necessary correlations to properly treat
fragment formation in the exit channel, even if they are known to very well describe
the entrance channel of heavy-ion reactions at intermediate energy. For this reason,
to have a quantitative reproduction of experimental data, the secondary decay of the
dynamically formed primary fragments is typically treated in two-step calculations,
coupling the transport dynamics to a statistical model (or “afterburner”). As the pri-
mary interest is phase transition in nuclear matter due to the nuclear force alone, most
theoretical models have considered symmetric nuclear matter where the Coulomb
force is switched off [21, 22]. Here, we follow the same practice.

In order to study the dynamical stage for phase transition, one needs to simulate
collisions between fairly large nuclei. In order to do that, a simplified yet accurate
method of transport model based on Boltzmann–Uehling–Uhlenbeck (BUU) equa-
tion is developed recently [23] which allows calculation of fluctuations in systems
much larger than what was considered feasible in a well-known and already exist-
ing model [27]. For studying the de-excitation phase, Canonical Thermodynamical
Model (CTM) is used.

From this theoretical study, it is observed that, depending on the incident energy
and impact parameter of the reaction, dynamical as well as statistical bimodality
mechanisms can appear, meaning that the different scenario proposed in the litera-
ture are both potentially observable in heavy-ion data. Specifically, fluctuations in
the stopping dynamics in central collisions lead to different reaction mechanisms
that can coexist in the sample characterized by a well-defined value of the impact
parameter. This gives rise to a bimodal behavior of the largest cluster probability
distribution that can survive to the secondary de-excitation if the deposited energy
is low enough, which happens at incident energies around the Fermi energy domain
(40 MeV/nucleon). At higher incident energies (100 MeV/nucleon), focusing on
binary mid-peripheral reactions, the fluctuations in the energy deposition leads to
an excitation energy distribution for the quasi-spectator source which is close to the
liquid–gas phase transition range. For these events, local equilibrium is achieved and
a thermal bimodality is observed in agreement with statistical expectations.

This article is structured as follows. The modifications in the fluctuation included
BUUmodel which is essential for studying liquid–gas phase transition is introduced
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in Sect. 3.2, the coupling conditions between the dynamical and statistica treatment
are explained in Sect. 3.3, the results concerning the different conditions of dynamical
and statistical bimodal behavior are described in Sects. 3.4 and 3.5 respectively, and
finally, summary is presented in Sect. 3.6.

3.2 Improvement in BUU Model with Fluctuation

The BUU transport model calculation [23–26] for heavy-ion collisions starts with
two nuclei in their respective ground states approaching each other with specified
velocities and impact parameters. The ground-state energies and densities of the
projectile (mass number Ap) and target (mass number At ) nuclei are constructed
using the Thomas–Fermi approximation [25]. The Thomas-Fermi phase-space dis-
tribution is then sampled using Monte Carlo technique by choosing test particles
(we use Ntest = 100 for each nucleon) with appropriate positions and momenta. As
the projectile and target nuclei propagate in time, the test particles move in a mean-
field and occasionally suffer two-body collisions, with probability determined by the
nucleon–nucleon scattering cross section, provided the final state of the collision is
not blocked by the Pauli principle. The mean-field propagation is done using the
lattice Hamiltonian method which conserves energy and momentum very accurately
[29]. The mean-field potential is given by

U (ρ) = A

{
ρ

ρ0

}
+ B

{
ρ

ρ0

}σ

+ C

ρ
2/3
0

∇2
r

{
ρ(r)
ρ0

}
, (3.1)

where the first two terms represent zero-range Skyrme interaction and the derivative
term does not affect nuclear matter properties, but in a finite system, it produces quite
realistic diffused surfaces and liquid drop binding energies. This can be archived for
A = −2230.0 MeV fm3, B = 2577.85 MeV fm7/2, σ = 7/6, ρ0 = 0.16 fm−3, and
c = −6.5 MeV fm5/2 [29]. Two-body collisions are calculated as given in Appendix
Bof [24], except that pion channels are closed, as therewill not be anypionproduction
in this energy regime.

To explain clustering in heavy-ion reaction, one needs an event-by-event compu-
tation in transport calculation. Bauer et. al. proposed the following method [27]. Due
to collision between projectile nucleus of mass Ap and target nucleus of mass At ,
for each event, two-body collisions are checked between (Ap + At )Ntest test parti-
cles. Test particle cross sections are reduced to σnn/Ntest ; the collisions are further
reduced by a factor Ntest , but if a collision happens between two test particles i and
j , then not only these two change momenta, but in addition, Ntest − 1 test particles
closest to i in phase space suffer the same momentum change as i ; also Ntest − 1
test particles closest to j in phase space are given the same momentum change as
j . Physically, this corresponds to nucleons colliding. For conserving energy and
momentum simultaneously, one can define 〈pi〉 =

∑
pi

Ntest
; similarly < pj >. One then
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considers a collision between < pi > and < pj > and obtain a �p for < pi > and
−�p for < pj >. This �p is added to all pi’s and −�p to all pj’s. This conserves
both energy and momentum as one progresses in time. For the second event, new
Monte Carlo sampling of Ap on At will be started at time zero, similarly for event 3,
event 4, etc. The calculation of the collision part becomes very time-consuming and,
for this case within each time step, two-body collision is need to be checked between
(Ap + At )Ntest test particles. Now, to study nuclear liquid–gas phase transition one
needs to simulate collisions between fairly large nuclei. Therefore, it is very diffi-
cult to handle this operation with the existing model. Hence, one has to modify the
transport model so that it can be used for fairly large nuclei.

To overcome this problem, the fluctuation added BUU method is modified in
the following way. Ntest Monte Carlo simulations of Ap nucleons with positions
and momenta and Ntest simulations of At nucleons with positions and momenta are
to be done as before. As in cascade calculation [24, 26, 28] for nucleon–nucleon
collisions 1 on 1’(event1), 2 on 2’(event2) etc are considered with cross section σnn .
For event 1, within each time step, nn collisions only between 1 and 1’ (i.e., between
first (Ap + At ) test particles) will be considered. The collision is checked for Pauli
blocking. If a collision between i and j in event 1 is allowed, [27] is to be followed
and Ntest − 1 test particles closest to i are to be picked and the same momentum
change �p of them as ascribed to i is to be given. Similarly, Ntest − 1 test particles
closest to j are to be selected and these are to be ascribed the momentum change
−�p, the same as suffered by j . As a function of time, this is continued till event 1
is over. For Vlasov propagation, all test particles are utilized. For event 2, one has to
return to time t = 0, the original situation (or a new Monte Carlo sampling for the
original nuclei), follow the above procedure but consider nn collisions only between
2 and 2’ {i.e., between (Ap + At ) + 1 to 2(Ap + At ) test particles}. This can be
repeated for as many events as one needs to build up enough statistics. Finally, to
identify fragments, two test particles are considered as the part of the same cluster
if the distance between them is less than or equal to 2 fm [17, 30].

Before applying the modified method in phase transition study, at first, one has
to check whether modified prescription results are comparable with the existing
BUU prescription or not. For this, simulations have to be done by using both the
methods for a central collision reaction of symmetric system 40Ca+40Ca. Figure3.1
shows the comparison of mass distribution obtained from existing and modified
BUU prescription for beam energies 25 and 50 MeV/nucleon at t = 200 fm/c. The
results obtained from two methods are similar because (a) the number of collisions
in an event is statistically the same. (b) In the original formulation, the objects
that collided were picked from a fine-grain sampling of phase-space density. In the
modified method, these are picked from a coarse grain sampling of the same phase-
space density. But many events are needed, so statistically, it should not matter. (c)
Characteristics of scattering are the same and (d) The same Vlasov propagation is
used.

The advantage of this method over the existing method is that here, for one event,
nn collisions need to be considered between (Ap + At ) test particles, whereas in the
existingmethod, collisions need to be checked between (Ap + At )Ntest test particles.
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Fig. 3.1 Comparison of
mass distribution calculated
according to the existing
(blue-dotted lines) and the
modified (red solid lines)
BUU prescription. The
average value of 5 mass units
are shown. The cases are for
central collision of mass 40
on mass 40 for two different
beam energies a 25 and b 50
MeV/nucleon calculated at
t = 200 fm/c

Hence, in the modified calculation, the total number of combinations for two-body
collision is reduced by a factor of 1/N 2

test . Since typically Ntest is of the order of 100
this is a huge saving in computation and has allowed us to treat reactions at different
projectile energies and impact parameter described in the next sections. One bonus of
this prescription is that one sees some common ground between the BUU approach
and the “quantum molecular dynamics” approach [31].

At the end of the transport calculation, i.e., at freeze-out stage, we get different
clusters of a finite number of test particles with known position and momenta. By
knowing the number of test particles present in the cluster, one can get the mass, and
by knowing the position and momenta of these test particles, one can calculate the
potential and kinetic energies, respectively. By adding kinetic and potential energy,
the excited state energy of the cluster can be obtained. However, to know excitation,
one needs to calculate the ground-state energy also. This is done by applying the
Thomas–Fermi method for a spherical (ground state) nucleus having a mass equal to
the cluster mass. Knowing PLFmass and its excitation, the freeze-out temperature as
well as decay of excited clusters are calculated by using the canonical thermodynamic
model CTM [32] which is described in Chap.2.

3.3 Identification of Freeze-Out

Our first aim is to identify the freeze-out time when one can safely stop transport
calculation and switch over to the statistical model. In order to do that, we have inves-
tigated the time dependence of (i) mass of the largest and second largest clusters and
(ii) isotopy of momentum distribution in the largest and second largest clusters from
BUU calculation. Indeed in the binary collisions, we consider the largest and second
largest clusters are always the residues of projectile and target. The first signal can
therefore help us to determine the time when the projectile and target are completely
separated, while the second onewill point to the attainment of thermalization of these
residues.

The dependence of average size of the largest and the second largest clusters with
time for symmetric system 40Ca +40 Ca at projectile beam energy 100MeV/nucleon
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Fig. 3.2 Variation of
average mass of largest
cluster Amax (red solid lines)
and second largest cluster A2
(blue-dashed lines) with time
as calculated from BUU
model for a b = 0 fm, b b =
3 fm, c b = 6 fm, d b = 9 fm
at projectile beam energy
100 MeV/nucleon

but four different impact parameters ranging from central to peripheral collisions
is displayed in Fig. 3.2. The nature of variation is almost identical in each impact
parameter. At t = 50 fm/c, there was just one system comprising of both projectile
and the target nuclei, hence the size of the largest cluster (Amax ) is close to 80 and
the second largest (A2) is close to 0. With the progress of time, the size of the largest
cluster decreases gradually as the system fragments as well as there is evaporation
of light clusters and nucleons. For central collision, the size of the participant zone
is maximum which results in faster disintegration, therefore, the rate of decrease of
largest cluster size is also maximum, while with the increase of impact parameter,
participant size decreases which gradually reduces the rate of decrease in the largest
cluster size. The size of the second largest starts from zero gradually increases as
the target and projectile crosses each other and reaches a maximum when they are
completely separated and then again decreases because of secondary decay, and
settles to a final value. The evolution of the largest and that of the second largest
cluster is pretty similar after the second largest cluster reaches its maximum and
the evolution coincides for the most peripheral collisions. This is only because we
are dealing with an identical size of projectile and target, and would change if one
considers an asymmetric entrance channel.

The time evolution of the average isotropy of the momentum distribution (I ) of
the largest and second largest clusters is shown in Fig. 3.3. This observable indicates
the thermalization of the system, and hence the ideal time to switch over from the
dynamical model to the statistical model. This is defined through the following
equations. Let the beam direction is along z axis and, for a given event, out of total
(Ap + At )Ntest test particles, only N test particles form a cluster, i.e., the mass of
the cluster is N/Ntest . The average momentum of the cluster along k = x , y, and z
directions can be calculated from the relation
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Fig. 3.3 Variation of
isotropy of momentum
distribution (I ) of the largest
cluster with time calculated
from BUU model for a b = 0
fm, b b = 3 fm, c b = 6 fm,
d b = 9 fm at projectile beam
energy 100 MeV/nucleon

Pk = 1

N

N∑
i=1

pki , (3.2)

where pki is the k component of momentum of the i-th test particle. The isotropy in
momentum distribution can be defined as

I =
1
N

∑N
i=1(pxi − Px )2 + 1

N

∑N
i=1(pyi − Py)

2

2 × 1
N

∑N
i=1(pzi − Pz)2

. (3.3)

.
The quantity is defined such that it is less than 1 when the system is not fully

thermalized and still there are some test particles having significant momentum in
the beam direction. This will reduce the isotropy. Initially, during the overlapping
stage of the projectile and target nuclei, the isotropy is less than unity. With the
increase of time, it gradually increases and finally becomes unity when complete
thermalization is achieved. Comparing Figs. 3.2 and 3.3, it can be concluded that
I ≈ 1 is archived almost at the same time when the second largest cluster size is also
maximum. This freeze-out time varies from about t f = 150 fm/c for most peripheral
collision to about t f = 200 fm/c for central collision. For simplicity, we have stopped
the dynamical calculation at t = 175 fm/c for all impact parameters. Accounting
for the precise impact, parameter dependence of the freeze-out time would only
marginally affect the distributions shown in this article, and would not affect any
of our conclusions which are essentially based on the qualitative properties of the
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distributions. With changing the projectile beam energy, the freeze-out time will also
change, for example, by doing similar analysis for 40 MeV per nucleon reaction
freeze-out time is determined as approximately t = 400 fm/c.

3.4 Dynamical Bimodality

In this section, we will concentrate on the behavior of probability distribution of
largest cluster (Amax ) and asymmetry of largest and second largest clusters (a2 =
(Amax − A2)/(Amax + A2)) calculated at the end of transport simulation at freeze-
out condition. P(Amax ) and P(a2) distribution at constant projectile beam energy 100
MeV/nucleon but four different impact parameters ranging from central to peripheral
collisions are shown in Figs. 3.4 and 3.5, respectively.

For central collision (b = 0 fm), two peaks of P(Amax ) as well as P(a2) distri-
butions are seen which can be interpreted as dynamical bimodality very similar to
the phenomenon described in [15]. Fluctuations in the collision rates lead to fluctua-
tions in the momentum distribution, that is, in the degree of stopping of the reaction.
We have fixed a mass cut of Acut = 37 (corresponds to the minimum between the
two peaks at b = 0 fm to distinguish the two event classes as it corresponds to the
minimum between the two peaks. Fragments with Amax ≥ Acut represent stopped
events having nearly zero z-component (beam direction) of momentum and scattered
isotropically in the center of mass frame, whereas fragments with Amax < Acut rep-
resent crossed events having high z-component of momentum and scattered either
in the forward direction (projectile-like fragments) or backward direction (target-
like fragments). This is shown in Fig. 3.6. For non-central collisions, due to lesser

Fig. 3.4 Largest cluster
probability distribution
P(Amax ) at freeze-out stage
(t = 175 fm/c) for constant
projectile beam energy 100
MeV/nucleon but for four
different impact parameters
a b = 0 fm, b b = 3 fm, c
b = 6 fm, d b = 9 fm
calculated from BUU model
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Fig. 3.5 Probability distribution of normalized mass asymmetry of two largest masses P(a2) at
freeze-out stage (t = 175 fm/c) for constant projectile beam energy 100 MeV/nucleon but for our
different impact parameters a b = 0 fm, b b = 3 fm, c b = 6 fm, d b = 9 fm calculated from BUU
model

Fig. 3.6 Largest cluster scattering angle (left panel) and momentum (right panel) probability dis-
tribution for Amax ≥ 37 (red lines) and Amax < 37 (blue lines) for central collisions (b = 0 fm) at
projectile beam energy 100 MeV/nucleon calculated from BUU model at freeze-out time t = 175
fm/c. The average value of 10 degrees and 10MeV are shown for angle andmomentum, respectively

overlapping of the projectile and target, almost all are crossed-events and only liquid
phase is present. Similar calculations for b = 3 fm are shown in Fig. 3.7.
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Fig. 3.7 Same as Fig. 3.6
except the impact parameter
is 3 fm

3.5 Statistical Bimodality

The distribution plotted in Figs. 3.4 and 3.5 can be defined as freeze-out distribu-
tion and can still evolve in subsequent time because of secondary decay which has
been calculated by switching over to the Canonical Thermodynamical Model (CTM)
calculations from the transport one. In Fig. 3.8, we have plotted the probability dis-
tribution of the largest cluster for these four impact parameters. The ones at b = 0
fm are structureless and typical of multifragmentation reactions: the average excita-
tion energy is so high in this case that both fully stopped and incompletely stopped
events undergo multiple decays. As a consequence, the bimodality signal observed
in Fig. 3.4 disappears. At the mid-central collision, the situation is reversed. The
probability distribution of the largest cluster now shows a bimodal behavior (but not
dynamical bimodality in Fig. 3.4) which is indicative of the existence of two phases
simultaneously.

Fig. 3.8 Largest cluster
probability distribution
P(Amax ) after secondary
decay for constant projectile
beam energy 100
MeV/nucleon but for four
different impact parameters
a b = 0 fm, b b = 3 fm, c
b = 6 fm, d b = 9 fm
calculated from BUU model
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Fig. 3.9 Excitation (E∗)
probability distribution for
the largest and second largest
clusters at constant projectile
beam energy 100
MeV/nucleon but for four
different impact parameters
a b = 0 fm, b b = 3 fm, c
b = 6 fm, d b = 9 fm

Fig. 3.10 Temperature (T )
probability distribution for
the largest and second largest
clusters at constant projectile
beam energy 100
MeV/nucleon but for four
different impact parameters
a b = 0 fm, b b = 3 fm, c
b = 6 fm, d b = 9 fm

The indication of thermal phase transition will be more clear if one concentrate on
the excitation energy (Fig. 3.9) and temperature (Fig. 3.10) spectrumof the largest and
second largest clusters with varying centrality of the reaction. The step size selected
for displaying these distributions are 1 MeV/nucleon for the excitation energy and 1
MeV/nucleon for the temperature. For the excitation energy in central collision, there
is a small peak at low excitation that corresponds to the second largest cluster of the
stopped event which is small in size and has less excitation. Using these excitation
energies from the transport code as input to the statistical model code, temperature



38 S. Mallik et al.

Fig. 3.11 Probability distribution of the largest cluster P(Amax ) (left panel) and normalized mass
asymmetry of two largest masses P(a2) (right panel) studied after BUU model calculation (black-
dashed line) and CTM calculation (red solid line) for central collisions (b = 0 fm) at projectile
beam energy 40 MeV/nucleon

is obtained. At b = 3 fm, the excitation spectrum is broadened but the temperate
distribution is quite sharp indicating its connection to the thermal phase transition
during which temperature remains constant.

The bimodal behavior described above, however, strongly depends on the entrance
channel conditions. In particular, central collisions at lower bombarding energy (40
MeV/nucleon) where the effect of secondary decay is less, therefore, the freeze-
out distribution is not distorted by secondary decay and bimodal behavior can be
observed both after transport calculation and after the statistical model calculation.
This is shown in Fig. 3.11.

3.6 Summary

In order to study nuclear liquid gas from transport model, a simplified yet accurate
method of Boltzmann–Uehling–Uhlenbeck (BUU) model is developed [23] which
allows calculation of fluctuations in systems much larger than what was considered
feasible in a well-known and already existing model.

We have analyzed the bimodal behavior for the symmetric system 40Ca +40 Ca
with varying centrality of the reaction aswell as bombarding energies, as predicted by
a two-step model. The entrance channel dynamics is described by the BUU transport
equation, which is coupled to the statistical CTM decay model at the time of local
equilibration of the primary fragments produced in the collision.

Based on the combined theoretical simulation, it is observed that depending on the
incident energy and impact parameter of the reaction, both entrance channel and exit
channel effects can be at the origin of the experimentally observed bimodal behavior.
Specifically, fluctuations in the reaction mechanism induced by fluctuations in the
collision rate, as well as thermal bimodality directly linked to the nuclear liquid–



3 Statistical and Dynamical Bimodality in Multifragmentation Reactions 39

gas phase transition are observed in simulations [33]. These results indicate that
heavy-ion reactions at intermediate energies can be used in the laboratory to study
dynamical as well as statistical bimodalities
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Chapter 4
Study of Isospin Effects in Heavy-Ion
Collisions at Intermediate Energies Using
Isospin-Dependent Quantum Molecular
Dynamics Model

Arun Sharma, Rohit Kumar, and Rajeev K. Puri

Abstract Wepresent results, calculatedusing themicroscopic frameworkof isospin-
dependent quantummolecular dynamics (IQMD) model for some of the asymmetric
reactions.We show that isospin effects via symmetry potential and isospin-dependent
nucleon–nucleon cross section along with high Fermi momentum in IQMD model
can handle the difficulties of quantum molecular dynamics approach. Further, we
show that isospin effects via Coulomb forces influence the onset of multifragmenta-
tion.

4.1 Introduction

In addition to several radioactive ion beam facilities (RIBs) that already exist, consid-
erable efforts have been made to install or plan new generation radioactive ion beam
facilities. The well-renowned facilities like National Superconducting Cyclotron
Laboratory (NSCL) at Michigan State University in the United States of America
(USA) [1], Legnaro National Lab (LNL) at Padua in Italy [2], Holifield Radiation Ion
Beam Facility (HRIBF) at Oak Ridge National Laboratory in the USA [3], Heavy-
Ion Research Facility of Lanzhou at Lanzhou in China [4], RIKEN in Japan [5],
TRI University Meson Facility (TRIUMF) at Vancouver in Canada, and last but not
least, Facility for Antiproton and Ion Research (FAIR) at GSI in Germany [6], etc.
India is also planning to install Asia’s second largest advanced experimental facil-
ity, namely Advanced National Facility for Unstable Rare Ion Beams (ANURIB)
[7, 8]. This facility will help to collect information regarding the nuclear equation
of state (NEOS). With the advancements in various radioactive ion beam facilities,
the nuclear Physics community has shifted its interest toward isospin physics. These
facilities help in understanding about the isospin content of a nucleus and lead to the
discovery of new isotopes. These facilities also help to understand nuclear forces at
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the nucleonic level and shed light on the collective behavior of a nucleus in terms of
n/p ratio in a nucleus. The term isospin means a pair of identical particles (nucleons),
i.e., either neutrons or protons in nuclear matter when their electric charges aren’t
taken into consideration. In nuclear physics, isospin degree of freedom makes its
presence in various phenomenon (likeMultifragmentation, Collective Flow, Nuclear
Stopping, etc.) and thus attracts the attention of the nuclear physics community.
Experimental studies involving neutron-rich nuclei have set an excellent platform
to investigate the isospin dependence in the dynamics of heavy-ion collisions at
intermediate energies. It has also opened up a new field that helps in extracting the
information regarding the equation of state of asymmetric nuclear matter, a topic of
current debate. A large number of studies have been reported in the literature where
authors have investigated the role of the isospin degree of freedom in heavy-ion col-
lisions at intermediate energies [7, 9–12]. The prime aim of such studies is to probe
the properties of nuclear matter in the region between symmetric nuclear matter and
pure neutron matter. This information also helps to understand various Astrophysics
phenomena such as Supernova, Neutron Stars, etc.

It is worth mentioning that now large information has been collected on fragmen-
tation but the major problem is that all experimental measurements are done when
the matter is cold. Therefore, it is obvious that to understand the phenomenon of
fragmentation, there is a need for authentic theoretical models/approaches. Broadly,
theoretical models/approaches can be divided into statistical and dynamical mod-
els/approaches. The dynamical models are of two types 1. Isospin-independent like
VUU, QMD, AMD, etc. [8, 13–19] 2. Isospin-dependent like ImQMD, IBUU,
IQMD, etc. [20–22]. The isospin-dependent QuantumMolecular Dynamics (IQMD)
Model [22] is the improved version of the QMD [8] model with isospin degree of
freedom incorporated in it. With the inclusion of isospin degree of freedom, the
IQMD model has symmetry potential, isospin dependence nucleon–nucleon cross
section and improved Pauli blocking. Also, it is worth mentioning that dynamics
of symmetric and asymmetric reactions is quite different [7, 12, 23]. Therefore, it
would be interesting to probe isospin effects using IQMDmodel on the dynamics of
asymmetric heavy-ion collisions at intermediate energies. This chapter is organized
as follows: in Sect. 4.2, wewill give a brief introduction to the formalism used to carry
out calculations. Then, in Sect. 4.3, we will review our recently published results for
multifragmention. Finally, Sect. 4.4 is devoted to a summary of the chapter.

4.2 Isospin-Dependent Quantum Molecular Dynamics
(IQMD) Model

The IQMD model [22] treats different charge states of nucleons, deltas, and pions
explicitly, as inherited from the Vlasov–Uehling–Uhlenbeck (VUU) model [24].
The IQMD model has been used successfully for the analysis of a large number of
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observables from low to relativistic energies. The isospin degree of freedom enters
into the calculations via symmetry potential, cross sections, andCoulomb interaction.

In this model, baryons are represented by Gaussian-shaped density distributions

fi (r, p, t) = 1

π2�2
exp

(
−[r − ri(t)]2 1

2L

)
× exp

(
−[p − pi(t)]2 2L

�2

)
. (4.1)

Nucleons are initialized in a sphere with radius R = 1.12A1/3 fm, in accordance with
liquid drop model. The GaussianWidth (interaction range of nucleons) in this model
is system size-dependent and its value varies from 8.66 fm2 for 19779 Au to 4.33 fm2 for
40
20Ca. This procedure of choosing system size-dependent value of Gaussian width
"L" leads to maximum stability of the density profile of the given nucleus. Each
nucleon occupies a volume of h3, so that phase space is uniformly filled. The initial
momenta are randomly chosen between 0 and Fermi momentum (pF ). The nucleons
of the target and projectile interact by two- and three-body Skyrme forces, Yukawa
potential, Coulomb interactions, and momentum-dependent interactions (MDI). In
addition to the use of explicit charge states of all baryons and mesons, a symmetry
potential between protons and neutrons corresponding to theBethe–Weizsackermass
formula has been included. The hadrons propagate using Hamilton equations of
motion:

dri

dt
= d〈H〉

dpi
; dpi

dt
= −d〈H〉

dri
(4.2)

with
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The baryon potentialVi j , in the above relation, reads as

V i j (r ′ − r) = V i j
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mdi + V i j
sym

=
[
t1δ(r ′ − r) + t2δ(r ′ − r)ργ−1

(
r ′ + r

2

)]

+t3
exp(|(r ′ − r)|/μ)

(|(r ′ − r)|/μ)
+ Zi Z j e2

|(r ′ − r)|
+t4 ln

2[t5(p ′ − p)2 + 1]δ(r ′ − r)

+t6
1

�0
T3i T3 jδ(ri

′ − rj). (4.4)



44 A. Sharma et al.

Here, Zi and Z j denote the charges of ith and jth baryon, and T 3i and T 3 j are their
respective T 3 components (i.e., 1/2 for protons and −1/2 for neutrons). The param-
eters μ and t1,....,t6 are adjusted to the real part of the nucleonic optical potential.
For the density dependence of the nucleon optical potential, standard Skyrme-type
parametrization is employed. We also use the isospin and energy-dependent cross
section σ = 0.8 σ

f ree
nn . The details about the elastic and inelastic cross sections for

Proton–proton and proton–neutron collisions can be found in [22]. The cross sections
for neutron–neutron collisions are assumed to be equal to the proton–proton cross
sections. Explicit Pauli blocking is also included, i.e., Pauli blocking of the neutrons
and protons is treated separately. We assume that each nucleon occupies a sphere
in coordinate and momentum space. This trick yields the same Pauli blocking ratio
as an exact calculation of the overlap of the Gaussians will yield. We calculate the
fractions P1 and P2 of the final phase space for each of the two scattering partners
that are already occupied by other nucleons with the same isospin as that of scattered
ones. The collision is blocked with the probability

Pblock = 1 − [1 − min(P1, 1)][1 − min(P2, 1)], (4.5)

and, correspondingly is allowed with the probability 1 - Pblock . For a nucleus in its
ground state,weobtain an averagedblockingprobability 〈Pblock〉=0.96.Whenever an
attempted collision is blocked, the scattering partners maintain the original momenta
prior to scattering. The IQMD model briefly discussed above is a primary code and
it only generates phase space of nucleons. Therefore, after generating phase space,
there is a need for secondary models to clusterize the nucleons into fragments. In this
article, we use a minimum spanning tree (MST) method [8, 23, 25] for this purpose.
The basic procedure of this method to clusterize the nucleons into fragments is very
simple as it considers two nucleons share the same fragment if their centroids are
closer than a distance Rclus , i.e.,

| ri − r j | ≤ Rclus, (4.6)

where ri and r j are the spatial positions of both nucleons.

4.3 Results and Discussion

In the present chapter, we study some of the isospin effects on the dynamics of frag-
mentation in asymmetric reactions. To check the effects of isospin degree of freedom
(as it leads to refine ingredients), in IQMD model, first of all, we will robust IQMD
model against the available experimental data of emulsion experiments for asym-
metric reactions [26, 27]. The data of emulsion experiments is of particular interest
because it validates any theoretical model designed for studying multifragmenta-
tion phenomenon at intermediate energies as a range of beam energies taken for
these experiments cover fusion, multifragmentation, and vaporization phenomenon.
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Fig. 4.1 The charge
distributions for the central
reaction of 168 O + 80

35Br at
incident energies between 50
and 200 MeV/nucleon. Solid
lines represent our present
calculations using IQMD
model. Stars represent
experimental data and are
extracted from [27]. The
results of previous
theoretical attempts using
QMD model (see dashed
lines) [28] are also displayed
for comparison (see [7] for
original discussion)

We simulated the reaction of 16
8 O + 80

35Br at different bombarding energies ranging
from 50 to 200 MeV/nucleon and the calculated unnormalized charge distributions
(see solid lines) are plotted in Fig. 4.1. The available measurements for same beam
energies are shown by solid stars. One can see that present combination of refine
ingredients (with the inclusion of isospin degree of freedom) is able to reproduce
the measurements for asymmetric reactions. To see the comparison, the calculations
of previous attempts [28] using QMD model (as it doesn’t have isospsin degree of
freedom) are also shown in the figure. One can clearly see that QMD model fails to
handle the dynamics of asymmetric reactions. There are many other studies in the
literature where authors have reported failure of QMDmodel to handle the dynamics
of asymmetric reactions. For example, one can see the references [29, 30]. To get a
clear picture, we have carried out an extensive study as reported in [23] and it has
been observed that with the inclusion of refine ingredients due to isospin degree of
freedom and high Fermi momentum in IQMDmodel, one can handle the difficulties
reported in reproducing results with QMD approaches for asymmetric reactions.

It is worth mentioning that the Fermi momentum in the IQMDmodel is not a free
parameter at all. Rather, it is determined from the ground-state density, evaluated
using Fermi gas model. On the other hand, the Fermi momentum in the QMDmodel
is determined using local binding energies and thus leads to a comparatively lower
average value when compared with the Fermi momentum in the IQMD model. The
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higher Fermimomentum in the IQMDmodel leads to unboundnucleons at the surface
(and hence their spurious emission). But at the same time, higher Fermi pressure leads
to stronger stability of density profile. Moreover, the interaction range in the IQMD
model is also system size-dependent to gain more stability of the density profile and
ultimately stable nuclei.

Next, we will investigate isospin effects via Coulomb forces, i.e., forces between
the projectile and target protons on the onset of mutifragmentation in asymmetric
reactions using IQMD model. The role of Coulomb forces on the onset of multi-
fragmentation is important to understand because it was reported in [31] that there
occurs a deviation in the trajectory of the projectile when these forces are taken into
consideration. A careful survey of the literature shows that many studies have been
performed to probe isospin effects via coulomb interactions on various observables
[12, 31–33] at intermediate energy heavy-ion collisions. To check isospin effects via
Coulomb forces on the onset ofmultifragmentation in asymmetric reactions of 8436Kr +
197
79 Au, we calculated the charge distributions (3≤Z f ≤12) at different beam energies
using IQMDmodel and calculated results are displayed in Fig. 4.2. Note that results
shown in the figure are obtained in the presence of Coulomb forces using the soft
equation of state. From the figure, it is clear that charge distributions become steeper
with increasing incident energy and therefore reflects the violence of collisions. This
behavior of charge distributions with increasing beam energy is consistent with the
results reported in [34–36].

Next, to understand onset of multifragmentation, we fit charge distributions with
power law ∝ Z f

−τ for intermediate mass fragments (3≤Z f ≤12). Also, we have
extracted values of τ and these values are plotted as a function of incident energy in
Fig. 4.3. From the figure, we find that there is no minimum in the extracted values of
τ when plotted against incident energies. This pattern of τ values with beam energies
in the presence of Coulomb forces reflects the onset of multifragmentauon at beam
energies less than 35 MeV/nucleon.

To investigate this point, we have calculated the charge yields (3≤Z f ≤12) for the
asymmetric and highly charged system of 84

36Kr +
197
79 Au in the absence of Coulomb

forces and results are shown in Fig. 4.4.
Again, the calculated charge distributions have been fitted with power law fits ∝

Z f
−τ and extracted values of parameter τ are plotted against incident energies in Fig.

4.5. From the figure, one can clearly see a sharp minimum for soft equation of state at
an incident energy of � 55 MeV/nucleon. A remarkable effect of Coulomb forces is
observedwhen comparedwith the results shown in Fig. 4.4. To get more information,
we have also performed calculations for the asymmetric reactions of 40

18Ar +
64
29Cu

in the absence of Coulomb forces. For this asymmetric system, the extracted values
of τ show minimum at an incident energy of 17 MeV/nucleon. Thus, for a highly
charged asymmetric system of 84

36Kr +
197
79 Au, minimum occurs at higher incident

energies when compared with the light charged asymmetric system of 40
18Ar +

64
29Cu.

This clearly shows the dependence of the onset of multifragmentation on the range
of Coulomb forces and reaction asymmetry.
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Fig. 4.2 The charge
distributions calculated for
the central collisions of 8436Kr
+ 197

79 Au using IQMD model
(open circles) at incident
energies between 35 and 400
MeV/nucleon in the presence
of Coulomb forces. Solid
lines represent power law fits
over intermediate mass
fragments (3≤Z f ≤12). With
kind permission (Order
Number: 501530607, dated:
Nov. 26, 2019) of The
European Physical Journal
(EPJ), the data shown in the
figure has been taken from
[12]

Fig. 4.3 Extracted values of
parameter τ (with error bars)
obtained from the power law
fits of intermediate mass
fragments (3≤Z f ≤12) as
done in Fig. 4.3 for the
central collisions of 8436Kr +
197
79 Au. With kind permission
(Order Number: 501530607,
dated: Nov. 26, 2019) of The
European Physical Journal
(EPJ), the data shown in the
figure has been taken from
[12]
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Fig. 4.4 Same as Fig. 4.3,
but in the absence of
Coulomb forces. With kind
permission (Order Number:
501530607, dated: Nov. 26,
2019) of The European
Physical Journal (EPJ), the
data shown in the figure has
been taken from [12]

Fig. 4.5 Same as Fig. 4.3,
but in the absence of
Coulomb forces. With kind
permission (Order Number:
501530607, dated: Nov. 26,
2019) of The European
Physical Journal (EPJ), the
data shown in the figure has
been taken from [12]
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4.4 Summary

We presented that isospin effects along with high Fermi momentum in IQMDmodel
with basic cluster algorithm can handle the dynamics of asymmetric reactions rea-
sonably well around the Fermi energy domain. Also, it has been shown that isospin
effects via Coulomb forces affect the onset of multifragmentation.
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Chapter 5
Isospin Effects: Nuclear Fragmentation
as a Probe

Preeti Bansal, Sakshi Gautam, and Rajeev K. Puri

Abstract With the advancement in radioactive ion beam facilities, the interest of
nuclear physics community is shifted toward investigating the role of isopin depen-
dence of equation of state in reaction dynamics of heavy-ion collisions. Here, we
probe isospin effects via nuclear multifragmentation. Using the isospin-dependent
quantum molecular dynamics (IQMD) model, we present the study of reactions of
isotopic and isobaric pairs. Here, we studied the Emax

c.m. (the energy corresponding to
maximal production of fragments) for various fragments produced in multifragmen-
tation. It has been observed that the peak energy is governed by symmetry potential
in comparison to isospin dependence of NN cross section. We further continued the
study by dividing the final fragmentation pattern into free particles (A = 1) and frag-
ments (A> 1) by labeling them as gas and liquid, respectively.We studied the energy
dependence of gas/liquid content for different reactions. Our investigation revealed
an existence of cross-over energy (the energy corresponding to equal contribution of
gas and liquid contents) which is greatly influenced by symmetry energy rather than
isospin dependence of nn cross section. Further, our study revealed that cross-over
energy is sensitive to density dependence of nuclear symmetry energy as well, thus
can be used as a good probe for the same at supra-saturation densities.

5.1 Introduction

The heavy-ion collisions bring about various phenomena at different beam energies
going from fusion–fission at lower energies to complete disassembly of colliding
matter at high energies. At very low energies, compound nucleus is formed with the
emission of light particles while quarks and gluons are formed at very high inci-
dent energies. At intermediate energies, hot and compressed nuclear matter with
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densities of 2–3 times the normal nuclear matter density can be formed in a con-
trolled laboratory environment. This compressed phase of nuclear matter is followed
by the expansion in which compressed matter cools down and density drops much
lower than the normal nuclear matter density. At intermediate energies, the reac-
tions produce fragments of all sizes which include free nucleons (FNs, A f rag = 1),
light clusters (LCs, 2≤A f rag≤4), medium mass fragments (MMFs, 5≤A f rag≤9),
intermediate mass fragments (IMFs, 5≤A f rag≤30%A), and heavy mass fragments
(HMFs, 15%A≤A f rag≤30%A), where A is the mass of either projectile or target
and A f rag is the mass of produced fragment. This phenomenon is called as multi-
fragmentation. From the experimental point of view, multifragmentation is viewed
as a promising observable to investigate the liquid–gas phase co-existence of nuclear
matter [1]. Various studies showed that the structure of fragmentation is influenced
by the incident energy [2, 3], impact parameter [2], mass of the colliding nuclei [4–7]
as well as by the asymmetry [8, 9] of reaction pairs. In literature, there are many
studies present on the multiplicity of IMFs as a function of incident energy [2, 4–6,
10–19] which concluded that the yield of IMFs first increases with energy attains
a maxima and then starts decreasing with further increase in energy. Recently, one
of us and collaborators [20] studied the behavior of yield of HMFs and MMFs with
incident energy and noticed the rise and fall behavior with energy.

At the same time, due to the existing and upcoming radioactive ion beam (RIB)
facilities [21], an increasing interest has been seen in the nuclei away from the line
of stability. Hence, the present study is also concerned about the reactions including
neutron-rich nuclei and in this direction, isospin effects on the peak energy produc-
tion of IMFs [10, 22–26] will be accounted for. The isospin effects on the yield of
IMFs at 40 AMeV incident energy for isotopic reaction pairs of 112Sn + 112Sn and
124Sn + 124Sn are studied by the MSU group [22]. Dempsey et al. [23] suggested
isospin effects in the neck fragmentation by studying the semi-peripheral collisions
of 124,136Xe + 112,124Sn at 55 AMeV.Miller et al. [24] studied the isospin dependence
of fragment production in the reactions of 58Fe + 58Fe and 58Ni + 58Ni at incident
energies ranging between 45 and 105 AMeV. It is seen that more IMFs are emitted
as a function of charged particle multiplicity in case of neutron-rich system in com-
parison to isospin symmetric system at energies between 45 and 75 AMeV, while
at 105 AMeV, the distinction between the yields obtained from two systems disap-
pears. Kaur et al. [10] also studied the isospin effects on the multiplicity of IMFs for
isotopic reaction pairs 40Ca + 40Ca, 44Ca + 44Ca, 52Ca + 52Ca, and 60Ca + 60Ca and
isobaric reaction pairs 120Xe + 120Xe, 120Pd + 120Pd, and 120Zr + 120Zr. At the same
time, medium and heavy mass fragments are also produced in multifragmentation
and their dynamics maybe quite different in comparison to light clusters owing to
their different origin. From the literature survey, one finds that unfortunately, there
is no study on the effect of neutron content of colliding pairs on the production of
MMFs and HMFs. It would be interesting to see the role of isospin degree of free-
dom on the production of different mass fragments, for example, HMFs, MMFs and
IMFs. Here, we will analyze the effect of isospin asymmetry of reacting partners on
the peak energy production of HMFs andMMFs and will try to correlate the effect of



5 Isospin Effects: Nuclear Fragmentation as a Probe 53

addition of neutrons on the energy corresponding to maximum production of HMFs
and MMFs.

Further, we will proceed with our study on isospin effects via nuclear fragmen-
tation by dividing the final fragmentation pattern into free particles (A = 1) and
fragments (A > 1) by labeling them as gas and liquid, respectively, and will analyze
the beam energy dependence of such gas/liquid content for semi-central collisions
of different asymmetric reacting partners. The present study is carried out by using
Isospin-dependent Quantum Molecular Dynamics (IQMD) model [27, 28] which
is discussed in the next section. The isospin effects in our model (IQMD) comes
via nuclear mean-field (through Coulomb and symmetry potential) and nn scattering
cross section (being isospin-dependent).

5.2 Isospin-Dependent Quantum Molecular Dynamics
(IQMD) Model

The Isospin-dependent Quantum Molecular Dynamics (IQMD) model is the
advanced version of QMDmodel introduced by Hartnack et al. [29, 30]. This model
deals with distinctive charge states of nucleons, deltas, and pions explicitly. The
isospin degree of freedom is incorporated through Coulomb potential, nuclear sym-
metry potential, and nucleon–nucleon scattering cross section. Here, every hadron
propagates under the Hamilton equations of motion:

ṗi = −∂〈H〉
∂ri

; ṙi = ∂〈H〉
∂pi

, (5.1)

where ri (t) and pi (t) represent the centroids of the Gaussian wave packet in coordi-
nate and momentum-space, respectively, of ith nucleon at time t. The average value
of the total Hamiltonian reads as follows:

〈H〉 = 〈T 〉 + 〈V 〉
=

∑

i

p2
i

2mi
+ V Sky + V Yuk + VCoul + V MDI + V Sym . (5.2)

Here, VSky , VYuk , VCoul , VMDI , and VSym represent the local (two- and three-
body) Skyrme, Yukawa, Coulomb, momentum-dependent, and symmetry potentials,
respectively.

Further, there is likewise a need of secondary model to clusterize the nucleons
into fragments. Here, we use Minimum Spanning Tree (MST) method [28, 31–36]
to clusterize the nucleons. In this method, a cluster is characterized based on the
correlations in the coordinate space, or in other words, two nucleons are allowed to
be a part of the same cluster if their centroids are closer than a specific distance Rclus

called clusterization distance.
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|ri − r j | ≤ Rclus, , (5.3)

where ri and r j are the spatial positions of the two nucleons. Here, it is worth men-
tioning that the distinctive values of Rclus do not affect the structure of cluster at the
freeze-out stage, where all movements and binary NN collisions cease to exist [33].
The value of Rclus can vary between 2 and 4 fm. In the present work, the clusterization
distance is considered to be 2.8 fm.

5.3 Results and Discussion

To study the role of isospin effects and to see how the maximal production alters
with neutron content of the colliding pairs, we simulated several thousand events for
the semi-central collisions of isotopic pairs of 40Ca + 40Ca (N/Z = 1.0), 48Ca + 48Ca
(N/Z = 1.4), and 60Ca + 60Ca (N/Z = 2.0) and isobaric pairs of 48Cr + 48Cr (N/Z
= 1.0), 48Ca + 48Ca (N/Z = 1.4), and 48S + 48S (N/Z = 2.0) at different incident
energies between 30 and 150 AMeV using soft equation of state.

In Fig. 5.1, we display the center-of-mass energy dependence of production of
heavy mass fragments (HMFs) for the isotopic and isobaric reactions. The circles
correspond to our theoretical calculations and lines signify quadratic fits to the the-
oretical points. We observed a rise and fall behavior in the production of HMFs
with incident energy. This rise and fall behavior can be understood in terms of com-
pressional energy. At low energies, the HMF emission is very minute. This may be
because the system does not have enough energy to break a colliding pair into a large
number of HMFs since the larger fraction of the initial energy is carried away by
the emission of pre-equilibrium nucleons. With the increment in the beam energy,
more energy is available to break the colliding nuclei into a large number of HMFs.
With further increment in the energy, much more energy will be accessible causing
breakage of HMFs into light clusters and free nucleons. For isotopic reaction pairs,
it is noticed that when we go from 40Ca + 40Ca to 48Ca + 48Ca, the energy corre-
sponding to peak production of HMFs increases. This is because with an increase in
system mass, more energy is required to break the colliding matter into HMFs while
moving toward 60Ca + 60Ca, the energy of peak production of HMFs decreases which
is contrary to system mass effects. The factor responsible for such behavior can be
repulsive symmetry potential which pushes the system to boil at lower energy value
which will be discussed in detail in Fig. 5.4. In isobaric reaction pairs, we noticed
that the energy of peak production decreases on moving from 48Cr + 48Cr to 48S +
48S and the peak production is not varying much with an increase in neutron content.
As each colliding pair has same mass, therefore, the decrease in peak energy can be
because of symmetry potential or Coulomb potential. Going from 48Cr + 48Cr to 48S
+ 48S, the repulsive symmetry potential increases and Coulomb potential decreases.
Since the decrease in peak energy production signifies the dominance of symmetry
potential over Coulomb potential which will be discussed in detail later.We addition-
ally see that the maximum yield of HMFs is almost two for all cases which indicates
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Fig. 5.1 The center-of-mass energy dependence of the multiplicity of heavy mass fragments for
isotopic pairs of Ca + Ca reactions and isobaric pairs with mass 96 units

that the HMFs are originated from each remnant of projectile and target, accordingly
showing their origin from spectator region.

In Fig. 5.2, we show the production of medium mass fragments (MMFs) as a
functionof center-of-mass energy. It is clear from thefigure that peak energy increases
with increment in neutron content. This behavior is in agreement with the system
mass effects as with an increase in systemmass, more energy is required to break the
system into fragments. Also, we notice that the maximal yield of MMFs increases
with an increase in system mass, thus showing their origin from the mid-rapidity
or participant region. In isobaric reactions, the MMFs show similar behavior as in
case of HMFs. Here also, the system starts boiling at lower energies with an increase
in neutron content due to the repulsive nature of symmetry potential. However, the
yield is nearly constant because of the constant system mass.

In Fig. 5.3, we display the dependence of yield of IMFs on center-of-mass energy.
In case of isotopic reaction pairs, the energy corresponding to themaximal generation
of IMFs first increments and afterward starts diminishing with increment in neutron
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Fig. 5.2 Same as Fig. 5.1, but for MMFs

content. This behavior is similar to the case of HMFs and furthermore detailed in
earlier studies [10]. The yield of MMFs at peak production increments with the
increment in mass of the system. While in isobaric reactions, we found that the peak
energy corresponding to maximum production of IMFs diminishes with increase in
N/Z ratio, while maximal yield of IMFs does not change much with the increment
in neutron content indicating same behavior as revealed in earlier studies [10].

The factor which could be responsible for such behavior of peak energy pro-
duction (Emax

c.m. ) and peak production (< N >max ) are Coulomb potential, symmetry
potential or isospin-dependent nucleon–nucleon cross section. As discussed before,
had Coulomb potential been administering the dynamics, then Emax

c.m. would have
enhanced when we go to higher neutron content in isobaric reaction pairs as a result
of decreased Coulomb potential, for example, Emax

c.m. for
48S + 48S ought to be higher

than 48Cr + 48Cr as weaker Coulomb potential in the former would heat up the system
at higher energies which is contrary to what we have seen in isobaric pairs. On the
other hand in isotopic series, because of the same number of protons, the Coulomb
potential does not influence the dynamics. In this way, we will examine the role
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Fig. 5.3 Same as Fig. 5.1, but for IMFs

of isospin impacts by means of symmetry potential and isospin-dependent nn cross
section only.

To examine their relative role, we performed the calculations by consider-
ing isospin-independent cross section (marked as σ non−iso), i.e., cross section for
neutron–proton collisions is same as proton–proton or neutron–neutron collisions
(σ np = σ nn = σ pp) and by switching off the symmetry potential (marked as without
Esym) and the results are shown by half-filled circles and solid circles, respectively,
in Figs. 5.4 and 5.5. In Fig. 5.4, we display the peak center-of-mass energy of HMFs
(upper panel), MMFs (middle panel), and IMFs (lower panel) as a function of N/Z
ratio for isotopic (left panels) and isobaric (right panels) colliding pairs. From the left
upper panel, we observe that the peak energy production of HMFs increases from
40Ca + 40Ca to 48Ca + 48Ca and afterward decreases when we go from 48Ca + 48Ca
to 60Ca + 60Ca, while one clearly observes continuous increment in the peak energy
production of MMFs (left middle panel) because of the increase in system mass.

Further, we proceed with our study on isospin effects via nuclear fragmentation
by dividing the final fragmentation pattern into free particles and fragments. In lit-
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Fig. 5.4 The peak center-of-mass energy of HMFs (upper panel), MMFs (middle panel), and IMFs
(lower panel) as a function of N/Z ratio for isotopic and isobaric colliding pairs

erature, there are numerous studies [37–40] available on the isospin fractionation
(where unequal partitioning of neutrons and protons of isospin asymmetric system
between low- and high-density phases is considered) which can be utilized as an
observable to probe the symmetry energy. The studies on isospin fractionation are
concerned with isospin content of gas and liquid phases and these studies are limited
in incident energy range. Here, we will divide the system into gas (low-density) and
liquid (high-density) phases over broad energy range for asymmetric reactions. We
will also notice a transition between liquid and gas phases when gas/liquid yield
is plotted as a function of incident beam energy. The energy at which both phases
have equal contribution is called as cross-over energy and is seen as highly sensitive
to nuclear symmetry energy and therefore, one can utilize this as an observable to
probe the nuclear symmetry energy. In literature, numerous ways are accounted for
to characterize the liquid and gas phases. For example, Liu et al. [39, 40] have char-
acterized the gas phase comprising of free particles produced during simulation and
all the fragments with charge number within 2 to (ZP + ZT )/2 at freeze-out (ZP and
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Fig. 5.5 The peak multiplicity of HMFs (upper panel), MMFs (lower panel),and IMFs (middle
panel) as a function of N/Z ratio for isotopic and isobaric colliding pairs

ZT are the charges of projectile and target, respectively), are covered in liquid phase.
B. A. Li [41] evaluated the definition of bound (liquid phase) and free (gas phase)
as nucleons with local densities greater and less than ρ0/8, respectively, where ρ0

is the density of nuclear matter at ground state. Investigation of Guo et al. utilizing
IBUU04 transport model [42] characterized nucleonswith local density less (greater)
than ρ0/10 as gas (liquid). The more reasonable definition of gas and liquid phases
is forwarded by them for IBUU04 and UrQMD model, where A = 1 was viewed as
gas and A > 1 bound nucleons (or pieces) were considered as liquid.

We [43] studied the isospin effects on the cross-over energy for isotopic, isobaric,
and isotonic reaction pairs and observed the dominance of symmetry potential over
isospin dependence of NN scattering cross section. Next, we intend to see the impact
of mass asymmetry on the cross-over energy and further explore the role of isospin
degree of freedom on cross-over energy for asymmetric reaction pairs. For this, we
simulated thousands of events for the reactions of 50Cr + 50Cr (η = 0), 40Ca + 60Co
(η = 0.2), 31P + 69Ga (η = 0.4), 20Ne + 80Kr (η = 0.6), and 11B + 89Y (η = 0.8).
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Fig. 5.6 The energy dependence of the gas and liquid content for the reaction pairs having mass
asymmetry η = 0, 0.2, 0.4, 0.6, and 0.8. Various symbols are explained in the text

These reactions are simulated at incident energies between 120 and 600AMeV.Here,
η is varied from 0 to 0.8 keeping total mass of the system fixed (AT OT = 100).

In Fig. 5.6, we display the incident energy dependence of gas and liquid contents
for η = 0to0.8 covering symmetric and asymmetric reactions. Open (solid) circles
correspond to the gas (liquid) content. From the figure, we see that the cross-over
energy is enhanced with increase in mass asymmetry. Also, we observe that the
sharp increment in cross-over energy is obtained when we go from η = 0.6 to 0.8.
The reason for this behavior is that for symmetric and nearly symmetric reactions,
there is more compression which drives the nuclear matter into the participant zone
and thus more free nucleons are emitted even at lower energies. However, for mass
asymmetric reaction partners, the number of nucleon–nucleon collisions are reduced
because of decreased compressional energy causing a suppressed emission of free
nucleons. Therefore, more energy is required to break the system into free nucleons
and thus, cross-over is obtained at higher energies.
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Next, we will check the role of isospin degree of freedom via symmetry potential
and NN scattering cross section on the cross-over energy. Here, we simulated the
reactions without considering symmetry potential and results are shown in Fig. 7.
From the figure, we see that the individual gas content is diminished without sym-
metry potential. One can clearly see from the figure that the cross-over is acquired
at higher energies when we neglect symmetry potential, as expected.

Next, we will explore the role of NN scattering cross section by considering
isospin-independent cross section in Fig. 8. Again, the yield of individual gas content
is suppressed by considering σ non−iso and in this way increment in cross-over energy
is observed for every asymmetric reaction pair.

Next, we will summarize our results of isospin effects on the cross-over energy
for mass asymmetric reactions in Fig. 9. Here, solid circles correspond to default
calculations. Open circles and half filled circles represent calculations without sym-
metry potential and isospin independent cross-section, respectively. We found that
the cross-over energy is increased in absence of symmetry potential as well as by
utilizing isospin independent cross-section. Here, we notice that the rise in cross-
over energy is almost comparable when calculations are performed in absence of
symmetry potential or for isospin-independent cross-section, for each colliding pair,
independent of its mass asymmetry.

Next, we check the role of density dependence of nuclear symmetry energy on
cross-over energy for the reactions of 31P + 69Ga (η = 0.4) and 20Ne + 80Kr (η =
0.6) by simulating these reactions with soft (γ = 0.5) and stiff (γ = 1.5) forms of
nuclear symmetry energy. In Fig. 10, we show the energy dependence of gas and
liquid yield for the reaction of 31P + 69Ga and 20Ne + 80Kr with soft form of
symmetry energy (upper panel) and stiff form of symmetry energy (lower panel).
Here, diamonds correspond to the reaction of 31P + 69Ga and triangles represent the
reaction of 20Ne + 80Kr. From the figure, we see that the cross-over occurs at lower
energy for stiff symmetry energy when contrasted with soft symmetry energy. The
occurrence of cross-over at higher energy for soft symmetry energy is because of the
fact that the effective strength of symmetry energy is weak in case of soft density
dependence at supra-saturation densities (which come into the picture in present
collisions) and in this way, weak repulsive forces in case of soft symmetry energy
will make the system to break at higher energy. In case of stiff symmetry energy,
the system requires a lesser amount of energy to break down because of stronger
(repulsive) symmetry potential. It is also clear from the figure that the cross-over
energy value is higher for the reaction of 20Ne + 80Kr (η = 0.6) in contrast with
31P + 69Ga (η = 0.4), as expected. Further, we observed that with increment in
mass asymmetry, the sensitivity of density dependence of nuclear symmetry energy
on cross-over energy is increased. Thus, we conclude that cross-over energy is a
sensitive probe to study nuclear symmetry energy as well as its density dependence
at supra-saturation densities.
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5.4 Summary

In summary, we have studied the effect of isospin degree of freedom on the peak
energy production and multiplicity of heavy mass fragments (HMFs), medium mass
fragments (MMFs), and intermediate mass fragments (IMFs). We observed that the
peak energy of HMFs, MMFs, and IMFs decreases with an increase in the neutron
content for isobaric pairs, while the different behavior is observed for the isotopic
partners. Themultiplicity ofHMFs remains insensitive to neutron content of colliding
pair, while production ofMMFs and IMFs increases with neutron content for isotopic
pairs. Further, we found that symmetry potential is responsible for the decrease in the
peak energy of HMFs, MMFs, and IMFs for isobaric neutron-rich colliding nuclei.

Also, we have studied the yield of gas and liquid content as a function of incident
energy in the fragmentation of asymmetric reactions by varying the mass asymmetry
from 0 to 0.8. Here, the total system mass was fixed (100 units). Our results indicate
that the mass asymmetry influences the cross-over energy significantly. The cross-
over energy is enhanced with mass asymmetry. This is because of the decrease in
the participant zone for asymmetric reactions. We again noticed that the symmetry
potential hasmore influence on the cross-over energy in comparison to NN scattering
cross section. Thus, our study concludes that the cross-over energy is a sensitive probe
to study the density dependence of nuclear symmetry energy.

Acknowledgements The author (PB) is thankful to Prof. RajeevK. Puri for giving access to various
computer codes developed by him for the present work.
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Chapter 6
On the Fragment Production and Phase
Transition Using QMD + SACA Model

S. Sood, Rohit Kumar, Arun Sharma, and Rajeev K. Puri

Abstract In the present study, we have shown the role of different clusterization
algorithms on the signals of liquid–gas phase transition in the multifragmentation for
the central reactions of 40Ar + 45Sc. We have used the quantum molecular dynam-
ics (QMD) model to generate the phase space of the nucleons and clusterization
algorithms based on spatial constraints and its variants, and the energy-based clus-
terization algorithm. We also present the correlations among fragments within the
events via constructing correlation function. We find that the energy-based cluster-
ization algorithm, i.e., simulated annealing clusterization algorithm (SACA) is the
most successful among all the available clusterization algorithms. We also find that
the event-by-event analysis unfolds and helps to understand reaction picture much
better than the quantities constructed by averaging over events.

6.1 Introduction

When the nucleus is excited to more than its binding energy, it decays into number of
small chunks known as fragments and the phenomenon is known as multifragmenta-
tion. Over the last few decades, an extensive experimental and theoretical efforts have
helped us to understand that the fragment number, fragment size (charge), and other
fragment properties depend crucially on various entrance channels such as incident
energy of projectile, mass of colliding nuclei, impact parameter of a reaction, and
isospin content of the colliding nuclei. [1–3].

The nucleon–nucleon interaction is constituted by two parts: long range attrac-
tive part and short-range repulsive part. Differing by five orders of magnitude, the
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nuclear interactions resemble the Van der Waals forces in molecules. This leads to
the prediction of liquid–gas phase transition in nuclear matter similar to the one we
observe in classical fluids [4]. The phase transition in nuclear matter can be inves-
tigated using two different approaches: (i) kinetic methods that predict the phase
transition based on breaking of nuclei at subnormal density, and (ii) studying the
decay mechanism of the nuclei as a function of excitation energy. The former one is
purely theoretical concept, whereas later has an advantage and can be studied both
in theory and experiments. We will be sticking to the later method to understand the
liquid–gas phase transition in nuclear matter [5–8].

In heavy-ion reactions, it was observed that the fragment charge distribution
exhibits power-law fit (∝ Z−τ ) near critical point. This behavior was in accordance
with earlier predictions by Fisher’s droplet model. The interest in this prediction
further increased when EoS collaboration observed the power-law behavior in the
nuclear fragmentation experiments of Au projectile on C target at 1 GeV/nucleon
[9]. Later, ALADIN collaboration studied the caloric curve of Au+Au reactions at
600 MeV/nucleon and found a plateau of the temperature over a wide excitation
range—the behavior in accordance with a liquid–gas system [10]. Later on, other
than power-law behavior, quantities such as normalized second moment of fragment
charges (S2), variance of fragment charges (γ2), charge of the second largest clus-
ter (< Zmax2 >, normalized variance of the charge of the largest cluster, derivative
of the largest fragment size, and multiplicity derivative of the fragments were also
introduced to search critical behavior in multifragmentation [6–8, 11–14]. These
quantities show enhanced fluctuations near the critical point.

Various studies have been conducted using the above-mentioned critical param-
eters to understand the liquid–gas phase transition in nuclear matter, e.g., Li et al.
using Michigan State University 4π Array have performed a study of 40Ar+45Sc
reactions in the incident energy of 15–115 MeV/nucleon [5]. They have fitted the
charge spectra of IMFs [3 ≤ Z ≤ 12] and plotted the τ values as a function of
incident energy of the projectile. They have predicted the critical point to occur at
23.9±0.7MeV/nucleon. They have also presented the Percolationmodel calculations
for theoretical explanation. In the other study, Belkacem et al., studied the Au+Au
reactions at 35MeV/nucleon for complete impact parameter range usingMULTICS-
MINIBALL apparatus to investigate critical behavior [15]. They predicted the critical
behavior at peripheral geometry. In other study,Ma et al., investigated the reactions of
40Ar+27Al, 48Ti, and 58Ni at an incident energy of 47MeV/nucleon usingNeutron Ion
Multi-detector for ReactionOrientedDynamics (NIMROD) experimental setup [12].
They have analyzed all the critical exponents simultaneously to predict the critical
behavior. Very recently, Lin et al., have investigated the critical behavior within the
statistical multifragmentationmodel (SMM) [16]. In another study, Liu et al., studied
the total multiplicity derivative, second normalized moment, intermediate mass frag-
ments (IMFs) multiplicity, power-law exponents, Zipf’s law, etc. [17]. They found a
strong correlation of critical signals with the source size. In our previous attempt, we
have studied the central reactions of 40Ar+45Sc using the isospin-dependent quantum
molecular dynamics (IQMD)model and its isospin independent version (QMD) cou-
pled with spatial clusterization algorithm to obtain fragments [7]. We obtain signal
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of phase transition within QMD model and obtained no critical signal in IQMD cal-
culations. The Coulomb forces were found to be the main reason for eliminating the
critical signal [8]. Earlier Ma et al., have obtained critical behavior within the QMD
model for the reaction of 40Ar+27Al [14]. So we see that the studies with both the
statistical models and dynamical do show signatures of phase-transition. Our present
study is using the dynamical model QMD.

Further, in some experiments, the higher order correlations among fragmentswere
also studied to better understand the physics near the critical point. For example,
Borderie et al., studied the reactions of 129Xe+119Sn at an incident energy of 32
MeV/nucleon using the 4π -multidetector at INDRA [18]. They observed an increase
in the multiplicity of equal-sized fragments as a signal of first-order phase transition.
These results evident the spinodal decomposition scenario for multifragmentation.
The studies were also extended toward N/Z dependence [19].

From the above discussion, it is clear that many facets of the liquid–gas phase
transition are already explored but still a clear picture is missing. In the present work,
we will present calculations using QMD model coupled with various definitions of
fragments for the reactions of 40Ar+45Sc in the incident energy range of 10–115
MeV/nucleon. In particular, we will use energy- based clusterization algorithm, i.e.,
simulated annealing clusterization algorithm (SACA) [20]. In order to better under-
stand thismethod’s utility, wewill also present the calculationswith the clusterization
algorithms that construct the fragments via using the local correlations among nucle-
ons in coordinate and/or momentum space or based on binding energy conditions to
find stable fragments. The liquid–gas phase transition will be predicted using various
critical parameters. Also, we present the correlations among the fragments within
events and on event-by-event basis. This will be done to look for the behavior change
for event-by-event correlations near the critical energies.

A brief detail of the n-body model and the various clusterization is given in
Sect. 6.2. In Sect. 6.3, we will present our results and discussion. In Sect. 6.4, we will
give summary of our study.

6.2 Methodology

6.2.1 Quantum Molecular Dynamics Model

The quantum molecular dynamics (QMD) model is a dynamical model that uses
n-body theory to simulate the reactions on an event-by-event basis. In this model, the
reactions are studied via following each individual nucleon where each individual
nucleon is represented by aGaussianwave packet of constant width in coordinate and
momentum space [21]. To propagate the nucleons, the classical Hamilton’s equations
of motion are used. These equations read as
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ṙi = ∂H

∂pi
; ṗi = − ∂H

∂ri
, (6.1)

whereH represents the averageHamiltonian and consists of kinetic energy and poten-
tial terms. During the propagation, the nucleons interact with each other via two- and
three-body mean field interactions and collisions, therefore, move at curved trajec-
tories. Within this model, large fluctuations are allowed for nucleons in coordinate
and momentum space necessarily for realistic description for cluster formation.

Over the last three decades using this model, various experimental observa-
tions over a wide range of entrance channel have been explained. In particular, this
model is applicable for incident energy of projectile starting from approximately 10
MeV/nucleon–2 GeV/nucleon. One can find the detailed formulation of this model
in [21].

6.2.2 Fragment Recognition

It is well known now that as soon as the nucleons come out of the condensed phase
via adiabatic expansion and ultimately reaches a stage of ‘freeze-out’ the cluster-
ization algorithms are evoked to obtain the fragments. Here, we use two different
types of clusterization algorithms, i.e., minimum spanning tree (MST), minimum
spanning tree with momentum cut (MSTP), minimum spanning tree with binding
energy check (MSTB), minimum spanning tree with thermal binding cut (MSTBT),
and simulated annealing clusterization algorithm (SACA). The former ones use the
local correlations among the nucleons in spatial and/or momentum space, whereas
the latter one uses correlations at global level. Let us understand few details of these
clusterization methods.

• Fragments using local correlations: In this category, local correlations among the
nucleons are checked to sort fragments. If ri (pi ) and r j (p j ) are the centroids of
the i th and j th nucleon in coordinate (momentum) space, respectively, then the
following conditions are implemented

|ri − r j | ≤ 4 f m, (6.2)

|pi − p j | ≤ PFermi . (6.3)

If only first condition is evoked, the method is dubbed as minimum spanning tree
(MST) [21]. If nucleons fulfill this condition, they are said to be part of the same
cluster Cs , whereas if both the conditions are implemented simultaneously, the
method is dubbed as minimum spanning tree with momentum cut (MSTP) [22].
We choose PFermi equal to average momentum of the nucleons within the nucleus,
i.e., 150 MeV/c. Due to additional cut, the later method identifies the fragments
much faster compared to former method.
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In the other method within this category, the clusters are checked for their binding
energies. First, pre-clusters are sorted using the (6.2). Then the binding energy of
cluster Cs is calculated as

ECs
int =

∑

jεCs

K cm
j +

∑

j,kεCs ; j≤k

Vj,k . (6.4)

Here, Kcm
j is the kinetic energy of the fragment in its center-of-mass and Vj,k is

its potential energy. This binding energy is compared with the binding energies
calculated for mass equal to fragment size with the bindings obtained using the
liquid-drop formula. If cold bindings are used, the method is minimum spanning
tree with binding energy cut (MSTB) [23–25] and if the temperature-dependent
binding energies are used, then method is minimum spanning tree with thermal
binding cut (MSTBT) [26, 27]. These methods eliminate the fragments which are
loosely bound or over excited. We have shown in [26] that MSTBTmethod should
be followed to filter stable fragments and with MSTB method, otherwise, we will
get spurious fragments.

• Fragments using global correlations: In this method, the correlations among nucle-
ons in coordinate and momentum space are considered on global level and the
fragments are constructed using simulated annealing technique coupled with the
metropolis procedure. Thismethod is dubbed as simulated annealing clusterization
algorithm (SACA) [20]. This method of keeping the energy of the clusters at center
point obtains the most stable fragment configuration. Within the SACA method,
the total binding energy of the clusters E{Cs } for cluster set {Cs} is calculated at
each step:

E{Cs } =
∑

i

ECs
int . (6.5)

Here, ECs
int is calculated using (6.4). The clusters are checked for their stability to

fasten the method, i.e.,Cs fragment is stable if its binding is≤ −4MeV for cluster
size ≥4 and 0.0 otherwise.
After the first configuration is obtained, the clusters are allowed to emit or absorb
nucleons such that the total sum of the binding energy of the fragments increases.
After millions of iterations that cluster configuration is accepted which is most
stable. The obtained cluster configuration is well correlated in coordinate and
momentum space via minimization of both kinetic and potential terms. It is also
found that fragments thus obtained are well in their ground state. Implementing
additional binding energy check has insignificant effect on final results.

TheMSTmethod or its variants have simple structure which leads its wide accept-
ability and utilization, but, for certain entrance channels these methods fail to explain
observations such as for asymmetric and peripheral reactions [21, 26–28]. Whereas
the SACA method has been found exceptionally consistent in reproducing exper-
imental data for wide entrance channels [20, 28, 29]. On one hand, this method
explains experimental observations such as multiplicity of fragments and size of the
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largest cluster, on the other hand it is also able to explain physics of event-by-event-
based observables such as multiplicity probability and probability distribution of the
first three largest clusters. The bottleneck of this algorithm is its capacity to reduce
the freeze-out time down to ∼60 fm/c. The gain by a factor of six in time com-
pared to MST method and its variants also allow one to understand the fragments
when they are well within high-density region. The only reason for lesser utility of
the SACA method is its running time. We will be utilizing the MST and its vari-
ants, MSTP, MSTBT (local correlations), and SACA (global correlations) methods
to understand liquid–gas phase transition and fragment-fragment correlations at and
near the critical energy.

6.3 Results and Discussion

For the present study, we have simulated the reactions of 40Ar+45Sc in the incident
energy range of 10–115MeV/nucleon for central geometries using soft equation of
state. The energy-dependent nucleon-nucleon cross-section is used in the present
work. Throughout the article, we will restrict our discussion at freeze-out time only.
For the MST, MSTP, MSTBT, and SACA methods, the freeze-out times are 300
fm/c and 60 fm/c, respectively. Before discussing the results let us understand the
mechanism of fragment formation within different clusterization methods.

In a typical heavy-ion collision, the nuclei approach each other and pump the
energy into the system with which they are boosted initially. The nuclear matter then
compresses and excites. The hot piece of matter then releases its energy via rapid
expansion. Thematter then shatters into correlated nucleons. The clusterizationmeth-
ods based on local correlations are not applicable untill the nuclear matter is well
diluted. The MST method uses spatial information and may form fragments if con-
secutive nucleons are within defined distances. Therefore, can form fragments even
if the nucleons are spread over space, leading to lesser stability. The MSTP method
puts additional cuts on nucleons and excludes the fast moving nucleons from frag-
ments. This de-excites the fragments to some extend and saturates its structure early
in time. It also helps to separate the overlapping fragments. In MSTBT method, the
thermal binding cut is implemented on MST fragments to sort the stable fragments.
It removes the fragments which are loosely bound. Whereas, in SACA method, the
coordinate and momentum space nucleons are used to obtain stable fragments. As
in this method, one minimizes the binding energy of the clusters, therefore, the final
cluster configuration is obtained at early times as soon as fragments are formed. All
the above-discussed clusterization methods will be used to analyze the signals of
phase transition in fragmentation.
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6.3.1 Nuclear Liquid–Gas Phase Transition

As discussed in introduction, there are various different methods to predict liquid–
gas phase transition in nuclear matter. We use following procedure and signatures to
predict the critical point of the liquid–gas phase transition:

• Functions to fit the fragment charges: In this method, the fragment charge spectra
of the IMFs [3 ≤ Z ≤ 12] at various incident energies are fitted with power-law
function [Y(Z)∝ Z−τ ] and exponential function [Y(Z)∝ e−λZ ]. The obtained val-
ues of τ (λ) are plotted as a function of incident energy of projectile and fitted with
the fourth-order polynomial. The minima in the values correspond to the critical
point of liquid–gas phase transition [5, 7].

• Campi introduced the other powerful methods to characterize the critical behav-
ior in fragmentation [11]. These methods are based on conditional moments of
asymptotic cluster charge distribution. In general, the kth moment of charges is
calculated on event-by-event basis using the following definition:

Mk =
∑

Z �=Zmax

Zk
i ni (Z), (6.6)

where ni (Z) is the multiplicity of the clusters of charge Z in the event except
the charge of the largest cluster. Using the moments Campi constructed reduced
second moment of charges (S2):

S2 =
∑

Z �=Zmax
Z2
i ni (Z)

∑
Z �=Zmax

ni (Z)
. (6.7)

The exclusion of the largest cluster in determining S2 is to make its value propor-
tional to the compressibility κT that shows singularity at critical point.

• Another quantity proposed by Campi to investigate critical behavior is the relative
variance γ2 defined as

γ2 = M2M0

M2
1

. (6.8)

• Ma et al., proposed to use mean charge of second largest cluster (< Zmax2 >) to
predict the critical point of the liquid–gas phase transition [13].

• In other study, Ma et al., proposed to use the cross-section of different IMF mul-
tiplicities and plotted it against incident energy to predict critical point [14].

All the above quantities are expected to show peak around critical point (except
‘τ ’ and ‘λ’ which show mimima). It has been observed that all the above-discussed
quantities do indeed provide a clear signature of co-existence of liquid–gas phase
transition (except the last one which is never been investigated in other studies). The
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Fig. 6.1 We display the
values of various critical
exponents, i.e., τ , λ, S2, γ2
and < Zmax2 > for the
fragments using
clusterization methods MST,
MSTP, MSTBT, and SACA

evidence of the criticality is the minima in the value of τ and the maximum in the
values of S2, γ2 and < Zmax2 >.

In Fig. 6.1, we display the results obtained for the above-mentioned critical param-
eters using MST, MSTP, MSTB, and SACA methods. We also display the experi-
mental prediction for energy where phase transition is predicted, i.e., 23.9 ± 0.7
MeV/nucleon using power-law fit (shaded region). This data is taken from [5]. The
results of MST, MSTP, MSTBT, and SACA are represented by triangles, circles,
squares, and crossed-squares, respectively. From the figure, we see that the MST,
MSTP, and MSTBT methods predict the phase transition from power-law fit to be
at 18.03, 19.04, and 18.03 MeV/nucleon, respectively [6]. The SACA result from
power-law fit is 20.1 MeV/nucleon which is more close to experimental value com-
pared to any other clusterization algorithms. Looking at these results one can say that
SACA improved the consistencywith experimental data only slightly. But if we com-
pare the experimental value of power-law exponent τ , we getmuch clearer picture and
utility of SACA method. The measured value of τ in experiment is 1.21±0.01. The
MST, MSTP, andMSTBTmethods predict the values of τ to be 0.08, 0.16, and 0.09,
respectively. These values are far away from the measured value. On the other hand,
if we see SACA value, it is 1.39 which is much closer to experimental value. Earlier,
Percolation model calculations have predicted the value of τ = 1.5±0.1 and critical
energy at 28±0.4 MeV/nucleon. So the present calculations with QMD+SACA are
the best reproduction of experimental data till now. It is to keep into mind that SACA
identifies fragments at 60 fm/c, therefore, one has advantage to study fragments well
within/or near compressed/excited nuclear state [30].

Now, if we look at the predictions of critical point using exponential fit parameter
λ, S2, γ2 and < Zmax2 > for all the clusterization methods. We get two results:

1. We definitely get signals of phase transition using all critical parameters τ , λ,
S2, γ2, and Zmax2 for fragments identified using all clusterization algorithms.

2. The predicted energy do not have significant sensitivity toward any of the clus-
terization algorithm MST, MSTP, and MSTBT. Whereas, the SACA method
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Fig. 6.2 The Campi plots for fragments identified using a MST b MSTP c MSTBT, and d SACA
methods for the central reactions of 40Ar+45Sc at their respective critical points

improves the predictions if one compares to experimental data. Otherwise, the
physics of phase transition, i.e., energy where critical point is expected, is not
influenced by clusterization algorithm.

Campi suggested and is now well-known characteristic of the systems that under-
goes the continuous phase transition that has the largest fluctuations [11]. These
fluctuations can be observed from the event-by-event plots between the size of the
largest cluster charge (Zmax ) and the normalized second moment (S2). These plots
are known as Campi plots and are proved to be very instructive in the previous studies
[11].

In Fig. 6.2, we have shown Campi plots for the fragments obtained using the
MST, MSTP, MSTBT, and SACA methods. These results are shown at incident
energies where critical point is observed within the given clusterization algorithm.
We see that the Campi plots differ significantly for the different fragment identifica-
tion methods. We see least fluctuation in MSTmethod followed byMSTBTmethod.
The MSTP method shows maximum fluctuation among the local correlation cate-
gory. This shows that although signals of phase transition appear at almost same
incident energy for MST, MSTP, and MSTBT methods, the MSTP method shows
the strongest signals of phase transition. Again, among all the given algorithms the
SACAmethod best preserves the characteristic signal of liquid–gas phase transition,
i.e., the fluctuations are maximum. Thus, SACA is the most suitable for analyzing
signals of liquid–gas phase transition [30].

Now, we will use the last-mentioned signal to characterize liquid–gas phase tran-
sition. As mentioned earlier in the section, this method was proposed by Ma et al.,
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Fig. 6.3 The cross-section
of events with IMF
multiplicity one, two, three,
and four productions at
different incident energies
for the central reactions of
40Ar+45Sc using MST,
MSTP, MSTBT, and SACA
fragment identifiers

and is based on the multiplicities of IMFs. They plotted the cross-section of the
events having one, two, three, and four multiplicity values as a function of incident
energy. They proposed that the cross-section of σI MF = 1 (σI MF = 2) has minima
(maxima) at critical point. This observation was never tested in other studies.

In Fig. 6.3, we displayed the cross-sections of intermediate-mass fragments
(IMFs) with one, two, three, and four multiplicity values in the incident energy
range between 15 and 115 MeV/nucleon. Symbols are keeping the same meaning
as in Fig. 6.1 and lines are drawn just to guide the eyes. We observe the minima
for σI MF = 1 at 55, 45, 55 MeV/nucleon for MST, MSTP, and MSTBT methods,
respectively. The minima are broader 55–65 MeV/nucleon for the case of MST and
MSTBT identified fragments, and sharper for the MSTP and SACA identified frag-
ments. But the critical point (as discussed earlier) is far away from these energy
values. Therefore, even though we do not exclude the possibility of observation of
such minima as a phase transition signal away from critical point, the present study
does show that not much can be gained to pin down the exact critical point. On the
other hand, the events with σI MF = 2 multiplicity do not show sharp maxima or the
characteristic signal as was proposed in [14]. If we look at the behavior of higher
multiplicity events, we see no peculiar behavior at or near the critical point. We also
see differences in the values of cross-sections which is very much obvious and arise
due to structure of cluster definitions.

From the above discussion, we find that MSTP method is best among the MST-
based clusterization algorithms. Considering this, in the upcoming part of the present
study, we will limit to MSTP and SACA methods only. Among these, the MSTP
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method uses coordinate+moemntum space correlations among nucleons on local
level and SACA uses the same information on global level. It is interesting to com-
pare the correlations among the fragments within the events and correlations among
fragments on event-by-event basis.

6.3.2 Correlations Among Fragments Within Events

To understand the physics of the MSTP and SACAmethods, we look for the radii of
the fragments in the coordinate (r) and momentum space (p) from the center-of-mass
of the system as a function of their charge, and the relative difference among their

Fig. 6.4 (Top four panels) The radii of the fragments from the center-of-mass of the system in
coordinate space (r-fm) and momentum space (p-MeV/c) as a function of the fragment charges
and (bottom four panels) relative radii among fragments in coordinate (ri j ) and momentum space
(pi j ) as a function of the product of their charges for the reactions of 40Ca+40Ca (b = 3 fm) at an
incident energy of 35 MeV/nucleon. The results of fragments with the MST and SACA methods
are displayed in left and right panels, respectively



76 S. Sood et al.

radii in coordinate (ri j ) and momentum space (pi j ) as a function of product of the
corresponding charges of the fragments. The results are displayed in Fig. 6.4 for the
fragments of the reactions of 40Ar+45Sc at the corresponding critical energies with
the MSTP and SACA methods. The left and right panels correspond to the results
of the MSTP and SACA methods, respectively. One can see from the figure, that the
spatial radii (r) of fragments from the center-of-mass of the system is larger for the
MSTP method compared to the SACA method, whereas opposite behavior is seen
in momentum space. We have maximum value of radius in coordinate (momentum)
space near to ∼40 fm (∼40 MeV/c). On the other hand, the SACA method has
radius values in coordinate (momentum) space equal to∼7.5 fm (∼250MeV/c). The
difference in the values is due to the structure of the algorithms and their freeze-out
times. For both algorithms, we see that with the increase in the size of the fragment,
the radii have comparatively lesser values (larger values) in coordinate (momentum)
space.

In Fig. 6.4e–h, we presented the values of the relative difference between the radii
of the fragments within each event in coordinate (ri j ) (Fig. 6.4e, g) and momentum
space (pi j ) (Fig. 6.4f, h) as a function of the product of their corresponding charges.
The smaller and larger values of the radii correspond to the fragments that are the
closest neighbors and originated from spectator parts and participant parts, respec-
tively. Also, one can see that the trends of the distributions are horizontal, reflecting
the fact that even if the fragment sizes are different, the average relative distances are
almost same in coordinate space. In momentum space, the fragments have large rel-
ative momentum in case of SACA compared to MSTP methods. Again showing that
the SACA fragments are identified much earlier in momentum space. These results
may look surprising, but, reflects the formation of fragments from non- equilibrated
source. Earlier, the same kind of non-equilibriumcondition is also observed byFuruta
and Ono for the reactions of 40Ca+40Ca at an incident energy of 35 MeV/nucleon by
studying the kinetic energy and radial size of the reaction system [31].

Lastly, we construct the fragment-fragment within the events. As we mentioned
in the introduction, these correlations are used to find out the criticality signals,
i.e., equal-sized fragments. For this, we constructed the correlation function among
fragment charges Z1 and Z2 as

1 + R(Z1, Z2) = Y (Z1, Z2)

Y ′(Z1, Z2)
, (6.9)

here, Y (Z1, Z2) is the yield of the events where charges Z1 and Z2 appear within
the events and Y ′(Z1, Z2) is the yield of the correlated and uncorrelated events. The
results of correlation function using MSTP and SACA methods are displayed in
Fig. 6.5. We see a large difference for the correlation function for the two cluster-
ization algorithms. In the MSTP method, we see lesser correlated events, whereas
in the SACA method we see a strong correlations for the lower charge values. We
also note that the correlations are more distributed in MSTP fragments compared to
SACA fragments.
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Fig. 6.5 Correlation
between the fragment
charges within events for the
MSTP (top) and SACA
(bottom) at the
corresponding critical
energies

6.4 Summary

In the present study, we have shown the role of clusterization algorithms on the pre-
diction of liquid–gas phase transition in nuclearmatter.Wehave used theQMDmodel
to simulate the phase space of nucleons and fragments are constructed using local
correlation methods and energy-based algorithm. We found that the energy-based
clusterization is best among all and can describe the realistic physics of liquid–gas
phase transition. This algorithm is also found to be consistent with the experimental
observations. Later, we showed fragment-fragment correlations within the events
and event-by-event correlations.
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Chapter 7
Role of Mass Asymmetry on the Energy
of Peak Intermediate Mass Production
and Its Related Dynamics

Sakshi Sharma, Rohit Kumar, and Rajeev K. Puri

Abstract We study various reactions of different projectiles with fixed targets of
124Sn and 197Au using Isospin-dependent Quantum Molecular Dynamics (IQMD)
model. Here, the mass dependence of energy of peak production and peak IMFs
multiplicity is investigated for 124Sn and 197Au target reactions. It is observed that
the energy of peak production increases on moving toward low mass projectiles
for both 124Sn and 197Au target reactions with different slopes. Further, we study the
mass dependence of various fragments at the peak energy and power law dependence
of these fragments is observed. The study is further continued by investigating the
behavior of various other quantities (maximum and average density, collision rate,
maximum, and average temperature) at the energy of peak production. Our findings
indicate the power law dependence of these quantities at peak energy. Also, the
behavior of participant and spectator matter at peak energies for 124Sn and 197Au
target reactions is explored.

7.1 Introduction

Heavy-ion collisions (HICs) act as a significant probe to explore nuclear equation
of state (EOS) and provide information about the microscopic features of nuclear
matter. On the basis of energy, HICs are classified into different energy regimes, i.e.,
low, intermediate, and high energies. In low energy regime, the nuclear dynamics is
mainly governed bymean field, and fusion, fission, cluster radioactivity, formation of
super heavy nuclei are studied [1–6]. At high energies, nucleon-nucleon collisions
dominate the reaction dynamics and phenomena such as particle production, jet
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formation, quark gluon plasma, etc. are observed [7–9]. In case of intermediate
energy, both mean field and nucleon-nucleon collisions have contribution. At these
energies, phenomena such as collective flow, sub-threshold particle production and
multifragmentation are the important ones [10–12]. In the present work, we are
focussing on various aspects of reaction dynamics at intermediate energies.

The intermediate energy reactions give us an excellent opportunity to understand
the behavior of nuclear matter at high densities and temperature. This information
is vital to describe the physics of nuclear star formation, supernovae explosion,
and understanding the conditions of early stages of universe evolution. We expect
this information via studying fragmentation, collective flow and particle production.
Among these the fragmentation, which is breaking of nuclei into multiple small and
medium mass nuclei when excitation energy exceeds their binding energies, is the
most promising one. The extensive studies showed that the structure of fragments is
affected by different entrance channels such as incident energy, impact parameter,
mass of colliding nuclei, isospin asymmetry, and mass asymmetry [13–21]. It is
well known that the dynamics of reaction differ significantly for symmetric and
asymmetric reactions. The former has greater share of energy as compressionwhereas
later has more energy as excitation/thermal. Therefore, to understand the various
aspects of reaction dynamics, mapping of both symmetric and asymmetric reactions
is important.

In previous studies, it was found that the multiplicity of intermediate mass frag-
ments (IMFs) shows a rise and fall behavior when plotted against incident energy of
projectile. The energy at which maximummultiplicity of IMFs is observed is termed
as < Emax

c.m. > and the corresponding IMF’s multiplicity as < Nmax
I MFs >. In experi-

ments, such behavior was observed by Peaslee et al. for the reactions of 84Kr + 197Au
in the incident energy range of 35–400 MeV/nucleon [21]. The maximum IMF pro-
duction was observed at ∼ 100 MeV/nucelon. They also used Quantum Molecular
Dynamics (QMD) and QMD + Statistical Multifragmentation Model (SMM) model
to explain the results. Later, the Michigan State University (MSU) group performed
more systematic study with the reactions of 40Ar + 45Sc, 58Ni + 58Ni, and 86Kr +
93Nb and reported a linear dependence of < Emax

c.m. > and power law dependence of
< Nmax

I MFs > when plotted against system mass [22]. On the theoretical front, the
percolation model calculations were used to explain the observations but remain
unsuccessful. Later, Puri and co-workers were successful in explaining the experi-
mental observations. They did so, first using QuantumMolecular Dynamics (QMD)
model with advanced microscopic clusterization algorithm based on binding energy,
and using the improved QMD, i.e., Isospin-dependent Quantum Molecular Dynam-
ics (IQMD)model with basic spatial correlations-based clusterization algorithm [23,
24]. They also studied the role of different definitions of IMFs on the peak center
of mass energy and found it to be insignificant [25]. Also, the role of various model
ingredients such as equation of state (EOS), nucleon-nucleon cross-section, gaussian
width and isospin effects on energy of peak production of IMFs was investigated.
They reported insensitive behavior of < Emax

c.m. > toward these model ingredients
except isospin effects [24, 26].
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In case of asymmetric reactions various experimental and theoretical attempts
have also been done. On the experimental front, Bowmann et al. studied fragment
distribution of various asymmetric reactions of 129Xe projectile with 12C, 27Al, 51V,
natCu, 89Y, and 197Au using 4π detector. They observed that the fragmentmultiplicity
distributions and charge distributions are target independent [27]. In another study,
theALADINcollaborators performed study on asymmetric reactions of 129Xe, 197Au,
and 238U projectiles with Be, C, Al, Cu, In, Au, andU targets and reported a linear rise
in the energy of maximum fragment production with the projectile mass [20]. Very
recently, Puri et al. investigated the mass dependence of < Emax

c.m. > and < Nmax
I MFs >

in various mass asymmetric reactions and successfully reproduced the experimental
data using the IQMD model. They found that the slope of the linear rise decreases
on shifting from mass symmetric to asymmetric reactions. The study also showed
the immense capability of < Emax

c.m. > of the asymmetric reactions to constrain the
density dependence of the symmetry energy at subsaturation densities [28]. In earlier
studies, the role ofmass asymmetry on the energy of vanishing flow (EVF), geometry
of vanishing flow (GVF) and transition energy were also reported [29–31].

The rise and fall behavior of IMFs is also observed with impact parameter for
symmetric and asymmetric reactions. This behavior is heavily explored in many
experimental and theoretical fronts at fixed incident energies. For instance, the SIS
facility at GSI reported the rise and fall inmultiplicity of IMFs in symmetric reactions
of 197Au + 197Au at energy of 100, 250, and 400 MeV/nucleon . They observed
maximummultiplicity of IMFs is shifting from central to peripheral geometries with
increase in incident energy [16]. In another study by ALADIN group, the rise and fall
behavior is observed for various reactions of 197Au on Be, C, Al, and Au at different
energies of 400, 600, 800, and 1000 MeV/nucleon. They reported that on decreasing
the target mass, maximum fragment multiplicity is shifting toward central collisions
and its dependence on the bombarding energy increases [20]. On theoretical front, it
was observed that the < Emax

c.m. > as well as < Nmax
I MFs > decreases with increase in

impact parameter for both symmetric and asymmetric reactions but later has greater
slope compared to former [32].

The present study is mainly dedicated to investigate the reaction dynamics of
asymmetric reactions at their peak energy of IMFs (5≤A≤Atotal /6) production. The
study is carried out by exploring the mass dependence of peak energy of IMFs
production for fixed targets of 124Sn and 197Au and by varying the projectile mass
from 44Ca to 197Au. Further, in our study we will explore the behavior of different
fragments such as free nucleons (FNs) [A=1], A=2, light charge particle (LCPs)
[2≤A≤4], medium mass fragments (MMFs) [5≤A≤9] and heavy mass fragments
(HMFs) [10≤A≤Atot /6] with total system mass at the energy of peak fragment pro-
duction. Here, we also plan to investigate the behavior of various observables related
to nuclear dynamics such as average and maximum central density, temperature,
collision number and participant and spectator matter at the energy of peak fragment
production which is never been investigated at peak energy of fragmentation. The
present study is donewithin the framework of Isospin-dependentQuantumMolecular
Dynamics (IQMD) model which is described in detail in [33].
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7.2 Results and Discussion

For the present work, we have simulated various reactions with 124Sn and 197Au
targets at semi-central geometries. Several thousand events are simulated for the
reactions of 197Au + 197Au (Elab = 50–120 MeV/nucleon), 112Sn + 197Au (Elab =
45–145 MeV/nucleon), 72Ge + 197Au (Elab = 45–195 MeV/nucleon), 44Ca + 197Au
(Elab = 55–330 MeV/nucleon), 124Sn + 124Sn (Elab = 40–140 MeV/nucleon), 112Sn
+ 124Sn (Elab = 40–160 MeV/nucleon), 72Ge + 124Sn (Elab = 45–195 MeV/nucleon)
and 44Ca + 124Sn (Elab = 60–225 MeV/nucleon). Here, we have used soft equation
of state and isospin-dependent nucleon-nucleon (nn) cross-section.

We observe proper rise and fall in the multiplicity of IMFs with incident energy
for various projectiles on 124Sn and 197Au target reactions. In Fig. 7.1a, we display
energy of peak IMFs production as a function of projectile mass (AP ).

From the figure, one finds that on decreasing the projectilemass, i.e., on increasing
mass asymmetry (η = | AT −AP

AT +AP
|), the energy of peak production is shifting toward

the high energies. This increase in peak energy on increasing the mass asymmetry
parameter (η) can be understood in terms of compressional and thermal energies. In
case of symmetric reactions, as most of the energy is used in compression. Thus,
the maximum production of IMFs is obtained at low incident energies. Whereas in
asymmetric reactions, energy of peak production is observed at high energies. This

Fig. 7.1 The energy of peak
IMFs production (upper
panel) and peak IMF
multiplicity (lower panel) as
a function of projectile mass
for 124Sn (open circles) and
197Au (filled circles) target
reactions
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Fig. 7.2 The multiplicity of (a) free nucleons, (b) fragments with mass A = 2, (c) light charged
particles (LCPs), (d) medium mass fragments (MMFs) and (e) heavy mass fragments (HMFs) as
a function of the total mass of the system (Atot ). Model calculations done for 124Sn (open circles)
and 197Au (filled circles) target reactions at their respective peak energies

is because in asymmetric reactions, the thermal part of the energy is more than the
compressional part. Therefore, more energy is needed to have maximum production
of IMFs.

Now ifwecompare the results of 124Sn and 197Au targets, the peak energy increases
on moving toward the light projectile. In case of 197Au target reactions, the slope is
more steeper than 124Sn target reactions. The increment in slope shows that 197Au
target reactions need more energy to achieve maximum fragmentation for the same
projectiles. This behavior is in accordance to earlier predictions reported in [22–24]
that the peak IMFs production increases with rise in system mass.

In Fig. 7.1b, peak IMFsmultiplicity (< Nmax
I MFs >) as a function of projectile mass

(AP ) is displayed for both 124Sn and 197Au target reactions. The value of< Nmax
I MFs >

increases as the target mass increases (and η decreases). Peak IMFs multiplicity is
found to follow power law (∝Aτ

P ) for both
124Sn and 197Au target reactions. In both
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cases, exponent τ is almost same. One can notice that in the reactions of 124Sn and
197Au the behavior of the maximum IMFs multiplicity is independent of the target
for the same projectile. While in symmetric reactions of 197Au + 197Au, the value of
< Nmax

I MFs > is higher than 124Sn + 124Sn which is obvious due to the increase in the
total system mass.

Now, we further extend the above study for various fragments consisting of free
nucleons (FNs), fragments with mass A=2, light charged particles (LCPs) [2≤A≤4],
mediummass fragments (MMFs) [5≤A≤9] aswell as heavymass fragments (HMFs)
[10≤A≤Atotal /6]. The behavior of these fragments at the peak energy of IMF’s
production is explored here for 124Sn and 197Au target reactions. The results are
displayed in Fig. 7.2. We observe the system mass dependence of these quantities
and follow the power law of the form Aτ

tot for both
124Sn and 197Au target reactions.

The exponent τ is very close to unity for the case of FNs, A=2 and LCPs. Here
the linear dependence indicates the vanishing surface and Coulomb effects. In all
these cases, the slope of 197Au target reactions is slightly higher than that of 124Sn.
The factor responsible for the increment of slope of these quantities is the high peak
IMFs energy for 197Au target reactions with same projectile. It is well known that
with rise in incident energy more correlations are broken, thus the production of
these fragments rise more sharply. Correspondingly, the increased pumped energy
causes less production of MMFs and HMFs, as a result their slope rises less sharply.

To extract information about hot and dense nuclear matter, maximum density
achieved in reaction acts as an important variable. We calculate matter density as

ρ =
Atot∑

i=1

1

(2πL)3/2
e{−[−→r −−→r i (t)]2/2L}. (7.1)

Here, Atot is the total system mass. To calculate the density, we take a sphere
of 2 fm radius around the center of mass of two colliding nuclei. The average
density (< ρavg >/ρ0) is calculated over the whole sphere and maximum density
(< ρmax >/ρ0) reached anywhere in this sphere. In Fig. 7.3, we display the various
quantities such as average and maximum density as a function of time for both 124Sn
and 197Au target reactions at their respective peak energies. It is evident that themaxi-
mal of< ρavg >/ρ0 and< ρmax >/ρ0 is delayed for symmetric reactions compared
to asymmetric reactions. Also, the density zone is wider for symmetric reactions
indicating that hot and dense matter exists for longer time. After the compressional
phase, the density in central region falls sharply to lower values. In asymmetric reac-
tions the fall is sharp as compared to symmetric reactions. Also, the density profile of
197Au target reactions is wider than 124Sn target reactions reflecting the bulk effects.
Another quantity linked with the density is the collision rate (displayed in lower
panel). The collision rate (dNcoll /dt) is displayed as a function of reaction time. In
case of symmetric reactions, the interaction among nucleons continue for longer time
thus, the collision rate is high.Whereas in case of asymmetric reactions, due to lesser
interaction region the collision rate is less. Again, the difference we see for the 124Sn
and 197Au target is due to the difference in their nucleon number and corresponding
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Fig. 7.3 The evolution of < ρavg >/ρ0, < ρmax >/ρ0 and dNcoll /dt as a function of time. Var-
ious 124Sn and 197Au target reactions are simulated at their corresponding peak energy of IMFs
production

peak energy of IMFs (greater for 197Au than 124Sn). These results clearly show that
not only the IMFs production and the peak energies but also their corresponding
dynamics change significantly for symmetric to asymmetric reactions.

From Fig. 7.3, we see that the different system masses approach different val-
ues for average density (< ρavg >/ρ0) and maximum density (< ρmax >/ρ0), col-
lision rate (dNcoll /dt). To find that how the values change, we note the maximum
values corresponding to each system at their corresponding peak energies. Interest-
ingly, the maximal value of average density (< ρavg >/ρ0) and maximum density
(< ρmax >/ρ0) increases with decreasing mass asymmetry of the system and fol-
lows power law (∝Aτ

tot ). It is because in symmetric reactions the peak energy is
less, corresponding to that less density is achieved. Whereas in mass asymmetric
reactions, the value of density is high as the peak energy is also high for this case.
The maximal value of < ρavg >/ρ0 and < ρmax >/ρ0 follows power law. The mass
dependence of nucleon-nucleon collisions (< Ncoll >max ) is also displayed in Fig.
7.4c. The linear enhancement is observed with total mass of the system. It is because
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Fig. 7.4 Themaximal value of average density (< ρavg >/ρ0), maximumdensity (< ρmax >/ρ0),
nucleon-nucleon collisions (< Ncoll >sum ), average temperature (< T avg >) and maximum tem-
perature (< Tmax >) as a function of Atot at their respective peak energies for 124Sn and 197Au
target reactions

the nucleon-nucleon (nn) collisions are more in symmetric reactions as compared to
the asymmetric ones (due to overlapping region). This enhancement can be parame-
terizedwith power lawproportional to Aτ

tot . However, in case of
197Au target reactions

power dependence is more strong compared to 124Sn reactions.
The another quantity associated with hot and dense nuclear matter is the temper-

ature. As the nuclear matter in heavy-ion collisions is non-equilibrated, therefore,
the temperature is calculated using the local density approximation. The procedure
we followed to calculate temperature is described in detail in [34–36]. The maximal
value of average temperature (< T avg >) and maximum temperature (< Tmax >) as
a function of Atot is also plotted in Fig. 7.4. Since the temperature is related to the
excitation energy of the system. Thus, in case of symmetric reactions, the peak IMFs
production is achieved at low incident energy as a result temperature achieved is less.
On the contrary, in mass asymmetric reactions the peak IMFs production is achieved
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Fig. 7.5 The time evolution of normalized spectator matter (upper panel) and participant matter
(lower panel) for 124Sn and 197Au target reactions

at high energies. Thus the maximal value of temperature increases with increase
in mass asymmetry. The exponent τ in case of 197Au reactions is more than 124Sn
reactions. It is because in case of 197Au target reactions the peak energy required is
more, thus temperature raises sharply on moving toward low mass projectiles.

Lastly, in Fig. 7.5, the normalized spectator and participant matter as a function of
the reaction time is displayed. These results are displayed at the corresponding peak
IMFs production energies. Here, the participant matter is defined using nucleonic
concept. Those nucleons which experienced at least one collision are counted as
participant matter and the remaining matter is considered as spectator matter. At the
starting of the reaction, there is only spectator matter and no participant matter. From
the figure, one notices that the transition from spectator to participant matter is slow
in case of symmetric reactions, because of their low energy of peak production. On
the contrary, in asymmetric reactions this transition is swift and sudden. The obvious
reason is the high energy of peak production for the asymmetric reactions.

7.3 Summary

In the present study,we have investigated the behavior of peak IMFproduction for the
reaction of 44Ca, 72Ge, 112Sn, 124Sn, 197Au on the targets of 124Sn and 197Au.We found
a linear rise in peak energy of IMFs production and their correspondingmultiplicities.
The behavior change for the targets of 124Sn and 197Au have been presented.We have
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also shown the behavior of multiplicities of FNs, A=2, LCPs, MMFs and HMFs at
their corresponding peak energies, which were found to follow power law behavior
as a function of total system mass. Later, we have investigated the quantities such
as average and maximum density, temperature, and collision dynamics at the peak
energies. These quantities were also found to follow power law dependencewith total
system mass. Lastly, we have shown the spectator and participant matter behavior at
peak energies. This study presented in detail the dynamics at peak IMFs production
and their behavior change with change in projectile and target masses.
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Chapter 8
Reaction Dynamics for Stable and Halo
Nuclei Reactions at Intermediate
Energies

Sucheta, Rohit Kumar, and Rajeev K. Puri

Abstract We have investigated the influence of halo structure of nuclei on the frag-
ment production for different equations of states. For this, we simulate the central
reactions of 37Mg + 37Mg halo and 36Mg + 36Mg stable nuclei at different incident
energies. Our detailed study indicates that the halo nuclei reactions can be vital in
constraining the exact equation of state of nuclear matter.

8.1 Introduction

Nuclear matter is defined as the substance having huge number of protons and neu-
trons interacting only via nuclear forces. The physics trailing it is to understand the
evolution of universe, formation of proto-neutron stars, properties of nuclear matter
inside the neutron stars and physics of supernova explosions. To understand the above
mentioned phenomena one needs information about the nuclear matter at different
densities and temperatures [1, 2]. This information helps one to construct the equa-
tion of state (EOS) of nuclear matter. Now, to obtain this information, one studies
the nuclear reactions at low, intermediate, and high incident energies. At lower ener-
gies, one studies phenomena such as fusion-fission [3], β- decay [4] and behavior of
exotic nuclei such as halo nuclei [5]. Whereas at ultrahigh energies, one obtains the
information at the quark level [6]. The intermediate energy reactions help to obtain
information of nucleons at extreme conditions of temperature and pressure.

Further, based on the incompressibility, the equation of state of nuclear matter has
two possibilities, i.e., soft and hard. To predict the exact form of equation of state,
at intermediate energies, one uses fragment formation, their multiplicity, their flow,
and particle production. These observables depends on various entrance channels
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such as incident energy, choice of projectile and target, their isospin-content, mass
asymmetry and the structure of projectiles and targets. In this regard, the quantum
molecular dynamics (QMD) model was used to study the fragmentation of 197Au +
197Au reactions using soft and hard equations of state [7]. Sood and Puri have also
investigated the role of soft and hard equation of state on the energy of vanishing flow
for symmetric reactions for 12C to 238U reactions [8]. Onlymarginal differences were
observed. Earlier studies, do show that the momentum-dependent interactions are
also required to explain some features of nuclear reactions at intermediate energies.
In [7], significant effect of MDI was observed in the peripheral collisions of various
nearly symmetric reactions. Vermani et al. [9], also investigated the role of MDI on
197Au + 197Au reactions results at an incident energy of 400 MeV/nucleon.

The past few decades have seen a rapid increase in the interest of structure and
reaction dynamics involving exotic nucleiwhich are far away from the line of stability
especially halo nuclei. Generally, halo nuclei is regarded as a threshold phenomena
having an abrupt increase in the interaction cross-section and narrow momentum
distribution of the nucleons. This exotic phenomena was first studied in 1985 in
Berkeley experiments by Tanihata et al. [10, 11], using radioactive nuclear beams
through the measurements of the interaction cross-sections. The root behind the
halo structure is the weakly bound nucleons which decouple from a tightly bound
nuclear core. The weakly bound nucleons makes the interaction cross-sections of
these nuclei appreciably larger. These nuclei are also investigated for different nuclear
reactions. Tomention a few, at low incident energy, Raj Kumari has studied the fusion
probabilities of halo nuclei using proximity-based potentials. They had investigated
the effect of the halo nuclei such as 6He, 11Be and 8B on the fusion cross-section
and the barrier heights [12]. Their findings reveals that the extended sizes of the halo
nuclei contributes toward the enhancement of the fusion probabilities and reduction
in the barrier heights. They also conclude that the enhancement in the fusion cross-
section is much significant at low incident energies and as the energy increases
the effect diminishes. To study the role of halo structure in nuclear dynamics at
intermediate energies, a number of studies are also done, e.g., within the framework
of Isospin-dependent quantum molecular dynamics (IQMD) model, Liu et al. [13]
studied the role of loose neutron-halo structure of 19B on the fragment multiplicity
and nuclear stopping in the incident energy range of 20 to 150 MeV/nucleon. To
perceive the role of halo structure on the reaction dynamics, they had compared the
fragment multiplicity and nuclear stopping observables of the 19B halo structured
nuclei with the samemass stable 19F nuclei. The effect of the halo structured nuclei on
the fragment multiplicity and nuclear stopping is found to be more at lower incident
energies but starts decreasing gradually with further increase in the energy. They
also concluded that the halo structured nuclei increases the fragment multiplicity but
the opposite is observed for the nuclear stopping. In other study, using relativistic
mean field (RMF) densities, in the framework of Glauber model formalism, the
reaction cross-sections for all the 24−40Mg isotopes is studied with stable target of
12C at an incident energy of 240 MeV/nucleon [14]. Their results well explained the
experimental observables for the reaction cross-sections for all the Mg isotopes at
RIBF and RIKEN except for the 37Mgwhich supports its halo structure [15]. Further,
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the various properties of 37Mg were examined from extended density distribution.
The above-cited studies presented that the halo nuclei reactions can be very rich
source of information for the understanding of nuclear matter properties.

Using isospin-dependent quantum molecular dynamics (IQMD) model, we carry
out the calculations by comparing the reactions of halo nuclei 37Mg + 37Mg and
stable nuclei 36Mg + 36Mg. It is indicated in the experimental measurement that
there exists a neutron halo structure in 37Mg [15]. In the present study, we plan
to look for enhancement or reduction of fragmentation toward different equation
of states. The obtained behavior will also be compared with the nearly mass stable
nuclei reactions for better understanding. Note that, though the previous studies have
investigated the different equation of states for stable nuclei reactions but none study
reported for halo nuclei induced reactions. The chapter is structured as following: In
Sect. 8.2, we will present the details of the IQMDmodel. Section 8.3 is dedicated to
results and discussion followed by the conclusions in Sect. 8.4.

8.2 Isospin-Dependent Quantum Molecular Dynamics
(IQMD) Model

The isospin-dependent quantum molecular dynamics (IQMD) model [16] is an
n-body model which follows heavy-ion reactions on nucleonic level. This model
generates the information of the reaction in the form of phase-space information of
individual nucleon. Here, each nucleon is represented by a Gaussian wave packet of
the form:

φi (r, ri (t), pi (t)) = 1

(2πL)3/4
e

[
i
�

pi (t)·r− (r−ri (t))
2

4L

]
. (8.1)

The centroids of each nucleon is propagated using Hamilton’s classical equations of
motion. These equations reads as

ṙi = ∂〈H〉
∂pi

; ṗi = −∂〈H〉
∂ri

. (8.2)

Here,< H > is the averageHamiltonian that includes the kinetic andpotential energy
terms. The potential part incorporates the Skyrme (VSky), Yukawa (VYuk), Coulomb
(VCoul), momentum dependent potentials (VMDI ), and symmetry potential (Vsym).
Mathematically, the potential is represented as

V = V Sky + V Yuk + VCoul + V MDI + V sym .

The baryon-baryon potential Vi j is given as
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Vi j = t1 δ(ri − r j ) + t2 δ(ri − r j )ρ
γ−1((ri + r j )/2) + t3

e−|ri−r j |/μ

|ri − r j |/μ
+ Zi Z j e2

|ri − r j | + t4 	n2[t5 (pi − p j )
2 + 1] δ(ri − r j )

+t6
1

ρo
T3i T3 jδ(ri − r j ). (8.3)

The parameters t1, t2, t3, ..., t6 are fitted to obtain static soft (S), static hard (H),
soft with momentum-dependent interactions (SMD), and hard with momentum-
dependent interactions (HMD) equation of states. The details of the potentials and
the parameters can be obtained from [16]. At the end of a event run we get informa-
tion of phase-space of nucleons which is further subjected to spatial constraints for
constructing fragments [17, 18].

8.3 Results and Discussions

For the present work, we have simulated thousands of events of the reactions of 37Mg
+ 37Mg and 36Mg + 36Mg for central geometries in the incident energy range of 20
to 150MeV/nucleon. Here, note that we are incorporating the halo structure of 37Mg
as the extended radius following the previous studies [12–14, 19]. All reactions are
followed till 300 fm/c and the stored phase space of the nucleons is then subjected
to clusterization algorithm. Therefore, this study will give us the upper limit to what
will be observed by incorporating actual halo structure. In the present study, we are
showing the observables related to fragments at freeze-out time only.

In Fig. 8.1, we have displayed the values of mean size of the largest fragment
(< Amax >), andmultiplicities of free nucleons (< NFNs >)(A f = 1), light charged
particles (< NLCPs >) (2 ≤ A f ≤ 4) and intermediate mass fragments
(< NIMFs > ) (5 ≤ A f ≤ Atot/6) for the reactions of halo nuclei 37Mg+ 37Mg and
stable nuclei 36Mg + 36Mg. From the figure, we see that the size of the largest frag-
ment (< Amax >) decreases as we increase the excitation energy of the system. The
behavior is similar in stable and halo nuclei reactions. First we discuss, the results of
the soft equation of state for the reactions of stable and halo nuclei. We see that at all
incident energies the size of < Amax > is less for halo nuclei reactions as compared
to stable ones. Now, this can be explained as following: the radius of 37Mg is quite
large compared to 36Mg, that causes the correlations among nucleons as very weak
due to which lesser energy is required to break them. Therefore, if the same energy
is supplied, the size of < Amax > is smaller for 37Mg + 37Mg reactions compared to
36Mg + 36Mg reactions. Opposite to the behavior of < Amax >, the multiplicities of
free nucleons (< NFNs >) and light charged particles (< NLCPs >) increases grad-
ually with the incident energy. We see larger values of < NFNs > for halo nuclei
reactions as compared to stable nuclei reactions. This behavior can be explained by
looking at the size of < Amax >. Lesser the size of < Amax > greater the number of
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Fig. 8.1 The mean size of
the largest fragment
(< Amax >), and
multiplicities of free
nucleons (< NFNs >), light
charged particles
(< NLCPs >) and
intermediate mass fragments
(< NIMFs >), respectively,
for the central collisions of
36Mg + 36Mg and 37Mg +
37Mg as a function of
incident energy. In the left
panels, the filled (open)
squares, filled (open) circles
represent results with the soft
and soft with
momentum-dependent
equation of state for stable
(halo) induced reactions. In
right panels, the filled (open)
squares, filled (open) circles
represent results with the
hard and hard with
momentum-dependent
equation of state for stable
(halo) induced reactions

free nucleons. There is difference in the multiplicities of LCPs also. The multiplicity
of IMFs shows well-known rise and fall behavior, which is in accordance with Sisan
et al. [20] and extensive studies of Puri and collaborators [21, 23, 24]. If we look at
the results of (< NIMFs >), we see that the multiplicities reach its maximum values
at lower incident energy, i.e., ∼ 50 MeV/nucleon for halo nuclei reactions compared
to ∼ 60 MeV/nucleon for stable nuclei reactions. Again, these results points toward
the lesser energy requirement for the breaking of correlations among the nucleons
in halo nuclei reactions compared to stable nuclei reactions.

Further, if we see the mean sizes of < Amax > and values of fragment multiplic-
ities for hard equation of state (right panels), we see that the behavior is similar to
what we have observed for soft equation of state. Though, we see slight increase in
the values of < Amax > at lower incident energies, but the values are almost same at
higher incident energies. These results are consistent with the earlier predictions of
Sharma et al. [22] and Vermani et al. [9]. Now, if we see the fragment multiplicities,
the values of free nucleons are larger with corresponding lesser values of LCPs and
IMFs. We also observed that the maximum value of < NIMFs > occurs at same
incident energy for stable nuclei reactions, as well as, for halo nuclei reactions. The
similar results were reported by Kaur et al. in [23, 24].
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Fig. 8.2 The relative percentage differences between the results of < Amax >, < NFNs >,
< NLCPs >, and < NIMFs > for the different equation of states with respect to soft equation
of state for the reactions of 36Mg + 36Mg and 37Mg + 37Mg as a function of incident energy. Here,
filled (open) squares, filled (open) triangles, filled (open) pentagons represents the relative differ-
ences between soft and SMD, soft and hard, and soft and HMD for stable (halo) nuclei reactions

For the better understanding of the role played by the different equation of states
and how MDI influences the reaction output for stable and halo nuclei reactions, we
have calculated relative percentage difference between the results. We calculate the
relative percentage difference using the formula:

%di f f erence =
∣∣∣∣ X − Y

X

∣∣∣∣ × 100%, (8.4)

where X and Y stands for observed values with one and other equation of state,
respectively. The results are displayed in Fig. 8.2. In this figure, we displayed the
relative percentage difference among the calculations of soft and SMD (squares),
soft and hard (triangles) and soft and HMD (pentagons) for stable (filled) as well
as halo (open) nuclei reactions. From the figure, we see that for all the fragments
maximum percentage differences are between 0–40% range. We see differences
between the different equations of states for the case of halo nuclei reactions and
stable nuclei reactions. The differences is due to the change in the nuclear density
and Fermi-momentum for halo nuclei compared to stable nuclei, lesser density, and
Fermi-momentumvalues. For example,we note that the differences among the values
for soft and SMD equation of states for < Amax > is ∼32% at 20 MeV/nucleon and
decreases gradually to ∼12% at 150 MeV/nucleon for stable nuclei reactions. This
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Fig. 8.3 The relative percentage differences among the results of < Amax >, < NFNs >,
< NLCPs >, and< NIMFs > between the stable and halo nuclei reactions as a function of incident
energy. Pentagons, squares, triangles, and circles represents the difference between the results of
soft, SMD, hard, and HMD equation of state, respectively

decrease is also seen for halo nuclei reactions from ∼20% to ∼8%. Similarly for
< NFNs >, < NLCPs > and < NIMFs > the maximum difference is ∼40%. From
this we found that the role of different equations of state is reduced when one uses
halo nuclei as projectile and target compared to stable ones for < Amax , FNs and
LCPs except for IMFs for both hard and soft EOS, where we see enhanced difference
in the results for < NIMFs > at higher incident energies. Therefore, multiplicity of
IMFs (< NIMFs >) of halo nuclei reactions can be vital to constraint the equation
of state.

Next, in Fig. 8.3, we have displayed the difference in the results among different
equation of states for stable and halo induced reactions, e.g., soft equation of state
for halo and stable induced reactions. We found that the halo structure can change
the results of < Amax >, < NFNs > and < NLCPs > upto ∼20% only. Whereas,
this difference is up to ∼40% in case of <I MFs> at higher incident energies. If we
compare the results with calculations of Liu et al. [13], which points toward the
significant difference in the results at lower incident energies; our results signifies
that the halo nuclei can be lead to change the results significantly at higher incident
energies also for different equation of states. Also note that in last two decades,
both experimental and theoretical studies have shown that the multiplicity of IMF’s
shows a rise and fall behavior with increase in incident energy of projectile and
have a connection with the observation of liquid-gas like behavior of nuclear matter
[25, 26]. The use of halo nuclei can severally influence the signature of liquid-gas
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Fig. 8.4 The rapidity
distribution (dN/dY) of FNs
(top panels), LCPs (middle),
and IMFs (bottom) at
freeze-out time (300 fm/c)
for the central collisions of
37Mg + 37Mg and 36Mg +
36Mg at incident energies of
20 MeV/nucleon (left panels)
and 150 MeV/nucleon (right
panels). Solid and dashed
lines represents the results of
Soft, SMD, Hard, and HMD
equation of state for 36Mg +
36Mg and 37Mg + 37Mg,
respectively

phase transition. Therefore, will help to indepthen the physics of liquid-gas phase-
transition, which will be explored in future studies.

In Fig. 8.4, we have shown the rapidity of various fragments, i.e., free nucleons
(FNs), light charges particles (LCPs), and intermediate mass fragments (IMFs) at 20
MeV/nucleon (left) and 150MeV/nucleon (right panels) for 36Mg+ 36Mg and 37Mg
+ 37Mg. The rapidity of fragments is calculated using the following formula:

Y = 1

2
I n

E + pz
E − pz

. (8.5)

Here, E and pz are the total energy and total longitudinal momentum of the fragment.
Various lines representing the reactions induced by stable (solid) and halo (dashed)
nuclei for different equation of states, i.e., soft, hard, SMD, and HMD as mentioned
in the graph. From the figure, we see that at 20 MeV/nucleon for soft equation of
state of energy the free nucleons (FNs) have greater contribution from the participant
region for 37Mg + 37Mg compare 36Mg + 36Mg. Whereas, the LCPs and IMFs have
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greater contribution from participant region and lesser from spectator region for
former compared to later (Fig. 8.4). This can be understood as following: the greater
value of radius for halo nucleus causes lesser value of momentum of its constituting
nucleons (compared to what stable nucleus nucleon have). Therefore, when the two
nuclei collide the nucleons have enough time to interact and loose its energy and
thermalize. Thus, the fragments do not have large rapidity values for halo nuclei
reactions compared to stable nuclei reactions. Contrary to it, at 150 MeV/nucleon
the nucleons have lesser time to thermalize and also, the loose structure of halo
nuclei makes them more transparent to each other. This leads to cause greater share
of fragments from spectator (lesser interacting nucleons). That is also clear from
the figure, where for halo nuclei reactions one has two peaks at projectile and target
regions. For stable nuclei reactions one has greater contribution for participant region.
For hard equation of state at 20 and 150 MeV/nucleon the role of halo structure have
similar effects on rapidity of fragments. Similarly for SMD and HMD equation
of states, we also see the difference in the origin of fragments for stable and halo
nuclei reactions. Here, we see the fragments have different origins for stable and halo

Fig. 8.5 The pT spectra for
central collisions of 36Mg +
36Mg and 37Mg + 37Mg at
two different incident
energies of 20 MeV/nucleon
(left) and 150 MeV/nucleon
(right panels). The solid and
dashed lines represent the
results of Soft, SMD, Hard,
and HMD equation of state,
respectively
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nuclei reaction, therefore, the fragmentation of later can greatly contribute toward
the understanding of nuclear matter properties.

Lastly, to further strengthen our point towards the role of halo structured nuclei, in
Fig. 8.5 we examine the transverse momentum spectra (pT -spectra) of free nucleons
(FNs), light charged particles (LCPs), and intermediate mass fragments (IMFs) using
different equations of state with and without momentum-dependent interactions.
The representation of the symbols in the figure is same as in Fig. 8.4. The transverse
momentum spectra gives us information about the amount of longitudinalmomentum
which is converted into the transverse momentum. Here, the results are reflecting the
results in earlier paragraph. The fragments produced in the halo nuclei reactions
have lesser momentum in the transverse direction. On the other hand, stable nuclei
reaction have greater number of fragments in high pT region compared lower ones,
if the results are compared to stable ones.

8.4 Summary

In the present chapter, we have shown the effect of halo structure of nuclei on the
fragmentation at intermediate energies. We have also compared our results with the
reactions of stable nuclei. We found that the halo nuclei reactions are more sensitive
toward the different equation of states of nuclear matter. We have also shown the
difference between the fragmentation production between halo and stable nuclei
reaction can provide some interesting aspects of nuclear equation of state.
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Chapter 9
PHQMD—AMicroscopic Transport
Approach for Heavy-Ion Collisions and
Cluster Formation

Jörg Aichelin, M. Winn, E. L. Bratkovskaya, Arnaud Le Fèvre,
Yvonne Leifels, V. Kireyeu, V. Kolesnikov, and V. Voronyuk

Abstract We present the basic ideas and new results of the recently advanced trans-
port approach called PHQMD (Parton-Hadron-Quantum Molecular Dynamics) to
describe heavy-ion collisions and especially the cluster formation in these reactions.
This n-body transport approach allows to address physical processes which cannot be
addressed by transport approacheswhich calculate the time evolution of the one-body
phase space density or the one-body Greens function. They include the formation
of fragments, especially of hyper-fragments, as well as the study of fluctuations as
a signal of a possible first-order phase transition which some models predict if the
strongly interacting matter is compressed to a high baryon density. This approach is
at the same time an extension of the QMD model, which has successfully been used
to describe fragments and other observables in heavy-ion collisions at beam energies
below 2 AGeV and the PHSD transport approach which is a microscopic covariant
dynamical transport approach for the one-body Greens function which successfully
described a multitude of single-particle observables in p+p, p+A and A+A collisions
from lower SIS (Ebeam = 1 AGeV) to LHC energies (

√
s = 5.2 TeV). We present

themodel and discuss how the parametrization of nuclear potential interactions influ-
ences the prediction for different observables.
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9.1 Introduction

The heavy-ion experiments at the Relativistic Heavy-Ion Collider (RHIC) at
Brookhaven and at the Large Hadron Collider (LHC) at CERN have produced ample
evidence that a new state ofmatter, a plasma of quarks and gluons (QGP), is produced
[1]. Such a new state of matter has been predicted by lattice gauge calculations in
which the thermal properties of strongly interacting matter are calculated by solv-
ing the partition function based on the Lagrangian of Quantum Chromo Dynamics
(lQCD) [2, 3]. The analysis of these experiments shows that the QGP, produced at
these energies, is characterized by a vanishing chemical potential and it is exactly
this limit in which lQCD calculations are possible.

At very low beam energies, of the order of 1 AGeV, heavy-ion reactions are well
described by hadronic degrees of freedom, baryons, and mesons.

The challenge is now to understand the transition between low energy, hadron
dominated, reactions and that at high energy where quarks and gluons, the con-
stituents of hadrons, are the right degrees of freedom to describe the experimental
findings. This transition regime is characterized by a finite chemical potential or, in
other words, by a finite baryon density. Phenomenological models predicted that for
finite chemical potentials the transition between hadronic matter and a plasma of
quarks and gluons is a first-order phase transition [4, 5] what increases the interest
to study this region.

In order to study nuclear matter at finite baryon densities presently two accelera-
tors are under construction, the Facility for Antiproton and Ion Research (FAIR) in
Darmstadt and the Nuclotron-based Ion Collider fAcility (NICA) in Dubna. They
will become operational in the next years. Moreover, the presently running BES-
II (Beam Energy Scan) at RHIC, which includes a fixed target program, will also
provide experimental data in this energy regime.

In order to understand the result of these experiments and to interpret the physi-
cal message of the different observables, transport approaches have to be employed
which simulate the heavy-ion reaction on a computer. In these approaches, one can
understand the origin of the different phenomena which are encoded in the experi-
mental results. The PHQMD model [6] is such a transport approach which has been
especially developed to address the seminal challenges of the physics at finite baryon
density. These include the origin of the formation of clusters at midrapidity, observed
at all energies, despite a temperature of the expanding fireball at midrapidity of the
order of 100 MeV, an environment in which clusters, which have a typical binding
energy of 8 MeV/nucleon cannot survive. These include as well the origin of the
production of hyper-cluster, clusters with at least one strange baryon, the creation of
multi-strange baryons and last but not least the identification of observables which
signal an eventual first-order phase transition.

The presently available transport approaches are either nonrelativistic, like the
QMD approach [7–9], or propagate single-particle Greens functions, like PHSD,
are not well suited to address cluster formation. The novel Parton-Hadron-Quantum-
Molecular Dynamics (PHQMD) approach overcomes these limitations. It is based on
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the collision integrals of the PHSD approach [10–14] and density dependent 2-body
potential interactions of QMD type models [7, 15, 16]. The model uses as well the
dynamical quasi particle description of the QGP of PHSD. The original PHSDmean-
field propagation (realized within the parallel ensemble method) is kept as an option,
too, which will allow to investigate the differences between both the approaches.

In contradistinction to statistical models or coalescence models, in PHQMD the
clusters are formed dynamically. This means that at the end of the heavy-ion reaction
the same nucleon-nucleon potential interaction, which is present during the whole
time evolution, forms bound clusters of nucleons which are well distinct in phase
space from other clusters and free nucleons.

9.2 The PHQMD Approach

The propagation of theWigner density is determined by a generalizedRitz variational
principle [17], which has been developed for the Time Dependent Hartree–Fock
approach,

δ

∫ t2

t1

dt < ψ(t)|i d
dt

− H |ψ(t) >= 0. (9.1)

In our approach [6] we assume that the n-bodyWigner density is the direct product of
the single-particleWigner densities. There are also QMD versions which use a Slater
determinant, FMD [17] andAMD [18], but due to the difficulty to formulate collision
terms these approaches have only been applied to low energy heavy-ion collisions.
Assuming that the wave functions have a Gaussian form and that the width of the
wave function is time independent one obtains for the time evolution of the centroids
of the Gaussian single particle wave functions two equations which resemble the
equation of motion of a classical particle with the phase space coordinates ri0,pi0
[7].

The difference is that here the expectation value of the quantal Hamiltonian is
used and not a classical Hamiltonian:

ṙi0 = ∂〈H〉
∂pi0

ṗi0 = −∂〈H〉
∂ri0

. (9.2)

These time evolution equations are specific for Gaussian wave functions. For other
choices of wave functions the time evolution equations would be different. The
Hamiltonian of the nucleus is the sum of the Hamiltonians of the nucleons, composed
of kinetic and two-body potential energy,

H =
∑
i

Hi =
∑
i

(Ti + Vi ) =
∑
i

⎛
⎝Ti +

∑
j �=i

Vi, j

⎞
⎠ . (9.3)
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The interaction between the nucleons has two parts, a local Skyrme type interaction
and a Coulomb interaction

Vi, j = V (ri, rj, ri0, rj0, t) = VSkyrme + VCoul(+Vmom) (9.4)

= 1

2
t1δ(ri − rj) + 1

γ + 1
t2δ(ri − rj) ργ−1(ri, rj, ri0, rj0, t)

+ 1

2

Zi Z j e2

|ri − rj| ,

with the density ρ(ri, rj, ri0, rj0, t) defined as

ρ(ri, rj, ri0, rj0, t) =

= C
1

2

[ ∑
j,i �= j

(
1

πL

)3/2

e− 1
L (ri−rj−ri0(t)+rj0(t))2

+
∑
i,i �= j

( 1

πL

)3/2
e− 1

L (ri−rj−ri0(t)+rj0(t))2
]
, (9.5)

where C is a correction factor explained below.
We define the interaction density ρint (ri0, t), which for non-relativistic case can

be written as

ρint (ri0, t) = C
∑
j, j �=i

(
1

πL

)3/2

e− 1
L (ri0(t)−rj0(t))2 . (9.6)

The interaction density has twice the width of the particle density, and is
obtained by calculating the expectation value of the local Skyrme potential which
is ∝ δ(ri − rj). The correction factor C in (9.5) depends on L . It is introduced
because nuclear densities are calculated differently in mean-field approaches—for
which the Skyrme parametrization has been developed—and QMD approaches. In
mean-field transport or hydrodynamical approaches the density, which enters the
density-dependent two-body interaction, is obtained by summing over all particles
in the system ρMF

int (ri0, t) = ∑
j ... . In QMD type approaches we have to exclude

self-interactions and, therefore, the density which enters the density dependent inter-
action is the sum over all nucleons with the exception of that nucleon on which
this density dependent potential acts, ρint (ri0, t) = ∑

j �=i ... . Both differ by ( 1
πL )3/2.

To compensate for the lower density in the QMD type approaches compared to the
mean-field approaches we introduce the correction factorC which is adjusted numer-
ically to achieve equality of both densities. With this correction factor we can use
also for the QMD approach the Skyrme potentials.

The expectation value of the potential energy Vi , 〈Vi 〉 = 〈V (ri0, t)〉, of the nucleon
i is given by



9 PHQMD—A Microscopic Transport Approach for Heavy-Ion … 109

〈V (ri0, t)〉 =
∑
j, j �=i

∫
d3rid

3r jd
3 pid

3 p j V (ri, rj, ri0, rj0)

× f (ri,pi, ri0,pi0, t) f (rj,pj, rj0,pj0, t), (9.7)

with f being the Wigner density of the particles

f (ri,pi, ri0,pi0, t) = 1

π3�3
e− 2

L (ri−ri0(t))2e− L
2�2 (pi−pi0(t))2 . (9.8)

Numerical test have shown that the time evolution of the system does not change
if we replace 1/2(ρint (ri0, t) + ρint (rj0, t)) by ρint (ri0, t) or by ρint (rj0, t). For the
Skyrme potential we can therefore use the analytical form

〈VSkyrme(ri0, t)〉 = α

(
ρint (ri0, t)

ρ0

)
+ β

(
ρint (ri0, t)

ρ0

)γ

. (9.9)

The expectation value of the Coulomb interaction can also be calculated analytically.
The expectation value of the Hamiltonian which enters in (9.2) is finally given by

〈H〉 = 〈T 〉 + 〈V 〉 (9.10)

=
∑
i

(√
p2i0 + m2 − m

)
+

∑
i

〈VSkyrme(ri0, t)〉.

p-A experiments have shown that the potential energy of nuclear matter does not
only depend on the density but also on the relative momentum between proton and
heavy ion. This momentum dependence is quite often neglected because it is diffi-
cult to implement in transport approaches. It is, however, important if one wants to
describe the data quantitatively becausemomentum dependent interactions influence
observables in a different way than static interactions. For example, themaximal den-
sity which is reached in heavy-ion reactions varies considerably as a function of the
centrality and so does the static interaction. The momentum dependent interaction,
on the contrary, remains constant. Here we introduce a potential which presents a fit
to the most recent data [19] which are presented in Fig. 9.1. We see that they changed
quite a bit as compared to the old data which are represented by a fit. This old fit
has been used up to now in all QMD and IQMD calculations [20]. The momentum
dependent part of the potential we parametrize by

Vmom(pi0,pj0) = exp

(
−c

√
(pi0 − pj0)2

) (
a(pi0 − pj0)2 + b(pi0 − pj0)4

)
,

ρ

ρ0

(9.11)
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Fig. 9.1 The optical potential as a function of the beam momentum in p-A collisions. We display
the old parametrization, used in IQMD calculations, with the new parametrization based on more
recent data

with the parameters

• a = 236.326 (MeV)−1

• b = −20.7304 (MeV)−2

• c = 0.901519MeV−1

where pi0,pj0 are the momenta of the nucleons in the center of mass system. We
assume that the potential depends linearly on the density. This parametrization is
shown as well in Fig. 9.1

The nuclear equation of state (EOS) describes the variation of the energy E(T =
0, ρ/ρ0)when changing the nuclear density in infinite matter to values different from
the saturation density ρ0 for zero temperature. In infinitematter the density is position
independent and we can use (9.11) to connect our Hamiltionian with nuclear matter
properties because for a given value of γ the parameters t1, t2 in (9.4) are uniquely
related to the coefficients α, β of the EoS, (9.11).

Twoof the 3 parameters of the static Skyrme potential can be fixed by the condition
that the energy per nucleon has a minimum of E

A (ρ0) = −16 MeV at ρ0.
The third equation is historically provided by fixing the compression modulus K

of nuclear matter, the inverse of the compressibility χ = 1
V

dV
dP , which corresponds

to the curvature of the energy at ρ = ρ0 (for T = 0 K) is given in Table9.1.

K = −V
dP

dV
= 9ρ2 ∂2(E/A(ρ))

(∂ρ)2
|ρ=ρ0 . (9.12)
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Table 9.1 Parameter sets for the nuclear equation of state used in the PHQMD model

EoS Soft (S) Hard (H) Soft Momentum (SM)

α (MeV) −383.5 −125.3 −478.87

β (MeV) 329.5 71.0 413.76

γ 1.15 2.0 1.10

K (MeV) 200 380 200

Fig. 9.2 The energy per nucleon for the three EoS: hard (dashed blue line), soft (solid blue line),
and soft momentum dependent (dashed orange line)

Here P is the pressure in the system of volume V . An EOS with a rather low value
of the compression modulus K yields a weak repulsion against the compression of
nuclear matter and thus describes “soft” matter (denoted by “S” or “SM”). A high
value of K causes a strong repulsion of nuclear matter under compression (called a
hard EoS, “H”). The hard and soft EOS used in this study are illustrated in Fig. 9.2.
Values of the parameters for the different model choices can be found in Table9.1.

The influence of the nucleon potential and hence of the EoS on hadronic observ-
ables as well as on the cluster formation in heavy-ion collisions is well established
at low energies (cf. e.g., [21]) where the nonrelativistic Hamiltonian formulation of
QMD (presented in this section) is applicable. With increasing bombarding ener-
gies a relativistic dynamics becomes more important. The relativistic formulation of
molecular dynamics has been developed in [15], however, the numerical realization
of this method for realistic heavy-ion calculations is still not achievable with present
computer power since it takes an about two orders of magnitude longer time to sim-
ulate the reaction due to the inversion of high dimensional matrices. Therefore, we
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are facing the problem of how to extend the nonrelativistic QMD approach to the
high energy collisions, considered in this study, within a framework which can be
numerically realized.

In order to extend our approach for relativistic energies, we introduce themodified
single-particle Wigner density f̃ of the the nucleon i

f̃ (ri,pi, ri0,pi0, t) = (9.13)

= 1

π3
e− 2

L (rTi (t)−rTi0(t))
2
e− 2γ 2cm

L (rLi (t)−rLi0(t))
2

×e− L
2 (pTi (t)−pTi0(t))

2
e
− L

2γ 2cm
(pLi (t)−pLi0(t))

2

,

which accounts for the Lorentz contraction of the nucleus in the beam z-direction,
in coordinate and momentum space by inclusion of γcm = 1/

√
1 − v2cm , where vcm

is a velocity of the bombarding nucleon in the initial NN center-of-mass system.
Accordingly, the interaction density (9.6) modifies as

ρ̃int (ri0, t) → C
∑
j

( 1

πL

)3/2
γcm e− 1

L (rTi0(t)−rTj0(t))
2

×e− γ 2cm
L (rLi0(t)−rLj0(t))

2
. (9.14)

With these modifications we obtain

〈H̃〉 =
∑
i

(√
p2i0 + m2 − m

)
+

∑
i

〈ṼSkyrme(ri0, t)〉 +
∑
i

〈Ṽmom(ri0,pi0, t)〉,
(9.15)

with

〈ṼSkyrme(ri0, t)〉 = α

(
ρ̃int (ri0, t)

ρ0

)
+ β

(
ρ̃int (ri0, t)

ρ0

)γ

, (9.16)

and

〈Vmom(pi0, ri0)〉 =
∑
j0 �=i0

exp

(
−c

√
(pi0 − pj0)2

) (
a(pi0 − pj0)2 + b(pi0 − pj0)4

)

×
⎛
⎜⎝
C

(
1

πL

)3/2
γcm e− 1

L (rTi0(t)−rTj0(t))
2
e− γ 2cm

L (rLi0(t)−rLj0(t))
2

ρ0

⎞
⎟⎠ ,(9.17)

with the time evolution equations (9.2).
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9.3 Energy Conservation

One of the essential conditions for a successful description of heavy-ion collisions
is the energy conservation during the interaction. We use here a 4th order Runge
Kutta approach to solve the system of coupled equations with a fixed time step (0.2
fm/c) method. Since all particles move on curved trajectories the time step should be
small. Also for the stability of fragments a time step of this order is necessary. Figure
9.3 shows the time evolution of the total energy per nucleon in the nucleus-nucleus
center ofmass system for a very peripheral Au+Au collisions at a beam energy of 600
AMeV.We display as well separately the kinetic energy and the potential energy. We
see that the energy is very well conserved in time. It varies for all equations of state
by less than 1% during 160 fm/c. The S and SM equation of state have a very similar
initial energy whereas the H equation of state has 3–4 MeV less energy. This is a
consequence of the fact that we use here the same initial distribution of the nucleons
in coordinate and momentum space for which the different equations of states give
different potential energies (only in infinite nuclear matter they agree at saturation
density). In order to have the same initial energy, we have to expand radially the
initial configuration of the nucleon in coordinate space by a small amount.

Fig. 9.3 The energy (Total, potential and kinetic) per nucleon for the three EoS: hard (dashed blue
line), soft (full blue line), and soft momentum dependent (dotted orange line)
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9.4 Results

It is very challenging to develop an approach which propagates clusters and baryons
consistently and no satisfying approaches have been developed so far. Therefore, in
the PHQMD approach we propagate baryons and mesons only and define a consis-
tent theoretical method which allows to identify clusters consisting of the propagated
nucleons. In our approach clusters are formed by the same nucleon–nucleon inter-
action which is active during the entire heavy-ion reaction. We call this dynamical
cluster formation in contradistinction to models where fragments are created instan-
taneously at a given time like in coalescence models. In this article we identify the
cluster by either the SACA [22, 23] or theMST algorithm [7]. The former is based on
the idea of Dorso and Randrup [24] that the most bound configuration of nucleons
and clusters, identified after the violent phase of the reaction, has a large overlap
with the final distribution of clusters and free nucleons. The ALADIN collaboration
has measured the cluster formation at beam energies between 600 AMeV and 1000
AMeV [25, 26], the largest beam energies for which cluster studies have been per-
formed. Therefore, we use these data to study the dependence of the cluster formation
on the nuclear equation of state. One of the key results of the ALADIN collaboration
is the “rise and fall” of the multiplicity of intermediate mass clusters 3 ≤ Z ≤ 30
emitted in forward direction. This multiplicity is presented as a function of the sum
of all forward emitted bound charges, Zbound 2 which can be expressed with help of
the � function:

Zbound 2 =
∑
i

Zi �(Zi − (1 + ε)),

with (0 < ε < 1). One obtains a distribution which is for Au projectiles almost inde-
pendent of the beam energy in the interval 600AMeV ≤ Ebeam ≤ 1000 AMeV and
also independent of the target size. We note, that in the original publication [25]
the intermediate mass cluster multiplicity has been overestimated due to misiden-
tified, mostly Z = 3, clusters which were in reality two α particles. Later, with an
improved apparatus, this has been realized for smaller systems. A re-measurement
for the Au+Au system has shown that the multiplicity of intermediate mass clusters
is about 15 % lower than published in [25] . The corrected rise and fall curve for
Au+Au reactions has been published in [27] and will be used for the comparison in
our study. Figure9.4 displays this rise and fall curve and the experimental results are
compared with the results for three EOS: S (left), SM (middle), and H (right).

We see a very different result for the three equations of state. Whereas the hard
equation of state agrees quite nicely with the data, the soft and soft momentum
dependent interaction give a quite different result. It is evident that a soft equation
of state makes the nuclei quite unstable, especially in semiperipheral and peripheral
interactions where Zbound 2 is large. Although the excitation energy of the projectile
and target remnants is small there the perturbation, caused by the interaction between
projectile and target, is sufficient to create instabilities.
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Fig. 9.4 Charged fragment multiplicity as a function of the total bound charge for the soft static
interaction (left), the soft momentum interaction (center), and the hard static interaction (right). The
fragments are identified with the SACA method

Another observable which is sensitive to the EOS is the in-plane flow, v1, the first
expansion coefficient of the Fourier series of the azimuthal distribution

dN

dφ
∝ 1 + 2v1cos(φ) + 2v2cos(2φ)....., (9.18)

with v1 =< cos(φ) >. It has been measured by the FOPI collaboration [28]. If the
EOS is harder the repulsive forces are larger but the same is true if the forces become
momentum dependent. The results of our calculations for central Au+Au reactions
at Ebeam = 1.5 AGeV are displayed in Fig. 9.5. There we plot v1 as a function of the
scaled rapidity y/y0, where y0 is the projectile rapidity in the center of mass system.
We see that indeed in central collision v1 for a SM EOS is larger than for a S and
comes close to that for a H EOS. We see as well that fragment shows a large v1
because they are mainly composed of nucleons which passed the transverse surface
of the overlap zone where the transverse forces are largest. Nucleons coming from
the center of the overlap zone show a smaller v1.

In conclusion, we presented the new PHQMD approach with special emphasis
on the different parametrization of the nuclear equation of state. We see that the
nuclear equation of state influences several observables, like the v1 and the cluster
production. We demonstrated as well that clusters have different properties in v1
as compared to single nucleons. This opens the possibility to use these data to fix
experimentally the nuclear EOS from heavy-ion data.



116 J. Aichelin et al.

Fig. 9.5 v1 for for central
collisions as a function of
y/y0 for cluster of different
size and for the three EOS
for central Au+Au collision
at Ebeam = 1.5 AGeV. y0 is
the projectile rapidity in the
center of mass system
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Chapter 10
PHSD—A Microscopic Transport
Approach for Strongly Interacting
Systems

E. L. Bratkovskaya, W. Cassing, P. Moreau, L. Oliva, O. E. Soloveva,
and T. Song

Abstract We present the basic ideas of the Parton–Hadron–String Dynamics
(PHSD) transport approach which is a microscopic covariant dynamical model for
strongly interacting systems formulated on the basis of Kadanoff–Baym equations
for Green’s functions in phase-space representation (in 1st order gradient expansion
beyond the quasiparticle approximation). The approach consistently describes the
full evolution of a relativistic heavy-ion collision from the initial hard scattering
and string formation through the dynamical deconfinement phase transition to the
strongly interacting quark-gluon plasma (sQGP) as well as hadronization and the
subsequent interactions in the expanding hadronic phase. The PHSD approach has
been applied to p+p, p+A, and A+A collisions from lower SIS to LHC energies
and been successful in describing a large number of experimental data including
single-particle spectra, collective flow and electromagnetic probes. Some highlights
of recent PHSD results will be presented.

10.1 Introduction

The phase transition from partonic degrees of freedom (quarks and gluons) to inter-
acting hadrons is a central topic of modern high-energy physics. In order to under-
stand the dynamics and relevant scales of this transition laboratory experiments
under controlled conditions are performed with relativistic nucleus-nucleus col-
lisions. Hadronic spectra and relative hadron abundances from these experiments
reflect important aspects of the dynamics in the hot and dense zone formed in the
early phase of the reaction and collective flows provide information on the transport
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properties of the medium generated on short time scales. Since relativistic heavy-ion
collisions start with impinging nuclei in their ground states a proper non-equilibrium
description of the entire dynamics through possibly different phases up to the final
asymptotic hadronic states—eventually showing some degree of equilibration—is
mandatory.

About 40 years ago cascade calculations have been employed for the description
of nucleus–nucleus collisions in the 1-2 AGeV range [1] which provided already
some good idea about the reaction dynamics including essentially nucleons, �-
resonances, pions, and kaons. These calculations have been based on the Boltz-
mann equation which, however, is entirely classical and lacks quantum statistics
appropriate for fermions and bosons. In particular the Pauli-blocking for nucleons
was found to be essential at lower bombarding energies and cascade calculations
were extended in line with the Uehling-Ulenbeck equation for fermions [2] incor-
porating also some mean-field potential calculated in Hartree approximation with
various two-body Skyrme forces. These types of transport models are denoted as
Boltzmann-Uehling-Uhlenbeck (BUU) or Vlasov-Uehling-Uhlenbeck (VUU) mod-
els [3, 4] and are still in use nowadays by some groups. Independently, Quantum
Molecular Dynamical (QMD) models [5] have been proposed in which the test
particles of the BUU/VUU approaches are replaced by Gaussians allowing for the
simulation of single events while keeping the fluctuations. Explicit isospin degrees
of freedom have been incorporated in IQMD [6], too. Since these types of mod-
els are based on a Hamiltonian with fixed two-body forces one could evaluate the
nuclear equation of state (EoS) at zero temperature or in thermal equilibrium and
one of the primary issues was to extract the nuclear EoS from heavy-ion data by
means of BUU/VUU or QMD calculations. Later on higher baryonic resonances as
well as mesons like η, K±, K 0, K̄ 0, ρ, ω, φ have been incorporated which led to
coupled-channel BUU (CBUU) approaches.

Apart from adding more hadronic degrees of freedom in BUU/VUU fully rela-
tivistic formulations have been carried out on the basis of some Lagrangian density
including a selected set of hadronic degrees of freedom [7–9]. All baryons in such
relativistic BUU (RBUU) models were propagated with scalar and vector self ener-
gies that were matched to reproduce collective flow data from heavy-ion collisions as
well as particle spectra. This was a necessary step to go ahead in bombarding energy
to ultra-relativistic p+A and A+A collisions, which were studied experimentally at
the CERN SPS in the nineties. However, when increasing the number of degrees of
freedom and adding high-mass short-lived resonances a lot of ambiguities entered
the RBUU models since the couplings between the different hadronic species were
unknown experimentally to a large extent. A way out was to incorporate the particle
production by string formation and decay in line with the LUND model [10] which
included only a formation time of hadrons (τF ≈ 0.8 fm/c) and a fragmentation func-
tion primarily fitted to hadron spectra from e+e− annihilation, where only a single
string is formed. Familiar versions are the Hadron-String-Dynamics (HSD) [11, 12]
or Ultra-relativistic Quantum Molecular Dynamics (UrQMD) [13] approaches that
have been applied to p+A and A+A reactions in a wide range of energies up to the
top SPS energy of 158 AGeV. In fact, a direct comparison between these two models
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for p+p and A+A collisions has provided very similar results for hadron spectra and
flows up to

√
sNN = 17.3 GeV [14]. Furthermore, a relativistic extension of the QMD

model—based on the NJL Lagrangian—has been proposed in [15] but not followed
up further except for a comparative study in [16].

By Legendre transformations the Hamiltonian density could be easily evaluated
in the RBUU models and the nuclear EoS in thermal (or chemical) equilibrium,
accordingly. However, it was soon noticed that with increasing temperature T and
baryon density ρB (or baryon chemical potential μB) the energy density was likely
to exceed some critical energy density (∼1 GeV/fm3) as indicated by early lattice
QCD (lQCD) calculations which also showed that with increasing T a restoration
of chiral symmetry should happen as seen from the temperature dependence of the
scalar quark condensate < q̄q > (T ). Furthermore, the interaction rates of strongly
interacting hadrons reached a couple of hundred MeV at high baryon density ρB

and temperature T such that the on-shell quasiparticle limit—applied in the stan-
dard models— became questionable. Furthermore, the spectral evolution especially
of vector mesons in a hot and dense environment became of primary interest since
the electromagnetic decay of vector mesons into dilepton pairs could be measured
experimentally and was considered as a primary probe for the restoration of chiral
symmetry in thesemedia. To this end the relativistic transport approachwas extended
to off-shell dynamics on the basis of the Kadanoff–Baym dynamics in the turn of the
Millenium [17–19] and it became possible to calculate the in-medium spectroscopy
of vector mesons in heavy-ion collisions [20]. On the other hand, experimental obser-
vations at the Relativistic Heavy Ion Collider (RHIC) indicated that a new medium
(Quark-Gluon Plasma (QGP)) was created in ultra-relativistic Au+Au collisions that
is interacting more strongly than hadronic matter. Moreover, in line with theoretical
studies in [21–23] the QCD medium showed phenomena of an almost perfect liquid
of partons [24, 25] as extracted from the strong radial expansion and the scaling of
elliptic flow v2(pT ) of mesons and baryons with the number of constituent quarks
and antiquarks [24].

The question about the properties of this (non perturbative) QGP liquid became
of primary interest as well as dynamical concepts describing the formation of
color neutral hadrons from colored partons (hadronization). A fundamental issue
for hadronization is the conservation of 4-momentum as well as the entropy problem
because by fusion/coalescence of massless (or low constituent mass) partons to color
neutral bound states of low invariant mass (e.g., pions) the number of degrees of free-
dom and thus the total entropy is reduced in the hadronization process [26–28]. This
problem—a violation of the second law of thermodynamics as well as the conserva-
tion of four-momentum and flavor currents—has been addressed in [29] on the basis
of the Dynamical QuasiParticleModel (DQPM) employing covariant transition rates
for the fusion of massive quarks and antiquarks to color neutral hadronic resonances
or strings. The DQPM is an effective field-theoretical model based on covariant
propagators for quarks/antiquarks and gluons that have a finite width in their spec-
tral functions (imaginary parts of the propagators). The determination/extraction of
complex self energies for the partonic degrees of freedom has been performed in
[30, 31] by fitting lattice QCD (lQCD) data within the DQPM and thus extracting
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a temperature-dependent effective coupling (squared) g2(T/Tc), where Tc denotes
the critical temperature for the phase transition from hadrons to partons. This tran-
sition at low baryon chemical potential was found to be a crossover and the critical
temperature Tc could be extracted from the lQCD data. In fact, the DQPM allows
for a simple and transparent interpretation of lattice QCD results for thermodynamic
quantities as well as correlators and leads to effective strongly interacting partonic
quasiparticles with broad spectral functions. For a review on off-shell transport the-
ory and results from the DQPM in comparison to lQCD we refer the reader to [32,
33].

Now a consistent dynamical approach—valid also for strongly interacting
systems—could be formulated on the basis of Kadanoff–Baym (KB) equations [17]
or off-shell transport equations in phase-space representation, respectively [17–19].
In the KB theory the field quanta are described in terms of dressed propagators with
complex selfenergies (as in the DQPM). Whereas the real part of the selfenergies
can be related to mean-field potentials (of Lorentz scalar, vector or tensor type), the
imaginary parts provide information about the lifetime and/or reaction rates of time-
like particles [32]. Once the proper (complex) selfenergies of the degrees of freedom
are known the time evolution of the system is fully governed by off-shell transport
equations (as described in [17, 32]).

10.2 The PHSD Approach

The Parton–Hadron–String-Dynamics approach is a microscopic covariant transport
model that incorporates effective partonic as well as hadronic degrees of freedom
and involves a dynamical description of the hadronization process from partonic to
hadronic matter. Whereas the hadronic part is essentially equivalent to the conven-
tional HSD approach [12] the partonic dynamics is based on the Dynamical Quasi-
particle Model [30, 31] which describes QCD properties in terms of single-particle
Green’s functions in the form

GR(ω, p) = (
ω2 − p2 − M2 + 2iγω

)−1
, (10.1)

where M denotes the (resummed) mass of the parton and γ its width, while (ω, p)

is the parton four-momentum. With the (essentially three) DQPM parameters for
the temperature-dependent effective coupling g2(T/Tc) fixed by lattice QCD results
the approach is fully defined in the partonic phase. We mention in passing that the
off-shell transport equations can be solved within an extended test particle Ansatz
[17, 32].

One might ask whether the quasiparticle properties—fixed in thermal
equilibrium—should be appropriate also for the non-equilibriumconfigurations. This
question is nontrivial and can only be answered by detailed investigations, e.g., on the
basis of Kadanoff–Baym equations. We recall that such studies have been summa-
rized in [32] for strongly interacting scalar fields that initially are far off-equilibrium
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and simulate momentum distributions of colliding systems at high relative momen-
tum. The results for the effective parameters M and γ , which correspond to the time-
dependent pole mass and width of the propagator (10.1), indicate that the quasipar-
ticle properties—except for the very early off-equilibrium configuration—are close
to the equilibrium mass and width even though the phase-space distribution of the
particles is far from equilibrium (cf. Figs. 8 to 10 in [32]). Accordingly, we will adopt
the equilibrium quasiparticle properties also for phase-space configurations out of
equilibrium as appearing in relativistic heavy-ion collisions. The reader has to keep
in mind that this approximation is well motivated, however, not fully equivalent to
the exact solution.

On the hadronic side PHSD includes explicitly the baryon and antibaryon octet
and decouplet, the 0−- and 1−-meson nonets as well as selected higher resonances
as in HSD [12]. Hadrons of higher masses (> 1.5 GeV in case of baryons and >

1.3 GeV in case of mesons) are treated as “strings” (color-dipoles) that decay to the
known (low-mass) hadrons according to the JETSET algorithm [10]. We discard an
explicit recapitulation of the string formation and decay and refer the reader to the
original work [10].

10.2.1 Hadronization

Whereas the dynamics of partonic as well as hadronic systems is fixed by the DQPM
or HSD, respectively, the change in the degrees of freedom has to be specified in
line with the lattice QCD equation of state. The hadronization, i.e., the transition
from partonic to hadronic degrees of freedom, has been introduced in [29, 34] and
is repeated here for completeness. The hadronization is implemented in PHSD by
local covariant transition rates, e.g., for q + q̄ fusion to a mesonic state m of four-
momentum p = (ω, p) at space-time point x = (t, x):

dNm(x, p)

d4xd4 p
= TrqTrq̄ δ4(p − pq − pq̄ ) δ4

(
xq + xq̄

2
− x

)
ωq ρq (pq ) ωq̄ ρq̄ (pq̄ )

×|vqq̄ |2 Wm(xq − xq̄ , (pq − pq̄ )/2) Nq (xq , pq ) Nq̄ (xq̄ , pq̄ ) δ(flavor, color). (10.2)

In (10.2) we have introduced the shorthand notation,

Tr j =
∑

j

∫
d4x j

∫
d4 p j

(2π)4
, (10.3)

where
∑

j denotes a summation over discrete quantum numbers (spin, flavor, color);
N j (x, p) is the phase-space density of parton j at space-time position x and four-
momentum p. In (10.2) δ(flavor, color) stands symbolically for the conservation
of flavor quantum numbers as well as color neutrality of the formed hadronic state
m which can be viewed as a color-dipole or “pre-hadron”. Furthermore, vqq̄(ρp) is
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the effective quark-antiquark interaction from the DQPM (displayed in Fig. 10 of
[31]) as a function of the local parton (q + q̄ + g) density ρp (or energy density).
Furthermore, Wm(x, p) is the dimensionless phase-space distribution of the formed
“pre-hadron”, i.e.,

Wm(ξ, pξ ) = exp

(
ξ 2

2b2

)
exp

(
2b2(p2ξ − (Mq − Mq̄)

2/4)
)
, (10.4)

with ξ = x1 − x2 = xq − xq̄ and pξ = (p1 − p2)/2 = (pq − pq̄)/2. The width
parameter b is fixed by

√〈r2〉 = b = 0.66 fm (in the rest frame) which corresponds to
an average rms radius of mesons. We note that the expression (10.4) corresponds to
the limit of independent harmonic oscillator states and that the final hadron-formation
rates are approximately independent of the parameter bwithin reasonable variations.
By construction the quantity (10.4) is Lorentz invariant; in the limit of instantaneous
hadron-formation, i.e., ξ 0 = 0, it provides a Gaussian dropping in the relative dis-
tance squared (r1 − r2)2. The four-momentum dependence reads explicitly (except
for a factor 1/2)

(E1 − E2)
2 − (p1 − p2)

2 − (M1 − M2)
2 ≤ 0, (10.5)

and leads to a negative argument of the second exponential in (10.4) favoring the
fusion of partons with low relative momenta pq − pq̄ = p1 − p2.

Some comments on the hadronization scheme are in order: The probability for a
quark to hadronize is essentially proportional to the time step dt in the calculation,
the number of possible hadronization partners in the volume dV ∼ 5 fm3, and the
transition matrix element squared (apart from the gaussian overlap function). For
temperatures above Tc the probability is rather small (� 1) but for temperatures
close to Tc and below Tc the matrix element becomes very large since it essentially
scales with the effective coupling squared g2(T/Tc) which is strongly enhanced in
the infrared. For a finite timestep dt—as used in the calculations—the probability
becomes larger than 1 which implies that the quark has to hadronize with some of
the potential antiquarks in the actual timestep if the temperature or energy density
becomes too low. Furthermore, the gluons practically freeze out close to Tc since
the mass difference between quarks and gluons increase drastically with decreasing
temperature and the reaction channel g ↔ q + q̄ is close to equilibrium. This implies
that all partons hadronize. Due to numerics some leftover partons may occur at the
end of the calculations which are forced to hadronize by increasing the volume dV
until they have found a suitable partner. In practice the forced hadronization was
only used for LHC energies where the computational time was stopped at ∼ 1000
fm/c when partons with rapidities close to projectile or target rapidity did not yet
hadronize due to time dilatation (γcm ≈ 1400).

Related transition rates (10.2) are defined for the fusion of three off-shell quarks
(q1 + q2 + q3 ↔ B) to a color neutral baryonic (B or B̄) resonances of finite width
(or strings) fulfilling energy and momentum conservation as well as flavor current
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conservation (cf. [34]). In contrast to the familiar coalescence models this hadroniza-
tion scheme solves the problem of simultaneously fulfilling all conservation laws and
the constraint of entropy production. For further details we refer the reader to [29,
34].

10.2.2 Initial Conditions

The initial conditions for the parton/hadron dynamical system have to be specified
additionally. In order to describe relativistic heavy-ion reactions we start with two
nuclei in their semi-classical groundstate, boosted toward each otherwith a velocityβ

(in z-direction), fixed by the bombarding energy. The initial phase-space distributions
of the projectile and target nuclei are determined in the local Thomas-Fermi limit
as in the HSD transport approach [12] or the UrQMD model [13]. We recall that
at relativistic energies the initial interactions of two nucleons are well described
by the excitation of two color neutral strings which decay in time to the known
hadrons (mesons, baryons, antibaryons) [10]. Initial hard processes—i.e., the short-
range high-momentum transfer reactions that can be well described by perturbative
QCD—are treated in PHSD (as in HSD) via PYTHIA. The novel element in PHSD
(relative to HSD) is the string melting concept as also used in the A Multi-Phase
Transport (AMPT) model [28] in a similar context. However, in PHSD the strings
(or possibly formed hadrons) are only allowed to melt if the local energy density
ε(x) (in the local rest frame) is above the transition energy density εc which in the
DQPM is εc ≈ 0.5 GeV/fm3. The mesonic strings then decay to quark-antiquark
pairs according to an intrinsic quark momentum distribution,

F(q) ∼ exp(−2b2q2) , (10.6)

in the meson rest frame (cf. (10.2) for the inverse process). The parton final four-
momenta are selected randomly according to themomentum distribution (10.6) (with
b= 0.66 fm), and the parton-energy distribution is fixed by the DQPM at given energy
density ε(ρs) in the local cell with scalar parton density ρs . The flavor content of the
qq̄ pair is fully determined by the flavor content of the initial string. By construction
the “string melting” to massive partons conserves energy and momentum as well as
the flavor content. In contrast to [28] the partons are of finite mass— in line with
their local spectral function—and obtain a random color c = (1, 2, 3) or (r, b, g)
in addition. Of course, the color appointment is color neutral, i.e., when selecting
a color c for the quark randomly the color for the antiquark is fixed by −c. The
baryonic strings melt analogously into a quark and a diquark while the diquark,
furthermore, decays to two quarks. Dressed gluons are generated by the fusion of
nearest neighbor q + q̄ pairs (q + q̄ → g) that are flavor neutral until the ratio of
gluons to quarks reaches the value Ng/(Nq + Nq̄) given by the DQPM for the energy
density of the local cell. This recombination is performed for all cells in space during
the passage time of the target and projectile (before the calculation continues with the
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next timestep) and conserves the four-momentum as well as the flavor currents. We
note, however, that the initial phase in PHSD is dominated by quark and antiquark
degrees of freedom [35].

Apart fromproton-proton, proton-nucleus or nucleus-nucleus collisions thePHSD
approach can alsobe employed to study theproperties of the interactinghadron/parton
system in a finite box with periodic boundary conditions [36]. To this aim the sys-
tem is initialized by a homogeneous distribution of test particles in a finite box with
a momentum distribution close to a thermal one. Note that in PHSD the system
cannot directly be initialized by a temperature and chemical potential since these
Lagrange parameters can only be determined when the system has reached a thermal
and chemical equilibrium, i.e., when all forward and backward reaction rates have
become equal; this is easy to check in the transport simulations.

10.2.3 Partonic Cross Sections

On the partonic side the following elastic and inelastic interactions are included
in PHSD qq ↔ qq, q̄q̄ ↔ q̄q̄ , gg ↔ gg, gg ↔ g, qq̄ ↔ g, qg ↔ qg, gq̄ ↔ gq̄
exploiting detailed-balance with cross sections calculated from the leading Feynman
diagrams employing the effective propagators and couplings g2(T/Tc) from the
DQPM[37].As an examplewe show inFig. 10.1 the leading order Feynmandiagrams
for the qq ′ → qq ′ and qq̄ → q ′q̄ ′ processes.

Partonic reactions such as g + q ↔ q or g + g ↔ q + q̄ have been discarded
in the present calculations due to their low rates since the large mass of the gluon
leads to a strong mismatch in the energy thresholds between the initial and final
channels. In this case q stands for the 4 lightest quarks (u, d, s, c). Furthermore,
the evaluation of photon and dilepton production is calculated perturbatively and
channels like g + q → q + γ are included. In this case the probability for photon
(dilepton) production from each channel is added up and integrated over space and

Fig. 10.1 Leading order Feynman diagrams for the qq ′ → qq ′ and qq̄ → q ′q̄ ′ processes. The
initial and final 4-momenta are ki and pi , and k f and p f , respectively. The indices i, j, k, l = 1 − 3
denote the quark colors, a = 1 − 8 the gluon colors while the quark flavor is indicated by the indices
α, β, δ, γ = u, d, s, ...
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time [33] without introducing any new parameter in the PHSD approach since the
electromagnetic coupling is well known.

Numerical tests of the parton dynamics with respect to conservation laws, interac-
tion rates in and out-off equilibrium in a finite box with periodic boundary conditions
have been presented in [39]. In fact, in [39] it was shown that the PHSD calculations
in the box give practically the same results in equilibrium as the DQPM. We note
in passing that the total energy is conserved in the box calculations up to about 3
digits while in the heavy-ion collisions addressed here in the following the violation
of energy conservation is typically less than 1% [34].

10.3 Transport Properties of the Partonic System

The starting point to evaluate viscosity coefficients of partonic matter is the Kubo
formalism [38] which was also used to calculate the viscosities within the PHSD in
a box with periodic boundary conditions (cf. [39]). We focus here on the calculation
of the shear viscosity based on [40] which reads

ηKubo(T, μq) = −
∫

d4 p

(2π)4
p2x p

2
y

∑

i=q,q̄,g

di
∂ fi (ω)

∂ω
ρi (ω, p)2 (10.7)

= 1

15T

∫
d4 p

(2π)4
p4

∑

i=q,q̄,g

di ((1 ± fi (ω)) fi (ω)) ρi (ω, p)2,

where the notation fi (ω) = fi (ω, T, μq) is used for the distribution functions, and ρi

denotes the spectral function of the partons, while di stand for the degeneracy factors.
We note that the derivative of the distribution function accounts for the Pauli-blocking
(–) and Bose-enhancement (+) factors. Following [41], we can evaluate the integral
over ω = p0 in (10.7) by using the residue theorem. When keeping only the leading
order contribution in the width γ (T, μB) from the residue—evaluated at the poles
of the spectral function ωi = ±Ẽ(p) ± iγ—we finally obtain

ηRTA(T, μq) = 1

15T

∫
d3 p

(2π)3

∑

i=q,q̄,g

p4

E2
i �i (p, T, μq)

di ((1 ± fi (Ei )) fi (Ei )) ,

(10.8)
which corresponds to the expression derived in the relaxation-time approximation
(RTA) [42] by identifying the interaction rate � with 2γ as expected from transport
theory in the quasiparticle limit [43]. We recall that γ is the width parameter in the
parton propagator (1). The interaction rate �i (p, T, μq) (inverse relaxation time)
is calculated microscopically from the collision integral using the differential cross
sections for parton scattering as described in Section 2.3.We, furthermore, recall that
the pole energy is E2

i = p2 + M2
i , where Mi is the pole mass given in the DQPM.
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Fig. 10.2 The ratio of shear viscosity to entropy density as a function of the scaled temperature
T/Tc for μB = 0 from (10.7)–(10.8). The solid green line (ηKubo/s) shows the results from the
original DQPM in the Kubo formalism while the dashed green line (ηRTA2γ /s) shows the same result

in the quasiparticle approximation (10.8). The solid red line (ηRTA�on /s) results from (10.8) using the
interaction rate �on calculated by the microscopic differential cross sections in the on-shell limit.
The dashed gray line demonstrates the Kovtun-Son-Starinets bound [44] (η/s)KSS = 1/(4π), and
the symbols show lQCD data for pure SU(3) gauge theory obtained within the Backus-Gilbert
method taken from [45] (pentagons)

We use here the notation
∑

j=q,q̄,g which includes the contribution from all possible
partons which in our case are the gluons and the (anti-)quarks of three different
flavors (u, d, s).

The actual results are displayed in Fig. 10.2 for the ratio of shear viscosity to
entropy density η/s as a function of the scaled temperature T/Tc for μB = 0 in
comparison to those from lattice QCD [45]. The solid green line (ηKubo/s) shows
the result from the original DQPM in the Kubo formalism while the dashed green
line (ηRTA

2γ /s) shows the same result in the relaxation-time approximation (10.8)
by replacing �i by 2γi . The solid red line (ηRTA

�on /s) results from (10.8) using the
interaction rate �on calculated by the microscopic differential cross sections in the
on-shell limit. We find that—apart from temperatures close to Tc—the ratios η/s do
not differ very much and have a similar behavior as a function of temperature. The
approximation (10.8) of the shear viscosity is found to be very close to the one from
the Kubo formalism (10.7) indicating that the quasiparticle limit (γ � M) holds in
the DQPM.

An overview for the ratio of shear viscosity to entropy density η/s as a function
of the scaled temperature T/Tc(μB) and μB is given Fig. 10.3 in case of the Kubo
formalism (a) (10.7) and the relaxation-time approximation (10.8) (b). There is no
strong variation with μB for fixed T/Tc(μB), however, the ratio increases slightly
with μB in the on-shell limit while it slightly drops with μB in the Kubo formalism
for the DQPM. Accordingly, there is some model uncertainty when extracting the
shear viscosity in the different approximations.
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Fig. 10.3 The ratio of shear viscosity to entropy density η/s as a function of the scaled temperature
T/Tc(μB) and baryon chemical potentialμB calculated within the Kubo formalism (a) from (10.7)
and in the Relaxation Time Approximation (RTA) (b) from (10.8) using the on-shell interaction rate
�on

In summarizing this section we find that the results for the ratio of shear viscos-
ity over entropy density from the original DQPM and those from the microscopic
calculations are similar and within error bars compatible with present results from
lattice QCD. However, having the differential cross sections for each partonic chan-
nel at hand one might find substantial differences for non-equilibrium configurations
as encountered in relativistic heavy-ion collisions where a QGP is formed initially
out-off equilibrium.

10.4 Observables from Relativistic Nucleus-Nucleus
Collisions

We briefly report on results from PHSD calculations at lower and intermediated
energies covered experimentally by the AGS (BNL) and SPS (CERN) with a focus
on central Au+Au or Pb+Pb collisions. In this energy range, the average baryon
chemical potential μB is essentially finite—contrary to RHIC and LHC energies—
and one might find some traces of the explicit μB dependence of the partonic cross
sections in observables. To this end, we compare results for the rapidity distributions
from the PHSD calculations based on the default DQPM parameters (PHSD4.0)
[46] with the new PHSD5.0 including the differential partonic cross sections for
the individual partonic channels at finite T and μB (cf. [37]). A comparison to the
available experimental data is included (for orientation) but not discussed explicitly
since this has been done in more detail in [46]. When implementing the differential
cross sections and parton masses into the PHSD5.0 approach one has to specify the
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Fig. 10.4 The rapidity distributions for 5% central Au+Au collisions at 10.7 AGeV for PHSD4.0
(green dot-dashed lines), PHSD5.0with partonic cross sections and partonmasses calculated forμB
= 0 (blue dashed lines) and with cross sections and parton masses evaluated at the actual chemical
potential μB in each individual space-time cell (red lines) in comparison to the experimental data
from the E866 [47], E877 [48], E891 [49], E877 [50], and E896 [51] collaborations. All PHSD
results are the same within the linewidth

Lagrange parameters T and μB in each computational cell in space-time. This has
been done by employing the DQPM equation of state, which is practically identical
to the lattice QCD equation of state, and a diagonalization of the energy-momentum
tensor from PHSD as described in [37].

Figure 10.4 displays the actual results for hadronic rapidity distributions in case of
5% central Au+Au collisions at 10.7 AGeV for PHSD4.0 (green dot-dashed lines),
PHSD5.0 with partonic cross sections and parton masses calculated for μB = 0 (blue
dashed lines), and with cross sections and parton masses evaluated at the actual
chemical potential μB in each individual space-time cell (red lines) in comparison
to the experimental data from the E866 [47], E877 [48], E891 [49], E877 [50],
and E896 [51] collaborations. Here we focus on the most abundant hadrons, i.e.,
pions, kaons, protons, and neutral hyperons. We note in passing that the effects of
chiral symmetry restoration are incorporated as in [46] since this was found to be
mandatory to achieve a reasonable description of the strangeness degrees of freedom
reflected in the kaon and neutral hyperon dynamics. As seen from Fig. 10.4 there is
no difference in rapidity distributions for all the hadron species from the different
versions of PHSD within linewidth which implies that there is no sensitivity to the
new partonic differential cross sections and parton masses employed. One could
argue that this result might be due to the low amount of QGP produced at this energy
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Fig. 10.5 The rapidity distributions for 5% central Pb+Pb collisions at 30 AGeV for PHSD4.0
(green dot-dashed lines), PHSD5.0 with partonic cross sections and parton masses calculated for
μB =0 (blue dashed lines) andwith cross sections and partonmasses evaluated at the actual chemical
potential μB in each individual space-time cell (red lines) in comparison to the experimental data
from theNA49Collaboration [52–54].All PHSDresults are practically the samewithin the linewidth

but the different PHSD calculations for 5% central Pb+Pb collisions at 30 AGeV in
Fig. 10.5 for the hadronic rapidity distributions do not provide a different picture,
too. Only when stepping up to the top SPS energy of 158 AGeV one can identify a
small difference in the antibaryon sector ( p̄, �̄ + �̄0) in case of 5% central Pb+Pb
collisions (cf. Fig. 10.6).

10.5 Summary

In this contribution, we have described the PHSD transport approach [33] and its
recent extension to PHSD5.0 [37] to incorporate differential “off-shell” cross sections
for all binary partonic channels that are based on the same effective propagators and
couplings as employed in the QGP equation of state and the parton propagation. To
this end we have recalled the extraction of the partonic masses and the coupling g2
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Fig. 10.6 The rapidity distributions for 5% central Pb+Pb collisions at 158 AGeV for PHSD4.0
(green dot-dashed lines), PHSD5.0with partonic cross sections and partonmasses calculated forμB
= 0 (blue dashed lines) and with cross sections and parton masses evaluated at the actual chemical
potential μB in each individual space-time cell (red lines) in comparison to the experimental data
from the NA49 Collaboration [55–58]. All PHSD results are the same within the linewidth except
for the antibaryons

from lattice QCD data (within the DQPM) and calculated the partonic differential
cross sections as a function of T and μB for the leading tree-level diagrams (cf.
Appendices of [37]). Furthermore, we have used these differential cross sections to
evaluate partonic scattering rates�i (T, μB) for fixed T andμB as well as to compute
the ratio of the shear viscosity η to entropy density s within the Kubo formalism in
comparison to calculations from lQCD. It turns out that the ratio η/s calculated with
the partonic scattering rates in the relaxation-time approximation is very similar to
the original result from theDQPMand to lQCD results such that the present extension
of the PHSD approach does not lead to different partonic transport properties. We
recall that the novel PHSD version (PHSD5.0) is practically parameter free in the
partonic sector since the effective coupling (squared) is determined by a fit to the
scaled entropy density from lQCD. The dynamical masses for quarks and gluons
then are fixed by the HTL expressions. The interaction rate in the time-like sector
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is, furthermore, calculated in leading order employing the DQPM propagators and
coupling.

When implementing the differential cross sections and parton masses into the
PHSD5.0 approach one has to specify the Lagrange parameters T and μB in each
computational cell in space-time. This has been done by employing the DQPM
equation of state, which is practically identical to the lattice QCD equation of state,
and a diagonalization of the energy-momentum tensor from PHSD as described in
[37].

In Sect. 10.4 we then have calculated 5% central Au+Au (or Pb+Pb) collisions and
compared the results for hadronic rapidity distributions from the previous PHSD4.0
with the novel version PHSD5.0 (with and without the explicit dependence of the
partonic differential cross sections and parton masses on μB). No differences for
all the hadron bulk observables from the various PHSD versions have been found
at AGS and FAIR/NICA energies within linewidth which implies that there is no
sensitivity to the new partonic differential cross sections employed. Only in case of
the kaons and the antibaryons p̄ and �̄ + �̄0, a small difference between PHSD4.0
and PHSD5.0 could be seen at top SPS energy, however, no clear difference between
the PHSD5.0 calculations with partonic cross sections for μB = 0 and actual μB in
the local cells.

Our findings can be understood as follows: The fact that we find only small
traces of the μB-dependence of partonic scattering dynamics in heavy-ion bulk
observables—although the differential cross sections and parton masses clearly
depend on μB—means that one needs a sizable partonic density and large space-
time QGP volume to explore the dynamics in the QGP phase. These conditions are
only fulfilled at high bombarding energies (top SPS, RHIC energies) where, how-
ever, μB is rather low. On the other hand, decreasing the bombarding energy to
FAIR/NICA energies and, thus, increasingμB , leads to collisions that are dominated
by the hadronic phase where the extraction of information about the parton dynamics
will be rather complicated based on bulk observables. Further investigations of other
observables (such as flow coefficients vn of particles and antiparticles, fluctuations
and correlations) might contain more visible μB−traces from the QGP phase.

Acknowledgements Theauthors acknowledge inspiringdiscussionswith J.Aichelin,H.Berrehrah,
C. Ratti, E. Seifert, A. Palmese, and T. Steinert. This work was supported by the LOEWE cen-
ter “HIC for FAIR”. Furthermore, P.M., L.O. and E.B. acknowledge support by the Deutsche
Forschungsgemeinschaft (DFG, German Research Foundation) through the grant CRC-TR 211
’Strong-interactionmatter under extreme conditions’—Project number 315477589—TRR211.O.S.
acknowledges support from HGS-HIRe for FAIR; L.O. and E.B. thank the COST Action THOR,
CA15213. The computational resources have been provided by the LOEWE-Center for Scientific
Computing.



134 E. L. Bratkovskaya et al.

References

1. J. Cugnon, Monte Carlo calculation of high-energy heavy-ion interactions. Phys. Rev. C 22,
1885–96 (1980)

2. E.A. Uehling, G.E. Uhlenbeck, Transyort phenomena in Einstein-Bose and Fermi-Dirae gases.
I. Phys. Rev. 43, 552–561 (1932)

3. G.F. Bertsch, S.Das Gupta, Guide to microscopic models for intermediate-energy heavy ion
collisions. Phys. Rep. 160, 189 (1988)

4. W. Cassing, V. Metag, U. Mosel, K. Niita, Production of energetic particles in heavy ion
collisions. Phys. Rep. 188, 363 (1990)

5. J.Aichelin,H. Stöcker,Quantummolecular dynamics.ANovel approach toNbody correlations
in heavy ion collisions. Phys. Lett. B 176, 14–19 (1986)

6. C. Hartnack, R.K. Puri, J. Aichelin, J. Konopka, S.A. Bass, H. Stöcker, W. Greiner, Modeling
the many body dynamics of heavy ion collisions: present status and future perspective. Eur.
Phys. J. A 1, 151–169 (1998)

7. C.M. Ko, Q. Li, Ren-ChuanWang, Relativistic Vlasov equation for heavy ion collisions. Phys.
Rev. Lett. 59, 1084–1087 (1987)

8. B.Blaettel,V.Koch,W.Cassing,U.Mosel,CovariantBoltzmann-Uehling-Uhlenbeck approach
for heavy-ion collisions. Phys. Rev. C 38, 1767–1775 (1988)

9. T. Maruyama, W. Cassing, U. Mosel, S. Teis, K. Weber, Covariant Boltzmann-Uehling-
Uhlenbeck approach for heavy-ion collisions. Nucl. Phys. A 573, 653–675 (1994)

10. H.-U. Bengtsson, T. Sjöstrand, The LundMonte-Carlo for hadronic processes PYTHIA version
4.8. Comput. Phys. Commun. 46, 43–82 (1987)

11. W. Ehehalt, W. Cassing, Relativistic transport approach for nucleus nucleus collisions from
SIS to SPS energies. Nucl. Phys. A 602, 449–486 (1996)

12. W. Cassing, E.L. Bratkovskaya, Hadronic and electromagnetic probes of hot and dense nuclear
matter. Phys. Rep. 308, 65–233 (1999)

13. S.A. Bass et al., Microscopic models for ultrarelativistic heavy ion collisions. Prog. Part. Nucl.
Phys. 41, 255–369 (1998)

14. E.L. Bratkovskaya, M. Bleicher, M. Reiter, S. Soff, H. Stöcker, M. van Leeuwen, S.A. Bass,
W. Cassing, Strangeness dynamics and transverse pressure in relativistic nucleus-nucleus col-
lisions. Phys. Rev. C 69, 054907 (2004)

15. R. Marty, J. Aichelin, Molecular dynamics description of an expanding q/q plasma with the
Nambu-Jona-Lasinio model and applications to heavy ion collisions at energies available at
the BNL relativistic heavy ion collider and the CERN large hadron collider. Phys. Rev. C 87,
034912 (2013)

16. R. Marty, E. Bratkovskaya, W. Cassing, J. Aichelin, Observables in ultrarelativistic heavy-ion
collisions from two different transport approaches for the same initial. Phys. Rev. C 92, 015201
(2015)

17. S. Juchem, W. Cassing, C. Greiner, Quantum dynamics and thermalization for out-of-
equilibrium theory, Phys. Rev. D 69, 025006; (2004). Nonequilibrium quantum-field dynamics
and off-shell transport for -theory in dimensions. Nucl. Phys. A 743, 92–126 (2004)

18. W. Cassing, S. Juchem, Nucl. Phys. A 665, 377 (2000); ibid A 672, 417 (2000)
19. Y.B. Ivanov, J. Knoll, D.N. Voskresensky, Resonance transport and kinetic entropy. Nucl. Phys.

A 672, 313–356 (2000)
20. E.L. Bratkovskaya, W. Cassing, Dilepton production and off-shell transport dynamics at SIS

energies. Nucl. Phys. A 807, 214–250 (2008)
21. E. Shuryak, Why does the quark-gluon plasma at RHIC behave as a nearly ideal fluid. Prog.

Part. Nucl. Phys. 53, 273–303 (2004)
22. M.H. Thoma, J. Phys. G 31, L7 (2005); Nucl. Phys. A 774, 307 (2006)
23. A. Peshier, W. Cassing, The hot nonperturbative gluon plasma is an almost ideal colored liquid.

Phys. Rev. Lett. 94, 172301 (2005)



10 PHSD—A Microscopic Transport Approach for Strongly Interacting Systems 135

24. I. Arsene, et al., Quark-gluon plasma and color glass condensate at RHIC? The perspective
from the BRAHMS experiment. Nucl. Phys. A 757, 1–27 (2005); B.B. Back et al., The PHO-
BOS perspective on discoveries at RHIC. Nucl. Phys. A 757, 28–101 (2005); J. Adams et al.,
Experimental and Theoretical Challenges in the search for the quark-gluon plasma: the STAR
collaboration’s critical evidence from the RHIC collisions. Nucl. Phys. A 757, 102 (2005); K.
Adcox et al., Formation of dense partonic matter in relativistic nucleus-nucleus collisions at
RHIC: experimental evaluation by the PHENIX collaboration. Nucl. Phys. A 757, 184–283
(2005)

25. T. Hirano, M. Gyulassy, Perfect fluidity of the quark-gluon plasma core as seen through its
dissipative hadronic corona. Nucl. Phys. A 769, 71–94 (2006)

26. R.C. Hwa, C.B. Yang, Scaling behavior at high pT and the p-p ratio. Phys. Rev. C 67, 034902
(2003); V. Greco, C.M. Ko, P. Levai, Parton coalescence and the antiproton/pion anomaly at
RHIC. Phys. Rev. Lett. 90, 202302 (2003)

27. R.J. Fries,B.Müller,C.Nonaka, S.A.Bass, Parton coalescence and the antiproton/pion anomaly
at RHIC. Phys. Rev. Lett. 90, 202303 (2003)

28. Z.-W. Lin et al., Multiphase transport model for relativistic heavy ion collisions. Phys. Rev. C
72, 064901 (2005)

29. W. Cassing, E.L. Bratkovskaya, Parton transport and hadronization from the dynamical quasi-
particle point of view. Phys. Rev. C 78, 034919 (2008)

30. W. Cassing, QCD thermodynamics and confinement from a dynamical quasiparticle point of
view. Nucl. Phys. A 791, 365–381 (2007)

31. W. Cassing, Dynamical quasiparticles properties and effective interactions in the sQGP. Nucl.
Phys. A 795, 70–97 (2007)

32. W. Cassing, From Kadanoff-Baym dynamics to off-shell parton transport E. Phys. J. ST 168,
3–87 (2009)

33. O. Linnyk, E.L. Bratkovskaya,W. Cassing, EffectiveQCDand transport description of dilepton
and photon production in heavy-ion collisions and elementary processes. Prog. Part. Nucl. Phys.
87, 50 (2016)

34. W. Cassing, E.L. Bratkovskaya, Parton-Hadron-String Dynamics: an off-shell transport
approach for relativistic energies. Nucl. Phys. A 831, 215 (2009)

35. P. Moreau, O. Linnyk, W. Cassing, E. Bratkovskaya, Examinations of the early degrees of
freedom in ultrarelativistic nucleus-nucleus collisions. Phys. Rev. C 93, 044916 (2016)

36. V. Ozvenchuk, O. Linnyk, M.I. Gorenstein, E.L. Bratkovskaya, W. Cassing, Dynamical equili-
bration of strongly interacting infinite-parton matter within the parton-hadron-string dynamics
transport approach. Phys. Rev. C 87, 024901 (2013)

37. P. Moreau, O. Soloveva, L. Oliva, T. Song, W. Cassing, E.L. Bratkovskaya, Exploring the
partonic phase at finite chemical potential within an extended off-shell transport approach.
Phys. Rev. C 100, 014911 (2019)

38. R. Kubo, Statistical-mechanical theory of irreversible processes. J. Phys. Soc. Jpn. 12, 570
(1957)

39. V. Ozvenchuk, O. Linnyk, M.I. Gorenstein, E.L. Bratkovskaya, W. Cassing, Shear and bulk
viscosities of strongly interacting infinite- parton-hadronmatterwithin the parton-hadron-string
dynamics transport approach. Phys. Rev. C 87, 064903 (2013)

40. G. Aarts, J.M.Martinez Resco, Transport coefficients, spectral functions and the lattice. J. High
Energy Phys. 04, 053 (2002)

41. R. Lang, N. Kaiser, W. Weise, Shear viscosities from Kubo formalism in a large-Nc Nambu-
Jona-Lasinio model. Eur. Phys. J. A 48, 109 (2012)

42. C. Sasaki, K. Redlich, Bulk viscosity in quasiparticle models. Phys. Rev. C 79, 055207 (2009)
43. J.-P. Blaizot, E. Iancu, A Boltzmann equation for the QCD plasma. Nucl. Phys. B 557, 183–236

(1999)
44. P.K. Kovtun, D.T. Son, A.O. Starinets, Viscosity in strongly interacting quantum field theories

from Black Hole physics. Phys. Rev. Lett. 94, 111601 (2005)
45. N. Astrakhantsev, V. Braguta, A. Kotov, Temperature dependence of shear viscosity of SU(3)-

gluodynamics within lattice simulation. J. High Energy Phys. 04, 101 (2017)



136 E. L. Bratkovskaya et al.

46. A. Palmese,W. Cassing, E. Seifert, T. Steinert, P.Moreau, E.L. Bratkovskaya, Chiral symmetry
restoration in heavy-ion collisions at intermediate energies. Phys. Rev. C 94, 044912 (2016)

47. Y. Akiba et al., Dynamics of ultrarelativistic nuclear collisions with heavy beams: an experi-
mental overview, (E802 Collaboration). Nucl. Phys. A 610, 139–152 (1996)

48. R. Lacasse et al., Hadron yields and spectra in Au+Au collisions at the AGS, (E877 Collabo-
ration). Nucl. Phys. A 610, 153–164 (1996)

49. S. Ahmad et al., Lamda production by 11.6 A GeV/c Au beam on Au target. Phys. Lett. B
382, 35 (1996); Lamda production by 11.6 A GeV/c Au beam on Au target. Phys. Lett. B 386,
496(E) (1996)

50. J. Barrette et al., Lamda production and flow in Au+Au collisions at 11.5 A GeV/c, (E877
Collaboration). Phys. Rev. C 63, 014902 (2001)

51. S. Albergo et al., Spectra in 11.6 AGeV/c Au-Au collisions. Phys. Rev. Lett. 88, 062301 (2002)
52. C. Alt et al., Energy and centrality dependence of p and p production and the ratio in Pb+Pb

collisions between 20A GeV and 158A GeV, (NA49 Collaboraion). Phys. Rev. C 73, 044910
(2006)

53. C. Alt et al., Pion and kaon production in central Pb + Pb collisions at 20 A and 30 A GeV:
Evidence for the onset of deconfinement, (NA49 Collaboration). Phys. Rev. C 77, 024903
(2008)

54. C. Alt et al., Energy dependence of Lamda and Epsilon production in central Pb + Pb collisions
at 20 A, 30 A, 40 A, 80 A, and 158 A GeV measured at the CERN Super Proton Synchrotron,
(NA49 Collaboration). Phys. Rev. C 78, 034918 (2008)

55. S.V. Afanasiev et al., Energy dependence of pion and kaon production in central Pb+Pb colli-
sions, (NA49 Collaboration). Phys. Rev. C 66, 054902 (2002)

56. T. Anticic et al., Lamda and Lamda bar production in central Pb-Pb collisions at 40, 80, and
158 AGeV, (NA49 Collaboration). Phys. Rev. Lett. 93, 022302 (2004)

57. T. Anticic et al., Centrality dependence of proton and antiproton spectra in Pb + Pb colli-
sions at 40 A GeV and 158 A GeV measured at the CERN super proton synchrotron (NA49
Collaboration). Phys. Rev. C 83, 014901 (2011)

58. T. Anticic et al., System-size and centrality dependence of charged kaon and pion production in
nucleus-nucleus collisions at 40 A GeV and 158 A GeV beam energy, (NA49 Collaboration).
Phys. Rev. C 86, 054903 (2012)



Chapter 11
Influence of the Neutron Skin of Nuclei
on Observables

Christoph Hartnack, Arnaud Le Févre, Yvonne Leifels, and Jörg Aichelin

Abstract We use the Isospin-dependent Quantum Molecular Dynamics approach
to analyze the influence of the neutron skin on hadronic observables in heavy-ion
collisions at 400 AMeV incident energy. While the most observables on the behavior
of nucleons seem to be only slightly affected, the isospin ratios of pions show a quite
significant effect. It is found that the comparison of the centrality dependence at
different energies allows to gain information on the neutron skin of the nuclei on one
hand, but also on other ingredients like the nuclear equation of state of asymmetric
matter.

11.1 Introduction

One of the main interests of the study of relativistic heavy-ion collisions is the
investigation of the properties of nuclear matter at extreme densities and excitation
energies. These investigations include dynamical observables of nucleons on one side
but also the production of secondary particles on the other side, where the pion is the
“cheapest” in production and thus the most prominent produced particle in heavy-
ion collisions beyond 1 AGeV. For our calculations we use the isospin-dependent
quantum molecular dynamics (IQMD) approach [1], a microscopic transport model
calculating heavy-ion collisions on an event-by-event basis. In the first part we will
concentrate on the production of pions, especially on their isospin ratios, where
recently a strong dependence on the neutron skin has been reported [2]. For this we
will first describe how the production of pions is done in IQMD and how the density
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profiles of protons and neutrons are described in IQMD model. Afterwards we will
recall the influence of neutron skin on the isospin ratios of pions and study whether
other observables might be affected as well.

11.1.1 Pion Production in IQMD

IQMD decomposes, as many other microscopic transport models [3–5] do simi-
larly, the interaction of nucleons into a long-range part described by local two-body
potentials and a short-range part related to the effect of stochastic collisions. The
long-range term leads to nuclear potentials, which become important for the stability
of the nucleus and also touch topics like the nuclear equation of state [6]. We will
shortly summarize the important part of the collision term and refer for a detailed
description of both parts and their application in IQMD on [7]. Particles in IQMD
are described as Gaussian wave packages in coordinate and momentum space, where
the centroides of these packages are propagated by Hamilton’s equation of motion.
Two particles collide if their minimum distance d, i.e., the minimum relative distance
of the centroids of the Gaussians during their motion, in their centre of mass (CM)
frame fulfills the requirement:

d ≤ d0 =
√

σtot

π
, σtot = σ(

√
s, type). (11.1)

The total cross section is assumed to be the free cross section of the regarded collision
type (N − N , N − �, …). The cross sections for elastic and inelastic collisions are
obtained by a table lookup using experimentally measured cross sections (when
available) or derived from available cross sections using symmetry assumptions and
detailed balance.

The pion production in IQMD is done via the �-channel, where deltas can be
produced in nucleon-nucleon (NN ) collisions but also be reabsorbed in N� colli-
sions. The � decays and produces a free pion, which can be reabsorbed in collisions
with a nucleon and form a � again:

NN ↔ N� � ↔ Nπ. (11.2)

These reactions have to comply with detailed balance and isospin effects have to
be taken into account by the use of Clebsch-Gordon coefficients. For more details
see [8].

The production of pions in IQMDhas successfully been tested by various compar-
isons with experimental measurements performed by the FOPI collaboration at GSI
[9]. Giving an example taken from [10], Fig. 11.1 compares the excitation function
of the total pion yield in Au+Au collisions measured by FOPI to IQMD calculations
(left-hand side). For this purpose, the events calculated by IQMD have undergone
the same analysis procedures as the experimental data. The multiplicities calculated
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Fig. 11.1 Comparison between IQMD calculations and FOPI results on the absolute pion number
as function of the incident energy (left) and of the rapidity distribution of π− in collisions of Au+Au
at 1.5 AGeV (right). (from [10])

by IQMD are slightly higher than those obtained by FOPI but the excitation func-
tions show nicely the same behavior. Figure 11.1 compares on the right-hand side
the rapidity distributions of negative pions in central collisions. As already stated
before, IQMD shows slightly larger absolute pion yields; therefore, it is not aston-
ishing that the absolute numbers of the rapidity distribution are also higher than the
experimental points. However, the structure of the distribution is quite similar. The
distribution is peaked at midrapidity underlining that most of the pions are produced
by first collisions or in collisions of the stopped participant matter. Afterwards they
will undergo rescattering. This will become important later on when we will discuss
the influence of the neutron skin.

11.1.2 Density Profiles of Protons and Neutrons

In standard IQMD calculations the centroids of the Gaussians are distributed inside
a sphere in the rest frame of the nucleus according to

(�ri − �rCM)
2 ≤ R2

A RA = R0A
1/3, (11.3)

where �ri and �rCM are the position vectors of particle i and of the center-of-mass of the
nucleus, respectively, and A = Z + N is the number of nucleons of the nucleus. The
radius parameter is chosen as R0 = 1.12 fm. This initialization, which we will call
“RP = RN ”, assures the same rms radius for protons and neutrons even for heavy
isospin-asymmetric systems. Consequently, for nuclei with neutron numbers higher
than those of the protons the neutrons have systematically a higher density than the
protons in the whole nucleus. It should be noted that most other microscopic models
with the exception of [11] use a similar procedure yielding the same rms radius for
neutrons and protons. If we want to keep the same density of protons and neutrons
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Fig. 11.2 Profiles of proton andneutron densities and for the charge ration Z/A(r) for initialisations
assuming RP = RN (left) and RP < RN (right)

at least in the centre of the nucleus we are forced to allow protons and neutrons to
have different rms radii. This can be obtained by distributing the centroids of the
Gaussians according to

RP = R0 · (2Z)1/3; RN = R0(2N )1/3. (11.4)

Here RP and RN denote the radii for protons and neutrons. This initialization, which
we will call “RP < RN ”, yields, however, a difference of around 0.5 fm for the rms
radii of protons and neutrons in a system like 197Au.

In Fig. 11.2 the density profiles of protons (dotted lines) and neutrons (full lines)
are presented for a 197Au nucleus if we use both initializations RP = RN (left-hand
side) and RP < RN (right-hand side). While for the first one the charge density
Z/A(R) (dashed line) remains constant over the whole nucleus, this ratio varies
strongly for RP < RN . It should be noted that the rescattering cross sections of π−
with neutrons are higher than those with protons—and analogously those of π+ with
protons are higher than those with neutrons; therefore, this difference in density has
an effect on the isospin ratios [2].

11.2 The Effect of the Neutron Skin on the Isospin Ratio

The study of the isospin ratio π−/π+ at 400 AMeV has been frequently proposed
as a possibility for determining the nuclear equation of state of asymmetric matter
[12–15]. The reason for this energy choice is due to the effect that at this energy
the FOPI collaboration has measured quite high values of this ratios for the sys-
tem Au+Au [9]. Since this ratio could not be explained by many simulation models
(IQMD included) it was assumed that this might be related to the density depen-
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dence of the asymmetry potential. A very common description is to scale the density
dependence of the asymmetry potential with an exponent γ . The (classical) linear
dependence thus corresponds to γ = 1, a soft asy-eos to γ < 1 and a hard one to
γ > 1. Here we want to compare its influence with the effect of the neutron skin of
the nucleus and try to disentangle the different contributions.

11.2.1 Centrality Dependence at 400 AMeV

Figure 11.3 presents on the left-hand side the effect of the equation of state of
asymmetric matter: for an incident energy of 400 AMeVwe see a significant effect
for central collisions. A softer asy-eos (blue dashed line) enhances the π−/π+ ratio
with respect to a hard one (black dotted line). However this effect gets weaker when
going to peripheral collisions. Nevertheless all calculations show a strong rise of the
ratio when going to high impact parameters. While the decreasing significance of the
asy-eos when going to peripheral collisions is due to the smaller densities reached in
such collisions the global rise of the ratios is due to the neutron skin, as it can be seen
on the right-hand side. Here we compare the effects of the initializations RP < RN

(neutron skin, red full line) and RP = RN (no neutron skin, blue dashed line). When
applying a neutron skin the ratios become higher than without such a skin. Note that
the calculations on the left-hand side were done with a neutron skin. The reason for
this is the rescattering of the pions.We will shortly sketch the argument line—amore
detailed study of this effect can be found in [2]. In case of a neutron skin the pions
leaving the system will have their last interaction matter dominated by neutrons.
Neutron rich matter acts differently on π− and π+: while for π− rescattering will

Fig. 11.3 Impact parameter dependence of the ratio π−/π+ in collisions of Au (400 AMeV)+Au.
Left: influence of the equation of state of asymmetric matter, right: influence of neutron skin and
delta Pauli blocking
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lead to an intermediate �− which decays only by �− → nπ− and thus does not
influence the π− yield, a rescattering of a π+—yielding a �+—will reproduce a π+
with a probability of only one third. Thus theπ+ yieldwill be penalizedwhen passing
neutron dominated matter. This effect even is enhanced by the Pauli blocking of the
delta decay: the high density of neutrons will add a penalty to the the �+ → nπ+
channel and reduce the π+ yield even more. The Pauli blocking also acts on the
channel �− → nπ−, but since there is no concurrent channel, this will only delay
the decay of the delta, but it does not change the π− yield. This effect can be seen
when disabeling it: a calculation without Pauli blocking of the delta decay (black
dotted line) yields even smaller ratios.

11.2.2 Dependence of the Ratio on the Incident Energy

How to disentangle these effects? The FOPI collaboration had shown that the isospin
ratios in central collisions decreasewhen increasing the incident energy. Additionally
at these energies the isospin ratios could be explained by IQMD (and other mod-
els) without any assumption on the density dependence of the asymmetry poten-
tial. Figure 11.4 presents the same analysis as in Fig. 11.3 but for now for Au
(1200 AMeV)+Au. Indeed, for central collisions we see smaller values of the isospin
ratios and the differences due to the equation of state of asymmetric matter vanish
completely. However, the effect of the neutron skin becomes very prominent at
peripheral collisions while the influence of the Pauli blocking in the delta decay dis-
appears as well. Here we get a very good handle to test the neutron skin from π−/π+
ratios at high energies: from comparison of central and very peripheral collisions we
may estimate the thickness of the neutron skin. A more detailed investigation of that
procedure is presented in [16], where more refined parametrizations of the neutron
skin are studied and applied to different nuclei like 48Ca or 208Pb. Once the question
of the neutron skin is fixed at higher energies, one may attack the other effects at low
energies.

11.3 Influence of the Neutron Skin on Other Observables

Since standard IQMD calculations were done without any neutron skin it should
now be investigated whether this feature influences other variables, knowing that
standard IQMDwas already very successful in describingmany physical observables
including the dynamics of charged particles [6] and the production of strangeness
[10]. Therefore, we will analyze the influence of the neutron skin on variables related
to stopping and transverse pressure, to transverse and elliptic flow and to strangeness
production. It should also be noted that the absolute total pion yield (see, e.g., Fig.
11.1) is not affected by the neutron skin. The rescattering of pions in neutron rich
matter only changes their isospin flavors. We will compare dynamical observables
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Fig. 11.4 Impact parameter dependence of the ratio π−/π+ in collisions of Au(400 AMeV)+Au.
Left: influence of the equation of state of asymmetric matter, right: influence of neutron skin and
delta Pauli blocking

for protons and neutrons using calculations with and without neutron skin. In the
following figures we will mark protons with red full lines when using RP = RN and
with blue dashed lines for RP < RN . Neutrons are presented by magenta dashed-
dotted lines for RP = RN and by cyan dotted lines for RP < RN .

11.3.1 Observables Related to Stopping on Transverse
Pressure

Let us first look on the rapidity distribution of protons and neutrons in a semipe-
ripheral reaction of Au+Au at 400 AMeV incident energy. Figure 11.5 shows on the
left-hand side the rapidity distribution of protons and neutrons. Up to the difference
of absolute numbers there is no significant effect. The right-hand side presents the
transverse energy ratio Erat = Etrans/Elong for protons and neutrons. An isotropic
system would yield a value of 2, higher values correspond to the dominance of
the transverse direction, lower to the dominance of the longitudinal direction, e.g.,
for incomplete stopping. We see very similar behavior for protons and neutrons,
independently of the use of the neutrons skin. Similarly the transverse momentum
distribution dN/pT dpT at central rapidity shown on the left-hand side Fig. 11.6 is
very similar for all cases. Also the mean transverse momentum show no significance.
Only for very peripheral systems there seems to be a slight enhancement for neutrons,
independent of the choice on the neutron skin.
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Fig. 11.5 Stopping in Au(400AMeV)+Au. Left: rapidity distribution for b= 6 fm, right: centrality
dependence of Erat = Etrans/Elong

Fig. 11.6 Transverse momentum in Au(400 AMeV)+Au. Left: Transverse momentum distribution
for b = 6 fm, right: Mean value of the transverse momentum as a function of centrality

11.3.2 Observables Related to Transverse and Elliptic Flow

Next let us focalize on directed flow of protons and neutrons. From the left-hand side
of Fig. 11.7 we see that in calculations without neutron skin (RP = RN ) we yield
slightly higher flow in semiperipheral collisions, an effect that can also be seen in
the centrality dependence of the directed flow parameter v1 at the right-hand side.
However, the effects are quite small. Similarly it seems that the elliptic flow is a
bit stronger negative without neutron skin. Even if this can hardly be seen in the
azimuthal distribution on the left-hand side of Fig. 11.8 the centrality dependence
of v2 on the right-hand side shows some indication of this effect for semiperipheral
collisions.
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Fig. 11.7 Transverse flow Au(400 AMeV)+Au. Left: In plane momentum as a function of rapidity
for = 6 fm, right: centrality dependence of v1 in forward direction

Fig. 11.8 Elliptic flow in Au(400 AMeV)+Au. Left: Azimuthal momentum distribution at
midrapidty for b = 6 fm, right: centrality dependence of v2 at midrapidity

11.3.3 Strangeness Production

Strangeness production below the energetic threshold of the elementary production
is a process which is strongly related to the properties of the high-density region
build up during the compression phase of the reaction. The basic key is a multistep
process forming first a delta in a high energetic collision of two nucleons followed
by a collision of this delta with another nucleon in order to form a kaon-hyperon
pair. Since the delta decay is a process strongly concurring to that channel, short
mean free pathes are needed. Thus strangeness production is very sensitive on the
density reached in the reaction. For details see [10]. This is also the reason why kaon
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Fig. 11.9 Strangeness production in Au(1230 AMeV)+Au. Left: centrality dependence of K+ for
hard and soft eos. right: centrality dependence of K− for hard and soft eos

production has been found to be very sensitive on the nuclear equation of state: a
soft eos yield larger kaon numbers than a hard one [17].

The left-hand side of Fig. 11.9 demonstrates nicely this feature. However, no
influence of the neutron skin can be seen. The production of K− is dominated by
charge exchange reactions of hyperons which relates the number of K− to that of K+
yielding an analogues eos dependence. It has been shown by theory and experiment
that the K−/K+ ratio is roughly constant as a function of centrality. Similarly to K+
no effects of the neutron skin on the K− yield can be observed.

11.4 Conclusion

In this article, the influence of the neutron skin on the isospin ratio of pions π−/π+
has been discussed. It has been shown that due to rescattering a neutron skin is able to
enhance this ratio in collisions of Au (400 AMeV)+Au. This enhancement becomes
very significant at very peripheral collisions and gets even more prominent when
going up in the incident energy. The effect of the equation of state of asymmet-
ric matter only shows up at low-incident energy and dominate in central collisions.
Therefore, a procedure of disentangling the effects can be proposed by measuring
the full impact parameter dependence of π−/π+ at low and at high incident energies.
From the comparison of high precision data to simulation one may thus reveal better
information on the neutron skin and get another handle to attack the nuclear equation
of state of asymmetric matter. Furthermore it was found that the neutron skin seems
not to effect significantly to themajority of dynamical observables like rapidity distri-
butions, transverse and elliptic flow, transverse momenta or strangeness production.
Only slight effects may be seen at rather peripheral collisions. This means that we do
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not expect that assumptions on the neutron skin of nuclei might alter previous con-
clusions already taken from data comparisons using only the same radius of protons
and neutrons on the simulation side.
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Chapter 12
Nuclear Matter Properties at High
Densities: Squeezing Out Nuclear Matter
Properties from Experimental Data

Yvonne Leifels

Abstract The nuclear equation of state is a topic of highest current interest in nuclear
physics and astrophysics. The nuclear equation of state governs the evolution of
heavy-ion reactions as well as the characteristics of compact stellar objects like neu-
tron stars, the explosions of supernovae, and the merging of two neutron stars. The
symmetry energy is the part of the equation of state which is connected to the asym-
metry in the neutron/proton content. During recent years a multitude of experimental
and theoretical efforts on different fields have been undertaken to constraint its den-
sity dependence at low densities but also above saturation density (ρ0 = 0.16fm−3).
Conventionally, the symmetry energy is described by its magnitude Sv and the slope
parameter L , both at saturation density. Values of L ≈ 44–66 MeV and Sv ≈ 31–
33 MeV have been deduced in recent compilations of nuclear structure, heavy-ion
reaction, and astrophysics data. Apart from astrophysical data on mass and radii of
neutron stars and the gravitational wave signal of neutron star mergers, heavy-ion
reactions above incident energies of several 100 MeV are the only means to access
the high-density behavior of the symmetry energy. In particular, meson production
and collective flows up to about 1 GeV/nucleon are predicted to be sensitive to the
slope of the symmetry energy as a function of density. From the measurement of
elliptic flow of neutrons with respect to charged particles at GSI, a stringent con-
straint for the slope of the symmetry energy at supra-saturation densities has been
deduced. Future options to reach even higher densities will be discussed.
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12.1 Introduction

The nuclear matter equation of state (EOS) is one of central topics in nuclear physics.
It defines the evolution of nuclear reactions and the characteristics of compact stars
and cataclysmic astrophysical events like supernova explosions and neutron star
mergers. A theoretical determination of the nuclear EOS from first principles by
microscopic calculations using realistic two and three-body nuclear interactions
is highly non-trivial and a subject of current scientific research using different
approaches, i.e., quantummany-body theory in the Brueckner-Hartree-Fock approx-
imation or chiral perturbation theory (ChPT). From astrophysical observationsmean-
ingful constraints can be obtained to the nuclear EOS, however, heavy-ion collisions
are the only means to study the characteristics of the nuclear EOS in the laboratory.

The nuclear EOS describes the relation between density, pressure, energy, temper-
ature, and the isospin asymmetry δ = (ρn − ρp)/ρ, where ρn , ρp, and ρ are neutron,
proton, and nuclear matter densities, respectively. It is conventionally divided into a
symmetricmatter part independent of the isospin asymmetry and an isospin term, also
quoted as symmetry energy Esym(ρ), that enters with a factor δ2 into the equation of
state. In this description, the symmetry energy is the difference in the energy between
symmetric matter ρn = ρp and pure neutron matter. Different density dependencies
of Esym(ρ) can be described quantitatively by expanding the symmetry energy in
terms of (ρ − ρ0)/ρ0 using the value of Esym,0 = Esym(ρ = ρ0) and the slope param-

eter at normal nuclear matter density L = 3ρ0
δEsym (ρ)

δρ
|ρ=ρ0 leading to the following

equation:

Esym(ρ) = Esym,0 + L

3

(
(ρ − ρ0)

ρ0

)
+ Ksym

18

(
(ρ − ρ0)

ρ0

)2

+ ...,

where Ksym is referred to as curvature parameter.
Microscopic calculations of the energy functional of nuclear matter employing

different approaches to the nucleon-nucleon interaction predict rather different forms
of the EOS. Most calculations for the symmetry energy coincide at or slightly below
normal nuclear matter density (compare Fig. 12.5 right panel), which demonstrates
that constraints from finite nuclei are active for an average density smaller than sat-
uration density and surface effects play a role. In contrast to that extrapolations to
supra-normal densities diverge dramatically. The density dependence of the nuclear
symmetry energy is an important constituent for drip lines, masses, densities, and
collective excitations of neutron-rich nuclei [1], flows,m and multi-fragmentation in
heavy-ion collisions at intermediate energies [2, 3], but also for astrophysical phe-
nomena like supernovae, neutron stars [4], and the merging of two neutron stars [5],
which have been recently observed and identified by the characteristic gravitational
wave signal and the simultaneous emission of γ -rays.

Many results of nuclear structure and nuclear reaction measurements as well
as astrophysical observations have been collected in [6]. The symmetry energy
Esym,0 and the slope parameter L at saturation density have been deduced to be



12 Nuclear Matter Properties at High Densities… 151

Esym,0 = 31.6 ± 2.7 MeV and L = 59 ± 16 MeV, despite the quite large variations
in the individual measurements. However, L and Esym,0 cannot be individually deter-
mined in most experiments, often a larger value of L is compensated by a smaller
Esym,o or vice versa.The authors of [7] have extracted experimental constraints from
nuclear physics and astrophysical measurements in the Esym,0–L plane, which give a
consensus region of 40 MeV < L(ρ0) < 60 MeV and 30 MeV < Esym,0 < 32 MeV
with 68 % confidence, which is in mutual agreement with the results quoted in [6].
However, in another publication [8] it was argued, while using isobaric analog states
and isovector skins on neutron-rich nuclei, that both symmetry parameters may be
larger than the commonly adopted values.

The symmetry energy at higher densities ρ > ρ0 can be accessed by the determi-
nation of the mass and the radii of neutron stars [9] or by investigating observables in
heavy-ion collisionswhich are related to the early, high-density phase of the reactions
and its isospin content. Theoretical model calculations predict that for a short time
period of 20 fm/c densities up to 3 ρ0 are reached in the central zone of a heavy-ion
collision even at moderate energies ≈ 1 GeV/nucleon [2]. At lower energies around
200 MeV/nucleon up to 2ρ/ρ0 may still be reached. However, one should be aware
that the highest density reached during a heavy-ion collision is not necessarily equiv-
alent to the density which is probed by a certain observable. This question has to be
addressed when extracting constraints on the density dependence of the symmetry
energy from experimental data.

A multitude of observables have been proposed to be sensitive to the symmetry
energy (for a review see [2]): ratio ofmultiplicities or spectra of isospin partners (e.g.,
π−/π+, n/p or t/3He) and the comparison of their flows: The ratio of positively and
negatively charged pions measured close to or below the production threshold in the
NN system (Ebeam,thr = 280MeV) is one of the observables discussed. It is predicted
to be sensitive to the density dependence of the symmetry energy. Indeed, model pre-
dictions obtained with the transport code IBUU4 [11] could only reproduce existing
experimental data on pion production around Ebeam = 400 MeV/nucleon in vari-
ous collisions systems [12] when a rather soft density dependence of the symmetry
energy was applied. Incorporation of in-medium effects in addition to the symmetry
energy, like, e.g., pion potentials, s-wave production of pions, and the properties of
intermediate Delta resonances, may lead to different and even opposite conclusions
[13, 14], while describing the experimental data equally well. It is still not settled
how the symmetry energy influences the pion production ration. An experimental
way out is to measure double ratios of pion production, i.e., compare pion produc-
tion in a neutron-rich and proton-rich system having the same Z. Here, some input
parameters to the models will drop out. Such experiments have been accomplished
at the Riken facility with the BIGRIPS magnet and the SPIRIT TPC, recently.

Other observables sensitive to the symmetry energy at supra-normal densities are
collective flows. At energies below 1 GeV/nucleon the reaction dynamics is largely
determined by the nuclear mean field. The resulting pressure produces a collective
motion of the compressed material whose strength will be influenced by the symme-
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try energy in isospin-asymmetric systems. The FOPI collaboration has measured a
multitude of flow observables in many different collisions systems [15] in the energy
regime between 200 and 2000 MeV/nucleon with FOPI setup at SIS18@GSI.

12.2 Neutron and Charged Particle Elliptic Flow

The strengths of collective flows in heavy-ion collisions are determined by a Fourier
expansion of the azimuthal distributions of particles around the reaction plane:

dσ(y)

dφ
= C(1 + 2v1(y) cosφ + 2v2(y) cos 2φ.....) (12.1)

The side flow of particles is characterized by the coefficient v1 and the elliptic
flow by v2. The value of v2 around mid-rapidity is negative at incident beam energies
between 0.2 and 6 GeV/nucleon which signifies that matter is squeezed out perpen-
dicular to the reaction plane. Elliptic flow at those energies is known to be sensitive
to the stiffness of the symmetric part of the nuclear equation of state. In Fig. 12.1
data of (negative) elliptic flow of protons is shown for mid-central Au+Au collisions
at 400MeV/nucleon (left panel) and 1.2 GeV/nucleon (right panel). The bell-shaped
experimental data are compared to IQMDpredictions [16] employing a soft (SM) and
hard (HM) density dependence of the nuclear matter equation of state. The particles
within IQMD are interacting via a momentum dependent interaction which has been
deduced from experimental data on proton scattering off nuclei [16]. A momentum
dependent interaction is needed to describe the energy dependence of flow and pion
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Fig. 12.1 The elliptic flow v2 measured with the FOPI setup in semi-central Au+Au collisions
as function of normalized rapidity Y 0 = y/yp , where y is the particle rapidity in the center-of-
mass system and yp the rapidity of the projectile. The initial target-projectile rapidity gap always
extends from Y 0 = −1 to Y 0 = 1. The experimental data (shown as block points) are compared to
IQMD predictions [16] employing a soft EOS (denoted as red line) and a hard EOS (blue line). The
calculations have been performed using a momentum dependent interaction. Data and calculations
are taken from [15, 17]
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Fig. 12.2 Elliptic flow v2 of protons as a function of beam energy for Au+Au collisions and semi-
central collisions [15]. The data points are shown as full circles, predictions of the IQMDmodel for
a soft and a hard nuclear equation of state with momentum dependent interactions by red and blue
bands, respectively. Particles around mid-rapidity (|Y 0| < 0.2) and with high transverse momenta
(u0t > 0.8) are selected. ut is the transverse component of the four-velocity u, ut = βtγ , where
u0t = ut/u p , with u p = βpγp , the index p referring to the incident projectile in the center-of-mass
system [15, 16]

production data simultaneously. Clearly, a soft density dependence of the nuclear
EOS is needed to describe the experimental data at both energies. Not only the size
of the elliptic flow v2 at mid-rapidity is described but also the rapidity dependence
of v2, which supports in addition the choice of the specific input parameters to the
transport model, which is in addition constraint by other experimental results of the
FOPI collaboration.

Data for the elliptic flow v2 of protons emitted aroundmid-rapidity in semi-central
Au+Au collisions [15] as a function of beam energy together with predictions of the
IQMD model for HM and SM nuclear equation of state augmented by a momentum
dependent interaction are shown in Fig. 12.2. Again, the experimental data are best
described by calculations utilizing a soft (SM) equation of state. The larger negative
v2-values for a hard equation of state are almost completely due to the higher density
gradients perpendicular to the reaction plane and, therefore, an effect of the acting
potentials [17].

The ratio of elliptic flow strengths of neutrons and light charged particles has been
proposed by using a version of the UrQMD transport code [18] as a robust observable
sensitive to the EOS of asymmetric matter [19]. Neutron and proton emission has
been already measured by a combination of the LAND neutron detector with a
part of the FOPI setup [20]. A reanalysis of the data and comparison to the results
of the UrQMD transport model [19] yielded a moderately soft symmetry energy
dependence on density, L = 86 ± 15 MeV. Despite the large error a particular soft
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or a very stiff density dependence of the symmetry energy could ruled out. These
results have been confirmed by using a different transport code [21]. Nevertheless,
the statistical error bars of the data are rather large, and, therefore, an attempt was
started by the ASY-EOS collaboration to remeasure neutron/proton flow in Au+Au
collisions at an incident energy Ebeam = 400A MeV.

12.2.1 The ASY-EOS Experiment

The setup of the ASY-EOS experiment at the SIS18 accelerator is presented in
Fig. 12.3. Upstream from the target, a thin plastic scintillator foil was placed for
measuring the beam particles and serving as a start detector for the time-of-flight
systems. The granular and high-efficient neutron detector LANDwas placed close to
45◦ with respect to the beam direction. A veto wall of thin plastic scintillator material
in front of LAND was used to discriminate between neutrons and charged particles.
The Krakow Tripple Telescope Array (KRATTAwas placed opposite to LAND cov-
ering approximately the same angular acceptance. This device allows to identify
light charged fragments. Three detector systems were used for event characteriza-
tion and background suppression. The ALADIN Time-of-Flight (ATOF) detected

Start
detector

Target Beam

μ-ball

KRATTA

CHIMERA
ATOF

LAND

Fig. 12.3 Sketch of the setup of the ASY-EOS experiment (S394) at the SIS18 of GSI showing
the six main detector systems and their positions relative to the beam direction. Dimensions and
distances are not to scale (from [22])
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charged particles and fragments emitted at very small polar angles 	lab < 7◦ close
to thebeam. Four double rings of the CHIMERAmultidetector consisting out of 352
CsI(Tl) scintillators were placed in forward direction, and the target was surrounded
by four rings with 50 thin CsI(Tl) elements of the Washington University Microball
array. Those detectors provided sufficient granularity and solid angle coverage to
determine the orientation of the reaction plane and the impact parameter. A detailed
description of the setup is available in [22].

12.2.2 Experimental Results

The data analysis procedure is described in detail in [22]. The v2 ratios obtained for
neutrons vn2 and light charged particles vch2 after applying all corrections are shown
in Fig. 12.4. Constraints to the symmetry energy were obtained by comparing the
ratio vn2/v

ch
2 with corresponding UrQMD predictions.

A soft iso-scalar EOS was chosen for the calculations and the following parame-
terization was used for the density dependence of the symmetry energy:

Esym(ρ) = E pot
sym(ρ) + Ekin

sym(ρ) = 22MeV(ρ/ρ0)
γ + 12(ρ/ρ0)

2/3MeV, (12.2)

with γ = 0.5 and γ = 1.5 corresponding to a soft and a stiff density dependence,
respectively.
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Fig. 12.4 Elliptic flow ratio of neutrons over charged particles measured in the same acceptance
range for central (b < 7.5 fm) Au+Au collisions at 400 MeV/nucleon as a function of transverse
momentum, pt/A. The black circles represent the experimental data. The blue and red bands
represent the results of UrQMD model calculations employing a hard and soft density dependence
of the symmetry energy. Fitting a linear interpolation between the two extremes to the experimental
data yields a γ -value of γ = 0.75 ± 0.10. The black line shows the resulting predictions
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The two predictions obtained under these conditions are presented in Fig. 12.4
together with the experimental results. The parameters which describe the data best
are obtained by fitting a linear interpolation between the two predictions. The result-
ing power-law coefficient is γ = 0.75 ± 0.10. The corresponding v2 ratio is shown
as black line in Fig.12.4. In comparison with the FOPI-LAND data, the statistical
accuracy of the ASY-EOS experiments represents an improvement by a factor of 2. A
systematic uncertainty arose from occasional malfunction of the electronic circuits
for the time measurement with LAND. It prohibits extending the data evaluation
into the region of large transverse momenta. For this reason this analysis is restricted
to pt < 0.7 GeV/c. Another uncertainty is related to the lower energy threshold for
neutron detection. The necessary corrections and the methods used for estimating
the remaining errors are described in detail in [22].

With all corrections and errors included, the acceptance-integrated elliptic flow
values lead to a power-law coefficient γ = 0.72 ± 0.19. The corresponding slope
value is L = 72 ± 13 MeV. Changing the absolute value of the symmetry energy at
ground state nuclear matter density in the simulations to a lower value, Esym(ρ0) =
31MeV, results in a lower γ -value γ = 0.68 ± 0.19. This is still within the error bar
of the above result.

This result is displayed in Fig. 12.5 (right panel) where the symmetry energy
is shown as a function of reduced density ρ/ρ0 together with various microscopic
model predictions [23]. The experimental data are represented as colored bands. The
results of the FOPI-LAND experiment are shown in yellow and the one of the ASY-
Experiment in orange. For completeness the calculations from [23] for the EOS of
symmetric matter are shown in the left panel of Fig. 12.5 together with the experi-
mental constraint from the FOPI collaboration [17] utilizing elliptic flow of protons
and light charged particles in Au+Au collisions between 0.25 and 1.5 GeV/nucleon.
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Fig. 12.5 Left panel: Constraints from experimental data of the FOPI collaboration as presented in
[17] (yellow area) are shown togetherwith predictions ofmicroscopicmodel calculations employing
different methods and different interactions [23]. Right panel: Result of the ASY-EOS experiment
(orange area) and the FOPI-LAND analysis (yellow area) together with theoretical predictions for
Esym(ρ)usingdifferentmicroscopic approaches in addition toSkyrme interactions.The calculations
are taken from [23]
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12.2.3 Density Tested in the ASY-EOS Experiment

Since microscopic transport models are reproducing reasonably well the experi-
mental data it seems to be appropriate to deduce the density range relevant for the
sensitivity to the symmetry energy in this reaction by using one of those codes.
For this investigation the Tübingen Version of the QMD model, TüQMD, [21] was
chosen (see [22] for more details). The two density dependencies of the symmetry
energy, hard and soft (blue and red lines in Fig. 12.6, respectively), are shown in
the left panel of Fig. 12.6 together with the linear form (black line) used as default
parameterization. To quantify the results, the function DERF (Difference of elliptic
flow ratio) is defined:

DERFn,Z (ρ) = vn2
vZ2

(hard, ρ) − vn2
vZ2

(so f t, ρ). (12.3)

An example of the function DERF(ρ) is presented in the middle panel of
Fig. 12.6. At zero density DERF(0) is zero by definition and at high densities
DERF(ρ) is approaching the maximal value, which is the variation of v2 for the
twooptions of Esym . The region in densitywhere DERF(ρ) is changingmost rapidly
is also the density regime which is most relevant for the determination of the sym-
metry energy. Hence, the value of the derivative dDERF(ρ)/dρ is a measure of the
impact of the symmetry energy on the elliptic flow observables. In the right panel of
Fig. 12.6 the derivative of DERF(ρ) is shown for three choices of the elliptic flow
ratio: For protons (n/p), hydrogen isotopes (n/H) and all charged particles (n/ch).

It can be seen in the figure that the maximum sensitivity achieved with the elliptic
flow ratio of neutrons to charged particles is reached close to saturation density and
extends beyond twice this value. This finding is in agreement with results of [17]
which were obtained by analyzing also elliptic flow data of charged particles and
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using the IQMD model [16]. For 197Au + Au collisions at 400 MeV/u the force-
weighted density, defined by the authors, is spread over a broad density regime
extending from 0.8< ρ/ρ0 < 1.6.

The derivative of DERF(ρ) for the neutron-proton ratio peaks at a higher value,
1.4 to 1.5ρ0. This observation gives rise to the expectation that with sufficient isotope
separation one would be able not only to constraint the slope of the symmetry energy
but also its curvature.

12.3 Conclusions and Outlook

The symmetry energy at supra-saturation densities can be effectively probed with
the elliptic flow ratio of neutrons and charged particles. The ASY-EOS collaboration
measured data forAu+Au collisions at 400AMeV, and a slope for the of L = 72 ± 13
for the density dependence of the symmetry energy could be deduced from the v2
ratio of neutrons and charged particles. According to model predictions, similar
observables might also be sensitive not only to the slope of the symmetry energy
but also to its curvature at high densities. Hence, it would be interesting to measure
n and light charged particle flow also at higher energies and for different systems.
In collisions of Sn-isotopes one could investigate the evolution of the v2 ratio as a
function of N/Z of the colliding system.

How the sensitivity of the various observables to the symmetry energy develops
with rising beam energy and larger densities is by no means obvious and more
calculations using different models and prescriptions need to be performed. Particle
production is predicted to be most sensitive to modifications in the neutron/proton
density close to threshold. Kaon production below and close to threshold (Ethr,NN =
1.6GeVhas proven to be sensitive to the density reached in the course of the collision.
It has been shown in particular that Kaon yields are robust observables to constrain
the iso-scalar EOS [24]. At sub-threshold energies Kaons are produced in the central
high-density region and, because they are not re-absorbed by the surrounding nuclear
matter, they are true messengers of the dense overlap zone. The production ratio
(K+/K0) is predicted to be sensitive to the symmetry energy and, therefore, may
be an interesting observable accessing densities beyond twice saturation density.
An experiment studying Au+Au reactions at 1.25A GeV was performed by the
HADES collaboration. The HADES detector setup allows not only for measuring
charged Kaons but also reconstructing K0 by their decay into charged pions with
high accuracy. Sufficient statistic was accumulated and the data have been published
and compared to predictions of transport models. However, the sensitivity to the
symmetry energy has not yet been tested.

Symmetry effects are very small, because the contribution of the symmetry energy
enters with a factor δ2 into the equation of the state of nuclear matter. Since δ is rather
small even for the most neutron-rich stable isotopes it is evident that those studies
have to be extended to radioactive beams with enhanced neutron-proton asymme-
try. Experimental facilities, e.g., RIKEN/RIBF, MSU/FRIB, GANIL/SPIRAL2 are
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or will become available, which allow further studies of the symmetry energy by
different experimental methods. But the highest energies and consequently highest
densities will be accessed with FAIR/Super-FRS facility. The super fragment sepa-
rator Super-FRS will have a magnetic rigidity of 20 Tm and will provide radioactive
beams up to 1 GeV/nucleon. This will offer the possibility to study the symmetry
energy at high densities. Nevertheless, the neutron-proton asymmetry which may
be accessed in such experiments is not significantly larger than the one reached in
Au+Au or Pb+Pb collisions with the concomitant disadvantage that the collision
systems are getting smaller and the densities reached in the course of the reactions
are not as large as in the heavy Au-system. Hence, for flow and particle production
observables it may not be necessary to utilize radioactive beams, and stable beams
and targets would be sufficient. In such case, it would be impossible to generate dou-
ble ratios in order to diminish systematic errors in the experiment and uncertainties
due to unknown input parameters to the models. This would require sophisticated
transport codes which have been benchmarked intensively to experimental data (see
[25] for an ongoing effort in comparing different transport codes).

Acknowledgements Results presented in this contribution have been obtained within the ASY-
EOS collaboration. See [22] for a complete list of authors.
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Chapter 13
Elliptic Flow in Relativistic Heavy-Ion
Collisions

Madan M. Aggarwal

Abstract The basic aim of the heavy-ion physics is to investigate matter at extreme
densities and temperatures where quarks and gluons are no longer confined inside
hadrons. Such a state of matter, that may have existed a few microseconds after the
BigBang, is created in the laboratory by colliding nuclei at theRelativisticHeavy-Ion
Collider (RHIC), Brookhaven, and at the Large Hadron Collider (LHC), CERN at
top center of mass energies

√
sNN = 200GeV and 5.02TeV, respectively. The large

elliptic flow and number of constituent quark (NCQ) scaling observed at the RHIC
and similar observations at the LHC with some deviation indicate the formation of
de-confined state in relativistic heavy-ion collisions. The elliptic flow measurement
and its dependence on collision centrality, transverse momentum, particle species,
etc., will be presented.

13.1 Introduction

The Quantum Chromodynamics (QCD) predicted a phase transition from normal
nuclear matter into the de-confined plasma phase of quarks and gluons at an energy
density of ∼1GeV/fm3 or for a critical temperature Tc ∼ 170 MeV [1, 2]. The
Ultra-relativistic heavy-ion collisions provide a very good opportunity to create and
observe Quark-Gluon Plasma (QGP) in the laboratory. The QCD phase diagram,
baryon chemical potential (μB) versus temperature (T), is shown in Fig. 13.1. A
solid line separates the hadronic region (at comparatively low temperature or chem-
ical potential) from the quark-gluon plasma. One expects the phase transition line
to end at a critical point as indicated in the figure. The RHIC beam energy scan
programme searches for a critical point in the phase diagram [3]. The Present and
future nucleus-nucleus experiments are depicted in the diagram. The LHC and the
RHIC are investigating the baryon free QGP at high temperature (low μB) whereas
experiments at the FAIR will look for the baryon rich QGP at low T (high μB).
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Fig. 13.1 The schematic phase diagram of the quantum chromodynamics (QCD) in terms of tem-
perature (T) and baryon chemical potential (μB )

A space-time picture of the nucleus-nucleus collision is shown in Fig. 13.2. Two
nuclei approach each other nearly at the velocity of light. At the instant of collision
(i.e., t = 0, z = 0), the two nuclei strike each other and in the initial stage of the
collision, i.e., pre-equilibrium stage, processes of parton-parton hard scatterings may
predominantly occur, depositing a large amount of energy in the overlap region of two
colliding nuclei. At a time∼1fm/c, theQGPphasewould be formed, inwhich parton-
parton interactions reach thermal equilibration state. Hadrons continue to collide
elastically and inelastically. The chemical freeze-out occurs at Tch when inelastic
processes stop. The kinetic freeze-out occurs at T f o when elastic scatterings stop
and hadrons freely stream out from the medium.

The experimental programme started with the fixed target experiments at CERN
and BNL in 1986. The CERN announced in the year 2000 the formation of
Quark-Gluon Plasma (QGP) in the heavy-ion collisions based on the results from
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Fig. 13.2 The space-time picture of nucleus-nucleus collision. Two nuclei shown as beams,
approach each other nearly at the velocity of light and collide at t = 0, z = 0

seven experiments, viz., NA44, NA45/CERES, NA49, NA50, NA52/NEWMASS,
WA97/NA57, and WA98, at the CERN SPS [4]. The detailed investigations of the
QGP formation in heavy-ion collisions became possible with the commissioning of
the Relativistic Heavy-Ion Collider (RHIC) at BNL. Four experiments, viz., STAR
(Solenoidal Tracker at RHIC), PHENIX (Pioneering High Energy Nuclear Interac-
tion Experiment), PHOBOS, and BRAHMS (Broad Range Hadron Magnetic Spec-
trometer), were installed at different interaction points at the RHIC. Ollitrault [5]
proposed the elliptic flow as a signature of hydrodynamic behaviour of the nuclear
matter produced in high energy nuclear collisions. Since then lot of activities are
observed both experimentally and theoretically in investigating collective behaviour
in the heavy-ion collisions as evidenced by number of review articles [6–11]. The
STAR collaboration defined the QGP as a (locally) thermally equilibrated state of
matter in which quarks and gluons are de-confined from hadrons, so that colour
degrees of freedom become manifest over nuclear, rather than merely nucleonic vol-
umes [12]. The observation of large elliptic flow in Au+Au collisions at the RHIC
points to the production of thermally equilibrated state of matter and opacity to jets
in Au+Au collisions at the RHIC means quarks and gluons are de-confined or dense
matter formed at early times is partonic.
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TheElliptic flow is one of thefirst important observablesmeasured at theRelativis-
tic Heavy-Ion Collider (RHIC) [13, 14]. The ideal hydrodynamics without viscous
effects first reproduced the large observed elliptic flow at the RHIC in the Au+Au
collisions at

√
sNN = 200GeV. Improved agreement with data was achieved with

viscous hydrodynamic models with a very small ratio of the shear viscosity to the
entropy density. The applicability of the hydrodynamics requires a short mean free
path with respect to the system size. This led to conclude that the created quark-gluon
plasma is strongly interacting and behaves like a nearly perfect liquid.

The heavy-ion programmes at the Large Hadron Collider at the CERN have
extended the energy range formeasuring the properties of strongly interactingQuark-
Gluon Plasma (sQGP). The goal of heavy-ion experiments at RHIC and LHC is to
investigate the matter at extreme conditions of energy densities and high temper-
atures as evidenced by the available number of text books [15–20]. Results of the
elliptic flow will be presented in this article.

13.2 Elliptic Flow

Particle production in the elementary nucleon-nucleon collisions is azimuthally
isotropic whereas in non-central heavy-ion collisions it is azimuthally anisotropic.
Figure13.3 (left) exhibits the spatial anisotropy of the almond-shaped overlap zone
in the initial state of non-central heavy-ion collision. The initial momenta of particles
in the overlap zone are predominantly longitudinal and transverse momenta, if any,
distributed isotropically. If the particles interact amongst themselves, the probability
of interaction and getting scatter is larger for the particles moving along the long axis
than those moving along the short axis. This results in the large pressure gradient
in the direction of the short axis. Therefore, flow velocity is larger along the short
axis leading to the emission of more particles along the short axis than along the
long axis. This leads to an anisotropic distribution of particles in the transverse plane

Fig. 13.3 Left: Depicting the spatial anisotropy of the almond-shaped overlap zone in non-central
heavy-ion collision. Center: Spatial anisotropy resulting in the momentum anisotropy. Right: Pic-
ture of a non-central heavy-ion collision in the transverse (x versus y) plane. Z (beam axis) is
perpendicular to the plane of the figure. � is the azimuthal angle of one of the outgoing particles.
�R is the reaction plane angle and b is the impact parameter
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(Fig. 13.3 (center)). So, it is believed that the elliptic flow helps in understanding the
interactions between the constituents at an early time in the evolution of the produced
system and hence sensitive to the equation of state of the system.

The invariant triple differential distribution of particles emitted in the collision is
given by the following Fourier expansion [21]:

E
d3N

dp3
= 1

2π

d2N

ptdptdy

(
1 +

∞∑
n=1

2vncos(n(φ − �RP))

)
(13.1)

where p is the momentum of the particle, pt is the transverse momentum, E is the
energy, y is the rapidity, φ is the azimuthal angle and ψRP is the reaction plane
angle (Fig. 13.3 (right)). Sine terms vanish in the above Fourier expansion due to the
reflection symmetry with respect to the reaction plane and are not included in the
(13.1). The v2 for n = 2 represents the elliptic flow and is obtained as

v2 = 〈cos(2(φ − �RP))〉 (13.2)

here, angular brackets represent an average over the particles, summed over all events
in a given sample.

13.2.1 Elliptic Flow Methods

The elliptic flow is found to be very useful for understanding relativistic nuclear
collisions but its value spreads over a range of 20% determined by different analy-
sis methods. It is well known that non-flow correlations not related to the reaction
plane and fluctuations affect the measured v2 values. We will discuss the standard
event plane method [22, 23], Q-cumulants [24] and probability p(v2) [25]. A higher
accuracy is needed in determining v2 to compare with the relativistic viscous hydro-
dynamic calculations to extract the ratio of the shear viscosity to entropy.

13.2.1.1 Event Plane Method

The reaction plane (�RP ) cannot be determined experimentally for an event. So one
uses the event plane which is good approximation to the reaction plane. The nth
order event plane is defined as

�EP
n = tan−1(Yn/Xn)/n (13.3)
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where Xn = ∑
cos(nφi ), Yn = ∑

sin(nφi ), and φi is the azimuthal angle of the i th
particle in an event and summation runs over all particles used to determine the event
plane. The event plane determined is not isotropic due to detector non-uniformity.
To obtain uniform event plane angle distributions following corrections are applied
as discussed in [26]:

• Recenter the distributions of Xn and Yn by subtracting the 〈Xn〉 and 〈Yn〉 values
averaged over all events, i.e.,

X
′
n = Xn − 〈Xn〉
Y

′
n = Yn − 〈Yn〉

(13.4)

• After re-centering, correction for twist of the vector is applied as

X
′′
n = (X

′
n − λ

s−
2nY

′
n)

(1 − λ
s+
2nλ

s−
2n)

Y
′′
n = (Y

′
n − λ

s+
2n X

′
n)

(1 − λ
s+
2nλ

s−
2n)

(13.5)

where

λ
s±
2n = 〈S2n〉/A±

2n

A±
2n = 1 ± 〈C2n〉

C2n =
∑

cos(2nφ)

S2n =
∑

sin(2nφ)

(13.6)

here average is taken over all particles in an event and over all events in a sample.
• Finally re-scale the vector as

X ′′′
n = X ′′/A+

2n

Y ′′′
n = Y ′′/A−

2n

(13.7)

One gets 2nd order event plane as

�EP
2 = tan−1

(
Y

′′′
2

X
′′′
2

)
/2 (13.8)

The vobs2 can be obtained using (13.2) as
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vobs2 = 〈cos2(φ − �EP
2 )〉

= 〈cos(2(φ − �EP
2 ) + 2(�RP − �RP))〉

= 〈cos(2(φ − �RP) + 2(�RP − �EP
2 ))〉

= 〈cos(2(φ − �RP)cos(2(�RP − �EP
2 ))〉

= vtrue2 〈cos(2(�RP − �EP
2 ))〉

(13.9)

vtrue2 = vobs2 /〈cos(2(�RP − �EP
2 ))〉 (13.10)

Here �RP is still unknown. 〈cos(2(�RP − �EP
2 ))〉 is the event plane resolution

correction factor which one needs to apply to vobs2 to get vtrue2 . This is obtained by
dividing an event into two sub-events a and b randomly having equal number of
particles. The 〈cos(2(�EP

a − �EP
b ))〉 can be written as:

〈cos(2(�EP
a − �EP

b ))〉 = 〈cos(2(�EP
a − �RP) − 2(�EP

b − �RP))〉
= 〈cos(2(�EP

a − �RP)〉〈cos(2(�EP
b − �RP)〉 (13.11)

The resolution correction factor for sub-events is given as

〈cos(2(�EP
a − �RP)〉 =

√
(〈cos(2(�EP

a − �EP
b ))〉 (13.12)

and for full event as

〈cos(2(�EP
2 − �RP)〉 = √

2
√

(〈cos(2(�EP
a − �EP

b ))〉 (13.13)

13.2.1.2 Q-Cumulants

2- and 4-particle cumulants are defined in terms of multi-particle azimuthal correla-
tions for the detectors with uniform azimuthal acceptance as [27]

C2{2} = 〈〈2〉〉 (13.14)

C2{4} = 〈〈4〉〉 − 2〈〈2〉〉2 (13.15)

The multi-particle azimuthal correlations 〈2〉 and 〈4〉 are calculated either using the
generating function technique given by Borghini et al., [27] or from the following
equations for each event [24]:
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〈2〉n|n ≡ 〈eιn(φ1−φ2)〉 ≡ 1

PM,2

M∑
i, j=1

(i 	= j)

eιn(φi−φ j ) (13.16)

〈4〉n,n|n,n ≡ 〈eιn(φ1+φ2−φ3−φ4)〉 ≡ 1

PM,4

M∑
i, j,k,l=1

(i 	= j 	=k 	=l)

eιn(φi+φ j−φk−φl )) (13.17)

where PM,n = M !/(M − n)!n!, M is the event multiplicity and φ is azimuthal angle
of the particle.
2nd order cumulant is obtained by decomposing |Qn|2,

| Qn |2 =
M∑

i, j=1

eιn(φi−φ j ) (13.18)

where φi (φ j ) is the azimuthal angle of the particle. Indices i and j can be either
the same or different. The decomposition of | Qn |2 contains contributions from 2-
particle correlations when indices are different and auto-correlations when indices
are same, as given below:

| Qn |2 = 〈2〉n,n PM,2 + 1.M (13.19)

So one gets

〈2〉n,n = (| Qn |2 − M)

M(M − 1)
(13.20)

Here Qn is Q-vector:

Qn =
M∑
i=1

exp(nφi ) (13.21)

Here summation runs over all the particles in an event. Similarly one can decompose
|Qn|4 as

| Qn |4 = 〈4〉n,n|n,nM(M − 1)(M − 2)(M − 3)

+(〈3〉2n|n,n + 〈3〉n,n|2n)M(M − 1)(M − 2)

+〈2〉n|n[M(M − 1)2!(M − 2)2! + M(M − 1)2!2!]
+〈2〉2n|2nM(M − 1) + 1.[M(M − 1)2! + M]

(13.22)

thus for 〈3〉2n|n,n and 〈3〉n,n|2n one has to decompose Q2nQ∗
nQ

∗
n and QnQnQ∗

2n .



13 Elliptic Flow in Relativistic Heavy-Ion Collisions 169

〈4〉n,n|n,n = | Qn |4 + | Q2n |2 − 2�[Q2nQ∗
nQ

∗
n] − 4(M − 2)| Qn |2

M(M − 1)(M − 2)(M − 3)

+ 2

(M − 1)(M − 2)

(13.23)

For details see [24]. The average is taken over all events in a given sample using
multiplicity weights w2 = M(M − 1) and w4 = M(M − 1)(M − 2)(M − 3) corre-
sponding to different 2- and 4-particle combinations, one can form with multiplicity
M.

〈〈2〉〉n|n ≡
∑

events(W2)i (〈2〉n|n)i∑
events(W2)i

(13.24)

〈〈4〉〉n,n|n,n ≡
∑

events(W4)i (〈4〉n,n|n,n)i∑
events(W4)i

(13.25)

Integrated flow estimates from cumulants is given as [27]

v22{2} = C2{2} (13.26)

v42{4} = −C2{4} (13.27)

13.2.1.3 Event by Event p(v2)

The event-by-event v2 coefficients and phases can be estimated [25] with

vobs2,x =| −→v obs
2 | cos(2�obs

2 ) = 〈cos(2φ)〉 =
∑

i wi cos(2φi )∑
i wi

,

vobs2,y =| −→v obs
2 | sin(2�obs

2 ) = 〈sin(2φ)〉 =
∑

i wi sin(2φi )∑
i wi

,

(13.28)

| −→v obs
2 |=

√
(vobs2,x )2 + (vobs2,y )

2 (13.29)

p(vobs2 ) = p(vobs2 | v2) ∗ p(v2) (13.30)

The vobs2 is the magnitude of the observed EbyE per particle flow vector. The
response function p(vobs2 |v2) is needed todetermine theEbyE v2. In order to determine
p(vobs2 |v2) each event is divided into two sub-events with symmetric η range, i.e., η >

0 and η < 0 and labelled as a and b sub-events, respectively. The graph is obtained
(vobs2,x )a − (vobs2,x )b versus (vobs2,y )

a − (vobs2,y )
b in which physical flow signal gets cancel

and it containsmainly the effects of statistical smearing and non-flow. One can obtain
the response functions from this graph as discussed in [25].
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13.2.2 Elliptic Flow Measurements and Comparison with
Hydrodynamic Models

In the heavy-ion collisions, events are characterized by the impact parameter “b”
which is, however, not a direct observable. Experimentally, it is determined from
the number of produced particles in a collision assuming that the multiplicity is a
monotonic function of the impact parameter. Figure13.4 (left) exhibits the charged
particle multiplicity distribution obtained in Pb-Pb collisions at

√
sNN = 2.76TeV

by the ALICE collaboration [28]. It also shows the centrality classifications, i.e.,
0−5%, 5−10%, . . . . . . etc., based on the fraction, πb2/π(2Ra)

2, of the geometrical
cross section with Ra the nuclear radius. Figure13.4 (right) displays the transverse
energy distribution measured in Pb-Pb collisions at 5.02TeV by the ATLAS collabo-
ration showing a classification in centrality percentiles [29]. In Monte-Carlo models
centrality is characterized by the number of participating nucleons in a collision or
by the number of binary collisions, which can be related to the impact parameter “b”
using proper nuclear geometry in Glauber model.

Figure13.5 (left) displays the measurement of the elliptic flow in Au+Au colli-
sions at

√
sNN = 200GeV obtained using various methods as indicated in figure by

the STAR collaboration [13]. It is seen that v2 values obtained by standard method,
scalar product, η sub, random sub, and v2{2} cumulants agree within 5% whereas
v2 values from q-distribution and v2{4} values are about 25% less. The v2 values
fall in two bands. It is worth mentioning that same data cuts were used for differ-
ent methods. It is argued that higher value of v2 is because of the contribution of
non-flow effects whereas smaller value indicates that non-flow effects are removed,
i.e., in v2{4}, q-distribution. Further, it is shown that event-by-event fluctuations in
eccentricity, lead two-particle (v2{2}) cumulants overestimate true value of v2 and
four/six (v2{4})/(v2{6}) particles azimuthal correlations underestimate true value of
v2. Sometimes one uses the mean of v2{2} and v2{4} for the true value of v2 [30]. The
v2 reaches the maximum value for 40–50% collision centrality. Figure13.5 (right)

Fig. 13.4 Left: Multiplicity distribution of charged particles in the TPC (η < 0.8). The cumulative
percentage of total events is indicated. Right: Total transverse energy distribution measured by the
ATLAS. Several centrality intervals are marked with vertical lines and labelled on the plot
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Fig. 13.5 Left: v2(%) versus collision centrality. v2(%) determined from various methods as indi-
cated in the figure. Right: compares v2(%) determined from v2{2},v2{4}and v2{6}

Fig. 13.6 Left: v2 versus transverse momentum pt for different identified particles as indicated in
the figure. Predictions of Hydro are also shown. The PHENIX data points are also displayed. Right:
Comparison of the STAR data with Hydro for pt < 1.6

compares the v2{2}, v2{4} and v2{6}; and it is observed that v2{4} and v2{6} agree
indicating the non-flow effects are removed already with four particles cumulants.

Huovinen et al., [31] and Ollitrault [11] predicted the transverse momentum
dependence of elliptic flow of identified particles using a hydrodynamical model.
Transverse momentum dependences of v2 for identified particles [13] are shown in
Fig. 13.6 (left). It is seen that there is a good agreement between PHENIX and the
STAR results. Figure13.6 (right) compares the STAR data with the hydrodynamical
calculations. The v2 is in broad agreement with the hydrodynamical model. This
observation led to the claim of formation of an almost perfect liquid at the RHIC.
Further, one notices the mass ordering of v2, i.e., lighter the particle higher the v2
at same transverse momentum (at low pt ) indicating that as if all the particles are
emitted from the same expanding thermal source [11, 31]. The dependence of v2 on
pt for fast particles with pt > mμ and mt > mμ0 is obtained as [11]:

v2 = α

T
(pt − vmt ) (13.31)
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Fig. 13.7 v2 determined
from v2{4} versus pT for
various collision centralities
as indicated in the figure for
STAR and ALICE data.
Predictions from VISHNU
for different η/s are also
displayed

where α characterizes the magnitude of elliptic flow, T is the freeze-out temperature,
mt the transverse mass and v is the average over φ of the maximum fluid velocity.
For pions, mt ∼ pt , v2 increases linearly with pt whereas for heavier particles mt

is larger at the same value of pt hence smaller v2. It is observed in Fig. 13.6 (Left)
pions have larger v2 than kaons and protons at the same pt . In Fig. 13.6 (Right), a
deviation from ideal hydrodynamics is seen for pt ∼ 2GeV/c.

Since fluid dynamics can describe the elliptic flow quite well, so efforts were
made to study the effects of the shear viscosity and on extracting the value of shear
viscosity over entropy. Song et al., [32], used the hybrid model VISHNU which
describes the expansion of the QGP using viscous hydrodynamics and successive
evolution of hadronic matter with a microscopic transport model. Authors extracted
the η/s values using data on the Au+Au collisions at 200GeV and Pb-Pb collisions
at 2.76TeV. Figure13.7 exhibits pT dependence of v2{4} for different centralities for
both Au+Au at 200GeV [33] and Pb-Pb at 2.76TeV [34]. Theoretical lines are from
VISHNU calculations with different constant η/s. It is seen that the STAR data agree
reasonably well with η/s = 0.16 whereas ALICE data is significantly larger for pT >

0.5GeV. However, the ALICE data agree well for η/s = 0.20–0.24 at higher pT but
still model underestimates the ALICE data at pT < 0.5GeV. Other hydrodynamical
model calculations [35, 36] also under predict the ALICE low pT data. Figure13.8
shows the pT integrated v2{4} dependence on centrality for both STAR and ALICE
data. It is observed that the STAR data fits with η/s = 0.16 whereas the ALICE data
fits better for η/s = 0.20. The STAR results for Cu+Au at

√
sNN = 200GeV [37]

agree with hydrodynamics calculations using Glauber initial conditions with η/s =
0.08–0.16 (Fig. 13.9). It seems that shear viscosity increases with temperature.

Figure13.10 compares the ALICE Pb-Pb data at 2.76TeV [34] for different par-
ticle species for centralities 10–20% and 40–50% with VISHNU having η/s = 0.16.
It is seen that VISHNU exhibits qualitatively similar v2 mass ordering as seen in the



13 Elliptic Flow in Relativistic Heavy-Ion Collisions 173

Fig. 13.8 Integrated v2 determined from v2{4} versus collision centrality for STAR and ALICE
data. Predictions from VISHNU for different η/s are also displayed

Fig. 13.9 v2 versus pT for 0–5%and 20–30%collision centralities forCu+Au collisions at
√
sNN =

200GeV. v2 is determined using event plane or scalar product is indicated in the figure. Predictions of
hydrodynamics calculations usingGlauber initial conditionswith η/s= 0.08–0.16 are also displayed

data. Ratio of v2/v2(hydro fit) in the central collisions reproduces K results whereas
deviations are seen for other particle species. The measured v2(pT ) for pions is more
than those of theoretically calculated for pT < 1GeV/c and also proton elliptic flow
is significantly underestimated. It overestimates v2(pT ) for multi-strange baryons.
The φ meson does not follow mass ordering in case of VISHNU. This may be due
to small hadronic interaction cross section.

Figure13.11 compares the v2 probability distribution for Pb-Pb collisions at
2.76TeV (ATLAS data) for 20–25% central events [25, 38] with the eccentricity
distribution, P(ε2/〈ε2〉), obtained using IP-Glasma [39]. Reasonably good agree-
ment is seen. The IP-Glasma model [40, 41] describes well the initial conditions for
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Fig. 13.10 Comparison of v2 versus pT for the ALICE Pb-Pb data at 2.76TeV for different particle
species for centralities 10–20%and 40–50%withVISHNUhavingη/s = 0.16. v2/v2(hydro fit) versus
pT are also shown as indicated in figure

Fig. 13.11 v2 distribution
for 20–25% central events
for Pb-Pb collisions at√
sNN = 2.76TeV ATLAS

data compared to IP-Glasma
and P-Glasma+MUSIC as
indicated in the figure
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Fig. 13.12 γ
exp
1 as a

function of collision
centrality for Pb-Pb
collisions at√
sNN = 5.02TeV CMS

data. Prediction of Hydro at√
sNN = 2.76TeV is also

shown [50]

systematic flow studies. The IP-Glasma model incorporates IP-Sat (Impact Param-
eter Saturation Model) model [42, 43] of nucleon and nuclear wave-functions, and
classical Yang–Mills (CYM) dynamics of the glasma fields produced in a heavy-ion
collision [44–46]. A very good agreement is seen for, if IP-Glasma couples with the
hydrodynamic evolution described byMUSIC, a 3+1 dimensional relativistic viscous
hydrodynamic simulation [47]which uses theKurganov-Tadmor algorithm [48]. The
CMS [49] also used probability p(v2) method and obtained skewness as

γ
exp
1 = −6

√
2v2{4}2 ∗ (v2{4} − v2{6})/(v2{2}2 − v2{4}2)2/3 (13.32)

The good agreement is seen between the Pb-Pb data at 5.02TeV and Hydro predic-
tions at 2.76TeV as shown in Fig. 13.12.

13.2.3 Elliptic Flow Fluctuations

It is noticed that v2 measured by different methods differs by about 20%. In non-
central heavy-ion collisions, initial eccentricity of the almond shape overlap zone
results in the elliptic flow. This eccentricity fluctuates from event to event due to
fluctuations in the impact parameter (positions of participating nucleons). This leads
to fluctuations in the elliptic flow from one event to other within a given sample. Flow
fluctuations depend on the initial geometry fluctuations of the system created in the
collision. So flow develops relative to the participant plane instead of the reaction
plane. The elliptic flow and its fluctuations are very useful for understanding the
initial conditions of the expansion phase of heavy-ion collisions.

Agakishiev et al., [51] andKumar [52], investigated the eccentricity and eccentric-
ity fluctuations using three monte-carlo models, viz., Monte-Carlo Glauber model
with nucleons as participants (MCG-N) [53, 54], a Monte-Carlo Glauber model
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Fig. 13.13 Picture of a
non-central heavy-ion
collision in the transverse
(Xrp versus Yrp) plane with
the reaction plane oriented
along the x-axis. Participant
plane X pp and Ypp are also
indicated in the figure

with quarks as participants (MCG-Q), and the factorized Kharzeev, Levin, and Nardi
Colour Glass Condensate model (fKLN-CGC) [55]. In the MCG-N it is assumed:
(i) Au nuclei are spherical, (ii) nucleons move in a straight line along the beam
direction, and (iii) σNN inelastic cross section as the transverse interaction range.
The Woods–Saxon distribution of nucleons was used. The minimum distance (d)
between nucleons inside nuclei before colliding is taken as

√
(σNN/π). A negative

binomial distribution was used to generate events with width k = 2.1 for each par-
ticipant and mean multiplicity given as (for details see [51, 52]):

n = (0.5933 ln
√
sNN − 0.4153)((1 − xhard) + 2xhard Nbin/Npart ) (13.33)

where Nbin and Npart represent number of binary collisions and number of par-
ticipants, respectively. xhard is the fraction of multiplicity proportional to Nbin . In
the MCG-Q, quarks are distributed inside the nucleon using another Woods–Saxon
density distribution with R = 0.865 fm, skin depth a = 0.108 fm and σQQ = σNN/7.
The fKLN-CGC model gives multiplicity and eccentricity. The eccentricity in the
reaction and participant planes (Fig. 13.13) are given as:

εRP = (σ 2
y σ

2
x )/(σ 2

y + σ 2
x ) (13.34)

εpart =
√

((σ 2
y σ

2
x )2 + 4σ 2

xy)/(σ
2
y + σ 2

x ) (13.35)

where σ 2
x = 〈x2〉 − 〈x〉2, σ 2

y = 〈y2〉 − 〈y〉2 and σxy = 〈xy〉 - 〈x〉〈y〉, here (x, y)
denote position of nucleon in the reaction plane. The two- and four-particle cumulants
of εpart [56]:

ε{2}2 = 〈ε2part 〉 (13.36)

ε{4}4 = 2〈ε2part 〉 − 〈ε4part 〉 (13.37)
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Fig. 13.14 The eccentricity scaled v2{4} i.e.,v2{4}/ε{4}, versus dNch /dη with eccentricity (ε{4})
taken from the MCG-N (left), MCG-Q (middle), or fKLN-CGC (right) model at

√
sNN = 200 and

62.4GeV for Au+Au and Cu+Cu collisions as indicated in the figure

Assuming v2 ∝ ε, then 〈v2〉/〈ε〉 in the reaction plane is given by v2{4}/ε{4} [56].
The mean multiplicity versus v2{4}/ε{4} displayed in Fig. 13.14 for Au+Au and
Cu+Cu collisions at 200 and 62.4GeV for above three models. The data points
for different system and energies seem to fall on top of each other as expected if
v2 ∝ ε. The MCG-N exhibits the sharp increase of v2{2}/ε violating the approxima-
tion v2 ∝ ε whereas the fKLN-CGC shows a saturation with v2 ∝ ε. The MCG-Q
displays intermediate trend between the sharp rise and the saturation. The v2 satura-
tion or nearly saturation trend exhibited in central Au+Au collisions at 200GeV is
consistent with a nearly perfect liquid behaviour.

New Q-cumulants method used to determine experimentally flow fluctuations
does not require the knowledge of either reaction plane or participant plane. The
estimation of v2{2} can be biased by correlations such as resonance decay, jets, etc.,
which are not related to the reaction or participant plane and denoted as δ. Voloshin et
al., [57], have shown that v2{2} and v2{4} for the Gaussian form of flow fluctuations
in the participant plane are correlated as

v2{2}2 = 〈v〉2 + σv
2 + δ (13.38)

v2{4}2 ∼ 〈v〉2 − σv
2 (13.39)

v2{2}2 − v2{4}2 ∼ δ + 2σv
2 (13.40)

where v2 is the elliptic flow, δ is the non-flow contribution and σv represent flow
fluctuations. This is because fluctuations increase v2{2} and decrease v2{4} and the
approximations are valid for σv2/〈v2〉 � 1. It is not possible to determine the value
of σv2 from the measurements of v2{2} and v2{4}. However, we can find the upper
limit on the flow fluctuations taking δ = 0 in [(13.38)–(13.40)], i.e.,

Rv(2−4) = σv2/〈v2〉 =
√

(v2{2}2 − v2{4}2)
(v2{2}2 + v2{4}2) (13.41)
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Fig. 13.15 Upper limit on
v2 fluctuations, i.e., Rv(2−4)
(Rε(2−4)) versus dNch /dη,
for the STAR data on Au+Au
at

√
sNN = 200GeV.

Predictions from MCG-N,
MCG-Q, and fKLN-CGC
are indicated in the figure.
The shaded bands display the
uncertainties for the MCG-N
and fKLN-CGC models

Figure13.15 displays Rv(2−4) versus mean multiplicity for Au+Au collisions at
200GeV measured by the STAR collaboration [51]. Here, STAR collaboration used
v2{2} for the like sign charged particles to reduce non-flow. The normalized elliptic
flow variance σv2/〈v2〉 is large (∼40% in mid central events). For non-central colli-
sions the magnitude of elliptic flow is proportional to the eccentricity (ε) of the initial
nuclear overlap zone, one expects that normalized variance of v2 should be close to
that of eccentricity. Rε(2−4) for different eccentricity models is defined as

Rε(2−4) =
√

(ε{2}2 − ε{4}2)
(ε{2}2 + ε{4}2) (13.42)

where ε{2} and ε{4} are the second and fourth cumulants of εpart . Predictions from
above three eccentricity models are also shown in Fig. 13.15. The shaded bands
represent the uncertainties on the models which are dominated by uncertainty on
the distribution of nucleons inside the nucleus. The MCG-N underestimates for
dNch/dη < 150 whereas it overshoots for higher multiplicities and exceeds the
upper limit. The MCG-Q approaches the upper limit in central collisions but never
exceeds the data. However, the fKLN-CGC points always remain below the upper
limit obtained from the data. The comparison of the STAR like sign charged particles
and the PHOBOS all charged particles [58] for Au+Au data at

√
sNN = 200GeV on

upper limit forσv2/v2 is displayed inFig. 13.16. It is seen that thePHOBOSdata points
are slightly lower than those of the STAR data points. This may be due to the different
procedures used in both papers. Also the PHOBOS has subtracted narrow dη correla-
tions. It seems that some residual non-flow is left in STAR like sign charged particles
results. Similar observations were made in the Pb-Pb collisions at 2.76TeV [59].
The CMS collaboration observed a non-Gaussian behaviour in the event-by-event
fluctuations of the elliptic flow (v2) in Pb-Pb collisions at 5.02TeV [49].
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Fig. 13.16 Comparison of
the STAR data with those of
the PHOBOS data on v2
fluctuations. The shaded
band indicates errors on the
PHOBOS data

13.2.4 Number of Constituent Quark (NCQ) Scaling

The hadron production in the intermediate pt range is well described by coalescence
or recombination of constituent quarkmodels [60–62] andmodels predict the scaling
of v2 with the number of constituent quarks (n), i.e., universal curve for v2/n versus
pt /n for all hadrons. Figure13.17 (top) displays v2/n versus pt /n for K 0

s , K
±, p + p̄

and �+�̄ for minimum bias Au+Au collisions at
√
sNN = 200GeV [13]. It is seen

that all points fall on one curve. In Fig. 13.17 (bottom), data points scaled by the
fitted polynomial function are plotted. It is observed that all data points lie on a
universal curve within error bars except the pion points deviating significantly which
may be due to the pions coming from resonance decay. Similar trend is noticed
for 30−70% and 5−30% collision centralities. The PHENIX data [62] for 10–40%
central Au+Au collisions at

√
sNN = 62.4GeV is shown in Fig. 13.18. Here, the

scaling seems to break. The better scaling is observed when plotted v2/nq versus
K ET /nq = (mt − m)/nq . STAR data on Cu+Au at 200GeV also exhibit similar
scaling behaviour [63].

The PHENIXdata [64] onAu+Au andCu+Cu for different centralities at 200GeV
and Au+Au at 62.4GeV for π /k/p are displayed in Fig. 13.19 (a). A large spread is
seen for v2 versus pT . The K ET scaled by nq and v2 scaled by nq , eccentricity,
N 1/3

part , i.e., v2/(nq ∗ εpart ∗ N 1/3
part ) found to exhibit universal scaling displayed in

the Fig. 13.19 (b) for 0.1 < K ET /nq < 1.0GeV. The better χ2/NDF = 2.11 for the
third-order polynomial was found for the N 1/3

part scaling than that of the N
1/3
coll scaling

(χ2/NDF = 5.39). The v2 values exhibited some spread as the energy dependence of
v2 was not taken into account.

Figure13.20 (left) presents pT /nq versus v2/nq for identified particles measured
by the ALICE for the Pb-Pb collisions at

√
sNN = 2.76TeV for 40–50% collision

centrality [65]. Here, the scaling seems to break again but when plotted v2/nq versus
(mt − m)/nq scaling seems to work (Fig. 13.20 (right)). In Fig. 13.21 double ratio
(v2/nq)/(v2/nq)Fitp is plotted versus (mt − m)/nq . It is observed that scaling is
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Fig. 13.17 Top: Scaled v2/n versus scaled pt /n for identified particles for minimum bias collisions.
n is number of constituent quarks in the particle. A polynomial curve is fit to the data. Bottom:
Ratio of v2/n to the fitted curve versus pt /n

Fig. 13.18 Left: v2/nq versus pT /nq for different identified particles for the PHENIX data for
10–40% collision centrality for Au+Au collisions at

√
sNN = 62.4GeV. Middle: v2/nq versus

K ET /nq , Right: v2/nq versus (mT − m0)/nq for 0–40% collision centrality for Cu+Au collisions
at

√
sNN = 200GeV the STAR data
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Fig. 13.19 a v2 versus pT the PHENIX data [64] on Au+Au and Cu+Cu for different centralities
and for different energies indicated in the figure. b Scaled v2 as discussed in the text as a function
of K ET /nq

Fig. 13.20 Left: v2/nq versus pT /nq for identified particles measured by the ALICE for Pb-Pb
collisions at

√
sNN = 2.76TeV for 40–50% collision centrality [65]. Right: same as in left plot but

v2/nq versus (mT − m0)/nq

violated for (mt − m)/nq ∼ −0.6−0.8 GeV/c2 but for higher values there are devi-
ations at the level of 20% with respect to the reference ratio. This is found to be true
for all centralities.

13.2.5 Learning from Simple Scaling Behaviour

Figure13.22 (left) presents the dependence of v2 on pT in Pb-Pb collisions at√
sNN = 5.02TeV for various centralities obtained by the ATLAS [66]. It is observed

that v2 increases with decreasing centrality and the pT value at which v2 reaches its
maximum value changes from one centrality to another. The ATLAS collabora-
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Fig. 13.21 Double ratio (v2/nq )/(v2/nq )Fitp versus (mT − m0)/nq

Fig. 13.22 Left) The dependence of v2 on pT in Pb-Pb collisions at
√
sNN = 5.02TeV for various

centralities obtained by the ATLAS [66]. Right) Scaled v2 versus scaled pT . Details can be found
in the text

tion [67] found that their findings regarding the similar pT dependence in p-Pb and
Pb-Pb collisions are also valid for different centralities in the Pb-Pb collisions at√
sNN = 5.02TeV if we scale pT to account for difference in 〈pT 〉 between different

collision centralities and scale v2 to account for the difference in the collision geome-
try between the centralities. Here, the 0–60% centrality bin is chosen as the reference,
and the v2(pT ) for the individual 5% wide centralities are scaled to match best the
v2(pT ) in the 0–60% centrality interval over the 0.5–5GeV pT range. Figure13.22
(right) displays the scaled v2 versus scaled pT for different centralities. It is seen that
all data points fall on the same curve supporting the observation made in p-Pb and
Pb-Pb collisions. Details of pT and v2 scaled factors can be found in [66].
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Fig. 13.23 v2(EP) as a
function of η′ for Au +Au
collisions at different
energies as indicated in the
figure

Back et al., [68] observed that the integrated elliptic flow varies linearly with the
pseudo-rapidity η′ (η − ybeam), measured with respect to the beam rapidity ybeam ,
in Au+Au collisions at

√
sNN = 200, 130, 62.4 and 19.6GeV. Figure13.23 displays

the plot of v2(EP) versus η′. It is seen that elliptic flow exhibits longitudinal scaling
behaviour over the whole range of η′. The extrapolation of this to LHC energy,
predicted an increase in v2 of 50%. However, the ALICE collaboration reported an
increase in v2 ∼ 30% from

√
sNN = 200GeV to

√
sNN = 2.76TeV [28].

13.2.6 Energy Dependence

Figure13.24 (top) displays the STAR v2{4} obtained using the 4-particle cumu-
lant method versus pT for 20–30% centrality for Au+Au at

√
sNN = 39, 62.4. and

200GeV [69]. The ALICE Pb-Pb data points for similar centrality at
√
sNN =

2.76TeV are also shown. All data points fall on the same curve. Ratio of v2 to
the polynomial fitted value at 200GeV versus pT is plotted in Fig. 13.24 (bottom).
The good agreement within ∼10% is seen for wide range of energies for pT > 500
MeV/c. It is seen that v2{4} gets saturated for pT > 1GeV but for pT < 1GeV/c
increase in v2 is seen for higher energy Pb-Pb collisions at 2.76TeV and decrease
in v2 for lower energy taking 200GeV as a reference which is consistent with the
overall increase in the v2 with increase in beam energy.

The comparison of pT integrated v2 for 20–30% centrality at different energies is
shown in Fig. 13.25 [28]. There is continuous increase in the magnitude of elliptic
flow for this centrality from RHIC to LHC. About 30% increase in v2 is observed
with increasing energy from

√
sNN = 200GeV to

√
sNN = 2.76TeV. The larger v2 is

due to the increase in the mean pT . Hydrodynamical [70] and hybrid [71–73] models
infact predicted an increase of ∼10–30% in v2 at the LHC energy.
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Fig. 13.24 Top: v2{4} versus
pT for 20–30% collision
centrality for Au+Au and
Pb-Pb collisions at different
energies as indicated in the
figure. Bottom: Plot of ratio
of v2{4} to the fit value as a
function pT

Fig. 13.25 Energy
dependence of v2 for
20–30% collision centrality
for various experiments as
indicated in the figure
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13.3 Summary

The elliptic flow (v2) measured from two-particle correlations is larger than that from
multi-particle correlations. This can be because of either non-flow effects or fluctua-
tions. The dependence of v2 on pT is well described by hydrodynamical models. The
mass ordering of v2 at low pT follows the predictions of hydrodynamical models.
RHIC and LHC data agree with VISHNU predictions and yielded η/s = 0.16 and
0.20 at

√
sNN = 200GeV and 2.76TeV energies, respectively. The v2 scales with the

number of constituent quarks, nq , within ∼10% at the RHIC energies, above pT /nq
∼ 0.6GeV/c indicating hadron production via coalescence of constituent quarks.
However, pions deviates from this which may be due to large contribution from reso-
nance decay. There are deviations in the NCQ scaling at the level of 20% at the LHC
energies. The v2 fluctuations are well described by fKNL-CGC and IP-Glasma mod-
els. The v2 versus η′ = η − ybeam follows linear scaling behaviour. The v2 versus pT
for different collision centralities follows universal curve if v2 and pT are properly
scaled for collision geometry and mean pT changes, respectively. It is observed that
v2 increases with increase in energy due to increase in mean pT .
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Chapter 14
Particle Production and Collective
Phenomena in Heavy-Ion Collisions at
STAR and ALICE

Lokesh Kumar

Abstract The recent results from STAR and ALICE experiments are presented
on particle production and collective phenomena. The STAR results suggest that
particle production at lower energies exhibit different features compared to that at
higher energies. The lower energy results hint that there may not be Quark-Gluon
Plasma formation at these energies. Small system results from ALICE experiment
exhibit features similar to those associated generally with heavy-ion collisions. The
results presented here constitute the heavy-ion collision energy range from lowest
energy of

√
sNN = 7.7GeV to the highest energy of 5.02TeV.

14.1 Introduction

The high energy heavy-ion collisions recreate the conditions suitable for the forma-
tion of Quark-Gluon Plasma (QGP), a state believed to have existed just after the
big bang [1–4]. The Solenoidal Tracker at RHIC (STAR) experiment at Brookhaven
National Laboratory (BNL), USA and A Large Ion Collider Experiment (ALICE)
at CERN, Switzerland are the main experiments using the heavy-ion collisions to
study the QGP formation [1, 5].

The schematic diagram of Quantum Chromo Dynamics is shown in Fig. 14.1 [6].
The x-axis represents the baryon chemical potential μB and y-axis represents the
temperature T . The phase diagram has many structures, and mainly two phases—
QGP and Hadron gas phase. The phase transition from hadron gas to QGP at μB ∼
0 is a crossover while at large μB , a first-order phase transition is expected [7, 8].
In between, the point where the first-order phase transition line ends is called the
QCD critical point [9, 10]. The x-axis and y-axis of the QCD phase diagram can be
accessed through experiments by varying the collision energy.

Themain goals of high energy heavy-ion collisions are as follows. Understand the
particle production and freeze-out dynamics, study the QGP properties, and explore
the QCD phase diagram to search for the signals of phase boundary, critical point,
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Fig. 14.1 The conjectured phase diagram of Quantum Chromo Dynamics showing different phase
structures [6]

and first-order phase transition line. Exploring the QCD phase diagram and search
for QCD critical point has been one of the main focus of STAR experiment. For this
purpose, a dedicated program called the Beam Energy Scan (BES) program has been
operational since 2010 [11, 12].

Recent results from high energy collisions of small systems (pp and p−Pb) from
ALICE experiment suggest interesting features similar to those generally associated
with heavy-ion collisions [13–15]. Understanding of these results has been one of
the main focus in ALICE experiment recently.

14.2 Particle Production

Figure14.2 shows the invariant yields of pions (π±), kaons (K±), protons (p), and
anti-protons ( p̄) at midrapidity |y| < 0.1 as a function of transverse momentum pT
in Au+Au collisions at

√
sNN = 7.7GeV, the lowest collision energy achieved at

RHIC so far [16]. Results are presented for various collision centralities from 0–
5% (the most central) to the 70–80% (the most peripheral) collisions. The yield of
particle increases from peripheral to central collisions. The slope of the distributions
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Fig. 14.2 Invariant yields of pions (π±), kaons (K±), protons (p) and anti-protons ( p̄) as a func-
tion of transverse momentum pT in Au+Au collisions at

√
sNN = 7.7GeV for various collision
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Fig. 14.3 The midrapidity dN/dy of π±, K±, p, and p̄ per participant nucleon pair as a function
of collision energy for central collisions [16–20]

decreases with increasing mass of the particle suggesting the effect of radial flow.
These distributions are integrated over the full pT range to obtain the particle yield
dN/dy.

Figure14.3 shows the midrapidity dN/dy of π±, K±, p, and p̄ per participant
nucleon pair as a function of collision energy for central collisions [16–20]. The pion
yields increase with increasing energy and shows a kink behavior around

√
sNN =

19.6GeV.At lower energies, theπ− yield is little higher thanπ+. The kaon yields also
increase with increasing energy. At lower energies, the K+ yield is higher than K−.
The proton yields decrease with increasing energy and then starts to increase slightly
towards higher energies. The anti-proton yields increase with increasing energy. The
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Fig. 14.4 Themidrapidity anti-particle to particle ratios (π−/π+, K−/K+, and p̄/p) as a function
of collision energy for central collisions [16–20]

behavior of these particle yields as a function of collision energy is quantified in the
anti-particle to particle ratios.

Figure14.4 shows themidrapidity anti-particle to particle ratios (π−/π+, K−/K+,
and p̄/p) as a function of collision energy for central collisions [16–20]. The π−/π+
ratio is almost unity for all energies except the lower energies

√
sNN < 10GeV. For

lower energies, the ratio is greater than unity suggesting the π− yield is higher com-
pared to π+. This is due to isospin conservation and the contribution from decays of
resonances like � baryons. The π−/π+ ratio increases with increasing energy. At
lower energies, the associated production of kaon with hyperon leads to greater yield
of K+ compared to K−. With increasing energy, the pair production, i.e., similar
production of K+ and K−, starts to dominate and hence the ratio starts approaching
the unity. The p̄/p ratio also increases with increasing energy. At lower energies
the baryon stopping at midrapidity leads to higher yields of protons compared to
anti-protons. As a result, the ratio is much less than unity. As the energy increases,
the ratio starts to increase and approaches towards the unity value.

Figure14.5 shows the midrapidity K±/π± ratios as a function of collision energy
for central collisions [16–20]. The ratio of K−/π− shows an increasing behavior
from lower to higher energy. The K+/π+ ratio increases with energy at first, then
shows a maximum value around

√
sNN = 7.7GeV, and then decreases with energy

and become flat at higher energies to match with K−/π− ratio. The observation of
maximum value of K+/π+ ratio as a function of collision energy has been sug-
gested as the signature of phase transition from hadron gas to QGP [18]. However,
various models that do not include such a phase transition could explain this type of
energy dependence. The maximum of K+/π+ ratio is observed at the energy where
maximum baryon density at midrapidity is predicted for heavy-ion collisions [21,
22].
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Fig. 14.5 The midrapidity
K±/π± ratios as a function
of collision energy for
central collisions [16–20]
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14.2.1 Freeze-Out

The collisions of heavy-ions lead to the formation of new particles. The point in
time when the inelastic collisions among the particles cease the particle numbers get
fixed. This stage is referred to as the chemical freeze-out. At this point, the elastic
interactions among the particles still continue which leads to the change in momenta
of the particles. A stage comeswhen the elastic collisions also cease and themomenta
of the produced particles.

The chemical freeze-out conditions in the heavy-ion collisions can be obtained
using the statistical thermal model [23, 24]. Using this model, the particle multiplic-
ities are given (in grand canonical ensemble) by

Ni = gi V

2π2

∞∑

k=1

(∓1)k+1m
2
i T

k
K2

(
kmi

T

)
eβkμi , (14.1)

where K2 is the Bessel function of second order, gi and μi are degeneracy and
chemical potential of hadron species i , respectively, β = 1/T , and mi is the mass of
particle. If the number of particles is small, the conservation laws are implemented
exactly and hence the strangeness conservation is considered exactly [25, 26]. So,
the particle multiplicities are estimated accordingly.

The produced particle yields are fitted using the model and two main parameters
are extracted—the chemical freeze-out temperature Tch and the baryon chemical
potential μB . In this way, the chemical freeze-out parameters are obtained at various
collision energies. Figure14.6 shows the variation of Tch withμB at different collision
energies [27]. The figure represents the phenomenological phase diagram and gives
the phenomenological boundary between hadron gas and QGP. At higher energies
(low μB) the temperature seems to be showing a constant or limiting behavior.
As the energy decreases (μB increases), the temperature decreases and converges
towards the value for ground state matter at μB = 931MeV. The band in the figure
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Fig. 14.6 The variation of
extracted Tch with μB at
different collision energies in
central heavy-ion
collisions [27]. The band
represents predictions from
the Lattice QCD [28, 29]
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represents the predictions from the Lattice QCD [28, 29]. The lattice QCD results
are consistent with the observed dependence of Tch on μB . This suggests that the
heavy-ion collisions can probe the QCD phase boundary between hadron gas and
QGP. It is also interesting to note that the thermal model works well for the vast
energy range from 7.7GeV to 2.76TeV.

The kinetic freeze-out conditions can be obtained using the blast wave (BW)
model [16, 30]. This is a hydrodynamics-based model which assumes that the parti-
cles are locally thermalized at a kinetic freeze-out temperature Tkin and are moving
with a common transverse radial flow velocity β. The pT distribution of the particles
is given as

dN

pT dpT
∝

∫ R

0
r dr mT I0

(
pT sinh ρ(r)

Tkin

)
K1

(
mT cosh ρ(r)

Tkin

)
, (14.2)

where mT =
√
p2T + m2 is the transverse mass of a hadron of mass m, ρ(r) =

tanh−1β, and I0 and K1 are the modified Bessel functions. The radial flow velocity
profile of the form β = βS(r/R)n is used. The particle spectra of π±, K±, p̄, and
p are fitted simultaneously with the blast wave model and the kinetic freeze-out
parameters (Tkin, 〈β〉, and n) are extracted.

Figure14.7 shows the energy dependence of extracted kinetic freeze-out parame-
ters the kinetic freeze-out parameter Tkin and average radial flow velocity 〈β〉, along
with the chemical freeze-out temperature Tch for central heavy-ion collisions. The
kinetic and chemical freeze-out temperatures are similar around

√
sNN = 4–5GeV .

With increasing collision energy, the chemical freeze-out temperature increases and
becomes constant after

√
sNN = 11.5GeV . The Tkin is almost constant around the

7.7–39GeV and then decreases up to the LHC energies. The difference between Tch
and Tkin increases with increasing energy. This could be related to the increasing
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Fig. 14.7 The energy
dependence of extracted
kinetic freeze-out parameters
the kinetic freeze-out
parameter Tkin and average
radial flow velocity 〈β〉,
along with the chemical
freeze-out parameter for
central collisions [16, 30]
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hadronic interactions between chemical and kinetic freeze-out at higher energies.
The average transverse radial flow velocity exhibits a rapid increase at very low
energies, and then a steady rise up to LHC energies. There is also a region of con-
stant 〈β〉 around 7.7–19.6GeV energies. It is interesting to note that the simple blast
wave model is quite successful in describing the spectra of identified particles from
the low energy of

√
sNN = 7.7GeV up to the energy of

√
sNN = 2.76TeV which is

more than about 350 times higher.

14.3 Azimuthal Anisotropy

Anisotropic flow which measures the momentum anisotropy of the final-state par-
ticles can give information about the properties such as shear viscosity to entropy
density (η/s) of the system formed in heavy-ion collisions [31]. In heavy-ion colli-
sions, the reaction plane is defined as the plane formed by the impact parameter and
the beam axis. For non-central heavy-ion collisions, an initial spatial anisotropy is
created which gets transformed into the anisotropy in momentum space due to the
interactions among the produced particles. The anisotropy in momentum space is
characterized by the Fourier (flow) coefficients given as [31, 32]

vn = 〈cos[n(φ − �n)]〉, (14.3)
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whereφ represents the azimuthal angle of producedparticles,n represents the order of
flowharmonic, and�n is the reaction plane of order n. The secondFourier coefficient,
v2, is known as elliptic flow.

At RHIC energies, the study of anisotropic flow suggested that the system formed
in heavy-ion collisions is a strongly coupled QGP (sQGP) with a small value of the
η/s ratio [1–4]. One of the signatures of the formation of QGP was the scaling of
number of constituent quarks. It was observed that elliptic flow when plotted as a
function of pT shows separation between baryons and mesons at intermediate pT (>

1.5–2.0GeV/c). The baryons have larger v2 than the mesons. The baryon-meson
separation at intermediate pT was associated with the difference in their constituent
quarks (nq ), which is 2 for mesons and 3 for baryons. When the v2/nq is plotted
as a function of pT /nq the baryons and mesons follow single behavior, i.e., exhibit
same v2. This is referred to as the number of constituent quarks scaling and has
been considered as an established signature of QGP formation at high energy heavy-
ion collisions [32, 33]. The basic requirement for this signature to be observed is
the existence of baryon-meson separation at intermediate pT . This information is
exploited in the Beam Energy Scan program at RHIC to look for the signals of phase
boundary. The idea is to vary the collision energy and observe the baryon-meson
separation at each energy. If there is no separation observed at some energy, it would
suggest that no QGP was formed at that energy and hence one could locate the phase
boundary between QGP and hadron gas.

Figure14.8 shows the v2 of various (anti-) baryons and mesons as a function of
mT − m0 for various energies in Au+Au collisions from

√
sNN = 7.7–62.4GeV for

0–80% central collisions [34]. Here, mT represents the transverse mass and m0 is

0
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Fig. 14.8 The The energy dependence of extracted kinetic freeze-out parameters the kinetic freeze-
out parameter Tkin and average radial flowvelocity 〈β〉, alongwith the chemical freeze-out parameter
for central collisions [34]



14 Particle Production and Collective Phenomena in Heavy-Ion … 197

the mass of hadron. At energies from
√
sNN = 19.6–62.4GeV, there is a separation

of baryons and mesons v2 at intermediate pT but for energies at
√
sNN = 7.7 and

11.5GeV, there is no separation. This suggests that for energies at 11.5GeV and
below, the QGP signature is missing and hence there could be no QGP formation.
However, the statistics at lower energies is not very good, so the high-statistics data
which has been planned to be collected in BES phase-II in STAR would be able to
provide conclusive evidence.

14.4 Small Systems

Recently in ALICE, it has been possible to collect high-statistics high energy data
for small systems such as pp and p-Pb [13, 35, 36]. This has allowed for more
differential measurements of the observables in such a small systems. The results
are very interesting in the manner that the same features are observed that have been
generally considered as characteristics of heavy-ion collisions where we expect that
QGP is formed. Some of the observables are discussed here.

The invariant yields of identified particles as a function of transverse momentum
has been obtained for small systems in various multiplicity classes [13, 35, 36].
These spectra show similar behavior as has been observed for heavy-ion collisions.
The slope of the distributions becomes flatter or harder in going from lowmultiplicity
to higher multiplicity events [13, 35, 36]. The spectra show hardening for more
massive particles [13, 35, 36]. These effects are attributed to radial flow effect in
heavy-ion collisions and hence are quite interesting to observe in small systems. The
same effect is quantified by fitting the blast wave model simultaneously to the π ,
K , and p spectra in small systems. Figure14.9 shows the extracted fit parameters
kinetic freeze-out temperatureTkin and transverse radial flowvelocity 〈βT 〉 for various
systems such as pp collisions at

√
s = 7TeV, p-Pb collisions at

√
sNN = 5.02TeV,

Fig. 14.9 The extracted
kinetic freeze-out
temperature Tkin and
transverse radial flow
velocity 〈βT 〉 for various
systems such as pp
collisions at

√
s = 7TeV,

p-Pb collisions at
√
sNN =

5.02TeV, and Pb-Pb
collisions at

√
sNN =

2.76TeV, in different
multiplicity classes [13, 15,
36–38]
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and Pb-Pb collisions at
√
sNN = 2.76TeV, in different multiplicity classes [13, 15,

36–38]. It is quite astonishing that the blast wave model works very well even for the
small systems. The extracted Tkin and 〈βT 〉 are similar for pp and p-Pb for similar
multiplicities. However, when compared with Pb-Pb, the 〈βT 〉 is higher for smaller
systems at similar multiplicities.

It becomes interesting to observe the behavior of various observables as a function
of multiplicity with different systems plotted together. One such plot is shown in
Fig. 14.10 where various particle ratios, such as (p + p̄)/φ, (K++ K−)/(π+ + π−),
(p + p̄)/(π+ + π−), and 	/K 0

S , are plotted as a function of multiplicity for three
different pT regions, i.e., low-pT (0.50–0.55GeV/c), mid-pT (2.50–3.00 GeV/c),
and high pT (7.00–10.00GeV/c), for different collision systems pp, p-Pb, and Pb-
Pb [13, 15, 36–38]. It is observed that all the particle ratios evolve smoothly as a
function of charged particle multiplicity across different systems. This suggests that
the particle production depends only on the final-state multiplicity, irrespective of
difference in energy, and collision system.

The strangeness enhancement in heavy-ion collisions relative to pp collisions
was originally proposed as a signature of QGP formation. It is also attributed to the
canonical suppression in small systems. However, the microscopic understanding
of strangeness enhancement is not known completely. Figure14.11 shows the mul-
tiplicity dependence of ratio of identified particle yields to the pion yield for pp
collisions at

√
s = 7TeV, p-Pb collisions at

√
sNN = 5.02TeV, and Pb–Pb collisions

at
√
sNN = 2.76TeV [13, 15, 36–38]. The ratios shown are the K/π , K ∗/π , p/π ,

φ/π 	/π , 
/π and �/π . There is a smooth evolution of all particle ratios also
including strange particles as a function of charged particle multiplicity across dif-
ferent systems. This suggests that the strange particle production exhibits universal
final-state multiplicity dependence.

The particle ratios involving strange particles increasewith increasingmultiplicity
(K ∗ is an exception due to the rescattering effect). The strangeness enhancement is
observed for the first time in small systems. The enhancement is observed to increase
with increasing strangeness contents of the particles. As an example, the �/π ratio
with total strangeness content of 3 units shows more enhancement compared to other
ratios. The increase due to mass of the particles is ruled out because the p/π ratio is
observed to be constant while φ/π shows enhancement. However, the enhancement
of φ/π is also surprising because the total strangeness of φ meson (ss̄) is zero units.
The canonical suppression does not explain the increase in φ/π ratio [15]. The
investigations based on models to understand this effect are ongoing. A recent study
based on assumption of total effective strangeness of φ meson as 2 units (s+s̄) could
explain this behavior [25].
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Fig. 14.10 The particles yield ratios as a function of multiplicity 〈dNch/dη〉 for pp, p–Pb, and
Pb–Pb collisions. The top panels with labels a, b, and c show (p + p̄)/φ ratio; panels with labels d,
e, and f show (K++ K−)/(π+ + π−) ratio, panels with labels g, h, and i show (p + p̄)/(π+ + π−)
ratio; and bottom panels with labels j , k, and l show 	/K 0

S ratios for low pT interval (left column),
mid pT interval (middle column), and high pT interval (right column) [13, 15, 36–38]
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Fig. 14.11 The multiplicity
dependence of ratio of
identified particle yields to
the pion yield for pp
collisions at

√
s = 7TeV,

p-Pb collisions at
√
sNN =

5.02TeV, and Pb–Pb
collisions at

√
sNN =

2.76TeV. The ratios plotted
here are K/π , K ∗/π , p/π ,
φ/π 	/π , 
/π and �/π

[13, 15, 36–38]

14.5 Summary

The STAR experiment at RHIC and ALICE experiment at LHC have measured
the particle production and collective phenomena in detail over the wide range of
energies and systems. The transverse momentum distributions of pions, kaons, and
protons in the heavy-ion collisions indicate the presence of radial flow in these
collisions. At lower energies, particles and anti-particles show different production
mechanism. The π− yield is higher compared to π+ due to isospin conservation
and the contribution from decays of resonances like � baryons. The associated
production of kaon with hyperon leads to higher yield of K+ compared to K−. The
baryon stopping at midrapidity leads to higher yields of protons compared to anti-
protons. The statistical thermal model and simple hydrodynamics-based blast wave
model well describe the particle production across vast range of energies (

√
sNN =

7.7 to 2760GeV) and for different systems (pp, p-Pb, Au+Au, and Pb-Pb).
The v2 at intermediate pT shows no separation between baryons and mesons for

energies at
√
sNN =7.7 and11.5GeV.This indicates that for energies at 11.5GeVand

below, there could be noQGP formation. Themultiplicity dependencemeasurements
for small system collisions show interesting results. The results exhibit features
similar to those generally associatedwith heavy-ion collisions. The phenomenon like
collectivity is observed for small systems. The strangeness enhancement is observed
for the first time in small systems. The multiplicity dependence results of small
and large systems suggest that particle production depends only on the final-state
multiplicity, irrespective of difference in system size and energy.
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Chapter 15
Studies on � Hypernuclei and
Superheavy Elements

K. P. Santhosh

Abstract The properties of various� hypernuclei including the binding and separa-
tion energies, decay properties, etc. are studied.An extendedBethe–Weizsäckermass
formula (BWMF) has been proposed for finding the binding energies of � hyper-
nuclei. A new formula is also proposed for evaluating the hypernuclear separation
energies. These two new formalisms show better agreement with the experimental
results as compared to the othermethods. The hypernuclear decay triggered by strong
interaction has been studied next. The isotopes of hyper Po, hyper Ra, and hyper Ac
are selected for the study. The alpha and cluster emissions from the hypernuclei are
studied by including a �-nucleus potential to the well-known Coulomb and prox-
imity potential proposed by Santhosh et al. Using the Modified Generalized Liquid
Drop Model and Phenomenological Model for Production cross section, we have
studied the alpha decay properties and fusion ER cross section for the SHE with Z
= 121. As the nuclei 302−304,306121 shows three alpha chains, they could be syn-
thesized and detected in a laboratory. We have studied the ER cross section for the
reaction, 50Ti+252Es → 302121, 54Cr+249Bk → 303121, 50Ti+254Es → 304121 and
48Ca+258Md → 306121 and found that 50Ti+252Es → 302121 is the most probable
reaction to synthesize SHE with Z = 121. We hope that our studies will be a guide
line for further investigations in these fields.

15.1 Introduction

Hypernuclei are many body systems consisting of ordinary nucleons and one or more
strange hyperons. Recently a large number of hypernuclei are produced experimen-
tally and the studies on hypernuclei have received a lot of attention. Hyperons are
strange baryons. One of the characteristic features of the hyperon is that it is free
from Pauli’s exclusion principle, which makes it easy to deeply penetrate into the
nuclear interior.
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The observation of first hypernuclear fragment wasmade byDanysz and Pniewski
[1] in 1952, which was a boron nucleus in which a neutron was replaced by a �

hyperon. Various properties of hypernuclei have been studied since its first evidence
[2–8]. The stability of hypernuclei can be understood by studying its binding and
separation energies.Different theoreticalmethods are proposed for studying the bind-
ing and separation energies of hypernuclei [9–17]. The decay studies of hypernuclei
suggest that within the nuclear environment because of Pauli’s blocking effect, non-
mesonic decay modes are dominant over the mesonic decay modes. The possibilities
of decays of excited hypernuclei triggered by strong interactions [18–21] have also
been a subject of study.

An extended BWMF for finding the binding energies of � hypernuclei and a
new formula for obtaining the separation energies are presented. The alpha and
cluster decays from hyper Po, hyper Ra, and hyper Ac nuclei are performed using
the Coulomb and proximity potential model (CPPM) [22] with the inclusion of a
�-nucleus potential.

Since the superheavy elements up to Z = 118 have been confirmed in the lab-
oratory, the study of SHE with Z > 118 now becomes an important topic in the
nuclear physics research. SHEs were synthesized via two methods; hot fusion reac-
tion at JINR-FLNR, Dubna for Z = 114−118 [23–28] and cold-fusion reaction
at GSI, Darmstadt and at RIKEN, Japan for Z = 102−112 [29, 30]. The element
Z = 113 was synthesized successfully by hot fusion reaction using 48Ca + 237Np by
Oganessian et al. [31] and by cold-fusion reaction using 70Zn+209Bi by Morita et al.
[32]. However, it is difficult to produce SHE with Z = 113 in cold-fusion reactions
because of the smaller production cross sections. The discovery of superheavy nuclei
in the fusion reactions of 48Ca + 238U →249Cf were reviewed by Oganessian and
Utyonkov in 2015 [33]. Recently Khuyagbaatar et al. [34] predicted the ER cross
section for the isotope of Ts (Z = 117) for which the experiment was performed
at the gas-filled recoil separator TASCA and confirmed the previous findings at the
Dubna Gas-Filled Recoil Separator [25, 26, 35].

The ER residue cross section depends on the projectile-target pair, center-of-mass
energy which in turn depends on probability of CN formation, excitation energy, fis-
sion barrier of CN, and survival probability. Hence, the predictions of the favorable
reactions and beam energy are very important for the synthesis of superheavy ele-
ments. In the present paper, we have studied the decay modes and production cross
section for the SHE with Z = 121. The evidence for the synthesis of Z = 121 is not
reported yet and this study may helpful for future experimental investigations.
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15.2 Theory

15.2.1 Methodology to Study the Properties of Hypernuclei

The lambda–nucleon (�N) interaction inside a hypernucleus can be understood by
studying its binding and separation energies.Different formalisms are there for study-
ing the properties of hypernuclei. One among them is the use of semi-empirical
methods for evaluating the binding and separation energies.

In a recent study [36], we have proposed a new semi-empirical formula, by extend-
ing the Bethe–Weizsäckermass formula (BWMF), for calculating the binding energy
of singe � hypernuclei, which is given by

B(N , Z , �) = av Ac − as A
2/3
c − ac

Z(Z − 1)

A1/3c

− asym
(N − Z)2

Ac
+ δ − b0

A2/3

[
1 − b1

A2/3

]
+ b2.

(15.1)
Here A is the mass number of the hypernucleus, given by, A = Z + N + �, and Ac

is the mass number of core nucleus, Ac = Z + N , where Z and N are the number of
protons and number of neutrons. av, as , ac and asym are the usual BWMF constants,
given by, av = 15.79MeV, as = 18.34MeV, ac = 0.71MeV, asym = 23.21MeV. δ is
the pairing term, which is 12A−1/2

c for even N even Z nuclei, −12A−1/2
c for odd N

odd Z nuclei and 0 otherwise. b0, b1 and b2 are given as, b0 = 119.445MeV, b1 =
1.119MeV, b2 = 33.047MeV.

A new formula is also suggested [36] using the least square regression to the
updated experimental data of single � hypernuclei, given as

S� = a0 + a1
A2/3

+ a2
A4/3

. (15.2)

Here a0 = 28.442MeV, a1 = −119.445MeV and a2 = 133.651MeV.
These two new formulae for the binding and separation energies of� hypernuclei

are found to be more suitable for obtaining the experimental results as well as for
making theoretical predictions [36].

Another important part in the studies of hypernuclei is the decay of hypernu-
clei. Even though many studies have been put forward for studying the weak decay
of hypernuclei, only a few numbers of studies [18–21] have been performed on
the hypernuclear decay triggered by strong interaction, such as alpha and cluster
emission. We have modified the Coulomb and proximity potential model (CPPM)
proposed by Santhosh et al. [22] with the inclusion of a �-nucleus potential, for
studying the alpha and cluster emissions from hypernuclei. In CPPM, the interacting
potential between two nuclei is taken as the sum of Coulomb potential, proximity
potential, and centrifugal potential. It is given by

V = Z1Z2e2

r
+ Vp(z) + �

2l(l + 1)

2μr2
, f or z > 0. (15.3)
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Here Z1 and Z2 are the atomic numbers of the daughter and emitted cluster, r is
the distance between fragment centers, z is the distance between the near surfaces
of the fragments, l represents the angular momentum and μ the reduced mass. Vp is
the proximity potential given by Blocki et al. [37, 38] as

Vp(z) = 4πγ b

[
C1C2

C1 + C2

]
�

( z

b

)
(15.4)

with the nuclear surface tension coefficient,

γ = 0.9517

[
1 − 1.7826

(N − Z)2

A2

]
MeV/ f m2. (15.5)

Here N, Z, and A represent the neutron, proton, and mass number of the parent
nuclei. � represents the universal proximity potential [38] and Ci is the Süsmann
central radii of the fragments.

The potential for the internal part (overlap region) of the barrier is given as

V = a0(L − L0)
n, f or z < 0, (15.6)

where L = z + 2C1 + C2 fmand L0 = 2C fm.The constantsa0 andn are determined
by the smooth matching of the two potentials at the touching point.

Thebarrier penetrability P using theonedimensionalWentzel–Kramers–Brillouin
approximation, is given as

P = exp

{
−2

�

∫ b

a

√
2μ(V − Q)dz

}
. (15.7)

Here the mass parameter is replaced by μ = mA1A2
A , where m is the nucleon mass

and A1, A2 are the mass numbers of daughter and emitted cluster, respectively.
The turning points ‘a’ and ‘b’ are determined from the equation,V (a) = V (b) = Q,
where Q is the energy released. The half-life time is given by

T1/2 =
(
ln2

λ

)
=

(
ln2

νP

)
. (15.8)

Here λ is the decay constant and ν is the assault frequency. The empirical vibration
energy Eν , is given as [39]

Eν = Q

{
0.056 + 0.039exp

[
(4 − A2)

2.5

]}
, f or A2 ≥ 4 (15.9)

To incorporate the changes in potential due to � particle, we have included the
potential, V� between the non-strange normal fragment and the fragment that con-
tains lambda particle, in the expression for the interacting potential (15.3). That is,
as the alpha particle penetrates the potential produced by the Coulomb force, nuclear
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force, and centrifugal force, it also feels the potential generated by the � hyperon.
The potential, V� between the non-strange and strange fragments is given by

V� =
∫

ρ�(r1)V�N (r1 − r) d3r1, (15.10)

where ρ�(r1) is the density distribution of � particle. The density distribution of �

particle is taken from the [40, 41] and has the form,

ρ�(r) = (
πb2�

)−3/2
e−r2/b2�. (15.11)

Here b� =
√

4MN+M�

4M�bα
, where MN and M� are the mass of the nucleon and �

particle, respectively, and bα = 1.358 fm. The lambda-nucleon force is short range
and the strength of lambda-nucleus potential V�N is smaller than the nucleon-nucleus
potential. The lambda-nucleus potential, V�N , is taken from [42] and is given by,

V�N = V0

1 + exp
[
r−c
a

] . (15.12)

Here the constants V0 = −27.4MeV, a = 0.6 fm and c = 1.08A1/3. By including
the lambda-nucleus potential in (15.3), the half-lives for the hypernuclei can also be
determined using (15.8).

15.2.2 Methodology to Find Decay Modes and Production
Cross Section of SHE

The cross section of SHE production in a heavy-ion fusion reaction with subsequent
emission of x neutrons is given by

σ xn
ER = π

k2

∞∑
l=0

(2l + 1) T (E, l)PCN (E, l)Wxn
sur (E

∗, l). (15.13)

The probability of compound nucleus formation [43–45] is given as

PCN (E, l) = exp
{−c

(
xef f − xthr

)}
1 + exp

{
E∗
B−E∗
�

} , (15.14)

where E∗ = Ecm − Q − l(l+1)
2μr2 is the excitation energy of the compound nucleus,

E∗
B denotes the excitation energy of the CN when the center-of-mass beam energy

(Ecm) is equal to the Coulomb and proximity barrier, � is an adjustable parameter
(� = 4MeV) and xef f is the effective fissility defined as
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xef f =
[

(Z2/A)

(Z2/A)cri t

]
(1 − α + α f (K )) . (15.15)

With (Z2/A)cri t , f (K ) and K are given by

(Z2/A)cri t = 50.883

[
1 − 1.7286

(
(N − Z)

A

)2
]

(15.16)

f (K ) = 4

K 2 + K + 1
K + 1

K 2

(15.17)

K =
(
A1

A2

)1/3

, (15.18)

where Z , N and A represent the atomic number, neutron number, and mass number,
respectively. A1 and A2 are mass number of projectile and target, respectively. xthr ,
c are adjustable parameters and α = 1/3. The best fit to the cold-fusion reaction, the
values of c and xef f are 136.5 and 0.79, respectively. For hot fusion reaction, the
best fit for xef f ≤ 0.8 is c = 104 and xthr = 0.69; while xef f ≥ 0.8, the values are
c = 82 and xthr = 0.69. These constants are suggested by Loveland [44].

The survival probability Wsur is the probability for the compound nucleus to
decay to the ground state of the final residual nucleus via evaporation of light parti-
cles and gamma ray for avoiding fission process. The survival probability under the
evaporation of x neutrons is

Wsur = Pxn(E
∗
CN )

imax=x∏
i=1

(
n

n +  f

)
i,E∗

, (15.19)

where the index i is equal to the number of emitted neutrons, Pxn is the probability
of emitting exactly xn neutrons [46], E∗ is the excitation energy of the compound
nucleus, n and  f represent the decay width of neutron evaporation and fission,
respectively. To calculate n/ f , Vandenbosch and Huizenga [47] have suggested
a classical formalism:

n

 f
= 4A2/3a f (E∗ − Bn)

K0an
[
2a1/2f

(
E∗ − B f

)1/2 − 1
] exp [

2a1/2n
(
E∗ − Bn

)1/2 − 2a1/2f

(
E∗ − B f

)1/2]
,

(15.20)

where A is themass number of the nucleus considered, E∗ is the excitation energy, and
Bn is the neutron separation energy. The constant K0 is taken as 10MeV. an = A/10
and a f = 1.1an , are the level density parameters of the daughter nucleus and the
fissioning nucleus at the ground state and saddle configurations, respectively, and
B f is the fission barrier. The alpha decay half-lives are calculated using the modified
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generalized liquid drop model (MGLDM) [48] of our group and spontaneous fission
half-lives are calculated using the formula of Santhosh et al. [49]

log
(
T1/2/yr

) = a
Z2

A
+ b

(
Z2

A

)2

+ c

(
N − Z

N + Z

)
+ d

(
N − Z

N + Z

)2

+ eEshell + f,

(15.21)
where a = −43.25203, b = 0.49192, c = 3674.3927, d = −9360.6, e = 0.8930,
and f = 578.56058. Eshell is the shell correction energy.

15.3 Results and Discussion

The BWMF for hypernuclei is an extension of BWMF of normal nuclei to the hyper-
nuclear sector. The formula was developed by studying the variation of binding
energy for all the experimentally identified� hypernuclei with A−2/3. It was seen that
there exists an asymptotic relation between the binding energy and the hypernuclear
surface term, which is proportional to A2/3. The performance of the newly proposed
mass formula (15.1) has been demonstrated by evaluating the binding energies of all
the thirty-five experimentally synthesized� hypernuclei from 4

�H to 208
� Pb [50–55].

The predictive power of the new formula has been revealed by evaluating the standard
deviation. As compared to other theoretical formalisms, the new formula gives the
minimum standard deviation. Figure15.1 shows the variation of BE/A using (15.1)
with the mass number for the experimentally synthesized � hypernuclei. A compar-
ison with the experimental results is also given. The formula proposed for finding
the separation energy (15.2) also gives better agreement with experimental data as

Fig. 15.1 Plot of BE/A
versus mass number for all
the experimentally
synthesized � hypernuclei
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Fig. 15.2 Plot of separation
energy versus mass number
for all the experimentally
synthesized � hypernuclei

compared to other theoretical formalisms. Figure15.2 shows the plot of separation
energy obtained using (15.2) versus mass number of � hypernuclei. The agreement
between theoretical predictions and the experimental observations can be seen from
the figure.

Considering to the decay of hypernuclei triggered by strong interaction, we have
studied alpha emission from hyper Po nuclei, alpha, and cluster emission from hyper
Ra nuclei and hyper Ac nuclei using CPPMwith the inclusion of a�-nucleus poten-
tial. The elements Po, Ra, and Ac are well-known members of natural radioactive
series. Since many isotopes of these elements are good alpha emitters, their corre-
sponding hypernuclei may also exhibit alpha decay. The half-lives of alpha emission
from hyper 187−224

�Po are calculated. It was found that the isotopes 187−224
�Po

exhibit alpha decay. Similarly, while studying the alpha emission from 202−235
�Ra

nuclei, it was seen that the alpha half-lives of 202−231
�Ra are within the experimental

limit. Also the half-lives for 14C emission from 217−229
�Ra are favorable for mea-

surement. Studies on hyper Ac nuclei showed that 207−234
�Ac nuclei are unstable

against alpha decay. It is also seen that 14C emission from 218−229
�Ac are favorable

for measurement. Figure15.3 gives the plot for neutron number versus log10T1/2 of
various alpha emitting isotopes of hyper Po, hyper Ra, and hyper Ac. The 14C emis-
sion from various isotopes of hyper Ra and hyper Ac is depicted in Fig. 15.4. The
proton and neutron shell closures at Z = 82 and N = 126 are revealed through the
hypernuclear decay studies.

The decay modes of SHE 302−304,306121 are investigated by comparing the α-
decay half-lives with the spontaneous fission half-lives and the calculated values
are shown in Table15.1. The α-decay half-lives are calculated using MGLDM [48]
and SF half-lives calculated using semi-empirical relation given by Santhosh et al.
[49]. The nuclei with α-decay half-lives shorter than spontaneous fission half-lives
will survive fission and hence decay through α emission. It is found that isotopes
306,304−302121 exhibit 3 alpha chains followed by SF.
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Fig. 15.3 Plot of log10T1/2
versus neutron number of
parent for various alpha
emitting isotopes of hyper
Po, hyper Ra, and hyper Ac

Fig. 15.4 Plot of log10T1/2
versus neutron number of
parent for various 14C
emitting isotopes of hyper
Ra and hyper Ac

The ER cross section in 2n, 3n, 4n, and 5n evaporation channel for the synthe-
sis of isotopes 302−304,306121 using the reactions, 50T i +252 Es →302 121, 54Cr +
249Bk →303 121,50T i +254 Es →304 121, and 48Ca +258 Md →306 121 are stud-
ied. The corresponding figures representing ER cross section in each evaporation
channel is presented in Fig. 15.5. The largest ER cross section obtained in each evap-
oration channel is listed in Table15.2. It is found that, the 2n and 3n channel cross
section ismore for the reaction 50T i +252 Es →302 121, and 4n channel cross section
is more for the reaction 50T i +254 Es →304 121.
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Table 15.1 Decay modes of SHEs 302−304,306121. Half − lives are in seconds
Z A Qα (MeV) T (K PS)

SF T (MGLDM)
α Decay mode

302121 14.118 5.239E+11 1.164E−08 α

298119 13.146 7.742E+08 1.149E−06 α

294T s 11.354 2.931E+06 7.046E−04 α

290Mc 7.973 4.885E+03 8.358E+12 SF
303121 14.168 2.354E+10 4.013E−08 α

299119 13.135 9.793E+03 1.107E−06 α

295T s 11.593 2.814E−02 6.781E−04 α

291Mc 6.821 1.297E−07 8.020E+12 SF
304121 14.158 2.213E+09 4.031E−08 α

300119 13.086 6.300E+06 1.333E−06 α

296T s 11.694 3.747E+04 3.785E−04 α

292Mc 8.303 2.188E+02 1.370E+06 SF
306121 14.838 6.017E+05 2.554E−09 α

302119 13.106 1.248E+04 1.130E−06 α

298T s 11.914 1.311E+02 1.098E−04 α

294Mc 8.853 1.988E+00 1.133E+04 SF

→ →

→→

Fig. 15.5 ER cross section in 2n, 3n, 4n and 5n evaporation channel
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Table 15.2 Maximum value of ER cross section obtained in each evaporation channel

Reaction ER cross section in fb

2n 3n 4n 5n
48Ca +258 Md →306121 0.39 3.89 0.35 0.046
50T i +254 Es →304121 0.45 10.02 0.58 0.017
50T i +252 Es →302121 8.62 23.09 0.33 0.002
54Cr +249 Bk →303121 1.45 3.28 0.45 0.006

15.4 Conclusion

The binding and separation energies of � hypernuclei are predicted using two new
formalisms. The values predicted using the new formulae are in good agreement
with the experimental results. These two simple formulae provide a reliable method
for finding the two important quantities of hypernuclei, that is, the binding energy
and the separation energy. The hypernuclear decay triggered by strong interactions,
particularly the alpha and the cluster emissions are studied using CPPM with the
inclusion of a �-nucleus potential for the isotopes of hyper Po, hyper Ra, and hyper
Ac. The study shows that the alpha and cluster decay half-lives ofmanyof the isotopes
of these hyper elements are within the experimental limit. The proton and neutron
shell closure at Z = 82 and N = 126 in the hypernuclear region is also revealed from
the study.

We have predicted the alpha decay half-lives and SF half-lives of the isotope SHE
302−304,306121. The isotopes 302−304,306121 shows 3 alpha chains followed by SF
and hence these isotopes can be synthesized and detected in the laboratory. The stud-
ies on ER cross section for the synthesis of these isotopes using the reactions, 50T i +
252Es →302 121, 54Cr +249 Bk →303 121,50T i +254 Es →304 121 and 48Ca +
258Md →306 121 are performed and it is clear that the reactions 50T i +254 Es →
304121, and 50T i +252 Es →302 121 have maximum probability in 3n and 4n chan-
nel, respectively.We hope that our studies on hypernuclei and superheavy elements
will be a guide line for further investigations in these fields.
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Chapter 16
Systematic Study of Po Compound
Nuclei Using Evaporation Residue,
Fission Cross-Section, and Neutron
Multiplicity as a Probe

Ruchi Mahajan

Abstract Statisticalmodel calculations for neutronmultiplicity, evaporation residue,
and fission cross-section have been performed for 18O+192Os populating 210Po com-
pound nucleus in the excitation energy range 52.43–83.51MeV. Experimental fusion
cross-section has been fitted using CCFULL code. Evaporation residue and fission
cross-section are then fitted using Bohr–Wheeler’s formalism including shell effects
in the level density and fission barrier by using scaling factor in the range 1.0–0.75.
The results of the calculations are in good agreement with the experimental data. In
this chapter, we are presenting the results of these calculations.

16.1 Introduction

The understanding of the fission dynamics of a nucleus, particularly in the mass
region ≈200, continues to be challenging task for the nuclear physicists [1]. In order
to have a better insight of the fission dynamics in this mass region, many statisti-
cal as well as dynamical approaches have been used. The key ingredients of these
approaches include the spin distribution of the compound nucleus (CN), nuclear level
density parameters, shell effects in fission barrier, and the potential energy surface. In
general, the fission barrier used in these models has a macroscopic (liquid drop) part
and a microscopic (shell correction) part. The nuclear level density parameter is also
sensitive to the shell correction and deformation. Even though significant progress
has been made in the understanding of the fission process, there are ambiguities
in choosing the parameters of the theoretical models [2–5]. At low energies, CN
decays predominantly by emission of particles and fission. Experimental observa-
tions clearly show that fusion cross-section is significantly reduced in medium mass
region even for very asymmetric systems due to onset of non-compound nuclear
processes like quasi fission (QF) [6, 7]. Evaporation residues (ERs) are the pure
signatures of CN formation and can become a useful probe to study the statistical as
well as dynamical aspects of the fusion–fission reactions.
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Sagaidak et al. [7] have analyzed the ER and fission excitation functions data
obtained in complete fusion reactions leading to Po compound nuclei in the frame-
work of the standard statistical model. They have observed a drop in the Po fission
barriers with the decrease in a neutron number, which is supported by the presence
of entrance channel effects and collective excitations in the CN decay. Mahata et
al. [8] have also suggested the lowering the fission barrier (saddle point) from the
statistical model (SM) analysis of the prefission neutron multiplicity data for 210Po
in excitation energy range of ≈40–60MeV.

It is nowwell established that the fission process is somewhat delayedwith respect
to the statistical picture ofCNdecay due to the presence of dissipation. It affectsmany
experimental observables like pre-scission particle multiplicities, fission probability,
and mass-energy distribution of fission fragments. Neutron emission that acts as a
clock tomeasure the fission time scale has proved to be very useful in investigating the
mechanism of nuclear fission [9]. This is because neutrons are emitted in succession
from a hot CN till it fissions and thus the pre-scission neutron multiplicity becomes
a measure of the time scale of fission. Therefore, in order to address these problems
in the actinide region, a detailed study of the decay products of the CN, such as ERs,
CN fission fragments are necessary. In this regard, ER, fission cross-section and
neutron multiplicity measurements can be a useful probe to understand the fusion–
fission dynamics. In view of this, we have extended our theoretical investigation to
understand the fission dynamics in actinide region by considering different isotopes
of Po [10, 11].

With these motivations, we have performed SM calculations for 210Po CN popu-
lated through 16O+192Os in the excitation energy range 52.43–83.51MeV for which
experimental data on ER, fission cross-section, and neutron multiplicity is already
available in the literature [9]. In this chapter, results of the SM calculations have been
presented.

This first section of this chapter deals with various ingredients used in the SM and
the results of the analysis obtained for ER and fission cross-section. The results of
neutron multiplicity for 210Po CN are given in Sect. 16.2. The last section contains
the interpretation of the results obtained from the SM analysis.

16.2 Statistical Model Analysis of Evaporation Residue
and Fission Cross-Section

Sagaidak et al. [7] have also performed the similar systematic study of Po compound
nuclei utilizing the standard approach, in which CN production (fusion) and de-
excitations are considered independently. The barrier-passing (BP) model takes care
of the fusion part, whereas the CN de-excitation is treated within the standard statisti-
cal approach (SSM). Both of them are implemented within the HIVAP code [12]. For
the present work, theoretical calculations were performed using Bohr–Wheeler for-
malism including shell-corrections in the level density and fission barrier in order to
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fit the experimental data for ER and fission cross-sections. The experimental fusion
cross-section has been reproduced in good agreement by using coupled channel
calculations (CCFULL) [13]. Then, in order to fit the experimental data, different
scaling factors (K f ) for the finite-range liquid drop model fission barrier in the range
1.0–0.75 were used.

In the framework of SM, the possible decay channels of a CN are the emission
of neutrons, protons, α, and giant dipole resonance (GDR) γ -rays [14]. The main
assumption of the SM is that the system forms a fully equilibrated CN after capture
of projectile and contribution from non-compound nuclear processes such as QF
and fast-fission are negligible. The Bohr–Wheeler fission width used in the present
calculations is given by [15]:

�BW = 1

2πρ(E∗)

E∗−VB∫

0

dερ∗(E∗ − VB − ε) (16.1)

Here, VB is the fission barrier and the nuclear potential is obtained from the finite-
range liquid drop model (FRLDM). The level density parameter used in the present
work is taken from the work of Ignatyuk et al. [16], which takes into account the
nuclear shell structure at low excitation energies and goes over to its asymptotic form
at high excitation energies as given below

a(E∗) = a

(
1 + f (E∗)

E∗ δM

)
(16.2)

where
f (E∗) = 1 − exp

−E∗
ED (16.3)

Here, a is the asymptotic level density parameter and ED determines the rate at which
the shell effects disappear at high excitation energy and δM is the shell correction in
the LDM masses, i.e.,

δM = Mexperimental − MLDM (16.4)

A value of 18.5MeV was used for ED , which was obtained from an analysis of
s-wave neutron resonances [17]. The shell-corrected temperature-dependent fission
barrier is given by

VB(T ) = K f VLDM − δM exp
−E∗
ED (16.5)

where K f is the scaling factor [7], VLDM is the fission barrier from the finite-range
rotating LDM potential, and E∗ is the CN excitation energy. In our analysis, ER and
fission cross-sections are fitted with the adjustment of scaling factor K f in the fission
barrier. In this work, shell correction is applied only to the ground state mass, and it is
assumed that the shell correction at the saddle deformation can be neglected [18–20].
The above assumption of neglecting the shell correction at the saddle deformation
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follows from the work of Myers and Swiatecki [18]. A particular decay channel
is selected by performing Monte Carlo sampling between all the particles and γ

emission widths.

16.2.1 Spin Distribution from CCFULL

The spin distribution of CN is an important component of the SM and for the present
work and it is obtained from the coupled channel calculations code CCFULL [21].
Fusion of two separate nuclei to form a composite system, for low incident energy
(near or sub-barrier) and light system, is predominantly governed by quantum tun-
neling through the coulomb barrier. Extensive experimental and theoretical studies
have revealed that fusion reactions at energies near and below the coulomb barrier
are strongly influenced by the couplings to the relative motion of the colliding nuclei
to several nuclear intrinsic motions [13]. For heavy-ion fusion reactions, to a good
approximation, the angular momentum of the relative motion in each channel can be
replaced by the total angular momentum J [22, 23]. The programCCFULL solves the
coupled-channels equations to compute the fusion cross-sections and mean angular
momenta of CN, taking into account the couplings to all orders. The coupled channel
equations then can be given as

[
�

2μ

d2

dr2
+ J (J + 1)�2

2μ2 + V (o)
N (r) + ZP ZT e2

r
+ εn − E

]
φn(r) +

∑
m

Vnm(r)φm(r) = 0

(16.6)
where r is the radial component of the coordinate of the relative motion and μ

is the reduced mass, E is the bombarding energy in center of mass frame and εn
is the excitation energy of the nth channel. Vnm are the matrix elements of the
couplingHamiltonian, which in the collectivemodel consists of coulomb and nuclear
components. Vo

N is the nuclear potential in the entrance channel. The coupled channel
equations are solved exactly by imposing the boundary conditions. The solution of
the coupled channel equations with the proper boundary conditions is given by linear
combination of χnm as

φm(r) =
∑
n

Tnχnm(r) (16.7)

χnm(r) = CnmH
(−)
J (kmr) + DmnH

(+)
J (kmr), r → rmax (16.8)

where Cnm and Dnm are determined either by matching the logarithmic derivatives
at rmax . The fusion cross-sections and mean angular momentum of CN are given by
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σ f us(E) =
∑
l

σl(E) = π

k2o

∑
l

(2l + 1)Pl(E) (16.9)

< l >=
∑
l

lσl(E)/
∑
l

σl(E) (16.10)

where Pl (E) is penetrability.
It works on the ingoing-wave boundary condition inside the Coulomb barrier to

account for fusion, along with the isocentrifugal approximation, which works well
for heavy ions. The nuclear potential in the entrance channel is defined by parameters
V0, r0, and a0; where V0 is the depth parameter of the Woods–Saxon potential, r0 is
the radius parameter, and a0 is the surface diffuseness parameter.

Depending upon the value of E(4+)/E (2+), nuclei can be classified as vibrator
or rotor. If this ratio is 3.3, the nucleus is treated as rotor and vibrator if this value
is 2. In case of 18O +192Os system, the projectile 18O is treated as a vibrator and
target 192Os is treated as a rotor. The deformation parameters along with the value
of E(4+)/E (2+) are given in Table16.1.

The potential parameter used in the present Coupled Channel calculations was
chosen by fitting the experimental capture cross-section and is shown in Fig. 16.1.
The fitted values are V0, r0, and a0 are given in Table16.2.

From Fig. 16.1, it is clear that the energy points above the Coulomb barrier are
fitted without including the coupling effects, whereas energy points well below the

Table 16.1 Values of β2, β4, and E(4+)/E (2+)
Nucleus β2 β4 E(4+)/E (2+)
18O 0.355 – 1.8
192Os 0.167 −0.081 2.82

Fig. 16.1 Experimental
capture cross-section (full
dots) for 18O + 192Os as a
function of ECM (center of
mass energy). Dashed line
shows coupling and solid
line shows no coupling
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Table 16.2 Fitting parameters from CCFULL code

Nucleus V0 r0 a0
210Po 70MeV 1.17 fm 0.66 fm

coulomb barrier are fitted taking into consideration the coupling effects. This is
because coupling among the intrinsic degrees becomes more dominant at energies
near and close to the coulomb barrier.

After fitting, CCFULL gives the spin distribution (for capture cross-sections) as
an output file and this file has been used as an input for the spin distribution of
compound nuclei for SM code to fit the experimental ER and fission cross-section
data. Then, in order to fit the experimental data for ER and fission cross-section, final
theoretical calculations were performed using Bohr–Wheeler formalism including
shell correction in the level density and fission barrier. For reproducing the data,
different scaling factors (K f ) in the range 1.0–0.75 has been used. The ER and fission
cross-sections calculated from SM using Bohr–Wheeler formalism are enumerated
in Table16.3. The fitted fission and ER cross-sections are shown in Fig. 16.2.

From Fig. 16.2, it becomes clear that scaling factor has to be reduced from K f =
1.0 to 0.75 to describe the excitation function in the whole range of CN excitation
energy. Since scaling factor is directly related to fission barrier so, decreasing the
scaling factor means fission barrier has to be reduced. It was observed that the SM
results using Bohr–Wheeler approach over predicts the ER cross-section especially
at high excitation energies and under predicts the fission cross-section throughout
the entire energy range under study. Also, at lower energies, fission cross-section is
a very small fraction of total fusion cross-section. Hence, to fit the ER cross-section
in the desired range, we have to increase the fission cross-section, and this is done by
reducing the fission barrier. In other words, we can say that for reducing the fission
barrier we have to reduce the scaling factor (K f ) to fit the ER and fission cross-
section data. For the present system, we have found that a scaling factor increases
with increase in the lab energy as shown in Fig. 16.3.

The importance of the barrier scaling factor required to fit the experimental ER
cross-sections has already been reported in a number of earlier works [7, 24–27].
Sagaidak et al. [7] have reported the scaling factors less than 1 for a number of Po
isotopes populated through different (projectile + target) combinations. In another
work by Singh et al. [25] where they have also reported the scaling factor values
(K f = 0.65 − 1.0) to fit experimental ER cross-sections for 19F + 194,196,198Pt pop-
ulating 213,215,217Fr in the energy range of 82–122MeV. In a similarwork, byMohanto
et al. [24] also reported K f values in the range (0.70–1.10) to fit the experimental ER
cross-sections of 30Si,31P+ 170Er systems in the energy range of 110–150MeV. Very
recently, Sharma et al. [28] have analyzed the ER cross-section data for 48Ti+144Sm,
142,150Nd systems forming 192Po, 190,198Pb compound nuclei in the framework of SM.
They have concluded that the best fit values of the barrier scaling factor K f obtained
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Fig. 16.2 Solid circles are
the experimental data and
different lines are the
theoretical calculations for
different scaling factor, K f
(as given inside the diagram):
a For Fission cross-section
b For ER cross-section

Fig. 16.3 Variation of
scaling factor (K f ) with
ELab (MeV)
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from the SM calculations are in the range (0.75–0.85) for the CN 190Pb, whereas the
K f value for 198Pb and 192Po are (0.65–0.70) and (1.0–1.25), respectively.

The results discussed in this section strongly indicate the significance of using
excitation energy-dependent scaling of the finite-range rotating liquid drop model
fission barrier in order to fit the experimental data for ER and fission cross-section.

16.3 Statistical Model Analysis of Neutron Multiplicity

The dissipation effect in fusion–fission process is well established. The excess in
multiplicities with respect to SM predictions indicates the presence of a dynamic
hindrance to fission. Recently, Singh et al. [29] have measured the pre-scission neu-
tron multiplicities for 19F + 194,196,198Pt populating 213,215,217Fr in the excitation
energy range of 46.6–91.8MeV and discussed the effect of shell effect on nuclear
dissipation. In another set of measurements by Sandal et al. [30] also support the
fission hindrance due to nuclear dissipation.

In the present case, we have performed SM calculations for 210Po populated
by 18O +192Os in the excitation energy range of 65.23–91.74MeV. Experimental
data on pre-scission neutron multiplicity is available in the literature for 210Po [9].
In this section, we are comparing the results obtained from SM calculations with
the experimental results to see the isotopic and excitation energy dependence of
the dissipation strength. Here, SM calculations have been performed using Bohr–
Wheeler and Kramer’s formalism for 210Po by including and excluding shell effects
in level density parameter and the fission barrier.

The fission width where effect of dissipation that is included is given by
Kramers [31]. The other ingredients used in the present calculations like Bohr–
Wheeler fission width, level density parameter, and fission barrier have been dis-
cussed in Sect. 16.2 of this chapter.

Upper panel of Fig. 16.4 shows the results of calculations for pre-scission neutron
multiplicity with no shell effects in level density parameter and barrier height for
210Po and lower panel shows the results with inclusion of shell effects.

The comparison of calculated pre-scission neutron multiplicities with the exper-
imental values clearly shows that the predictions using Bohr–Wheeler fission width
considerably underestimate the pre-scission neutron multiplicity at all the energies.
It is also observed that the experimental values at all the energies cannot be repro-
duced by a single value of β. However, the calculations which take into consideration
Kramers’ fission width are in well agreement with the experimental data.

Figure16.5 shows the lab energy dependence of best fit β value for 210Po where
the shaded areas represent the uncertainty in β with the experimental error in Mpre.
We first note in this figure that the inclusion of shell effects in the calculation results
in higher values for best fit β.

Inclusion of shell effects affects both the particle/γ decay widths (due to change
in level density parameter) and also the fission width (due to change in both fission
barrier and level density parameter). Consequently, the relative strength of the fission
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Fig. 16.4 Experimental
pre-scission neutron
multiplicities (filled squares)
along with SM calculation
results for 210Po with
a exclusion of shell effects
b inclusion of shell effects

Fig. 16.5 The best fit value
of β obtained for 210Po
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widthwith respect to the other decay channels changeswhich results in a higher value
for β to fit the experimental data. It is further interesting to note in this figure that the
β values for the above two cases tend tomerge to a common value at higher excitation
energies which is a consequence of reduced shell effects at higher excitations.

The comparison of the above results with 48Ti+144,154Sm system [10] clearly
indicates that the strength of nuclear dissipation required to fit the neutronmultiplicity
data is very high as compared to results for 18O+192Os. These calculations clearly
suggest the role of entrance channel dynamics for the systems considered here.

Lastly, we observe that the best fit β values at high excitation energies for 210Po
are very close for both the cases. This indicates that shell effects on β, if any, are
small at high excitation energies.

16.4 Conclusion

SM calculations have been performed for 210Po CN populated through 16O +192Os
in the excitation energy range 52.43–83.51MeV for which experimental data on ER,
fission cross-section, and neutronmultiplicity is already available in the literature [9].
These calculations have been performed by using Bohr–Wheeler and Kramers’ for-
malism by including and excluding shell effects in the level density and the fission
barrier. The results of the ER and fission cross-section obtained fromSMcalculations
strongly indicate the need of using excitation energy-dependent scaling factor of the
finite-range rotating liquid drop model fission barrier in order to fit the experimental
data. The comparison of the pre-scission neutron multiplicities obtained from the
SM calculations with the experimental values clearly shows that the Bohr–Wheeler
fission width considerably underestimates the pre-scission neutron multiplicity at
all the energies. However, the calculations which take into consideration Kramers’
fission width are in well agreement with the experimental data. The comparison of
the SM results presented in this chapter with the results obtained for 48Ti+144,154Sm
system clearly indicate the role of entrance channel dynamics for the systems [10]
considered in the present work.

References

1. K. Mahata, S. Kailas, Reexamination of fission in the A - 200 mass region with excitation
energy near 50 MeV. Phys. Rev. C 95, 054616 (2017)

2. C. Schmitt, K. Mazurek, P. Nadtochy, Description of isotopic fission-fragment distributions
within the Langevin approach. Phys. Rev. C 91, 041603(R) (2015)

3. K. Mahata, S. Kailas, S.S. Kapoor, Shell corrections at the saddle point for mass region 200.
Phys. Rev. C 74, 041301(R) (2006)

4. K. Mahata, S. Kailas, A. Shrivastava, A. Chatterjee, A. Navin, P. Singh, S. Santra, B. Tomar,
Fusion of 19F with 188,192Os. Nucl. Phys. A 720, 209 (2003)



230 R. Mahajan

5. S.E. Vigdor, D.G. Kovar, P. Sperr, J. Mahoney, A. Menchaca-Rocha, C. Olmer, M.S. Zisman,
Energy dependence of the fusion and elastic scattering of 16O + 40Ca. Phys. Rev. C 20, 2147
(1979)

6. A.C. Berriman, D.J. Hinde, M. Dasgupta, C.R. Morton, R.D. Butt, J.O. Newton, Unexpected
inhibition of fusion in nucleus-nucleus collisions. Nature (London) 413, 144 (2001)

7. R.N. Sagaidak, A.N. Andreyev, Fission barriers for Po nuclei produced in complete fusion
reactions with heavy ions. Phys. Rev. C 79, 054613 (2009)

8. K. Mahata, S. Kailas, S.S. Kapoor, Fission barrier, damping of shell correction, and neutron
emission in the fission of A 200. Phys. Rev. C 92, 034602 (2015)

9. D.J.Hinde, R.J. Charity,G.S. Foote, J.R. Leigh, J.O.Newton, S.Ogazac,A.Chatterjee,Neutron
multiplicities in heavy-ion induced fission: timescale of fusion-fission. Nucl. Phys. A 452, 550–
572 (1986)

10. R. Mahajan, B.R. Behera, M. Thakur, G. Kaur, P. Sharma, K. Kapoor, A. Kumar, P. Sugathan,
A. Jhingan, A. Chatterjee, N. Saneesh, A. Yadav, R. Dubey, N. Kumar, H. Singh, A. Saxena,
S. Pal, Systematic study of 192,202.206,210Po compound nuclei using neutron multiplicity as a
probe. Phys. Rev. C 98, 034601 (2018)

11. G.G. Chubaryan, M.G. Itkis, S.M. Luk’yanov, V.N. Okolovich, Y. E. Penionzhkevich, A.Y.
Rusanov, V.S. Salamatin, G.N. Smirenkin, The fission of heated nuclei in reactions involving
heavy ions: static and dynamical aspects. Yad. Fiz. 56, 3; [Phys. At. Nucl. 56, 286] (1993)

12. W. Reisdorf, M. Schdel, How well do we understand the synthesis of heavy elements by
heavy-ion induced fusion. Z. Phys. A 343, 47 (1992)

13. K. Hagino, N. Rowley, A.T. Kruppa, A program for coupled-channel calculations with all order
couplings for heavy-ion fusion reactions. Comput. Phys. Commun. 123, 143 (1999)

14. P. Frobrich, I.I. Gontchar, Langevin description of fusion, deep-inelastic collisions and heavy-
ion-induced fission. Phys. Rep. 292, 132 (1998)

15. N. Bohr, J.A. Wheeler, The mechanism of nuclear fission. Phys. Rev. 56, 426 (1939)
16. A.V. Ignatyuk, G.M. Smirenkin, A. Tishin, Shell effects in the symmetric-modal fission of

pre-actinide nuclei. Sov. J. Nucl. Phys. 21, 255 (1975)
17. W. Reisdorf, Analysis of fissionability data at high excitation energies. Z. Phys. A 300, 227

(1986)
18. D. Myers, W.J. Swiatecki, A model of nuclear rotation. Nucl. Phys. A 601, 141 (1996)
19. A.V. Ignatyuk, M.G. Itkis, S.I. Mulgin, Modeling fission in the cascade-exciton model. Fiz.

Elem.Chastits At. Yadra 16, 709. [Sov. J. Part Nucleus 16, 307] (1985)
20. V.Y. Denisov, S. Hofmann, Formation of superheavy elements in cold fusion reactions. Phys.

Rev. C 61, 034606 (2000)
21. P. Grange, S. Hassani, H.A. Weidenmuller, A. Gavron, J.R. Nix, A.J. Sierk, Effect of nuclear

dissipation on neutron emission prior to fission. Phys. Rev. C 34, 209 (1986)
22. K. Hagino, N. Takigawa, A.B. Balantekin, J.R. Bennett, Path integral approach to no-Coriolis

approximation in heavy-ion collisions. Phys. Rev. C 52, 286 (1985)
23. R. Lindsay, N. Rowley, Noncollective excitations in low-energy heavy-ion reactions. J. Phys.

G 10, 805 (1994)
24. G.Mohanto, N.Madhavan, S. Nath, J. Gehlot, I.Mukul, A. Jhingan, T. Varughese, A. Roy, R.K.

Bhowmik, I. Mazumdar, D.A. Gothe, P.B. Chavan, J. Sadhukhan, S. Pal, M. Kaur, V. Singh,
A.K. Sinha, V.S. Ramamurthy, Evaporation residue excitation function and spin distribution
for 31P +170Er. Phys. Rev. C 88, 034606 (2013)

25. V. Singh, B.R. Behera, M. Kaur, A. Kumar, K.P. Singh, N. Madhavan, S. Nath, J. Gehlot,
G. Mohanto, A. Jhingan, I. Mukul, T. Varughese, J. Sadhukhan, S. Pal, S. Goyal, A. Saxena,
S. Santra, S. Kailas, Measurement of evaporation residue excitation functions for the 19F
+194,196,198Pt reactions. Phys. Rev. C 89, 024609 (2014)

26. R. du Rietz, E.Williams, D.J. Hinde,M.Dasgupta,M. Evers, C.J. Lin, D.H. Luong, C. Simenel,
A. Wakhle, Mapping quasifission characteristics and timescales in heavy element formation
reactions. Phys. Rev. C 88, 054618 (2013)

27. R. Sandal, B.R. Behera, V. Singh, M. Kaur, A. Kumar, G. Kaur, P. Sharma, N. Madhavan,
S. Nath, J. Gehlot, A. Jhingan, K.S. Golda, H. Singh, S. Mandal, S. Verma, E. Prasad, K.M.



16 Systematic Study of Po Compound Nuclei Using Evaporation Residue … 231

Varier, A.M. Vinod kumar, A. Saxena, J. Sadhukhan, S. Pal, Probing nuclear dissipation via
evaporation residue excitation functions for the 16,18O +194,198Pt reactions. Phys. Rev. C 91,
044621 (2015)

28. P. Sharma, B.R. Behera, R. Mahajan, M. Thakur, G. Kaur, K. Kapoor, K. Rani, N. Madhavan,
S. Nath, J. Gehlot, R. Dubey, I. Mazumdar, S.M. Patel, M. Dhibar, M.M. Hosamani, Khushboo,
N. Kumar, A. Shamlath, G. Mohanto, S. Pal, Evaporation residue cross-section measurements
for 48Ti-induced reactions. Phys. Rev. C 96, 034613 (2017)

29. V. Singh, B.R. Behera, M. Kaur, A. Kumar, P. Sugathan, K.S. Golda, A. Jhingan, M.B. Chatter-
jee, R.K. Bhowmik, D. Siwal, S. Goyal, J. Sadhukhan, S. Pal, A. Saxena, S. Santra, S. Kailas,
Neutron multiplicity measurements for 19F +194,196,198Pt systems to investigate the effect of
shell closure on nuclear dissipation. Phys. Rev. C 87, 064601 (2013)

30. R. Sandal, B.R. Behera, V. Singh, M. Kaur, A. Kumar, G. Singh, K.P. Singh, P. Sugathan,
A. Jhingan, K.S. Golda, M.B. Chatterjee, R.K. Bhowmik, S. Kalkal, D. Siwal, S. Goyal, S.
Mandal, E. Prasad, K. Mahata, A. Saxena, J. Sadhukhan, S. Pal, Effect of N/Z in pre-scission
neutron multiplicity for 16,18O +194,198Pt systems. Phys. Rev. C 87, 014604 (2013)

31. H.A. Kramers, Brownian motion in a field of force and the diffusion model of chemical reac-
tions. Physica (Amsterdam) 7, 284 (1940)



Chapter 17
Momentum and Density Dependence
of the Nuclear Mean Field Using Finite
Range Simple Effective Interaction:
A Tool for Heavy-Ion Collision Dynamics

T. R. Routray, X. Viñas, and B. Behera

Abstract The finite range Simple Effective Interaction (SEI) has been constructed
with minimum number of parameters that can simulate the correct trend of momen-
tum dependence of nuclear mean field, as ascertained from the heavy-ion collision
experiments at intermediate energy range. Nine parameter combinations of the total
eleven interaction parameters required for the complete study of symmetric and
isospin asymmetric nuclear matter have been carefully determined, which gives
momentum dependence of the nucleonic mean field and equation of state similar
in trend to the predictions of microscopic calculations. In the determination of the
parameters, one needs to assume the standard values of only three nuclear matter
saturation properties, namely, the density, energy per particle, and symmetry energy
at saturation in normal nuclear matter. The present formulation has the advantage of
varying the density dependence of nuclear symmetry energy where the momentum
dependence of the nuclear mean field remains unchanged, and the vice-versa. This
can provide quality inputs to the transport model equations solved in the analysis of
data of heavy-ion collision experiments in the intermediate energy range. The SEI
has also the ability of predicting the finite nucleus properties similar in quality as
that of any of the existing effective interaction in the field.
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17.1 Introduction

In the heavy-ion (HI) collision at intermediate and high energy, the flow and particle
production are modeled by transport model equations using hydrodynamics. The
Boltzmann–Uehling–Uhlenbeck (BUU) equation is a popular transport equation [1]
developed that includes the stochastic collisions between individual nucleons, par-
ticle production, effects of the Pauli principle, and propagation between collisions
controlled by a mean field. Here, the mean field otherwise termed as the single-
particle potential is the key ingredient and in the early stage of development of the
subject the calculations were done using the simple version of the mean field,

U (ρ) = a
ρ

ρ0
+ b

(
ρ

ρ0

)γ

. (17.1)

The experimental data on pion production [2] and collective flow [3] could be repro-
duced with this form of the mean field in (17.1) for the value of γ that predicts a high
value of nuclear matter (NM) incompressibility, K (ρ0) ∼ 380MeV, is in disagree-
mentwith themicroscopic calculations based on realistic interactions that reproduces
the nucleon–nucleon (NN) scattering data [4]. In the attempt to resolve this anomaly,
different groups [5, 6] have examined the impact of considering momentum depen-
dence in the mean field. It was found that the momentum dependent mean field
could reproduce the flow data of HI collision for which the equation of state (EOS)
is relatively softer having K (ρ0) ∼ 215MeV, in contrast to the requirement of a very
stiff EOS in case of momentum independent mean field of type given in (17.1). This
finding demonstrated the crucial importance of momentum dependent aspect of the
nuclearmean field that was usually not given emphasis in earlier nuclear calculations.

The momentum k (we shall use the notations k P in the unit of h̄) dependent mean
field used in the analysis of transverse momentum flow data is proposed by Gale,
Bertsch and Das Gupta (GBD) [5] has the form,

UGBD(ρ,
→
k ) = a

(
ρ

ρ 0

)
+ b

(
ρ

ρ 0

)γ

+ c

ρ 0

∫
d3k

f (
→
r ,

→
k )

1 +
( →

k−<
→
k>

�

)2

+ c

ρ0

ρ

1 +
( →

k−<
→
k>

�

)2 , (17.2)

where
→
k is the momentum of the particle, < k > is the local momentum average,

f (
→
r ,

→
k ) is the phase space occupation density, � is the momentum scale, and a, b,

c and γ are parameters. Soon after the success of reproducing the flow data with this
momentum dependent mean field (17.2), an improved version was proposed with the
nomenclature momentum dependent Yukawa interaction (MDYI) [7] given as
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UMDY I (ρ,
→
k ) = a

(
ρ

ρ 0

)
+ b

(
ρ

ρ 0

)γ

+ 2
c

ρ 0

∫
d3k ′ f (

→
r ,

→
k ′)

1 + (
→
k−→

k ′
�

)2
. (17.3)

The origin of the nomenclature comes from the fact that the exchange part of themean
field for a Yukawa form of interaction would result into the momentum dependent
expression of MDYI.

This momentum dependent mean field was used for transport model calculations
for a pretty long duration [5, 7–13] with the focus on the stiffness of symmetric
nuclear matter (SNM), i.e., nuclear matter incompressibility K (ρ0). Apart from the
dependence on K (ρ0) the flow data also exhibited sensitiveness to the N/Z ratio
of the two colliding nuclei. It was realized that the plasma matter formed at the
instant of collision and its subsequent dynamical evolution should be governed by
the nucleonic mean fields in isospin asymmetric matter (ANM). The mean field
experienced by a neutron in isospin asymmetric medium is different from that of
a proton, and modifications in the BUU transport theory [14] were initiated to take
the isospin effect into account side-by-side with the formulations for nucleonic mean
fields [15–17] to be used in themodifiedBUU theory. Here, now, arises two questions
to be answered, (a) the density dependence aspect and (b) the momentum dependent
aspect of the difference in the neutron and proton mean fields in isospin ANM. The
former, as we shall see in the next section, is connected to the nuclear symmetry
energy (NSE), whereas the latter to the neutron-proton effective mass splitting.

The iso-scaling study [18–21] where one scales nuclei of different masses formed
during the expansion of nucleonic plasma created at the instant of collision between
two nuclear system at intermediate/high energy reveals the crucial relevance of
nuclear symmetry, Es(ρ). The energy per particle in ANM, e(ρ, β) is popularly
approximated as

e(ρ, β) = e(ρ) + β2Es(ρ), (17.4)

where β = ρn − ρp

ρn + ρp
= (1 − 2Yp),

Yp = ρp

ρ
being the proton fraction and e(ρ) is the energy per particle in SNM. The

density dependence of e(ρ) determines the EOS in SNM. This together with the
density dependence of Es(ρ) determines the EOS of ANM. The density dependence
of the NSE, Es(ρ), has remained elusive in the supra saturation region although
some constraints are proposed [22–24] to pin down the behavior of Es(ρ) in the
sub-saturation density region.

There have also been attempts from the analysis of the observables in HI collision
experiments [25–27] to ascertain the influence of the difference in the k-dependence
of neutron (n) andproton (p)meanfields in the isospin asymmetricmedium.Although
the signature of the influence has been found, quantitative measurements of the
influence could not be met with due to several other factors. From the analysis of
N-nucleus scattering study, the data for the possible differences in the k-dependence
of the n- and p-mean fields at normal density ρ = ρ0 are available up to energy
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Fig. 17.1 Experimentally extracted [29] results of the iso-vector part of the mean field, uτ (k, ρ0),
as a function of momentum (k) in normal nuclear matter

100MeV and that too with large uncertainty [28–31]. This is shown as the shaded
region in Fig. 17.1 and is known as Lane potential. The Lane potential is defined in
terms of the iso-vector part of the mean field which is the difference of the n- and
p-mean fields averaged over the isospin asymmetry, β.

The quantity that characterizes the momentum dependence of the nucleonic mean
field is the effective mass defined as

(m∗
m

)
n(p)

=
[
1 + m

�2k

∂un(p)(k, ρ,Yp)

∂k

]−1

, (17.5)

where un and u p are the momentum dependent n- and p-mean fields, respectively,
in isospin asymmetric nuclear medium. In the limit of SNM, both n- and p-effective
masses are the same under the isospin invariance of NN force.

So it is pertinent that in explaining the flow data of HI collision, the correct
momentum and density dependence of the nucleonic mean field are the fundamental
requirement. These two characteristic dependences of the nuclear mean field can be
studied independent of each other, as will be shown in the next section, where the
density dependence of the mean field will have direct connection with the nuclear
matter EOS. Properties of the mean field for each of these two areas can be divided
into two parts, (i) in SNM and (ii) in ANM. Information in SNM in both the areas
of the nuclear mean field have been achieved to some reasonable extents. But our
knowledge in ANM for both these areas is still poor. The overall state of affair is
summarized in the following chart.
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In the following section, we shall show that a finite range part in the NN-effective
force is an essential requirement to simulate the k-dependence in the mean field and
the k- and ρ-dependence of the nuclear mean field, can be considered independent
of each other. This we shall work out for the general case of NN-effective force in
the framework of non-relativistic mean field theory.

17.2 Finite Range Effective Interaction and Momentum
Dependence of the Mean Field

Onecan consider four different effective interactions, namely, the direct and exchange
interaction between pairs of like (l) and unlike (ul) nucleons: v(l)

d (r), v(ul)
d (r), v(l)

ex (r)
and v(ul)

ex (r). These effective interactions are averaged over angles, spins, and isospins
of the two interacting nucleons and depend on the relative separation, r, between them
as well as on the total nucleon density ρ = ρn + ρp of the medium in which they are
interacting. The energy density functional HT (ρn, ρp) in ANM obtained from these
effective interactions can be expressed as

HT (ρn, ρp) = �
2

2m

∫
[ f nT (

→
k ) + f p

T (
→
k )]k2d3k + V T (ρn, ρp), (17.6)

where the first term is the kinetic energy part and second one is the interaction
contribution given by
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vT (ρn, ρp) = 1

2
(ρ2

n + ρ2
p)

∫
vld(r)d

3r + ρnρp

∫
v(ul)
d (r)d3r

+ 1

2

∫ ∫
[ f nT (

→
k ) f nT (

→
k ′) + f p

T (
→
k ) f p

T (
→
k ′)]glex(|

→
k −

→
k ′|)d3kd3k ′

+ 1

2

∫ ∫
[ f nT (

→
k ) f p

T (
→
k ′) + f p

T (
→
k ) f nT (

→
k ′)]gulex(|

→
k −

→
k ′|)d3kd3k ′,

f n(p)
T (

→
k ) being the phase space density distribution function at temperature T and

gl(ul)ex (|→k −
→
k ′|) is Fourier transform of the exchange interaction for like (unlike) pair

vl(ul)ex (r),

gl(ul)ex (|→k −
→
k ′|) =

∫
ei(

→
k−

→
k ′).

→
r vl(ul)ex (r)d3r. (17.7)

The neutron (proton) phase space distribution function f n(p)
T (

→
k ) at temperature T is

given by Fermi–Dirac (FD) distribution

f n(p)
T (

→
k ) = ξ

(2π)3
ηT (k) = ξ

(2π)3

1

1 + e(ε
n(p)
T (k,ρ,Yp)−μ

n(p)
T )/T

, (17.8)

where ξ is the spin-isospin degeneracy factor, ε
n(p)
T and μ

n(p)
T are neutron (proton)

single particle energy and chemical potential and T is in MeV; and the integration
over the momentum space gives neutron (proton) density,

∫
f n(p)
T (

→
k )d3k = ρn(p). (17.9)

The neutron and proton single particle energies can be obtained from the
HT (ρn, ρp) in (17.6) by taking the respective functional derivatives,

ε
n(p)
T (k, ρ,Yp) = �

2k2

2m
+ un(p)

T (k, ρ,Yp), (17.10)

where the 1st term in the right-hand side (RHS) results from the kinetic energy part
of HT and the 2nd one un,p

T are the respective single particle potentials or mean fields
resulting from the interaction part V T , which are explicitly given by

unT (k, ρ,Yp) = ρn

∫
vld(r)d

3r + ρp

∫
vuld (r)d3r

+
∫

f nT (
→
k ′)glex(|

→
k −

→
k ′|)d3k ′

+
∫

f p
T (

→
k ′)gulex(|

→
k −

→
k ′|)d3k ′, (17.11)
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and

u p
T (k, ρ,Yp) = ρp

∫
vld(r)d

3r + ρn

∫
vuld (r)d3r

+
∫

f p
T (

→
k ′)glex(|

→
k −

→
k ′|)d3k ′

+
∫

f nT (
→
k ′)gulex(|

→
k −

→
k ′|)d3k ′. (17.12)

It may be seen that by interchanging the indices n and p in un , one recovers u p and
vice-verse. We shall now consider the nuclear matter in the zero-temperature limit.

17.2.1 Nuclear Matter at T = 0 MeV

At T = 0 MeV, the nuclear matter is considered to be in ground state where all the
states are occupied by n and p from the bottom up to a maximum referred to as Fermi
levels for neutron and proton. Thus the phase space density distribution functions
f nT=0 and f p

T=0 take the form of step-functions and the neutron and proton densities
given in (17.9) are expressed in terms of n-, p-Fermi momenta kn and kp as

ρn = k3n
3π2

and ρp = k3p
3π2

. (17.13)

The finite temperature expression of energy density HT given in (17.6) together with
(17.7) takes the following form for T = 0 MeV,

H(ρn, ρp) = 3�2

10m
(k2nρn + k2pρp) + V (ρn, ρp), (17.14)

where

V (ρn, ρp) = 1

2
(ρ2

n + ρ2
p)

∫
vld(r)d

3r + ρnρp

∫
vuld (r)d3r

+ ρ2
n

2

∫ [
3 j1(knr)

knr

]2

vlex (r)d
3r

+ ρ2
p

2

∫ [
3 j1(kpr)

kpr

]2

vlex (r)d
3r

+ ρnρp

∫
3 j1(knr)

knr

3 j1(kpr)

kpr
vulex (r)d

3r, (17.15)

with j1 being spherical Bessel function of orders 1. The n- and p-single particle
potentials at finite T in (17.11) and (17.12) take the following forms for T = 0 case,



240 T. R. Routray et al.

un(k, ρ,Yp) = ρn

∫
vld(r)d

3r + ρp

∫
vuld (r)d3r

+ ρn

∫
3 j1(knr)

knr
vlex (r) j0(kr)d

3r

+ ρp

∫
3 j1(kpr)

kpr
vulex (r) j0(kr)d

3r + uR(ρn, ρp),

(17.16)

and

u p(k, ρ,Yp) = ρp

∫
vld(r)d

3r + ρn

∫
vuld (r)d3r

+ ρp

∫
3 j1(kpr)

kpr
vlex (r) j0(kr)d

3r

+ ρn

∫
3 j1(knr)

knr
vulex (r) j0(kr)d

3r + uR(ρn, ρp),

(17.17)

where j0(kr) is the zeroth order Bessel function as a function of the momentum k
of the traversing nucleon and uR(ρn, ρp) is the rearrangement energy arising out of
any explicit dependence of the interactions on the total density, ρ = ρn + ρp,

uR(ρn, ρp) = ρ2
n + ρ2

p

2ρ

∫
ρ

∂vld(r)

∂ρ
d3r + ρnρp

ρ

∫
ρ

∂vuld (r)

∂ρ
d3r

+ 1

2ρ

∫ [(
ρn

3 j1(knr)

knr

)2

+
(

ρp
3 j1(kpr)

kpr

)2
]

ρ
∂vlex (r)

∂ρ
d3r

+ ρnρp

ρ

∫
3 j1(knr)

knr

3 j1(kpr)

kpr
ρ

∂vulex (r)

∂ρ
d3r.

(17.18)

In the limit of symmetric nuclear matter, ρn = ρp = ρ

2 and kn = kp = k f , where

k f = (
3π2ρ

2 )1/3 is the Fermi momentum in SNM. The zero-temperature expression
for energy density in ANM given in (17.14) together with (17.15) in the limit of
SNM becomes

H(ρ) = 3�2

10m
k2f ρ + ρ2

4

∫
(vld(r) + vuld (r))d3r

+ ρ2

4

∫ (
3 j1(k f r)

k f r

)2

(vlex (r) + vulex (r))d
3r. (17.19)

The single particle potentials, the n and p feels in ANM as given in (17.16) and
(17.17), are now the same in the limit of SNM and given as
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u(k, ρ) = ρ

2

∫
(vld(r) + vuld (r))d3r

+ ρ

2

∫ (
3 j1(k f r)

k f r

)
(vlex (r) + vulex (r)) j0(kr)d

3r + uR(ρ),

(17.20)

where the rearrangement term uR(ρ) is

uR(ρ) = ρ

4

∫
ρ

(
∂vld
∂ρ

+ ∂vuld
∂ρ

)
d3r + ρ

4

∫ (
3 j1(k f r)

k f r

)2

ρ

(
∂vlex
∂ρ

+ ∂vulex
∂ρ

)
d3r.

(17.21)

It is evident from (17.20) (as well as from (17.16) and (17.17)) that the k-dependence
of the mean field is simulated through the exchange part of the interaction. From the
expression of single particle energy in SNM, ε(k, ρ) = �

2k2

2m + u(k, ρ), where u(k, ρ)

is given in (17.20), it can be verified that

ε(k = k f , ρ) = e(ρ) + ρ
de(ρ)

dρ
, (17.22)

where e(ρ) = H(ρ)

ρ
is the energy per particle in SNM that can be obtained from

(17.19). This is as per requirement of the Hugenholtz–Van hove (HV) theorem at
Fermi surface. In course of verification of HV theorem from (17.19) and (17.20),
one requires the following relations for the spherical Bessel function,

d

dx
[x−l jl(x)] = −x−l jl+1(x),

and

j2(x) = 3 j1(x)

x
− j0(x). (17.23)

17.2.2 Iso-scalar and Iso-vector Parts of the Mean Field

On expanding the n- and p-mean fields, given in (17.16) and (17.17), in a Taylor
series around β = 0, we can write

un/p(k, ρ, β) ∼= u(k, ρ, β = 0) ± βuτ (k, ρ), (17.24)
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where+(−) sign is for neutron (proton) anduτ (k, ρ) is identifiedwith ∂un/p(k,ρ,β)

∂β
|β=0

and referred to as the iso-vector part of the mean field in ANM. The first term in the
RHS of (17.24) is the iso-scalar part of the mean field identified as

u(k, ρ, β = 0) = lim
β→0

un(k, ρ, β) + u p(k, ρ, β)

2
, (17.25)

and is identical to the mean field u(k, ρ) in SNM given in (17.20). In the second term
of the RHS, the iso-vector part of the mean field in ANM, uτ (k, ρ) can be defined
as

uτ (k, ρ) = lim
β→0

un(k, ρ, β) − u p(k, ρ, β)

2β
. (17.26)

The explicit expression for uτ (k, ρ) can be obtain by differentiating un and u p in
(17.16) and (17.17), respectively, with respect to β and evaluate (17.26) in the limit
β → 0, that gives

uτ (k, ρ) = ρ

2

∫ (
vld(r) − vuld (r)

)
d3r

+ ρ

2

∫
j0(kr) j0(k f r)

(
vlex (r) − vulex (r)

)
d3r. (17.27)

In arriving at this expression, the formulae for spherical Bessel functions in (17.23)
are used. The iso-vector part of the mean field gives an account of how the n- and
p-mean fields evolve with the evolution of isospin asymmetry in the medium. The k-
dependence of uτ (k, ρ) is also simulated through the exchange part of the interaction,
a feature similar to the iso-scalarmeanfield u(k, ρ), with the difference that in u(k, ρ)

the exchange interactions between like and unlike pairs of nucleons appear as sum,
i.e., (vlex + vulex ), whereas their difference (vlex − vulex ) appears in the iso-vector part
of the mean field uτ (k, ρ).

In both, u(k, ρ) and uτ (k, ρ), their respective k- and ρ-dependence are involved in
a complicated way. The separation of the k-dependence in each case can be done by
taking out the respective saturation property and one can write u(k, ρ) and uτ (k, ρ)

as

u(k, ρ) = u(k = k f , ρ) + [u(k, ρ) − u(k = k f , ρ)], (17.28)

and

uτ (k, ρ) = uτ (k = k f , ρ) + [uτ (k, ρ) − uτ (k = k f , ρ)]. (17.29)

The iso-scalar part of the mean field u(k, ρ) in (17.28) can be readily expressed in
terms of the EOS of SNM by using the HV theorem as given by
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u(k, ρ) = e(ρ) + ρ
de(ρ)

dρ
− �

2k2f
2m

+ uex (k, ρ), (17.30)

where uex (k, ρ) is the functional that contains the k-dependence of the mean field in
SNM and is given as

uex (k, ρ) = ρ

2

∫
[ j0(kr) − j0(k f r)]3 j1(k f r)

k f r

(
vlex (r) + vulex (r)

)
d3r.

(17.31)

The saturation property of the iso-vector part of the mean field uτ (k = k f , ρ) is
related to the NSE, Es(ρ). Under the Taylor series expansion of energy density in
ANM H(ρ, β) around β = 0,

H(ρ, β) ∼= H(ρ) + 1

2
β2 ∂2H(ρ, β)

∂β2
|β=0 . (17.32)

The NSE is defined as

Es(ρ) = 1

2ρ

∂2H(ρ, β)

∂β2
|β=0 . (17.33)

Using (17.14) and (17.15) for H(ρ, β) in (17.33), the expression for Es(ρ) becomes

Es(ρ) = �
2k2f
6m

+ ρ

4

∫ (
vld − vuld

)
d3r + ρ

4

∫
j20 (k f r)

(
vlex − vulex

)
d3r

− ρ

4

∫
j21 (k f r)

(
vlex + vulex

)
d3r. (17.34)

Further, on evaluating the effective mass in SNM in the limit k → k f , m∗
m =[

1 + m
�2k

∂u
∂k

]−1

k=k f
, by using the mean field given in (17.20), one obtains

�
2k2f
6m

( m

m∗ (k = k f , ρ) − 1
)

= −ρ

4

∫
j21 (k f r)(v

l
ex + vulex )d

3r. (17.35)

The iso-vector part of the mean field given in (17.27) at k = k f can be expressed, in
terms of NSE, Es(ρ) and effective mass in SNM by using (17.34) and (17.35). Thus
the expression for the iso-vector part uτ (k, ρ) in (17.29), where the k-dependence
has been separated out by subtracting the saturation contribution, becomes

uτ (k, ρ) = 2Es(ρ) − �
2k2f

3m∗(k = k f , ρ)
+ uexτ (k, ρ), (17.36)
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where uexτ (k, ρ) is the functional that simulates the k-dependence for uτ (k, ρ) and
is given by

uexτ (k, ρ) = ρ

2

∫
[ j0(kr) − j0(k f r)] j0(k f r)

(
vlex (r) − vulex (r)

)
d3r.

(17.37)

It canbe seen from (17.31) and (17.37) that formomentumkat Fermimomentum, k =
k f , the functionals uex (k, ρ) and uexτ (k, ρ) vanish. The iso-scalar and iso-vector parts
of themeanfield,u(k, ρ) anduτ (k, ρ) in (17.30) and (17.36) at k = k f are determined
from the density dependence of e(ρ) in SNM and Es(ρ) in ANM, respectively.
Hence, the nuclear mean field at Fermi momentum decides the EOS of nuclear
matter. Further, for δ-function interaction these k-dependent functionals uex and uexτ
also vanish. Thus, pure contact interactions cannot simulate k-dependence in the
mean field which is an indispensable aspect as has been proved from the HI collision
study. In order to simulate the k-dependence in the single particle potential, the
NN-effective interaction must contain a finite range part and the simplest way to
achieve this objective is by taking a single finite range term of conventional form.
Moreover, the k-dependence of the mean field is not influenced by the δ-function
interaction. Therefore, a NN-effective interaction can be constructed in the simplest
form containing a single finite range term and a zero-range part,

vef f (
→
r ) = t0(1 + x0Pσ )δ(

→
r ) + t3

6
(1 + x3Pσ )

(
ρ(

→
R)

1 + bρ(
→
R)

)γ

δ(
→
r )

+ (W + BPσ − HPτ − MPσ Pτ ) f (r), (17.38)

where f (r) is the functional form of the finite range interaction of any conventional
form, Yukawa/Gaussian/exponential, containing the range of the interaction, α. The
zero-range part has been taken analogous to the Skyrme force, containing a density
independent t0-term and density dependent t3-term. The ργ -density dependence of
Skyrme forces has beenmodified by including the denominator (1 + bρ)γ in order to
ensure that the SNM should not have supra-luminous behavior, i.e., velocity of sound
in SNM should not exceed the velocity of light, c. The constrain on the parameter b
on account of this is found in [32] that reads

b ≥ 1

ρ0

([
mc2

T f0/5
− e(ρ0)

] 1
γ+1

− 1

)−1

, (17.39)

where T f0 = �
2k2f0/2m is the Fermi kinetic energy at normal nuclearmatter saturation

density ρ0, with k f0 = (
3π2ρ0

2 )1/2 being the Fermi momentum, e(ρ0) is the energy per
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particle at saturation andmc2 is the nucleonicmass. γ is the parameter in the exponent
of the density dependent term of the interaction in (17.38). The interaction proposed
in (17.38), hereafter shall be referred to as simple effective interaction (SEI), contains
altogether 11-number of parameters, namely, α, b, γ, t0, x0, t3, x3,W, B, H and M .

17.3 Energy Density and Single Particle Potentials in ANM
and SNM Using SEI

The energy density in ANM at T = 0 given in (17.14) together with (17.15) for the
SEI takes the form,

H(ρn, ρp) = 3�2

10m
(k2nρn + k2pρp) + εl0

2ρ0
(ρ2

n + ρ2
p)

+ εul0

ρ0
ρnρp +

[
εlγ

2ργ+1
0

(ρ2
n + ρ2

p) + εulγ

ρ
γ+1
0

ρnρp

](
ρ(

→
R)

1 + bρ(
→
R)

)γ

+ εlex

2ρ0
(ρ2

n J (kn) + ρ2
p J (kp)) + εulex

ρ0
ρnρp J (kn, kp), (17.40)

where

J (kn(p)) =
∫ 9 j21 (kn(p)r)

(kn(p)r)2
f (r)d3r∫

f (r)d3r
, (17.41)

and

J (kn, kp) =
∫ 3 j1(knr)

knr
3 j1(kpr)

kpr
f (r)d3r∫

f (r)d3r
, (17.42)

f (r) being the form factor of the finite range interaction and the superscript indices
“l” and “ul” prescribe the contributions coming from the interactions between like-
pair and unlike-pair of nucleons. The energy density in (17.40) now contains 09-
parameters, namely, α, b, γ, εl0, ε

ul
0 , εlγ , εulγ , εlex , and εulex . The new parameters are

connected to the interaction parameters through the relations given as follows:
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εl0 = ρ0

[
t0
2

(1 − x0) +
(
W + B

2
− H − M

2

) ∫
f (r)d3r

]
, (17.43a)

εul0 = ρ0

[
t0
2

(2 + x0) +
(
W + B

2

)∫
f (r)d3r

]
, (17.43b)

εlγ = t3
12

ρ
γ+1
0 (1 − x3), (17.43c)

εulγ = t3
12

ρ
γ+1
0 (2 + x3), (17.43d)

εlex = ρ0

(
M + H

2
− B − W

2

) ∫
f (r)d3r, (17.43e)

εulex = ρ0

(
M + H

2

)∫
f (r)d3r. (17.43f)

The neutron (proton) single particle potential in (17.16), (17.17) now becomes

un(p)(k, ρ,YP) = εl0
ρn(p)

ρ0
+ εul0

ρp(n)

ρ0

+
[

εlγ

ρ
γ+1
0

ρn(p) + εulγ

ρ
γ+1
0

ρp(n)

] (
ρ

1 + bρ

)γ

+ εlex
ρn(p)

ρ0
I (k, kn(p)) + εulex

ρp(n)

ρ0
I (k, kp(n))

+
[

εlγ (ρ2
n + ρ2

p)

2ργ+1
0

+ εulγ ρnρp

ρ
γ+1
0

]
γργ−1

(1 + bρ)γ+1
, (17.44)

where

I (k, kn(p)) =
∫
j0(kr)

3 j1(kn(p)r)
kn(p)r

f (r)d3r∫
f (r)d3r

. (17.45)

In SNM, the energy density H(ρ) and single particle potential u(k, ρ) can be obtained
from (17.40) and (17.44), respectively, by substituting ρn = ρp = ρ

2 and kn = kp =
k f , and the resulting expressions are

H(ρ) = 3�2k2f ρ

10m
+ ε0

2

ρ2

ρ0
+ εγ

2ργ+1
0

ρ2

(
ρ

1 + bρ

)γ

+ εex

2ρ0
ρ2 J (k f ), (17.46)

and

u(k, ρ) = ε0

ρ0
ρ + εγ

ρ
γ+1
0

(
1 + bρ + γ

2

) (
ρ

1 + bρ

)(γ+1)
+ εex

ρ0
ρ I (k, k f ), (17.47)
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where the strength parameters ε0, εγ and εex of SNM are related to the corresponding
“l” and “ul” strengths of ANM as

ε0 = εl0 + εul0

2
, εγ = εlγ + εulγ

2
and εex = εlex + εulex

2
(17.48)

and their expressions in terms of interaction parameters can be obtained from using
(17.43a)–(17.43f). The functions J (k f ) and I (k, k f ) can be written from (17.41)
and (17.45), respectively, by replacing kn(p) by k f . The explicit expressions of the
functions J (k f ) and I (k, k f ) can bewritten provided the form factor f (r) of the finite
range interaction is specified. The two conventional forms, Yukawa and Gaussian,
are used widely in the nuclear calculations. For Yukawa form, f (r) = e−r/α

(r/α)
, the

analytical expressions for J (k f ) and I (k, k f ) are given as

JY (k f ) =
[(

3�6

32k6f
+ 9�4

8k4f

)
ln

(
1 + 4k2f

�2

)
− 3�4

8k4f
+ 9�2

4k2f
− 3�3

k3f
tan−1

(
2k f

�

)]
, (17.49)

IY (k, k f ) = 3�2(�2 + k2f − k2)

8kk3f
ln

(
�2 + (k + k f )

2

�2 + (k − k f )2

)
+ 3�2

2k2f

− 3�3

2k3f

[
tan−1

(
k + k f

�

)
− tan−1

(
k − k f

�

)]
. (17.50)

For Gaussian form, f (r) = e−r2/α2
, the corresponding expressions are

JG(k f ) =
⎡
⎣ 3�6

16k6f
− 9�4

8k4f
+

(
3�4

8k4f
− 3�6

16k6f

)
e

−4k2f
�2 + 3�3

2k3f

∫ 2k f
�

0
e−t2dt

⎤
⎦ , (17.51)

IG(k, k f ) = 3�4

8kk3f

[
exp

[
−

(
k + k f

�

)2
]

− exp

[
−

(
k − k f

�

)2
]]

+ 3�3

4k3f

∫ (k+k f )

�

(k−k f )

�

e−t2dt. (17.52)

The momentum scale � in these (17.49)–(17.52) is given by � = 1
α
for the Yukawa

and � = 2
α
for the Gaussian form of the interactions, where α is the corresponding

range of the interactions. It may be noted that at a given density ρ, the functions
IY (k, k f ) and IG(k, k f ) vanish in the limit of high momentum k. Similarly, the
functions JY (k f ) and JG(k f ) vanish in the limit of very high density ρ.
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17.3.1 Parameter Determination in SNM

Out of the six parameters in SNM, α, γ, b, εex , ε0, εγ , the range α and the exchange
strength εex are associated with the exchange contribution of the mean field expres-
sion given in (17.37) that is responsible for simulating the k-dependence. Thus, these
two parameters need to be determined so as to give a proper account of uex (k, ρ)

over a wide range of density and momentum. An important feature of N-nucleus
potential obtained from the analysis of transverse momentum flow data at interme-
diate energies reveals that u(k, ρ0) turns out to be repulsive for kinetic energy of
nucleon �

2k2

2m > 300MeV [7–10]. By using (17.28) and the HV theorem, u(k, ρ0)

can be expressed as

u(k, ρ0) = [e(ρ0) − T f 0] + εex [I (k, ρ0) − I (k = k f 0, ρ0)], (17.53)

where T f 0 = �
2k2f 0
2m is the Fermi energy at saturation density ρ0. By exploiting the

condition u(k = k300, ρ0) = 0 where k300 corresponds to the momentum for kinetic
energy 300 MeV of the nucleon, one can write from (17.53),

[I (k300, ρ0) − I (k = k f 0, ρ0)] = T f 0 − e(ρ0)

εex
, (17.54)

where the left-hand side (LHS) is a function of momentum scale �. Expressing
� in the unit of k f 0, � = λk f 0, the LHS S(λ) = [I (k300, ρ0) − I (k = k f 0, ρ0)] is
shown as a function of λ in Fig. 17.2 for both Yukawa and Gaussian forms of SEI.
The range α and exchange strength εex are calculated for the respective minimum
value of λ in Yukawa and Gaussian cases from (17.54), where one requires the
value of e(ρ0) and T f 0 only. Using the standard values of e(ρ0) = −16MeV and
T f 0 = 37MeV (that corresponds to ρ0 = 0.16102 fm−3) the values of these two
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-0.55
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S(
λ)

Yukawa
Gaussian

Fig. 17.2 S(λ) as a function of λ for both Yukawa and Gaussian forms of SEI
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Fig. 17.3 uex (k, ρ) in (17.31) as a function of k for three densities ρ = 0.1, 0.3 and 0.5 fm−3

for Yukawa form (panel (a)) and Gaussian form (panel (b)) compared with the predictions of the
UV14+UVII [34]

parameters are calculated to be, εex = −129.2MeV, α = 0.4231 fm (for SEI Yukawa
form) and εex = −96.24MeV, α = 0.7597 fm (for SEI Gaussian form). Fixation of
the range and exchange strength parameter using theminimization procedure adopted
here is more fundamental than adjusting them either from the optical potential fit
or from the finite nuclei study. By knowing these two parameters, α and εex , one
can evaluate uex (k, ρ) in (17.31) and study the k-dependence of the mean field
in SNM at given density ρ. The results for uex (k, ρ) at three values of density
ρ = 0.1, 0.3 and 0.5 fm−3 are shown in Fig. 17.3a, b as a function of momentum k
for Yukawa and Gaussian form factors, respectively [33]. The results of the realistic
interaction UV14 + UVII [34] are also shown in the same figures for comparison
and it can be seen that in both cases the results compare well over a wide range of
momentum and density. It is to be noted that the fixation of α and εex determines
completely the k-dependence of the mean field in SNM.

The effective mass defined in (17.5) can now be calculated for SNM by evaluating
the expression,

m∗
m

(k, ρ) =
⎡
⎣1 − 3m

�2

ρ

ρ0
εex

∫ j1(kr)
kr

j1(k f r)
k f r

f (r)r2d3r∫
f (r)d3r

⎤
⎦

−1

, (17.55)

for the Yukawa and Gaussian form factors of f (r). In the limit of large k, the second
term in the square bracket vanishes resulting into m∗

m (k → ∞) = 1. On the other
hand, in the limit k → 0,

m∗
m

(k = 0, ρ) =
⎡
⎣1 − m

�2

ρ

ρ0

∫ j1(k f r)
k f r

f (r)d3r∫
f (r)d3r

⎤
⎦

−1

. (17.56)

The variation of the effective mass m*/m as a function of k in normal nuclear
matter, ρ = ρ0, is shown in the Fig. 17.4 for both the forms of SEI. The pre-
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Fig. 17.4 Effective mass in SNM as a function of momentum k at normal nuclear matter density
(ρ = ρ0) for Yukawa and Gaussian form of SEI

Table 17.1 Properties of SNM calculated with the knowledge of the two parameters εex and α.
See the text for details

Properties Yukawa Gaussian

εex (MeV) –129.2 –96.24

λ 1.769 1.976

uR(ρ0) 15.93 16.91
m∗
m (k = kF0 , ρ0) 0.686 0.709
m∗
m (k = 0, ρ0) 0.609 0.660

u(k = ∞, ρ0) (MeV) 35.89 12.68

u(k = 0, ρ0) (MeV) –73.11 –70.05

dictions of effective mass at Fermi momentum k f 0 in normal nuclear matter are
m∗
m (k = k f 0, ρ0) = 0.686 and 0.709, in case of Yukawa and Gaussian forms of SEI,
respectively. The results ofm*/m in the asymptotic limit k= 0 in normal nuclearmat-
ter calculated from (17.56) for both the Yukawa and Gaussian forms of SEI are given
in Table 17.1 along with the results of the other properties those can be calculated
with the knowledge of the two parameters,α and εex only. These properties of SNMat
normal nuclear matter density are u(k = 0, ρ0), u(k = k f0 , ρ0), u(k = ∞, ρ0) and
the rearrangement energy uR(ρ0). The results obtained for the standard values of
the saturation properties, e(ρ0) = −16MeV and T f 0 = 37MeV, are given in Table
17.1. The expression for the rearrangement energy, uR(ρ), used for its calculation is
obtained by isolating the saturation properties of the effective interaction from the
rearrangement part of the single particle potential in (17.20):
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u(k = k f , ρ) − 2e(ρ) = −6�2k2f
10m

+ ρ

∫ [
j0(kr) − 3 j1(k f r)

k f r

]
3 j1(k f r)

k f r
vex (r)d

3r + uR(ρ).

(17.57)

By using the relation u(k f , ρ) = e(ρ) + ρ
de(ρ)

dρ − �
2k2f
2m , the expression for uR(ρ)

results into

uR(ρ) = �
2k2f
10m

− e(ρ) + ρ
de(ρ)

dρ

− εexρ

ρ0
∫

f (r)d3r

∫ [
j0(kr) − 3 j1(k f r)

k f r

]
3 j1(k f r)

k f r
f (r)d3r,

(17.58)

which can be calculated at saturation density ρ0 with the knowledge of only
α, εex , e(ρ0), ρ0 and by using (17.49)–(17.52) for both forms of SEI. The values
of uR(ρ0) given in Table 17.1 for both the forms of SEI are calculated from (17.58).

On the other hand, by using the explicit expressions of u(k = k f , ρ) and e(ρ) for
the SEI from (17.47) and (17.46), respectively, one obtains

u(k = k f , ρ) − 2e(ρ) = −6�2k2f
10m

+ γ

2

εγ

(1 + bρ0)γ+1

+ εexρ

ρ0
∫

f (r)d3r

∫ [
j0(k f r) − 3 j1(k f r)

k f r

]
3 j1(k f r)

(k f r)
f (r)d3r. (17.59)

Comparing (17.59) with (17.57), the alternative definition for rearrangement energy
is

uR(ρ) = γ

2

εγ

(1 + bρ0)γ+1
, (17.60)

which is determined independently from the density dependent part of the interaction
that has no connection to the momentum dependence of the mean field. Both the
expressions (17.60) and (17.58) give the same result for uR(ρ).

With the knowledge of the parametersα and εex , one can also study themomentum
dependence of the single particle potential in normal nuclear matter, u(k, ρ0), i.e.,
the optical potential. Using (17.25), u(k, ρ0) can be written as

u(k, ρ0) = e(ρ0) − �
2k2f 0
2m

− ρεex

ρ0
∫

f (r)d3r

∫
[ j0(kr) − j0(k f 0r)]3 j1(k f 0r)

k f 0r
f (r)d3r.

(17.61)
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Fig. 17.5 Real part of optical potential u(k, ρ0) as a function of kinetic energy of the nucleons for
both Yukawa and Gaussian form of SEI. The results of MDYI interaction [7] along with the data
extracted from the optical model analysis of scattering study [35] (filled circle) are also shown for
comparison

This is shown as a function of k in the Fig. 17.5 up to kinetic energy 1GeV of the
nucleon for both the forms of SEI. The results of the MDYI interaction [7] along
with the results extracted from the optical model analysis of scattering data [35]
are also shown in the figure. It can be seen that the prediction of k-dependence of
u(k, ρ0) for Yukawa form agrees to the MDYI results and optical model data quite
well over the whole range of energy. However, in case of the Gaussian form of SEI,
it approaches a lower asymptotic value much faster and does not produce well data
at energy E ≥ 400MeV.

The complete behavior of the single particle potential in SNM u(k, ρ) (both ρ

and k-dependence) can be studied only after fixing all the six parameters, out of
which we have ascertained upto now only two namely, α and εex . The parameters
b can be calculated from (17.39) after fixing γ . Out of the rest three parameters
ε0, εγ , and γ , the two parameters ε0 and εγ are determined from the saturation
properties, de(ρ)

dρ |ρ=ρ0= 0 and e(ρ0), and γ has been kept as a free parameter. The
admissible values of γ are the ones for which the pressure-density curve (P ∼ ρ)

passes through the regions shown in the Fig. 17.6 those represent the results extracted
from the analysis of HI-collisions data [36] and sub-threshold k+ production data
[37].

In both the cases of Yukawa and Gaussian forms of SEI, the values of γ can be
taken upto γ = 1. The value of γ in the exponent of the density dependent term of
the SEI determines the nuclear matter incompressibility K (ρ), defined as

K (ρ) = 9ρ
dε(k = k f , ρ)

dρ
= 9ρ2 d

2e(ρ)

dρ2
+ 18ρ

de(ρ)

dρ
. (17.62)

At saturation density ρ = ρ0, the K (ρ0) = 9ρ2 d2e(ρ)

dρ2 |ρ=ρ0 and the values of K (ρ0)

for γ = 1
3 ,

1
2 ,

2
3 , and 1 are 219.93, 237.47, 253.64, and 282.24 MeV for Yukawa and
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Fig. 17.6 Pressure in SNM as a function of density ρ for different sets corresponding to γ =
1
3 , 1

2 , 2
3 , 1 of the SEI for Yukawa form in panel (a) and Gaussian form in panel (b). The results

extracted from the heavy-ion collision experiments are shown by the region enclosed by the curve
(orange) [36]. Similarly, results obtained from the sub-threshold k+ production study are the area
enclosed by the dashed curve (green) [37]
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Fig. 17.7 Energy per particle e(ρ) as a function of density for the 04-sets of EOS corresponding to
γ = 1

3 , 1
2 , 2

3 , and 1 for both Yukawa and Gaussian form of SEI in panels (a) and (b), respectively

227.57, 246.19, 263.36, and 293.73 MeV for Gaussian form of SEI. The results for
energy per particle e(ρ) as a function of density for the four sets of EOSs correspond-
ing to γ = 1

3 ,
1
2 ,

2
3 , and 1 are shown in Fig. 17.7 for both Yukawa and Gaussian form

of SEI in panels (a) and (b), respectively. The velocity of sound, v, in SNM is shown
in the unit of velocity of light c as a function of density ρ in Fig. 17.8 for both Yukawa
and Gaussian form of SEI.
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Fig. 17.8 Velocity of sound v in SNM in the unit of velocity of light c as a function of density ρ

for both Yukawa and Gaussian form of SEI

17.3.2 Symmetric Nuclear Matter at Finite Temperature,
T �= 0

The energy density HT (ρ) and the single particle potential uT (k, ρ) in SNM at finite
T for the SEI can be written from (17.6) and (17.11) as

HT (ρ) = �
2

2m

∫
fT (

→
k )k2d3k + ε0

2

ρ2

ρ
+ εγ

2ργ+1
0

ρ2

(
ρ

1 + bρ

)γ

+ εex

2ρ0

∫∫
fT (

→
k ) fT (

→
k ′)gex(|

→
k −

→
k ′|)d3kd3k ′, (17.63)

and

uT (k, ρ) = ε0
ρ

ρ0
+ εγ

ρ
γ+1
0

(
1 + bρ + γ

2

) (
ρ

1 + bρ

)γ+1

+ εex

ρ0

∫
fT (

→
k ′)gex(|

→
k −

→
k ′|)d3k ′. (17.64)

The effect of T, as can be seen from (17.63) and (17.64), is simulated through the
momentum space distribution function fT (k) appearing in the kinetic and finite range
exchange terms. Evaluation of fT (k), given in terms of FD distribution function in
(17.8), requires the single particle energy, εT (k, ρ) = �

2k2

2m + uT (k, ρ), which in turn
contains fT (k) and therefore imply a self-consistent calculation. Amethod of succes-
sive iteration, starting with zero-temperature ε(k, ρ) as initial input is implemented

for the self-consistent evaluation of fT (
→
k ) at a given density ρ and temperature T.

With the initial input ε(0)(k, ρ), ρ = ∫
fT (

→
k )d3k, gives the μ

(0)
T for given ρ and T.

With ε(0) and μ(0), the zeroth order f (0)
T (

→
k ) is defined that is used to evaluate ε

(1)
T .
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Using ε
(1)
T , the μ

(1)
T is obtained from the evaluation of the density, ρ = ∫

fT (
→
k )d3k.

The process is repeated till the desired accuracy is achieved. This procedure simul-

taneously gives the distribution function fT (
→
k ), the single particle energy εT (k, ρ)

and chemical potential μT (ρ) [38]. The fT (
→
k ) thus determined is used to evaluate

HT (ρ). The pressure PT (ρ) in SNM can be obtained as

PT (ρ) = μT (ρ)ρ − FT (ρ) = μT (ρ)ρ − HT (ρ) + T S, (17.65)

where FT (ρ) is the free energy density and S is the entropy density at density ρ

and temperature T. The entropy density S is expressed in terms of the occupancy

distribution function ηT (
→
k ) as

S = − ξ

(2π)3

∫ [
ηT (

→
k ) ln ηT (

→
k ) + [1 − ηT (

→
k )]ln[1 − ηT (

→
k )]

]
d3k.

(17.66)

17.3.3 Parameters for ANM

In order to study the properties of ANM, one needs to know the individual parameters
for the like and unlike contributions, εl0, ε

ul
0 , εlγ , εulγ , εlex and εulex , which are subject

to the constraint given in (17.48). Here, it is assumed implicitly that the ranges for
interaction between like and unlike pairs of nucleons are the same.

The momentum and temperature dependence of the mean field in nuclear matter
are solely simulated through the finite range exchange part. Therefore, the splitting of
the exchange strength εex into εlex and εulex should be decided by utilizing constraint
following from the study in the related area. Here, the splitting is decided from
finite temperature calculation of nuclear matter. The splitting of εex into εlex and
εulex is subject to the constraint εlex + εulex = 2εex . Further, if εlex is known, then the
occupancy distribution function in pure neutron matter (PNM) can be calculated for
given ρ and T. Thus, the entropy density in PNM can be obtained from (17.66). The
entropy density in PNM is shown in Fig. 17.9 in panels (a) and (b) as a function
of density for arbitrary splittings of εex into εlex and εulex , at T = 40 and 60 MeV,
respectively. The results of SNM at same ρ and T is also shown in the figures
as solid curves. The findings can be summarized as, if 0 � εlex < 2

3εex , then the
PNM result for entropy density will cross-over the SNM one at some density which
corresponds to a larger value for higher εlex value in the range. For

2
3εex < εlex � 2εex ,

the results for entropy density in PNM lie below that of SNM at all densities. For
εlex = 2

3εex , it is found that the PNM results for entropy density approaches that of
SNM result asymptotically in the region of large density. These findings are true at
all temperature T. Once the splitting for εex into εlex and εulex is known, then the n- and
p-effective masses in ANM can be studied. The n- and p-effective masses calculated
from (17.5) as a function of Yp for k = k f 0 and ρ = ρ0 predict the n-effective mass



256 T. R. Routray et al.

ρ  [fm-3
]

0

10

20

30

40

50

60
T

S 0,
n(ρ

,T
) 

 [M
eV

 fm
-3

]

0 0. 4 0. 8 1. 2 1.6 0 0. 4 0. 8 1. 2 1.6

ρ  [fm-3
]

0

20

40

60

80

100

120
T=40 MeV T=60 MeV

SNM SNM
ε l

ex =0

ε ex /3

2 ε ex /3
ε ex

ε l
ex =0

ε ex /3
2 ε ex /3
ε ex

(a) (b)

Fig. 17.9 Entropy density in SNM and PNM as a function of density for Yukawa form of SEI at
temperatures T = 40 MeV (panel (a)) and T = 60 MeV (panel (b)). The curves of PNM in both the
figures correspond to different choices of finite range exchange strength parameter, εlex

(m∗
m )n above the p-effectivemass (m∗

m )p if 0 ≤ εlex < εex . The splitting between them,
i.e., (m∗

m )n − (m∗
m )p, is maximum for εlex = 0 and it decreases as εlex approaches εex .

At εlex = εulex = εex , the splitting is zero and the n- and p-effective masses are the
same. On the other hand, for εex < εlex ≤ 2εex , the p-effective mass lies above the
n-effective mass. The majority model calculations, including the DBHF one [39],
predict that the n-effective mass lies above the p-effective mass. So by going with the
majority view, the value of εlex shall lie in the range 0 � εlex < εex . Moreover, under
the isospin consideration, the PNM being an one-component system, whereas the
SNM is a two-component one. From the first principle of thermodynamics it is known
that under the same condition of density and temperature, a one-component system
is less disorder than a multi-component system. With the above considerations, the
splitting εex is further restricted to the range 2

3εex ≤ εlex < εex . In absence of any other
constraint available to further decide on the high density behavior of entropy density
in PNM, we have considered the splitting to be εlex = 2

3εex , for which the entropy in
PNM approaches that of SNM asymptotically but does not exceed it. For this value of
splitting, the results for n- and p-effective mass splitting, [(m∗

m )n − (m∗
m )p] in normal

nuclear matter, compares well with the DBHF prediction [39] over the whole range
of asymmetry β, as can be seen in Fig. 17.10.

Now in order to decide the splitting of the rest two parameters ε0 and εγ , one
requires two constraints. One of them is the value of NSE at ρ0, Es(ρ0) and the
other one is its first derivative, E ′

s(ρ0) = ρ0
dEs (ρ)

dρ |ρ=ρ0 . A standard value of Es(ρ0)

is taken within its accepted range, here Es(ρ0) = 30MeV is used. Next, by assigning
an arbitrary value to E ′

s(ρ0), one can obtain the splittings of ε0 and εγ , and thereby all
the nine parameters required for the study of ANM are known. One can vary E ′

s(ρ0)

for the assumed value of Es(ρ0) and for each resulting EOS of ANM, one can study
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Fig. 17.10 n-p effective mass splitting in ANM at normal nuclear matter density as a function of
isospin asymmetry β for εlex = 2

3 εex . The corresponding DBHF results with Bonn B potential [39]
is also shown

the density dependence of NSE, Es(ρ). In panel (a) of Fig. 17.11, this is shown
for the variation of E ′

s(ρ0) with in the range 17–24 MeV for the standard value of
Es(ρ0) = 30MeV. We want to determine the optimal value of E ′

s(ρ0) and to this end
we consider the neutron star (NS) scenario. The core of the neutron star is mostly
composed of neutrons (n), proton (p), electron (e), and muons (μ) in beta-stable
charge neutral condition. The beta-stability condition is expressed as

μn − μp = μe = μμ, (17.67)

and the charge neutrality as

Yp = Ye + Yμ, (17.68)

where μi , i = n, p, e, μ are the respective chemical potentials and Yi = ρi

ρ
with i =

n, p, e, μ are the corresponding particle fractions, ρ being the total density of the
neutron star matter (NSM). By solving the (17.67) and (17.68) simultaneously for
a given EOS of ANM, the equilibrium proton fraction Yp for the NSM at a given
density ρ can be obtained. The equilibrium Yp as a function of density ρ are shown
in panel (b) of Fig. 17.11 for the respective EOSs of ANM of panel (a). Once the
particle fractions are known as a function of ρ of NSM, then the total energy density
of the NSM can be written as the sum of the nucleonic and the leptonic parts,

HNSM = HN (ρ,Yp) + He(ρe,Ye) + Hμ(ρ,Yμ). (17.69)

The asymmetric contribution of the energy density is crucial in deciding the particle
fractions in NSM. So the asymmetric part of the nucleonic contribution in NSM,
HN (ρ,Yp) is calculated by taking out the symmetric contribution H(ρ,Yp = 1

2 ),
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Fig. 17.11 Symmetry energy Es(ρ) in panel (a), equilibrium proton fraction Yp in NSM in panel
(b) and the asymmetric nucleonic contribution in NSM, SNSM (ρ), in panel (c) as a function of
density, ρ, for Es(ρ0) = 30MeV and different choices of E ′

s(ρ0) for Yukawa form of SEI

SNSM(ρ) = HN (ρ,Yp) − H

(
ρ,Yp = 1

2

)
. (17.70)

The results of SNSM (ρ) as a function of ρ for the EOSs of ANM are shown in panel
(c) of Fig. 17.11. One can find that there is a characteristic E ′

s(ρ0) (for the assumed
Es(ρ) value) for which the asymmetric contribution to the nucleonic part of NSM is
maximum. In this case, the characteristic E ′

s(ρ0) is found to be 21.4MeV for Yukawa
and 22.2 MeV for Gaussian form of SEI for the assumed value of Es(ρ0) = 30MeV.
In absence of any strong constraint to decide the density dependence of NSE Es(ρ),
the one that corresponds to the maximum SNSM (ρ) can be considered to decide the
splitting of ε0 and εγ . L(ρ0) = 3E ′

s(ρ0) is referred to as the slope parameter. For this
characteristic E ′

s(ρ0), the predicted density dependence of NSE, Es(ρ) is neither
stiff nor very soft and does not predict Direct URCA occurrence in the NSs.

It is to be noted that while studying the density dependence of NSE by varying
E ′
s(ρ0) value, that corresponds to different curves in Fig. 17.11a, the momentum

dependence of the mean field in SNM remains invariant and for all the EOSs cor-
responding to these curves, the n- and p-effective mass splitting is the same. On
the other hand, one can vary the n-, p-effective mass splitting by considering differ-
ent splittings of εex into εlex and εulex , where the density dependence of NSE, Es(ρ)

will remain invariant. In deciding the nine parameters required for the complete
study of ANM, SNM, and PNM, one requires to assume only three standard val-
ues of nuclear matter saturation properties e(ρ0), ρ0 and Es(ρ0). For the standard
values e(ρ0) = −16MeV, ρ0 = 0.161024 fm−3 (corresponding to T f 0 = 37MeV)
and Es(ρ0) = 30MeV, the values of the nine parameters along with the saturation
properties for the Yukawa and Gaussian forms of SEI are given in Table 17.2 for
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Table 17.2 Values of the nine parameters of ANM for Yukawa (upper line) and Gaussian (lower
line) forms of SEI for γ = 1/2 together with their nuclear matter saturation properties (see text for
details)
γ b (fm) α (fm) εex (MeV) εlex (MeV) ε0 (MeV) εl0 (MeV) εγ (MeV) εlγ (MeV)
1
2 0.5792 0.4232 –129.2 –86.16 –49.69 –45.23 72.83 62.21
1
2 0.5792 0.7577 –96.24 –64.16 –78.22 –64.52 77.35 66.23

Nuclear matter properties at saturation density

γ ρ0 (fm−3) e(ρ0) (MeV) K (ρ0)

(MeV)

m∗
m (ρ0, k f0 ) Es (ρ0)

(MeV)
L(ρ0) (MeV)

1
2 0.1610 –16.0 237.47 0.686 30.0 63.2
1
2 0.1610 –16.0 246.19 0.709 30.0 66.6

the EOS corresponding to γ = 1/2. It is pertinent to note that the different EOSs of
ANM resulting either from the variation of E ′

s(ρ0) or from the various splittings of
εex into εlex and εulex , shall have no influence on the predictions of SNM and all will
correspond to the same EOS of SNM.

17.4 Summary and Conclusion

The simple effective interaction proposed in (17.38) in the framework of non-
relativistic mean field theory provides a fair account of the observed momentum
and density dependence of the mean field in symmetric nuclear matter. In isospin
asymmetric nuclear matter, our understanding on these k- and ρ-dependence of the
mean field is still poor. A continuous analysis of the observables produced in HI
collision experiments, such as, n/p ratio, π+/π− ratio, and sub-threshold k+ meson
production using the transport model calculations along with the constraints coming
from other areas, namely, neutron star phenomenology and finite nuclei studies can
be a viable way to narrow down the existing uncertainties, in particular, the density
dependence of NSE and n-p effective mass splitting. In the analysis of HI collision
data using transport model equations, the variation of ρ-dependence of NSE keeping
the k-dependence of the mean field unchanged, and the vice-versa can be performed
in a systematic manner without affecting the predictions in SNM by the the use of the
SEI, as discussed in the last section. Thus the analysis of the ρ- and k-dependence of
the mean field properties of ANM can be performed in a consistent and independent
manner by use of SEI with the similar simplicity as provided by Skyrme interaction.
The SEI is also used in the studies of neutron star properties as well as finite nuclei.
In the studies of neutron stars, apart from mass-radius calculations, the SEI has been
successfully used to analyze the crust-core transition, r-mode oscillations and emis-
sion of gravitational waves, tidal polarizability, etc. [40, 41]. The SEI has also been
used in the calculations of finite nuclei properties in the framework of Density Func-
tional theory (DFT) [42] as well as in more microscopic Hartree–Fock–Bogoliubov
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(HFB) formalism [43]. The results of binding energies of 620 and charge radii of
313 even-even deformed nuclei have been obtained with root mean square devia-
tions as low as 1.5 MeV and 0.025 fm, respectively, [43] which is comparable to
the predictions of any other effective interaction. The SEI has been also used in the
study of fission dynamics [43]. It is to be noted that the finite nuclei calculation with
SEI interaction is performed by keeping only one parameter of the SEI open, rest
10-parameters (of the total 11-parameters of SEI) are fixed from the nuclear matter
study [44]. Therefore, the predictions of the finite nuclei properties of the SEI can
be considered in a sense, as ab-initio.
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Chapter 18
Effective Surface Properties of Light
and Medium Mass Exotic-Nuclei

Abdul Quddus and S. K. Patra

Abstract In thiswork,we have calculated the effective surface properties such as the
symmetry energy, neutron pressure, and symmetry energy curvature for the neutron-
deficient/rich isotopes of light andmediummass nuclei. For this, we have considered
the isotopic series of O, Ca, Ni, and Zr, which are protonmagic isotopes. The ground-
state properties of these isotopes along with the density distribution of nucleons are
calculated within the spherically symmetric relativistic mean field model by using
the recently developed IOPB-I parameter set, and the widely used NL3 set. The
calculated densities of the isotopes are used in coherent density fluctuation model in
order to calculate the effective surface properties. We found the surface properties
as non-traditional way to predict the shell/sub-shell closure of nuclei. The present
investigations are quite relevant for the synthesis of exotic-nuclei with high isospin
asymmetry also to constrain an equation of state of nuclear matter.

18.1 Introduction

The nuclear symmetry energy is defined as the energy required to convert one neutron
to proton or vice-versa. It is important for both the systems, finite nuclei and infinite
nuclear matter, having significant role in different areas of nuclear physics. For
example, in structure of ground state nuclei [1–3], dynamics of heavy-ion reactions
[4, 5], physics of giant collective excitation [6], and physics of neutron star [7–10].
As stated in [11], the astrophysical observations and availability of exotic beam in
a laboratory have raised an interest in the symmetry energy. Nuclei near the drip-
line have been understood with the density dependence of nuclear symmetry energy
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[12]. It is important to characterize the symmetry energy experimentally to interpret
neutron-rich nuclei and neutron star matter. However, limitation is that symmetry
energy is not directly measurable and thus extracted from the observables related to
it. In [11, 13], it has been shown theoretically that the symmetry energy of nuclei
can be used to indicate/determine magic nuclei.

The neutron pressure is an essential quantity in determining the equation of state
(EoS) of nuclear matter [11, 13–15]. For finite nuclei, the neutron pressure depends
on the interaction strength of nucleons and their distributions, while the symmetry
energy curvature is important for the scattering phenomenon. The symmetry energy,
neutron pressure, and symmetry energy curvature are collectively referred as effective
surface properties [11, 13]. The physical importance of the surface properties and
their sensitivity to density dependence have motivated us to pursue their systematic
study for the isotopic series ofO,Ca,Ni, andZr. There are variousways of calculating
the symmetry energy and the related quantities. Recently, the symmetry energy of
finite nuclei has been studied by using various formulae of the liquid drop model
[16–18], the random phase approximation based on the Hartree–Fock (HF) approach
[19], the energy density functional of Skyrme force [20–22], the relativistic nucleon-
nucleon interaction [23, 24], and the effective relativistic Lagrangian with density-
dependent meson-nucleon vertex function [25]. In this work, we have calculated
the effective surface properties of the nuclei within the coherent density fluctuation
model (CDFM). The reason for choosing the CDFM approach is that it has the
following advantages over other methods. It takes care of (i) the fluctuation arises in
the nuclear density distribution via weight function | f (x)|2, and (ii) the momentum
distributions through themixed densitymatrix (i.e., theWigner distribution function)
[11, 13, 26]. In other words, the CDFMapproach is adopted to comprise the variation
arise from the momentum and density distributions at the surface of finite nuclei. The
input to CDFM approach is density of a nucleus which has been calculated within the
relativistic mean field (RMF) approach with IOPB-I [27] and NL3 [28] parameter
sets.

The paper is organized as follows: in Sect. 18.2.1, we outline the relativistic
mean field model, which has been used to calculate the densities of the nuclei.
Section18.2.1.1 contains the general idea of calculating symmetry energy and rele-
vant quantities and how they are calculated within CDFM. The calculated results are
discussed in Sect. 18.3. Finally, the work is summarized in Sect. 18.4.

18.2 Formalism

The densities of the considered isotopes, as mentioned, are calculated within the
RMF formalism. These calculated densities are further used in the coherent density
fluctuation model to obtain the effective surface properties of finite nuclei from the
corresponding quantities of infinite nuclear matter. The formalism adopted here to
find the effective surface properties is briefed below.
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18.2.1 Relativistic Mean Field Theory

Relativistic mean field (RMF) theory is one of the most successful microscopic
approaches to solve themanybodyproblemof nuclear system,where the nucleons are
assumed to interact through the exchange of mesons. It predicts well the properties of
finite nuclei and infinite nuclear matter as well. The effective field theory motivated
relativistic mean field model (E-RMF) is just an extension of RMF in which, in
principle, all possible types of self and cross-couplings of mesons are considered.
To handle E-RMF numerically, the ratios of fields and the nucleon mass are used
in the truncation scheme as a constrain of naturalness. The detailed formalism of
E-RMF model and its various parameterizations can be found in [27–31]. Here for
the sake of completeness, we express the energy density, obtained within the E-RMF
Lagrangian by applying mean field approximation, as

E(r) =
∑

i

ϕ
†
i (r)

{
− iα ·∇ + β [M − �(r) − τ3D(r)] + W (r) + 1

2
τ3R(r)

+ 1 + τ3

2
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·
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2
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(∇D(r))2 + 1

2

mδ
2

g2δ

(
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)
, (18.1)

where �, W , R, D, and A are the fields which have been redefined as φ = gσ σ ,
W = gωω0, R = gρρ

0, and A = eA0. The variables mσ , mω, mρ , and mδ are the
masses and gσ , gω, gρ , gδ , e2

4π are the coupling constants for σ , ω, ρ, δ mesons, and
photon, respectively. The total energy of a nucleus is given by following expression:

E =
∫

E(r)d3r + Ecm + Epair , (18.2)

where thefirst term represents the total contributions ofmesonic andnucleonic energy
densities given by (18.1). While, the second and third terms are the center-of-mass
correction energy and pairing energy, respectively. The expression for Ecm is given
as
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Ecm = −3

4
× 41A−1/3. (18.3)

To describe open-shell nuclei, certainly pairing plays a crucial role. Here, we
have considered the quasi-BCS pairing by following the procedure of [30]. In our
calculations, we take the bound-state contributions and the levels coming from the
quasi-bound states at positive energies [32] and the expressions for Epair are written
as

Epair = −�2
i

Gi
, (18.4)

where �i and Gi (= Ci/A) are, respectively, the pairing gap and strength with i =
n, p. The Ci are chosen in a way to reproduce the binding energy of a nucleus with
mass number A. For the IOPB-I set, Cn = 19 and Cp = 21 MeV.

18.2.1.1 Coherent Density Fluctuation Model (CDFM)

The energy per nucleon of nuclear matter E/A = e(ρ, α) (where ρ is the baryon

density) in terms of the isospin asymmetry parameter is α
(
= ρn−ρp

ρn+ρp

)
:

e(ρ, α) = E
ρB

− M = e(ρ) + S(ρ)α2 + O(α4), (18.5)

where e(ρ), S(ρ) and M are the energy density of symmetric nuclear matter (SNM)
(α = 0), the symmetry energy, and the mass of a nucleon, respectively. The odd
powers of α are forbidden by the isospin symmetry and the terms proportional to α4

and higher orders have a negligible contribution. The contribution of the symmetry
energy S(ρ) can not be neglected for a neutron-deficient/rich nucleus as it is explicitly
clear from the expression for the total energy of a nucleuswithin the liquid dropmodel
[7, 16]. The symmetry energy S(ρ) is defined by

S(ρ) = 1

2

[
∂2e(ρ, α)

∂α2

]

α=0

. (18.6)

The symmetry energy can be expanded through the Taylor series expansion around
the saturation density ρ0 as

S(ρ) = J + LY + 1

2
KsymY2 + 1

6
QsymY3 + O[Y4], (18.7)

where J = S(ρ0) is the symmetry energy at saturation and Y = ρ−ρ0

3ρ0
. The slope

parameter (L-coefficient) and the symmetry energy curvature (Ksym) are defined as
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L = 3ρ
∂S(ρ)

∂ρ

∣∣∣∣
ρ=ρ0

, (18.8)

Ksym = 9ρ2 ∂2S(ρ)

∂ρ2

∣∣∣∣
ρ=ρ0

, (18.9)

respectively.
In the present work, we have used the energy density for nuclear matter within

the method of Brueckner et al. [33, 34], considering the pieces of nuclear matter
with density ρ0(x). In the Brueckner energy density functional method, the matrix
element V(x) of the nuclear Hamiltonian is given by

V (x) = AV0(x) + VC + VCO , (18.10)

where

V0(x) = 37.53[(1 + δ)5/3 + (1 − δ)5/3]ρ2/30 (x) + b1ρ0(x) + b2ρ
4/3
0 (x)

+ b3ρ
5/3
0 (x) + δ2[b4ρ0(x) + b5ρ

4/3
0 (x) + b6ρ

5/3
0 ], (18.11)

with b1 = −741.28, b2 = 1179.89, b3 = −467.54, b4 = 148.26, b5 = 372.84, and
b6 = −769.57. The V0(x) in (18.10) is the energy per particle of nuclear matter (in
MeV) which accounts for the neutron-proton asymmetry. VC is the Coulomb energy
of charge particle (proton) in a Flucton,

VC = 3

5

Z2e2

x
, (18.12)

and VCO is the Coulomb exchange energy given by

VCO = 0.7386Ze2(3Z/4πx3)1/3. (18.13)

On substituting V0(x) in (18.6) and taking its second order derivative, the symmetry
energy SNM

0 (x) of nuclear matter with density ρ0(x) is obtained

SNM
0 (x) = 41.7ρ2/3

0 (x) + b4ρ0(x) + b5ρ
4/3
0 (x) + b6ρ

5/3
0 (x). (18.14)

The corresponding parameterized expressions for the pressure PNM
0 (x) and the sym-

metry energy curvature�K NM
0 (x) for such a systemwithinBrueckner energy density

functional method have the forms

PNM
0 (x) = 27.8ρ5/3

0 (x) + b4ρ
2
0 (x) + 4

3
b5ρ

7/3
0 (x) + 5

3
b6ρ

8/3
0 (x), (18.15)

and
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�K NM
0 (x) = −83.4ρ2/3

0 (x) + 4b5ρ
4/3
0 (x) + 10b6ρ

5/3
0 (x), (18.16)

respectively. These quantities are folded in the (18.23)–(18.25) with the weight func-
tion to find the corresponding quantities of finite nuclei within the CDFM.

In the CDFM, the one-body density matrix ρ (r, r′) of a nucleus is written as a
coherent superposition of infinite number of one-body density matrices ρx (r, r′) for
Fluctons (spherical pieces of the nuclear matter) [11, 35, 36],

ρx (r) = ρ0(x)�(x − |r|), (18.17)

with ρo(x) = 3A
4πx3 , where x is the spherical radius of a nucleus contained in a uni-

formly distributed spherical Fermi gas. The one-body density matrix for a finite
nuclear system can be given as [11, 26, 36],

ρ(r, r′) =
∫ ∞

0
dx | f (x)|2ρx (r, r′), (18.18)

where | f (x)|2 is the weight function (18.22). The term ρx (r, r′) is the coherent
superposition of the one-body density matrix and defined as

ρx (r, r′) = 3ρ0(x)
J1

(
k f (x)|r − r′|)

(
k f (x)|r − r′|) × �

(
x − |r + r′|

2

)
. (18.19)

Here, J1 is the first-order spherical Bessel function. The Fermi momentum of nucle-
ons in the Fluctons with radius x is expressed as k f (x) = (3π2/2ρ0(x))1/3 = γ /x ,
where γ = (9π A/8)1/3 ≈ 1.52A1/3. The Wigner distribution function of the one
body density matrices in (18.19) is

W (r, k) =
∫ ∞

0
dx | f (x)|2Wx (r, k). (18.20)

Here, Wx (r, k) = 4
8π3 �(x − |r|)�(kF (x) − |k|). Similarly, the density ρ (r) within

CDFM can express in terms of the same weight function as

ρ(r) =
∫

dkW (r, k) =
∫ ∞

0
dx | f (x)|2 3A

4πx3
�(x − |r|) (18.21)

and it is normalized to the nucleon numbers of the nucleus,
∫

ρ(r)dr = A. The dif-
ferential equation for the weight function can be obtained in the generator coordinate
by taking the δ-function approximation to the Hill–Wheeler integral equation [36].
The weight function for a given density distribution ρ (r) can be expressed as,

| f (x)|2 = −
(

1

ρ0(x)

dρ(r)

dr

)

r=x

, (18.22)
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with
∫ ∞
0 dx | f (x)|2 = 1. For a detailed analytical derivation, one can follow

[36, 37]. The CDFM allows us to make a transition from the properties of nuclear
matter to those of finite nuclei. The symmetry energy S, neutron pressure P , and
symmetry energy curvature �K for a finite nucleus are defined below, within the
CDFM, by weighting the corresponding quantities for infinite nuclear matter [26,
36–38],

S =
∫ ∞

0
dx | f (x)|2SNM

0 (ρ(x)), (18.23)

P =
∫ ∞

0
dx | f (x)|2PNM

0 (ρ(x)), (18.24)

�K =
∫ ∞

0
dx | f (x)|2�K NM

0 (ρ(x)). (18.25)

Here, the quantities on the left-hand-side of (18.23)–(18.25) are the surface weighted
average of the corresponding nuclear matter quantities with local density approxima-
tion, which have been determined within the method of Brueckner et al.
[33, 34].

18.3 Results and Discussions

18.3.1 Densities and Weight Functions for the Nuclei

The total density and the weight function for the 40,52Ca isotopes as representative
cases corresponding to the NL3, and IOPB-I parameter sets are shown in Fig. 18.1.
The black color with circles represents the curve for NL3 set while the red one with
squares is the curve for the IOPB-I set. This representation is same throughout the
work. It can be noticed from the figure that the density corresponding to IOPB-I
set is larger as compared to that of NL3. These calculated densities of the isotopes
are further used in (18.22) to obtain the weight functions for the corresponding
nucleus. From the right panel of the figure, it can be noticed that the behavior of
the density profile (left panel) is reflected in weight function curve. The lower value
of the central density yields the lesser height of the weight function for an isotope
of the particular nucleus. The NL3 parameter set predicts larger value of the weight
function for all the nuclei as compared to the IOPB-I set. The weight function is used
to make a transition from infinite nuclear matter to finite nuclei. That is, properties of
infinite nuclear matter are folded with the weight function to find the corresponding
properties for finite nuclei. The reason to call the symmetry energy, neutron pressure,
and symmetry energy curvature as an effective surface properties is well illustrated
in [36].
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Fig. 18.1 a The total density profile and b the weight function, for 40,52Ca as the representative
case corresponding to IOPB-I [27], and NL3 [28] parameter sets

18.3.2 The Effective Surface Properties of the Nuclei

The symmetry energy S, neutron pressure P , and symmetry energy curvature�K for
the isotopic series of O, Ca, Ni, and Zr nuclei are shown in Fig. 18.2. The first, second,
and third row of each panel of the figure represent the S, P , and �K , respectively.
The value of the S for finite nuclei lie in the range 23–30 MeV. It can be seen in the
figure that the S is larger for the IOPB-I parameter set for all the cases except the
isotopes of O and a few isotopes of Ca. The peaks/kinks observed from the S curves
for each of the isotopic series represent the magic numbers and/or shell/sub-shell
closures at the corresponding neutron numbers. The peaks in the S curve signify
more stability of the corresponding nuclei as compared to the neighboring isotopes,
which imply that more energy would be required to convert one neutron to proton or
vice-versa. Apart from the peaks at the magic neutron numbers, a few small peaks
are also evolved which may arise due to the shell structure on the density distribution
of the nuclei, and can be referred as weak magic numbers.

However, the P and �K show the opposite nature to that of the S with respect
to the force parameter sets. The opposite nature means that higher the S values of
nuclei corresponding to the particular interaction, lower the P and �K are for the
same parameter set and vice-versa. The isotopes of O have negative pressure for all
the force parameters. The IOPB-I predicts negative pressure for Ca and Ni too, while
NL3 predicts negative P values for some of the isotopes of Ca and neutron-rich
isotopes of Ni. It is to note that negative values of P arise due to the behavior of
the density distribution of these light nuclei in the surface part. It can be remarked
after observing the figures that the symmetry energy decreases with the increase of
neutron numberwhile pressure and symmetry energy curvature increasewith neutron
number for an isotopic series.
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Fig. 18.2 The symmetry energy (S), pressure (P), and symmetry energy curvature (�K ) for the
isotopic series of O, Ca, Ni, and Zr nuclei corresponding to NL3 and IOPB-I parameter sets

18.4 Summary and Conclusions

In summary, the effective surface properties like the symmetry energy, neutron pres-
sure, and the symmetry energy curvature have been studied for the isotopic series of
O, Ca, Ni, and Zr nuclei within the coherent density fluctuation model by using the
relativistic mean field densities of the isotopes solved in the spherical coordinate. We
have used the recently developed IOPB-I parameter set along with the widely used
NL3 set within E-RMF to calculate the densities. In CDFM, the effective surface
properties for finite nuclei are obtained with folding the corresponding properties
for infinite nuclear matter with the weight function; a function used to make tran-
sition from infinite nuclear matter to finite nuclei. The symmetry energy, neutron
pressure, and symmetry energy curvature for infinite nuclear matter are calculated
within Brueckner energy density functional model. The IOPB-I set predicts large S
values for the isotopic series except O and few isotopes of Ca. While NL3 set pre-
dicts large values for the pressure and symmetry energy curvature as compared to the
IOPB-I set. We observe some peaks/kinks in the S and minima in P and �K curves
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at the corresponding N numbers. These neutron numbers are usual close-shell/magic
numbers. One can conclude that for a magic neutron number, large amount of energy
required to convert one neutron to proton or vice-versa and hence more stability of
neutron magic number. Apart from that some small peaks are also observed which
support some of the weak magic numbers. Since the matter at extreme temperature
and density is impossible to create in a laboratory, a study of neutron-rich nuclei
is treated as a tool to understand it. Therefore to guide an experiment, an accurate
theoretical estimation of their characteristics is essential. The calculated quantities
are important for the structural properties of finite nuclei, to constrain an EoS of the
nuclear matter and consequently nucleosynthesis processes, and may be useful for
the synthesis of neutron-rich/deficient exotic-nuclei.
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