
Bandwidth Estimation Algorithm Based
on Power Spectrum Recovery of Undersampling

Signal

Yuntao Gu1, Yulong Gao1(B), Si Wang2, and Baowei Li2

1 Harbin Institute of Technology, Harbin 150028, China
19S005065@stu.hit.edu.cn, ylgao@hit.edu.cn

2 Shanghai Institute of Satellite Engineering R&D Center, Beijing 100081, China
soleyoyo@sina.com, lbw19850706@163.com

Abstract. With the rapid development of wireless communication and the
increase of various types of communication services, cognitive radio based on
spectrum sensing is becoming a hot research topic. One of the key tasks of spec-
trum sensing is signal parameter identification, which is to quickly identify a series
of parameters of signal based on signal detection, to provide basis for subsequent
spectrum allocation and sharing. Bandwidth is one of the important parameters of
communication signal. It is the premise of detecting "spectrum holes" to estimate
bandwidth quickly and accurately. Due to the difficulty of Nyquist sampling in
wideband spectrum sensing, this paper studies undersampling bandwidth estima-
tion.We introduce the power spectrum estimation algorithm under the assumption
of wide stability and put forward the corresponding bandwidth estimation strategy.
The limitation of the strategy is analyzed. The performance of the algorithm is
simulated under different SNR and compression ratios. Different random under-
sampling matrix is researched as well. The simulation shows that the algorithm
discussed in this paper is feasible and reliable.

Keywords: Spectrum estimation · Power spectrum estimation · Bandwidth
estimation · Undersampling

1 Introduction

Recently, with the development of wireless communication technology, the spectrum
resources are increasingly scarce. The concept of cognitive radio was proposed in 1999
[1]. In short, what cognitive radio needs to do is to effectively use "spectrum hole" to
communicate [2].

One of the basic tasks is signal parameter identification. However, a wide band
will cause great pressure on the ADC of the receiver. This paper focuses on algorithms
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based on undersampling. The basic point is to estimate the bandwidth based on the
undersampling power spectrum estimation. From the point of view of cyclostationarity,
Reference [3] systematically presents how to recover the cyclic spectrum of the signal
in the framework of compressed sensing (CS).

In [4, 5], the problem of power spectrum estimation under the new sampling frame-
work is studied. In [6, 7], a linear algorithm combining power spectrum estimation and
wavelet edge detection is studied.

The rest of this paper is organized as follows: Sect. 2 introduces the algorithm
of power spectrum estimation based on undersampling. After that, the corresponding
bandwidth estimation strategy is given in Sect. 3. In Sect. 4, numerical simulations are
conducted to evaluate the performance of the proposed algorithm. Finally, conclusions
are drawn in Sect. 5.

2 Power Spectrum Recovery Algorithm of Undersampling Signal

We regard the modulated signal as a wide and stable random signal. According to the
literature [8], under the framework of compressed sensing (CS), the sampling rate of
CS receiver is fs,cs = (M /N )fs. f s is Nyquist sampling rate. M /N ∈ (0, 1] is the
compression rate. Such a linear compression sensing process can be described as:

z = Ax (1)

For x (n), its autocorrelation function is independent of time:

rx(n, τ ) = rx(τ ),∀n. (2)

According to Wiener-Khinchin law, we have

sx = Frx (3)

where sx = [sx(0), . . . , sx(N − 1)]T , rx = [rx(0), . . . , rx(N − 1)]T .
The mapping relationship between (1) and (2) can be written as follows:

[vec{Rx}](n−τ)N+n = [Rx](n,n−τ) = rx(τ )

[vec{Rx}]nN+n−τ = [Rx](n−τ,n) = rx(τ )

τ ∈ [0,N − 1], n ∈ [τ,N − 1] (4)

Obviously, vec{Rx} can be linked directly with rx by a linear mapping matrix PN ∈
{0, 1}N 2×N

vec{Rx}=PN rx (5)

The specific form of PN is:

PN ((n − τ)N − n, τ ) = PN (nN + n − τ, τ ) = 1

∀τ = 0, . . . ,N − 1; n = τ, . . . ,N − 1 (6)
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The autocorrelation matrix Rz=E
{
z ∗ zH

} ∈ RM×M still has M (M + 1)/2 degrees
of freedom. Using the approach above, we can get

rz = QM vec{Rz} (7)

p(n, τ ) = τM − τ(τ − 1)/2 + n

∀τ ∈ [0,M − 1], 0 < n < M − 1 − τ (8)

q1(n, τ ) = (n + τ)M + n

q2(n, τ ) = nM + n + τ (9)

{[
QM

]
(p(n,τ ),q1(n,τ ))

= [
QM

]
(p(n,τ ),q2(n,τ ))

= 1
2 + 1

2δτ,0[
QM

]
(p(n,τ ),q) = 0,∀q ∈ [

0,M 2 − 1
]
/{q1(n, τ ), q2(n, τ )} (10)

Due to Rz=E
{
z ∗ zH

} ∈ RM×M , the relationship between Rz and Rx is:

Rz = ARxA
H (11)

Using the properties of matrix, vec{UXV } = (
VT ⊗ U

)
vec{X } (⊗ stands for

Kronecker-product) we can get:

rz = QM vec
{
ARxA

H
}

= QM (A ⊗ A)vec{Rx} = �rx (12)

By introducing (3), the linear relationship between power spectra is:

rz = �F−1sx = �sx (13)

where �=�F−1. The size of � is (M (M + 1))/2 × N . The compression rate has a
maximum:

(
M

N

)

min
=

√
8N + 1 − 1

2N
N→∞−−−−→

√
2

N
(14)

If the received signal is sparse in the frequency domain, then L1 norm regularization
can be introduced to obtain convex problems to guarantee sparsity:

sx = argmin
sx

‖rz − �sx‖22 + λ‖sx‖1 (15)

These convex problems can be solved by existing convex optimization software kits
(such as CVX toolkit based on MATLAB).



Bandwidth Estimation Algorithm Based … 615

Fig. 1 Recovery of undersampling power spectrum

Table 1 Undersampling bandwidth estimation strategy

Undersampling bandwidth estimation strategy

1. Find two maximum peaks

2. Select the local minimum point closest to the outside of the two peak points

3. Choose the spectrum distance between these two points as the bandwidth

3 Bandwidth Estimation Strategy Based on Recovered Power
Spectrum

In this section, we mainly consider how to estimate the bandwidth according to the
power spectrum. The signal in Fig. 1 is BPSK signal, with signal-to-noise ratio of 5 dB,
sampling rate of 40KHz, carrier frequency of 16KHz, bit rate of 1 kHz, and hyper
parameter of 2. The strategy to directly estimate bandwidth is shown in Table 1.

4 Numerical Simulations

4.1 The Relationship Between Bit Rate and Bandwidth Estimation

The modulation signal simulated in this section is BPSK signal. Most of the simulation
conditions are the same as Fig. 1. According to Fig. 2, the computational complexity of
the least square method is much lower than that of the convex optimization method, and
it can be more accurate.

4.2 The Performance of Bandwidth Estimation Against Noise

Most of the simulation conditions are the same as Fig. 1. Bit rate is 1.6 KHz.
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Fig. 2 Relationship between bit rate and bandwidth estimation

According to Fig. 3, the computational complexity of convex optimization is not
only higher (as shown in Table 2), but also has poor performance. When the SNR is
low, as shown in Fig. 4, the power spectrum estimation has a large deviation with high
probability. Therefore, in the later simulation, we use the least square method.

Fig. 3 Performance against noise
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Table 2 Computational complexity comparison

Algorithm Time for one estimation (s)

Least square 0.010689

Convex optimization 5.654571

Fig. 4 Poor performance of power spectra estimation under low SNR

4.3 The Choice of Undersampling Matrix

We choose random 01 matrix, Bernoulli matrix, and Gaussian matrix to analyze. Most
of the simulation conditions are the same as Fig. 2. According to Fig. 5, only the random
01 matrix can give reasonable bandwidth estimation results. In addition, the hardware
implementation difficulty of random 01 matrix is the lowest.

5 Conclusion

In this paper, we first deduce the algorithm of undersampling power spectrum estimation
under the assumption of wide stability and then give the bandwidth decision strategy.
We analyze the performance of the algorithm from the aspects of bit rate, SNR, sampling
matrix, and compression ratio.

The simulation results show that the least square method has great advantages in
computation and estimation accuracy, which means for bandwidth estimation, sparse
constraints are unnecessary. Meanwhile, random 01 matrix is a suitable undersampling
matrix.
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Fig. 5 Performance of different sampling matrices
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