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Abstract Nonperiodicmetamaterials canhavebetter vibration attenuation thanperi-
odic metamaterials with properly designed resonator distributions. In this study, we
propose optimal design routes for rainbow metamaterials. The rainbow metamate-
rials are nonperiodic structures composed of �-shaped beams as backbones and
attached spatially varying cantilever-mass resonators. The main optimization objec-
tive is to obtain good vibration attenuation within frequency of interests. Frequency
response functions of the rainbow metamaterials are first calculated by an analyt-
ical model that is built on the basis of the displacement transfer matrix method.
Two optimization objective functions are developed with the maximum and average
receptance values within a prescribed frequency range, respectively. The mass of
resonators acts as design variables. The objective functions are later solved by virtue
of the genetic algorithm method. The optimized rainbow metamaterials show good
vibration attenuation in the prescribed optimization frequency range.

Keywords Rainbow metamaterial · Optimization · Vibration attenuation · Genetic
algorithm

1 Introduction

Metamaterials are a new class of artificial composites engineered to have transcen-
dental properties that cannot be found in natural materials. In the past few decades,
metamaterials have attracted much attention in many research fields. Metamaterials
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are originally introduced to tailor the electromagnetic optical waves [1–4]. Nowa-
days, the concept of metamaterial has expanded to the areas of acoustic/elastic meta-
materials. Unusual properties such as negative effective mass and dynamic stiffness
[5] and negative bulk modulus [6] can be seen from elastic/acoustic metamaterials.

An important feature of elastic/acousticmetamaterials is the existence of bandgaps
within which no waves can propagate. Locally resonant bandgaps rely on the reso-
nance of internal oscillators, hence generally happen at low frequencies. Hence-
forth, a lot of elastic/acoustic metamaterials have been proposed with various local
resonators, such as inclusions coated with soft rubber [5], Helmholtz resonator [7],
cantilever beam resonator [8] and membrane with attached mass [9].

Most of the proposed metamaterials are periodic structures. Several designs have
been recently investigated [10–14]. Nonetheless, although these periodic metamate-
rials are applicable for manipulating wave propagation and providing low-frequency
vibration attention, broad bandgaps are hard to be achieved. Few researchers
presented the nonperiodic metamaterials with spatially varying resonators. Sun et al.
[15] and Pai [16] made the first attempt at investigating metamaterials with spatially
varying mass-spring-damper subsystems. Their investigations proved that metama-
terials with properly designed spatially varying resonators can achieve better vibra-
tion attenuation than that with periodic resonators. Nonetheless, there is no existing
research that studied systematically the nonperiodic metamaterials or proposed
optimal design routes for the nonperiodic metamaterials.

In the present manuscript, we first put forward a design approach for the distribu-
tions of resonators in nonperiodic metamaterials. A nonperiodic elastic metamaterial
constructed by �-shaped beams with rainbow-shaped cantilever-mass resonators is
developed in the present paper. An analytical model is first proposed to solve the
frequency response functions of the rainbow metamaterial. The analytical model is
later validated by comparison with experimental results. After that a genetic algo-
rithm optimization method is applied to search the optimal nonperiodic distribu-
tions of resonator mass that can generate best receptance values within prescribed
frequency range.

2 Analytical Modeling Method for the Rainbow
Metamaterial

An analytical model is employed to determine the structural dynamics of the rainbow
metamaterial [17, 18]. Figure 1a–c shows the schematic diagram of the proposed
rainbow metamaterial. The�-shaped beam is partitioned into subspaces by periodic
plate insertions. Cantilever-mass subsystems are clamped to the two side walls of
the �-shaped beam in each subspace.

Assuming a finite metamaterial is of free-free boundary and subjected to an exci-
tation at one end, given the equilibrium conditions, the governing equations at the
two ends are:
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Fig. 1 Schematic diagram
of the rainbow metamaterial:
a global view, b side view,
c top view
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The displacement transfer matrix between the nth and (n + 1)th segments of the
metamaterial beam is given by
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where R, U
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Fig. 2 Experimental setup
for receptance tests of the
rainbow metamaterials

The receptance function of the rainbow metamaterial is derived by combing the
boundary conditions of the finite beam in Eq. (1) and transfer matrix in Eq. (2):

Rec = 20 log10
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3 Experimental Validation

The analytical model is verified by comparing with the experimental results. The
tested samples are fabricated by additive manufacturing method. The receptance
function of printed samples are measured by receptance measuring system as shown
in Fig. 2.

Comparison between the experimental and analytical results is shown in Fig. 3. It
can be seen that the experimental results are in agreement with the estimated results
by analytical model.

4 Optimization Strategy

Since the frequency functions of the rainbow metamaterials are greatly affected by
the distributions of resonator mass, we thus assign the resonator mass as design
variables to achieve effective vibration attenuation by virtue of rational optimization
strategy as shown in Fig. 4.
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Fig. 3 Amplitude of transfer
receptance comparison
between analytical (—) and
experimental (---) results

Fig. 4 Flowchart of genetic
algorithm optimization
process

In order to maximize the vibration attenuation by the local resonators in a
prescribed frequency range, two optimization strategies are proposed that invoke
two objective functions individually.

One of the objective functions is set based on the maximum receptance value
within the prescribed frequency ranges, written as

minmax(Rec(M1,M2,�)) (5)

whereM1 = (m11,m12, . . . ,m1t ) andM2 = (m21,m22, . . . ,m2t ) represent the mass
of resonators at different sides of the complex beam,� = ( f1 ∼ f2) is the prescribed
frequency regime. Receptance within the prescribed frequency range is destined to
be low when the maximum value remains minimal, and the vibration attenuation is
thus optimized.

Constrains of the design variables are given as:

s.t.m1i=m2i

m11,m12, . . . ,m1t ≥ 0
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2
∑

i

m1i ≤ 0.3M

i = 1, 2, . . . , t (6)

Average value is another evident assessment criterion of the receptance within a
prescribed frequency range; therefore, the other objective function is set up based on
the average receptance value within the prescribed frequency range, written as

min

∫

�
Rec(A, B,C, D,�)d f

f2 − f1
(7)

The constrains of design variables are the same as shown in Eq. (6).

5 Optimization Example

Assuming the prescribed single frequency range is 130–150 Hz. As discussed in
Sect. 4, two objective functions are defined, hence two fitness functions are appli-
cable for the GA optimization process as shown in Fig. 4. Receptance values of the
two rainbow metamaterials with optimal resonator mass distributions are compared
with that of complex beams of the same mass but without resonators in Figs. 5 and 6,
respectively. The optimal rainbow metamaterials in Figs. 5 and 6 are obtained by the
maximal receptance value-based objective function and average value-based objec-
tive function, respectively. As it can be seen, both of the two optimal rainbow meta-
materials show bandgaps within the prescribed frequency range, and the receptance
values are hence greatly reduced. The optimal metamaterial in Fig. 5 has a maximal
receptance of about 38 dB less than that of the structure without resonators, while

Fig. 5 Receptance
comparison between optimal
rainbow metamaterial by
maximal value-based
objective function and
no-resonator complex beam
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Fig. 6 Receptance
comparison between optimal
rainbow metamaterial by
average value-based
objective function and
no-resonator complex beam

the average receptance difference between the optimal structure and the no-resonator
beam in Fig. 6 is about 33 dB, that is, both maximum and average displacements
within 130 ~ 150Hz can be reduced by a factor of more than 70 with the optimization
process.

Besides, it can also be seen from Figs. 5 and 6 that the optimal structure by
maximum value-based objective function has broader bandgap but bigger receptance
valuewithin the prescribed frequency range,which is opposite to the optimal structure
derived by average value-based objective function. Optimization strategy can be
chosen according to the requirements of different applications.
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